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Introduction
[ Jelele]e}

Two Previous Sparse Optimization Problems

@ (1-min seeks sparse solution in underdetermined system (A in general is full rank):

min||x||; subj. to b=Ax where Ac RI*" (d < n)

]
n
|

~

@ Robust PCA seeks sparse and low-rank decomposition:

min |A|l« + A||E||1 subj. to D=A+E eR™"
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Efficient sparse optimization is challenging

o Generic second-order method toolboxes do exist: CVX, SparseLab.
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Introduction
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Efficient sparse optimization is challenging

o Generic second-order method toolboxes do exist: CVX, SparseLab.

o However, standard interior-point methods are very expensive in HD space.
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@ Robust PCA: CVX can solve smaller than 80 x 80 matrices on typical PC
Complexity bound: O(n®).
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Sparse Optimization Literature: ¢;-Minimization

@ Interior-point methods

o Log-Barrier [Frisch '55, Karmarkar '84, Megiddo '89, Monteiro-Adler '89, Kojima-Megiddo-Mizuno

'93]

@ Homotopy

e Homotopy [Osborne-Presnell-Turlach '00, Malioutov-Cetin-Willsky '05, Donoho-Tsaig '06]

o Polytope Faces Pursuit (PFP) [Plumbley '06]

o Least Angle Regression (LARS) [Efron-Hastie-Johnstone-Tibshirani '04]
© Gradient Projection

o Gradient Projection Sparse Representation (GPSR) [Figueiredo-Nowak-Wright '07]

o Truncated Newton Interior-Point Method (TNIPM) [Kim-Koh-Lustig-Boyd-Gorinevsky '07]
Q lterative Soft-Thresholding

o Soft Thresholding [Donoho '95]

o Sparse Reconstruction by Separable Approximation (SpaRSA) [Wright-Nowak-Figueiredo '08]
© Proximal Gradient [Nesterov '83, Nesterov '07]

o FISTA [Beck-Teboulle '09]

o Nesterov's Method (NESTA) [Becker-Bobin-Candés '09]
O Augmented Lagrangian Methods [Bertsekas '82]

o Bergman [Yin et al. '08]
o SALSA [Figueiredo et al. '09]
o Primal ALM, Dual ALM [AY et al '10]

@ Alternating Direction Method of Multipliers
o YALL1 [Yang-Zhang '09] Berkeley

http://www.eecs.berkeley.edu/~yang Sparse Optimization


http://www.eecs.berkeley.edu/~yang

Introduction
[e]e]e] lo}

Sparse Optimization Literature: Robust PCA

@ Interior-point methods [Candés-Li-Ma-Wright '09]
@ lterative Soft-Thresholding

o Singular Value Thresholding [Cai-Candés-Shen '09, Ma-Goldfarb-Chen '09]
© Proximal Gradient [Nesterov '83, Nesterov '07]

o Accelerated Proximal Gradient [Toh-Yun '09, Ganesh-Lin-Ma-Wu-Wright '09]
Q Augmented Lagrangian Methods [Bertsekas '82]

o ALM for Robust PCA [Lin-Chen-Ma '11]
O Alternating Direction Method of Multipliers [Gabay-Mercier '76]

e Principal Component Pursuit [Yuan-Yang '09, Candés-Li-Ma-Wright '09]
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Outline

o First-Order Sparse Optimization Methods
@ lIterative Soft-Thresholding (IST)
@ Accelerated Proximal Gradient (APG)
© Augmented Lagrange Multipliers (ALM)
@ Alternating Direction Methods of Multipliers (ADMM)

@ Applications and Extensions
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Problem Formulation

o Consider F(x) = f(x) + g(x)
where f(x) is smooth, convex, and has Lipschitz continuous gradients:

dL > 0,Vx1,x2 € Q, HVf(Xl) — Vf(X2)|| < L||X1 — X2H

In general, the second term g(x) can be a nonsmooth, nonconvex function.
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Problem Formulation

o Consider F(x) = f(x) + g(x)
where f(x) is smooth, convex, and has Lipschitz continuous gradients:

dL > 0,Vx1,x2 € Q, HVf(Xl) — Vf(X2)|| < L||X1 — X2H

In general, the second term g(x) can be a nonsmooth, nonconvex function.
o Approximate ¢1-min:
1 2
F(x) = SlIb—Ax|%,  g(x) = Allx]l1.

o Robust PCA:

In
f(x) = SIID—A—ElE,  g(x) = Al +AlE].
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Problem Formulation

o Consider F(x) = f(x) + g(x)
where f(x) is smooth, convex, and has Lipschitz continuous gradients:

dL > 0,Vx1,x2 € Q, HVf(Xl) — Vf(X2)|| < L||X1 — X2H

In general, the second term g(x) can be a nonsmooth, nonconvex function.
o Approximate ¢1-min:
1
f(x) = 5lb- Ax|?,  g(x) = Allxl1.
o Robust PCA: 4

fx)=SID—A- Ellf,  g(x) = [[Allx + AllEllz-

Generic Composite Objective Function in Sparse Optimization:

F(x) = f(x) + g(x)

In general, solving a nonsmooth, nonconvex objective function is difficult with weak
convergence guarantees.
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Soft-Thresholding: Special structure leads to effective solutions

@ Soft-thresholding function [Donoho '95, Combettes-Wajs '05]:
When g(x) = Al|x||l1, A >0,

. 1
argmin Alx||1 + EHU — x||?
has a closed-form solution element-wise: (denoising)

*

x;" = soft(uj, A) = sign(u;) - max{|u;| — X, 0}.

V"A'Lw}' h.‘f’lr,ur . \ { ( H‘ h Nu‘x. H\

n; r {\n ; “ i‘ \H\‘ \JHM “;
il r i r‘ T
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Solving ¢1-Min via Iterative Soft-Thre

o Approximate £1-min objective function at x:

F(x) F(x) +&(x) = [|b — Ax|[> + Allxl1
F(xk) + (x — x) TV F(xk) + l(x —x1) TV2F(xk) (x — xx) + g(x)

Flxi) + (x = xi) TV F(x0) + Ellx— xell2 + 8(x)

Q

where V2f(xk) is approximated by a diagonal matrix L - /.
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Solving ¢1-Min via Iterative Soft-Thre

o Approximate £1-min objective function at x:

F(x) F(x) +&(x) = [|b — Ax|[> + Allxl1
F(xk) + (x — x) TV F(xk) + l(x —x1) TV2F(xk) (x — xx) + g(x)

Flxi) + (x = xi) TV F(x0) + Ellx— xell2 + 8(x)

Q

where V2f(xk) is approximated by a diagonal matrix L - /.
o Minimize F(x) via iteration:
Xkr1 = ming F(x)
min { (x = %) TV F(xe) + §lx = xll? + g(x) }
ke = 29 F(xe) = xI2 + JlIxll1 |

Q

miny
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Solving ¢1-Min via Iterative Soft-Thresholding

o Approximate £1-min objective function at x:

F(x) F(x) +&(x) = [|b — Ax|[> + Allxl1
F(xk) + (x — x) TV F(xk) + l(x —x1) TV2F(xk) (x — xx) + g(x)

Flxi) + (x = xi) TV F(x0) + Ellx— xell2 + 8(x)

Q

where V2f(xk) is approximated by a diagonal matrix L - /.
o Minimize F(x) via iteration:
miny F(x)
min { (x = %) TV F(xe) + §lx = xll? + g(x) }
mine { Ik = $9F(xi) = xI2 + 3 [xl1 }

Xk+1

Q

o Update rule: x,41 = soft (xx — $VF£(xk), 2) -

o Complexity: Most expensive operation is Vf(x) = AT Ax — AT b = O(dn).

12
o Rate of convergence: F(x) — F(x*) < S0 — o(1) (Linear).
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IST: Pros and Cons

@ Strong points:
@ Avoid expensive matrix factorization and inverse in interior-point methods.
@ Efficient inner-loop proximal operator: soft(u, \).
@ Scalable, easy to parallelize, i.e., matrix-vector product.
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IST: Pros and Cons

@ Strong points:

@ Avoid expensive matrix factorization and inverse in interior-point methods.
@ Efficient inner-loop proximal operator: soft(u, \).
@ Scalable, easy to parallelize, i.e., matrix-vector product.

o Weak points:

@ Linear rate of convergence translates to many iterations to converge.

@ Approximate objective does not recover exact £1-min solution.

Question: Can we improve the rate of convergence while still using first-order methods?

Berkeley
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Accelerated Proximal Gradient Method

Theorem [Nesterov '83]

If f is differentiable with Lipschitz continuous gradient
IVf(x1) = VE(x)ll < Lllx1 — x2l,

there exists a first-order algorithm with quadratic convergence rate O(%) in function values.

(even earlier than [Karmarkar '84] for solving linear programs)
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Accelerated Proximal Gradient Method

Theorem [Nesterov '83]

If f is differentiable with Lipschitz continuous gradient
IVf(x1) = VE(x)ll < Lllx1 — x2l,

there exists a first-order algorithm with quadratic convergence rate O(%) in function values.

(even earlier than [Karmarkar '84] for solving linear programs)
Procedure:

o Construct a quadratic upper bound Q;(x,w) > f(x):

Qulxw) = F(w) + (x — w) V7 (w) + = lx — wif”.

@ wy is called proximal point.
If wi = xy, and x4 = arg min Q. (x, x,) + g(x)
= Same IST update rule leads to linear convergence rate.
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Accelerated Proximal Gradient Method

Theorem [Nesterov '83]

If f is differentiable with Lipschitz continuous gradient
IVf(x1) = VE(x)ll < Lllx1 — x2l,

there exists a first-order algorithm with quadratic convergence rate O(%) in function values.

(even earlier than [Karmarkar '84] for solving linear programs)
Procedure:

o Construct a quadratic upper bound Q;(x,w) > f(x):

Qulxw) = F(w) + (x — w) V7 (w) + = lx — wif”.

@ wy is called proximal point.
If wi = xy, and x4 = arg min Q. (x, x,) + g(x)
= Same IST update rule leads to linear convergence rate.

@ A nonconventional update rule leads to quadratic rate of convergence:

1+ 4/1+4¢2 t—1

tey1 = 2 Wit =X+ tet1 Ooke = x4-1)- Berkele-y
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Accelerated Proximal Gradient Methods in Sparse Optimization

o Fast IST Algorithm (FISTA): [Beck-Teboulle '09]
APG applies to approximate ¢;-min function with a fixed A:

F() = )+ 8(x) = 31b — Ax|? + Al

O xy41 = soft (wy — FVF(wy), 2)

1+, /1+4¢2
Q tiy1 = 5 k

1

Q wit1 =Xk + 5

(Xk — Xk—1)
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Accelerated Proximal Gradient Methods in Sparse Optimization

o Fast IST Algorithm (FISTA): [Beck-Teboulle '09]
APG applies to approximate ¢;-min function with a fixed A:

F() = )+ 8(x) = 31b — Ax|? + Al

O xy41 = soft (wy — FVF(wy), 2)

1+, /1+4¢2
Q tiy1 = 5 k

1

Q wit1 =Xk + 5

(Xk — Xk—1)

o For FISTA solution to approach £1-min, A\ 0.
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How does APG improve IST?

Strong points:
@ Retain efficient inner-loop complexity: Overhead of calculating proximal points is neglectable.

@ Dramatically reduces the number of iteration needed than IST as converges quadratically.
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How does APG improve IST?

Strong points:
@ Retain efficient inner-loop complexity: Overhead of calculating proximal points is neglectable.

@ Dramatically reduces the number of iteration needed than IST as converges quadratically.
Weak points:

Continuation strategy in approximate solutions is inefficient

In APG for sparse optimization, the equality constraint h(x) = 0 is approximated by a quadratic
penalty

1 .1
) = S lIAGOI.

Equality can only be achieved when A ™\, 0. This is called the continuation technique.

Question: Is there a better framework than continuation to approximate solutions?
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Augmented Lagrangian Method (ALM)

o (1-Min:
x* = argmin||x||1 subj. to b= Ax

(adding a quadratic penalty term for the equality constraint)

Fu(x) = [Ix[l1 + %Hb — Ax|2 subj. to b= Ax.
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Augmented Lagrangian Method (ALM)

o (1-Min:
x* = argmin||x||1 subj. to b= Ax

(adding a quadratic penalty term for the equality constraint)

Fu(x) = [Ix[l1 + %Hb — Ax|2 subj. to b= Ax.

o Augmented Lagrange Function: [Hestenes 69, Powell 69]
I
Fu(x,y) = lixll + {y, b — Ax) + —[|b — Ax|[3,

where y is the Lagrange multipliers for the constraint b = Ax.
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Augmented Lagrangian Method (ALM)

o (1-Min:
x* = argmin||x||1 subj. to b= Ax

(adding a quadratic penalty term for the equality constraint)

Fu(x) = [Ix[l1 + %Hb — Ax|2 subj. to b= Ax.

o Augmented Lagrange Function: [Hestenes 69, Powell 69]
I
Fu(x,y) = lixll + {y, b — Ax) + —[|b — Ax|[3,

where y is the Lagrange multipliers for the constraint b = Ax.

o Method of Multipliers: Given a fixed p > 1

Xep1 = argmin Fy, (x,y,)
Yerr = Yit+pch(xeir) (1)
Hk+1 = PHk

Berkeley
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Convergence of ALM

Theorem [Bertsekas '03]

When optimize F,,(x,y) w.r.t. a sequence uX — oo, and {y¥} is bounded, then the limit point of
{xk} is the global minimum with a quadratic rate of convergence: F(xx) — F(x*) < O(1/k?).
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Convergence of ALM

Theorem [Bertsekas '03]

When optimize F,,(x,y) w.r.t. a sequence uX — oo, and {y¥} is bounded, then the limit point of
{xk} is the global minimum with a quadratic rate of convergence: F(xx) — F(x*) < O(1/k?).

o ALM guarantees quadratic convergence of the outer-loop.
o ALM is efficient only if the inner-loop solving each F,(x,y) is also efficient!

@ /1-Min: use FISTA.
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Simulation Benchmark on #/1-Min

Figure: n = 1000, d = 800, and varying sparsity
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References: (Matlab/C code available on our website)

AY, Zhou, Ganesh, Ma. Fast L1-minimization algorithms for robust face recognition, arXiv, 2012
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ADMM: Alternating Direction Method of Multipliers

Question: When ALM fails, is there yet another solution to the rescue?
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ADMM: Alternating Direction Method of Multipliers

Question: When ALM fails, is there yet another solution to the rescue?
o Consider the same objective function in ALM:

F(x) = f(x) + g(x) subj. to h(x)=0.
In case f(-), g(+), and/or their composite function are too complex:

F(x,2) = f(x)+&(2)
subj. to h(x) =0,x —z=0.

Berkeley
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ADMM: Alternating Direction Method of Multipliers

Question: When ALM fails, is there yet another solution to the rescue?
o Consider the same objective function in ALM:

F(x) = f(x) + g(x) subj. to h(x)=0.
In case f(-), g(+), and/or their composite function are too complex:

F(x,2) = f(x)+&(2)
subj. to h(x) =0,x —z=0.

o Apply ALM

. u u
F(x2.y1,92 ) = F() + 8(2) + y] h0) +y3 (x = 2)+ S HGOI + £ e — 2]
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ADMM: Alternating Direction Method of Multipliers

Question: When ALM fails, is there yet another solution to the rescue?
o Consider the same objective function in ALM:

F(x) = f(x) + g(x) subj. to h(x)=0.
In case f(-), g(+), and/or their composite function are too complex:
F(x,2) = f(x)+&(2)
subj. to h(x) =0,x —z=0.
o Apply ALM

. u u
F(x2.y1,92 ) = F() + 8(2) + y] h0) +y3 (x = 2)+ S HGOI + £ e — 2]

o Alternating direction technique:

Xk+1 = a"gm!nx F(X7Zk7ylk7y2k7”‘k)

zpp1 = argming F(Xey1, 2k, Y140 Yako Hk)
Yikyr = YT #k?(x) )
Yakt1 = Yo tHk(x—z

e A oo Berkeley
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Solving ¢1-Min via ADMM

o FISTA update rule:
F(x,w) = Q(x,w) + g(x) subj. to h(x)=0

ADMM update rule:

Xky1 = soft (wk — %Vf(wk), %)

Wit = v @)
1 = Xkpn + e (X — Xk)

Yerr = Yk + eh(Xey1)

Berkeley
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Solving ¢1-Min via ADMM

o FISTA update rule:
F(x,w) = Q(x,w) + g(x) subj. to h(x)=0

ADMM update rule:

Xk+1 soft (wk — %Vf(wk), %)

Wiir = Xkq1t ttkk:ll (Xk41 — Xk) )
Yirr = Y+ pkh(xki1)
o Compared to ALM:
(Xk+1,Wkt1) = argmin Fy, (x,w,y,) (3)

Vi1 = Yk +peh(xeqn)

Berkeley

Sparse Optimization
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Solving ¢1-Min via ADMM

o FISTA update rule:
F(x,w) = Q(x,w) + g(x) subj. to h(x)=0

ADMM update rule:

Xky1 = soft (wk — %Vf(wk), %)
Wiir = Xkq1t ttkk:ll (Xk41 — Xk) )
Yirr = Y+ pkh(xki1)
o Compared to ALM:
(Xk+1,Wkt1) = argmin Fy, (x,w,y,) (3)
Vi1 = Yk +peh(xeqn)

In ADMM, update of x, w, and y alternates only once per loop regardless of convergence.

Reference:
Yang, Zhang. Alternating direction algorithms for £1-problems in compressive sensing, 2009.
Boyd et al. Distributed optimization and statistical learning via the alternating direction method of multipliers, 2010.
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RPCA via ADMM

o RPCA: ming g ||All« + A|Ell1 subj. to D=A+E

ALM Objective
F(A7 E7 Y7 /'L)

lAll« +AllEllz +(Y,D — A~ E) + 5D - A— E|}
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RPCA via ADMM

o RPCA: ming g ||All« + A|Ell1 subj. to D=A+E

ALM Objective
F(A7 E7 Y7 /'L)

lAll« +AllEllz +(Y,D — A~ E) + 5D - A— E|}

@ For matrix /1-norm:
When g(x) = A|| X1, A >0,

: 1 2
argmin AllXl1 + §||Q - X%

has a closed-form solution element-wise: soft (soft-thresholding)

*

x; = soft(qj;, A) = sign(qj) - max{|q;| — A, 0}.
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RPCA via ADMM

o RPCA: ming g ||All« + A|Ell1 subj. to D=A+E

ALM Objective
F(A7 E7 Y7 /'L)

lAll« +AllEllz +(Y,D — A~ E) + 5D - A— E|}

@ For matrix /1-norm:
When g(x) = A|| X1, A >0,

: 1 2
argmin AllXl1 + 5||Q - X%

has a closed-form solution element-wise: soft (soft-thresholding)

*

xi = soft(gij, \) = sign(gy;) - max{|q;| — A, 0}.
o IST update rule for E: Qe =D — A — iy

A

1
Exi1 = SOft(D — Ak — — Y,
Hk Kk

http://www.eecs.berkeley.edu/~yang Sparse Optimization
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Singular-Value Thresholding

o Fro matrix nuclear norm: [Cai-Candés-Shen '08]
When g(x) = A||X]||«, A >0,

i 1
arg min A|X||. + 5 11Q - X|[?

has a closed-form solution: S(-,-) (singular-value thresholding)
X* = Usoft(X, )V S5(Q, ),

where Q = UZVT.

Berkeley
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Singular-Value Thresholding

o Fro matrix nuclear norm: [Cai-Candés-Shen '08]
When g(x) = A||X]||«, A >0,

. 1
argmin Al X[l + S11Q — Xz
has a closed-form solution: S(-,-) (singular-value thresholding)
X* = Usoft(L,\)VT = 5(Q, ),

where Q = UZVT.
@ SVT update rule for A:

ALM Objective

F(AE,Y,n) = Al +XElli+(Y,D-A-E)+ 5|D-A-E|}

1

1
Akt1=S(D - Ex— —Y,
Hk Hk

)

http://www.eecs.berkeley.edu/~yang Sparse Optimization
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Solving RPCA via ALM and ADMM

o RPCA-ALM
RPCA-ALM

O (Awt1, Exv1) = argming e{A, E, Yi, pic}
Repeat soft(Qg, -) and S(Qa, -) until converges.

Q Yii1 = Yk + pk(D — Ak — Eiy1)

O pus1 S o0

Drawback: When i grows, the inner-loop slows down = The total number of SVDs grows!
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Solving RPCA via ALM and ADMM

o RPCA-ALM

RPCA-ALM

O (Awt1, Exv1) = argming e{A, E, Yi, pic}
Repeat soft(Qg, -) and S(Qa, -) until converges.

Q Yii1 = Yk + pk(D — Ak — Eiy1)

O pus1 S o0

Drawback: When i grows, the inner-loop slows down = The total number of SVDs grows!
o RPCA-ADMM: Minimizing RPCA w.r.t. A or E separately is easy

RPCA-ADMM

o Ak+1:5(D—Ek—71kY,‘%k)

Q Ejy1 = soft(D — A1 — kam %k)
O Yii1 = Yk + pk(D — Awy1 — Exy1)
Q pky1 S0

A, E, and Y are updated only once in each loop regardless of convergence.
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Summary

o Convergence:

Theorem [Lin-Chen-Wu-Ma '11]

In ADMM, if py is nondecreasing, then (Ag, Ex) converge globally to an optimal solution to the
RPCA problem iff
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Summary

o Convergence:

Theorem [Lin-Chen-Wu-Ma '11]

In ADMM, if py is nondecreasing, then (Ag, Ex) converge globally to an optimal solution to the
RPCA problem iff

o Pros:
@ Separately optimizing gi(A) and g>(E) simplifies the problem.
@ In each iteration, most expensive operation is SVD.
© Each subproblem can be solved in a distributed fashion, maximizing the usage of CPUs and memory.
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Summary

o Convergence:

Theorem [Lin-Chen-Wu-Ma '11]

In ADMM, if py is nondecreasing, then (Ag, Ex) converge globally to an optimal solution to the
RPCA problem iff

o Pros:
@ Separately optimizing gi(A) and g>(E) simplifies the problem.
@ In each iteration, most expensive operation is SVD.
© Each subproblem can be solved in a distributed fashion, maximizing the usage of CPUs and memory.

o Cons:

@ Analysis of convergence become more involved. [Boyd et al. '10, Lin-Chen-Wu-Ma '11]
@ Inexact optimization may lead to less accurate estimates.

References:
Boyd et al. Distributed optimization and statistical learning via the alternating direction method of multipliers, 2010.

Lin, Chen, Wu, Ma. The augmented Lagrange multiplier method for exact recovery of corrupted low-rank matrix, 2011.
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RPCA Benchmark

Table: Solving a 1,000 x 1,000 RPCA problem.

[ Algorithm | Accuracy | Rank [ [[Eflo (%) [ lterations [ Time (sec) |
IST 5.99e-6 50 10.12 8,550 119,370.3
APG 5.91e-6 50 10.03 134 82.7
ALM 2.07e-7 50 10.00 34 37.5
ADMM 3.83e-7 50 10.00 23 11.8

Take-Home Message

@ More than 10,000 times speed acceleration in the above simulation.

@ Complexity of RPCA is a small constant times that of SVD.
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Extensions
o

Further Numerical Acceleration Achievable via Parallelization

Figure: Face Alignment Time vs Number of Subjects

—— GPU
30 CPU, library threading - 4
— — — CPU, manual threading '

Elapsed time (s)
N
o

0 50 100 150 200 250
Number of training users

Reference (Parallel C/CUDA-C implementation available upon request):
Shia, AY, Sastry, Ma, Fast ¢1-minimization and parallelization for face recognition, Asilomar Conf, 2011.
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Extensions
o0

Minimizing Group Sparsity

@ Group sparsity for structured data (in face recognition): A = [A1,---, Ak]
K X1
(Po,p): x5, =argmin Zsign(HXka >0), subj.to Ax=[A; -+ Ak]|:|=b
X k=1 '
XK

Berkeley
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Extensions
o0

Minimizing Group Sparsity

@ Group sparsity for structured data (in face recognition): A = [A1,---, Ak]
K X1
(Po,p): x5, =argmin Zsign(HXka >0), subj.to Ax=[A; -+ Ak]|:|=b
X k=1 '
XK

o Convexification of NP-hard group sparsity minimization:

K
(P1p): x{,=argmin E [Ixkllp subj. to Ax=b
k=1
where p > 1. A popular choice is p = 2 [Eldar & Mishali '09, Stojnic et al. '09, Sprechmann et al. '10,
Elhamifar & Vidal '11].

Berkeley
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Extensions
o0

Minimizing Group Sparsity

@ Group sparsity for structured data (in face recognition): A = [A1,---, Ak]
K X1
(Po,p): x5, =argmin Zsign(HXka >0), subj.to Ax=[A; -+ Ak]|:|=b
X k=1 '
XK

o Convexification of NP-hard group sparsity minimization:

K
(P1p): x{,=argmin Z [Ixkllp subj. to Ax=b
k=1

where p > 1. A popular choice is p = 2 [Eldar & Mishali '09, Stojnic et al. '09, Sprechmann et al. '10,
Elhamifar & Vidal '11].
o If p = oo, minimizing group sparsity becomes a linear program
K

X{,0o = arg min Z [[Xk|loo subj. to Ax=Db
k=1

Tightest lower bound of the primal NP-hard problem among all the ¢; ,-norms.
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Extensions
oe

Robust Face Recognition as a Group Sparsity Recovery Problem

(a) Unoccluded Images (b) Occluded Images
K
{x*,e"} = arg;ninz (Ixklloo +llell1) subj. to Ax+e=h.
k=1
[ Group Sparsity [ 41 [ hip | l1co |

unoccluded 92% 93.6% | 94.7%

occluded 49.7% | 53.6% | 57.6%

Total 65.3% | 68.3% | 69.7%

Table: 100-subject test set consists of 700 un-occluded images and 1200 occluded images.

Reference:
Singaragu, Tron, Elhamifar, AY, Sastry. On the Lagrangian biduality of sparsity minimization problems, ICASSP, 2012.

Elhamifar, Vidal. Block-sparse recovery via convex optimization, TSP, 2012.
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Extensions
@000

Nonlinear Sparse Optimization

@ /1-Min assumes an underdetermined linear system: b = Ax

(Po): min|lb— Ax||> subj. to ||x|lo < k.
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Extensions
@000

Nonlinear Sparse Optimization

@ /1-Min assumes an underdetermined linear system: b = Ax

(Po): min|lb— Ax||> subj. to ||x|lo < k.

o Generalize to any nonlinear differentiable function f(-):

min f(x) subj. to ||x|lo < k.

Berkeley
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Extensions
@000

Nonlinear Sparse Optimization

@ /1-Min assumes an underdetermined linear system: b = Ax

(Po): min|lb— Ax||> subj. to ||x|lo < k.

o Generalize to any nonlinear differentiable function f(-):

min f(x) subj. to ||x|lo < k.

o Example: Sparse PCA

x* = arg max (XTZX — p||x||1)
[Ix[l2=1

.eecs.berkeley.edu/~yang Sparse Optimization
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Extensions
0@00

A General Framework in Nonlinear Sparse Optimization

Greedy Simplex Method (Matching Pursuit)

Q If ||x/|jo < k
@ Find t, € argmin; f(x’ + tie;).
o xt =x 1+ tye,.

Q if [[x[lo =
O Find (tp, xg) € argmin;; f(x' — xje; + tie;).
a X =x' — xe, + tre,.

© Continue | < [ + 1, until the stopping criterion is satisfied.

o Convergence:
GSM converges to a local minimum: f(x'+1) < f(x') for every / > 0.

Reference:

Beck & Eldar, Sparsity constrained nonlinear optimization, 2012.

Berkeley
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Extensions
[e]e] o)

SDP via Lifting: A Convex Formulation

@ Semidefinite relaxation via lifting: Let X = xx”

max||x|| {xTZx — p||x|l1} subj. to [x|| =1
maxx {Tr(XX) — p||X]|l1} subj. to Tr(X)=1,X = 0,Rank(X) =1

Berkeley
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Extensions
[e]e] o)

SDP via Lifting: A Convex Formulation

@ Semidefinite relaxation via lifting: Let X = xx”

max||x|| {xTZx — p||x|l1} subj. to [x|| =1
maxx {Tr(XX) — p||X]|l1} subj. to Tr(X)=1,X = 0,Rank(X) =1
o Dropping the nonconvex rank constraint:

Primal :  maxx Tr(XX) — p|[|X]||1 subj. to Tr(X)=1,X>0
Dual :  miny Amax(X + U) subj. to —p < U;j<p

Berkeley
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Extensions
[e]e] o)

SDP via Lifting: A Convex Formulation

@ Semidefinite relaxation via lifting: Let X = xx”

max||x|| {xTZx — p||x|l1} subj. to [x|| =1
maxx {Tr(XX) — p||X]|l1} subj. to Tr(X)=1,X = 0,Rank(X) =1
o Dropping the nonconvex rank constraint:

Primal :  maxx Tr(XX) — p|[|X]||1 subj. to Tr(X)=1,X>0
Dual :  miny Amax(X + U) subj. to —p < U;j<p

@ max-eigenvalue problem can be approximated by a smooth function with Lipschitz
continuous gradient:

() = g (Tresp( =11

= SPCA-ALM in the dual space!

Reference:
Naikal, AY, Sastry. Informative feature selection for object recognition via Sparse PCA. ICCV, 2011.

Berkeley
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Extensions
[ele]e] )

Sparse Strong Feature Selection: Visual Comparison

SEM Thresholded Sparse Berkeley

Original
PCA PCA
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Conclusion
o

References

Website:

£1Min: http://www.eecs.berkeley.edu/~yang/
RPCA: http://perception.csl.illinois.edu/matrix-rank/

More Publications:

AY, Ganesh, Zhou, Sastry, Ma. "“Fast £;-minimization algorithms for robust face recognition.” arXiv, 2010.
Shia, AY, Sastry, Ma. “Fast £;-minimization and parallelization for face recognition.” Asilomar, 2011.

Singaraju, Tron, Elhamifar, AY, Sastry. “On the Lagrangian biduality of sparsity minimization problems.”
ICASSP, 2012.

@ Naikal, AY, Sastry. “Informative feature selection for objection recognition via Sparse PCA.” ICCV, 2011.

@ Slaughter, AY, Bagwell, Checkles, Sentis, Vishwanath. “Sparse online low-rank projection and outlier

rejection (SOLO) for 3-D rigid-body motion registration.” ICRA, 2012.

Ohlsson, AY, Dong, Sastry. “CPRL — An extension of compressive sensing to the phase retrieval
problem.” NIPS, 2012.
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