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Abstract

In thischapterwegivea brief survey onbasicgeometricprinciplesassociatedwith machinevision.

In particular, weintroducethebasictheoryandalgorithmsfor thereconstructionof camera pose

and scenestructure from two views or more than two views. We discussfurther reconstruction

techniquesfrom a singleview, which utilize scenesymmetryand neverthelessrely on the theory

of multipleviews. Sinceour survey focuseson only theverybasics,referencesto more advanced

studieswill be providedafter each topic. A few comprehensiveexamplesof applicationof the

algorithmsaregivenat theendof thechapter.

1 Intr oduction

Vision is oneof themostpowerful sensingmodalities.In robotics,machinevisiontechniqueshave

beenextensively usedin applicationssuchasmanufacturing,visual servoing [30, 7], navigation

[26,50,51,9], androboticmapping[58]. Hereamainproblemis how to reconstructboththepose
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of the cameraandthe 3-D structureof the scene.The reconstructioninevitably requiresa good

understandingaboutthe geometryof imageformationand3-D reconstruction.In this chapter,

we provide a survey for thebasictheoryandsomerecentadvancesin thegeometricaspectof the

reconstructionproblem. Speci�cally, we introducethe theoryandalgorithmsfor reconstruction

from two views [33, 29, 40, 67, 31], multiple views [40, 37, 38, 23, 10, 12], anda singleview

[25, 19, 1, 73, 74, 70, 3, 28]. Sincethis chaptercanonly provide a brief introductionto these

topics,thereaderis referredto thebook[40] for amorecomprehensivecoverage.

Withoutany knowledgeof theenvironment,reconstructionof ascenerequiresmultipleimages.

This is becausea singleimageis merelya 2-D projectionof the3-D world, for which the depth

informationis lost. Whenmultiple imagesareavailablefrom differentknown viewpoints,the3-D

locationof every point in the scenecanbe determineduniquelyby triangulation(or stereopsis).

However, in many applications(especiallythosefor robot vision), the viewpointsareunknown

either. Therefore,we needto recover boththescenestructureandthecameraposes.In computer

vision literature,this is referredto asthe “structurefrom motion” (SFM) problem. To solve this

problem,thetheoryof multiple-view geometryhasbeendeveloped(e.g.,see[40,37,38,67,33,23,

12, 10]). In this chapter, we introducethebasictheoryof multiple-view geometryandshow how

it canbe usedto develop algorithmsfor reconstructionpurposes.Speci�cally, for the two-view

case,we introducein Section2 theepipolarconstraint andtheeight-pointstructure frommotion

algorithm[33, 29,40]. For themultiple-view case,we introducein Section3 therankconditions

on multiple-view matrix [37, 38,40,27] andamultiple-view factorizationalgorithm[37, 40].

Sincemany robotic applicationsareperformedin a man-madeenvironmentsuchasinsidea

building andaroundanurbanarea,muchof prior knowledgecanbeexploitedfor a moreef�cient

andaccuratereconstruction.One kind of prior knowledgethat canbe utilized is the existence

2



of “regularity” in the man-madeenvironment. For example,thereexist many parallel lines, or-

thogonalcorners,andregular shapessuchasrectangles.In fact, muchof the regularity canbe

capturedby thenotionof symmetry. It canbeshown thatwith suf�cient symmetry, reconstruction

from a singleimageis feasibleandaccurate,andmany algorithmshave beendeveloped(e.g.,see

[3, 70, 25, 1, 73, 40, 28, 1]). Interestingly, thesesymmetry-basedalgorithmsin fact rely on the

theoryof multiple-view geometry[25, 70, 3]. Therefore,after themultiple-view caseis studied,

we introducein Section4 basicgeometryandreconstructionalgorithmsassociatedwith imaging

andsymmetry.

In theremainderof this section,we introducein Section1.1basicnotationandconceptsasso-

ciatedwith imageformationthathelpthedevelopmentof thetheoryandalgorithms.It is not our

intentionto give in this chapterall the detailsabouthow the algorithmssurveyed canbe imple-

mentedin realvision systems.While we will discussbrie�y in Section1.2 a pipelinefor sucha

system,wereferthereaderto [40] for all thedetails.

1.1 Cameramodel and imageformation

Thecameramodelweadoptin thischapteris thecommonlyusedpinholecameramodel.Asshown

in Figure1A, thecameracomprisesof a cameracenter� andan imageplane.Thedistancefrom

� to the imageplaneis the focal length
�

. For any 3-D point � in theoppositesideof the image

planewith respectto � , its image � is obtainedby intersectingthe line connecting� and � with

the imageplane. In practice,it is moreconvenientto usea mathematicallyequivalentmodelby

moving theimageplaneto the“front” sideof thecameracenterasshown in Figure1B.

Thereareusuallythreecoordinateframesin our calculation.The�rst oneis theworld frame,
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Figure1: A: Pinholeimagingmodel.Theimageof apoint 	 is theintersectingpoint 
 betweentheimage

planeandthe ray passingthroughcameracenter� . The distancebetween� andthe imageplaneis � . B:

Frontalpinholeimagingmodel. The imageplaneis in front of thecameracenter� . An imagecoordinate

frameis attachedto theimageplane.

alsocalledreferenceframe. Thedescriptionof any othercoordinateframeis themotionbetween

that frameandthe referenceframe. The secondis the camera frame. The origin of the camera

frameis thecameracenterandthe
�

-axisis alongtheperpendicularline from � to theimageplane

asshown in Figure1B. The last one is the two-dimensionalimage frame. For conveniencewe

chooseits origin �
� asthe projectionof � on the imageplaneandset its � -axis and � -axis to be

parallelto the � -axisand � -axisof thecameraframe.As a convention,thefocal length
�

is setto

beof unit 1.

For pointsin 3-D spaceand2-D image,we usehomogeneouscoordinates; i.e. a 3-D point �

with coordinate

�������

�����������

is denotedas � ��

�������

�

� �

�!�"�"�$#

, andan imagepoint with

coordinate 

�����

�
�

�%�'&

is denotedas �(� 

���)�*� �

�
�

�%�'�

. The motion of the cameraframe

with respectto thereferenceframeis sometimesreferredto asthecamera poseandis denotedas

,+

�)-

�.�0/21436587

with +

�0/2943:5;7

beingtherotation( +<+

�

�>= ) and -

�?�'�

beingthetranslation.1

1By settingthemotionin @BADC�EGF , weonly considerrotationsandtranslations.Re�ectionsarenot includedsinceit
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Therefore,for apointwith coordinate� in thereferenceframe,its imageis obtainedby

H

�I�%J+

�K-

�

�

�?�

�

� (1)

where
H?LNM

is thedepthof the3-D pointwith respectto thecameracenter. This is theperspective

projectionmodelof imageformation.

The hat operator. Onenotationthat will be extensively usedin this chapteris the hat operator

“ O ” thatdenotestheskew-symmetricmatrixassociatedto a vectorin
�P�

. Morespeci�cally, for a

vector QR�S,T.U

�

T

&

�

T

�

���V�?� �

, wede�ne
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YZ

Z

Z

Z

Z
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� suchthat O
QfeV��Q>gVe

� h

e

�?�
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W

In particular, O

QfQR�

M

�?�
�

.

Similarity . We use“ i ” to denotesimilarity. For any pair of vectorsor matrices� and j of the

samedimension,�Ii"j means�k�"lmj for some(nonzero)scalarl

�n�

.

1.2 3-D reconstructionpipeline

Beforewe delve into thegeometry, we �rst needto know how thealgorithmsto bedevelopedcan

be used. Reconstructionfrom multiple imagesoften consistsof threesteps: feature extraction,

featurematching, andreconstructionusingmultiple-view geometry.

Features,or imageprimitives,arethe conspicuousimageentitiessuchascornerpoints, line

segments,or structures.The mostcommonlyusedimagefeaturesarepointsandline segments.

is in ADCoEpF , but not in @BADCoEpF .
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Algorithmsfor extractingthesefeaturescanbefoundin mostimageprocessingpapersandhand-

books[22, 4, 18, 40]. At the endof this chapterwe alsogive an exampleof using(symmetric)

structuresasimagefeaturesfor reconstruction.

Featurematchingis to establishcorrespondenceof featuresacrossdifferentviews, which is

usuallya dif�cult task. Many techniqueshave beendevelopedto matchfeatures.For instance,

whenthemotion(baseline)betweenadjacentviews is small,featurematchingis oftencalledfea-

ture tracking andtypically involves�nding an af�ne transformationbetweenthe imagepatches

aroundthe featurepointsto be matched[34, 54]. Matchingacrosslarge motion is a muchmore

challengingtaskandis still an active researcharea. If a large numberof imagepointsareavail-

ablefor matching,somestatisticaltechniquesuchastheRANSAC typeof algorithms[13] canbe

applied.Readerscanreferto [23, 40] for details.

Givenimagefeaturesandtheircorrespondences,thecameraposeandthe3-D structureof these

featurescanthenberecoveredusingthemethodsthatwill beintroducedin therestof thischapter.

1.3 Further readings

Cameracalibration. In reality, thereareat leasttwo majordifferencesbetweenourcameramodel

andtherealcamera.First, thefocal length
�

of therealcamerais not 1. Second,theorigin of the

imagecoordinateframe is usually chosenat the top-left cornerof the imageinsteadof at the

centerof the image. Therefore,we needto mapthe real imagecoordinateto our homogeneous

representation.This processis calledcamera calibration. In practice,cameracalibrationis more

complicateddueto thepixel aspectratioandnonlinearradialdistortionof theimage.Thesimplest

calibrationschemeis to consideronly the focal lengthandlocationof the imagecenter. So the
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actualimagecoordinatesof apointaregivenby

H

�q�srtJ+

�K-

�

�

�

ru�

YZ

Z

Z

Z

Z

Z

[

� M

�wv

M �

�dv

M M

�

^`_

_

_

_

_

_

a

�?�

�cbd�

� (2)

wherer is thecalibrationmatrixwith
�

beingtherealfocal lengthand 

�]v�����v

� �

beingthelocation

of theimagecenterin theimageframe.Therelatedtheoryandalgorithmsfor cameracalibration

have beenstudiedextensively in thecomputervision literature,readerscanreferto [41, 71,60, 5,

20]. In therestof thischapter, unlessotherwisestated,weassumethecamerais alwayscalibrated,

andwewill useequation(1) asthecameramodel.

Different image surfaces. In the pinhole cameramodel (Figure 1) we assumethat the image

planeis a planarsurface. However, thereare other typesof imagesurfacessuchasspheresin

omni-directionalcameras.For differentimagesurfaces,thetheorythatwe aregoingto introduce

in this chapterstill holdswith only slight modi�cation. Interestedreaderspleaserefer to [40, 16]

for details.

Other typesof projections. Besidestheperspective projectionmodelin (1), othertypesof pro-

jectionshave alsobeenadoptedin the literaturefor variouspracticalor analyticalpurposes.For

example,thereareaf�ne projectionfor anuncalibratedcamera,orthographicprojectionandweak

perspectiveprojectionfor far away objects.For a detailedtreatmentof theseprojectionmodels,

thereaderpleasereferto [59, 11,23].
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2 Two-viewgeometry

Let us�rst studythetwo-view case.GermanmathematicianErwin Kruppa[32] is amongthe�rst

who studiedthis problem. He showed that given � ve pairsof correspondingpoints, the camera

motionandstructureof thescenecanbesolvedup to �nite numberof solutions[32, 24, 46]. In

practice,however, we usuallycanobtainmorethan� ve points,which may signi�cantly reduce

the complexity of the solutionand increasethe accuracy. In 1980,Longuet-Higgins,basedon

theepipolarconstraint– analgebraicconstraintgoverningtwo imagesof a point [33], developed

anef�cient linearalgorithmthat requireseightpairsof correspondingpoints. Thealgorithmhas

sincebeenre�ned severaltimesto reachthecurrentstandardeight-pointlinear algorithm[29,40].

Several variationsto this algorithmfor coplanarpoint featuresandfor continuousmotionshave

alsobeendeveloped[67, 40]. In theremainderof thissection,weintroducetheepipolarconstraint

andtheeight-pointlinearalgorithm.

2.1 Epipolar constraint and essentialmatrix

Thekey issuein solvingtwo-view SFM problemis to identify thealgebraicrelationshipbetween

correspondingimagepointsandthecameramotion. Figure2 shows therelationshipbetweenthe

two cameracenters�

U , �

&

, the3-D point � with coordinate�

�n��#

, andits two images�xU and �

&

.

Obviously, thethreepoints �

U , �

&

and � form a plane,which implies that thevectors- , +<�DU and

�

&

arecoplanar. Mathematically, it is equivalentto thetriple productof - , +<�yU and �

&

beingzero,

i.e.

�

�

&

O

-

+<�xU2�

M

W

(3)
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This relationshipis calledepipolarconstraint on thepair of imagesandthecameramotion. We

denote
1

�

O

-

+ andcall
1

theessentialmatrix.
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Figure2: Two views of a point 	 . The vectors… , 


&

and †P

U arethe threevectorsall expressedin the

secondcameraframeandarecoplanar.

2.2 Eight-point linear algorithm

Givenimagecorrespondencesfor ‡

3‰ˆ‹Š87

3-D pointsin generalpositions,thecameramotioncan

be solved linearly. Conceptuallyit comprisesof two steps:First recover the matrix
1

using ‡

epipolarconstraints;thendecompose
1

to obtainmotion + and - . However, dueto thepresence

of noise,therecoveredmatrix
1

maynot beanessentialmatrix. An additionalstepof projecting
1

into thespaceof essentialmatricesis necessaryprior to thedecomposition.

First let useseehow to recover
1

usingtheepipolarconstraint.Denote
1

��Œ •‰Ž••‘•�•“’

•“”m•‘•�•“–

•‘—�•“˜m•“™

š

andlet
1œ›

�•,ž�U

�

ž

#

�

ž�Ÿ

�

ž

&

�

ž  

�

ž ¡

�

ž

�

�

ž ¢

�

ž £

�!�

bea “stacked” versionof
1

. Theepipolarconstraintin (3)

canbewrittenas
3

��U�¤R�

&

7

�

1

›

�

M

� (4)
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where ¤ denotestheKronecker productof two vectorssuchthat

�xU.¤N�

&
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�

U

�

&

�)�
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�

&

�K�
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���
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�
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���
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���
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�
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�

�
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�

�

U

�
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�

�

U

�

&

�

�

�

given �2¥.�¦

�

¥

�)�

¥

�

�

¥

�!�

( §2�

�;�©¨ ). Therefore,in theabsenceof noise,given ‡

3‰ˆsŠ87

pairsof image

correspondences�«ª

U

and ��ª

&

(¬�

�;�®¨¯�

WGW W

�

‡ ), we can linearly solve
1 ›

up to a scaleusingthe

following equation

°

1

›

W
�

YZ

Z

Z

Z

Z

Z

Z

Z

Z

Z

[

3

�

U

U

¤±�

U

&

7

�

3

�

&

U

¤±�

&

&

7

�

...
3

�³²

U

¤±�´²

&

7

�
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_
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a

1

›

�

M

�

°

�?�

²

b

£

� (5)

and choosing
1

›

as the eigenvector of
°

�

°

associatedwith the eigenvalue0.2
1

can then be

obtainedby “unstacking”
1

›

.

After obtaining
1

, wecanprojectit to thespaceof essentialmatrixanddecomposeit to extract

themotion,which is summarizedin thefollowing algorithm[40]:

Algorithm 1 (Eight-point structure fr om motion algorithm) Given ‡

3‰ˆ>Š;7

pairsof imagecor-

respondenceof points �
ª

U

and �
ª

&

(¬µ�

�;�®¨¯�

WGW W

�

‡ ), thisalgorithmrecovers themotion J+

�)-

�

of the

camera (with the�r stcamera framebeingthereferenceframe)in threesteps.

1. Compute a �rst approximation of the essentialmatrix. Constructthematrix
°

��

²

b

£

as in (5). Choose
1

›

to be the eigenvectorof
°

�

°

associatedto its smallesteigenvalue:

computetheSVDof
°

�·¶´¸

/

¸B¹

�

¸

andchoose
1

›

to bethe º�»!¼ columnof ¹w¸ . Unstack
1

›

to obtainthe
5

g

5

matrix
1

.
2It canbeshown thatfor ½wC¿¾4ÀpF pointsin generalpositions,Á]Â¯Á hasonly onezeroeigenvalue.
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2. Project
1

onto the spaceof essentialmatrices. PerformSVDon
1

such that

1

�‹¶ diag ÃÅÄ•U

�

Ä

&

�

Ä

� Æ

¹

�

�

where Ä•U

ˆ

Ä

&

ˆ

Ä

�

ˆ

M

and ¶

�

¹

�s/2943:5;7

. Theprojectiononto the spaceof essential

matricesis ¶ÈÇP¹

�

with Ç±� diagÃ

�;� �;�

M

Æ

.

3. Recover motion fr om by decomposingthe essentialmatrix. Themotion + and - of the

camera canbeextractedfromtheessentialmatrixusing ¶ and ¹ such that

+É�‹¶Ê+

� ËnÌÎÍÐÏ

¨³Ñ

¹

�

�

O

-

�‹¶Ê+

Ë

ÌÎÍ4Ï

¨³Ñ

Çy¶

�

�

where +

Ë
3

l

7

meansrotationaround
�

-axisby l counterclockwise.

Themathematicalderivationandjusti�cation for theaboveprojectionanddecompositionstepscan

befoundin [40].

Theaboveeight-pointalgorithmin generalgivesriseto four solutionsof motion ,+

�)-

�

. How-

ever, only oneof themguaranteesthat thedepthsof all the3-D pointsreconstructedarepositive

with respectto bothcameraframes[40]. Therefore,by checkingthedepthsof all thepoints,the

uniquephysicallypossiblesolutioncanbeobtained.Also noticethat - is recoveredup to a scale.

Without any additionalsceneknowledge,this scalecannotbe determinedandis often �x ed by

setting Ò

-

Òp�

� .

Given the motion ,+

�)-

�

, the next thing is to recover the structure. For point features,that

meansto recover its depthwith respectto thecameraframe.For the ¬ th pointwith depth
H

ª

¥

in the

§ th ( §«�

�;�®¨ ) cameraframe,from thefact
H

ª

&

�mª

&

�

H

ª

U

+<��ª

U]Ó

- , wehave

Ô

ªyÕ

H

ª

W�
Œ�Ö

�

&

ª

+<�
ª

U

Ö
�

&

ª

-

š

YZ

Z

[

H

ª

U

�

^`_

_

a

�

M

W

(6)
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So
H

ª

U

canbesolvedby �nding theeigenvectorof
Ô

ª

�

Ô

ª

associatedto its smallesteigenvalue.

Example2 As shownin Figure 3, two imagesof a calibration cubeare present. Twenty-three

pairs of feature pointsare extractedusingHarris corner detector, and the correspondenceare

establishedmanually. Thereconstructionis performedusingtheeight-pointalgorithmanddepth

calculation.Thethreeanglesfor anorthogonalcornerarecloseto right angles.Thecoplanarityof

PSfragreplacements ×

U

×

&

×

�

Figure3: The two imagesof a calibrationcubeandtwo views of the reconstructedstructure.The three

anglesare Ø
U«ÙqÚ�ÛdÜÞÝ ß , Ø

&

ÙqÛ�àdÜJá�ß and Ø

�

ÙâÛ;ã ÜJÛ�ß .

pointsin each planearealmostpreserved.Overall, thestructure is reconstructedfairly accurate.

Coplanar featuresand homography. Up to now, weassumethatall the3-D pointsarein general

positions.In practice,it is not unusualthatall thepointsresideson thesame3-D plane,i.e. they

arecoplanar. Theeight-pointalgorithmwill fail dueto thefact thatthematrix
°

�

°

(see(5)) will

have morethanoneeigenvaluesbeingzero. Fortunately, besidesepipolarconstraint,thereexists
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anotherconstraintfor coplanarpoints.This is thehomographybetweenthetwo images,whichcan

bedescribedusinga matrix ä

�?�

�cbd�

:

äå�"+

Ó

�

æ

-èç

�

(7)

with
ækL¦M

denotingthedistancefrom the planeto the �rst cameracenterand ç beingthe unit

normalvectorof theplaneexpressedin the �rst cameraframewith
H

U

ç

�

�fU

Ó

æ

�

M

.3 It canbe

shown thatthetwo images�PU and �

&

of thesamepointarerelatedby:

Ö
�

&

äV��U$�

M

W

(8)

Usingthehomographyrelationship,we canrecover themotionfrom two views with a similar

procedureto theepipolarconstraints:First ä canalsobe calculatedlinearly using ‡

3éˆ¦êë7

pairs

of correspondingimagepoints. The reasonthat the minimum numberof point correspondences

is four insteadof eight is that eachpair of imagepointsprovide two independentequationson

ä through(8). Thenthemotion ,+

�)-

�

aswell astheplanenormalvector ç canbeobtainedby

decomposingä . However, thesolutionfor thedecompositionis morecomplicated.Thisalgorithm

is calledfour-pointalgorithmfor coplanarfeatures.Interestedreaderspleasereferto [67, 40].

2.3 Further Readings

Theeight-pointalgorithmintroducedin thissectionis for generalsituations.In practice,however,

thereareseveralcaveats:
3The homographyis not limited to two imagepoints in two cameraframes,it is for the coordinatesof the 3-D

pointontheplaneexpressedin any two frames(with oneframebeingthereferenceframe).In particular, if thesecond

frameis chosenwith its origin lying on theplane,thenwe havea homographybetweenthecameraandtheplane.
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Small baselinemotion and continuousmotion. If Ò

-

Ò is small anddatais noisy, the recon-

structionalgorithmoftenwould fail. This is thesmallbaselinecase.Readerscanreferto [40, 65]

for specialalgorithmdealingwith this situation.Whenthebaselinebecomein�nitesimally small,

we have thecaseof continuousmotion, for which thealgebrabecomessomewhatdifferentfrom

thediscretecase.For a detailedanalysisandalgorithm,pleasereferto [39, 40].

Multiple-body motions. For the casein which therearemultiple moving objectsin the scene,

thereexistsa morecomplicatedmultiple-bodyepipolarconstraint. Thereconstructionalgorithm

canbefoundin [66, 40].

Uncalibrated camera. If thecamerais uncalibrated,theessentialmatrix
1

in theepipolarcon-

straintshouldbesubstitutedby thefundamentalmatrix ì with ì��"rqí

�

1

rîí

U , wherer

�?���pbd�

is thecalibrationmatrixof thecamera,de�ned in equation(2). Theanalysisandaf�ne reconstruc-

tion for theuncalibratedcameracanbefoundin [23, 40].

Critical surface.Therearecertaindegeneratepositionsof thepointsfor which thereconstruction

algorithmwould fail. Thesecon�gurationsarecalledcritical surfacesfor the points. Detailed

analysisareavailablein [44, 40].

Numerical problemsand optimization. Toobtainaccuratereconstruction,somenumericalissues

suchdatanormalizationneedto beaddressedbeforeapplyingthealgorithm.Thesearediscussed

in [40]. Notice that theeight-pointalgorithmis only a sub-optimalalgorithm;variousnonlinear

“optimal” algorithmshavebeendesigned,which canbefoundin [64, 40].
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3 Multiple-view geometry

In this section,we studythecasefor reconstructionfrom morethantwo views. Speci�cally, we

presenta setof rank conditionson a multiple-view matrix [37, 38, 27]. The epipolarconstraint

for two views is just a specialcaseimplied by the rank condition. As we will see,the multiple-

view matrix associatedto a geometricentity (point, line or plane)is exactly the3-D information

that is missingin a single2-D imagebut encodedin multiple ones.This approachis compactin

representation,intuitive in geometry, andsimplein computation.Moreover, it providesa uni�ed

framework for describingmultiple views of all typesof featuresand incidencerelationsin 3-D

space[40].

3.1 Rank condition on multiple viewsof point feature
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Figure4: Multiple imagesof a3-D point ð in ñ cameraframes.

First, let us look at the caseof multiple imagesof a point. As shown in Figure4, multiple
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images�2¥ of a3-D point � with cameramotions J+Ê¥
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where
H

¥ is thepointdepthin the § th cameraframe.Multiplying O

�³¥ on bothsidesof (9), wehave
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Without loss of generality, we choosethe �rst cameraframe as the referenceframe suchthat

+ôU2�s= , -

U2�

M

, and � �uõ®ö

Ž6÷;Ž

USø

. Therefore,for §«�

¨¯�

5

�

W W W

��ò , (10)canbetransformedinto
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H
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W

(11)

Stackingtheleft sideof theaboveequationsfor all §«�

¨¯�

W WGW

��ò , wehave

Ô

Y
Z

Z
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H

U

�

^
_

_

a
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YZ

Z

Z

Z

Z

Z

Z

Z

Z

Z

[
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��U
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�
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�

��U Ö �

�

-

�

...
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Ö
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Ö
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-

ï
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_
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_

_
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M

�?�

�©ú

ï

í

U:û

W

(12)

Thematrix
Ô

�k����ú

ï

í

U“û

bd&

is calledthemultiple-view matrix for point features.Theabove rela-

tionshipis summarizedin thefollowing theorem:

Theorem 3 (Rank condition on multiple-view matrix for point features) Themultiple-viewma-

trix
Ô

satis�esthefollowing rankconditions:

rank
3

Ô

7xü

�

W

(13)

Furthermore,
Ô

õcö

Ž

U
ø

�

M

with
H

U beingthedepthof thepoint in the�r st camera frame.
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Thedetailedproofof thetheoremcanbefoundin [37, 40].

Theimplicationof theabove theoremis multi-fold. First, therankof
Ô

canbeusedto detect

the con�guration of the camerasandthe 3-D point. If rank
3

Ô

7

�

� , the camerasandthe 3-D

point arein thegeneralpositions;andthe locationof thepoint canbedetermined(up to a scale)

by triangulation.If rank
3

Ô

7

�

M

, thenall thecameracentersandthepoint arecollinear;andthe

pointcanonly bedeterminedupto a line. Second,all thealgebraicconstraintsimpliedby therank

conditioninvolvenomorethanthreeviews,whichmeansthatfor point featuresa fourth imageno

longerimposesany new algebraicconstraint.Lastbut not theleast,therankconditionon
Ô

uses

all thedatasimultaneously, which signi�cantly simpli�es thecalculation.Also notethat therank

conditionon themultiple-view matrix impliestheepipolarconstraint.For the § th ( §

L

� ) view and

the �rst view, the fact that O
�³¥¿+è¥ó�fU and O

�´¥

-

¥ are linearly dependentis equivalentto the epipolar

constraintbetweenthetwo views.

3.2 Linear reconstructionalgorithm

Now wedemonstratehow toapplythemultiple-view rankconditionin reconstruction.Speci�cally,

we show the linearreconstructionalgorithmfor point features.Given ò

3‰ˆ%5;7

imagesof ‡

3‰ˆýŠ87

pointsin 3-D spacewith �mª

¥

( §Ê�

�;�®¨¯�

W W W

��ò and ¬0�

�;�©¨¯�

W W W

�

‡ ), thestructure(depths
H

U

¥

with

respectto the �rst cameraframe)andthecameramotions ,+<¥

�)-

¥

�

canberecoveredin two major

steps.
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First for the ¬ th point,amultiple-view matrix
Ô

ª

associatedwith its imagessatis�es

Ô

ª

YZ

Z

[

�

U

ö‰þ

Ž

^`_

_

a
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��ª
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�
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Ö�³ï
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_

a
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Z

[

�

U

öKþ

Ž

^`_

_

a

�

M

W

(14)

Theaboveequationimpliesthatif thesetof motionsÿ;¥*�%,+è¥

�)-

¥

�

'sareknown for all §«�

¨¯�

W W W

��ò ,

thedepth
H

ª

U

of the ¬ th pointwith respectto the�rst cameraframecanberecoveredby computing

thekernelof
Ô

ª

. Wedenotel

ª

�

U

ö

þ

Ž

.

Similarly, for the § th image( § �

¨¯�

WGW W

��ò ), if l

ª

's are known for all ¬"�

�;�®¨ �

W W W

�

‡ , the

estimationof +è¥]� Œ

�

ŽóŽ

�

Žo•

�

Ž�’

�

•:Ž

�

•ó•

�

•ù’

�

’“Ž

�

’¿•

�

’ó’

š

and -

¥ is equivalentto solvingthestackedvectors

+

›

¥

�%

�

U U

���

&

U

���

�

U

���

U

&

���

& &

���

� �

���

U

�

���

& �

���

� �

�

�
�

�n�

£

and -

¥

�?�'�

usingtheequation
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+
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�
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�
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_
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[
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a
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�

�

¥
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²
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U
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� (15)

where ¤ is theKronecker productbetweentwo matrices.It canbe shown that
�

¥ hasrank 11 if

‡

ˆ��

pointsin generalpositionsarepresent.Thereforethesolutionof ,+<¥

�)-

¥

�

will beuniqueup

to a scalefor ‡

ˆ��

.

Obviously, if no noiseis presenton the images,the recoveredmotion andstructurewill be

the samewith what canbe recoveredfrom the two-view eight-pointalgorithm. However, in the
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presenceof noise,it is desiredto usethedatafrom all theimages.In orderto usethedatasimul-

taneously, a reasonableapproachis to iteratebetweenreconstructionsof motionandstructure,i.e.

initializing thestructureor motions,thenalternatingbetween(14) and(15) until thestructureand

motionconverge.

Motions J+è¥

�K-

¥

�

can thenbe estimatedup to a scaleby performingSVD on
�

¥ as in (15).4

Denote
	

+è¥ and
	

-

¥ to be the estimatesfrom the eigenvectorof
�

�

¥

�

¥ associatedto the smallest

eigenvalue.Let
	

+è¥•�É¶«¥

/

¥¿¹

�

¥

betheSVD of
	

+è¥ . Then +Ê¥

�0/29 3:587

and -

¥ aregivenby

+è¥•� sign
3

det
3

¶«¥¿¹

�

¥

7)7

¶m¥6¹

�

¥

�0/2943:5;7

� and -

¥•�

sign
3

det
3

¶m¥¿¹

�

¥

7K7

3

det
3“/

¥

7K7

Ž

’

�?�

�

W

(16)

In this algorithm,theinitialization canbedoneusingtheeight-pointalgorithmfor two views.

The initial estimateon the motion of secondframe ,+

&

�)-

&

�

canbe obtainedusing the standard

two-view eight-pointalgorithm.Initial estimatesof thepointdepthis then

l

ª

�

\

3

Ö
�

&

ª
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&

7

�

Ö
�

&
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W W W

�
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W

(17)

In themultiple-view case,theleastsquareestimatesof point depthsl

ª

�

U

ö

þ

Ž

, ¬ �

�;�

W W W

�

‡ canbe

obtainedfrom (14)as

l

ª

�

\�
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¥�

&

3

O

�³¥!ª
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�³¥ ªp+è¥ù�
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W

(18)

By iteratingbetweenthemotion estimationandstructureestimation,we expectthat theesti-

mateson structureandmotion converge. The convergencecriteria may vary for differentsitua-

tions. In practicewe choosethereprojectedimageserrorastheconvergencecriteria. For the ¬ th

3-D point, theestimateof its 3-D locationcanbeobtainedas
H

ª

U

��ª

U

andthereprojectionon the § th
4Now weassumethatthecamerasareall calibrated,which is thecaseof Euclideanreconstruction.Thisalgorithm

alsoworksfor uncalibratedcase.
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imageis obtained
	

�³¥

ª

i

H

ª

U

+è¥ó� ª

U Ó

-

¥ . Its reprojectionerror is then 


ï

¥�

&

Ò � ª

¥

\

	

�³¥

ª

Ò

&

. Sothe

algorithmkeepiteratinguntil thesummationof reprojectionerrorsoverall pointsarebelow some

threshold� .

Thealgorithmis summarizedbelow:

Algorithm 4 (A factorization algorithm for multiple-view reconstruction) Given ò

3‰ˆ·587

im-

ages � ª

U

�

� ª

&

�

W W W

�

�

ª ï

, ¬ �

�;�®¨ �

W W W

�

‡ of ‡

3éˆ�Š87

points,themotions ,+Ê¥

�)-

¥

�

, §f�

¨¯�

W WGW

��ò andthe

structure of thepointswith respectto the�r st camera frame l

ª

, ¬4�

�;�®¨¯�

WGW W

�

‡ canberecovered

asfollows:

1. Setthecounter �Ð�

M

. Compute,+

&

�K-

&

�

usingtheeight-pointalgorithm,thenget an initial

estimateof l

ª

from(17)for each ¬•�

�;�®¨ �

W W W

�

‡ . Normalizel

ª��

l

ª��

l

U for ¬µ�

�;�®¨¯�

W W W

�

‡ .

2. Compute Œ

	

+è¥

�

	

-

¥

š

from the eigenvectorof
�

�

¥

�

¥ correspondingits smallesteigenvaluefor

§«�

¨ �

W W W

��ò .

3. Compute,+Ê¥

�K-

¥

�

from(16) for §³�

¨¯�

5

�

W W W

��ò .

4. Computel
ª ���

U

using(18) for each ¬N�

�;�®¨¯�

W W W

�

‡ . Normalizeso that l

ª��

l

ª��

l

U and

-

¥

�

l

U

���

U

-

¥ . Usethenewly recovered l

ª

'sandmotion ,+Ê¥

�K-

¥

�

'stocomputerthereprojected

image
	

� for each point in all views.

5. If thereprojectionerror 


Òf�

\

	

�sÒ

&

L

� for somethreshold�

L±M

, then �

�

�

Ó

� andgo

to step2, otherwisestop.

Theabovealgorithmis adirectderivationfrom therankcondition.Therearetechniquesto improve

its numericalstabilityandstatisticalrobustnessfor speci�c situations[40].
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Figure5: Thefour imagesusedto reconstructthecalibrationcube.

Example5 Thealgorithmproposedin previoussectionhasbeentestedextensivelyin bothsimula-

tion [37] andexperiments[40]. Figure5 showsthefour imagesusedto reconstructthecalibration

cube. Thepointsaremarkedin circles.Twoviewsof thereconstructionresultsareshownin Figure

6. TherecoveredanglesaremoreaccuratethantheresultsfromFigure3. Visually, thecoplanarity

of thepointsis preservedwell.

PSfragreplacements �

‚

�

ƒ

�

�

Figure6: Thetwo views of thereconstructedstructure.Thethreeanglesare Ø
U$Ù±Ú�ÛdÜJÛ

ß , Ø

&

Ù±Û;ã Ü��
ß , and

Ø

�

ÙâÛ��;Ü���ß .

Coplanar features. The treatmentfor coplanarpoint featuresis similar to thegeneralcase.As-
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sumethe equationof the planein the �rst cameraframeis õ

Ï

�

U

�

Ï

&

ø

� �

M

with Ï

U

�‹�'�

and

Ï

&

� �

. Simply appendingthe �

g

¨ block õ

Ï

�

U

��U

�

Ï

&

ø

to the end of
Ô

in (12), then the

rank condition in Theorem3 still holds. Since Ï

U �

ç is the unit normalvectorof the plane

and Ï

&

�

æ

is the distancefrom the �rst cameracenterto the plane,the rank condition implies

æ

3

O�³¥ù+è¥¿�fU

7

\

3

ç

�

��U

7p3

O�³¥

-

¥

7

�

M

, which is obviously equivalentto thehomographybetweenthe

§ th and the �rst views (see(8)). As for reconstruction,we can usethe four-point algorithmto

initialize the estimationof the homographyandthenperformsimilar iterationschemeto obtain

motionandstructure.Thealgorithmcanbefoundin [36, 51].

3.3 Further readings

Multilinear constraints and factorization algorithm. Therearetwo otherapproachesdealing

with multiple-view reconstruction.The�rst approachis to usetheso-calledmultilinearconstraints

on multiple imagesof a 3-D point or line. For small numberof views, theseconstraintscanbe

describedin termsof tensorialnotations[52, 53, 23]. For example,theconstraintsfor ò

�

5

can

bedescribedusingtrifocal tensors. For largenumberof views ( ò

ˆ �

), the tensoris dif�cult to

describe.Thereconstructionis thento calculatethetrifocal tensors�rst andfactorizethetensors

for cameramotions[2]. An apparentdisadvantageis thatit is hardto choosetheright “three-view

sets”andalsodif�cult to combinethe results. Anotherapproachis to apply somefactorization

schemeto iteratively estimatethestructureandmotion[57, 23, 40]. Theproblemfor thisapproach

is thatit is hardto initialize.

Universal multiple-view matrix and rank conditions. Thereconstructionalgorithmin this sec-

tion wasonly for point features.Algorithms have alsobeendesignedfor lines features[56, 35].
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In factthemultiple-view rankconditionapproachcanbeextendedto all differenttypesof features

suchasline, plane,mixedline andpointandevencurves.This leadsto asetof rankconditionson

auniversalmultiple-view matrix. For detailspleasereferto [38, 40].

Dynamical scenes.In theconstraintwe developedin this sectionis for staticscene.If thescene

is dynamic, i.e. therearemoving objectsin the scene,a similar type of rank conditioncanbe

obtained. This rank condition is obtainedby incorporatingthe dynamicsof the objectsin 3-D

spaceinto its own descriptionandlift the3-D moving pointsinto a higherdimensionalspacein

which it is static.For detailspleasereferto [27, 40].

Orthographic projection. Finally, notethat the linear algorithmandthe rank conditionarefor

theperspectiveprojectionmodel. If thesceneis far from thecamera,thentheimagecanbemod-

eledusingorthographicprojection,andthe Tomasi-Kanadefactorizationmethodcanbe applied

[59]. Similar factorizationalgorithmfor othertypesof projectionsanddynamicshave alsobeen

developed[48, 49,8, 21].

4 Utilizing prior knowledgeof the scene– symmetry

In thissectionwestudyhow to incorporatesceneknowledgeinto thereconstructionprocess.In our

daily life, especiallyin a man-madeenvironment,thereexist all typesof “regularity.” For objects,

regular shapessuchas rectangle,square,diamond,andcircle alwaysattractour attention. For

spatialrelationshipbetweenobjects,orthogonality, parallelism,andsimilarity aretheconspicuous

ones.Interestingly, all theabove regularitiescanbedescribedusingthenotionof symmetry. For

instance,arectangularwindow hasonerotationalsymmetryandtwo re�ectivesymmetry;thesame

windows on the samewall have translationalsymmetry;the cornerof a cubedisplaysrotational
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symmetry.

4.1 Symmetric multiple-view rank condition

Therearemany studiesusinginstancesof symmetryin thescenefor reconstructionpurposes[25,

19, 1, 6, 73, 74, 70, 3, 28]. Recently, a setof algorithmsusingsymmetryfor reconstructionfrom

a singleimagehave beendeveloped[25]. Themainideais to usetheso-calledequivalentimages

encodedin a singleimageof a symmetricobject. Figure7 illustratesthis notionfor thecaseof a

re�ective symmetry. We attachan objectcoordinateframeto the symmetricobjectandsetit as

thereferenceframe.3-D points � and �

� arerelatedby somesymmetrictransformationÿ (in the

objectframe)with ÿ

3

�

7

�s�

� . In theimageobtainedfrom viewpoint
9

, thentheimageof �

� can

beinterpretedastheimageof � viewedfrom thevirtual viewpoint
9

� that is thecorrespondence

of
9

underthe samesymmetrytransformationÿ . The imageof �

� is an calledan equivalent

image of � viewed from
9

� . Therefore,given a single imageof a symmetricobject,we have

multipleequivalentimagesof thisobject.Thenumberof all equivalentimagesis thenumberof all

symmetryof theobject.

In modernmathematics,symmetryof an objectarecharacterizedby a symmetrygroup with

eachelementin the grouprepresentinga transformationunderwhich the objectis invariant[68,

25]. For example,a rectanglepossessestwo re�ectivesymmetryandonerotationalsymmetry. We

canusethegrouptheoreticnotationto de�ne 3-D symmetricobjectasin [25].

De�nition 6 Let
/

bea setof 3-D points.It is calleda symmetricstructureif thereexistsannon-

trivial subgroup ! of theEuclideangroup
1 3:587

actingon
/

such that for any ÿ

�

! , ÿ de�nesan

isomorphismfrom
/

to itself. ! is calledthesymmetrygroupof
/

.
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Figure7: ð and ð

� arecorrespondingpointsunderre�ectivesymmetrytransformation0 (expressedin the

objectframe)suchthat ð

�

Ù
021ùð43 . 5 is thenormalvectorof themirror plane.Themotionbetweenthe

cameraframeandtheobjectframeis 0

v . Hencetheimageof ð

� in realcameracanbeviewedastheimage

of ð viewedby a virtual camerawith pose0

v

0 with respectto theobjectframeor 0

v

060

í

U

v with respectto

therealcameraframe.

Underthisde�nition, thepossiblesymmetryonan3-D objectarere�ectivesymmetry, translational

symmetry, rotationalsymmetry, andany combinationof them.For any point �

�k/

on theobject,

its symmetriccorrespondencefor ÿ

�

! is ÿ

3

�

7y�â/

. Theimagesof � and ÿ

3

�

7

aredenotedas �

and ÿ

3

�

7

.

Let the symmetrytransformationin the object frame be ÿs� J+

�)-

� �

! ( +

�t943:5;7

and

-

�����

). As illustratedin Figure7, if the transformationfrom the object (reference)frameto

therealcameraframeis ÿ

v

� J+

v��K-•v

�

, thetransformationfrom thereferenceframeto thevirtual

cameraframeis ÿ

v

ÿ . Furthermore,the transformationfrom the real cameraframeto the virtual

cameraframeis

ÿ

�

�>ÿ

v

ÿëÿ

í

U

v

�%,+

�

�)-

�

�

�uõ!+

v

+<+

�

v

�

3

=

\

+

v

+<+

�

v

7

-•v

Ó

+

vK-

ø

W

(19)

For the symmetricobject
/

, assumeits symmetrygroup ! has ò elementsÿ8¥ � J+è¥

�)-

¥

�

,
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§ô�

�d�®¨¯�

W WGW

��ò . Thenthe transformationbetweenthe § th virtual cameraandthe real camerais

ÿ

�

¥

�ýJ+

�

¥

�)-

�

¥

�

( §«�

�;�®¨¯�

WGW W

��ò ) ascanbecalculatedfrom (19). Givenany point �

�0/

with image

� andits equivalentimagesÿ�¥

3

�

7

's,wecande�ne thesymmetricmultiple-view matrix
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Accordingto Theorem3, it satis�esthesymmetricmultiple-view rankcondition:

rank
3

Ô

3

�

7K7Pü

�

W

(21)

4.2 Reconstructionfr om symmetry

Using the symmetricmultiple-view rank condition and a set of ‡ symmetriccorrespondences

(points),we cansolve for ÿ

�

¥

� J+

�

¥

�)-D�

¥

�

andthe structureof the points in
/

in the object frame

usingan algorithmsimilar to Algorithm 4. However, a further stepis still necessaryto recover

ÿ

v

� J+

v �)-*v

�

for thecameraposewith respectto theobjectframe. This canbedoneby solving

thefollowing Lyapunov typeof equations:

ÿ

�

¥

ÿ

v

\

ÿ

v

ÿÎ¥*�

M

� or +

�

¥

+

v

\

+
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M

and -•v
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=

\

+

�
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-
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+

v�-

7

W

(22)

Sinceÿ

�

¥

and ÿÎ¥ areknown, ÿ

v canbesolved.Thedetailedtreatmentcanbefoundin [25, 40].

As canbe seenin the exampleat the endof this section,symmetry-basedreconstructionis

very accurateandrequiresminimumamountof data.A majorreasonis thatthebaselinebetween

therealcameraandthevirtual oneis often largedueto thesymmetrytransformation.Therefore
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degeneratecaseswill occurif thecameracenteris invariantunderthesymmetrytransformation.

For example,if thecameraliesonthemirror planefor are�ectivesymmetry, thestructurecanonly

berecoveredup to someambiguities[25].

Thereconstructionfor somespecialcasescanbesimpli�ed without explicitly usingthesym-

metricmultiple-view rankcondition(e.g.,see[3]). For there�ectivesymmetry, thestructurewith

respectto thecameraframecanbecalculatedusingonly two pairsof symmetricpoints. Assume

the imageof two pairsof re�ective pointsare � , �

� and j , j

� . Thenthe imageline connecting�

and �

� is obtainedby ;=<4i
O

�2�

� . Similarly, ;=> connectingj and j

� satis�es ;?> i
O

j³j

� . It canbe

shown thattheunit normalvector ç (seeFigure7) of there�ection planesatis�es
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from which ç can be solved. Assumethe depthof � and �

� are
H

and
H

� , then they can be

calculatedusingthefollow relationship
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where
æ

is thedistancefrom thecameracenterto there�ection plane.

Planar symmetry. Planarsymmetricobjectsarewidely presentin man-madeenvironment.Reg-

ular shapessuchassquareandrectangleareoften goodlandmarksfor mappingandrecognition

tasks.For aplanarsymmetricobject,its symmetryform asubgroup! of
143

¨

7

insteadof
143:5;7

. Let

ÿ

�V143

¨

7

beonesymmetryof aplanarsymmetricobject.Recallthatthereexistsahomographyä

v

betweentheobjectframeandcameraframe. Also betweentheoriginal imageandtheequivalent

imagegeneratedby ÿ , thereexistsanotherhomographyä . It canbeshown that ä �tä

v

ÿ ä

í

U

v .

Thereforeall thehomographiesgeneratedfrom theequivalentimagesform a homographygroup
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ä

v

!ôä

í

U

v , which is conjugateto ! [3]. This factcanbe usedin testingif an imageis the image

of an objectwith desiredsymmetry. Given the image,by calculatingthehomographiesfrom all

equivalentimagesbasedonthehypothesis,wecancheckthegrouprelationshipof thehomography

groupanddecideif the desiredsymmetryexists [3]. In casetheobjectis a rectangle,the calcu-

lation canbefurthersimpli�ed usingthenotionof vanishingpoint asillustratedin the following

example.

Example7 (Symmetry-basedreconstructionfor a rectangularobject) For a rectanglein 3-D

space, the two pairs of parallel edgesgenerate two vanishingpoints e'U and e

&

in the image. As

a 3-D vector, e.¥

3

§•�

�d�®¨

7

can also be interpretedas the vector from the camera centerto the

vanishingpoint,andhencemustbeparallel to thepair of parallel edges.Therefore, wemusthave

e³UA@"e

&

. Sobycheckingtheanglebetweenthetwovanishingpoints,wecandecideif a regioncan

betheimageof a rectangle. Figure8 demonstratesthereconstructionbasedon theassumptionof

a rectangle. Thetwosidesof thecubearetworectangles(in factsquares).Theanglesbetweenthe

vanishingpointsare
Š

º

W

�

ß and º

¨

W

�

ß , respectively. Thereconstructionis performedusingonlyone

imageandsixpoints.Theanglebetweenthetwoplanesis
Š

º

W

¨

ß .

4.3 Further readings

Symmetry and vision. Symmetryis a strongvision cuein humanvision perceptionandhasbeen

extensively discussedin psychologyandcognitionresearch[43, 47, 45]. It hasbeennoticedthat

symmetryis usefulfor facerecognition[62, 63,61].

Symmetry in statistical context. Besidesgeometricsymmetrythat hasbeendiscussedin this

section,symmetryin the senseof statisticshave also beenstudiedand utilized. Actually, the
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Figure 8: Reconstructionfrom a single view of the cubewith six cornerpoints marked (in blue). An

arbitraryview, a sideview anda bird view of thereconstructedandrenderedrectanglesaredisplayed.The

coordinateframeshows therecoveredcamerapose.

computationaladvantagesof symmetrywere�rst exploredin the statisticalcontext, suchasthe

studyof isotropictexture[17, 69,42]. It wasthework of [14, 15,42] thatprovideda wide range

of ef�cient algorithmsfor recoveringtheorientationof a texturedplanebasedon theassumption

of isotropy or weakisotropy.

Symmetry of surfacesand curves. While we only utilized symmetricpointsin this chapter, the

symmetryof surfaceshasalsobeenexploited. [55, 72] usedthesurfacesymmetryfor humanface

reconstruction.[25, 19] studiedreconstructionof symmetriccurves.
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5 Comprehensiveexamplesand experiments

Finally, we discussseveralapplicationsof usingthetechniquesintroducedin this chapter. These

applicationsall involve reconstructionfrom a singleor multiple imagesfor thepurposeof robotic

navigationandmapping.While not all of themarefully automatic,they demonstratethepotential

of thetechniquesdiscussedin this chapterandsomefuturedirectionsfor improvement.

5.1 Automatic landing of unmannedaerial vehicles

Figure9: Top: A pictureof theUAV in landingprocess.BottomLeft: An imageof thelandingpadviewed

from an on-boardcamera. Bottom Right: Extractedcornerfeaturesfrom the imageof the landingpad.

(Photocourtesyof O. Shankeria)

Figure9 displaysthe experimentsetupfor applyingthe multiple-view rank conditionbased

algorithmin automaticlandingof UAV in Universityof California at Berkeley [51]. In this ex-

periment,the UAV is a modelhelicopter(Figure9 Top) with an on-boardvideo camerafacing
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downwardssearchingfor thelandingpad(Figure9 Bottomleft) on theground.Whenthelanding

padis found,cornerpointsareextractedfrom eachimagein thevideosequence(Figure9 Bottom

right). Theposeandthemotionof thecamera(andtheUAV) areestimatedusingthefeaturepoints

in the images. Previously the four-point two-view reconstructionalgorithm for planarfeatures

wastested.However, its resultswerenoisy (Figure10 Left). Lateran nonlineartwo-view algo-

rithm wasdeveloped,but it wastime consuming.Finally, by adoptingthe rank conditionbased

multiple-view algorithm,thelandingproblemwassolved.

Themultiple-view reconstructionareperformedfor every four imagesat10Hz.Thealgorithm

is a modi�cation of theAlgorithm 4 introducedin this chapter, which is speci�cally designedfor

coplanarfeatures.Figure10 shows the comparisonof this algorithmwith otheralgorithmsand

sensors.Themultiple-view algorithmis moreaccuratethanbothtwo-view algorithms(Figure10

Left) andis closeto theresultsobtainedfrom differentialGPSandINS sensors(Figure10Right).

Theoverallerrorfor thisalgorithmis lessthen5cmin distanceand
ê

ß for rotation[51].
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Figure10: Left: Comparisonof the multiple-view rank conditionbasedalgorithmwith two view linear
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basedalgorithm(redline) with GPSandINS results(blueline). (Imagecourtesyof O. Shankeria.)
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5.2 Automatic symmetry cell detection,matching and reconstruction

In Section4, we discussedsymmetry-basedreconstructiontechniquesfrom a singleimage.Here

wepresentacomprehensiveexamplethatperformssymmetry-basedreconstructionfrom multiple

views [3, 28]. In thisexample,theimageprimitivesareno longerpointor line. Insteadweusethe

symmetrycellsasfeatures.Theexampleincludesthreesteps:

Featureextraction. By symmetrycell wemeanaregion in theimagethatis animageof adesired

symmetricobject in 3-D. In this example,the symmetricobjectwe chooseis rectangle.So the

symmetrycellsareimagesof rectangles.Detectingsymmetrycells(rectangles)includestwo steps.

First, we performcolor-basedsegmentationon the image. Then,for all the detectedfour-sided

regions,we testif its two vanishingpointsareperpendicularto eachotheranddecideif it canbe

an imageof a rectanglein 3-D space.Figure11 demonstratesthis for the pictureof an indoor

scene.In this picture,after color segmentation,all four-sidedregionswith reasonablesizesare

detectedandmarkedwith purpleboundaries.Theneachfour-sidedpolygonis passedthroughthe

vanishingpoint test. For thosepolygonspassingthe test,we denotethemassymmetrycellsand

recover theobjectframeswith thesymmetry-basedalgorithm. Eachindividual symmetrycell is

recoveredwith a differentscale. Pleasenotethat this test is a hypothesistestingstep,it cannot

verify if the object in 3-D is actuallya desiredsymmetricobject, insteadit cancon�rm that its

imagesatis�estheconditionof thetest.

Featurematching. For eachcell wecancalculateits 3-D shape.Thenfor two cellsin two images,

by comparingtheir 3-D shapeandcolors,we candecideif they arematchingcandidates.In the

caseof existenceof many similar symmetrycells, we needto usea matchinggraph[28]. That

is, setthenodesof thegraphto beall pairsof possiblematchedcellsacrossthe two images.For
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Figure11: Left: original image.Middle: imagesegmentationandpolygon�tting. Right: symmetrycells

detectedandextracted– anobjectframe(in RGB color) is attachedto eachsymmetrycell.

eachpair of matchedpair, wecancalculateacameramotionbetweenthetwo views. Thencorrect

matchingshouldgeneratethesame(up to scale)cameramotion. We draw anedgebetweentwo

nodesif thesetwo pairsof matchedcellsgeneratesimilarcameramotions.Therefore,theproblem

of �nding thecorrectlymatchedcellsbecomestheproblemof �nding the (maximum)cliquesin

thematchinggraph.Figure12 shows thematchingresultsfor two cells in threeimages.Thecells

that have no matchin other imagesarediscarded.The scalefor eachpair of matchedcells are

uni�ed.

Figure12: Two symmetrycellsarematchedin threeimages.Fromtheraw images,symmetrycell extrac-

tion, to cell matching,theprocessneedsno manualintervention.

Reconstruction.Giventhesetof correctlymatchedcells,only onemorestepis neededfor recon-

struction.Notethatthecameramotionfrom differentpairsof matchedcellshave differentscales.
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To unify thescale,we pick onepair of matchedcellsasthe referenceto calculatethe translation

andusethis translationto scalethe restmatchedpairs. The new scalescanfurther be passedto

re-sizethecells. Figure13 shows the reconstructed3-D cellsandthecameraposesfor the three

views. Thephysicaldimensionof thecellsarecalculatedwith goodaccuracy. Theaspectratios

for thewhite boardandthetabletop arecalculatedas �

W

�

� and �

W

M

� respectively, with theground

truthbeing �

W

�

M

and �

W

M;M

.

Figure13: Cameraposesandcell structurerecovered.Fromleft to right: top,side,andfrontalviewsof the

cellsandcameraposes.

In thisexample,all thefeaturesarematchedcorrectlywithoutany manualintervention.Please

notethat establishingfeaturematchingamongthe threeviews would otherwisebe very dif�cult

usingotherapproachesdueto thelargebaselinebetweenthe�rst andsecondimages,andthepure

rotationalmotionbetweenthesecondandthird images.For applicationssuchasroboticmapping,

the symmetriccells canserve as“landmarks.” The poseandmotion of the robot canbe easily

derivedusinga similarscheme.
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5.3 Semi-automaticbuilding mapping and reconstruction

If a largenumberof similar objectsarepresent,it is usuallyhardfor thedetectionandmatching

schemein theabove exampleto work properly. For instance,for thesymmetryof window com-

plexeson thesideof a building shown in Figure14,many ambiguousmatchesmayoccur. In such

cases,weneedto take manualinterventionto obtaina realistic3-D reconstruction(e.g.,see[28]).

Thetechniquesdiscussedsofarhoweverhelpto minimizetheamountof manualintervention.For

Figure14: Five imagesusedfor reconstructionof a building. For the�rst four image,wemarka few cells

manually. Thelastimageis only usedfor extractingroof information.

imagesin Figure14, the useronly needsto point out cells andprovide the cell correspondence

information. The systemwill thenautomaticallygeneratea consistentsetof cameraposesfrom

thematchedcells,asdisplayedin Figure15 top. For eachcell, a cameraposeis recoveredusing

thesymmetry-basedalgorithm.Similar to thepreviousexample,motionbetweencamerascanbe

recoveredusingthecorrespondingcell. Whenthecameraposesarerecovered,the3-D structure

of the building canbe recoveredasshown in Figure15 bottom. The 3-D model is renderedas

piecewiseplanarparts.Theanglesbetweenthenormalvectorsof any two orthogonalwalls differ
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Figure15: Top: The recoveredcameraposesandviewpointsaswell as the cells. The four coordinate

framesarethe recoveredcameraposesfrom the four imagesin Figure14. The roof wassubstitutedby a

“virtual” onebasedon cornersextractedfrom the�fth imagewith symmetry-basedalgorithm.Blue arrows

arethecameraopticalaxes.Bottom: 3-D modelof thebuilding reconstructedfrom theoriginal setof four

images.

from º

M

ß by anaverageof �

ß errorwithout any nonlinearoptimization.Thewholeprocess(from

takingtheimagesto 3-D rendering)takeslessthan20 minutes.

5.4 Summary

The above examplesdemonstratethe potentialof the theory and algorithmsintroducedin this

chapter. Besidestheseexamples,we canexpectthatthesetechniqueswill bevery usefulin many

otherapplicationssuchassurveillance,manipulation,navigation, andvision-basedcontrol. Fi-

nally, we like to pointout thatwearemerelyat thebeginningstageof understandingthegeometry
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anddynamicsassociatedwith visualperception.Much of thetopological,geometric,metric,and

dynamicalrelationsbetween3-D spaceand2-D imagesis still largely unknown, which, to some

extent,explainswhy thecapabilityof existing machinevision systemsarestill far inferior to that

of humanvision.

References

[1] A.R.J.Francois,G.G.Medioni,andR.Waupotitsch. Reconstructingmirror symmetricscenesfrom a

single view using2-view stereogeometry. In Proceedingsof InternationalConferenceon Pattern

Recognition, 2002.

[2] S.AvidanandA. Shashua.Novel view synthesisby cascadingtrilinear tensors.IEEETransactionson

VisualizationandComputerGraphics, 4(4),1998.

[3] A.Y.Yang,S.Rao,K. Huang,W. Hong, andY. Ma. Geometricsegmentationof perspective images

basedon symmetrygroups. In Proceedingsof IEEE InternationalConferenceon ComputerVision,

Nice,France,2003.

[4] J. F. Canny. A computationalapproachto edgedetection.IEEE Transactionson PatternAnalysis&

MachineIntelligence, 8(6):679–698,1986.

[5] B. Caprileand V. Torre. Using vanishingpoints for cameracalibration. InternationalJournal on

ComputerVision, 4(2):127–140,1990.

[6] S. Carlsson.Symmetryin perspective. In Proceedingsof EuropeanConferenceon ComputerVision,

pages249–263,1998.

[7] P. I. Corke. VisualControl of Robots:High-PerformanceVisualServoing. RoboticsandMechatronics

Series.ResearchStudiesPressLTD, 1996.

37



[8] J.CosteiraandT. Kanade.A multi-bodyfactorizationmethodfor motionanalysis.In Proceedingsof

IEEE InternationalConferenceonComputerVision, pages1071–1076,1995.

[9] A.K. Das,R.Fierro,V. Kumar, B. Southball,J.Spletzer, andC.J.Taylor. Real-timevision-basedcontrol

of a nonholonomicmobilerobot. In Proceedingsof IEEE InternationalConferenceandRoboticsand

Automation, ”2002”.

[10] O. Faugeras.There-DimensionalComputerVision. TheMIT Press,1993.

[11] O. Faugeras.Strati�cation of three-dimensionalvision: projective, af�ne, andmetricrepresentations.

Journalof theOpticalSocietyof America, 12(3):465–84,1995.

[12] O. FaugerasandQ.-T. Luong. Geometryof Multiple Images. TheMIT Press,2001.

[13] M. A. FischlerandR. C. Bolles. Randomsampleconsensus:a paradigmfor model�tting with ap-

plication to imageanalysisand automatedcartography. Communicationsof ACM, 24(6):381–395,

1981.

[14] J. Gärding. Shapefrom texture for smoothcurved surfacesin perspective projection. Journal of

MathematicalImaging andVision, 2(4):327–350,1992.

[15] J. Gärding. Shapefrom texture and contourby weak isotropy. Journal of Arti�cial Intelligence,

64(2):243–297,1993.

[16] C. Geyer andK. Daniilidis. Propertiesof the catadioptricfundamentalmatrix. In Proceedingsof

EuropeanConferenceonComputerVision, Copenhagen,Denmark,2002.

[17] J.Gibson.ThePerceptionof theVisualWorld. HoughtonMif �in, 1950.

[18] R. GonzalezandR. Woods.Digital Image Processing. Addison-Wesley, 1992.

38



[19] L. VanGool,T. Moons,andM. Proesmans.Mirror andpointsymmetryunderperspective skewing. In

InternationalConferenceon ComputerVision& PatternRecognition, SanFrancisco,USA, 1996.

[20] A. GruenandT. Huang. Calibration and Orientationof Cameras in ComputerVision. Information

Sciences.Springer-Verlag,2001.

[21] M. HanandT. Kanade.Reconstructionof a scenewith multiple linearly moving objects.In Interna-

tional ConferenceonComputerVision& PatternRecognition, volume2, pages542–549,2000.

[22] C. HarrisandM. Stephens.A combinedcornerandedgedetector. In Proceedingsof theAlvey Con-

ference, pages189–192,1988.

[23] R. Hartley andA. Zisserman.Multiple View Geometryin ComputerVision. Cambridge,2000.

[24] A. HeydenandG. Sparr. Reconstructionfrom calibratedcameras– a new proof of the KruppaDe-

mazuretheorem.Journalof MathematicalImaging andVision, pages1–20,1999.

[25] W. Hong. Geometryandreconstructionfrom spatialsymmetry. MasterThesis,UIUC, July2003.

[26] B. Horn. RobotVision. MIT Press,1986.

[27] K. Huang,R. Fossum,andY. Ma. Generalizedrankconditionsin multipleview geometrywith appli-

cationto dynamic.In Proceedingsof the6thEuropeanConferenceonComputerVision,Copenhagen,

Denmark, 2002.

[28] K. Huang,W. Hong,Y. Yang,andY. Ma. Symmetry-basedstructurefrom perspecitve images,part

ii: Matchingandcorrespondence.Submittedto IEEE Transactionson PatternAnalysisandMachine

Intellegence, 2003.

[29] T. HuangandO. Faugeras.Somepropertiesof the E matrix in two-view motion estimation. IEEE

Transactionson PatternAnalysis& MachineIntelligence, 11(12):1310–12,1989.

39



[30] S.Hutchinson,G. D. Hager, andP. I. Corke. A tutorial onvisualservo control. IEEETransactionson

RoboticsandAutomation, pages651–670,1996.

[31] K. Kanatani.GeometricComputationfor MachineVision. OxfordSciencePublications,1993.

[32] E. Kruppa. Zur ermittlung einesobjecktesauszwei perspektiven mit innererorientierung. Sitz.-

Ber.Akad.Wiss.,Math.Naturw., Kl.Abt.IIa, 122:1939-1948, 1913.

[33] H. C.Longuet-Higgins.A computeralgorithmfor reconstructingascenefrom twoprojections.Nature,

293:133–135,1981.

[34] B.D. LucasandT. Kanade. An iterative imageregistrationtechniquewith an applicationto stereo

vision. In Proceedingsof theSeventhInternationalJoint Conferenceon Arti�cial Intelligence, pages

674–679,1981.

[35] Y. Ma, K. Huang,andJ.Kosecka.New rankde�ciency conditionfor multiple view geometryof line

features.technical report, May 8, 2001.

[36] Y. Ma,K. Huang,andR.Vidal. Rankde�ciency of themultipleview matrixfor planarfeatures.UIUC,

CSLTechnicalReport,UILU-ENG01-2209(DC-201), May 18,2001.

[37] Y. Ma, K. Huang,R. Vidal, J. Kosecka,andS. Sastry. Rankconditionsof multiple view matrix in

multipleview geometry. InternationalJournalof ComputerVision, To appear.

[38] Y. Ma, J. Kosecka,andK. Huang. Rankde�ciency conditionof themultiple view matrix for mixed

point andline features.In Proceedingsof AsianConferenceon ComputerVision, Sydney, Australia,

2002.

[39] Y. Ma, J. Kosecka,andS. Sastry. Motion recovery from imagesequences:Discreteviewpoint vs.

differentialviewpoint. In Proceedingsof EuropeanConferenceon ComputerVision,VolumeII , pages

337–53,1998.

40



[40] Y. Ma, S. Soatto,J. Kosecka,andS. Sastry. An Invitation to 3D Vision: FromImagesto Geometric

Models. Springer-Verlag,2003.
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