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Abstract. In this paper, through an intuitive vanilla proximal method perspective, we derive a concise unified4
acceleration framework (UAF) for minimizing a convex function that has Hölder continuous derivatives with respect5
to general (non-Euclidean) norms. The UAF reconciles the two different high-order acceleration approaches, one6
by Nesterov and Baes [27, 3, 31] and one by Monteiro and Svaiter [23]. As a result, the UAF unifies the high-order7
acceleration instances [27, 3, 31, 15, 16, 23, 18, 6, 14] of the two approaches by only two problem-related parameters8
and two additional parameters for framework design. Meanwhile, the UAF (and its analysis) is the first approach9
to make high-order methods applicable for high-order smoothness conditions with respect to non-Euclidean norms.10
Furthermore, the UAF is the first approach that can match the existing lower bound of the iteration complexity for11
minimizing a convex function with Hölder continuous derivatives [16]. For practical implementation, we introduce a12
new and effective heuristic that significantly simplifies the binary search procedure required by the framework. We use13
experiments to verify the effectiveness of the heuristic and demonstrate clear and consistent advantages of high-order14
acceleration methods over first-order ones, in terms of run-time complexity. Finally, the UAF is proposed directly in15
the general composite convex setting, thus show that the existing high-order algorithms [27, 3, 31, 16, 6, 14] can be16
naturally extended to the general composite convex setting.17
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1. Introduction. In optimization, people often consider the problem of minimizing a20
convex function:21

(1.1) min
x∈Rd

f(x).22

A typical assumption is that f(x) has L-Lipschitz continuous gradients with respect to (w.r.t.)23
the Euclidean norm ‖ · ‖2, i.e.,24

‖∇f(x)−∇f(y)‖2 ≤ L‖x− y‖2,(1.2)25

where L > 0 is the Lipschitz constant. For this problem, to find an ε-accurate solution x such
that f(x)− f(x∗) ≤ ε, the classic gradient descent method:

xk+1 = xk − η∇f(xk)

with η ≤ 1/L takes O(ε−1) iterations. Nevertheless, it is known that from [28], for a26
convex function f(x) with L-Lipschitz continuous gradients, a lower-bound for the number of27
iterations for any first-order algorithms is known to be28

(1.3) O
(
ε−1/2

)
, (L-Lipschitz continuous gradients).29

In the seminal work [26], Nesterov has introduced an acceleration technique, the so-called30
accelerated gradient descent (AGD) algorithm, that achieves this optimal lower bound. This31
algorithm dramatically improves the convergence rate of smooth convex optimization with32
negligible per-iteration cost. Besides the smooth convex problem (1.1) under the Euclidean33
norm setting (1.2), AGD can also be generalized to solve the composite convex problem34
[5, 1, 13], in which the objective function may contain a second possibly non-smooth but35
simple convex term (see (2.6)). Meanwhile, AGD can be extended to the more general36
(non-Euclidean) norm settings [12, 1, 21], also achieving the optimal rate (1.3).37
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2 CHAOBING SONG, YONG JIANG, AND YI MA

1.1. High-order Acceleration Methods with Lipschitz Continuity. To hope for a bet-38
ter iteration complexity beyond O(ε−1/2), f(x) needs to be smooth for its high-order deriva-39
tives. A common assumption is that f(x) has (p, ν, L)-Hölder continuous derivatives:40

1

(p− 1)!
‖∇pf(x)−∇pf(y)‖2 ≤ L‖x− y‖ν2 ,(1.4)41

for some ν ∈ [0, 1], p ∈ Z+. Notice that for p = 1 and ν = 1, this condition becomes the first42
order L-Lipschitz continuous gradient (1.2) above. Here, for p ≥ 2, the ‖ · ‖2 norm of a p-th43
order tensor denotes its operator norm [31] w.r.t. the vector 2-norm ‖ · ‖2. Sometimes, when44
ν = 1, the function is said to have (p, L)-Lipschitz continuous derivatives:45

1

(p− 1)!
‖∇pf(x)−∇pf(y)‖2 ≤ L‖x− y‖2.(1.5)46

If a convex function f(x) satisfies (1.5), the recent work [2] has given a lower-bound on the47
complexity: any deterministic algorithm would need at least48

(1.6) O
(
ε−

2
3p+1

)
, ((p, L)-Lipschitz continuous derivatives)49

iterations to find an ε-accurate solution. For the special case p = 2, [27] has proposed an50
“accelerated cubic regularized Newton method” (ACNM) that achieves an iteration complexity51
of O(ε−

1
3 ). From a different approach, after proposing an accelerated hybrid proximal52

extragradient (A-HPE) framework, [23] has implemented an “accelerated Newton proximal53
extragradient” (A-NPE) instance of the A-HPE framework that has achieved the optimal54
complexity O(ε−

2
7 )1 for p = 2, although each iteration requires a nontrivial binary search55

procedure.56
To achieve better complexity results and also being encouraged by the fact that third-order57

methods can often be implemented as efficiently as second-order methods [31], there is an58
increasing interest to extend ACNM and implement the A-HPE framework to even higher-order59
smoothness settings (p ∈ {3, 4 . . . , }) [3, 31, 18, 14, 6]. In particular, by extending ACNM,60

[3] and [31] have proposed accelerated tensor methods with O(ε−
1
p+1 ) iteration complexity61

for p ∈ {2, 3, . . .}. Meanwhile, by implementing A-HPE, [23, 18, 14, 6] have proposed62

accelerated methods that achieve the optimal O(ε−
2

3p+1 ) iteration complexity, although just63
like A-NPE, all these methods need the nontrivial binary search procedure.64

Hence the current situation seems to be: methods [27, 3, 31, 15, 16] by extending ACNM65
have advantages with simpler implementation, while methods [23, 18, 14, 6] by implementing66

A-HPE can in theory achieve the optimal rate O(ε−
2

3p+1 ). However, it remains somewhat67
mysterious how we could reconcile the differences between these two approaches. In addition,68
the A-HPE framework is somewhat abstract so implementing it in the high-order setting69
requires rather nontrivial techniques [23, 18, 14, 6]. It remains unclear how to propose70
a concise but equivalently powerful alternative to the A-HPE framework and obtain these71
different instances of A-HPE in a unified way. Furthermore, although AGD can be generalized72
to general non-Euclidean norm settings, up to now, it is not known whether high-order73
methods can have a similar generalization. Finally, both the ACNM and A-HPE approaches74
do not directly address the composite convex setting (see (2.6)) at the framework level,75
hence obtaining high-order algorithms in this setting is highly desired and seems nontrivial76
[23, 15, 18].77

1When talking about iteration complexity, we mean the complexity in terms of outer iteration without concerning
about the inner implementation of subproblems.
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UNIFIED ACCELERATION OF HIGH-ORDER ALGORITHMS 3

1.2. Acceleration under Hölder Continuity and Our Results. Besides the Lipschitz78
continuous setting, the more general Hölder continuous setting (1.4) is also of increased79
interest, partly for designing universal optimization schemes [29, 37, 16, 10]. If f(x) has80
(1, ν, L)-Hölder continuous gradients, a lower bound for the iteration complexity is known to81
be [25]:82

(1.7) O
(
ε−

2
1+3ν

)
, ((1, ν, L)-Hölder continuous gradients).83

An algorithm that can achieve this lower bound has been proposed in [24].84
For the more general setting of (p, ν, L)-Hölder continuous derivatives, during the prepa-85

ration of this paper, [16] has given a lower bound of iteration complexity86

(1.8) O
(
ε−

2
3(p+ν)−2

)
, ((p, ν, L)-Hölder continuous derivatives).87

By extending Nesterov’s method in [31], [16] has proposed a method that achieves the iteration88

complexity O(ε−
1

p+ν ). To the best of our knowledge, methods that can achieve the lower89

bound O
(
ε−

2
3(p+ν)−2

)
are still unknown.90

In this paper, for the minimization of convex functions with (p, ν, L)-Hölder continuous91
derivatives, we propose a unified acceleration framework (UAF), see Algorithm 5.1, that92

achieves the iteration complexity ofO
(
ε−

2
3(p+ν)−2

)
(p ∈ {1, 2, . . .}, ν ∈ [0, 1] with p+ν ≥ 2,93

L > 0), which matches the lower bound [16]. To be more precise, if a convex function f(x)94
has (p, ν, L)-Hölder continuous derivatives, our algorithm can find an ε-accurate solution with95

O
(
ε−

q
(q+1)(p+ν)−q

)
(1.9)96

iterations, where q is a tunable parameter2 such that 2 ≤ q ≤ p+ ν. Notice that our result and97
algorithm unify previously known results as (important) special cases:98

• For the case of L-Lipschitz continuous gradients [28] where p = ν = 1 and q = 2,99
the rate (1.9) of the proposed algorithm achieves the lower bound O

(
ε−

1
2

)
of (1.3).100

• For the more general setting of (p, ν, L)-Hölder continuous derivatives: when p ∈101

{2, 3, . . . , }, q = p+ ν, it recovers the complexity O
(
ε−

1
p+ν
)

of the method in [16].102
Meanwhile, by setting q = 2, the rate (1.9) of the UAF is the first convergence result that103

matches the lower bound O
(
ε−

2
3(p+ν)−2

)
of (1.8) [16] under the Hölder continuous setting.104

Besides the unified convergence rate (1.9), the UAF has several significant improvements105
over the ACNM approach and the A-HPE framework. First, the UAF provides a continuous106
transition from the ACNM approach to the A-HPE framework by choosing q from p+ ν to107
2. Second, as we will soon see, the UAF can be conveniently instantiated by only specifying108
two problem-related parameters and two adjustable parameters for framework design, and109
thus recover the high-order acceleration algorithms [27, 3, 31, 15, 16, 23, 18, 6, 14] without110
extra effort. Third, we provide the first and also a unified convergence rate analysis for both111
the Euclidean and non-Euclidean norm settings, and thus opens the possibility of applying112
high-order methods in the non-Euclidean norm setting.3 Fourth, the UAF is proposed and113
analyzed directly under the composite convex setting (see (2.6)), hence our results imply that114
all existing high-order algorithms [27, 3, 31, 16, 6, 14] can be naturally extended to the general115
composite convex setting.116

2As we will later see, q is the order of the uniform convexity of the proxy-function for framework design. [16]
has used a uniformly convex proxy-function with q = (p + ν)-th order, while [18, 14, 6] have used a uniformly
convex proxy-function with q = 2-nd order.

3which is pertinent to many important practical problems such as logistic regression loss in machine learning, see
Example 2.4.
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4 CHAOBING SONG, YONG JIANG, AND YI MA

In terms of implementation for high-order acceleration algorithms, to obtain the optimal117
rate that matches the lower bound [2], we must employ a binary search procedure to find a118
suitable coupling coefficient in each iteration, which may substantially slow down the practical119
performance [31]. Therefore, in addition to the above theoretical results, we introduce a120
simple heuristic for finding the coupling coefficient, suggested by our analysis, so that the121
resulting implementation does not need a binary search procedure required by the optimal122
acceleration method. Our experiments show that this simple heuristic is extremely effective123
and can easily ensure the conditions needed to achieve the optimal rate. This leads to a very124
practical implementation of the optimal acceleration algorithms without extra implementation125
cost, alleviating concerns raised by [31]. Last but not the least, with a general restart scheme,126
our analysis for the general convex setting extends to the uniformly convex setting. The127
resulting algorithm complexity can match the existing lower bounds [2] in most important128
cases4.129

1.3. Our Approach. In this paper, instead of directly designing an algorithm and then130
analyzing its iteration complexity, we consider a different paradigm to make our approach and131
algorithm more intuitive and explainable. The paradigm is inspired by the unified theory for132
first-order algorithms [13] and the continuous-time interpretations of Nesterov’s acceleration133
[35, 21, 22, 36]. Our approach to the algorithmic design is based on an idealized but impractical134
algorithm called vanilla proximal method (VPM), introduced in Section 3. The VPM aims to135
solve a regularized program of the original one with an arbitrary convergence rate depending136
on parameters of our choice. However, the VPM serves more as an ideal target and is itself137
computationally infeasible to realize.138

We show that, in Section 4, to overcome the computational hurdle, one can instead139
solve a continuous-time convex approximation to the VPM. Then an accelerated continuous-140
time dynamics can be derived simply as sufficient conditions to ensure that solution to the141
approximate convex program achieves the same convergence rate as the original VPM. Such142
point of view unifies the existing continuous-time accelerated dynamics introduced in [35],143
[21] and [36] and serves as an arguably better guideline for the design of practical algorithms144
in the discrete setting.145

In practice, to realize the desired accelerated dynamics, we need to know how to implement146
them in the discrete setting as an iterative algorithm. To this end, we consider a discrete-time147
convex approximation to the VPM. However, as we will see in Section 5, in order for the148
discrete-time approximation to achieve the same convergence rate as VPM, we must solve a149
fixed-point problem which itself is computationally infeasible (if not impossible) in practice.150
To circumvent this difficulty, we propose to solve the fixed-point problem approximately by151
solving a smooth approximation to the VPM which becomes a tractable problem. Finally, by152
combing the convex approximation and the smooth approximation to the VPM, we propose153
the implementable discrete-time unified acceleration framework which achieves the optimal154
iteration complexity given in (1.9) for the minimization of convex functions with (p, ν, L)-155
Hölder continuous derivatives (for p ∈ {1, 2 . . .}, ν ∈ [0, 1] with p+ ν ≥ 2 and L > 0).156

2. Preliminaries. Before we proceed, we first introduce some notations. Let := denote157
a definition. Let [n] denote the set {1, 2, . . . , n}. For p = {1, 2, . . .}, let p! := 1× 2× · · · × p158
with 0! := 1. let ‖ · ‖ denote a norm of vectors and ‖ · ‖∗ denote the dual norm of ‖ · ‖. For159

x ∈ Rd and q ≥ 1, let ‖x‖q := (
∑d
i=1 |xi|q)

1
q . For a matrix B ∈ Rd×d and p, q ≥ 1, denote160

the operator norm ‖B‖p,q := maxx∈Rd{‖Bx‖q : ‖x‖p ≤ 1}. By a little abuse of notation,161
for a convex function f(x) defined on Rd, let ∇f(x) denote the gradient at x or one point162
in the subgradient set ∂f(x). For a function f(x; y), x denotes the variable of f(x; y), y the163

4Due to limit of space, one may refer to details in the longer arXiv version: https://arxiv.org/pdf/1906.00582.pdf.
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UNIFIED ACCELERATION OF HIGH-ORDER ALGORITHMS 5

parameter of f(x; y), and∇f(x; y) is the gradient or one point in the subgradient set ∂f(x; y)164
w.r.t. x.165

Similar to the notations in [31], for p ∈ {1, 2, . . .}, we use ∇pf(x)[y1, y2, . . . , yp] to166
denote the directional derivative of a function f at x along the directions yi ∈ Rd, i =167
1, 2 . . . , p. Then∇pf(x)[·] is a symmetric p-linear form and its operator norm w.r.t. a norm168
‖ · ‖ is defined as169

‖∇pf(x)‖∗ := max
y1,y2,...,yp

{∇pf(x)[y1, . . . , yp] : ‖yi‖ ≤ 1, i = 1, 2, . . . , p} .(2.1)170

DEFINITION 2.1 (Strictly, Uniformly, or Strongly Convex). We say a continuous function171
f(x) is convex on Rd, if ∀x, y ∈ Rd, one has172

(2.2) f(x) ≥ f(y) + 〈∇f(y), x− y〉;173

f(x) is strictly convex on Rd, if the equality sign in (2.2) holds if and only if x = y;174
f(x) is (s, σ)-uniformly convex on Rd w.r.t. a norm ‖ · ‖, if ∀x, y ∈ Rd, one has175

f(x) ≥ f(y) + 〈∇f(y), x− y〉+
σ

s
‖x− y‖s,(2.3)176

where s ≥ 2 is the order of uniform convexity and σ ≥ 0 the constant of uniform convexity;177
f(x) is σ-strongly convex on Rd w.r.t. ‖ · ‖, if f(x) is (2, σ)-uniformly convex on Rd178

w.r.t. ‖ · ‖.179

In Definition 2.1, uniform convexity can be viewed as an extension to the better known concept180
of strong convexity. Example 2.2 gives two cases of uniform convexity.181

Example 2.2 (Uniform Convexity). 1
2‖x‖

2
q(1 < q ≤ 2) is (2, q − 1)-uniformly convex182

on Rd w.r.t. ‖ · ‖q [4]; 1
q‖x‖

q
2 (q ≥ 2) is (q, 22−q)-uniformly convex on Rd w.r.t. ‖ · ‖2 [27].183

Starting from the work of [29], there is an increasing interest to replace the Lipschitz184
continuity assumption by the Hölder continuity assumption [37, 34, 30, 16] and to propose185
universal algorithms in the sense that the convergence of algorithms can optimally adapt to186
the Hölder parameter. [29, 37] have considered first-order algorithms with Hölder continuous187
gradients w.r.t. ‖ · ‖2; [15] has proposed cubic regularized Newton methods for minimizing188
functions with Hölder continuous Hessians w.r.t. ‖ · ‖2; [10, 16] have considered tensor189
methods for minimizing convex functions with p-th Hölder continuous derivatives w.r.t. ‖ · ‖2190
(p ∈ {2, 3, . . .}). In this paper, we extend the definition of Hölder continuous derivatives w.r.t.191
any norm ‖ · ‖, including non-Euclidean norms. Our analysis and results will be applicable to192
this general setting (Example 2.4 shows some important cases in machine learning.).193

DEFINITION 2.3 (Hölder Continuous Derivative). We say a function f(x) on Rd has194
(p, ν, L)-Hölder continuous derivatives w.r.t. ‖ · ‖, if ∀x, y ∈ Rd, one has195

1

(p− 1)!
‖∇pf(x)−∇pf(y)‖∗ ≤ L‖x− y‖ν ,(2.4)196

where p ∈ {1, 2, 3, . . .} denotes the order of derivative, 0 ≤ ν ≤ 1 denotes the Hölder197
parameter and L > 0 is the constant of smoothness.198

f(x) is said to have (p, L)-Lipschitz continuous derivatives on Rd w.r.t. ‖ · ‖ if f(x) has199
(p, 1, L)-Hölder continuous derivatives on Rd w.r.t. ‖ · ‖.200

In Definition 2.3, for p = 1, ‖ · ‖∗ denotes the dual norm of ‖ · ‖; for p ∈ {2, 3, . . .}, ‖ · ‖∗201
denotes the operator norm of tensor of p-th order w.r.t. ‖ · ‖, which is defined by (2.1).202

Example 2.4 (Non-Euclidean High-order Smoothness). Consider the objective function203
f(x) := 1

n

∑n
j=1 log(1+exp(−b̄j āTj x)) for logistic regression, where j ∈ [n], āj ∈ Rd, b̄j ∈204
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6 CHAOBING SONG, YONG JIANG, AND YI MA

{1,−1}. Denote B := 1
n

∑n
j=1 āj ā

T
j . For 1 ≤ p ≤ 2 and q satisfying 1/p + 1/q = 1, let205

‖∇sf(x)‖q denote the operator norm of ∇sf(x)(s = 2, 3) in (2.1) w.r.t. the vector norm206
‖ · ‖p. Then we have207

(2.5) ‖∇2f(x)−∇2f(y)‖q ≤ ‖B‖p,q max
j∈[n]

‖āj‖νq · ‖x− y‖νp .208

Proof. See Section A.1.209
In the paper, we consider the following composite convex optimization problem:210

min
x∈Rd

f(x) := g(x) + l(x),(2.6)211

where g(x) is a closed proper convex function and l(x) is a simple convex but maybe non-212
smooth function. We consider the case when g(x) has (p, ν, L)-Hölder continuous derivatives213
for all x ∈ Rd. Then we can define the following two auxiliary functions:214

f̂(x; y) := g(y) + 〈∇g(y), x− y〉+ l(x),(2.7)215

f̃(x; y) := g(y) +

p∑
i=1

1

i!
∇ig(y)[x− y]i + l(x),(2.8)216

where we do not linearize the term l(x) which may be nonsmooth. Formally, we have:217

LEMMA 2.5. If g(x) and l(x) are convex, and g(x) has (p, ν, L)-Hölder continuous218
derivatives, then we have: for all x, y ∈ Rd,219

f̂(x; y) ≤ f(x),(2.9)220

|f(x)− f̃(x; y)| ≤ L

p
‖x− y‖p+ν ,(2.10)221

‖∇f(x)−∇f̃(x; y)‖∗ ≤ L‖x− y‖p+ν−1.(2.11)222

Proof. See Section A.2.223
Because of (2.9), in this paper, f̂(x; y) is viewed as a lower-bound convex approximation224

to f(x) for any parameter y ∈ Rd. f̃(x; y) satisfies (2.10) and (2.11), and gives a high-order225
smooth approximation to f(x) for any parameter y ∈ Rd. In our analysis, the convexity and226
smoothness assumptions are used only by the two inequalities (2.9) and (2.11), which allow227
a unified treatment for the smooth and the composite convex settings (with or without the228
term l(x)). Meanwhile, because we only need the property (2.11) of high-order smoothness, it229
implies that in convex optimization, the high-order smoothness is mainly used to give a more230
accurate estimation of the “implicit gradient”∇f(x).231

Finally, we give two inequalities in Lemma 2.6 which will be used in our analysis.232

LEMMA 2.6. Given a sequence {bk}k≥0 with b0 = 0 and bk > 0 (k ≥ 1). One has:233

• For ρ ≥ 1 and C > 0, if ∀k ≥ 1, (bk − bk−1)ρ ≥ Cbρ−1k , then bk ≥ C
(
k
ρ

)ρ
;234

• For ρ ≥ 1, δ > 0 and C > 0, if ∀k ≥ 1,
∑k
i=1

(
bρ−1
i

(bi−bi−1)ρ

)δ
≤ C, then bk ≥235

C−
1
δ

(
k
ρ

)ρ+ 1
δ

.236

Proof. See Section A.3.237

3. Vanilla Proximal Method. Let us start our study by considering the composite convex238
optimization problem in (2.6). In the following discussion, we assume that x∗ is a minimizer239
of f(x) on Rd. To design an acceleration algorithm to minimize f(x), we first introduce a240
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UNIFIED ACCELERATION OF HIGH-ORDER ALGORITHMS 7

Algorithm 3.1 Vanilla Proximal Method (VPM)
1: Input: an initialized point x0 ∈ Rd, a scalar A > 0, a convex function h(x;x0).
2: Find a z ∈ Rd that satisfies

(3.1) z := argminx∈Rd
{
ψvpm(x) := Af(x) + h(x;x0)

}
.

3: return z.

so-called vanilla proximal method (VPM), that considers to minimize an auxiliary function241
ψvpm(x) as in Algorithm 3.1.242

In ψvpm(x), the convex term h(x;x0) should satisfy the non-negative property:243

Assumption 3.1. ∀x, x0 ∈ Rd, h(x;x0) ≥ 0 with h(x;x0) = 0 if and only if x = x0.244

In the VPM, (3.1) is a convex program and thus there exists a minimizer z. By using only the245
optimality condition of (3.1) and Assumption 3.1, we can characterize the “convergence rate”246
of the VPM as below.247

THEOREM 3.2. The solution z generated by Algorithm 3.1 satisfies248

f(z)− f(x∗) ≤ h(x∗;x0)

A
.(3.2)249

Proof. By the definition of ψvpm(x) in (3.1), one has250

min
x∈Rd

ψvpm(x) ≤ Af(x∗) + h(x∗;x0).(3.3)251
252

Then by the optimality condition of z and the nonnegativity of h(x;x0), one has253

Af(z)≤Af(z) + h(z;x0) = min
x∈Rd

ψvpm(x).(3.4)254
255

By the upper bound of minx∈Rd ψ
vpm(x) in (3.3) and lower bound of minx∈Rd ψ

vpm(x) in256
(3.4), after a simple rearrangement, Theorem 3.2 is proved.257

By Theorem 3.2, the VPM may converge with any convergence rate if A is chosen to258
a large enough value. Although solving the subproblem (3.1) is impractical in general, it259
provides us a good starting point to design practical algorithms: by making certain assumptions260
on the objective function f(x) and the proxy function h(x;x0), it is possible to achieve or261
approach the convergence rate of the VPM by solving a tractable approximation to (3.1).262

4. Continuous-time Accelerated Descent Dynamics. The subproblem (3.1) in the263
VPM is merely conceptual as it is almost as difficult as minimizing the original function.264
Nevertheless, if f(x) is convex, one can always seek more tractable approximations. From265

an acceleration perspective, the convex approximation f̂(x; y) in Lemma 2.5 gives a lower266

bound for f(x) at the state y. The minimizer of f̂(x; y) would suggest an aggressive direction267
and step for the next iterate to go to. However, for such iterates not to diverge too far from268
the landscape of f(x), we also need a good upper bound. A basic idea is that up to time t, we269
have already traversed a path xτ , τ ∈ [0, t) over the landscape of f(x). We could potentially270

use all the lower-bounds f̂(x;xτ ) of f(x) to construct a good upper bound to guide the next271
step. The simplest possible form for such an upper bound we could consider is a superposition272
(or an integral) of these lower bounds to guide the descent trajectory as follows.273

zt := argminx∈Rd

{
ψcont
t (x) :=

∫ t

0

aτ f̂(x;xτ )dτ + h(x;x0)

}
,(4.1)274

This manuscript is for review purposes only.



8 CHAOBING SONG, YONG JIANG, AND YI MA

where ∀ 0 < τ ≤ t, aτ > 0 and satisfies
∫ t
0
aτdτ = At with a0 = A0 = 0 and {xτ}0≤τ≤t is275

the optimization path and its relationship with zt will be determined soon.276
In this section, our main goal is to show that the widely studied continuous-time ac-277

celerated dynamics arise from a sufficient condition that allows (4.1) to achieve the same278
convergence rate as the original VPM. First, the upper bound (3.3) of ψvpm is extended to279
ψcont
t as follows.280

LEMMA 4.1. ∀t ≥ 0, we have minx∈Rd ψ
cont
t (x) ≤ Atf(x∗) + h(x∗;x0).281

Proof. Lemma 4.1 can be easily proven by using (2.9).282
In other words, Lemma 4.1 provides a lower bound of Atf(x∗). Second, the lower bound283
(3.4) of ψvpm can be extended to ψcont

t as follows, at least approximately.284

LEMMA 4.2. ∀t ≥ 0, we have Atf(xt) ≤ minx∈Rd ψ
cont
t (x) +

∫ t
0
〈∇f(xτ ), Aτ ẋτ −285

aτ (zτ − xτ )〉dτ .286

Proof. See Section B.1287
We would like to make this approximation as close as possible and establish minx∈Rd ψ

cont
t (x)288

as an upper bound of Atf(xt), at least along certain path by our choice. To this end, based on289
Lemmas 4.1 and 4.2, we have the following theorem.290

THEOREM 4.3 (Continuous-Time VPM). If the continuous-time trajectories {xt}t≥0291
and {zt}t≥0 are evolved according to the dynamics:292

(4.2)

{
Atẋt = at(zt − xt),
zt = argminx∈Rd

{∫ t
0
aτ f̂(x;xτ )dτ + h(x;x0)

}
,

293

where ∀ 0 < τ ≤ t, aτ > 0,
∫ t
0
aτdτ = At, and a0 = A0 = 0, then for all t > 0, one has294

f(xt)− f(x∗) ≤ h(x∗;x0)

At
.(4.3)295

296

Proof. If Atẋt = at(zt − xt), from Lemma 4.2, one has Atf(xt) ≤ minx∈Rd ψ
cont
t (x).297

Combining Lemma 4.1, we have (4.3).298

In Theorem 4.3, (4.2) does not specify any concrete values or forms for at and At, except299

the condition aτ > 0,
∫ t
0
aτdτ = At (0 < τ ≤ t) and a0 = A0 = 0;5 meanwhile it does not300

specify any concrete form for h(x;x0). As result, by instantiating the dynamical system (4.2)301
for different choices of at, At, and h, one may obtain all ODEs previously introduced and302
studied for algorithm acceleration in the literature [35, 21, 22, 36], respectively.6303

Remark 4.4. Although we have derived the dynamics (4.2) from a different perspective,304
it should be noted that the dynamical system (4.2) is an extension and refinement to the ODE305
derived by the “approximate duality gap technique (ADGT)” [13]. The main difference is306
that instead of giving a upper bound of f(xt) and a lower bound of f(x∗), we give a upper307
bound of Atf(xt) and a lower bound of Atf(x∗). This modification allows us to set A0 = 0308
rather than A0 > 0, and thus the initialization expression about A0 can be removed. Such a309
modification simplifies future derivation and analysis greatly.310

5. Unified Acceleration Framework. To achieve the same convergence rate of the VPM,311
the continuous-time approximation needs the extra ODE condition in (4.2), which is reasonable312
to assume in the continuous setting. In the discrete-time setting, if all other conditions remain313

5Theoretically At should be chosen such that the differential equation has a unique solution.
6See examples given in the long arXiv version: https://arxiv.org/pdf/1906.00582.pdf for details.
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unchanged, except that we replace the weighted continuous-time approximation (4.1) by a314
weighted discrete-time counterpart, one may see that the ODE will be replaced by a condition315
that requires us to find a solution to a fixed-point problem (which will be clear in Lemma316
5.3). Unfortunately, directly solving this fixed-point problem is computationally infeasible in317
practice. To remedy this difficulty, we need stronger conditions for the proxy function h(x;x0),318
the associated norm ‖ · ‖, and the smooth component g(x) of f(x) as given in Assumption 5.1319
below.320

Assumption 5.1. ∀x, x0 ∈ Rd, p ∈ {1, 2, · · · }, ν ∈ [0, 1] with p+ ν ≥ 2, q ∈ [2, p+ ν],321
γ > 0 and L > 0, we have322

1. h(x;x0) satisfies Assumption 3.1 and is (q, γ)-uniformly convex w.r.t. a norm ‖ · ‖.323
2. 1

q‖x‖
q is (q, β)-uniformly convex w.r.t. the norm ‖ · ‖.324

3. g(x) has (p, ν, L)-Hölder continuous derivatives w.r.t. the norm ‖ · ‖.325

Based on Assumption 5.1, we consider a weighted discrete-time convex approximation of326
(3.1): for k ≥ 0,327

zk := argminx∈Rd
{
ψdis
k (x) :=

k∑
i=1

aif̂(x;xi) + h(x;x0)
}
,(5.1)328

where we assume that ∀1 ≤ i ≤ k, ai > 0, Ai :=
∑i
j=1 aj and a0 = A0 = 0, h(x;x0)329

satisfies Assumption 5.1, and f̂(x;xi) is defined in Lemma 2.5. Meanwhile, in (5.1), when330
k = 0, we let ψdis

0 (x) = h(x;x0) and thus z0 = argminx∈Rdh(x;x0) = x0. We now derive331
the unified acceleration framework by analyzing the conditions needed to emulate the same332
rate of the VPM.333

First, the upper bound (3.3) of ψvpm can be extended to the discrete case ψdis
k trivially.334

LEMMA 5.2. ∀k ≥ 0, one has minx∈Rd ψ
dis
k (x) ≤ Akf(x∗) + h(x∗;x0).335

Proof. Lemma 5.2 can be easily proven by using (2.9).336
Then in Lemma 5.3 below, we show how the lower bound (3.4) of ψvpm can be extended337

to the discrete case ψdis
k with some extra terms.338

LEMMA 5.3. ∀i ≥ 1, let Ei := Ai

〈
∇f(xi), xi − ai

Ai
zi − Ai−1

Ai
xi−1

〉
− γ

q ‖zi − zi−1‖
q .339

Then ∀k ≥ 1, one has Akf(xk)− ψdis
k (zk) ≤

∑k
i=1Ei.340

Proof. See Section C.1.341
In Lemma 5.3, the extra negative term −γq ‖zi − zi−1‖

q in Ei is from the uniform convexity342

of h(x;x0). If h(x;x0) is only convex (i.e. γ = 0), this negative term does not exist and thus343
a sufficient condition for Ei ≤ 0 is:344

xi =
ai
Ai
zi +

Ai−1
Ai

xi−1, ∀1 ≤ i ≤ k.(5.2)345

By (5.1), zi is a function of xi. Therefore finding xi to satisfy (5.2) is reduced to a fixed-point346
problem (so is it for zi). It is computationally infeasible (if not impossible) to find an exact347
solution to this problem in general. Nevertheless, if h(x;x0) satisfies Assumption 5.1, the term348
Ei contains a negative term −γq ‖zi − zi−1‖

q . So there is hope that an approximate solution to349
the fixed-point problem (5.2) can still make Ei ≤ 0.350

To approximately solve the fixed-point problem, for convenient analysis, inspired by351
[17, 12], we define a pair (x̂i−1, ẑi) such that352

(5.3) x̂i−1 :=
ai
Ai
zi−1 +

Ai−1
Ai

xi−1, ẑi :=
Ai
ai
xi −

Ai−1
ai

xi−1.353
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By the definition of ẑi in (5.3), we have xi = ai
Ai
ẑi+

Ai−1

Ai
xi−1. Therefore (5.3) can be viewed354

as two-step fixed-point iterations for xi based on x̂i−1 and ẑi. Here ẑi can be viewed as the355
best estimate of the desired fixed point zi based on the calculated xi in our algorithm. It is356
defined for convenience and will only be used in our analysis but not in the algorithm.357

Based on the definition of (x̂i−1, ẑi), Assumption 5.1, and the definition of Ei in Lemma358
5.3, we have the following result.359

LEMMA 5.4. For i ≥ 1 and any γ′i ∈ (0, γ], we have360

Ei ≤ ai
〈
∇f(xi) +

γ′iA
q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q, ẑi − zi

〉
361

−γ′i
( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
.(5.4)362

Proof. See Section C.2.363
In Lemma 5.4, we purposely introduce a new parameter γ′i, which as we will soon show,364

helps unify the four high-order instances [23, 18, 6, 18] of the A-HPE framework. Meanwhile,365
because of the uniform convexity of 1

q‖ · ‖
q , the negative term −γq ‖zi − zi−1‖

q is reduced to366
two negative terms and an inner product.367

By Lemma 5.4, if we can find xi such that368

∇f(xi) +
γ′iA

q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q = 0,(5.5)369

then we can ensure Ei ≤ 0. However the problem of finding xi that satisfies (5.5) is equivalent370
to solving the VPM problem exactly in (3.1) with the settings x0 := x̂i−1, h(x;x0) :=371
1
q‖x − x̂i−1‖

q, A :=
aqi

γ′iA
q−1
i

, which is computationally infeasible in general. Fortunately,372

the two negative terms in (5.4) may dominate small errors if we can solve the VPM problem373
(5.5) approximately. Hence we approximate the intermediate VPM problem (5.5) by a smooth374
approximation f̃(xi; x̂i−1) using the fact375

‖∇f(xi)−∇f̃(xi; x̂i−1)‖∗ ≤ L‖xi − x̂i−1‖p+ν−1,(5.6)376

from Lemma 2.5. Then by Lemmas 2.5 and 5.4, we have Lemma 5.5.377

LEMMA 5.5. Denote cq :=
(
β(q − 1)1−q

) 1
q and λ′i :=

aqi
cqγ′iA

q−1
i

. For i ≥ 1, one has378

Ei ≤
((
Lλ′i‖xi − x̂i−1‖p+ν−q

) q
q−1 − 1

) γ′iAqi
qaqi
‖xi − x̂i−1‖q379

+ai

〈
∇f̃(xi; x̂i−1) +

γ′iA
q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q, ẑi − zi

〉
.(5.7)380

Proof. Sec Section C.3.381
From Lemma 5.5, to ensure Ei ≤ 0, the VPM problem (5.5) can be reduced to an easier382
smooth approximation problem383

∇f̃(xi; x̂i−1) +
γ′iA

q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q = 0,(5.8)384

and we also need the condition385

Lλ′i‖xi − x̂i−1‖p+ν−q ≤ θ2 ≤ 1(5.9)386
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to hold, where θ2 ∈ (0, 1] is a constant.387
We here discuss the role of the parameter γ′i. So far our derivation works for any388

γ′i ∈ (0, γ]. A simple choice of γ′i would be γ′i := γ. Nevertheless, under the condition (5.9),389
for any α ∈ [0, 1], we could choose γ′i to satisfy:390

γ′i =

(
Lλ′i‖xi − x̂i−1‖p+ν−q

θ2

) α
1−α

γ,(5.10)391

where for α = 1, we set α
1−α = limα→1−

α
1−α = +∞. This would still ensure γ′i ∈ (0, γ].392

But notice that λ′i in the RHS depends on γ′i. To sort out an explicit expression for so-defined393
γ′i, we denote394

(5.11) λi :=
aqi

cqγA
q−1
i

.395

Then by the definition of λ′i in Lemma 5.5, with (5.10) and (5.11), we can write γ′i in the form:396

γ′i =

(
Lλi‖xi − x̂i−1‖p+ν−q

θ2

)α
γ.(5.12)397

Then by the fact for all s ≥ 0, t ≥ 2, x ∈ Rd,398

‖x‖s∇1

t
‖x‖t = ∇ 1

s+ t
‖x‖t+s,(5.13)399

and combing (5.11) and (5.12), it follows that (5.8) is equivalent to400

(5.14) ∇f̃(xi; x̂i−1)+
Lα

cqλ
(1−α)
i θα2

∇ 1

α(p+ ν) + (1− α)q
‖xi−x̂i−1‖α(p+ν)+(1−α)q = 0.401

Or equivalently, let ς := α(p + ν) + (1 − α)q, and then xi is the solution to the following402
minimization problem:403

xi := argminx∈Rd
{
f̃(x; x̂i−1) +

Lα

cqλ
(1−α)
i θα2 ς

‖x− x̂i−1‖ς
}
.(5.15)404

405

In (5.15), because α ∈ [0, 1], the power of the norm ‖x− x̂i−1‖ ranges from p+ ν to q freely,406
which unifies the choice α = 0 in [23] and α = 1 in [6]. Meanwhile, [18, 14] has used a407
mixture of both α = 0 and α = 1 in their formulations, which are also equivalent to (5.14) by408
(5.13). A surprising phenomenon is that, as our analysis shows, the choice of α in (5.15) does409
not affect the convergence rate (except the constant).410

Meanwhile, by (5.12), (5.9) is equivalent to411

ωi := Lλi‖xi − x̂i−1‖p+ν−q ≤ θ2 ≤ 1,(5.16)412

where we call ωi as a convergence indicator in the sense that if for all 1 ≤ i ≤ k, ωi ≤ 1, then413
the iterate xk will converge according to the following theorem; otherwise, the convergence of414
xk is not guaranteed. Based on the equivalence relationship between (5.8) and (5.15), (5.9)415
and (5.16), we have Theorem 5.6.416

THEOREM 5.6 (Discrete-Time VPM). If Assumption 5.1 is true, and in (5.1), ∀i ≥ 1,417
the sequences {ai}, {Ai} satisfy ai > 0, Ai = Ai−1 + ai with a0 = A0 = 0, {xi} satisfies418
(5.15), and {λi} defined in (5.11) satisfies (5.16), then for k ≥ 1, one has419

f(xk)− f(x∗) ≤ h(x∗;x0)

Ak
.(5.17)420
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Proof. See Section C.4.421
As we see, Theorem 5.6 is very much like the discrete-time approximation version of Theorem422
3.2. To accurately characterize the convergence rate from (5.17), we need to have a good423
lower-bound for Ak. In Theorem 5.6, by Ai = Ai−1 + ai, the definition of λi (5.11) and the424
condition (5.16), it follows that Ai must satisfy the condition425

L(Ai −Ai−1)q

cqγA
q−1
i

‖xi − x̂i−1‖p+ν−q ≤ θ2 ≤ 1.(5.18)426

Therefore Ai cannot be chosen as an arbitrarily large value as in the continuous-time setting.427
Except the basic condition A0 = 0 and for i ≥ 1, Ai > 0, (5.18) is the only condition Ai428
needs to satisfy, therefore one may expect that the tightest bound of Ai should be obtained if429
L(Ai−Ai−1)

q

cqγA
q−1
i

‖xi − x̂i−1‖p+ν−q = O(1). In other words, we hope that430

(5.19) 0 < θ1 ≤ Lλi‖xi − x̂i−1‖p+ν−q =
L(Ai −Ai−1)q

cqγA
q−1
i

‖xi − x̂i−1‖p+ν−q ≤ θ2 ≤ 1,431

where θ1 and θ2 are O(1) constants. To verify this point of view, we discuss below the two432
settings q = p+ ν and q < p+ ν, respectively.433

When q = p+ ν, we have λi = (Ai−Ai−1)
q

cqγA
q−1
i

and ‖xi − x̂i−1‖p+ν−q = 1. Taking Ai as a434

variable, then for all Ai > Ai−1, by the fact q ≥ 2 and435

d log λi
dAi

=
(q − 1)Ai−1 +Ai
Ai(Ai −Ai−1)

> 0,(5.20)436
437

we have λi is a strictly monotonically increasing function w.r.t. Ai, which is an one to one438
mapping. Therefore determining the lower bound of Ai is equivalent to determining the lower439
bound of λi. To ensure Ei ≤ 0, by the condition (5.16) , when q = p + ν, Lλi is upper440
bounded by the constant θ2 ≤ 1. Therefore the tightest lower bound for λi is obtained if Lλi441
is lower bounded by a constant θ1 ∈ (0, θ2]. Then by Lemma 2.6 and Theorem 5.6, we obtain442
Theorem 5.7.443

THEOREM 5.7 (Convergence Rate for the Case q = p + ν). If Assumption 5.1 is444
true, cq is defined in Lemma 5.5, and in (5.1), ∀i ≥ 1, the sequences {ai}, {Ai} satisfy445
ai > 0, Ai = Ai−1 + ai with a0 = A0 = 0, {xi} satisfies (5.15), and {λi} defined in (5.11)446
satisfies447

0 < θ1 ≤ Lλi ≤ θ2 ≤ 1,(5.21)448

then for k ≥ 1, we have449

Ak ≥
θ1cqγ

L

(
k

p+ ν

)p+ν
,(5.22)450

and451

f(xk)− f(x∗) ≤ h(x∗;x0)

Ak
≤ L

θ1cqγ
h(x∗;x0)

(
p+ ν

k

)p+ν
.(5.23)452

Proof. See Section C.5.453
When q < p+ ν, because the condition of λi to ensure Ei ≤ 0 involves the unknown xi,454

the situation seems to be more complicated. Nevertheless, under the conditions (5.15) and455
(5.16), and combining Lemmas 5.2 and 5.3, we can obtain a condition as in Lemma 5.8 below456
that leads to a good lower bound for Ak.457
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LEMMA 5.8. Assume {xi} satisfies (5.15) and {ωi} satisfies (5.16). Then if 2 ≤ q <458
p+ ν, we have459

k∑
i=1

ω
ς

p+ν−q
i

( Ap+ν−1i

(Ai −Ai−1)p+ν

) q
p+ν−q≤ qθα2 (1− θ

q
q−1

2 )−1γ−
p+ν
p+ν−q

( L
cq

) q
p+ν−q

h(x∗;x0).

(5.24)

460

461

Proof. See Section C.6.462
In Lemma 5.8, if θ2 ∈ (0, 1), then the RHS of (5.24) will be a positive constant. Therefore463

if ωi on the LHS of (5.24) is lower bounded by a constant θ1 ∈ (0, θ2], then we use Lemma464
2.6 to give a lower bound about Ai. Based on the above analysis, and combining Lemma465
2.6, Theorem 5.6 and Lemma 5.8, we can characterize the convergence rate of the proposed466
iteration when 2 ≤ q < p+ ν.467

THEOREM 5.9 (Convergence Rate for the Case 2 ≤ q < p + ν). If Assumption 5.1468
is true, cq is defined in Lemma 5.5, and in (5.1), ∀i ≥ 1, the sequences {ai}, {Ai} satisfy469
ai > 0, Ai = Ai−1 + ai with a0 = A0 = 0, {xi} satisfies (5.15), and {λi} defined in (5.11)470
satisfies471

0 < θ1 ≤ ωi = Lλi‖xi − x̂i−1‖p+ν−q ≤ θ2 < 1,(5.25)472

then by defining C0 :=
(
qθα2
(
1− θ

q
q−1

2

)−1)− p+ν−qq

θ
α(p+ν)+(1−α)q

q

1 γ
p+ν
q cq , we have473

Ak ≥
C0

L
(h(x∗;x0))−

p+ν−q
q

( k

p+ ν

) (q+1)(p+ν)−q
q

(5.26)474

and475

f(xk)− f(x∗) ≤ h(x∗;x0)

Ak
≤ L

C0
(h(x∗;x0))

p+ν
q

(
p+ ν

k

) (q+1)(p+ν)−q
q

.(5.27)476

Proof. See Section C.7.477
In Theorems 5.7 and 5.9, if we do not consider the constants, in both q = p + ν and

2 ≤ q < p+ ν settings, we can find an ε-accurate solution x such that f(x)− f(x∗) ≤ ε with

O
(
ε−

q
(q+1)(p+ν)−q

)
iterations, where q ∈ [2, p+ν]. It is easy to find that the rate will be the best as O

(
ε−

2
3(p+ν)−2

)
478

if we set q = 2. In fact O
(
ε−

2
3(p+ν)−2

)
matches the lower bound of iteration complexity [16]479

for all the settings of p ∈ {1, 2, . . . , } and ν ∈ [0, 1] as long as p+ ν ≥ 2. As q becomes large,480

the rate O
(
ε−

q
(q+1)(p+ν)−q

)
will become worse. However, particularly, when q = p + ν, λi481

can be determined trivially and thus the setting q = p+ ν is suboptimal but has the advantage482
of algorithmic implementation, as we will elaborate on later.483

Regarding the other two parameters θ1, θ2, when q = p + ν, based on Theorem 5.7,484
to minimize the bound in (5.23), the optimal choice will be θ1 = 1 and thus θ2 = 1 by485
θ1 ≤ θ2 ≤ 1. When q < p+ ν, based on Theorem 5.9, one can optimize the choice of θ1, θ2486
by minimizing the bound in (5.27) under the constraint 0 < θ1 ≤ θ2 < 1.487

As we have noted before, by varying the parameter α from 0 to 1 in (5.15), the range of488
the power of ‖x− x̂i−1‖ changes from q to p+ ν. For q = p+ ν, as Theorem 5.7 indicates,489
choice of α has no influence on the convergence rate; for 2 ≤ q < p + ν, as Theorem 5.9490
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TABLE 1
Algorithmic Instances of the Unified Acceleration Framework with h(x;x0) := 1

q
‖x− x0‖q2.

Instances p ν q α
[3, 31] {2, 3, . . .} 1 p+ 1 1
[16] {2, 3, . . .} [0, 1] p+ ν 1
[23] 2 1 2 0
[6] {2, 3, . . .} 1 2 1

[18, 14] {2, 3, . . .} 1 2 a mixture of 0 and 1

shows, α only has a minor influence on the constant in the bound. Therefore, our result shows491
that α can be chosen according to implementation convenience without worrying about the492
convergence rate.493

Compared with the existing results for high-order optimization [32, 27, 31, 16] and494
[23, 6, 18, 14], our convergence results are given under the Hölder continuous assumption495
w.r.t. a general norm ‖ · ‖ that satisfies Assumption 5.1. Such general norms include the496

Euclidean norm ‖x‖2 and the generalized Euclidean norm
√
xTBx as special cases, where B497

is any positive definite matrix. To the best of our knowledge, this is the first convergence result498
for high-order optimization that can be applied to the high-order non-Euclidean smoothness499
setting. To this end, we have adopted a new proof paradigm inspired by the intuitive proof500
techniques for the accelerated extra-gradient descent (AXGD) algorithm [12] for first order501
methods.502

Summarizing the above results, we obtain a unified acceleration framework (UAF) shown503
in Algorithm 5.1. In the algorithm, the parameters p, ν are from the problem setting and the504
parameters q, α and the proxy function h(x;x0) are for framework design. These parameters505
can vary in their entire feasible ranges. By specifying p, ν, q, α and h(x;x0), we obtain506
algorithmic instances of UAF. As results, Algorithm 5.1 recovers many existing algorithms.507
We give a few examples in Table 17.508

Meanwhile, Algorithm 5.1 also includes several new interesting instances. First, if we set509
p = ν = 1, q = 2, α ∈ [0, 1], Algorithm 5.1 defines a new variant of AGD with an O(1/k2)510
convergence rate. Such variant is similar to the variant AXGD of AGD. One advantage of511
this variant is that Algorithm 5.1 allows h(x;x0) to be any strongly convex function w.r.t.512
‖ · ‖, while AXGD assumes that h(x;x0) is the Bregman divergence of a strongly convex513
function w.r.t. ‖ · ‖. Second, if we set p ∈ {2, 3, . . . , }, ν ∈ [0, 1], q = 2, α ∈ [0, 1], then we514

obtain the first kind of high-order algorithms that can attain the optimal rate O(ε−
2

3(p+ν)−2 ) for515
the composite minimization problem (2.6) with the smooth component g(x) having (p, ν, L)-516
Hölder continuous derivatives w.r.t. ‖ · ‖.517

For the loop from Step 4 to 7 in Algorithm 5.1, we need solve two subproblems:518
• The first one is about finding λi such that the minimizer xi of the objective (5.15),519

together with λi, satisfy the conditions (5.28) and (5.29).520
• The second one is about finding the solution zi of a discrete-time convex approxima-521

tion problem of the VPM in Step 6. Because in our setting the convex approximation522
f̂(x; y) defined in Lemma 2.5 is a linear function plus a simple convex function l(x),523
the subproblem of finding zi can be solved efficiently.524

When p = ν = 1 and q = 2, the subproblem associated with Step 5, namely (5.15), is525
reduced to a proximal gradient decent step [33], which can be solved efficiently. However,526

7As we have mentioned, [18, 14] have used a mixture of 0 and 1 for α, which is also equivalent to (5.14) by (5.13).
To simplify presentation and practical implementation, we usually only consider chosing a single α in Algorithm 5.1.
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Algorithm 5.1 Unified Acceleration Framework (UAF)

1: Input: f̂(x; y) and f̃(x; y) in (2.7) and (2.8), h(x;x0), ‖ · ‖ in Assumption 5.1.
2: Set the constant θ2 ∈ (0, 1] if q = p+ ν, θ2 ∈ (0, 1) if 2 ≤ q < p+ ν; set θ1 ∈ (0, θ2].

3: Set α ∈ [0, 1], cq =
(
β(q − 1)1−q

) 1
q , ς = α(p+ ν) + (1− α)q.

4: Set A0 = 0, x0 = z0 ∈ Rd.
5: for i = 1 to k do
6: xi = argminx∈Rd

{
f̃(x; x̂i−1) + Lα

qcqλ
(1−α)
i θα2 ς

‖x− x̂i−1‖ς
}

,

where we find a λi > 0 such that ai, Ai, λi and x̂i−1 ∈ Rd satisfy

Ai = Ai−1 + ai, λi =
aqi

cqγA
q−1
i

, x̂i−1 =
Ai−1
Ai

xi−1 +
ai
Ai
zi−1,(5.28)

θ1 ≤ Lλi‖xi − x̂i−1‖p+ν−q ≤ θ2.(5.29)

7: Update zi = argminx∈Rd
{∑i

j=1 aj f̂(x;xj) + h(x;x0)
}

.
8: end for
9: return xk.

in the setting of high-order optimization, i.e., p ∈ {2, 3, . . .}, (5.15) is nontrivial and will527
dominate the per-iteration cost in general. Finding a general efficient procedure to solve528
this subproblem remains active research. Nevertheless, for some special important cases,529
there already exist efficient algorithms. For example, if p = 2, ν = 1, α = 1 and the maybe530
nonsmooth part l(x) = 0, (5.15) is reduced to an iteration of cubic regularized Newton method531
(CNM), which can be solved efficiently by the Lanzcos method [9]; if p = 3, ν = 1, α = 1532
and l(x) = 0, (5.15) is reduced to a third-order convex multivariate polynomial and can be533
solved as efficiently as the iteration of CNM in many cases [31, 7].534

Notice that, in Step 5, for the setting q = p+ ν, λi can be determined easily as it does not535
depend on xi and thus Ai, ai can be solved efficiently by solving a simple one-dimensional536
equation with Newton method. However, for the setting 2 ≤ q < p+ ν, the condition (5.29)537
depends on the solution xi and can not be determined so trivially. In fact, as of now, when538
2 ≤ q < p+ ν, we do not even know whether we can find such a pair (xi, λi) that satisfies539
all the conditions simultaneously. However, as nearly a trivial extension to [6], the following540
Proposition 5.10 ensures such a pair always exists until we attain the minimizer.541

PROPOSITION 5.10. Let A ≥ 0, λ ≥ 0, x, y ∈ Rd such that f(x) 6= f(x∗). Assume that542
a(λ) is implicitly defined by543

(5.30) λ =
(a(λ))q

cqγ(A+ a(λ))q−1
, and x(λ) =

a(λ)

A+ a(λ)
x+

A

A+ a(λ)
y,544

545

w(υ) = argminz∈Rd

{
f̃(z; υ) +

Lα

cqλ(1−α)θα2 ς
‖z − υ‖ς

}
,(5.31)546

χ(λ) = Lλ‖w(x(λ))− x(λ)‖p+ν−q,(5.32)547548

where the constants p, q, ν, α, cq, γ, L, ς and θ2 are given in Algorithm 5.1. Then χ(λ) is a549
continuous function with χ(0) = 0 and χ(+∞) = +∞.550

Proof. See Section C.8551
By Proposition 5.10, with the setting A := Ai−1, x := zi−1, y := xi−1, we can always use552
a binary search procedure to find a pair (xi, λi) such that χ(λi) = Lλi‖xi − x̂i−1‖p+ν−q553
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satisfies the condition (5.29). For the case with α = 0, q = 2 and ‖ · ‖ := ‖ · ‖2, a554
complexity analysis for a binary search procedure can be found in [18]; for the case with555
α = 1, p ∈ {2, 3, . . .}, ν = 1 and ‖ · ‖ := ‖ · ‖2, a complexity analysis for a binary search556
procedure can be found in [6]. Although it is possible to give a complexity analysis of binary557
search for the general setting in (5.31), in this paper we consider another perspective.558

In the Discussion section of [31], Nesterov claims that from the view of practical efficiency,
the Algorithm 5.1 with the suboptimal setting q = p+ ν may be better than the Algorithm 5.1
with the optimal setting q = 2, where “optimal” is in the sense of iteration complexity. If we do
not consider the implementation cost in the Step 5 of Algorithm 5.1 and ignore the difference
of constants in the bound of Theorems 5.7 and 5.9, to attain an ε-accurate solution such that
f(x)− f(x∗) ≤ ε, the ratio from the number of iterations of the suboptimal algorithm with
q = p+ ν to that of the optimal algorithm with q = 2 is

O
((1

ε

) 1
p+ν−

2
3(p+ν)−2)

)
= O

((1

ε

) p+ν−2
(p+ν)(3(p+ν)−2)

)
.

If p = 2, ν = 1, i.e., the commonly second-order setting, the ratio will be O
((

1
ε

) 1
21

)
, which559

implies that when we pursue an accuracy ε = 2−21 ≈ 10−6, if the per-iteration cost of the560
optimal setting q = 2 (or the settings 2 ≤ q < p + ν) is twice larger than the suboptimal561
setting q = p + ν, then the small advantage of the optimal setting will be removed by the562
additional implementation complexity. Because of this effect, a binary search procedure563
which involves O(log 1

ε ) calls to the subprocedure for finding xi may be rather unrealistic in564
practice. Therefore in this paper, instead of binary search, we propose a simple heuristic to565
find a pair (xi, λi) that satisfy the condition (5.29). The proposed heuristic only needs call the566
subprocedure once for finding xi, which will be explained in Section 6.567

Remark 5.11. The idea that two-step fixed-point iterations lead to acceleration is first568
introduced in [12], which has proposed the variant AXGD of AGD. In this paper, such point569
of view motivates us to simplify the analysis by defining an intermediate variable ẑi in (5.3),570
whereas the main strategy leading to acceleration in this paper is to use a combination of a571
convex approximation (5.1) to the original VPM problem (3.1) and a smooth approximation572
(5.15) to the intermediate VPM problem (5.5).573

Remark 5.12. Similar to [16], it is also possible to give a universal version of Algorithm574
5.1 in the sense that, by modifying Algorithm 5.1 according to the paradigm of [16], we can575
obtain a near-optimal rate even if the Hölder parameter ν is unknown. Such an improvement is576
interesting, however it goes beyond the scope of this paper and will be left for further research.577

6. Implementation Details and Experimental Validation. High-order optimization is
a very different situation from first-order optimization in that the optimal acceleration method
(e.g., the UAF with q = 2) requires certain conditions to be met (in each iteration). Those
conditions sometimes are not so trivial to be satisfied. In fact, in the UAF Algorithm 5.1, for
2 ≤ q < p + ν, it is not trivial to find a pair (λi, xi) that satisfies the condition (5.29). In
(5.16), we have defined ωi = Lλi‖xi − x̂i−1‖p+ν−q as a convergence indicator in the sense
that ∀2 ≤ q ≤ p+ ν, if

ωi = Lλi‖xi − x̂i−1‖p+ν−q ≤ θ2 ≤ 1,

Algorithm 5.1 will converge according to Theorem 5.6; otherwise, the convergence behavior578
of Algorithm 5.1 cannot be guaranteed. More specifically, when q = p + ν if ωi satisfies579
(5.21), then Algorithm 5.1 converges according to Theorem 5.7; when 2 ≤ q < p+ ν, if ωi580
satisfies (5.25), then Algorithm 5.1 converges according to Theorem 5.9. When q = p+ ν, we581
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can easily find 0 < θ1 ≤ ωi ≤ θ2 ≤ 1 to satisfy (5.21); while when 2 ≤ q < p+ ν, because582
ωi involves the variable xi, it is nontrivial to find a 0 < θ1 ≤ ωi ≤ θ2 < 1 to satisfy (5.25). A583
standard technique to ensure that the value of the convergence indicator ωi stays in [θ1, θ2] is584
through a binary search procedure [23, 18, 6]. However, as per our discussion at the end of585
Section 5, the cost of the binary search procedure could substantially reduce the advantage of586
convergence rate of the optimal method in practice.587

6.1. A Good Heuristic for Practical Implementation. In this section, inspired by the588
analysis of Theorem 5.9, for the Algorithm 5.1 with 2 ≤ q < p+ ν, instead of using a binary589
search, we introduce a simple heuristic: in the i-th iteration of Algorithm 5.1, Ai is set as its590
lower bound such that591

Ai =
C0

L

(
h(x∗;x0)

)− p+ν−qq

(
i

p+ ν

) (q+1)(p+ν)−q
q

,(6.1)592

where all the constants are from Theorem 5.9. With so assigned Ai, λi and ai can be easily593
determined by (5.28). Therefore the per-iteration cost under the setting 2 ≤ q < p+ ν will594
remain the same as the setting q = p+ ν.595

However, if we use the heuristic (6.1) of Ai for 2 ≤ q < p + ν, there is no theoretical596
guarantee for convergence of the algorithm. In this section, we conduct experiments to show597
that this heuristic (6.1) is surprisingly effective: the values of the convergence indicator (5.16)598
will always remain within the range (0, 1), hence Algorithm 5.1 converges according to599
Theorem 5.9.600

To be more precise, we consider the commonly second-order (i.e., p = 2) setting with601
Euclidean Lipschitz smoothness Hessians (i.e, ν = 1), and set h(x;x0) := 1

q‖x−x0‖
q
2, where602

q is chosen as q ∈ {2, 2.5, 3} ⊂ [2, p + ν]. Meanwhile, as shown in Theorems 5.7 and 5.9,603
the parameter α of Algorithm 5.1 has only a minor influence on performance. Therefore to604
simplify our implementation, we always set α = 1. By setting α = 1, when p = 2, ν = 1,605
given x̂i−1 and λi, the subproblem of finding xi in the Step 5 of UAF is a standard cubic606
regularized Newton step [8]. We solve this subproblem to high accuracy by an implementaion607
[20] 8 of the Lanzcos method [9]. Furthermore, in the heuristic (6.1) for Ai, C0 is determined608
by the parameters p, ν, q, θ1, θ2, β and γ, while we already set the values of p, ν. By the609
uniformly convexity of h(x;x0) = 1

q‖x − x0‖q2(q ≥ 2) [27], we have γ = β = 22−q.610
We simply choose θ1 = 0.5, θ2 = 0.67. The Lipschitz smoothness constant L is tuned in611
{10−3, 10−2, 10−1, 1, 10, 102, 103} to optimize the convergence speed in terms of run time,612
while the value of h(x∗;x0) = 1

q‖x
∗ − x0‖q2 is determined by setting x0 = 0 and using an613

approximation of x∗ to replace x∗.614
Under the above setting, three instances of the UAF Algorithm 5.1 with q = 2, 2.5, 3615

respectively will be tested. The instance with q = 3 is equivalent to the accelerated cubic616
regularized Newton method (ACNM) [27]. For the instance with q = 2 or 2.5, we always use617
the heuristic (6.1) to determine the values of Ai, ai and λi in each iteration.618

6.2. Experiments on Large-Scale Classification Datasets. To verify the performance619
of the proposed UAF and the effectiveness of the heuristic (6.1) in all three instances, we620
consider large-scale optimization associated with the logistic regression problem as follows621

min
x∈Rd

{
f(x) :=

1

n

n∑
j=1

log(1 + exp(−b̄j āTj x))
}
,(6.2)622

8The GitHub URL: https://github.com/dalab/subsampled cubic regularization
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FIG. 1. The values of the convergence indicator (5.16) versus the number of iterations, for the 3 datasets
“gisette scale”, “a9a”, “w8a,” respectively.

FIG. 2. Accuracy of the objective function (6.2) versus the number of iterations, for the 3 datasets “gisette scale”,
“a9a”, “w8a,” respectively.

where {(āj , b̄j)}nj=1 denotes a dataset. (For j ∈ [n], āj ∈ Rd denotes the j-th sample and623

b̄j ∈ {1,−1} denotes the corresponding label of āj .) In our experiments, we choose the624
three datasets “gisette scale”, “a9a” and “w8a” from the LIBSVM library [11] to validate the625
performance of our algorithm.626

In Figure 1, we show the values of the convergence indicator (5.16) of UAF along the627
iterations. It is interesting (and somewhat surprising) to see that after several initial steps, the628
convergence indicator will approach to a constant in [0, 1]. For the case with q = 3, i.e., the629
ACNM [27], the value of the indicator will approach to 1, which matches the condition (5.21)630
with the optimal choice θ1 = θ2 = 1. For the cases with q = 2 and 2.5, the values of the631
indicator will stay stable around a constant in (0, 1).632

Because the values of the indicators satisfy the condition (5.21) when q = 3 and the633
condition (5.25) when q = 2 and 2.5, the UAF algorithm will converge according to the634
rates in Theorems 5.7 and 5.9 respectively, which is shown in Figure 2. In Figure 2, with the635
heuristic (6.1), then the UAF with q = 2 has the fastest convergence speed, which matches636
the theoretical result that the setting q = 2 gives us the best possible iteration complexity637

O
(
k−

3(p+ν)−2
2

)
.638

An interesting phenomenon is that the speed edge for the cases q = 2 and 2.5 is beyond639
our expectation based on the bound (5.27). In the k-th iteration, from the theoretical bound640
in Theorems 5.7 and 5.9, the error ratio from the setting q = 3 to the setting q ∈ [2, p + ν)641
should be642

(6.3) O
( C0

θ1cqγ

( k

(p+ ν)h(x∗;x0)

) p+ν−q
q
)
.643

In the experiments on all the 3 datasets, we found empirically that h(x∗;x0) > 1. Meanwhile,644

by simple calculation, we also know that θ1cqγC0
> 1. Therefore in the 1000-th iteration, by the645

theoretical bound (6.3), the error ratio from q = 3 to 2 should not go beyond ( 1000
3 )

1
2 < 20.646

However, in practice the ratio is beyond 100. A possible explanation for this phenomenon647
is that even we do not add any strongly convex regularizer in (6.2), the problem itself may648
have some kind of local strong convexity around the minimum point (also known as implicit649
regularization). Such implicit strong convexity makes the algorithms converges faster as the650
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FIG. 3. Accuracy of the objective function (6.2) versus algorithm run time, for the 3 datasets “gisette scale”,
“a9a”, “w8a,” respectively.

iterate approaches the minimizer.651
In Figure 3, we show the performance comparison measured by error versus run time. Here652

we add a stochastic variance reduction gradient (SVRG) [19] method to show the practical653
efficiency of the proposed UAF algorithm. SVRG is a representative first-order algorithm654
for finite-sum stochastic convex optimization. The implementation of SVRG is also from the655
GitHub project of [20] and the learning rate of SVRG is tuned in {10−4, 10−3, 10−2, 10−1,656
10, 102}.657

As shown in Figure 3, SVRG can effectively exploit the finite-sum structure of the658
objective (6.2) and shows advantage in obtaining a low-accurate solution quickly. However,659
when further pursuing a high-accuracy solution, the high-order UAFs demonstrate clear edges660
of their faster convergence rates. In particular, with the effective heuristic (6.1), the UAF with661
q = 2 demonstrates consistent and superior performance in terms of run time behaviors.662

7. Conclusions. In this paper, inspired by recent work on high-order acceleration meth-663
ods, we have introduced a rather unified framework towards developing and understanding664
high-order acceleration algorithms for convex optimization. We show how various ideas, tech-665
niques, results, and algorithms can be derived from a simple vanilla proximal method (VPM).666
Based on this framework, through careful analysis, we are able to derive a unified acceleration667
framework (UAF) that achieves the optimal lower bounds for functions that have Hölder668
continuous derivatives. Our analysis and results also seem to unify many results known for the669
first order and high order methods, as well as results previously obtained through two separate670
approaches, namely the ACNM [27] and A-HPE [23] approaches. Meanwhile, the UAF is671
the first high-order acceleration approach that can be used in general (non-Euclidean) norm672
settings. Furthermore, for practical implementation of the proposed algorithm, through a new673
heuristic inspired from our analysis, our experiments show how the binary search procedure674
required by the optimal acceleration methods can be significantly simplified or forgone. This675
helps alleviate concerns about practical efficiency of optimal high-order acceleration methods676
versus suboptimal ones [31]. Finally, combined with a general restart scheme similar to that677
in [27], our analysis for the general convex setting can be easily extended to the uniformly678
convex setting. The resulted complexity results can match the existing lower bounds [2] in679
most important cases. Particularly, we shaved off the logarithmic factor of the upper bound in680
[2] so that matching the lower bound [2] for the σ-strongly convex minimization problem with681
(2, L)-Lipschitz continuous derivatives.9682

Appendix A. Proofs for Section 2.683

A.1. Proof of Example 2.4. By direct computation, for x, h ∈ Rd, we have684

(A.1) 〈∇2f(x)h, h〉 =
1

n

n∑
j=1

exp(−b̄j āTj x)

(1 + exp(−b̄j āTj x))2
〈āj , h〉2 ≤

1

n

n∑
j=1

〈āj , h〉2 = hTBh.685

9See details in the longer arXiv version: https://arxiv.org/pdf/1906.00582.pdf.
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Meanwhile, we have686

∇3f(x)[h, h, h] =
1

n

n∑
j=1

−
exp(−b̄j āTj x)(1− exp(−b̄j āTj x))

(1 + exp(−b̄j āTj x))3
〈b̄j āj , h〉3 ≤

1

n

n∑
j=1

|〈āj , h〉|3687

≤ 1

n
(

n∑
j=1

〈āj , h〉2) max
j∈[n]

|〈āj , h〉| = hTBh ·max
j∈[n]

|〈āj , h〉|.(A.2)688

Therefore,689

‖∇2f(x)‖q = max
h∈Rd:‖h‖p≤1

〈∇2f(x)h, h〉 ≤ max
h∈Rd:‖h‖p≤1

‖Bh‖q ≤ ‖B‖p,q,690

‖∇3f(x)‖q = max
h∈Rd:‖h‖p≤1

∇3f(x)[h, h, h] ≤ ‖B‖p,q max
j∈[n]

‖āj‖q.691
692

Let L(ν) := supx,y∈Rd,x 6=y
‖∇2f(x)−∇2f(y)‖q

‖x−y‖νp
, ν ∈ [0, 1]. Then L(0) = ‖∇2f(x)‖q, L(1) =693

‖∇3f(x)‖q. Note that L(ν) is log-convex, therefore we have694

(A.3) L(ν) ≤ L1−ν(0)Lν(1) ≤ ‖B‖p,q max
j∈[n]

‖āj‖νq .695

Example 2.4 is proved.696

A.2. Proof of Lemma 2.5 . By the convexity of g(x), (2.9) holds trivially.697
If g(x) has p-th derivatives, for i ∈ {0, 1, 2, . . . , p− 1}, we define a sequence698

(A.4) Ci :=
1

i!

∫ 1

0

(1− τ)i∇i+1g(y + τ(x− y))[x− y]i+1dτ.699

Then one has700

C0 =

∫ 1

0

∇g(y + τ(x− y))[x− y]dτ =

∫ 1

0

〈∇g(y + τ(x− y)), x− y〉dτ701

= g(y + τ(x− y))|1τ=0 = g(x)− g(y).(A.5)702

Meanwhile,703

Ci =
1

i!

∫ 1

0

(1− τ)id
(
∇ig(y + τ(x− y))[x− y]i

)
704

=
1

i!

(
∇ig(y + τ(x− y))[x− y]i

)
(1− τ)i|1τ=0705

− 1

i!

∫ 1

0

(
∇ig(y + τ(x− y))[x− y]i

)
d(1− τ)i706

= − 1

i!
∇ig(y)[x− y]i +

1

(i− 1)!

∫ 1

0

(1− τ)i−1
(
∇ig(y + τ(x− y))[x− y]i

)
dτ707

= − 1

i!
∇ig(y)[x− y]i + Ci−1.(A.6)708

Therefore by (A.5) and (A.6), one has709

Cp−1 =

p−1∑
i=1

(Ci − Ci−1) + C0 =

p−1∑
i=1

− 1

i!
∇ig(y)[x− y]i + g(x)− g(y)710

= f(x)− f̃(x; y) +
1

p!
∇pg(y)[x− y]p711

= f(x)− f̃(x; y) +
1

(p− 1)!
∇pg(y)[x− y]p

∫ 1

0

(1− τ)p−1dτ.(A.7)712
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Then by (A.7), it follows that713

|f(x)− f̃(x; y)| =
∣∣∣Cp−1 − 1

(p− 1)!
∇pg(y)[x− y]p

∫ 1

0

(1− τ)p−1dτ
∣∣∣714

=
1

(p− 1)!

∣∣∣ ∫ 1

0

(1− τ)p−1 (∇pg(y + τ(x− y))−∇pg(y)) [x− y]pdτ
∣∣∣715

≤ 1

(p− 1)!

∫ 1

0

(1− τ)p−1dτ max
τ∈[0,1]

∣∣∣ (∇pg(y + τ(x− y))−∇pg(y)) [x− y]p
∣∣∣716

≤ 1

(p− 1)!

∫ 1

0

(1− τ)p−1dτ max
τ∈[0,1]

‖∇pg(y + τ(x− y))−∇pg(y)‖∗ ‖x− y‖
p717

≤ 1

(p− 1)!

1

p
max
τ∈[0,1]

((p− 1)!L‖τ(x− y)‖ν) ‖x− y‖p718

≤ L

p
‖x− y‖p+ν ,719

Therefore (2.10) holds. Then by (A.7), by taking gradient w.r.t. x, one has720

∇Cp−1 = ∇f(x)−∇f̃(x; y) +
1

(p− 1)!
∇pg(y)[x− y]p−1721

= ∇f(x)−∇f̃(x; y) +
p

(p− 1)!
∇pg(y)[x− y]p−1

∫ 1

0

(1− τ)p−1dτ,(A.8)722

while by (A.4), one also has723

∇Cp−1 =
p

(p− 1)!

∫ 1

0

(1− τ)p−1∇pg(y + τ(x− y))[x− y]p−1dτ.(A.9)724

By (A.8) and (A.9), it follows that725

‖∇f(x)−∇f̃(x; y)‖∗ =

∥∥∥∥∇Cp−1 − p

(p− 1)!
∇pg(y)[x− y]p−1

∫ 1

0

(1− τ)p−1dτ

∥∥∥∥
∗

726

=

∥∥∥∥ p

(p− 1)!

∫ 1

0

(∇pg(y + τ(x− y))−∇pg(y))[x− y]p−1(1− τ)p−1dτ

∥∥∥∥
∗

727

= max
v:‖v‖≤1

p

(p− 1)!

∫ 1

0

(∇pg(y + τ(x− y))−∇pg(y))[v][x− y]p−1(1− τ)p−1dτ728

≤ p

(p− 1)!

∫ 1

0

max
v:‖v‖≤1

(∇pg(y + τ(x− y))−∇pg(y))[v][x− y]p−1(1− τ)p−1dτ729

≤ p

(p− 1)!

∫ 1

0

(1− τ)p−1dτ max
τ∈[0,1]

max
v:‖v‖≤1

(∇pg(y + τ(x− y))−∇pg(y))[v][x− y]p−1730

≤ p

(p− 1)!
· 1

p
· max
τ∈[0,1]

max
v:‖v‖≤1

‖∇pg(y + τ(x− y))−∇pg(y)‖∗ · ‖v‖ · ‖x− y‖p−1731

=
p

(p− 1)!
· 1

p
· max
τ∈[0,1]

‖∇pg(y + τ(x− y))−∇pg(y)‖∗ · ‖x− y‖p−1732

≤ p

(p− 1)!
· 1

p
· max
τ∈[0,1]

(p− 1)!L‖τ(x− y)‖ν · ‖x− y‖p−1733

734

Then ‖∇f(x)−∇f̃(x; y)‖∗ ≤ L‖x− y‖p+ν−1, i.e., (2.11) holds. Lemma 2.5 is proved.735
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A.3. Proof of Lemma 2.6. For the first statement, by the condition we have bk−bk−1 ≥736

C
1
ρ b

ρ−1
ρ

k . Then by b0 = 0,737

bk =

k∑
i=1

(bi − bi−1) ≥ C
1
ρ

k∑
i=1

b
ρ−1
ρ

i .738

Then in [6, Lemma 12], for i ≥ 1, by setting Bi := b
ρ−1
ρ

i , α := ρ
ρ−1 , c := C

1
ρ , then one has739

b
ρ−1
ρ

k = Bk ≥
(1

ρ
C

1
ρ k
)ρ−1

.740

Then after a simple rearrangement, we obtain the first statement.741
For the second statement, by the reverse Hölder inequality, ‖fg‖1 ≥ ‖f‖ 1

t
‖g‖− 1

t−1
for742

t ≥ 1 and invoking this with t = ρδ + 1 and by b0 = 0, then743

k∑
i=1

( bρ−1i

(bi − bi−1)ρ

)δ
=

k∑
i=1

b
(ρ−1)δ
i (bi − bi−1)−ρδ744

≥
( k∑
i=1

b
(ρ−1)δ· 1t
i

)t( k∑
i=1

(bi − bi−1)−ρδ·
−1
t−1

)−(t−1)
745

=
( k∑
i=1

b
(ρ−1)δ
ρδ+1

i

)ρδ+1( k∑
i=1

(bi − bi−1)
)−ρδ

=
( k∑
i=1

b
(ρ−1)δ
ρδ+1

i

)ρδ+1

b−ρδk .746

Then by the corresponding condition, we have b
ρδ
ρδ+1

k ≥ C−
1

ρδ+1

(∑k
i=1 b

(ρ−1)δ
ρδ+1

i

)
. Then in [6,747

Lemma 12], for i ≥ 1, by setting Bi := b
(ρ−1)δ
ρδ+1

i , α := ρ
ρ−1 , c := C−

1
ρδ+1 , one has748

b
(ρ−1)δ
ρδ+1

k = Bk ≥
(1

ρ
C−

1
ρδ+1 k

)ρ−1
.749

Then after a simple rearrangement, we obtain the second statement. Lemma 2.6 is proved.750

Appendix B. Proofs for Section 4.751

B.1. Proof of Lemma 4.2. By the optimality condition of zt := argminx∈Rdψ
cont
t (x),752

one has
〈 ∫ t

0
aτ∇f̂(zt;xτ )dτ +∇h(zt;x0), żt

〉
≥ 0. It follows that753

d

dt

(
min
x∈Rd

ψcont
t (x)

)
=

d

dt
ψcont
t (zt) =

d

dt

(∫ t

0

aτ f̂(zt;xτ )dτ + h(zt;x0)
)

754

= atf̂(zt;xt) +
〈∫ t

0

aτ∇f̂(zt;xτ )dτ +∇h(zt;x0), żt

〉
755

≥ at(f̂(xt;xt) + 〈∇f̂(xt;xt), zt − xt〉) +
〈∫ t

0

aτ∇f̂(zt;xτ )dτ +∇h(zt;x0), żt

〉
756

1©
= at(f(xt) + 〈∇f(xt), zt − xt〉) +

〈∫ t

0

aτ∇f̂(zt;xτ )dτ +∇h(zt;x0), żt

〉
757

≥ at(f(xt) + 〈∇f(xt), zt − xt〉),(B.1)758

where 1© is by the definition of f̂(x; y) in (2.7). Furthermore, one has759

d(Atf(xt))

dt
= atf(xt) +At〈∇f(xt), ẋt〉.(B.2)760

761
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By Combing (B.1) and (B.2), one has762

(B.3)
d

dt

(
Atf(xt)− min

x∈Rd
ψcont
t (x)

)
≤ 〈∇f(xt), Atẋt − at(zt − xt)〉.763

Meanwhile by A0 = 0 and minx∈Rd ψ0(x) = 0, one has A0f(x0)−minx∈Rd ψ
cont
0 (x) = 0.764

Taking integral from τ = 0 to t for (B.3), then Lemma 4.2 is proved.765

Appendix C. Proofs for Section 5.766

C.1. Proof of Lemma 5.3. First, in (5.1), by A0 = 0 and z0 = x0, we have767

(C.1) A0f(x0)− ψdis
0 (z0) = 0.768

Then by our assumption, f̂(x;xi) is convex w.r.t. ‖·‖ and h(x;x0) is (q, γ)-uniformly convex769
w.r.t. ‖ · ‖. Therefore for all x, y ∈ Rd, it follows that770

ψdis
i (x) ≥ ψdis

i (y) + 〈∇ψdis
i (y), x− y〉+

γ

q
‖x− y‖q.(C.2)771

772

Then by the optimality condition of zi, it follows that for all x ∈ Rd, 〈∇ψdis
i (zi), x− zi〉 ≥ 0.773

Therefore, it follows that ψdis
i (x) ≥ ψdis

i (zi) + γ
q ‖x− zi‖

q. Therefore we have,774

ψdis
i (x) = ψdis

i−1(x) + aif̂(x;xi) ≥ ψdis
i−1(zi−1) +

γ

q
‖x− zi−1‖q + aif̂(x;xi).(C.3)775

Meanwhile, we can lower bound the last term of RHS of (C.3).776

aif̂(x;xi)
1©
≥ ai(f̂(xi;xi) + 〈∇f̂(xi;xi), x− xi〉)

2©
= ai(f(xi) + 〈∇f(xi), x− xi〉)777

3©
= Ai(f(xi) + 〈∇f(xi), x− xi〉)−Ai−1(f(xi) + 〈∇f(xi), x− xi〉)778

= Ai

(
f(xi) +

〈
∇f(xi),

ai
Ai
x+

Ai−1
Ai

xi−1 − xi
〉)

779

−Ai−1(f(xi) + 〈∇f(xi), xi−1 − xi〉)780

4©
≥ Ai

(
f(xi) +

〈
∇f(xi),

ai
Ai
x+

Ai−1
Ai

xi−1 − xi
〉)
−Ai−1f(xi−1)781

= Aif(xi)−Ai−1f(xi−1) +Ai

〈
∇f(xi),

ai
Ai
x+

Ai−1
Ai

xi−1 − xi
〉
,782

where 1© is by the convexity of f̂(x; y) w.r.t. x, 2© is by the definition of f̂(x; y) in (2.7), 3©783
is by the identity ai = Ai −Ai−1, and 4© is by the convexity of f(x).784

Therefore it follows that785

ψdis
i (x) ≥ ψdis

i−1(zi−1) +
γ

q
‖x− zi−1‖q +Aif(xi)−Ai−1f(xi−1)786

+Ai

〈
∇f(xi),

ai
Ai
x+

Ai−1
Ai

xi−1 − xi
〉
.(C.4)787

By setting x := zi and a simple arrangement of (C.4), we have788

(Aif(xi)− ψdis
i (zi))− (Ai−1f(xi−1)− ψdis

i−1(zi−1))789

≤ Ai
〈
∇f(xi), xi −

ai
Ai
zi −

Ai−1
Ai

xi−1

〉
− γ

q
‖zi − zi−1‖q(C.5)790
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Summing (C.5) from i = 0 to k − 1 and by (C.1), it follows that791

Akf(xk)− ψdis
k (zk) ≤ A0f(x0)− ψdis

0 (z0)792

+

k∑
i=1

(
Ai

〈
∇f(xi), xi −

ai
Ai
zi −

Ai−1
Ai

xi−1

〉
− γ

q
‖zi − zi−1‖q

)
793

=

k∑
i=1

(
Ai

〈
∇f(xi), xi −

ai
Ai
zi −

Ai−1
Ai

xi−1

〉
− γ

q
‖zi − zi−1‖q

)
.794

Then by the definition of Ei, Lemma 5.3 is proved.795

C.2. Proof of Lemma 5.4. By the definition of Ei, one has796

Ei
1©
≤ ai 〈∇f(xi), ẑi − zi〉 −

γ

q
‖zi − zi−1‖q

2©
≤ ai 〈∇f(xi), ẑi − zi〉 −

γ′i
q
‖zi − zi−1‖q797

3©
≤
〈
ai∇f(xi) + γ′i∇

1

q
‖ẑi − zi−1‖q, ẑi − zi

〉
− γ′i

(
1

q
‖ẑi − zi−1‖q +

β

q
‖ẑi − zi‖q

)
798

4©
=
〈
ai∇f(xi) +

γ′iA
q−1
i

aq−1i

∇1

q
‖xi − x̂i−1‖q, ẑi − zi

〉
− γ′i

( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
799

where 1© is (5.3), 2© is by γ ≥ γ′i, 3© is by Assumption 5.1, 4© is (5.3) such that∇‖ẑi−zi‖q =800
Aq−1
i

aq−1
i

∇‖xi − x̂i−1‖q . Therefore Lemma 5.4 is proved.801

C.3. Proof of Lemma 5.5. By Lemma 5.4, one has802

Ei ≤ ai
〈
∇f(xi) +

γ′iA
q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q, ẑi − zi

〉
− γ′i

( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
803

≤ ai〈∇f(xi)−∇f̃(xi; x̂i−1), ẑi − zi〉+ ai

〈
∇f̃(xi; x̂i−1) +

γ′iA
q−1
i

aqi
∇1

q
‖xi − x̂i−1‖q, ẑi − zi

〉
804

−γ′i
(
Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
.(C.6)805

Meanwhile, it follows that806

ai〈∇f(xi)−∇f̃(xi; x̂i−1), ẑi − zi〉 − γ′i
( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
807

≤ ai‖∇f(xi)−∇f̃(xi; x̂i−1)‖∗‖ẑi − zi‖ − γ′i
( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
808

1©
≤ aiL‖xi − x̂i−1‖p+ν−1‖ẑi − zi‖ − γ′i

( Aqi
qaqi
‖xi − x̂i−1‖q +

β

q
‖ẑi − zi‖q

)
809

2©
≤ q − 1

q
(βγ′i)

− 1
q−1 (aiL)

q
q−1 ‖xi − x̂i−1‖

q(p+ν−1)
q−1 − γ′iA

q
i

qaqi
‖xi − x̂i−1‖q810

3©
=
((
L

aqi
cqγ′iA

q−1
i

‖xi − x̂i−1‖p+ν−q
) q
q−1 − 1

)γ′iAqi
qaqi
‖xi − x̂i−1‖q811

4©
=
((
Lλ′i‖xi − x̂i−1‖p+ν−q

) q
q−1 − 1

) γ′iAqi
qaqi
‖xi − x̂i−1‖q,(C.7)812

where 1© is by (5.6), 2© is by [27, Lemma 1.3], 3© is by a simple rearrangement and the813
definition of cq in Lemma 5.5, and 4© is by the definition of λ′i.814

Combing (C.6) and (C.7), Lemma 5.5 is proved.815
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C.4. Proof of Theorem 5.6. First, for i ≥ 1, if the conditions (5.15) and (5.16) are true,816
then one can know that (5.8) and (5.9) are true and thus for i ≥ 1, Ei ≤ 0. Then by Lemma817

5.3, one has Akf(xk)− ψdis
k (zk) ≤

∑k
i=1Ei ≤ 0. Then combing Lemma 5.2, one has818

Akf(xk) ≤ ψdis
k (zk) ≤ Akf(x∗) + h(x∗;x0).(C.8)819

Theorem 5.6 is proved.820

C.5. Proof of Theorem 5.7. First, by our assumption, {λi} defined in (5.11) satisfies821
(5.21), therefore {λi} satisfies (5.16); meanwhile {xi} satisfies (5.15). Therefore Theorem822

5.6 holds, i.e., f(xk) − f(x∗) ≤ h(x∗;x0)
Ak

. Then by (5.21), because Lλi =
Laqi

cqγA
q−1
i

=823

L(Ai−Ai−1)
q

cqγA
q−1
i

≥ θ1, in Lemma 2.6, by setting bi := Ai, ρ := p + ν, C :=
θ1cqγ
L , we can824

obtain the lower bound Ak ≥ θ1cqγ
L

(
k
p+ν

)p+ν
. Finally, (5.23) is obtained and Theorem 5.7825

is proved.826

C.6. Proof of Lemma 5.8. When (5.15) and (5.16) are satisfied, by Lemma 5.5, we have827

Ei
1©
≤ (θ

q
q−1

2 − 1)
γ′iA

q
i

qaqi
‖xi − x̂i−1‖q

2©
≤ (θ

q
q−1

2 − 1)
Aqi
qaqi

(
ωi
θ2

)α
γ‖xi − x̂i−1‖q828

3©
= (θ

q
q−1

2 − 1)
Aqi
qaqi

(
ωi
θ2

)α
γ(Lλi‖xi − x̂i−1‖p+ν−q)

q
p+ν−q (Lλi)

− q
p+ν−q829

4©
=

1

qθα2
(θ

q
q−1

2 − 1)
Aqi
aqi
ω

ς
p+ν−q
i γ(Lλi)

− q
p+ν−q830

5©
=

1

qθα2
(θ

q
q−1

2 − 1)ω
ς

p+ν−q
i γ

(
cqγA

p+ν−1
i

L(Ai −Ai−1)p+ν

) q
p+ν−q

,(C.9)831

where 1© is by (5.15) and (5.16), 2© is by the value of γ′i in (5.12) and the definition of ωi in832
Lemma 5.8, 3© is by a simple rearrangement, 4© is by definition of ωi and ς = α(p + ν) +833
(1− α)q, 5© is by definition of λi in (5.11) and the fact ai = Ai −Ai−1.834

Then by combing Lemmas 5.2 and 5.3, it follows that835

Akf(xk) ≤ ψdis
k (zk) +

k∑
i=1

Ei ≤ Akf(x∗) + h(x∗;x0) +

k∑
i=1

Ei.(C.10)836

Then by combing (C.9) and (C.10), and f(xk) ≥ f(x∗), Ak ≥ 0, one has837

1

qθα2
(1− θ

q
q−1

2 )γ

k∑
i=1

ω
ς

p+ν−q
i

(
cqγA

p+ν−1
i

L(Ai −Ai−1)p+ν

) q
p+ν−q

≤
k∑
i=1

−Ei ≤ h(x∗;x0).838

Then after a simple rearrangement, we have Lemma 5.8.839

C.7. Proof of Theorem 5.9. First, by our assumption, {λi} defined in (5.11) satisfies840
(5.25), therefore {λi} satisfies (5.16); meanwhile {xi} satisfies (5.15). Therefore Theorem841
5.6 holds, i.e.,842

f(xk)− f(x∗) ≤ h(x∗;x0)

Ak
.(C.11)843

844
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Then by Lemma 5.8 and the assumption that ωi ≥ θ1, we have845

k∑
i=1

( Ap+ν−1i

(Ai −Ai−1)p+ν

) q
p+ν−q ≤ (C−10 L)

q
p+ν−q h(x∗;x0),(C.12)846

where C0 is defined in Theorem 5.9.847
In Lemma 2.6, for 1 ≤ i ≤ k, by setting bi := Ai, ρ := p + ν, δ := q

p+ν−q , C :=848

(C−10 L)
q

p+ν−q h(x∗;x0), then we obtain the lower bound849

Ak ≥
C0

L
(h(x∗;x0))

− p+ν−qq

(
k

p+ ν

) (q+1)(p+ν)−q
q

.(C.13)850

Then combing (C.11), we obtain (5.27).851

C.8. Proof of Proposition 5.10. First by our assumption about ‖ · ‖ and f̃(x; y), (5.31)852
is a strictly convex function, therefore w(υ) is a continuous function of υ. Meanwhile x(λ) is853
continuous about λ. Therefore χ(λ) is continuous w.r.t. λ.854

Next by the fact ς = α(p+ ν) + (1− α)q ∈ [q, p+ ν] and855

f̃(z; υ) +
Lα

cqλ(1−α)θα2 ς
‖z − υ‖ς ≤ f̃(υ; υ) = f(υ) < +∞,(C.14)856

as λ → 0, ‖z − υ‖ → 0 if ς ∈ [q, p + ν) or ‖z − υ‖ is a finite value if ς = p + ν. In both857
cases, we have χ(0) = 0. Then since f(υ) 6= f(x∗), we will also have as λ → +∞, it is858

easy to find that a(λ)
A+a(λ) → 1 and thus x(λ) = x. Since f(x) 6= f(x∗), we have ω(x) 6= x.859

Therefore χ(+∞) = +∞.860
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[35] W. SU, S. BOYD, AND E. J. CANDÈS, A differential equation for modeling nesterov’s accelerated gradient935
method: Theory and insights, in Proceedings of the 27th International Conference on Neural Information936
Processing Systems (NeurIPS), Montreal, Canada, 2014, pp. 2510–2518, http://dl.acm.org/citation.cfm?937
id=2969033.2969107.938

[36] A. WIBISONO, A. C. WILSON, AND M. I. JORDAN, A variational perspective on accelerated methods in939
optimization, Proc. Natl. Acad. Sci., 113 (2016), pp. E7351–E7358.940

[37] A. YURTSEVER, Q. TRAN-DINH, AND V. CEVHER, A universal primal-dual convex optimization framework,941
in Proceedings of the 28th International Conference on Neural Information Processing Systems (NeurIPS),942
Montreal, Canada, 2015, pp. 3150–3158, http://dl.acm.org/citation.cfm?id=2969442.2969591.943

This manuscript is for review purposes only.

http://proceedings.mlr.press/v99/jiang19a.html
http://dl.acm.org/citation.cfm?id=2999611.2999647
http://dl.acm.org/citation.cfm?id=3294771.3294878
http://dl.acm.org/citation.cfm?id=2969033.2969107
http://dl.acm.org/citation.cfm?id=2969033.2969107
http://dl.acm.org/citation.cfm?id=2969033.2969107
http://dl.acm.org/citation.cfm?id=2969442.2969591

	Introduction
	High-order Acceleration Methods with Lipschitz Continuity
	Acceleration under Hölder Continuity and Our Results
	Our Approach

	Preliminaries
	Vanilla Proximal Method
	Continuous-time Accelerated Descent Dynamics
	Unified Acceleration Framework
	Implementation Details and Experimental Validation
	A Good Heuristic for Practical Implementation
	Experiments on Large-Scale Classification Datasets

	Conclusions
	Appendix A. Proofs for Section 2
	Proof of Example 2.4
	Proof of Lemma 2.5 
	Proof of Lemma 2.6

	Appendix B. Proofs for Section 4
	Proof of Lemma 4.2

	Appendix C. Proofs for Section 5
	Proof of Lemma 5.3
	Proof of Lemma 5.4
	Proof of Lemma 5.5
	Proof of Theorem 5.6
	Proof of Theorem 5.7
	Proof of Lemma 5.8
	Proof of Theorem 5.9
	Proof of Proposition 5.10

	References

