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Abstract

This paper studies the problem of simultaneously align-
ing a batch of linearly correlated images despite gross cor-
ruption (such as occlusion). Our method seeks an optimal
set of image domain transformations such that the matrix
of transformed images can be decomposed as the sum of
sparse matrix of errors and a low-rank matrix of recovered ,
aligned images. We reduce this extremely challenging op- (a) Original image®
timization problem to a sequence of convex programs that
minimize the sum oft-norm and nuclear norm of the two
component matrices, which can be ef ciently solved by scal- §
able convex optimization techniques with guaranteed fast
convergence. We verify the ef cacy of the proposed ro- [ ) ‘
bust alignment algorithm with extensive experiments with S
both controlled and uncontrolled real data, demonstrating &
higher accuracy and ef ciency than existing methods over B &z
a wide range of realistic misalignments and corruptions.

(c) Low-rank componenA (d) Sparse large erros
1. Introduction

In recent years, the increasing popularity of image and
video sharing sites such as Facebook, Flickr, and YouTube
has led to a dramatic increase in the amount of visual data
available online. Within the computer vision community,
this has inspired a renewed interest in large, unconstiaine (e) Average of (a), (b), (c), respectively
datasets[5]. Such data pose steep challenges to existing Figure 1.Batch Image Alignment. (a) 40 face images of a person
vision algorithms: signi cant illumination variation, p&éal with different illumination, occlusions, poses, and expressions.
occlusion, as well as poor or even no alignment (see Figureour algorithm automatically nds a set of transformations such
1(a) for example). This last dif culty is especially chalign that the_transformed imagészt, in (b) can b(_e d_ecomposed as the
ing, since domain transformations make it dif cult to mea- sum of IMmages from a low-rank approximatiérin (c) and sparse
sure image similarity for recognition or classi cation téf la;]rge errorsE '3.(d)' -Lhe T”Ch STarpenl.Ed averagle fa.cﬁ images
ligently harnessing the information encoded in these IargeS ownin (e) indicate the ef cacy of our alignment algorithm.
sets of images seems to require more ef cient and effective
solutions to the long-standing batch image alignment task
[18, 3]: given many images of an object or objects of inter-
est, align them to a xed canonical template

To a large extent, progress in batch image alignment ha
been driven by the introduction of increasingly sophisti-

cated measures of image similarity1]. Learned-Miller's

in uential congealingalgorithm seeks an alignment that
minimizes the sum of entropies of pixel values at each pixel
in the batch of aligned images{, 14]. If we stack the
Saligned images as the columns of a large matrix, this crite-
rion demands that threwsof this matrix be nearly constant.

°This work was supported by grants NSF IIS 08-49292, NSF Eccs Conversely, théeast squares congealiqgocedure of, 7]
07-01676, and ONR N00014-09-1-0230. seeks an alignment that minimizes the sum of squared dis-




tances between pairs of images, and hence demands that tredignment as a rank minimization problem, subject to sparse
columns be nearly constant. In both cases, if the criterion corruption. Sectior8 gives an ef cient and effective prac-

is satis ed exactly, the matrix of aligned images will have tical solution to this problem, using convex programming.
low rank ideally rank one. However, if there is large illu- Section4 presents experimental results demonstrating the
mination variation in each of the images (as those in Figure ef cacy of the proposed algorithm as well as its advantages
1), the aligned images might have anknownrank higher over existing alternatives. Finally, Sectibrroncludes with
than one. In this case, it is more appropriate to search fora discussion of several promising directions for futurekwvor
an alignment that minimizes the rank of the aligned im- _— .
ages.gSo in43], Vedaldi et. al. choose to minimiz% a log- 2. Aligning Corrupted Llne‘r_"r!y _Correlated
determinant measure that can be viewed as a smooth sur- Images by Matrix Rank Minimization

rogate for the rank functionl[)]. The low-rank objective Suppose we are givem well-aligned grayscale images
can also be directly enforced, asliransformed Component 19::::;19 2 RYEM of some object. In many situations of

Analysis(TCA) [11, 17], which uses an EM algorithm to t  jnterest, these well-aligned images #rearly correlated
a low-dimensional linear model, subject to domain transfor More precisely, if we levec : R*2" I R™ denote the

mations drawn from a known group. operator that selects an-pixel region of interest from an
One major drawback of the above approaches is that theyimage and stacks it as a vector, then as a matrix
do not simultaneously handle large illumination variaon A= vec(l ?) j ¢ ¢ eyec(l r(]))nz RMEN 1)

and gross pixel corruptions or partial occlusions thatrofte ) , )
occur in real data (e.g. shadows, hats, glasses in Figure Should be approximatelpw-rank This assumption holds
TheRobust Parameterized Component AnalyRBCA) al-  duite generally. For example, if t“é)?'_ =1;nare
gorithm of [9] also ts a low-rank model, and uses a robust IMages of some convex Lambertian object under varying il-
tting function to reduce the in uence of corruption and oc-  lumination, then a rank-approximation suf ces{]. Being
clusion. Unfortunately, this leads to a dif cult, noncomve ~ aPle to correctly identify this low-dimensional structuse
optimization problem, with no theoretical guarantees ef ro €rucial for many vision tasks such as face recognition.
bustness or convergence rate. This somewhat unsatisfactor Medeling corruption. In practice, however, this low-
status quo is mainly due to the extremely dif cult nature "@nK structure can be easily violated when the object of in-
of the core problem of tting a low-rank model to highly terestis par_tlally occluded or the image is corrupted. Kker e
corrupted datad], a problem that until recently lacked a @MPle, in Figurel, the shadow, sunglasses, hat, and scarves
polynomial-time algorithm with strong performance guar- break the Ime_ar structure of the_set of face images. Thus,
antees. Recent advances in rank minimizatigr/] have rather than directly observing linearly correlated images
s oELEL auValibEs B Talih T IReaiii mL HeveE o 0 it ;
shown that it is indeed possible to ef ciently and exactly re  '1::::: 10, it is more practical to assume that we observe
cover low-rank matrices despite signi cant corruption; us ) i w
ing tools from convex programming. These developments 'OF modeling the effect of such occlusions on imag&he

prompt us to revisit the problem of robustly aligning batche €rrorse: are large in magnitude, but affect only a fraction of
of linearly correlated images. the image pixels, and hence agarse most of the entries

are zero. In terms of the dataset as a whole, this observation

Contributions. In this paper, we introduce a new algo- model can be written as

rithm, named RASL, for robustly aligning linearly corre-
lated images (or signals), despite large occlusions and cor D = Jvec(li)j¢c¢eyec(n)] = A+ E; (2
ruptions. Our solution builds on recent advances in rank where A = vec(1?) j ¢ ¢ ¢yec( r?)n 2 RMEN js a low-
minimization and formulates the batch alignment problem rank matrix that models the common linear structure in
as the solution of a sequence of convex programs. We showhe patch of images, arll = [vec(e1) j ¢ ¢ ¢yec(en)] 2

how each of these convex programs can be solved ef ciently Rm£ n is 3 matrix of large-but-sparse errors that models cor-
using modern rst-order optimization techniques, leading ryption, occlusion, shadows, and specularities etc.

to a fast, scalable algorithm that succeeds under very broad Modeling misalignment. The above model (correlated
conditions. Our algorithm can handle batches of Up to Oneimages with Sparse errors) arises in a wide Variety of ap_
hundred images in several minutes on a standard PC. Asications, and has been used with great success in auto-
we will verify with extensive experiments on real image matic face recognitionZ[5]. However, it depends critically
data, the algorithm achieves pixelwise accuracy over a widegn the assumption that the given imad@sare pixelwise
range of misalignments. We will publicly release the Mat- aligned. Even smalisalignmenbreaks the linear struc-
lab code package that has been submitted as part of the SuRure in the data, so that even if we could correct the er-
plementary material, as well as all data used in this paper. rorsE, the resulting matri¥a would still be full rank. We
Organization of the paper. The remainder of the paper can model practical misalignments as certain transforma-

is organized as follows. Sectichformulates batch image tions ¢} L..::v¢il 2 G acting on the two-dimensional



domain of the images?;:::;19, respectively. In this pa- (Section3.1). We then linearize the nonlinear equality con-
per, we assume thd® is a nite-dimensional group that straint in @) (Section3.2), yielding a sequence of convex
has a parametric representation, such as the similaritypgro programs that can be solved ef ciently via modern rst-
SE(2) £ R., the 2-D af ne group Af{2), and the planar  order optimization techniques (Secti@B). In Section4
homography grouL (3). Instead of observing the origi- we will verify the practical convergence behavior of this
nal imaged ?, we observe misaligned imagg$+ ¢; L scheme with numerous real-data examples.

When both corruption and misalignment are present, in

3.1. Convex relaxation
order to correctly recover the common low-rank structure

in the batch of images, we musimultaneously align the ~ As discussed above, the optimization problethig not
images and correct any errors in thenthis Compounded d|reCt|y tractable. One major dif Culty is the nOﬂCOﬂVQ}(lt
problem can be formalized as follows: of the matrix rank and®-norm: minimization of these func-

tions is extremely dif cult (NP-hard and hard to approxi-
mate) in the worst case. Recently, however, it was shown
that for the problem of recovering low-rank matrices from
sparse errors, as long as the rank of the matria be recov-
ered is not too high and the number of errors is not too large,
minimizing natural convex surrogate fank(A) + | kEkg

Our approach to solving this problem is conceptually canexactlyrecoverA [4].? This convex relaxation replaces
very simple. We know that if the images are well-aligned, rank(¢ wath thenuclear normor sum of the singular values:
they should exhibit good low-rank structure, up to some KAka = = 1, 5%(A), and replaces thé-normkEko with
sparse errors (say due to occlusions). We therefore searcthe "*-norm:  ; jEj j. Applying the same relaxation to
for a set of transformations = f¢;;:::; ¢éng such thatthe  the RASL problem4) yields a new optimization problem:
rank of the transformed images becomes as small as pos-  min kAks + ,kEk; st: D+¢c= A+ E:  (5)
sible, when the sparse errors are compensated for. For-  AE¢
mally, writing D + ¢, as shorthand fojvec(l; +¢;) j ¢¢¢ j  Theoretical considerations iﬂ][sugge% that the weighting
vec(l £¢)] 2 RMEN: parameter, should be of the forrC="m whereC is a

Ar.réi.? rank(A) st: D#¢= A+ E; kEko - k: (3) constant, typically set to b€ % 1. The new objective

Problem 1 (Robust Alignment of Correlated Images).
an observation consisting of corrupted and misaligned ver-

recover the imagefl °g and transformation$¢; g.!

function is non-smooth, but now continuous and convex.

Here, the'%-“norm” k ¢ kg counts the number of nonzero 3.2. Iterative linearization

entries_in the error matri. As we will see, it _is more The main remaining dif culty in solving%) is the non-
convenient to consider the Lagrangian form of this problem: linearity of the constrainD +¢ = A + E, which arises
min rank(A)+ °kEkg st: D+¢= A+ E: (4) due to the complicated dependenceDott ¢, on the trans-
AR formations¢, 2 G". When the change ip is small, we can
Here,®° > 0is a parameter that trades off the rank of the approximate this constraint by linearizing about the auirre
solution versus the sparsity of the error. We refer to this estimate of;,. Here, and below, we assume tl@ais some
problem asRobust Alignment by Sparse and Low-rank de- p-parameter group and identify=[¢; j ¢ ¢ ¢ 4,] 2 RPED
compositionRASL). with the parameterizations of all of the trgnsformatiors: F
While (4) follows naturally from our problem formu- ¢ ¢ 2 RPEN writeD £(¢+¢ ¢) YaD +¢+ i“:l Ji¢ g2l
lation, this optimization problem is not directly tractabl  whereJ; = @@avec(li +3)js=,, 2 RMEP s the Jacobian of
both rank and °-norm arenonconvex and discontinugus thei-th image with respect to the transformation parameters
and the equality constraill + ¢ = A + E is highly non- & andf 2;g denotes the standard basis Rf. This leads to
linear. In the next section, we give an effective practical a convex optimization problem in unknowAsE; ¢ ¢.:
solution to this problem, building on recent advances in al- ) .
gorithms for robust matrix rank minimizatior,[5, 17). Rul kAkot, kEky st: Dxe+  Ji¢ g% = A+ E:
3. Solution via Iterative Convex Programming = (6)
Because the linearization only holds locally, we should not
expect the solutiorg + ¢ ¢, from (6) to exactly solve %).

To nd the (local) minimum of §), we repeatedly linearize

In this section, we present a practical solution to the
RASL problem &), that works quite effectively as long as
the misalignments are not too large. We rstrelax the highly

nonconvex objective function i) to its convex surrogate 2For appropriate random matrix models, the relaxation succeben-
everrank(A) < C 1m=log(m) andkEko < C 2mn [4] for some con-
1We here consider two solutions are equivalent if they onffedby stantsC1; C2. Similar guarantees can be proved for the linearized convex
a single common transformation acting on all the images. Thisguntbi optimization to be introduced in Secti@3, but are not the main focus of

can be easily resolved in practice if we set one image as tbeerefe. this paper.



Algorithm 1 (Outer loop of RASL) Algorithm 2 (Linearized Inner Loop of RASL)

INPUT: Imagesli;:::;1n 2 RYE", initial transformations INPUT: %> 0,(A%E% ¢ (%) 2 R"EN £ RMEN £ RPEN,
é1;:1; ¢én In certain parametric grou@, weight, > 0. Sett! = t°=1;(ALEY ¢ )= (A%E ¢ 0k =1.
WHILE not convergedO _ _ WHILE not convergedO
step 1: compute Jacobian matrices w.r.t. transformation: step 1: compute proximal points:
3 A @" vec(li£3) T ... . Y& = AR+ ‘k't#(Aki Aki 1y
i @3 kvec(l; £3)ks =y’ =4, n Yé(z EX + tkitiil(Eki Eki 1)’
step 2:warp and normalize the images: Yo, =¢ ¢k + tkit%m ety
o Ly = = ; s step 2: gradient step:
Dt¢ A vec(ls £ ) T vec(ln £en) °. Gk=YKk+YKi Dx¢gi M JYk 22T
kvec(l1 + é1)ke kvec(ln £ ¢n)ke ‘ A B STel s e i
) . . . Ga=Yai %"G'p Gg =Yg %G
step 3:solve tPe linearized convex optimization: Gk, =Y, +ut L J Gz 2l
(AT E"; ¢ M) A ar%rEnig ~ kAka + , kKEk; step 3: soft-thresholding:
e " compute the reduced SVQJ; S; V) of G,ﬁ,
k+1 — T. k+1 — Ky
StD+e+ 3t s2 = A+E: AR = UToo(S)VT; EX™ = T, oy (GE);
. ¢ Jk+1 — Gk B
i=1 < ¢
B step 4: update:p
step 4: update transformationg; A ¢+ ¢ ¢°; tk+l = %+ % 1+4(t9)2; 151 —maxfo:9tk;1g;
END WHILE END WHILE
OUTPUT: solutionA®, E*, ¢ to problem ). OUTPUT: solution(A; E; ¢ ¢) to problem {), and henceq).
about our current estimate gfand solve a sequence of con- min KkAks + , KEky + £f (AE; € ¢): )

. . . AE; € ¢
vex programs of the fornsj.2 As we will see in Sectiod, ¢

as long as the initial misalignment is not too large, thisite
ation effectively recovers the correct transformatigremd
separates the low-rank structure of the batch of images from
any sparse errors or occlusions. This complete optimizatio
procedure is summarized as Algoritim

Notice that Algorithml operates on the normalized im-
agesvec(li = ¢j)=kvec(l; £ ¢i)ko, in order to rule out trivial
solutions such as zooming in on a single dark pixel.

As! & 0, the optimal solution toq) approaches the opti-
mal solution set of@).

The algorithm solves7| by forming separable quadratic
approximations to the data delity terf(A;E; ¢ ¢) at a
special sequence of points* = (Yx; YE; Y{,), conspicu-
ously chosen to achieve essentially an optimal convergence
rate for rst-order methodsl[9, 2].# At each stefk, the next
iterate(AX*1; EK*1: ¢ ;*1) is obtained as the solution to

; Y = 2. k .~k .~k 2.
3.3. Fast algorithm for the linearized inner loop a'? c-kAk“Jr’ KEkat oo k(ATE; € ¢)i (GaiGe;Ce ke

The main computational cost in Algorithihcomes in . . ®)
solving the linearized convex optimization proble6) at Hekre.:, 1k/2_ T( 0 W'”k _b? Epec_l ed below, andG* = .
each iteration. This is a semide nite program in thousands (G ’_GE ’ G¢ )= YUi Y7 fjy«. Because the_quadra_nc
or millions of variables, so scalable solutions are esaknti termin @) is separ_able,a) can be solved very ef ciently via
for its practical use. Fortunately, a recent urry of work the soft-thresholldmg operator:
on high-dimensional nuclear norm minimization has shown 72 sigh() (ixii »); jxj > »;
that such problems are well within the capabilities of a-stan Lx)= ' xj - o 9)
dard PC [.9, 20, 2, 22, 17]. In this section, we show how ’ '
one such fast rst-order method, the Accelerated Proximal The iterateEk*! is given by soft-threholding the entries of
Gradient (APG) algorithmZ, 22, 17], can be adapted to Gk, while A¥*! is given by soft-thresholding the singular
ef ciently solve (6). values ofGY. We summarize this complete procedure as

The APG approach replaces the equality constrairi)in ( Algorithm 2, whose global optimality and convergence rate
with a penalty functiorf (A;E; ¢ ¢) = %°A +Ei D= is guaranteed by Propositidn

.. n . ;. 2T 02, H H .
¢i =1 Ji®&? ¢ andinstead solves the unconstrained Proposition 1 (Global Convergence of the Inner Loop).

optimization LetLs denote the Lipschitz constantrof , which satis es
SThis kind of iterative linearization has a long history iradient algo- Ly - P 32+ ! 2) maxf 1:! 2g. (10)

rithms for batch image alignment (se&3] and references therein). More ' o

recently a similar iterative convex programming approach wapgsed 4Space precludes a more detailed discussion of the choig ;ofve

for single-to-batch image alignment in face recognitia:] [ refer the interested reader to] 2, 17].



where! = max; fk Jikz.2g9. Then if%2, L, the sequence
(AKX, EX; ¢ ¢k) generated by Algorithr2 converges to the
global optima of {) with a non-asymptotic convergence
rate of O(1=k?).

Proof. The derivation of the Lipschitz constant off is
given in the supplemental materials. The proof of conver-
gence follows from more general results i P2]. O

In our experiments, we always sgtto be equal to the
righthand side of10).

3.4. Implementation details for Algorithm 2
(i). Stopping criterion. As suggested inZ7], we termi-

4. Experiments

In this section, we demonstrate the ef cacy of RASL on
a variety of alignnbent tasks. Unless otherwise stated, we
always set = 1= m in the RASL algorithm. We rst
guantitatively verify the correctness of our algorithm on a
controlled example, and show that it outperforms state-of-
the-art methods in aligning batches of images despite-light
ing variation and occlusion. We then test our algorithm on
more realistic and challenging face images taken from the
Labeled Faces in the Wild (LFW) database][ Experi-
ments on video data and handwritten digits further demon-
strate the generality and broad applicability of our method
Finally, an example of aligning perspective images of a pla-

nate the iteration when a particular subgradient of the costnar surface demonstrates its ability to cope with more com-

function in (7),
e ¢
S 2 v (VAT HYE LYEL D | (ASES e+
rE(ASES S ) ir PO LYE LYY

is suf ciently small in magnitude. In practice, the inneofo
is terminated when

kSKke _
vamaxf 1; (kAKKZ + KEKKZ + k¢ ¢kk2)12g

", (11)

where" > 0is a prede ned tolerance. For our experiments,
we set' = 10i 6,

(ii). Improving convergence via QR decomposition of
Jacobian matrix. The Lipschitz constant of the gradient
r f, denoted ¢ , affects the speed of convergence of the al-
gorithm. In particular, the larger theg , the slower the con-
vergence. It can be seen from equatid®) thatLs depends

directly on the Jacobian matrices. Hence, it is desirable to

have Jacobian matrices with small spectral norms.

plicated deformations such as planar homographies.

(). Quantitative validation with controlled images. We
verify the correctness of the algorithm using 100 images of
a dummy head taken under varying illumination (see Fig-
ure 3 top for an example). Because the relative position be-
tween the camera and the dummy is xed, the ground truth
alignment is known.

Large region of attraction for RASL. We examine
RASL's ability to cope with varying levels of misalignment.
The task is to align the images to 80£ 60 pixel canonical
frame, in which the distance between the outer eye corners
is normalized to 50 pixefs We synthetically perturb each
of the input images by Euclidean transformatio® €
SE(2)) whose angles of rotation are uniformly distributed
inthe rangd; Ho=2; lo=2], and whose- andy-translations
are uniformly distributed in the randg Xo=2; xo=2] pixels
and[j Yo=2;yo=2] pixels, respectively.

We consider an alignment successful if theximum
difference in each individual coordinate of the eye corners

One possible strategy to achieving faster convergence isacross all pairs of images is less than one pixel in the canon-
to compute the QR factorization of the Jacobian matricesical frame. Figure2(a) shows the fraction of successes over

Ji = QiR[, and solve T) using Algorithm2 with the or-

thogonalQ;'s, in place of thel;'s. The output of the algo-
rithm in this case would bé ¢°= R;¢ ¢. This procedure
keeps the value df; small, and the originat ¢; can be
retrieved easily front ¢°.

(ii). Fast continuation techniques. As mentioned earlier,
the solution to 7) approaches the optimal solution set ©f (
as! approaches zero. It has been suggestedind2, 17]
that employing a continuation technique éncan yield

three independent trials, witlp = 0 xed and varying lev-
els of translationxg;yg. Our algorithm always correctly
aligns the images as long &g andyg are each smaller than
15 pixels, i.e30%o0f the distance between the eyes. In Fig-
ure 2(b), we x Xo = 0 and plot the fraction of successes
for varying bothy, andpp. Here, RASL successfully aligns
the given images despite translations of up to 15 pixels and
simultaneous in-plane rotation of up46*!

Comparison with [23]. We next perform a qualitative

drastically faster convergence when compared to using a@nd quantitative comparison with the two methods given in

xed 1. The continuation is carried out by monotonically
decreasing the value of the relaxation paramketevery it-
eration, until it reaches a pre-de ned lower bouhe O,
beyond which it is held constant. Although the theoreti-
cal convergence rate is stib(ki ), in practice continua-
tion signi cantly reduces the number of iterations needed
to converge. For all our experiments, we 58t= kD ko2,
and' X = maxf0:9t ki 1: 10 4g.

[23.5 While that work also minimizes a rank surrogate,
it lacks robustness to corruption and occlusion. For com-
patibility with [23], we choose the canonical frame to be

5The outer eye corners were manually chosen for one image, and th
same set of coordinates were used for all images.

SWe have actively sought implementations of other alignment auksth
such as TCA 7] and RPCA P], but at the time of preparation of this
paper had only received code far.
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Figure 2.Large region of attraction for RASL. Fraction of suc- ..........
cessful alignments for varying levels of misalignment. Transla-

tions are given as a fraction of the distance between the eyes (here,..........
50 pixels), while rotations are in degrees. (a) Translatiox amd

y directions. Allimages are correctly aligned despite simultaneous ..........
x andy translations up t80% of the eye distance. (b) Translation

in y direction and in-plane rotatiop (degrees). All images are (c) Alignment results by RASL
. o ; 0

fr?rrectlyggllgned forddestplge smultgnequ!;anslatlon 0f30% of NViearerror T Errorsid T Miax eror

e eye distance and rotation up4@-. Initial misalignment 25 1.03 4.87

[23] (direct/gradient) | 1.97/1.66 | 1.11/0.85| 5.71/4.02

49 £ 49 pixels! To each image, we apply a random Eu- RASL (this V¥0fk) | 048 |0-|23 1.07 f
clidean transformation whose angle of rotation is unifgrml (&) Statistics of errors in eye comers, calculated as ti@aces from

. - ) . the estimated eye corners to their center. Errors in eachmyéna
distributed in[j 10%;10°] and whosex- andy-translations individual coordinates are reported in the supplementargrizat

are uniformly distributed iffi 3; 3] pixels. We also synthet- Figure 3.Comparison with controlled images.(a) 10 out of 100
ically occlude a randomly chosdi2£ 12patch on 30 ofthe  jmages of a dummy head. (b) alignment by Vedaldi's methods
100 images, corresponding to rougle pixels corrupted.  [23]: direct searchof rotation and translation (top) argtadient

Figure3(a) shows 10 of the 100 perturbed and occluded descenton a full af ne transformation (bottom). (c) alignment
images. Figure(b) shows the alignment result using. by RASL:D % ¢ (top), low-rank approximatios (middle), and
Eight of the 100 are ipped upside down; some of the re- sparse errorg (bottom).

maining images are still obviously misaligned. FigG(e) iy, Aligning natural face images. We next test our algo-
shows the more visually appealing alignment produced by rithm on more challenging images taken from the Labeled
RASL (with G the similarity groupSE(2) £ R+ ). Notice  paces in the Wild (LFW) 15] dataset of celebrity images.
that RASL correctly removes the occlusions (Figé(€)  ynlike the controlled images in our previous example, these
bottom), to produce a rank 48 matrix of well-aligned im-  jmages exhibit signi cant variations in pose and facial ex-
ages (Figure3(c), middle). The table in Figurg(d) gives a  pression, in addition to illumination and occlusion.
quantitative comparison between the two algoritfingta- We obtain an initial estimate of the transformation in
tistically, RASL produces alignments within half a pixetac  g5ch image using an off-the-shelf face detector. We again
curacy, with standard deviations of less than quarter d pixe align the images to aBO£ 60 canonical frame. For this

in the recovered eye corners. The performance’&f guf- experiment we use af ne transformatio® = Aff(2) in
fers in the presence of occlusion: even with the e!ght ipped RASL. to cope with the large pose variability in LFW.
images excluded, the mean error is nearly two pixels. Since there is no ground truth for this dataset, we ver-

Speed and scalability of RASL For this example, ona  ify the good performance of RASL visually by plotting the
2.8 GHz Intel Pentium 4 machine with 1.5 GB RAM, our average face before and after a|ignment‘ FIgl,EBOWS re-
Matlab implementation of RASL requires less than 24 min- sylts for 15 celebrities from LFW, as well as Barack Obama
utes to align the 100 images of si2g8 £ 49, whereas 3] whose images were separately downloaded from the Inter-
requires over 13 hours. Later examples will show RASL net. Notice that the average face after alignment is signi -
works with much larger images. This impressive computa- cantly clearer, indicating the improved alignment achieve
tional ef ciency is a direct result of using appropriate €on  py RASL. The supplementary material contains additional
vex optimization tools for rank minimization. examples from this dataset, showing the low-rank approx-
imation obtained by RASL, and demonstrating its ability

"Due to memory limit and running time, this is the largest image size tg correct errors in those real images. This result suggests
that the code of{3] can handle_; as we W_lllsee in later experiments, RASL that RASL could potentially be very useful for improving
however has no problem scaling up to images of much larger.sizes "

the performance of current face recognition systems under

8We calculate all 100 images' eye corners for RASL but only tBe 9 >
un- ipped images for Vedaldi's{3]. less-controlled or uncontrolled conditions.
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images of the handwritten “3”, of SIZ9£ 29 pixels.

Figure6 compares the performance of RASL (using Eu-
- clidean transformatio® = E(2)) to that of [L6] and [23].

HHHHH HHEHH RASL obtains comparably good performance on this exam-

: ple, despite the fact that §] explicitly targets binary image
Eams maames
such as similarity and af ne, RASL can also be used with
and after alignment. (a) average of original images from a face 7 shows 16 images of the side of a building, taken from
formation estimation for each image to initialize the trans
o P e e 2
ol rectly aligns the windows and removes the branches occlud-
to each frame2nd row: RASL alignment resulD = ¢,; 3rd row:
ample, we demonstrate the utility of RASL for jointly align- dle more general classes of transformation groups such
the inherent imprecision of the detector, there is signitca handle. The experiments in Sectiémlemonstrate the sur-
after alignment, while the fourth row shows the sparse er- 21d image mosaicing, inpainting, super-resolution ete: Fu
ture work.
results suggest the potential of RASL as a general tool for [1] R. Basri and D. Jacobs. Lambertian re ectance and linear

alignment.
: =
HEEHH Eiﬁiu more complicated deformation models. In this example, we
detector; and (b) average of the reconstructed low-rank images.  various viewpoints by a perspective camera, and with var-
formation, and then use RASL together with a homography
............... ing them. This example suggests that RASL could be very
recovered imageA of rank 64;4th row: sparse errok. 5. Discussion and Future Work
ing the frames of a video. Figufeshows the rst 15 frames as nonrigid and nonparametric. From a theoretical stand-
jitter from frame to frame. The second row shows align- prising effectiveness and ef ciency of RASL for batch im-
ror. Notice that this error compensates for localized mo- el customizing it to best meet the needs of such spe-
refer to the supplementary material to see the entire video
video stabilization, compression, and object tracking. subspacesPAMI, 25:218-233, 2002

L |
-

(v). Aligning planar surfaces despite occlusionsWhile
the previous examples used simple transformation groups

(a) Average faces from face detectdb) Average faces after alignment demonstrate how RASL can be used to align images that

2 2.3.2 ious occlusions due to tree branches. We manually choose
bl d ot a0

transformation to correctly align them t®2Q@0£ 200 pixel

Figure 5.Stabilization of faces in the video. 1st row:frames useful for practical tasks such as image matching, mosaic-
(iii). Stabilization of faces in video. Video frames are an- One of the most important questions for future work
of a 140-frame video of Al Gore talking, obtained by ap- point, it would also be desirable to give guarantees for the
ment results by RASL, using af ne transformations. In the age alignment, and immediately suggest applications in au-
tions such as mouth movements and eye blinking that doC! ¢ @PPplication scenarios and other type of signals (e.g.
sequence — the recovered low-rank component even auto-

Figure 4.Aligning natural face images. Average faces before  differ by planar homographies (i.ec = GL(3)). Figure
three points on the image and obtain an initial af ne trans-
P P P P
canonical frame. As we can see from FigurdRASL cor-
1-15 from a 140-frame video, aligned by applying a face detector jng and inpainting.
other rich source of linearly correlated images. In this ex- 'S Now to effectively extend the RASL framework to han-
plying a face detector to each frame independently. Due to@mount of misalignment or corruption the algorithm can
third row, we show the low-rank approximation obtained tomatic face recognition, video stabilization and tragkin
not t the global motion model. We encourage the reader to speech, bioinformatic data) is an important direction tor f
matically repairs certain video compression artifacteesth ~ References
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Figure 7. Aligning planar homographies using RASL with (G = GL (3)). (a) original images from 16 views; (b) RASL alignment result
D *¢,; (c) reconstructed low-rank imag@s(of rank 7); (d) sparse errdt .
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