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A Common Setting  

A Closed-Loop Autonomous System:

model uncertainty:
deterministic,

stochastic,
adversarial…

resources:
data,

space,
computation…

agent
controller

decision maker

environment
controlled plant

dynamical system

policy
control

decision

cost
utility

reward

perception

learning

feedback

optimization

vacuuming robots, autonomous cars, video game players, 
internet advertisements, trading stocks, animals in the wild… 



A Brief (Recent) History  

Topics in Reinforcement Learning Lectures, Dimitri Bertsekas, EECS MIT, 2021



New Challenges  

Demystifying the Efficiency of Reinforcement Learning, Yuxin Chen, EE Princeton, 2021



Terminology: State Space Model

environment
controlled plant

dynamical systemOC/DP AI/RL

State and Control space:

State:
<latexit sha1_base64="a+rbaw8j26Tkox3foqnOed1bxa4=">AAACDnicbVDLSsNAFJ3UV62vqktFBkvBRSmJC3UjFN24bNE+oAlhMpm0QyeTMDMRS+jSlRt/xY0URdy6duc3+BNOHwttPXDhcM693HuPFzMqlWl+GZmFxaXllexqbm19Y3Mrv73TkFEiMKnjiEWi5SFJGOWkrqhipBULgkKPkabXuxz5zVsiJI34jerHxAlRh9OAYqS05OaLd24P2pRDO0SqixFLrwcl2IPn0CxBqwRt5kdKuvmCWTbHgPPEmpJCZX9Y+74/GFbd/KftRzgJCVeYISnblhkrJ0VCUczIIGcnksQI91CHtDXlKCTSScfvDGBRKz4MIqGLKzhWf0+kKJSyH3q6c3S0nPVG4n9eO1HBmZNSHieKcDxZFCQMqgiOsoE+FQQr1tcEYUH1rRB3kUBY6QRzOgRr9uV50jguWydls2YVKhdggizYA4fgCFjgFFTAFaiCOsDgATyBF/BqPBrPxpvxPmnNGNOZXfAHxscPtx6drw==</latexit>

xk 2 S, k = 0, 1, . . .

Control: 

<latexit sha1_base64="qfL757EJz6rWUOuALN5G7IsTQ6E=">AAACAXicbVDLSsNAFJ3UV62vqBtBkcEiuJCSuFCXRTcuWzRtoQ1lMp20QyeTMDMRSogb8U/cuFDEVcG/cOc3+BNO2iLaemDgzDn3cu89XsSoVJb1aeTm5hcWl/LLhZXVtfUNc3OrJsNYYOLgkIWi4SFJGOXEUVQx0ogEQYHHSN3rX2Z+/ZYISUN+owYRcQPU5dSnGCkttc2dVoBUDyOWXKfH8OfjpG2zaJWsEeAssSekWN4bVr8e9oeVtvnR6oQ4DghXmCEpm7YVKTdBQlHMSFpoxZJECPdRlzQ15Sgg0k1GF6TwUCsd6IdCP67gSP3dkaBAykHg6cpsRTntZeJ/XjNW/rmbUB7FinA8HuTHDKoQZnHADhUEKzbQBGFB9a4Q95BAWOnQCjoEe/rkWVI7KdmnJatqF8sXYIw82AUH4AjY4AyUwRWoAAdgcAcewTN4Me6NJ+PVeBuX5oxJzzb4A+P9G3L/mpg=</latexit>

S,U

<latexit sha1_base64="miZ8Ueoa3FHfoIv1Iew1YyuwMXI=">AAACDnicbVC7SgNBFJ2NrxhfUUtFBkPAIoRdC7URgjaWCZgHZEOYnZ1NhszOLDOzQlhSWtn4KzYSFLG1tvMb/AlnkxSaeODC4Zx7ufceL2JUadv+sjJLyyura9n13Mbm1vZOfnevoUQsMaljwYRseUgRRjmpa6oZaUWSoNBjpOkNrlO/eUekooLf6mFEOiHqcRpQjLSRuvli3B1Al3Lohkj3MWJJfVSCA3gJ7RJ0StBlvtCqmy/YZXsCuEicGSlUDse17/ujcbWb/3R9geOQcI0ZUqrt2JHuJEhqihkZ5dxYkQjhAeqRtqEchUR1ksk7I1g0ig8DIU1xDSfq74kEhUoNQ890pkereS8V//PasQ4uOgnlUawJx9NFQcygFjDNBvpUEqzZ0BCEJTW3QtxHEmFtEsyZEJz5lxdJ47TsnJXtmlOoXIEpsuAAHIMT4IBzUAE3oArqAIMH8ARewKv1aD1bb9b7tDVjzWb2wR9YHz+1VJ2u</latexit>

uk 2 U , k = 0, 1, . . .

State and Action space:

State: 

Action: 

<latexit sha1_base64="bOBfzWtKX2HfQRnza9iPUSQ7r58=">AAACAXicbVDLSgMxFL1TX7W+Rt0IigSL4ELKjAt1WXXjskX7gHYomTStoZkHSUYow7gR/8SNC0VcFfwLd36DP2GmLaKtBwIn59zLvfe4IWdSWdankZmZnZtfyC7mlpZXVtfM9Y2qDCJBaIUEPBB1F0vKmU8riilO66Gg2HM5rbm9i9Sv3VIhWeBfq35IHQ93fdZhBCsttcytpofVDcE8vkoO0c/nLGmZeatgDYGmiT0m+eLOoPz1sDsotcyPZjsgkUd9RTiWsmFboXJiLBQjnCa5ZiRpiEkPd2lDUx97VDrx8IIE7WuljTqB0M9XaKj+7oixJ2Xfc3VluqKc9FLxP68Rqc6pEzM/jBT1yWhQJ+JIBSiNA7WZoETxviaYCKZ3ReQGC0yUDi2nQ7AnT54m1aOCfVywyna+eA4jZGEb9uAAbDiBIlxCCSpA4A4e4RlejHvjyXg13kalGWPcswl/YLx/A1SbmoQ=</latexit>

S,A
<latexit sha1_base64="Y35Eu4i5GT24HlmrsnpFu7AGHu4=">AAACDnicbVC7SgNBFJ31GeNr1VKRwRCwCGHXQm2EoI1lguYB2RBmJ5NkyOzsMnNXCEtKKxt/xUaCIrbWdn6DP+HkUWjigQuHc+7l3nv8SHANjvNlLSwuLa+sptbS6xubW9v2zm5Fh7GirExDEaqaTzQTXLIycBCsFilGAl+wqt+7GvnVO6Y0D+Ut9CPWCEhH8janBIzUtLO6CdjjEnsBgS4lIrkZ5DDgC+zksJvDnmiFoJt2xsk7Y+B54k5JpnAwLH3fHw6LTfvTa4U0DpgEKojWddeJoJEQBZwKNkh7sWYRoT3SYXVDJQmYbiTjdwY4a5QWbofKlAQ8Vn9PJCTQuh/4pnN0tJ71RuJ/Xj2G9nkj4TKKgUk6WdSOBYYQj7LBLa4YBdE3hFDFza2YdokiFEyCaROCO/vyPKmc5N3TvFNyM4VLNEEK7aMjdIxcdIYK6BoVURlR9ICe0At6tR6tZ+vNep+0LljTmT30B9bHD8vXnbw=</latexit>

st 2 S, t = 0, 1, . . .

<latexit sha1_base64="CSYkap0QMzZkdW1KvsSQZFrrZMw=">AAACDnicbVC7SgNBFJ31GeNr1VKRwRCwCGHXQm2EqI1lAuYB2RBmJ5NkyOzsMnNXCEtKKxt/xUaCIrbWdn6DP+HkUWjigQuHc+7l3nv8SHANjvNlLSwuLa+sptbS6xubW9v2zm5Fh7GirExDEaqaTzQTXLIycBCsFilGAl+wqt+7HvnVO6Y0D+Ut9CPWCEhH8janBIzUtLOkCdjjEnsBgS4lIrkc5DDgC+zksJvDnmiFoJt2xsk7Y+B54k5JpnAwLH3fHw6LTfvTa4U0DpgEKojWddeJoJEQBZwKNkh7sWYRoT3SYXVDJQmYbiTjdwY4a5QWbofKlAQ8Vn9PJCTQuh/4pnN0tJ71RuJ/Xj2G9nkj4TKKgUk6WdSOBYYQj7LBLa4YBdE3hFDFza2YdokiFEyCaROCO/vyPKmc5N3TvFNyM4UrNEEK7aMjdIxcdIYK6AYVURlR9ICe0At6tR6tZ+vNep+0LljTmT30B9bHD5FpnZg=</latexit>

at 2 A, t = 0, 1, . . .

Dynamical System:

<latexit sha1_base64="cNUWrp94TOWVUsovzPLhVTCC4n4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDC1CpVISF+pGCLpxWcE+oC1hMp20QyYPZibaEApu/AO/wY0LRdz6E+76N07aLrT1wL0czrmXmXuciFEhDWOs5ZaWV1bX8uuFjc2t7R19d68hwphjUschC3nLQYIwGpC6pJKRVsQJ8h1Gmo53nfnNe8IFDYM7mUSk66N+QF2KkVSSrR8M7dSrmCN4Cd3y0PZOYJy1B9s7tvWSUTUmgIvEnJGSVexUnsdWUrP1704vxLFPAokZEqJtGpHspohLihkZFTqxIBHCHuqTtqIB8onoppMbRvBIKT3ohlxVIOFE/b2RIl+IxHfUpI/kQMx7mfif146le9FNaRDFkgR4+pAbMyhDmAUCe5QTLFmiCMKcqr9CPEAcYaliK6gQzPmTF0njtGqeVY1bs2RdgSny4BAUQRmY4BxY4AbUQB1g8AhewBt41560V+1D+5yO5rTZzj74A+3rByLPmOQ=</latexit>

xk+1 = f(xk, uk, wk)

MDP Transition (or simulation): 
<latexit sha1_base64="LyYmAqQZI3JK024vApGY6E0Gi1s=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM7QIlUpJXKgbIejGZQX7gDaEyXTSDplMwsxEWkLBj/AH3LhQxK3f4a5/4/Sx0NYDFw7n3Mu99/gJo1JZ1tjIrayurW/kNwtb2zu7e+b+QUPGqcCkjmMWi5aPJGGUk7qiipFWIgiKfEaafng78ZuPREga8wc1TIgboR6nAcVIackzjwZeFlbsEbyGQXnghWcw9cJTzyxZVWsKuEzsOSk5xU7leewMa5753enGOI0IV5ghKdu2lSg3Q0JRzMio0EklSRAOUY+0NeUoItLNpueP4IlWujCIhS6u4FT9PZGhSMph5OvOCKm+XPQm4n9eO1XBlZtRnqSKcDxbFKQMqhhOsoBdKghWbKgJwoLqWyHuI4Gw0okVdAj24svLpHFetS+q1r1dcm7ADHlwDIqgDGxwCRxwB2qgDjDIwAt4A+/Gk/FqfBifs9acMZ85BH9gfP0A6uSXJQ==</latexit>

xk+1 = f(xk, uk) <latexit sha1_base64="wWDKElbCarRtbiI04m33Xz1sGhQ="></latexit>

Tijk = p(st+1 = i | st = j, at = k)
stochastic

Output/observation (feature): Observation (feature): 
<latexit sha1_base64="etJzhtWPSNoSuTni9rMymA2KB+o=">AAAB9XicbVDLSsNAFJ34rPVVdelmaBEqQklcqMugG5cV7AOaGCaTSTt08mDmRgmhf+HCjQtF3Pov7vo3Th8LbT1w4XDOvdx7j58KrsA0x8bK6tr6xmZpq7y9s7u3Xzk4bKskk5S1aCIS2fWJYoLHrAUcBOumkpHIF6zjD28mfueRScWT+B7ylLkR6cc85JSAlh7SeuKBE/EAKw9OvUrNbJhT4GVizUnNrjpnz2M7b3qVbydIaBaxGKggSvUsMwW3IBI4FWxUdjLFUkKHpM96msYkYsotpleP8IlWAhwmUlcMeKr+nihIpFQe+bozIjBQi95E/M/rZRBeuQWP0wxYTGeLwkxgSPAkAhxwySiIXBNCJde3YjogklDQQZV1CNbiy8ukfd6wLhrmnVWzr9EMJXSMqqiOLHSJbHSLmqiFKJLoBb2hd+PJeDU+jM9Z64oxnzlCf2B8/QDhmpUW</latexit>

p(ot | st)
<latexit sha1_base64="hfuM4/nR4n9Z6/B34yh32pieAVA=">AAACAHicbVDLSsNAFJ3UV62vqAsXboYWoVIpiQt1IwTduKxgH9CGMJlO2iGTSZiZiCF04zf4B25cKOLWz3DXv3H6WGj1wIXDOfdy7z1+wqhUljU2CkvLK6trxfXSxubW9o65u9eScSowaeKYxaLjI0kY5aSpqGKkkwiCIp+Rth9eT/z2PRGSxvxOZQlxIzTgNKAYKS155kHmhfASDqsPXngCUy88hjXIvdAzK1bdmgL+JfacVJxyr/Y0drKGZ371+jFOI8IVZkjKrm0lys2RUBQzMir1UkkShEM0IF1NOYqIdPPpAyN4pJU+DGKhiys4VX9O5CiSMot83RkhNZSL3kT8z+umKrhwc8qTVBGOZ4uClEEVw0kasE8FwYplmiAsqL4V4iESCCudWUmHYC++/Je0Tuv2Wd26tSvOFZihCA5BGVSBDc6BA25AAzQBBiPwDF7Bm/FovBjvxsestWDMZ/bBLxif37qal4s=</latexit>

yk = h(xk, uk) + nk

stochastic



Terminology: Optimization Objective  

AI/RL

Cost: Reward:
<latexit sha1_base64="ku9NymaToP4Rws/YrWRD4GC47Wk=">AAACBHicbVDLSsNAFJ3UV62vqMtuhhahopTEhboMunFZxT6gCWEynbRDJ5MwMxFL6MKNX+A/uHGhiFs/wl3/xknrQlsPXDiccy/33hMkjEplWROjsLS8srpWXC9tbG5t75i7ey0ZpwKTJo5ZLDoBkoRRTpqKKkY6iSAoChhpB8PL3G/fESFpzG/VKCFehPqchhQjpSXfLPdr9/7wGKb+8BC6lEM3QmoQBNnNGPpm1apbU8BFYv+QqlNxj54mzqjhm19uL8ZpRLjCDEnZta1EeRkSimJGxiU3lSRBeIj6pKspRxGRXjZ9YgwPtNKDYSx0cQWn6u+JDEVSjqJAd+YnynkvF//zuqkKz72M8iRVhOPZojBlUMUwTwT2qCBYsZEmCAuqb4V4gATCSudW0iHY8y8vktZJ3T6tW9d21bkAMxRBGVRADdjgDDjgCjRAE2DwAJ7BK3gzHo0X4934mLUWjJ+ZffAHxuc34uiZ9g==</latexit>

g(xk, uk) 2 R
<latexit sha1_base64="ewPpzlx4diBsK5/SRP5Wwm5REVM=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZphgQhooRdC7UM2lhGMQ/IhmV2MkmGzM4uM3eFsKSw8Qv8BxsLRWz9CLv8jZNHoYkHLhzOuZd77wliwTU4ztjKrKyurW9kN3Nb2zu7e/b+QV1HiaKsRiMRqWZANBNcshpwEKwZK0bCQLBGMLie+I0HpjSP5D0MY9YOSU/yLqcEjOTbeVXSPpxi4sMx9rjEXkigHwTp3Qj7dtEpO1PgZeLOSbFS8E6ex5Vh1be/vU5Ek5BJoIJo3XKdGNopUcCpYKOcl2gWEzogPdYyVJKQ6XY6fWKEj4zSwd1ImZKAp+rviZSEWg/DwHROTtSL3kT8z2sl0L1sp1zGCTBJZ4u6icAQ4UkiuMMVoyCGhhCquLkV0z5RhILJLWdCcBdfXib1s7J7XnZu3WLlCs2QRXlUQCXkogtUQTeoimqIokf0gt7Qu/VkvVof1uesNWPNZw7RH1hfP+mBmfo=</latexit>

r(st, at) 2 R

Total cost function: Total reward (return):
<latexit sha1_base64="u5aWemrLlKxObD3AYmvUSEMznHw="></latexit>

J(s1; a1, . . . , aT ) =
1
T

PT
t=1 E[r(st, at)]

<latexit sha1_base64="rji+PiBZWZaiorggOV627j5UCW4="></latexit>

J(x0;u0, . . . , uN ) =
NX

k=0

g(xk, uk)

Value function (minimal cost to go): Value function (maximal return):
<latexit sha1_base64="Wch9g+JlCkwnyzQGjk+jxNmiSrQ="></latexit>

J⇤(x0) = min
u(·)

NX

k=0

g(xk, u(xk, k))

<latexit sha1_base64="WzA8MOjsEQQUACMUIIZvCUjYe4E="></latexit>

V ?(s1) = max
⇡(·)

1

T

TX

t=1

E⇡[r(st, at)]

policy
control

decision

Control law: Policy:
<latexit sha1_base64="+f2PxQeaePn0JIq+eVlVBeGKC7k=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQFcKuhQppgjaWEcwDsnGZnUySIbMPZu4Ky5J/sNBfsbFQxNbGLn/j5FGYxAMXDufcy733eJHgCixrZGRWVtfWN7Kbua3tnd09c/+grsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIY3uBn7jUcmFQ+De0gi1vZJL+BdTgloyTVPnYgXiQuOzztYuXBSdspYaw+OAiLnHNcsWCVrArxM7BkpVPLO2fOoklRd88fphDT2WQBUEKVathVBOyUSOBVsmHNixSJCB6THWpoGxGeqnU5+GuJjrXRwN5S6AsAT9e9ESnylEt/TnT6Bvlr0xuJ/XiuG7lU75UEUAwvodFE3FhhCPA4Id7hkFESiCaGS61sx7RNJKOgYczoEe/HlZVI/L9kXJevOLlSu0RRZdITyqIhsdIkq6BZVUQ1R9IRe0Tv6MF6MN+PT+Jq2ZozZzCGag/H9C17aoDI=</latexit>

⇡(at | st); ⇡?(at | st)
<latexit sha1_base64="VJXh3SMz05u2iyUQagcVYxhUexI="></latexit>

p((st+1, at+1) | (st, at)) =
p(st+1 | st, at)⇡(at+1 | st+1)

<latexit sha1_base64="/7v1hhTC0uDVSA+gihEPCOSffiw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGqi5KIqNBN0Y3LCvYBbQyT6aQdOpmEeYih1F9x40IRt36IO//GaZqFth64cOace5l7T5AwKpXjfFtLyyura+uFjeLm1vbOrr2335KxFpg0ccxi0QmQJIxy0lRUMdJJBEFRwEg7GF1P/fYDEZLG/E6lCfEiNOA0pBgpI/l2SVce/dFxDfZqUN+fZA/fLjtVJwNcJG5OyiBHw7e/ev0Y64hwhRmSsus6ifLGSCiKGZkUe1qSBOERGpCuoRxFRHrjbPkJPDJKH4axMMUVzNTfE2MUSZlGgemMkBrKeW8q/ud1tQovvTHliVaE49lHoWZQxXCaBOxTQbBiqSEIC2p2hXiIBMLK5FU0IbjzJy+S1mnVPa86t2fl+lUeRwEcgENQAS64AHVwAxqgCTBIwTN4BW/Wk/VivVsfs9YlK58pgT+wPn8ADeGTGA==</latexit>

u(xk); u
⇤(xk)

<latexit sha1_base64="d4ksy1c+TGRn4zxTShMCvA3lpoA=">AAACGnicbZDLSsNAFIYn9VbjLerSzWCxtCglEVE3QtGNywr2Am0Jk+mkHTK5MDORltDncOOruHGhiDtx49s4SYNo9cAwH/9/DjPndyJGhTTNT62wsLi0vFJc1dfWNza3jO2dlghjjkkThyzkHQcJwmhAmpJKRjoRJ8h3GGk73lXqt+8IFzQMbuUkIn0fDQPqUoykkmzDKo/txDu0pvACupWx7R3BOL2q1V5PL8ffXipmXLWNklkzs4J/wcqhBPJq2MZ7bxDi2CeBxAwJ0bXMSPYTxCXFjEz1XixIhLCHhqSrMEA+Ef0kW20KD5QygG7I1QkkzNSfEwnyhZj4jur0kRyJeS8V//O6sXTP+wkNoliSAM8ecmMGZQjTnOCAcoIlmyhAmFP1V4hHiCMsVZq6CsGaX/kvtI5r1mnNvDkp1S/zOIpgD+yDCrDAGaiDa9AATYDBPXgEz+BFe9CetFftbdZa0PKZXfCrtI8vij+ddA==</latexit>

xk+1 = f(xk, u(xk))

uk+1 = u(xk+1)

OC/DP



Principle of (Path) Optimality  

Dido of Carthage…, Euler, Lagrange, Newton, Hamilton, Jacobi, Pontryagin, Bellman, Ford, Kalman

Principle of Optimality (Richard Bellman’54):
An optimal path has the property that any subsequent portion is optimal.

<latexit sha1_base64="XMfCuaTAgBkBo5NZZWcYGyOSVuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+i6t6dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEL0o2k</latexit>x0
<latexit sha1_base64="WLk1sqBzfLwiH6xVt1Dsf/GgcpY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFL6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU391gPXRsTqHscJ9yM6UCIUjKKV7h57N71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjhZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3VnVvTyu1yzyOIhzAIRyDB+dQg2uoQwMYDOAJXuDVkc6z8+a8z1sLTj6zD7/gfHwDOUqNwg==</latexit>xN

<latexit sha1_base64="sAodhMi01fAKGWb7vBDT6kRs0xw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Tv9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAHQI2h</latexit>u0
<latexit sha1_base64="uMyNSO8Rm+mb9o5bJoMoDMnKT2c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIxI2i</latexit>u1

<latexit sha1_base64="XTVJXSBmBMSceGZnCjsNf6W7N0o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZde8vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAKSI2j</latexit>u2
<latexit sha1_base64="RGCEeDxrKV8+2z8eCSs4gCXWCrc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FL56kgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1Ep72f2ZN+mVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuG1nwmVpMgVmy8KU0kwJtPfSV9ozlCOLaFMC3srYUOqKUObUMmG4C2+vEya51Xvsuo+XFRqN3kcRTiCYzgFD66gBndQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kD1YuPPQ==</latexit>uN�1

<latexit sha1_base64="8ATAUNI/dPxewQTg9afA3TLl8gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRF1GPRiyepYD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKrbSX3Z9XJ71S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEya1Yp3WXEfLsq1mzyOAhzDCZyBB1dQgzuoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kD1xCPPg==</latexit>uN�2
<latexit sha1_base64="OoQH+737ibEY7dykyijX7jehIZI=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0EqtnogUmn6l6tW8Gdxl4hekCgUa/cpXL1I0S5hEKogxXd9LMciJRk4Fm5R7mWEpoSMyYF1LJUmYCfLZtRP31CqRGyttS6I7U39P5CQxZpyEtjMhODSL3lT8z+tmGF8HOZdphkzS+aI4Ey4qd/q6G3HNKIqxJYRqbm916ZBoQtEGVLYh+IsvL5PWec2/rHn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNUc6L8+58zFtXnGLmCP7A+fwBvcWPPQ==</latexit>. . .

<latexit sha1_base64="F+HinqYVEWRdP7imRM1NhXxuG8I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUD2VXRD0WvYinCvYD2rVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwdXYbzxSpZkUd2YYUz/CPcFCRrCxUvPm/rj01HGPOoWiW3YnQPPEy0gRMlQ7ha92V5IkosIQjrVueW5s/BQrwwino3w70TTGZIB7tGWpwBHVfjq5d4QOrdJFoVS2hEET9fdEiiOth1FgOyNs+nrWG4v/ea3EhBd+ykScGCrIdFGYcGQkGj+PukxRYvjQEkwUs7ci0scKE2MjytsQvNmX50n9pOydld3b02LlMosjB/twACXw4BwqcA1VqAEBDs/wCm/Og/PivDsf09YFJ5vZgz9wPn8AhEuO+Q==</latexit>

J⇤(x0)

<latexit sha1_base64="dnharei+qEnZ/fR7iqaT/bAxO1g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBaheiiJinosehFPFewHtLFstpt26WYTdzdiCP0TXjwo4tW/481/47bNQVsfDDzem2FmnhdxprRtf1u5hcWl5ZX8amFtfWNzq7i901BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7wa+81HKhULxZ1OIuoGuC+YzwjWRmrd3B+Vn7onh91iya7YE6B54mSkBBlq3eJXpxeSOKBCE46Vajt2pN0US80Ip6NCJ1Y0wmSI+7RtqMABVW46uXeEDozSQ34oTQmNJurviRQHSiWBZzoDrAdq1huL/3ntWPsXbspEFGsqyHSRH3OkQzR+HvWYpETzxBBMJDO3IjLAEhNtIiqYEJzZl+dJ47jinFXs29NS9TKLIw97sA9lcOAcqnANNagDAQ7P8Apv1oP1Yr1bH9PWnJXN7MIfWJ8/iNqO/A==</latexit>

J⇤(x3)
850 BC 1960 AC

Dynamical Programming: A “Fixed-Point” Type Algorithm

<latexit sha1_base64="73rAHp05sCVpDk4LsBB84CjK7Zc="></latexit>

T (J)(x) = min
u

⇥
g(x, u) + J(f(x, u))

⇤<latexit sha1_base64="0p6quKbu/iAb1HZl67xfneE00XM=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWobooiYi6EYpuxFWFvqCNZTKdtEMnD2YmQgnZ+CtuXCji1s9w5984abPQ6oFhDufcy733uBFnUlnWl1FYWFxaXimultbWNza3zO2dlgxjQWiThDwUHRdLyllAm4opTjuRoNh3OW274+vMbz9QIVkYNNQkoo6PhwHzGMFKS31zr+djNSKYJ420cnt/fIQukf5Q3yxbVWsK9JfYOSlDjnrf/OwNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk0wPSNGhVgbIC4V+gUJT9WdHgn0pJ76rK7N15byXif953Vh5F07CgihWNCCzQV7MkQpRlgYaMEGJ4hNNMBFM74rICAtMlM6spEOw50/+S1onVfusat2dlmtXeRxF2IcDqIAN51CDG6hDEwik8AQv8Go8Gs/Gm/E+Ky0Yec8u/ILx8Q3t7JSq</latexit>

T (J⇤) = J⇤Bellman Operator: with

<latexit sha1_base64="JcpMeQTWXM1ePMESY8//nYcuajk="></latexit>

J⇤(xk) = min
uk

⇥
g(xk, uk) + J⇤(f(xk, uk)| {z }

xk+1

)
⇤
, 8xk



Value Function versus Q-Function  

Value function and Q-function:

(many, many, many different ways to learn and solve them, depending on…)

OC/DP AI/RL

<latexit sha1_base64="gvngicqIZEoFnfXmMPUr343Kif4=">AAACUXicbZFNSxxBEIZrx+/V6GqOXhqXgCayzISggghiLuJJIavCzmTo6a3ZbbanZ+gPcRnmL3qIJ/+HlxwS7FkXNJqChpen3qK6304KwbXx/YeGNzM7N7+wuNRcXvmwutZa37jUuVUMuywXubpOqEbBJXYNNwKvC4U0SwReJaPvdf/qBpXmufxhxgVGGR1InnJGjUNxa3j28/P2bTzaIUckzLiMSxuPqtDKPqpEUYZlmPBBjwxq0y6xtfMLqYfSF7JTe6IqLi9eWLUbHpIwzRUVgjgat9p+x58UeS+CqWjDtM7j1q+wnzOboTRMUK17gV+YqKTKcCawaoZWY0HZiA6w56SkGeqonCRSkU+O9Inb7o40ZEJfT5Q003qcJc6ZUTPUb3s1/F+ vZ016EJVcFtagZM+LUiuIyUkdL+lzhcyIsROUKe7uStiQuiCN+4SmCyF4++T34vJrJ9jr+Bff2scn0zgWYRO2YBsC2IdjOIVz6AKDO3iEP/C3cd/47YHnPVu9xnTmI/xT3vIThW6wvA==</latexit>

J⇤(xk) = min
uk

⇥
g(xk, uk) + J⇤(f(xk, uk))

⇤
| {z }

Q(xk,uk)

, 8xk

-- model free

In practice, states can be replaced by observations or “features” to relate to control or action.

<latexit sha1_base64="t/9io6qaPHt5LuaaCPeCqibD4iA="></latexit>

V ?(st) = max
⇡

E⇡

⇥
p(st+1 | st, at)| {z }

T

[r(st, at) + V ?(st+1)]| {z }
Q(st,at)

⇤
, 8st

Given the value or Q-function, the optimal control/policy and path:

<latexit sha1_base64="QncCzP9YVAdKQpN6j+yKCk/XMJ4="></latexit>

u⇤
k = argmin

uk

⇥
g(x⇤

k, uk) + J⇤(f(x⇤
k, uk))

⇤
| {z }

Q(x⇤
k,uk)

,

x⇤
k+1 = f(x⇤

k, u
⇤
k)

<latexit sha1_base64="SUMJlpq/XUvZ1a4dEyR+MUnRiJ4="></latexit>

⇡?(st) = argmax
at

Q(st, at)

p(st+1 | st,⇡?(st))



The Closed-Loop (Autonomous) System: Formal 

agent
controller

decision maker

environment
controlled plant

dynamical system

policy
control

decision

cost
utility

reward

perception/sampling/exploration

learning

feedback

optimization

<latexit sha1_base64="vUFKkD5NsnrdYiQAyVuaxpOW/RI="></latexit>

xk+1 = f✓(xk, uk)

p✓(st+1 | st, at)

<latexit sha1_base64="LEZzinslSvl2ft+iExuM9ZZh16E=">AAACBHicbVDLSgNBEJz1GeNr1WMug8GQQAi7Iuox6MVjBPOAZFlmJ7PJkNnZZaZXDCEHL/6KFw+KePUjvPk3Th4HTSxoKKq66e4KEsE1OM63tbK6tr6xmdnKbu/s7u3bB4cNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgeuI375nSPJZ3MEyYF5Ge5CGnBIzk27lCr/jgD8o49QelTidbUEXtQxkTH0q+nXcqzhR4mbhzkkdz1Hz7q9ONaRoxCVQQrduuk4A3Igo4FWyc7aSaJYQOSI+1DZUkYtobTZ8Y4xOjdHEYK1MS8FT9PTEikdbDKDCdEYG+XvQm4n9eO4Xw0htxmaTAJJ0tClOBIcaTRHCXK0ZBDA0hVHFzK6Z9oggFk1vWhOAuvrxMGqcV97zi3J7lq1fzODIoh45REbnoAlXRDaqhOqLoET2jV/RmPVkv1rv1MWtdseYzR+gPrM8fIWGV2g==</latexit>

g(xk, uk)

r(st, at)

<latexit sha1_base64="OxaOK11mQzV35ijPr39iFfvAOjM=">AAACNHicbVDLSgMxFM3UV62vqks3waJUKGVGRAU3RTeCmwq2Cp0yZNK0DZOZDMkdaRn6UW78EDciuFDErd9g+lDUeiBwOOdcbu7xY8E12PaTlZmZnZtfyC7mlpZXVtfy6xt1LRNFWY1KIdWNTzQTPGI14CDYTawYCX3Brv3gbOhf3zKluYyuoB+zZkg6EW9zSsBIXv5it9jzghJOvGDPPcFu6MteKtXA8GL/23Bzu0XtQQkTD6Zi8svw8gW7bI+Ap4kzIQU0QdXLP7gtSZOQRUAF0brh2DE0U6KAU8EGOTfRLCY0IB3WMDQiIdPNdHT0AO8YpYXbUpkXAR6pPydSEmrdD32TDAl09V9vKP7nNRJoHzdTHsUJsIiOF7UTgUHiYYO4xRWjIPqGEKq4+SumXaIIBdNzzpTg/D15mtT3y85h2b48KFROJ3Vk0RbaRkXkoCNUQeeoimqIojv0iF7Qq3VvPVtv1vs4mrEmM5voF6yPT4cup8U=</latexit>

(xk, uk) or (yk, uk)

(st, at) or (ot, at)

<latexit sha1_base64="7SufyX5sp7FSIdQxVHPxpmcslQU="></latexit>

û(x) = argmin
u

Q̂(x, u)

⇡̂(a | s) argmax
a

Q̂(s, a)

<latexit sha1_base64="B0VWqRgAAhNaOpzaby6AKZRefbE=">AAACB3icbVDLSsNAFJ3UV42vqEtBBovSQimJiLosunHZgn1AE8pkOmmHTiZhZiKW0J0bf8WNC0Xc+gvu/BunbRBtPXDhzDn3MvceP2ZUKtv+MnJLyyura/l1c2Nza3vH2t1ryigRmDRwxCLR9pEkjHLSUFQx0o4FQaHPSMsfXk/81h0Rkkb8Vo1i4oWoz2lAMVJa6lqHJ+4AqbQ+Lt6Xk5Lrmj9vWYao1LUKdsWeAi4SJyMFkKHWtT7dXoSTkHCFGZKy49ix8lIkFMWMjE03kSRGeIj6pKMpRyGRXjq9YwyPtdKDQSR0cQWn6u+JFIVSjkJfd4ZIDeS8NxH/8zqJCi69lPI4UYTj2UdBwqCK4CQU2KOCYMVGmiAsqN4V4gESCCsdnalDcOZPXiTN04pzXrHrZ4XqVRZHHhyAI1AEDrgAVXADaqABMHgAT+AFvBqPxrPxZrzPWnNGNrMP/sD4+AYZz5eJ</latexit>

Q̂(x, u)

Q̂(s, a)

<latexit sha1_base64="YoSRv43VPZdxMAxy94Q52wImKGA=">AAACAnicbVBNS8NAEN3Urxq/op7ES7Ao7aUkIuqx6EU8VbCt0ISy2W7bpZtN2J2IJQQv/hUvHhTx6q/w5r9x2+agrQ8G3r43w868IOZMgeN8G4WFxaXlleKquba+sbllbe80VZRIQhsk4pG8C7CinAnaAAac3sWS4jDgtBUML8d+655KxSJxC6OY+iHuC9ZjBIOWOtbekTfAkF5n5YeK55nTVzMrq0rHKjlVZwJ7nrg5KaEc9Y715XUjkoRUAOFYqbbrxOCnWAIjnGamlygaYzLEfdrWVOCQKj+dnJDZh1rp2r1I6hJgT9TfEykOlRqFge4MMQzUrDcW//PaCfTO/ZSJOAEqyPSjXsJtiOxxHnaXSUqAjzTBRDK9q00GWGICOjVTh+DOnjxPmsdV97Tq3JyUahd5HEW0jw5QGbnoDNXQFaqjBiLoET2jV/RmPBkvxrvxMW0tGPnMLvoD4/MHNVCWBw==</latexit>

Ĵ(x)

V̂ (s)



From Principle to Computation!

Optimal Control and the Linear Quadratic Regulator, notes by Sastry, Laine, Tomlin

Closed-form versus numerical solution (simulation & optimization)

Optimal value function:

Optimal control/policy: 

Optimal Q-function:

System/model identification:

OC/DP AI/RL
What to Compute, and How?

<latexit sha1_base64="ltRdmBFOCxFeRrfrGAqxIMLDk+8="></latexit>

J⇤(xk) = min
uk

⇥
xT
kQxk + uT

kRuk + J⇤(Axk+1 +Buk)
⇤

LQR: 

The Riccati equation (Kalman Filter ’60): 

(or )
<latexit sha1_base64="VK8bmvgw0sM+ZvI0a29nEsgABUU=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFakJKIqOCm6MZlBfuAJpbJZNIOncmEmYkQSvdu/BU3LhRx6w+482+ctllo64ELh3Pu5d57goRRpR3n21paXlldWy9sFDe3tnd27b39lhKpxKSJBROyEyBFGI1JU1PNSCeRBPGAkXYwvJ747QciFRXxnc4S4nPUj2lEMdJG6tml9N5TGslKVj2G3iX0EpoLCHqchlBUe3bZqTlTwEXi5qQMcjR69pcXCpxyEmvMkFJd10m0P0JSU8zIuOiliiQID1GfdA2NESfKH01/GcMjo4QwEtJUrOFU/T0xQlypjAemkyM9UPPeRPzP66Y6uvBHNE5STWI8WxSlDGoBJ8HAkEqCNcsMQVhScyvEAyQR1ia+ognBnX95kbROau5Zzbk9Ldev8jgK4BCUQAW44BzUwQ1ogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnD2FkmVo=</latexit>

u?(y), ⇡?(a | o)

<latexit sha1_base64="ZhqewswUFLeR6tNQLDAw5Gn/ZSo=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoOQSAgzIuox6MVjAmaBzCTUdDpJk57F7h4xDLl58Ve8eFDEq7/gzb+xsxw08UHB470qqup5EWdSWda3kVpaXlldS69nNja3tnfM3b2aDGNBaJWEPBQNDyTlLKBVxRSnjUhQ8D1O697geuzX76mQLAxu1TCirg+9gHUZAaWltnlYaZ3kHgo4zhewcxdDB1dajlQgcrKAId82s1bRmgAvEntGsmiGctv8cjohiX0aKMJByqZtRcpNQChGOB1lnFjSCMgAerSpaQA+lW4y+WOEj7XSwd1Q6AoUnqi/JxLwpRz6nu70QfXlvDcW//OasepeugkLoljRgEwXdWOOVYjHoeAOE5QoPtQEiGD6Vkz6IIAoHV1Gh2DPv7xIaqdF+7xoVc6ypatZHGl0gI5QDtnoApXQDSqjKiLoET2jV/RmPBkvxrvxMW1NGbOZffQHxucPE+2W6A==</latexit>

Q⇤(x, u), Q?(s, a)
<latexit sha1_base64="5qlxrbUTgPYiR2sTDWUkkNX460k=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUFIRMKMiHoMevEYwSyQmYSank7SpGexu0cMQ85e/BUvHhTx6hd482/sLAdNfFDweK+KqnpezJlUlvVtZBYWl5ZXsqu5tfWNzS1ze6cmo0QQWiURj0TDA0k5C2lVMcVpIxYUAo/Tute/Gvn1eyoki8JbNYipG0A3ZB1GQGmpbe4nraPCQ/EYO3cJ+NiJWcuRCkQBsBMwH8ti28xbJWsMPE/sKcmjKSpt88vxI5IENFSEg5RN24qVm4JQjHA6zDmJpDGQPnRpU9MQAirddPzKEB9qxcedSOgKFR6rvydSCKQcBJ7uDED15Kw3Ev/zmonqXLgpC+NE0ZBMFnUSjlWER7lgnwlKFB9oAkQwfSsmPRBAlE4vp0OwZ1+eJ7WTkn1Wsm5O8+XLaRxZtIcOUAHZ6ByV0TWqoCoi6BE9o1f0ZjwZL8a78TFpzRjTmV30B8bnD2//mNc=</latexit>

u⇤(x), ⇡?(a | s)

<latexit sha1_base64="tBXCs7AiQ+bg05OVqk+YNyIwu1E=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARWpGSiKjLohtxVcE+oEnLZDJph04mcWYillA3/oobF4q49S/c+TdO2yy0euDC4Zx7ufceL2ZUKsv6MnJz8wuLS/nlwsrq2vqGubnVkFEiMKnjiEWi5SFJGOWkrqhipBULgkKPkaY3uBj7zTsiJI34jRrGxA1Rj9OAYqS01DV3rjoHpfvyIXRuE+TDRseRComSLHfNolWxJoB/iZ2RIshQ65qfjh/hJCRcYYakbNtWrNwUCUUxI6OCk0gSIzxAPdLWlKOQSDedfDCC+1rxYRAJXVzBifpzIkWhlMPQ050hUn05643F/7x2ooIzN6U8ThTheLooSBhUERzHAX0qCFZsqAnCgupbIe4jgbDSoRV0CPbsy39J46hin1Ss6+Ni9TyLIw92wR4oARucgiq4BDVQBxg8gCfwAl6NR+PZeDPep605I5vZBr9gfHwD2TyVPA==</latexit>

J⇤(x), V ?(s)

<latexit sha1_base64="0t2wsBtzBdXm2bK/wpv0mkwq18w=">AAACFnicbVDJSgNBEO2Je9yiHr00BiFqDDMi6lH04jGCUSETh5qeHtOkZ7G7RgxDvsKLv+LFgyJexZt/Y2c5uD0oeLxXRVU9P5VCo21/WoWx8YnJqemZ4uzc/MJiaWn5XCeZYrzBEpmoSx80lyLmDRQo+WWqOES+5Bd+57jvX9xypUUSn2E35a0IrmMRCgZoJK+0HV5tVu6qNNuoujcZBDS9cjWCqmgvxy2n50YioNrDKgUPN7xS2a7ZA9C/xBmRMhmh7pU+3CBhWcRjZBK0bjp2iq0cFAomea/oZpqnwDpwzZuGxhBx3coHb/XoulECGibKVIx0oH6fyCHSuhv5pjMCbOvfXl/8z2tmGB60chGnGfKYDReFmaSY0H5GNBCKM5RdQ4ApYW6lrA0KGJokiyYE5/fLf8n5Ts3Zq9mnu+XDo1Ec02SVrJEKccg+OSQnpE4ahJF78kieyYv1YD1Zr9bbsLVgjWZWyA9Y718xM52I</latexit>

f⇤(x, u), p?(st+1 | st, at)



How to Compute?  

Steering Nonholonomic Systems Lectures, Shankar Sastry, EE106B/206B, 2021

Another Example: 

Parallel Parking a (Nonholonomic) Car

More Examples: chained form or Goursat normal form systems

min

Optimal trajectories: zig-zagging sinusoids
(Brockett, Murray & Sastry’93,…)



Control versus Learning  

Solutions that work for a broad class of problems v.s. a few (important) instances

OC/DP AI/RL

• LQR

• Parallel parking

• Chained form systems

• Mechanical systems…

• Backgammon: Tesauro, 1992

• Chess: Deep Blue, 1997

• Go: Alpha Go, 2017

• Video games, robots…

o clear model class/uncertainty
o clear cost function
o low to moderate dimension
o continuous state/time…

o unknown models (but can sample)
o uncertain, long-horizon return 
o large-scale, high-dimensional
o discrete state/time…

Conditions & Assumptions Conditions & Assumptions



From Principle to Computation (Approximation)!

Topics in Reinforcement Learning Lectures, Dimitri Bertsekas, EECS MIT, 2021

How to COMPUTE if no analytic or closed-form solution?



What to Learn or Compute?  

agent
controller

decision maker

environment
controlled plant

dynamical system

policy
control

decision

cost
utility

reward

A Closed-Loop Autonomous System:

perception

learning

feedback

optimization

<latexit sha1_base64="LEZzinslSvl2ft+iExuM9ZZh16E=">AAACBHicbVDLSgNBEJz1GeNr1WMug8GQQAi7Iuox6MVjBPOAZFlmJ7PJkNnZZaZXDCEHL/6KFw+KePUjvPk3Th4HTSxoKKq66e4KEsE1OM63tbK6tr6xmdnKbu/s7u3bB4cNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgeuI375nSPJZ3MEyYF5Ge5CGnBIzk27lCr/jgD8o49QelTidbUEXtQxkTH0q+nXcqzhR4mbhzkkdz1Hz7q9ONaRoxCVQQrduuk4A3Igo4FWyc7aSaJYQOSI+1DZUkYtobTZ8Y4xOjdHEYK1MS8FT9PTEikdbDKDCdEYG+XvQm4n9eO4Xw0htxmaTAJJ0tClOBIcaTRHCXK0ZBDA0hVHFzK6Z9oggFk1vWhOAuvrxMGqcV97zi3J7lq1fzODIoh45REbnoAlXRDaqhOqLoET2jV/RmPVkv1rv1MWtdseYzR+gPrM8fIWGV2g==</latexit>

g(xk, uk)

r(st, at)

<latexit sha1_base64="OxaOK11mQzV35ijPr39iFfvAOjM=">AAACNHicbVDLSgMxFM3UV62vqks3waJUKGVGRAU3RTeCmwq2Cp0yZNK0DZOZDMkdaRn6UW78EDciuFDErd9g+lDUeiBwOOdcbu7xY8E12PaTlZmZnZtfyC7mlpZXVtfy6xt1LRNFWY1KIdWNTzQTPGI14CDYTawYCX3Brv3gbOhf3zKluYyuoB+zZkg6EW9zSsBIXv5it9jzghJOvGDPPcFu6MteKtXA8GL/23Bzu0XtQQkTD6Zi8svw8gW7bI+Ap4kzIQU0QdXLP7gtSZOQRUAF0brh2DE0U6KAU8EGOTfRLCY0IB3WMDQiIdPNdHT0AO8YpYXbUpkXAR6pPydSEmrdD32TDAl09V9vKP7nNRJoHzdTHsUJsIiOF7UTgUHiYYO4xRWjIPqGEKq4+SumXaIIBdNzzpTg/D15mtT3y85h2b48KFROJ3Vk0RbaRkXkoCNUQeeoimqIojv0iF7Qq3VvPVtv1vs4mrEmM5voF6yPT4cup8U=</latexit>

(xk, uk) or (yk, uk)

(st, at) or (ot, at)

<latexit sha1_base64="B0VWqRgAAhNaOpzaby6AKZRefbE=">AAACB3icbVDLSsNAFJ3UV42vqEtBBovSQimJiLosunHZgn1AE8pkOmmHTiZhZiKW0J0bf8WNC0Xc+gvu/BunbRBtPXDhzDn3MvceP2ZUKtv+MnJLyyura/l1c2Nza3vH2t1ryigRmDRwxCLR9pEkjHLSUFQx0o4FQaHPSMsfXk/81h0Rkkb8Vo1i4oWoz2lAMVJa6lqHJ+4AqbQ+Lt6Xk5Lrmj9vWYao1LUKdsWeAi4SJyMFkKHWtT7dXoSTkHCFGZKy49ix8lIkFMWMjE03kSRGeIj6pKMpRyGRXjq9YwyPtdKDQSR0cQWn6u+JFIVSjkJfd4ZIDeS8NxH/8zqJCi69lPI4UYTj2UdBwqCK4CQU2KOCYMVGmiAsqN4V4gESCCsdnalDcOZPXiTN04pzXrHrZ4XqVRZHHhyAI1AEDrgAVXADaqABMHgAT+AFvBqPxrPxZrzPWnNGNrMP/sD4+AYZz5eJ</latexit>

Q̂(x, u)

Q̂(s, a)

<latexit sha1_base64="YoSRv43VPZdxMAxy94Q52wImKGA=">AAACAnicbVBNS8NAEN3Urxq/op7ES7Ao7aUkIuqx6EU8VbCt0ISy2W7bpZtN2J2IJQQv/hUvHhTx6q/w5r9x2+agrQ8G3r43w868IOZMgeN8G4WFxaXlleKquba+sbllbe80VZRIQhsk4pG8C7CinAnaAAac3sWS4jDgtBUML8d+655KxSJxC6OY+iHuC9ZjBIOWOtbekTfAkF5n5YeK55nTVzMrq0rHKjlVZwJ7nrg5KaEc9Y715XUjkoRUAOFYqbbrxOCnWAIjnGamlygaYzLEfdrWVOCQKj+dnJDZh1rp2r1I6hJgT9TfEykOlRqFge4MMQzUrDcW//PaCfTO/ZSJOAEqyPSjXsJtiOxxHnaXSUqAjzTBRDK9q00GWGICOjVTh+DOnjxPmsdV97Tq3JyUahd5HEW0jw5QGbnoDNXQFaqjBiLoET2jV/RmPBkvxrvxMW0tGPnMLvoD4/MHNVCWBw==</latexit>

Ĵ(x)

V̂ (s)

Value-based RL

sample efficiency

• Monte Carlo
• On policy/off policy
• Importance sampling
• In/dependence
• Exploration
• …

<latexit sha1_base64="7SufyX5sp7FSIdQxVHPxpmcslQU="></latexit>

û(x) = argmin
u

Q̂(x, u)

⇡̂(a | s) argmax
a

Q̂(s, a)

Policy-based RL

Model-based RL

<latexit sha1_base64="dF1PEKM6dW38YGjM0j+zong2Wn0="></latexit>

xk+1 = f̂✓(xk, uk)

p̂✓(st+1 | st, at)



From Principle to Computation: Scalability

Unfortunately, there is no closed-form solution... 
How to avoid the “curse of dimensionality” at all?

How to COMPUTE?

Chess (Deep Blue, 1997) Go (Alpha Go, 2017)

<latexit sha1_base64="BjYd1rTdjWX2ZnCo0ZWpedc18/s=">AAACAXicbVC7TsMwFHV4lvIKsCCxWFRITFXCeyywMBaJPqQmqhzXaa06jmU7iCotC7/CwgBCrPwFG3+D02aAliNd6eice3XvPYFgVGnH+bbm5hcWl5YLK8XVtfWNTXtru67iRGJSwzGLZTNAijDKSU1TzUhTSIKigJFG0L/O/MY9kYrG/E4PBPEj1OU0pBhpI7Xt3aEXId3DiKWXoyH0kBAyfoDHp2275JSdMeAscXNSAjmqbfvL68Q4iQjXmCGlWq4jtJ8iqSlmZFT0EkUEwn3UJS1DOYqI8tPxByN4YJQODGNpims4Vn9PpChSahAFpjM7V017mfif10p0eOGnlItEE44ni8KEQR3DLA7YoZJgzQaGICypuRXiHpIIaxNa0YTgTr88S+pHZfes7NyelCpXeRwFsAf2wSFwwTmogBtQBTWAwSN4Bq/gzXqyXqx362PSOmflMzvgD6zPHxiTlqU=</latexit>

|A| ⇡ 35
<latexit sha1_base64="gG2qwcoMfKGcYtPoEGHRXdKnT+w=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiTF17LqxmUF+4AmlMl00g6dTIaZiVjS4sZfceNCEbd+hTv/xkmbhbYeuHA4517uvScQjCrtON/WwuLS8spqYa24vrG5tW3v7DZUnEhM6jhmsWwFSBFGOalrqhlpCUlQFDDSDAbXmd+8J1LRmN/poSB+hHqchhQjbaSOvT/yIqT7GLH0cjyCHhJCxg+wcup07JJTdiaA88TNSQnkqHXsL68b4yQiXGOGlGq7jtB+iqSmmJFx0UsUEQgPUI+0DeUoIspPJy+M4ZFRujCMpSmu4UT9PZGiSKlhFJjO7F4162Xif1470eGFn1IuEk04ni4KEwZ1DLM8YJdKgjUbGoKwpOZWiPtIIqxNakUTgjv78jxpVMruWdm5PSlVr/I4CuAAHIJj4IJzUAU3oAbqAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz+OA5be</latexit>

|A| ⇡ 250
<latexit sha1_base64="xvcKKBnx2w7BG+PztPQWTEzmv6M=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU8mKaC9C0YvHCv2CdinZNNuGZrNrkhXKtn/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtcH428mtrW9sbuW3Czu7e/sHxcOjpo4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80d3Mbz0xpXkk62YcMy8kA8kDTomxUntSn6AbVMG9YgmX8RxolbgZKUGGWq/41e1HNAmZNFQQrTsujo2XEmU4FWxa6CaaxYSOyIB1LJUkZNpL5/dO0ZlV+iiIlC1p0Fz9PZGSUOtx6NvOkJihXvZm4n9eJzFBxUu5jBPDJF0sChKBTIRmz6M+V4waMbaEUMXtrYgOiSLU2IgKNgR3+eVV0rwou1dl/HBZqt5mceThBE7hHFy4hircQw0aQEHAM7zCm/PovDjvzseiNedkM8fwB87nD5BcjwA=</latexit>

|T | = 80
<latexit sha1_base64="los2vEsgGQi1Iru+NfURHAm7SaA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxQl6SLGF2MpsMmZldZmaFsMlXePGgiFc/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4d3Ubz5RpVkka2YUU1/gvmQhI9hY6XFcG6Mb5F243WLJLbszoGXiZaQEGard4lenF5FEUGkIx1q3PTc2foqVYYTTSaGTaBpjMsR92rZUYkG1n84OnqATq/RQGClb0qCZ+nsixULrkQhsp8BmoBe9qfif105MeO2nTMaJoZLMF4UJRyZC0+9RjylKDB9Zgoli9lZEBlhhYmxGBRuCt/jyMmmclb3LsvtwXqrcZnHk4QiO4RQ8uIIK3EMV6kBAwDO8wpujnBfn3fmYt+acbOYQ/sD5/AH9Lo84</latexit>

|T | = 150

<latexit sha1_base64="6rIalWeSOQhp6PcZHpGQHcJKkFo=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9ciR68YiJPBJYyezQwITZ2c3MrAnZ8BFePGiMV7/Hm3/jAHtQsJJOKlXd6e4KYsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOkoUwzqLRKRaAdUouMS64UZgK1ZIw0BgMxjdTv3mEyrNI/lgxjH6IR1I3ueMGis1zy8f04o76RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n87OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9Ct+ymWcGJRsvqifCGIiMv2d9LhCZsTYEsoUt7cSNqSKMmMTKtgQvMWXl0njrOxdld37i1L1JosjD0dwDKfgwTVU4Q5qUAcGI3iGV3hzYufFeXc+5q05J5s5hD9wPn8AVw2O6w==</latexit>

3580
<latexit sha1_base64="tascnNmBoeLjbjrTZ8N2nx2m97Y=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4Ktli1WPRi8cK9kPatWTTtA1NskuSFcrSX+HFgyJe/Tne/Dem7R609cHA470ZZuaFseDGYvztrayurW9s5rby2zu7e/uFg8OGiRJNWZ1GItKtkBgmuGJ1y61grVgzIkPBmuHoZuo3n5g2PFL3dhyzQJKB4n1OiXXSQ7mCH1O/gifdQhGX8AxomfgZKUKGWrfw1elFNJFMWSqIMW0fxzZIibacCjbJdxLDYkJHZMDajioimQnS2cETdOqUHupH2pWyaKb+nkiJNGYsQ9cpiR2aRW8q/ue1E9u/ClKu4sQyReeL+olANkLT71GPa0atGDtCqObuVkSHRBNqXUZ5F4K/+PIyaZRL/kUJ350Xq9dZHDk4hhM4Ax8uoQq3UIM6UJDwDK/w5mnvxXv3PuatK142cwR/4H3+ADFAj1w=</latexit>

250150

<latexit sha1_base64="ePhv83LcIhnLZA902hcCsBIygtY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHoxWMF+wFtLJvtpl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94CThfkSHSoSCUbRS23Mfs1p12i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+7pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQ0YbgLb+8SlrVindVce8vy/WbPI4CnMIZXIAH11CHO2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QNPVo7m</latexit>

1082

# of atoms in
the universe

The solutions (functions) have low-dimensional structure! 
<latexit sha1_base64="UzwAvrWFx2JLYy9dJaO9W1nZLkE="></latexit>

⇡?(a | s) ⇡ ⇡̂(a;h1(s, ✓), . . . , hd(s, ✓)), hi(s, ✓) 2 R
V ?(s) ⇡ V̂ (h1(s, ✓), . . . , hd(s, ✓)), hj(s, ✓) 2 R



How to Approximate?  

Reinforcement Learning, Sutton and Barto, MIT Press, 2018

Alpha Go, 2017

<latexit sha1_base64="O9gTct74HdeHlkafn3H56IyNpmA=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VSpdqFUHTjsoJ9QDuWTJppQzOZIckIZRjc+CtuXCji1q9w59+YtrPQ1gMXDufcy733eBFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29pgpjSWiDhDyUbQ8rypmgDc00p+1IUhx4nLa80fXEbz1QqVgo7vQ4om6AB4L5jGBtpJ59UL5PULWrWUAVRNUUXkKjnFZQ2rOLTsmZAi4SlJEiyFDv2V/dfkjigApNOFaqg5xIuwmWmhFO00I3VjTCZIQHtGOowGalm0xfSOGxUfrQD6UpoeFU/T2R4ECpceCZzgDroZr3JuJ/XifW/oWbMBHFmgoyW+THHOoQTvKAfSYp0XxsCCaSmVshGWKJiTapFUwIaP7lRdIsl1Cl5NyeFWtXWRx5cAiOwAlA4BzUwA2ogwYg4BE8g1fwZj1ZL9a79TFrzVnZzD74A+vzBwW6lUM=</latexit>

219⇥19 = 2361

Policy:

Value:

<latexit sha1_base64="NtOYeXQlNHIfIN8m6OyTyKdPVic="></latexit>

⇡?(a | s) ⇡ ⇡̂(a; f1(s, ✓), . . . , fd(s, ✓)), fi(s, ✓) 2 R
V ?(s) ⇡ V̂ (f1(s, ✓), . . . , fd(s, ✓)), fj(s, ✓) 2 R

Nonlinear & sparse 
regression!



How to Approximate?  

Bojarski et al., 2016, NVIDIA, from Sergey Levine CS285

Autonomous Driving

Policy:

Value:

<latexit sha1_base64="epXS11ia7ZVgBVqvJL1cclcLmPE="></latexit>

⇡⇤(a | o) ⇡ ⇡̂(a;h1(o, ✓), . . . , hd(o, ✓)), hi(o, ✓) 2 R
V ⇤(o) ⇡ V̂ (h1(o, ✓), . . . , hd(o, ✓)), hj(o, ✓) 2 R

Nonlinear & sparse
regression!



How to Learn Low-Dimensional Structures  

High-Dim Data Analysis with Low-Dim Models, Wright and Ma, Cambridge Univ. Press, 2021

In computer vision, we have been dealing with high-dimensional data 
with low-dimensional structures all the time!

Goal & role of deep networks:
• Compression
• Optimization
• Linearization



Some Representative Algorithms – Value-Based RL  

Demystifying the Efficiency of Reinforcement Learning, Yuxin Chen, EE Princeton, 2020 

<latexit sha1_base64="z7ez6nxFop67B0QovCyavzsbwfY="></latexit>

T (Q)(s, a)
.
= r(s, a) + Ep(s0|s,a)[max

a0
Q(s0, a0)]

<latexit sha1_base64="/j9bJeLQg7B/0daNIxLQDORx6bw=">AAACCHicbZC7SgNBFIbPeo3xtmpp4WAQYhN2RdRGCNpYJpAbZNcwO5lNhsxemJkVwpLSxlexsVDE1kew822cTbbQxB8GPv5zDnPO78WcSWVZ38bS8srq2npho7i5tb2za+7tt2SUCEKbJOKR6HhYUs5C2lRMcdqJBcWBx2nbG91m9fYDFZJFYUONY+oGeBAynxGstNUzj5wAqyHBPG1MyvV7RyosTtE1yhH1zJJVsaZCi2DnUIJctZ755fQjkgQ0VIRjKbu2FSs3xUIxwumk6CSSxpiM8IB2NYY4oNJNp4dM0Il2+siPhH6hQlP390SKAynHgac7s7XlfC0z/6t1E+VfuSkL40TRkMw+8hOOVISyVFCfCUoUH2vARDC9KyJDLDBROruiDsGeP3kRWmcV+6Ji1c9L1Zs8jgIcwjGUwYZLqMId1KAJBB7hGV7hzXgyXox342PWumTkMwfwR8bnD1LrmOA=</latexit>

T (Q?) = Q?

<latexit sha1_base64="SP/aIDmJ/ysF/MmNkUqmCRmH34Y=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2ls120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKzucZxwP6IDJULBKFqpXX/oGqSa9Eplt+LOQJaJl5My5Kj1Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs3zindZcesX5epNHkcBjuEEzsCDK6jCHdSgAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGiV4+0</latexit>

Q?Bellman Equation:        is the unique “fixed point” to 

Q-Learning (Chris Watkins & Peter Dayan 1992)

Model-free, stochastic approximation to solve the Bellman equation, updating 
only the             entry one at a time.

In practice, approximate value with a deep network and approximate “gradients”, 
with many tricks.

<latexit sha1_base64="s0RnOhbtok32P/SZLgYS/Jgvjqg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuiHoMevEYwTwwWcLsZJIMmZ1dZnqFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUA45j7od0oERfMIpWeiybLp4R2sXTbrHkVtwZyDLxMlKCDLVu8avTi1gScoVMUmPanhujn1KNgkk+KXQSw2PKRnTA25YqGnLjp7OLJ+TEKj3Sj7QthWSm/p5IaWjMOAxsZ0hxaBa9qfif106wf+2nQsUJcsXmi/qJJBiR6fukJzRnKMeWUKaFvZWwIdWUoQ2pYEPwFl9eJo3zindZce8vStWbLI48HMExlMGDK6jCHdSgDgwUPMMrvDnGeXHenY95a87JZg7hD5zPHzuDj/o=</latexit>

(st, at)

<latexit sha1_base64="TJSPg7VfV2UNfCFlSxvPrrdtoeY="></latexit>

Qt+1(st, at) = (1� ⌘) ·Qt(st, at) + ⌘ · Tt(Qt)(st, at)

Bellman Operator: 



Some Representative Algorithms – Value-Based RL  

Demystifying the Efficiency of Reinforcement Learning, Yuxin Chen, EE Princeton, 2021

[Yuxin Chen et. al. 2021]

Yet, for Alpha Go
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|S| = 2361



Some Representative Algorithms – Value-Based RL  

High-Dim Data Analysis with Low-Dim Models, Wright and Ma, Cambridge Univ. Press, 2021

Low-rank Matrix Completion:
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Q̂(s, a)The real “matrix”                has low-dimensional structure! 
Harnessing Structures  for Value-based Planning and Reinforcement Learning, Yuzhe Yang, Guo 
Zhang, Zhi Xu, Dina Katabi, ICLR 2020. (MIT)



Some Representative Algorithms  - Policy-Based RL 

Demystifying the Efficiency of Reinforcement Learning, Yuxin Chen, EE Princeton, 2021
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V ?(s1) = max
⇡(·)

1

T

TX

t=1

E⇡[r(st, at)]

Policy Gradient Methods (Richard Sutton’00)
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t=1

E⇡(✓)(s)
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✓k+1 = ✓k + ⌘ ·r✓V
⇡(✓k)(s)

with

<latexit sha1_base64="LpebdU28u+wlQpV2uXRKqRZvFPo="></latexit>

⇡(a | s, ✓) .
=

eh(s,a,✓)P
a0 eh(s,a

0,✓)

Natural Policy Gradient (Kakate’02)

Fisher info. matrix
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✓k+1 = ✓k + ⌘ · (F (✓k))
†r✓V

⇡(✓k)(s)

[Cen et. al. ’20]



Case Study of a Model Problem: Parallel Parking

Motion Planning for Nonholonomic Systems, Valmik Prabhu, EECS 106B/206B 
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ẋ = u1 cos ✓

ẏ = u1 sin ✓

✓̇ = u2
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,

8
><

>:

ẋ = v1

✓̇ = v2

ẏ = v1✓

What if we apply 
deep policy gradient?



Parallel Parking: Qualitative

Parallel Parking using Reinforcement Learning, Report, Kshama Dwarakanath, 2020



Parallel Parking: Qualitative

Parallel Parking using Reinforcement Learning, Report, Kshama Dwarakanath, 2020



Parallel Parking: Quantitative

Parallel Parking using Reinforcement Learning, Report, Kshama Dwarakanath, 2020

min

Takeaway messages about RL for parallel parking:
1. Higher cost (economy)
2. Very jittery control (comfort)
3. Do not always respect constraints (safety)
4. Hard to ensure accuracy in end position (precision)



Pause and Reflect

Parallel Parking using Reinforcement Learning, Report, Kshama Dwarakanath, 2020

What about computational efficiency?
For LQR: Simple Random Search Provides a Competitive Approach to 
Reinforcement Learning, Horia Mania Aurelia Guy Benjamin Recht, 2018.

Empirically observed efficiency of RL does not come from the value-
based methods or any smart sample schemes, it comes from 
exploiting the low-dimensionality of the solutions of the instances!

What are other techniques that are effective in dealing with structured 
complexities in problems and enhance computation efficiency?

Diligence (by machine) is not intelligence!



Real-World Robotic System Design: Quadrupedal

Learning Quadrupedal Locomotion over Challenging Terrain, Joonho Lee et. al., 2020



Real-World Robotic System Design: Quadrupedal

Learning Quadrupedal Locomotion over Challenging Terrain, Joonho Lee et. al., 2020



Learning from Imitation

Learning Quadrupedal Locomotion over Challenging Terrain, Joonho Lee et. al., 2020

OC/DP AI/RL

Adaptive control
Inverse Lyapunov
Leader/follower

Imitation learning
Inverse RL
Teacher/student



Hierarchical Design and Control Architecture

OC/DP AI/RL

Hierarchical Synthesis of Hybrid Controllers from Temporal 
Logic Specifications, Georgios Fainekos et. al. 2007

Learning Quadrupedal Locomotion over Challenging Terrain, 
Joonho Lee et. al., 2020

Hierarchical synthesis
Hybrid controllers

Learning to Generalize Across Long-Horizon Tasks from Human 
Demonstrations, Ajay Mandlekar et. al. 2020…

Generalized imitation

https://www.researchgate.net/publication/221421761_Hierarchical_Synthesis_of_Hybrid_Controllers_from_Temporal_Logic_Specifications
https://www.researchgate.net/profile/Georgios_Fainekos


Key Challenges and Guidelines

1. Scalabiltiy meets Low-dimensionality: 
• Q-Learning versus Matrix Completion
• A “Compressive Sensing Theory” for learning to control?

2. System/domain Adaptation/transfer: 
• Adaptive Control versus Imitation Learning. 
• Leader/follower versus Teacher/student 

3. Complexity meets Hierarchical Abstraction: 
• Hierarchical and hybrid control design versus
• High-level/low-level or long-term/short-term learning

4. Quantitative objectives versus Qualitative goals
• Time, energy, cost, precision (OC/DP)
• Stability, survivability, or winning (Control/RL)
• A “Lyapunov Theory” for learning to achieve qualitative goals?

Bridge Principles and Practices via Computation: 



Questions, please?

February 17, 2021

Principles Practices

Computation

Practice Keeps Theory Honest, and Vice Versa!


