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Preface

Thisbookis intendedto givestudentsat theadvancedundergraduateor introduc-
tory graduatelevel, andresearchersin computervision, roboticsandcomputer
graphics,a self-containedintroductionto thegeometryof three-dimensional(3-
D) vision. This is thestudyof the reconstructionof 3-D modelsof objectsfrom
a collection of 2-D images.An essentialprerequisitefor this book is a course
in linear algebraat the advancedundergraduatelevel. Backgroundknowledge
in rigid-body motion, estimationand optimization will certainly improve the
reader'sappreciationof thematerialbut is not critical sincethe�rst few chapters
andtheappendicesprovidea review andsummaryof basicnotionsandresultson
thesetopics.

Our motivation

Researchmonographsand bookson geometricapproachesto computervision
havebeenpublishedrecentlyin two batches:The�rst wasin themid 1990swith
bookson thegeometryof two views,seee.g.[Faugeras,1993, Kanatani,1993b,
Maybank,1993, Wenget al., 1993b]. Thesecondwasmorerecentwith booksfo-
cusingonthegeometryof multipleviews,seee.g.[Hartley andZisserman,2000]
and [FaugerasandLuong,2001] as well as a more comprehensive book on
computervision [ForsythandPonce,2002]. We felt that the time was ripe for
synthesizingthematerialin auni�ed framework soasto provideaself-contained
expositionof this subject,which canbeusedboth for pedagogicalpurposesand
by practitionersinterestedin this �eld. Although the approachwe take in this
bookdeviatesfrom severalotherclassicalapproaches,thetechniqueswe useare
mainly linearalgebraandourbookgivesacomprehensiveview of whatis known
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to dateonthegeometryof 3-D vision.It alsodevelopshomogeneousterminology
on a solid analyticalfoundationto enablewhat shouldbe a greatdealof future
researchin this young�eld.

Apart from aself-containedtreatmentof geometryandalgebraassociatedwith
computervision,thebookcoversrelevantaspectsof theimageformationprocess,
basicimageprocessing,andfeatureextractiontechniques– essentiallyall thatone
needsto know in orderto build a systemthat canautomaticallygeneratea 3-D
modelfrom a setof 2-D images.

Organizationof thebook

Thisbookis organizedasfollows:Following a brief introduction,Part I provides
backgroundmaterialfor the restof the book.Two fundamentaltransformations
in multiple-view geometry, namely, rigid-body motion and perspective projec-
tion, are introducedin Chapters2 and 3, respectively. Featureextraction and
correspondencearediscussedin Chapter4.

Chapters5, 6, and7, in Part II, cover theclassictheoryof two-view geometry
basedon theso-calledepipolarconstraint.Theoryandalgorithmsaredeveloped
for both discreteandcontinuousmotions,both generalandplanarscenes,both
calibratedanduncalibratedcameramodels,andbothsingleandmultiple moving
objects.

Althoughtheepipolarconstrainthasbeenverysuccessfulin thetwo-view case,
Part III showsthatamorepropertool for studyingthegeometryof multipleviews
is theso-calledrankconditiononthemultiple-viewmatrix(Chapter8),whichuni-
�es all theconstraintsamongmultiple imagesthatareknown to date.Thetheory
culminatesin Chapter9 with auni�ed theoremonarankconditionfor arbitrarily
mixed point, line, andplanefeatures.It capturesall possibleconstraintsamong
multipleimagesof thesegeometricprimitives,andservesasakey to bothgeomet-
ric analysisandalgorithmicdevelopment.Chapter10 usestherankconditionto
reexamineandunify thestudyof single-view andmultiple-view geometrygiven
sceneknowledgesuchassymmetry.

Basedon the theoryandconceptualalgorithmsdevelopedin theearlypart of
the book, Chapters11 and 12, in Part IV, demonstratepracticalreconstruction
algorithmsstep-by-step,aswell asdiscusspossibleextensionsof thetheorycov-
eredin this book.An outlineof the logical dependency amongchaptersis given
in Figure1.

Curriculumoptions

Draftsof this bookandtheexercisesin it havebeenusedto teacha one-semester
courseat the University of California at Berkeley, the University of Illinois
at Urbana-Champaign,WashingtonUniversity in St. Louis, the George Mason
University and the University of Pennsylvania,anda one-quartercourseat the
University of California at Los Angeles.Thereis apparentlyadequatematerial
for two semestersor threequartersof lectures.Advancedtopics suggestedin
Part IV or chosenby the instructorcanbe addedto the secondhalf of the sec-
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Figure1. Organizationof thebook:logicaldependency amongpartsandchapters.

ondsemesterif a two-semestercourseis offered.Below aresomesuggestionsfor
coursedevelopmentbasedon this book:

1. A one-semestercourse: AppendixA, Chapters1–6,andpart of Chapters
8–10.

2. A two-quartercourse:Chapters1–6for the�rst quarter, andChapters8–10,
12 for thesecondquarter.

3. A two-semestercourse:AppendixA andChapters1–6for the�rst semester;
Chapters7–10and the instructor's choiceof someadvancedtopics from
Chapter12 for thesecondsemester.

4. A three-quartersequence:Chapters1–6for the�rst quarter, Chapters7–10
for thesecondquarter, andthe instructor's choiceof advancedtopicsand
projectsfrom Chapters11and12 for thethird quarter.

Chapter11playsa specialrole in this book:Its purposeis to make it easyfor the
instructorto developandassignexperimentalexercisesor courseprojectsalong
with otherchaptersbeingtaughtthroughoutthecourse.Relevantcodeis available
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athttp://vision.ucla.edu/MASKS ,from whichstudentsmaygethands-
on experiencewith a minimum versionof a working computervision system.
This chaptercan also be usedby practitionerswho are interestedin using the
algorithmsdevelopedin this book,without necessarilydelvinginto thedetailsof
themathematicalformulation.Finally, anadditionalpurposeof this chapteris to
summarize“the bookin onechapter,” which canbeusedin the�rst lectureasan
overview of whatis to come.

Exercisesareprovidedat theendof eachchapter. They consistof mainly three
types:

1. drill exercisesthat help studentsunderstandthe theory coveredin each
chapter;

2. advancedexercisesthatguidestudentsto creatively developa solutionto a
specializedcasethatis relatedto but notnecessarilycoveredby thegeneral
theoremsin thebook;

3. programmingexercisesthat help studentsgraspthe algorithmsdeveloped
in eachchapter.

Solutionsto selectedexercisesareavailable,alongwith software for examples
andalgorithms,at http://vision.ucla.edu/MASKS .

Yi Ma, Champaign,Illinois
StefanoSoatto,LosAngeles,California
JanaKo�secḱa,Fairfax,Virginia
ShankarSastry, Berkeley, California
Spring,2003
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Introduction

All humanbeingsby nature desire to know. A signof this is our lik-
ing for thesenses;for evenapart fromtheir usefulnesswelike them
for themselves– especiallythesenseof sight,sincewechooseseeing
abovepracticallyall theothers,notonlyasanaid to action,but also
whenwe haveno intentionof acting. Thereasonis that sight,more
thananyof theothersenses,givesusknowledgeof thingsandclari-
�es manydifferencesamongthem.

– Aristotle

1.1 Visualperceptionfrom 2-D imagesto 3-D models

Thesenseof vision playsanimportantrole in thelife of primates:it allows them
to infer spatialpropertiesof theenvironmentthatarenecessaryto performcrucial
tasksfor survival.Primatesusevisionto exploreunfamiliarsurroundings,negoti-
atephysicalspacewith oneanother, detectandrecognizeprey at a distance,and
fetchit, all with seeminglylittle effort. So,why shouldit besodif�cult to make
a computer“see”?First of all, we needto agreeonwhat it meansfor a computer
to see.It is certainlynotassimpleasconnectingacamerato it. Nowadays,adig-
ital cameracandeliver several “frames” per secondto a computer, analogously
to what the retinadoeswith thebrain.Eachframe,however, is just a collection
of positive numbersthatmeasuretheamountof light incidenton a particularlo-
cation(or “pixel”) on a photosensitive surface(see,for instance,Table3.1 and
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Figures3.2and3.3 in Chapter3). How canwe “interpret” thesepixel valuesand
tell whetherwearelookingatanapple,atree,orourgrandmother'sface?To make
mattersworse,we cantake thesameexactscene(saytheapple),andchangethe
viewpoint. All thepixel valueschange,but we have no dif�culty in interpreting
thesceneasbeingourapple.Thesamegoesif wechangethelighting aroundthe
apple(say, if weview it in candlelight or underaneonlamp),or if wecoatit with
shiny wax.

A visualsystem,in broadterms,is a collectionof devicesthattransformmea-
surementsof light into information aboutspatial and material propertiesof a
scene.Among thesedevices,we needphotosensitive sensors(say, a cameraor
a retina)aswell ascomputationalmechanisms(say, a computeror a brain) that
allow usto extract informationfrom theraw sensoryreadings.To appreciatethe
fact that vision is no easycomputationaltask, it is enlighteningto notice that
abouthalf of theentirecerebralcortex in primatesis devotedto processingvisual
information[FellemanandvanEssen,1991]. So,even whenwe areabsorbedin
profoundthoughts,themajorityof ourbrainis actuallybusytrying to makesense
of theinformationcomingfrom oureyes.

Whyis visionhard?

Oncewe acceptthefactthatvision is not just transferringdatafrom a camerato
acomputer, wecantry to identify thefactorsthataffectourvisualmeasurements.
Certainlythepixel valuesrecordedwith a camera(or the�ring activity of retinal
neurons)dependupontheshapeof objectsin thescene:if we changetheshape,
we noticea changein the image.Therefore,imagesdependon the geometryof
the scene.However, they also dependon its photometry, the illumination and
thematerialpropertiesof objects:a bronzeapplelooksdifferentthana realone;
a skyline looks differenton a cloudy day than in sunshine.Finally, as objects
move in thescene,andtheir posechanges,sodoesour image.Therefore,visual
measurementsdependon thedynamicsof theenvironment.In general,we donot
know theshapeof thescene,we do not know its materialproperties,andwe do
not know its motion.Our goal is to infer somerepresentationof theworld from
collectionof images.

Now, thecomplexity of thephysicalworld is in�nitely superiorto thecomplex-
ity of themeasurementsof its images.1 Therefore,in a sense,vision is morethan
dif�cult; it is impossible.Wecannotsimply“invert” theimageformationprocess,
andreconstructthe “true” scenefrom a numberof images.What we canrecon-
structis atbestamodelof theworld,or an“internal representation.” Thisrequires

1Oneentiredimensionis lost in the projectionfrom the 3-D world to the 2-D image.Moreover,
thegeometryof ascenecanbedescribedby acollectionof surfaces;its photometry, by acollectionof
functionsde�ned on thesesurfacesthatdescribehow light interactswith theunderlyingmaterial;its
dynamics,by differentialequations.All theseentitieslive in in�nite-dimensionalspaces,andinferring
themfrom �nite-dimensional imagesis impossiblewithout imposingadditionalconstraintson the
problem.
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introducingassumptions,or hypotheses,on someof the unknown propertiesof
theenvironment,in orderto infer theothers.Thereis no right or wrong way to
doso,andmodelingis a form of engineeringart,whichdependsuponthetaskat
hand.For instance,whatmodelof thesceneto infer dependsonwhetherwewant
to useit to movewithin theenvironment,to visualizeit from novel viewpoints,or
to recognizeobjectsor materials.In eachcase,someof theunknown properties
areof interest,whereastheothersare“nuisancefactors”:if we want to navigate
in anunknownenvironment,wecarefor theshapeandmotionof obstacles,notso
muchfor their materialor for theambientlight. Nevertheless,thelatterin�uence
themeasurements,andhave to bedealtwith somehow.

In thisbook,wearemostlyinterestedin visionasasensorfor arti�cial systems
to interactwith their surroundings.Therefore,we envision machinescapableof
inferring the shapeandmotionof objectsin a scene,andour book re�ects this
emphasis.

Whynow?

Theideaof endowing machineswith a senseof vision to have theminteractwith
humansandthe environmentin a dynamicfashionis not new. In fact, this goal
permeatesagoodportionof modernengineering,andmany of theideasdiscussed
abovecanbefoundin thework of [Wiener, 1949] over half a centuryago.So,if
theproblemis sohard,andif somucheffort hasgonetowardit unsuccessfully,2

why shouldwe insist?
First,until justoveradecadeago,therewasnocommercialhardwareavailable

to transferafull-resolutionimageinto thememoryof acomputeratframerate(30
Hz), let aloneto processit anddoanythingusefulwith it. Thisstephasnow been
overcome;digital camerasareubiquitous,andsoarepowerful computersthatcan
processtheir outputin realtime.Second,althoughmany of thenecessaryanalyt-
ical toolswerepresentin variousdisciplinesof mathematicsfor quitesometime,
only in the pastdecadehasthe geometryof vision beenunderstoodthoroughly
andexplainedsystematically. Finally, thestudyof vision is ultimatelydrivenby
thedemandfor its usein applicationsthathave thepotentialto positively impact
ourquality of life.

Whatfor?

Think of spendinga daywith your eyesclosed,andall thethingsthatyou would
notbeableto do.Arti�cial visionoffersthepotentialof relieving humansof tasks
that aredangerous,monotonous,or boring, suchasdriving a car, surveying an
underwaterplatform, detectingintrudersin a building. In addition,they canbe
usedto augmenthumancapabilitiesor replacelost skills. Ratherthandiscussing

2After all, wedonothave householdpersonalrobotassistants,����� yet.
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Figure1.1.TheVaMPsystemdevelopedby E. D. Dickmannsandhis coworkers(courtesy
of E. D. Dickmanns).

this in theabstract,we would like to cite a few recentsuccessstoriesthathint at
thepotentialof visionasasensor.

Startingfrom the late 1970s,E. D. Dickmannsandhis coworkershave been
developingvision-basedsystemsto drive carsautonomouslyon public freeways.
In 1984,they demonstratedasystemcapableof driving asmalltruckupto speeds
of 90km/honanemptyroad.In 1994they tookthis to thenext level, demonstrat-
ing a systemcapableof driving a passengercaron a public freeway with normal
traf�c, readingspeedsigns,passingslower cars,etc.,up to a speedof 180km/h
(Figure1.1).Althoughfor legal reasonsthis systemhasnotappearedon thepub-
lic market,3 several componentsof it are trickling into consumerproducts.For
instance,similar systemsareusedto monitor the driving behavior of long-haul
trucksandwake up the driver if he or shefalls asleep,and “smart cruisecon-
trol” that canmaintaina minimum distancefrom theprecedingvehicleis being
introducedinto themarket [Hofmanetal., 2000]. Along thesamelines,theCal-
ifornia PATH projecthasbeendevelopingautomatedfreeway systemsfor quite
sometimenow (Figure1.2).Nowadays,vision-guidedhelicoptersor aircraftscan
automaticallytake off, �y , or land.Figure1.3showsoneof suchsystems.

Another applicationof vision techniquesfor real-time interactionis in the
broadcastingof sportsevents.Americanfootball fanswatchinggameson tele-
vision have recentlynoticedtheadditionof a yellow line on the�eld thatmoves
duringthegame(the“�rst down line”). This line, alongwith advertisingbanners
on thesideof the�eld andon theline itself, is notpresentin therealstadium,but
is insteadoverlaidto live videofor broadcast.In orderto make theline appearto

3Even if an entirely automatedfreeway would probablydecreasethe numberof fatal accidents
dramatically, machineerrorscausingfatalitieswould notbeacceptable,whereashumanerrorsare.
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Figure1.2.Vision-basedautonomouscars(courtesyof CaliforniaPATH).

Figure 1.3. Berkeley unmannedaerial vehicle (UAV) with on-board vision system:
YamahaR-50helicopterwith pan/tilt camera(Sony EVI-D30) andcomputerbox (Little-
boards)hovering above a landingplatform(courtesyof IntelligentMachines& Robotics
Laboratory, Universityof Californiaat Berkeley).

beattachedto the�oor , cameramotionmustbeinferredin real-time,alongwith
amodelof thescene(e.g.,the�eld plane,Figure1.4).

Vision techniquesare also becomingubiquitous in entertainment.Special
effectsmixing real sceneswith computer-generatedonesrequireaccurateregis-
trationof thecameramotionin thesceneduringlive action.While, traditionally,
theentertainmentindustryhasresistedautomation,thequantityandqualityof re-
sultsenabledby automaticanalysisof imagesequencesis quickly changingthe
courseof events.Nowadays,with a hand-heldcamcorder, a personcanrecorda
home-madevideo andinsertvirtual objectsinto it (Figure1.5). Combinedwith
computergraphicstechnology, visionsystemshavealsobeenusedextensively to
acquire3-D modelsfor large-scaleurbanareas.For example,Figure1.6 shows
a virtual 3-D model of the campusof the University of California at Berkeley
acquiredby onesuchsystem.

Masteringthematerialdescribedin thisbookwill givereadersthefundamental
knowledgenecessaryto implementa completeworking computervision system.
In addition,a solid graspof the underlyingtheorywill allow themto pushthe
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Figure1.4.“First down line” andvirtual advertisingin sportsevents(courtesyof Princeton
VideoImage,Inc.).

Figure1.5.Softwareis now publicly availableto estimatecameramotionandstructurein
realtime from live video(courtesyof UCLA VisionLab).

envelopeof futureapplications.This bookaimsto provide theneededgeometric
principlesfor 3-D vision,aspartof theendeavor to establishasolidfoundationfor
exploringnew avenuesin boththeoreticaldevelopmentsandpracticalapplications
for machinevision.

Whatthisbookdoesnotdo

The considerationsabove shouldconvince the readerthat the study of vision
is multifaceted.In this book, we do not aim at covering all of its aspects,and
concentrateinsteadon thegeometryof multiple views.

We do not addressissuesrelatedto the perceptionof individual images,us-
ing so-calledpictorial cuessuchas texture, shading,blur, andcontour(Figure
1.7).Withoutdetractingfrom theimportanceof theanalysisof thepictorial cues,
we concentrateon the motion and stereocue amongmultiple images,where
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Figure 1.6. Virtual modelsand views of the campusof UC Berkeley (courtesyof Paul
Debevec).

Figure1.7. Some“pictorial” cuesfor 3-D structure:texture (left), shading(middle),and
contours(right).

thegeometryis well understoodandcanbe presentedin a coherentanduni�ed
framework.

Whatthisbookdoes

Thisbookconcentrateson theanalysisof scenesthatcontaina numberof rigidly
moving objectsthathave“benign” photometricproperties.What“benign” means
will beclearin Chapters3 and4, althoughwe canalreadysaythatthis excludes
shiny andtranslucentmaterials.

Givena numberof two-dimensional(2-D) imagesof scenesthatsatisfythese
assumptions,thisbookseeksto answerthefollowing questions:(1) to whatextent
(andhow) canwe estimatethethree-dimensional(3-D) shapeof eachobject?(2)



8 Chapter1. Introduction

to whatextentcanwe recover themotionof eachobjectrelative to thecamera?
(3) to whatextentcanwe recover a modelof thegeometryof thecameraitself?
Traditionally, thesequestionsarereferredto asthe structure from motionprob-
lem.Thisbookdescribesalgorithmsdesignedto addressthesequestions,namely,
to estimate3-D structure, motion,andcamera calibrationfroma collectionof im-
ages.In this sense,this bookteacheshow to go from 2-D imagesto 3-D models
of thegeometryof thescene.

While thegoalis easyto state,carryingout thisprogramis by nomeanstrivial,
andanalyticaltools mustbe developedif we want to appreciateandexploit the
subtletiesof theproblem.That is why a goodportionof this book is devotedto
developinganappropriatemathematicalapproach.

1.2 A mathematicalapproach

The problemof inferring 3-D informationof a scenefrom a setof 2-D images
hasa long history in computervision. By its very nature,this problemfalls into
thecategory of so-calledinverseproblems,which areproneto beill-conditioned
and dif�cult to solve in their full generalityunlessadditionalassumptionsare
imposed.While, in general,thetaskof selectingacorrectmathematicalmodelcan
beelusive,simplechoicesof representationcanbemadeby exploiting geometric
primitivessuchaspoints,lines,curves,surfaces,andvolumes.

Sincethesegeometricprimitiveslive in three-dimensionalEuclideanspace,the
studyof Euclideangeometryandgroupsof transformationsthatpreserveits prop-
ertiestakesa naturalplacein this book(Chapter2). Perspective projection,with
its rootstracingbackto ancientGreekphilosophersandRenaissanceartists,has
beenwidely studiedin projectivegeometry(a branchof algebrain mathematics)
andmoderncomputergraphics.In this book,we adoptit asan ideal model for
theimageformationprocess(Chapter3). Theblendof perspectiveprojectionand
matrix groupsis thenat the heartof multiple-view geometry, the studyof fun-
damentalgeometriclaws thatgovernthestructurefrom motionproblem.In this
book,wewill formally establishthatasimple,completeandyetunifying descrip-
tion of thelawsgoverningmultiple imagesis givenby certainrankconditionson
theso-calledmultiple-view matrix (Part III). Brie�y stated,a multiple-view ma-
trix associatedwith a geometricfeature(point, line, or plane)is exactly the3-D
informationthat is missingin a single2-D imageof the featurebut encodedin
multiple ones.The rank conditionshenceimposethe incidencerelationthat all
imagesmustcorrespondto the same3-D feature.If therearemultiple features
in 3-D with incidencerelations(e.g., intersection)amongthemselves,the rank
conditionscanalsouniformly take theminto account.

This simpletheoryessentiallyenablesusto carryout globalgeometricanaly-
sisfor multiple imagesandsystematicallycharacterizedegeneratecon�gurations,
without breakingthe imagesequenceinto pairsor tripletsof views. Sucha uni-
form andglobaltreatmentallowsusto utilize all geometricconstraintsthatgovern
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all featuresandall incidencerelationsin all imagessimultaneouslyfor a consis-
tentrecoveryof motionandstructurefrom multipleviews(Chapter9). In Chapter
10,weshow how thistheorynaturallyrelatestheperspectiveprojectionwith prop-
ertiesof 3-D spacethatareinvariantundersymmetrygroups,which allows usto
exploit thesymmetricnatureof many man-madeandnaturalobjects.

1.3 A historicalperspective

Rudimentaryunderstandingof imageformation(suchasthephenomenonof pin-
holeimaging)waspresentin ancientcivilizationsthroughouttheworld.However,
the �rst mathematicalformulationof the notion of projection(aswell asrigid-
body motion) is attributed to Euclid of Alexandria in the fourth century B.C.
BrunelleschiandLeonBattistaAlberti studiedperspectivein thecontext of paint-
ing andarchitecture,andAlberti wrote the �rst generaltreatiseon the laws of
perspective,Della Pictura, in 1435.4 Perspective projectionhadvery muchcon-
tributedto the inventionof a “new,” non-Greek,way of doing geometry, called
projective geometryby the FrenchmathematicianGirard Desargues,for his fa-
mous“perspective theorem”publishedin 1648.5 Projective geometrywas later
reinventedandmadepopularby pupilsof anotherFrenchmathematician,Gaspard
Monge,in theeighteenthandearlynineteenthcentury. However, thisdoctrinewas
later challengedby Felix Klein's famous1872ErlangenProgram,which essen-
tially establishedamoredemocraticbut uni�ed platformfor moderngeometryin
termsof grouptheory.6

The rise of projective geometrymadesuch an overwhelmingim-
pressionon the geometers of the �r st half of the nineteenthcentury
that they tried to �t all geometricconsiderationsinto theprojective
scheme. ����� Thedictatorial regimeof theprojectiveideain geometry
was�r st successfullybrokenby theGermanastronomerandgeome-
ter Möbius,but the classicaldocumentof the democratic platform
in geometryestablishingthegroup of transformationsas the ruling
principle in any kind of geometryand yielding equal rights to in-
dependentconsideration to each and any such group, is F. Klein's
Erlangenprogram.

– HermanWeyl, ClassicalGroups

4SomehistoricalrecordssuggestthattheGreekmathematicianAnaxagorasof Clazomenaemight
havewritten a treatiseonperspective in thefourthcenturyB.C,but it did not survive.

5Thetheoremstatesthatif two trianglesarein perspective, theintersectionsof correspondingsides
arecollinear.

6Klein's synthesisof geometryis thestudyof thepropertiesof a spacethatareinvariantundera
givengroupof transformations.
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Figure1.8.Photographof Erwin Kruppa(courtesyof A. Kruppa).

The �rst work that is directly relatedto multiple-view geometryis believed
to be a 1913paperby theGermanmathematicianKruppa(seeFigure1.8).7 He
provedthat two views of � ve pointsaresuf�cient to determineboth the relative
transformationbetweentheviewsandthe3-D locationof thepointsup to �nitely
many solutions.8 Kruppa'sproof wasdonein thetraditionalprojective geometry
setting[Kruppa,1913].

Theseearlier theoreticaldevelopmentswere embracedby two disciplines
that strove for the developmentof techniquesfor 3-D reconstructionfrom
image data: photogrammetryand computervision. While the �rst techniques
for reconstructionin computervision date back to the mid 1970s, the ori-
gin of a more moderntreatmentis traditionally attributed to Longuet-Higgins,
who in 1981 �rst proposeda linear algorithm for structureand motion re-
covery from two imagesof a set of points, basedon the so-calledepipolar
constraint [Longuet-Higgins,1981].9 This linear algorithm was later modi�ed
and polishedby [HuangandFaugeras,1989], pioneersof the moderngeomet-
ric approachto computervision. Theseearly works on two-view geometry

7But somework on two-view geometrycan be tracedback to the mid nineteenthcentury;see
[MaybankandFaugeras,1992] andreferencestherein.

8Kruppa's original claim wasthattherewould beno morethan11 solutions.Theproof andresult
werere�ned laterby [Demazure,1988, Maybank,1990, HeydenandSparr, 1999]. It is shown thatthe
numberof solutionsis 10(includingcomplex solutions),insteadof 11.An in�nitesimal versionof this
theoremis provenby [Maybank,1993].

9The epipolarconstraint,which statesthat two imagerayscorrespondingto the same3-D point
arecoplanar, hadbeenknown in photogrammetrysincethemid nineteenthcentury. To thebestof our
knowledge,theepipolarconstraintwas�rst formulatedanalyticallyin [Thompson,1959].At around
thesametimeof Longuet-Higgins,[TsaiandHuang,1981, TsaiandHuang,1984] studiedthemotion
estimationproblemfrom arigid planarpatch.
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were summarizedin several monographs [Faugeras,1993, Kanatani,1993b,
Maybank,1993, Wenget al., 1993b]. In this book,theseclassicresults,together
with their extension to the continuousmotion and multiple-body cases,are
presentedin Chapters5, 6, and7.

Extensionsof the reconstructiontechniquesfrom point featuresto lines initi-
atedthestudyof therelationshipsamongthreeviews,sincein theline casethere
is no effectiveconstraintfor two views thatcanbeusedfor motionandstructure
recovery, aswewill explainin Chapter8.Theso-calledtrilinearconstraintamong
three imagesof a line was �rst studied by [SpetsakisandAloimonos,1987,
Liu andHuang,1986, Liu etal., 1990]. Thisresultwaslateruni�ed in thetwo pa-
persof [SpetsakisandAloimonos,1990a, SpetsakisandAloimonos,1990b] for
both the point and line cases,togetherwith uni�ed algorithms.An alternative
derivationof the trilinear constraintfor threeuncalibratedimagesof pointswas
suggestedin [Shashua,1994] andits equivalenceto theline casewassoonpointed
outby [Hartley, 1995].

While early studiesin multiple-view geometryoften concentratedon �nding
out what the minimum amountof dataneededfor a reconstructionis, the ad-
vanceof moderncomputertechnologieshascertainlychangedthe focusof the
investigation.Given that computerstodaycaneasilyhandletensof imageswith
hundredsandeven thousandsof featuresat a time, the main problembecomes
how to discoverall theinformationthat is availablefrom all theimagesandhow
to ef�ciently extract it throughcomputation.Theattemptsto developalgorithms
that ef�ciently utilize a large numberof imagesare marked by the introduc-
tion of factorizationtechniquesfor thesimpli�ed caseof orthographicprojection
[TomasiandKanade,1992]. In spiteof the restrictive assumptionaboutthepro-
jection model, the practical implicationsof suchfactorizationtechniqueswere
striking.

Unfortunately, suchfactorizationtechniquescannotbedirectly generalizedto
the caseof pureperspective projection.The studyof perspective imageshence
took a differentroute,almostoppositeto theglobalapproachadoptedin theor-
thographiccase.Throughoutthe1990s,researchersin computervisionandimage
processingfocusedonthestudyof geometryof two, threeor four imagesatatime.
Numerousbut equivalentformsof theconstraintsamongtwo or threeimagesof
pointsandlineshadbeenreformulatedfor variouspurposesof analysisandappli-
cation.This line of work culminatedin thepublicationof two recentmanuscripts:
[Hartley andZisserman,2000, FaugerasandLuong,2001].

This book will deviate from the projective geometricdoctrine.We will deal
with multiple-view geometrydirectly in its original settingandmake it a self-
containedsubject.Consequently, most existing resultsand algorithmswill be
reformulatedandsimpli�ed in our framework. Even the classicalepipolarcon-
straintbetweentwo viewswill eventuallybeexpressedin adifferentform, which
conformsmoreto otherconstraintsthatarepresentin multiple images(Chapter
8).Thisapproachwill notonly completewith little overheadthetaskof searching
for all intrinsicconstraintsamongmultipleviews,but alsopresentthemultimately
in auni�ed form thatis muchmoreaccessiblefor geometricinsightandalgorith-
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mic development(seeChapter9).Webelievethatsuchanadjustmentis necessary
andappropriatefor the developmentof a theoreticand algorithmic framework
suitablefor studyingmultiple imagesof multiple features(of different types),
multipleincidencerelations,andmultiplekindsof assumptionson thescene.
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Representationof aThree-Dimensional
Moving Scene

I will not de�ne time, space, placeandmotion,asbeingwell known
to all.

– IsaacNewton,Principia Mathematica,1687

Thestudyof thegeometricrelationshipbetweena three-dimensional(3-D) scene
andits two-dimensional(2-D) imagestakenfrom amoving camerais atheartthe
interplay betweentwo fundamentalsetsof transformations:Euclideanmotion,
also called rigid-body motion,which modelshow the cameramoves,and per-
spectiveprojection, which describesthe imageformationprocess.Long before
thesetwo transformationswerebroughttogetherin computervision, their theory
hadbeendevelopedindependently. Thestudyof theprinciplesof motionof ama-
terialbodyhasa longhistorybelongingto thefoundationsof mechanics.For our
purpose,morerecentnoteworthy insightsto theunderstandingof the motion of
rigid objectscamefrom ChaslesandPoinsotin theearly1800s.Their �ndings led
to thecurrenttreatmentof this subject,whichhassincebeenwidely adopted.

In this chapter, we will start with an introductionto three-dimensionalEu-
clideanspaceaswell asto rigid-bodymotions.Thenext chapterwill thenfocus
on theperspective projectionmodelof thecamera.Both chaptersrequirefamil-
iarity with somebasicnotionsfrom linearalgebra,many of which arereviewed
in AppendixA at theendof this book.
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2.1 Three-dimensionalEuclideanspace

We will use�! to denotethefamiliar three-dimensionalEuclideanspace.In gen-
eral,a Euclideanspaceis a setwhoseelementssatisfythe� ve axiomsof Euclid.
Analytically, three-dimensionalEuclideanspacecanberepresentedgloballyby a
Cartesiancoordinateframe:every point "$#%�& canbeidenti�ed with a point in

'

 with threecoordinates

(

�

)+* ,.-0/�,213/4,

 6587

):9 ;

,.-

,21

,

 

<=

#

'

 

�

Sometimes,wemayalsouse * ,>/4?@/BA

5

7

to indicateindividualcoordinatesinstead
of * ,.-C/�,21D/�,

 E5

7

. Throughsuchanassignmentof a Cartesianframe,oneestab-
lishesaone-to-onecorrespondencebetween�F and

'

 , whichallowsusto safely
talk aboutpointsandtheir coordinatesasif they werethesamething.

Cartesiancoordinatesarethe�rst steptowardmakingit possiblemeasuredis-
tancesandangles.In orderto doso, �& mustbeendowedwith ametric. A precise
de�nition of metricrelieson thenotionof vector.

De�nition 2.1 (Vector). In Euclideanspace, a vector G is determinedby a pair
of points"

/4H

#I�J andis de�nedasa directedarrow connecting" to H , denoted
G

)�K

L

"

H .

Thepoint " is usuallycalledthebasepoint of thevector G . In coordinates,the
vector G is representedby thetriplet *

G

-
/

G

1
/

G

 
5

7

#

'

 , whereeachcoordinateis
thedifferencebetweenthecorrespondingcoordinatesof the two points:if " has
coordinates

(

and H hascoordinatesM , then G hascoordinates1

G

�

)

M

K

(

#

'

 

�

The precedingde�nition of a vector is referredto asa boundvector. Onecan
also introducethe conceptof a free vector, a vectorwhosede�nition doesnot
dependon its basepoint. If we have two pairsof points �N"

/OH

� and �N"QP

/4H

PR� with
coordinatessatisfyingM

K

(

)

M

P

K

(

P , wesaythatthey de�ne thesamefree
vector. Intuitively, this allowsavector G to betransportedin parallelanywherein

�Q . In particular, without lossof generality, onecanassumethatthebasepoint is
theorigin of theCartesianframe,sothat

(

)

�

and M

)

G . Note,however, that
thisnotationis confusing:M heredenotesthecoordinatesof avectorthathappen
to bethesameasthecoordinatesof thepoint H just becausewe have chosenthe
point " to betheorigin.Thereadershouldkeepin mindthatpointsandvectorsare
differentgeometricobjects.Thiswill beimportant,aswe will seeshortly, sincea
rigid-bodymotionactsdifferentlyonpointsandvectors.

1Notethatweusethesamesymbol S for avectorandits coordinates.
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Thesetof all freevectorsformsa linear vectorspace2 (AppendixA), with the
linearcombinationof two vectorsG

/4T

#

'

 de�ned by
U

G
V$W

TX)�*

U

G

-

V$W

TQ-0/

U

G

1

V$W

TY1D/

U

G

 

V$W

T

 �5 7

#

'

 

/[Z

U

/

W\#

'

�

The Euclideanmetric for �J is thende�ned simply by an inner product3 (Ap-
pendix A) on the vector space

'

 . It can be shown that by a proper choice
of Cartesianframe,any inner productin �& canbe convertedto the following
canonicalform]

T&/

G_^

�

):T

7

G

)`T -

G

-

V

T 1

G

1

V

T

 

G

 

/[ZYTa/

G2#

'

 

� (2.1)

This inner productis alsoreferredto asthe standardEuclideanmetric. In most
partsof this book (but not everywhere!)we will usethe canonicalinner prod-
uct

]

Ta/

Gb^

)cT

7

G . Consequently, the norm (or length) of a vector G is dEGQd

�

)

e

]

G

/

G_^

)

e

G

1

-

V$G

1

1

VfG

1

 

. Whentheinnerproductbetweentwo vectorsis zero,
i.e.

]

Ta/

Gb^

)

�

, they aresaidto beorthogonal.
Finally, Euclideanspace�J canbeformally describedasa spacethat,with re-

spectto aCartesianframe,canbeidenti�ed with
'

 andhasametric(onitsvector
space)givenby theaboveinnerproduct.With suchametric,onecanmeasurenot
only distancesbetweenpointsor anglesbetweenvectors,but alsocalculatethe
lengthof a curve4 or thevolumeof a region.

While the inner productof two vectorsis a real scalar, the so-calledcross
productof two vectorsis avectorasde�ned below.

De�nition 2.2(Crossproduct). Giventwovectors Ta/

G.#

'

 , their crossproduct
is a third vectorwith coordinatesgivenby

TIg

G

�

)
9
;

Th1

G

 

K

T

 

G

1

T

 

G

-

K

T
-

G

 

T
-

G

1

K

T
1

G

-

<
=

#

'

 

�

It is immediatefrom this de�nition that the crossproductof two vectorsis
linearin eachof its arguments:T.g

�

U

GiV>W!jk�

)

U

TXg

GlV>W

TXg

j

/QZ

U

/

Wf#

'

.
Furthermore,it is immediateto verify that]

T>g

G

/�T

^

)

]

T>g

G

/

G_^

)

�

/mTng

G

)

K

G

goT

�

Therefore,the crossproductof two vectorsis orthogonalto eachof its factors,
andtheorderof thefactorsde�nes anorientation(if we changetheorderof the
factors,thecrossproductchangessign).

2Notethatthesetof pointsdoesnot.
3In someliterature,theinnerproductis alsoreferredto asthe“dot product.”
4If thetrajectoryof amoving particlep in q3r is describedby acurve sbt�u vhwExzy {}|It~x•vQ€‚•!r�ƒ�xh€

„ …

ƒ‡†‰ˆ , thenthetotal lengthof thecurve is givenby

Š

t‹sbt�u v•vYŒI•oŽ

•‘•“’

|nt”x•v

•h•

x–ƒ

where
’

|It”x•vYŒ˜—

—4™

t~|It~x•v•vJ€š•!r is theso-calledtangentvectorto thecurve.
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If we �x T , the crossproductcan be representedby a map from
'

 to
'

 :
Go›

L

T>g

G . This mapis linearin G andthereforecanberepresentedby a matrix
(AppendixA). We denotethis matrix by œ

T

#

'

 0•b , pronounced“ T hat.” It is
immediateto verify by substitutionthatthis matrix is givenby5

œ

T

�

)ž9 ;

�

K

T

 

T 1

T

 

�

K

T -

K

T 1 T -

�

<=

#

'

 0•b 

� (2.2)

Hence,we canwrite T>g

G

)

œ

T

G . Notethat œ

T is a Ÿ

g

Ÿ skew-symmetricmatrix,
i.e. œ

T

7

)

K

œ

T (seeAppendixA).

Example 2.3 (Right-hand rule). It is immediateto verify that for  

Žf¡

¢}£N¤�¥�¦D¥�¦6§~¨J¥

 �©

¡

¢

£ ¦3¥E¤ª¥‡¦6§
¨¬«$­

r , we have  

Ži®

 �©

¢¯£ ¦3¥�¦D¥E¤O§
¨

¡

¢

 

r

. That is, for a standardCartesian
frame,the crossproductof the principal axes ° and ± gives the principal axis ² . The
crossproductthereforeconformsto theright-handrule. SeeFigure2.1.
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The crossproduct,therefore,naturallyde�nes a mapbetweena vector T and
a Ÿ

g

Ÿ skew-symmetricmatrix œ

T . By inspection,theconverseof this statement
is clearlytrue,sincewe caneasilyidentify a three-dimensionalvectorassociated
with every Ÿ

g

Ÿ skew-symmetricmatrix (just extract T
-

/4T
1

/�T

 

from (2.2)).

Lemma 2.4(Skew-symmetricmatrix). A matrix ��#

'

 0•b is skew-symmetric
if andonly if �

)

œ

T for someT

#

'

 .

Therefore,thevectorspace
'

 andthespaceof all skew-symmetricŸ

g

Ÿ matri-
ces,called ·

³

��Ÿ¸� ,6 areisomorphic(i.e.thereexistsaone-to-onemapthatpreserves
thevectorspacestructure).Theisomorphismis theso-calledhatoperator

¹‘º

'

 

L

·

³

��Ÿ¸�E»

T

›

L

œ

TJ/

5In someliterature,thematrix ¼

½ is denotedby ½h¾ or
„

½

ˆ

¾ .
6Wewill explain thereasonfor thisnamelaterin thischapter.
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andits inversemap,calledtheveeoperator, whichextractsthecomponentsof the
vector T from a skew-symmetricmatrix œ

T , is givenby
¿$º

·

³

��Ÿ¸�

L

'

 

»Àœ

T

›

L

œ

TQÁo)ÂT

�

2.2 Rigid-bodymotion

Consideran objectmoving in front of a camera.In orderto describeits motion
oneshould,in principle,specifythetrajectoryof everysinglepointon theobject,
for instance,by specifyingcoordinatesof a point as a function of time

(

�ÄÃ�� .
Fortunately, for rigid objectswedonotneedto specifythemotionof everypoint.
As we will seeshortly, it is suf�cient to specify the motion of one (insteadof
every) point, andthemotionof threecoordinateaxesattachedto thatpoint. The
reasonis that for every rigid object, the distancebetweenany two pointson it
doesnot changeover time astheobjectmoves.SeeFigure2.2.
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Figure2.2.A motionof a rigid bodypreservesthedistanceÇ betweenany pair of points
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Thus,if
(

�ÄÃ�� and M‘�ÄÃ�� arethe coordinatesof any two points " and H on the
object,respectively, thedistancebetweenthemis constant:

d

(

�•Ã��

K

M‘�ÄÃ���diË constant/[Z

Ã@#

'

� (2.3)

A rigid-bodymotion(or rigid-bodytransformation)is thena family of mapsthat
describehow thecoordinatesof everypointonarigid objectchangein timewhile
satisfying(2.3).We denotesucha mapby

Æ

�ÄÃ��

º

'

 

L

'

 

»

(

›

L

Æ

�•Ã��6�

(

�E�

If insteadof looking at the entire continuouspath of the moving object, we
concentrateon the map betweenits initial and �nal con�guration, we have a
rigid-bodydisplacement, denotedby

Æ

º

'

 

L

'

 

»

(

›

L

Æ

�

(

�E�

Besidestransformingthecoordinatesof points,Æ alsoinducesatransformationon
vectors.Supposethat G is avectorde�ned by two points" and H with coordinates
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G

)

M

K

(

; then,afterthetransformationÆ , we obtaina new vector7

To)

ÆÍÌ

�ÄGb�

�

)

Æ

�•M\�

K

Æ

�

(

�6�

Since Æ preservesthedistancebetweenpoints,we have that d

Æ Ì

�•G_��d

)

dEGQd for
all freevectorsGÎ#

'

 .
A mapthatpreservesthedistanceis calleda Euclideantransformation. In the

3-D space,the setall Euclideantransformationsis denotedby ÏÎ��Ÿ¸� . Note that
preservingdistancesbetweenpointsis notsuf�cient to characterizea rigid object
moving in space.In fact,therearetransformationsthatpreservedistances,andyet
they arenotphysicallyrealizable.For instance,themap

Ð

º

* , - /4, 1 /�,

 5 7

›

L

* , - /�, 1 /

K

,

 5 7

preservesdistancesbut notorientations.It correspondsto a re�ection of pointsin
the ,%? -planeasadouble-sidedmirror. To ruleout thiskind of maps,8 werequire
that any rigid-body motion,besidespreservingdistances,preservesorientations
aswell. Thatis, in additionto preservingthenormof vectors,it mustalsopreserve
theircrossproduct.Themapor transformationinducedby arigid-bodymotionis
calleda specialEuclideantransformation. Theword “special” indicatesthefact
thata transformationis orientation-preserving.

De�nition 2.5 (Rigid-body motion or specialEuclidean transformation). A
map Æ

º

'

 

L

'

 is a rigid-bodymotionor a specialEuclideantransformationif
it preservesthenormandthecrossproductof anytwovectors,

1. norm: d

ÆÍÌ

�ÄGb��d

)

dEGQd

/&Z

GÎ#

'

 ,

2. crossproduct: Æ
Ì

�

T

�

g

Æ
Ì

�ÄGb�

)

Æ
Ì

�

Tng

G_�

/FZYTa/

G2#

'

 .

Thecollectionof all such motionsor transformationsis denotedby ÑÒÏÎ�•ŸÍ� .

In theabovede�nition of rigid-bodymotions,it is notimmediatelyobviousthat
theanglesbetweenvectorsarepreserved.However, theinnerproduct

]‡Ó

/

Ó

^ canbe
expressedin termsof thenorm d

Ó

d by thepolarizationidentity
]

Ta/

Gb^

)

�

Ô%Õ
d

T

VfGQd

1

K

d

T

K

GQd

1�Ö

(2.4)

and,since d

T

V%GQd

)

d

Æ_Ì

�

T

�×V

ÆÍÌ

�•G_��d , onecanconcludethat,for any rigid-body
motion Æ , ]

T&/

G_^

)

]

ÆÍÌ

�

T

�

/

ÆÍÌ

�•G_�4^

/mZhT&/

G2#

'

 

� (2.5)

In otherwords,arigid-bodymotioncanalsobede�nedasonethatpreservesboth
theinnerproductandthecrossproduct.

7Theuseof Ø�Ù hereis consistentwith theso-calledpush-forward mapor differential operator of Ø

in differentialgeometry, which denotestheactionof a differentiablemapon thetangentspacesof its
domains.

8In Chapter10,however, wewill studytheimportantroleof re�ectionsin multiple-view geometry.
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Example 2.6 (Triple product and volume). Fromthede�nition of a rigid-bodymotion,
onecanshow thatit alsopreservestheso-calledtriple productamongthreevectors:

Ú8Û

Ùª´RÜÝµ

¥

Û

Ùª´RÞDµ

®

Û

ÙC´Rß“µ‰à

¢

Ú

Ü

¥

Þ

®

ß“à

¡Sincethe triple productcorrespondsto the volumeof the parallelepipedspannedby the
threevectors,rigid-bodymotionalsopreservesvolumes.

How do thesepropertieshelpusdescribea rigid-bodymotionconcisely?The
fact that distancesandorientationsarepreservedby a rigid-bodymotion means
that individual pointscannotmove relative to eachother. As a consequence,a
rigid-bodymotioncanbedescribedby themotionof a chosenpoint on thebody
andtherotationof a coordinateframeattachedto thatpoint. In orderto seethis,
werepresentthecon�gurationof arigid bodyby attachingaCartesiancoordinate
frameto somepoint on the rigid body, andwe will keeptrack of the motion of
thiscoordinateframerelative to a �x edworld (reference)frame.

To this end,considera coordinateframe,with its principalaxesgivenby three
orthonormalvectorsá

-C/

á

13/

á

 

#

'

 ; thatis, they satisfy

á

7â

á6ã

)¬ä

â

ã

�

)æå

�

for ç

)‘èD/

�

for çié

)‘è

�

(2.6)

Thevectorsareorderedsoasto form a right-handedframe: á

-
g

á

1
)

á

 

. Then,
aftera rigid-bodymotion Æ , wehave

ÆÍÌ

��á

â

�

7

ÆÍÌ

��á
ã

�

)`ä

â

ã

/

ÆÍÌ

�•á
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�

g

ÆÍÌ

�•á

1

�

)

ÆÍÌ

�•á

 

�6� (2.7)

Thatis, theresultingthreevectorsÆ_Ì

�•á

-

�

/

ÆÍÌ

�•á

1

�

/

ÆÍÌ

�•á

 

� still form aright-handed
orthonormalframe. Therefore,a rigid object can always be associatedwith a
right-handedorthonormalframe,which we call the object coordinate frameor
thebodycoordinateframe, andits rigid-bodymotioncanbeentirelyspeci�edby
themotionof sucha frame.

In Figure2.3 we show an object, in this casea camera,moving relative to a
world referenceframe ê

º

�

,n/O?¶/EA

� selectedin advance.In order to specify
the con�guration of the camerarelative to the world frame ê , onemay pick a
�x ed point

³

on the cameraandattachto it an object frame,in this casecalled
a cameraframe,9 ë

º

�Äì

/�íh/4î

� . Whenthecameramoves,thecameraframealso
movesalongwith thecamera.Thecon�gurationof thecamerais thendetermined
by two components:

1. thevectorbetweentheorigin
³

of theworld frameandthatof thecamera
frame, Æ

�

³

� , calledthe“translational”partanddenotedby ï ;

2. the relative orientation of the cameraframe ë , with coordinateaxes
�Äì

/�íh/4î

� , relative to the �x ed world frame ê with coordinateaxes
�

,>/4?@/BA

� , calledthe“rotational” partanddenotedby ð .

9Here,to distinguishthe two coordinateframes,we uselower-caseñ_ƒ•ò3ƒôó for coordinatesin the
cameraframe.
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In the problemswe considerin this book, thereis no obvious choiceof the
world referenceframeandits origin

³

. Therefore,wecanchoosetheworld frame
to beattachedto thecameraandspecifythetranslationandrotationof thescene
relative to that frame(aslong asit is rigid), or we couldattachtheworld frame
to thesceneandspecifythemotionof thecamerarelative to that frame.All that
mattersis therelativemotionbetweenthesceneandthecamera;thechoiceof the
world referenceframeis, from thepoint of view of geometry, arbitrary.10

If we canmove a rigid object(e.g.,a camera)from oneplaceto another, we
cancertainlyreversetheactionandput it backto its original position.Similarly,
we cancombineseveralmotionsto generatea new one.Roughlyspeaking,this
propertyof invertibility andcompositioncanbemathematicallycharacterizedby
thenotion of “group” (AppendixA). As we will soonsee,thesetof rigid-body
motionsis indeeda group,theso-calledspecialEuclideangroup. However, the
abstractnotionof groupis notusefuluntil wecangiveit anexplicit representation
anduseit for computation.In thenext few sections,we will focusonstudyingin
detail how to representrigid-body motionsin termsof matrices.11 More specif-
ically, we will show that any rigid-body motion canbe representedasa

Ô

g

Ô

matrix. For simplicity, we start with the rotationalcomponentof a rigid-body
motion.

2.3 Rotationalmotionandits representations

2.3.1 Orthogonalmatrix representationof rotations

Supposewe have a rigid objectrotatingabouta �x edpoint
³

#û�& . How do we
describeits orientationrelative to a chosencoordinateframe,say ê ? Without
lossof generality, we may alwaysassumethat the origin of the world frameis

10The humanvision literature,on the otherhand,debateswhetherthe primatebrain maintainsa
view-centeredor anobject-centeredrepresentationof theworld.

11Thenotionof matrix representationfor a groupis introducedin AppendixA.
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the centerof rotation
³

. If this is not the case,simply translatethe origin to the
point

³

. We now attachanothercoordinateframe,say ë , to the rotatingobject,
saya camera,with its origin alsoat

³

. Therelationbetweenthesetwo coordinate
framesis illustratedin Figure2.4.
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Figure2.4.Rotationof a rigid bodyabouta �x edpoint þ andalongtheaxis ÿ . Thecoor-
dinateframe ú (solid line) is �x ed,andthecoordinateframe ö (dashedline) is attached
to therotatingrigid body.

Thecon�guration(or “orientation”) of theframe ë relative to theframe ê is
determinedby thecoordinatesof thethreeorthonormalvectorsü

-
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 relative to theworld frame ê , asshown in Figure2.4.
The threevectorsü

-
/

ü

1
/

ü

 

aresimply the unit vectorsalongthe threeprincipal
axes ì

/4íh/4î of theframe ë , respectively. Thecon�gurationof therotatingobject
is thencompletelydeterminedby the Ÿ

g

Ÿ matrix
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stacked in order as its three columns.Since ü
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ü
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form an
orthonormalframe,it follows that
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Thiscanbewritten in matrix form as
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ð�����ð
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���
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�

Any matrix thatsatis�estheaboveidentity is calledanorthogonalmatrix. It fol-
lows from theabovede�nition that theinverseof anorthogonalmatrix is simply
its transpose:ð�


-

���

)

ð

7

���

. Sinceü

-3/

ü

13/

ü

 

form aright-handedframe,we further
have the conditionthat the determinantof ð

��� mustbe V

�

.12 Hence ð
��� is a

specialorthogonalmatrix, whereasbefore,theword “special” indicatesthatit is

12This caneasilybeseenby computingthedeterminantof therotationmatrix ��
��Ot��avYŒ��

¨

Ž

t��
©��

�

r

v , which is equalto �@† .
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orientation-preserving.Thespaceof all suchspecialorthogonalmatricesin
'

 3•b 

is usuallydenotedby

Ñ�� �•ŸÍ�
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)��

ð�#

'

 C•Ý ��

ð

7

ð

)	�×/��! #"

��ð �

)

V

�%$

�

Traditionally, Ÿ

g

Ÿ specialorthogonalmatricesarecalledrotation matricesfor
obviousreasons.It canbeveri�ed that Ñ�� �•ŸÍ� satis�esall four axiomsof agroup
(de�ned in AppendixA) undermatrix multiplication.We leave the proof to the
readerasan exercise.So the spaceÑ�� �•ŸÍ� is alsoreferredto asthe specialor-
thogonalgroupof

'

 , or simply therotationgroup. Directly from thede�nition,
onecanshow that rotationsindeedpreserve boththeinnerproductandthecross
productof vectors.

Example 2.7 (A rotation matrix). Thematrix that representsa rotationaboutthe ² -axis
by anangle & is
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Thereadercansimilarly derivematricesfor rotationaboutthe ° -axisor the ± -axis.In the
next sectionwe will studyhow to representa rotationaboutany axis.

Going back to Figure2.4, every rotationmatrix ð
���

# Ñ9� �•Ÿ¸� representsa
possiblecon�guration of theobjectrotatedaboutthepoint

³

. Besidesthis, ð
���

takesanotherroleasthematrixthatrepresentsthecoordinatetransformationfrom
theframe ë to theframe ê . To seethis,supposethatfor a givena point "I#o�F ,
its coordinateswith respectto the frame ê are
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� canbe expressedasa linear
combinationof thesethreevectors,say

(

�

) ,.-

�

ü

-

V

,21

�

ü

1

V

,

 

�

ü

 

with
* ,.-

�

/4,21

�

/�,

 

�

5

7

#

'

 . Obviously,
(

�

) * ,.-

�

/4, 1

�

/�,

 

�

5

7

arethecoordinates
of thesamepoint " with respectto theframe ë . Therefore,wehave
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In this equation,thematrix ð���� transformsthecoordinates
(

� of a point " rela-
tive to theframe ë to its coordinates

(

� relativeto theframe ê . Sinceð���� is a
rotationmatrix, its inverseis simply its transpose,
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Thatis, theinversetransformationof a rotationis alsoa rotation;we call it ð:�;� ,
following anestablishedconvention,sothat
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The con�guration of a continuouslyrotatingobject can thenbe describedasa
trajectory ð �ÄÃ��

º

Ã>›

L

Ñ�� �•ŸÍ� in the spaceÑ9� �•Ÿ¸� . When the startingtime is
not Ã

)

�

, the relative motion betweentime Ã

1 andtime Ã

- will be denotedas
ð��•Ã

1
/

Ã

-

� . Thecompositionlaw of therotationgroup(seeAppendixA) implies
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For a rotating camera,the world coordinates
(

� of a �x ed 3-D point " are
transformedto its coordinatesrelative to thecameraframe ë by

(

�ª�ÄÃ��

)

ð��;�l�ÄÃ��

(

�“�

Alternatively, if apoint " is �x edwith respectto thecameraframehascoordinates
(

� , its world coordinates
(

� �ÄÃ�� asa functionof Ã arethengivenby
(

�l�ÄÃ��

)

ð����ª�ÄÃ��

(

���

2.3.2 Canonicalexponentialcoordinatesfor rotations

Sofar, wehaveshownthatarotationalrigid-bodymotionin �  canberepresented
by a Ÿ

g

Ÿ rotationmatrix ð #>Ñ�� ��Ÿ¸� . In thematrix representationthatwe have
so far, eachrotationmatrix ð is describedby its Ÿ

g

Ÿ

)?> entries.However,
thesenineentriesarenot freeparametersbecausethey mustsatisfytheconstraint

ð

7

ð

)@� . This actuallyimposessix independentconstraintson thenineentries.
Hence,the dimensionof the spaceof rotation matrices Ñ9� �•Ÿ¸� shouldbe only
three,andsix parametersout of theninearein fact redundant.In this subsection
and Appendix 2.A, we will introducea few explicit parameterizationsfor the
spaceof rotationmatrices.

Given a trajectory ð �ÄÃ��

º

'

L

Ñ�� ��Ÿ¸� that describesa continuousrotational
motion,therotationmustsatisfythefollowing constraint
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Computingthederivativeof theaboveequationwith respectto time Ã andnoticing
thattheright-handsideis aconstantmatrix,weobtain
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The resultingequationre�ects the fact that the matrix
B
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�ÄÃ��o#
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 0•b is a
skew-symmetricmatrix.Then,aswe have seenin Lemma2.4,theremustexist a
vector, say ý

�•Ã��“#
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 , suchthat
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Multiplying bothsidesby ð��•Ã�� on theright yields
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Noticethat from theabove equation,if ð �ÄÃD<ª�

)E� for Ã

)

ÃF< , we have
B
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œ
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�•Ã�<C� . Hence,aroundtheidentitymatrix � , askew-symmetricmatrixgivesa�rst-
orderapproximationto a rotationmatrix:
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As wehaveanticipated,thespaceof all skew-symmetricmatricesis denotedby
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and following the above observation, it is also called the tangent spaceat the
identity of the rotationgroup Ñ�� �•ŸÍ� .13 If ð �ÄÃ�� is not at the identity, the tangent
spaceat ð �ÄÃ�� is simply ·

³

�•ŸÍ� transportedto ð��•Ã�� by a multiplication by ð �•Ã��

on theright:
B

ð��ÄÃ��

)

œ

ý

�ÄÃ���ð��•Ã�� . This alsoshows that,locally, elementsof Ñ�� ��Ÿ¸�

dependononly threeparameters,�

ý
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ý

13/

ý

 

� .
Having understoodits localapproximation,wewill now usethisknowledgeto

obtainausefulrepresentationfor therotationmatrix.Let usstartby assumingthat
thematrix œ

ý in (2.8) is constant,
B

ð �ÄÃ��
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œ

ý

ð �ÄÃ��E� (2.10)

In the above equation,ð �ÄÃ�� canbe interpretedasthestatetransitionmatrix for
thefollowing linearordinarydifferentialequation(ODE):
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� (2.11)

It is thenimmediateto verify thatthesolutionto theaboveODE is givenby
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whereá
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is thematrix exponential
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Theexponentialá

H

JLK

is alsooftendenotedby  #Q�R

�–œ

ý

Ã�� . Due to theuniquenessof
thesolutionto theODE(2.11),andassumingð��

�

�

)	� is theinitial conditionfor
(2.10),wemusthave
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To verify that the matrix á

H

JLK

is indeeda rotationmatrix, onecandirectly show
from thede�nition of thematrix exponentialthat
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, andwe leave this
fact to the readerasanexercise(seeExercise2.12).A physicalinterpretationof
equation(2.14)is that if d

ý

d
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, then ð �ÄÃ��
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is simplya rotationaround
theaxis ý

#

'

 by an angleof Ã radians.14 In general,Ã canbeabsorbedinto ý ,
sowe have ð

)
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for ý with arbitrarynorm.So,thematrix exponential(2.13)
indeedde�nes a mapfrom the space·
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�•ŸÍ� to Ñ�� �•ŸÍ� , the so-calledexponential
map
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Note that we obtainedthe expression(2.14) by assumingthat the ý

�•Ã�� in (2.8)
is constant.This is, however, not always the case.A questionnaturally arises:

13Since UWVltYX6v is aLie group, Z�[�tYX6v is calledits Lie algebra.
14We canuseeither \#]

^I_

, where ` encodesexplicitly the rotationangleand
•;aJ•

Œ	† , or more
simply \

]

^

where
•;a&•

encodestherotationangle.



2.3. Rotationalmotionandits representations 27

canevery rotationmatrix ð #$Ñ�� ��Ÿ¸� beexpressedin anexponentialform asin
(2.14)?Theansweris yes,andthefactis statedasthefollowing theorem.

Theorem 2.8 (Logarithm of Ñ�� �•ŸÍ� ). For any ð #`Ñ�� �•ŸÍ� , there existsa (not
necessarilyunique)ý
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 such that ð
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exponentialmapby œ
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Proof. Theproofof this theoremis by construction:if therotationmatrix ð é
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is givenas
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If ð

)p� , then d

ý

d
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, and
J

q

J

q is notdetermined(andthereforecanbechosen
arbitrarily).

Thesigni�canceof this theoremis thatany rotationmatrix canberealizedby
rotatingaroundsome�x ed axis ý by a certainangle d

ý

d . However, the expo-
nentialmapfrom ·

³

�•ŸÍ� to Ñ�� ��Ÿ¸� is not one-to-one,sinceany vectorof theform
�fr%s

ý with
r

integerwould give riseto thesameð . This will becomeclearafter
wehave introducedtheso-calledRodrigues'formulafor computingð
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.
From the constructive proof of Theorem2.8, we know how to computethe

exponentialcoordinatesý for a givenrotationmatrix ð #�Ñ�� �•ŸÍ� . On theother
hand,given ý , how do we effectively computethecorrespondingrotationmatrix
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H

J

?Onecancertainlyusetheseries(2.13)from thede�nition. Thefollowing
theorem,however, providesaveryusefulformulathatsimpli�es thecomputation
signi�cantly.

Theorem 2.9 (Rodrigues' formula for a rotation matrix). Given ý
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Proof. Let Ã
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d andrede�ne ý to beof unit length.Then,it is immediateto
verify thatpowersof œ

ý canbereducedby thefollowing two formulae
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Thetwo setsof parenthesescontaintheTaylor seriesfor j�n�o

�•Ã�� and �
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�•Ã���� ,
respectively. Thus,we have á
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matrix in ·
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��Ÿ¸� togetherwith theLie bracket form
theLie algebraof the(Lie) group Ñ�� ��Ÿ¸� . For moredetailsontheLie groupstruc-
ture of Ñ�� �•ŸÍ� , thereadermayrefer to [Murr ayet al., 1993]. Given œ
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Theexponentialcoordinatesintroducedaboveprovidea localparameterization
for rotationmatrices.Therearealsootherwaysto parameterizerotationmatrices,
eitherglobally or locally, amongwhich quaternionsandEuler angles(or more
formally, Lie-Cartancoordinates) are two popularchoices.We leave more de-
taileddiscussionsto Appendix2.A at theendof this chapter. We useexponential
coordinatesbecausethey aresimplerandmoreintuitive.

2.4 Rigid-bodymotionandits representations

In theprevioussection,we studiedpurelyrotationalrigid-bodymotionsandhow
to representandcomputea rotationmatrix. In this section,we will studyhow
to representa rigid-body motion in general,a motion with both rotation and
translation.

Figure2.5illustratesamoving rigid objectwith acoordinateframe ë attached
to it. To describethe coordinatesof a point " on the objectwith respectto the
world frame ê , it is clearfrom the�gure thatthevector

(

� is simplythesumof
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Figure2.5.A rigid-bodymotionbetweena moving frame ö anda world frame ú .

thetranslationï
���
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'

 of theorigin of theframe ë relative to thatof theframe
ê andthe vector

(

� but expressedrelative to the frame ê . Since
(

� arethe
coordinatesof thepoint " relativeto theframe ë , with respectto theworld frame

ê , it becomesðl���

(

� , where ð����‚#IÑ9� �•Ÿ¸� is therelative rotationbetweenthe
two frames.Hence,thecoordinates
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� aregivenby
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�&V$ï„���6� (2.17)

Usually, we denotethe full rigid-bodymotion by Æ
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�•ð
���

/

ï
���

� , or simply
Æ

)

�•ð

/

ïk� if the framesinvolvedareclearfrom thecontext. Then Æ represents
not only a descriptionof the con�guration of the rigid-body object but also a
transformationof coordinatesbetweenthetwo frames.In compactform,wewrite
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Thesetof all possiblecon�gurationsof a rigid bodycanthenbedescribedby the
spaceof rigid-bodymotionsor specialEuclideantransformations
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Note that Æ

)

�•ð

/

ïõ� is not yet a matrix representationfor ÑÒÏ.�•Ÿ¸� .15 To obtain
sucha representation,we needto introducethe so-calledhomogeneouscoordi-
nates.We will introduceonly what is neededto carry our study of rigid-body
motions.

2.4.1 Homogeneousrepresentation

Onemay have alreadynoticedfrom equation(2.17) that in contrastto the pure
rotationcase,the coordinatetransformationfor a full rigid-body motion is not

15For this to bethecase,thecompositionof two rigid-bodymotionsneedsto bethemultiplication
of two matrices.SeeAppendixA.
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linearbut af�ne.16 Nonetheless,wemayconvertsuchanaf�ne transformationto a
linearoneby usinghomogeneouscoordinates. Appendinga“

�

” to thecoordinates
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) * ,.-0/�,213/4,
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Noticethatin
'

v , vectorsof theaboveform giveriseto asubspace,andall linear
structuresof theoriginal vectorsGn#

'

 areperfectlypreservedby thenew rep-
resentation.Usingthenew notation,the(af�ne) transformation(2.17)canthenbe
rewritten in a “linear” form
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v0•�v is calledthehomogeneousrepresentationof
the rigid-body motion Æ
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Notice that by introducinga little redundancy into the notation,we can repre-
senta rigid-bodytransformationof coordinatesby a linearmatrix multiplication.
The homogeneousrepresentationof Æ in (2.18) gives rise to a naturalmatrix
representationof thespecialEuclideantransformations
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Usingthisrepresentation,it is thenstraightforwardto verify thattheset ÑÒÏÎ��Ÿ¸� in-
deedsatis�esall therequirementsof a group(AppendixA). In particular, Z

Æ
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16Wesaythattwo vectors½

ƒ�S arerelatedby a linear transformationif ½

Œ’‘&S for somematrix ‘ ,
andby anaf�ne transformationif ½

Œ�‘JS“�•” for somematrix ‘ andvector ” . SeeAppendixA.
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and Æ
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Thus,
†

Æ is indeeda matrix representationfor the group of rigid-body motions
accordingto thede�nition wementionedin Section2.2(but givenformally in Ap-
pendixA). In thehomogeneousrepresentation,theactionof a rigid-bodymotion

Æ

#IÑ ÏÎ�•ŸÍ� ona vector G
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That is, the action is alsosimply representedby a matrix multiplication. In the
3-D coordinates,we have ÆbÌ

�•G_�

)

ðkG , sinceonly rotationalpartaffectsvectors.
The readercanverify that suchan actionpreservesboth the inner productand
thecrossproduct.As canbeseen,rigid motionsactdifferentlyonpoints(rotation
andtranslation)thanthey doonvectors (rotationonly).

2.4.2 Canonicalexponentialcoordinatesfor rigid-bodymotions

In Section2.3.2,we studiedexponentialcoordinatesfor a rotationmatrix ð #

Ñ�� �•ŸÍ� . Similar coordinatizationalsoexists for thehomogeneousrepresentation
of afull rigid-bodymotion Æ

#nÑÒÏÎ�•ŸÍ� . For therestof thissection,wedemonstrate
how to extendthe resultswe have developedfor the rotationalmotion to a full
rigid-bodymotion.Theresultsdevelopedherewill beextensivelyusedthroughout
thebook.Thederivationparallelsthecaseof a purerotationin Section2.3.2.

Considerthe motion of a continuouslymoving rigid body describedby a
trajectoryon Ñ ÏÎ�•ŸÍ� : Æ

�•Ã��
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ï �ÄÃ��4� , or in thehomogeneousrepresentation
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Fromnow on, for simplicity, whenever thereis noambiguity, we will removethe
bar“ 
 ” to indicatea homogeneousrepresentationandsimply useÆ . We will use
thesameconventionfor points,

(

for
†

(

, andfor vectors,G for
†

G , whenevertheir
correctdimensionis clearfrom thecontext.

In analogywith thecaseof a purerotation,let us �rst look at thestructureof
thematrix
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From our study of the rotation matrix, we know that
B

ð �•Ã��‡ð
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�•Ã�� is a skew-
symmetricmatrix; i.e. thereexists œ
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De�ne a vector Gh�ÄÃ��o#
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 suchthat GY�•Ã��
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equationbecomes

B

Æ

�ÄÃ��

Æ




-

�•Ã��

) ‡

œ

ý

�ÄÃ��[Gh�ÄÃ��

� �@‰

#

'

v3•%v

�

If we furtherde�ne amatrix œ

™

#

'

v3•%v to be

œ

™

�ÄÃ��

) ‡

œ

ý

�•Ã��[GY�•Ã��

� �@‰

/

thenwe have
B

Æ

�ÄÃ��

)

Õ

B

Æ

�•Ã��

Æ




-

�•Ã��

Ö

Æ

�ÄÃ��

)

œ

™

�ÄÃ��

Æ

�ÄÃ��

/ (2.20)

where œ

™

canbeviewedasthe“tangentvector”alongthecurveof Æ

�ÄÃ�� andcanbe
usedto approximateÆ

�ÄÃ�� locally:

Æ

�ÄÃ!V

Å

Ã���G

Æ

�•Ã��JV

œ

™

�ÄÃ��

Æ

�ÄÃ��

Å

Ã

)›šœ�

V

œ

™

�ÄÃ��

Å

ÃF•

Æ

�•Ã��E�

A
Ô

g

Ô

matrixof theform of œ

™
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The set ·ªá_�•ŸÍ� is called the tangentspace(or Lie algebra)of the matrix group
ÑÒÏÎ�•ŸÍ� . We also de�ne two operators“
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” and “
¹

” to convert betweena twist
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In the twist coordinates
™

, we will refer to G asthe linear velocityand ý asthe
angular velocity, which indicatesthat they arerelatedto eitherthe translational
or the rotationalpart of the full motion. Let us now considera specialcaseof
equation(2.20)whenthetwist œ

™

is aconstantmatrix
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Wehaveagainatime-invariantlinearordinarydifferentialequation,whichcanbe
integratedto give
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By Rodrigues'formula (2.16) introducedin the previous sectionandadditional
propertiesof thematrixexponential,thefollowingrelationshipcanbeestablished:
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If ý
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, the exponentialis simply á
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� � ‰ . It is clear from the above

expressionthattheexponentialof œ
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is indeeda rigid-bodytransformationmatrix
in ÑÒÏÎ��Ÿ¸� . Therefore,theexponentialmapde�nesatransformationfrom thespace
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Caneveryrigid-bodymotion Æ

#IÑÒÏÎ��Ÿ¸� berepresentedin suchanexponential
form?Theansweris yesandis formulatedin thefollowing theorem.

Theorem 2.11 (Logarithm of ÑÒÏÎ��Ÿ¸� ). For any Æ
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Proof. Theproofis constructive.SupposeÆ
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If ð

)	� , then d
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. In thiscase,wemaysimplychooseý
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As with the exponential coordinatesfor rotation matrices,the exponential
mapfrom ·�á_��Ÿ¸� to ÑÒÏÎ��Ÿ¸� is not one-to-one.Thereareusually in�nitely many
exponentialcoordinates(or twists)thatcorrespondto every Æ

#IÑÒÏÎ��Ÿ¸� .

Remark 2.12. Asin therotationcase, thelinear structureof ·�á_��Ÿ¸� , togetherwith
theclosureundertheLie bracketoperation
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makes ·ªá_�•Ÿ¸� theLie algebra for ÑÒÏÎ��Ÿ¸� . Thetworigid-bodymotionsÆ
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Example2.13(Screwmotions).Screw motionsareaspeci�c classof rigid-bodymotions.
A screw motionconsistsof rotationaboutanaxis in spacethroughanangleof & radians,
followedby translationalongthesameaxisby anamountÇ . De�ne thepitch of thescrew
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motionto betheratioof translationto rotation, ª

¢

Çf«i& (assuming&­¬

¢f¦ ). If wechoosea
point ® on theaxisand ÿ

« ­

r to bea unit vectorspecifyingthedirection,theaxisis the
setof points ¯

¢±°

®³²’´bÿ�µ . Thentherigid-bodymotiongivenby thescrew is
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(2.24)

The set of all screw motions along the sameaxis forms a subgroup ½„Á

´ÃÂ�µ

®

­ of
½„¿

´*ÀCµ , which we will encounteroccasionallyin laterchapters.A statement,alsoknown
asChasles'theorem, revealsa ratherremarkablefact that any rigid-body motion canbe
realizedasa rotationarounda particularaxisin spaceandtranslationalongthataxis.

2.5 Coordinateandvelocity transformations

In this book,we oftenneedto know how thecoordinatesof a point andits veloc-
ity changeasthecameramoves.This is becauseit is usuallymoreconvenientto
choosethecameraframeasthereferenceframeanddescribebothcameramotion
and3-D pointsrelative to it. Sincethecameramaybemoving, we needto know
how to transformquantitiessuchascoordinatesandvelocitiesfrom onecamera
frameto another. In particular, we wantto know how to correctlyexpressthelo-
cationandvelocityof apointwith respectto amoving camera.Hereweintroduce
aconventionthatwewill beusingfor therestof this book.

Rulesof coordinatetransformations

Thetime Ã“#

'

will typicallybeusedto index cameramotion.Evenin thediscrete
casein which a few snapshotsaregiven, we will take Ã to be the index of the
cameraposition and the correspondingimage.Therefore,we will use Æ
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or in thehomogeneousrepresentation,
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�

/

�

/

�����

/DÇ , correspondingly. If it is only theposition,not thetime, thatmatters,
we will often use Æ
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asa shorthandfor Æ
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Whenthe startingtime is not Ã
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, the relative motion betweenthe camera
at time Ã

1 andtime Ã
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Figure2.6.Compositionof rigid-bodymotions.®‘´�È
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, respectively.

Now considera third positionof thecameraat Ã

)

Ã

 

#

'

, asshown in Figure
2.6. The relative motion betweenthe cameraat Ã
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Comparingthis with thedirectrelationshipbetweenthecoordinatesat Ã
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weseethatthefollowing compositionrule for consecutivemotionsmusthold:
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Thecompositionrule describesthecoordinates
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of thepoint " relative to any
cameraposition if they are known with respectto a particularone.The same
compositionrule impliestherule of inverse
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since Æ
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Rulesof velocitytransformation

Having understoodthetransformationof coordinates,wenow studyhow it affects
velocity. We know that the coordinates

(

�ÄÃ�� of a point " # �& relative to a
moving cameraarea functionof time Ã :
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whereanexpressionfor
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we can also write the velocity of the point in 3-D coordinates(insteadof
homogeneouscoordinates)as
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Thephysicalinterpretationof thesymbol œ
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�;�

is thevelocityof theworld frame
moving relative to thecameraframe,asviewedin thecameraframe,asindicated
by the subscriptandsuperscriptof œ

É
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�;�

. Usually, to clearly specifythe physical
meaningof a velocity, we needto specifythevelocity of which frameis moving
relativeto whichframe,andwhichframeit is viewedfrom. If wechangetheloca-
tion from whichweview thevelocity, theexpressionwill changeaccordingly. For
example,supposethata viewer is in anothercoordinateframedisplacedrelative
to thecameraframeby a rigid-bodytransformationÆ

#IÑÒÏÎ�•ŸÍ� . Thenthecoordi-
natesof thesamepoint " relative to this frameare M‘�•Ã��
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Sothenew velocity (or twist) is
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This is thesamephysicalquantitybut viewedfrom a differentvantagepoint.We
seethat the two velocitiesarerelatedthrougha mappingde�ned by the relative
motion Æ ; in particular,
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This is the so-calledadjoint mapon the space·ªá_�•ŸÍ� . Using this notationin the
previousexamplewe have œ
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Hence œ
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canalsobeinterpretedasthenegatedvelocity of thecameramoving
relative to theworld frame,viewedin the(instantaneous)cameraframe.

2.6 Summary

We summarizethepropertiesof 3-D rotationsandrigid-bodymotionsintroduced
in this chapterin Table2.1.
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Table2.1.Rotationandrigid-bodymotionin 3-D space.
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2.7 Exercises

Exercise2.1 (Linear vs. nonlinear maps).SupposeÐ

¥�Ñ ¥
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¾

Ò . Considerthe
following mapsfrom ­ÓÒ

¾

Ò�Ô ­ÓÒ

¾

Ò anddeterminewhetherthey arelinearor not.Give
a brief proof if trueanda counterexampleif false:

(a) ° Õ

Ô

Ð¶°g²n°

Ñ ¥

(b) ° Õ

Ô

Ð¶°g²

Ñ

°Îö

¥

(c) ° Õ

Ô

Ð¶°ÖÐ}2

Ñ ¥

(d) ° Õ

Ô

Ð¶°g²n°

Ñ

°

¡Note:A map ×­Ø

­ Ò Ô ­ÚÙ ¥

÷ÛÕ

Ô

×Y´R÷Ýµ , is calledlinearif ×Y´¹Üh÷9²­Ý

ø

µ

¢

Ü�×Y´R÷bµf²­ÝÞ×Y´

ø

µ

for all Ü

¥

Ý

« ­ and ÷

¥ôø « ­ÓÒ .

Exercise2.2 (Inner product). Show thatfor any positive de�nite symmetricmatrix ½%«

­

r

¾

r , themap
Ú;ß

¥

ß

à�à­Ø

­

r

®

­

r

Ô ­ de�ned as
Ú

Ü

¥

ÞDà�à

¢

Ü

¨

½

Þ

¥˜á

Ü

¥

Þ

« ­

r

¥

is a valid innerproducton ­

r , accordingto thede�nition givenin AppendixA.

Exercise2.3 (Group structur e of ½„Á

´*Àªµ ). Prove that thespace½„Á

´*ÀCµ satis�esall four
axiomsin thede�nition of group(in AppendixA).

Exercise2.4 (Skew-symmetricmatrices).Givenany vectorÿ

¢Â£

ÿ

Ž

¥

ÿ
©

¥

ÿ

r

§
¨

« ­

r , we
know thatthematrix âÿ is skew-symmetric;i.e. âÿ

¨2¢

2—â ÿ . Now for any matrix Ð

« ­

r

¾

r

with determinantãfäæå6´*Ðlµ

¢ ¤ , show thatthefollowing equationholds:

Ð

¨

âÿçÐ

¢éè

Ðëê

Ž

ÿ

¡

(2.33)

Then,in particular, if Ð is a rotationmatrix, theabove equationholds.

Hint: Both Ð

¨íì

´

ß

µ;Ð and è

Ð
ê

Ž

´

ß

µ arelinearmapswith ÿ asthevariable.Whatdo you need
in orderto prove thattwo linearmapsarethesame?

Exercise2.5 Show thatamatrix î

« ­

r

¾

r is skew-symmetricif andonly if Ü

¨

îfÜ

¢f¦

for every Ü

« ­

r .

Exercise2.6 Considera Â

®

Â matrix

'

Ž

¢
¶

-/.œ0

&ï2

0�465

&

0�465

&

-/.10

&

¼

¡

Whatis thedeterminantof thematrix?Consideranothertransformationmatrix

'

©

¢
¶

0�465

&

-/.10

&

-/.œ0

&ï2

0�465

&

¼

¡

Is thematrix orthogonal?What is thedeterminantof thematrix?Is
'

© a 2-D rigid-body
transformation?Whatis thedifferencebetween

'

Ž

and
'

© ?

Exercise2.7 (Rotation as a rigid-body motion). Given a rotationmatrix
'

«ð½„Á

´*ÀCµ ,
its actiononavector Þ is de�ned as

'

Þ . Prove thatany rotationmatrixmustpreserve both
the inner productandcrossproductof vectors.Hence,a rotation is indeeda rigid-body
motion.

Exercise2.8 Show thatfor any nonzerovector Ü

« ­

r , therankof thematrix âÜ is always
two. Thatis, thethreerow (or column)vectorsspana two-dimensionalsubspaceof ­

r .
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Exercise2.9 (Rangeand null space).Recall that given a matrix Ð

«f­ Ù

¾

Ò , its null
spaceis de�ned asasubspaceof ­ Ò consistingof all vectors÷

« ­ Ò suchthat Ð¶÷

¢f¦ . It
is usuallydenotedby null ´*Ð“µ . Therange of thematrix Ð is de�ned asa subspaceof ­“Ù

consistingof all vectorsø « ­ Ù suchthatthereexistssome÷

« ­ÚÒ suchthat øõ¢

Ð@÷ . It
is denotedby rangé*Ð“µ . In mathematicalterms,

null ´*Ðlµ

¡

¢ °
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Òòñ
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µ

¥

rangé*Ðlµ

¡

¢ °6ø « ­

Ù

ñ�ó

÷
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Ò

¥‰øõ¢

Ð¶÷Wµ

¡1. Recallthata setof vectorsô is a subspaceif for all vectors÷

¥‰ø «

ô andscalars
Ü

¥

Ý

« ­ , Üh÷õ²�Ý

ø is alsoavectorin ô . Show thatbothnull ´*Ð“µ andrangé*Ðlµ are
indeedsubspaces.

2. What arenull ´Ãâ ÿaµ andrangé•â ÿaµ for a nonzerovector ÿ

«\­

r ? Canyou describe
intuitively thegeometricrelationshipbetweenthesetwo subspacesin ­

r ?(Drawing
a picturemighthelp.)

Exercise 2.10 (Noncommutativity of rotation matrices). What is the matrix that
representsa rotationaboutthe ° -axisor the ± -axisby anangle & ? In additionto that

1. Computethematrix
'

Ž

that is the combinationof a rotationaboutthe ° -axis by
ö

«1À followedby arotationaboutthe ² -axisby ö

«i÷ . Verify thattheresultingmatrix
is alsoa rotationmatrix.

2. Computethe matrix
'

© that is the combinationof a rotationaboutthe ² -axis by
ö

«1÷ followed by a rotationaboutthe ° -axis by ö

«1À . Are
'

Ž

and
'

© the same?
Explainwhy.

Exercise2.11 Let
'

«ø½„Á

´*ÀCµ be a rotationmatrix generatedby rotatingabouta unit
vector ÿ by & radiansthatsatis�es

'

¢

äæùfúz´•â ÿÚ&Cµ . Suppose
'

is givenas
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¡

ÿ Use the formulae given in this chapter to computethe rotation axis and the
associatedangle.

ÿ Use Matlab's function eig to compute the eigenvalues and eigenvectors of
the above rotation matrix

'

. What is the eigenvector associatedwith the unit
eigenvalue?Give its form andexplain its meaning.

Exercise2.12 (Propertiesof rotation matrices). Let
'

« ½„Á

´*Àªµ be a rotationmatrix
generatedby rotatingabouta unit vector ÿ

« ­

r by & radians.Thatis,
'

¢

 

]

^M_

.

1. Whataretheeigenvaluesandeigenvectorsof âÿ ? Youmayuseacomputersoftware
(e.g.,Matlab)andtry someexamples�rst. If you cannot�nd a brute-forceway to
do it, canyou useresultsfrom Exercise2.4 to simplify theproblem�rst (hint: use
therelationshipbetweentrace,determinantandeigenvalues).

2. Show that theeigenvaluesof
'

are ¤ª¥

 

�

_

¥

 

ê

�

_

, where
�

¢��

2

¤ is the imaginary
unit. What is the eigenvector that correspondsto the eigenvalue ¤ ? This actually
givesanotherproof for ãSä�å6´Ä 

]

^M_

µ

¢Â¤

ß

 

�
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ß

 

ê

�

_

¢

²

¤ , not 2

¤ .
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Exercise2.13 (Adjoint transformation on twist). Given a rigid-body motion
Û

anda
twist â

�

,

Û

¢ ¶

' �

¦ ¤

¼

«¾½„¿

´*ÀCµ

¥

â

�

¢ ¶

âÿ Þ

¦ ¦

¼

«��

 0´*Àªµ

¥

show that
Û

â

�

Û

ê

Ž

is still a twist. Describewhat the correspondingÿ and Þ termshave
becomein thenew twist. Theadjointmapis sortof a generalizationto

'

âÿ

'

¨ ¢

ì

'

ÿ .

Exercise2.14 Supposethattherearethreecameraframesö

•

¥

ö

Ž

¥

öÒ© andthecoordinate
transformationfrom frame ö

• to frame ö

Ž

is ´

'

Ž

¥

�

Ž

µ andfrom ö

• to öÒ© is ´

'

©

¥

�

©Bµ .
What is therelative coordinatetransformationfrom ö

Ž

to ö © then?Whataboutfrom ö ©

to ö

Ž

? (Expressthesetransformationsin termsof
'

Ž

¥

�

Ž

and
'

©

¥

�

© only.)

2.A QuaternionsandEuleranglesfor rotations

For thesakeof completeness,weintroduceafew conventionalschemesto param-
eterizerotationmatrices,eithergloballyor locally, thatareoftenusedin numerical
computationsfor rotationmatrices.However, we encouragethereaderto usethe
exponentialparameterizationsdescribedin this chapter.

Quaternions

Weknow thatthesetof complex numbers	 canbesimplyde�nedas 	

)

'

V

'

ç

with ç

1

)

K

�

. Quaternionsgeneralizecomplex numbersin asimilar fashion.The
setof quaternions,denotedby 
 , is de�ned as
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Ó

ç4� (2.34)

So,anelementof 
 is of theform
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For simplicity of notation,in theliteratureç

è is sometimesdenotedby
r

. In gen-
eral,themultiplicationof any two quaternionsis similar to themultiplicationof
two complex numbers,except that the multiplication of ç and è is anticommu-
tative: ç

è%)

K

è

ç . We canalsosimilarly de�ne the conceptof conjugationfor a
quaternion:

H
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It is immediateto checkthat
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Thus, H

†

H is simply thesquareof thenorm d

H

d of H asa four-dimensionalvector
in

'

v . For anonzeroH

#�
 , i.e. d

H

d é

)

�

, we canfurtherde�ne its inverseto be
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� (2.38)
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The multiplication and inverserulesde�ned above in fact endow the space
'

v

with analgebraicstructureof askew �eld . In fact 
 is calleda Hamiltonian�eld ,
or quaternion�eld .

Oneimportantusageof thequaternion�eld 
 is thatwe canin factembedthe
rotationgroup Ñ9� �•Ÿ¸� into it. To seethis, let usfocusonaspecialsubgroupof 
 ,
theunit quaternions
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Thesetof all unit quaternionsis simply theunit spherein
'

v . To show that



 is
indeeda group,we simplyneedto provethatit is closedunderthemultiplication
andinverseof quaternions;i.e. themultiplicationof two unit quaternionsis still
a unit quaternion,andsois theinverseof a unit quaternion.We leave this simple
factasanexerciseto thereader.

Givena rotationmatrix ð
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, we canassociate
with it a unit quaternionasfollows:
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Onemayverify thatthisassociationpreservesthegroupstructurebetweenÑ9� �•Ÿ¸�

and
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Furtherstudycanshow that this associationis alsogenuine; i.e. for differentro-
tationmatrices,theassociatedunit quaternionsarealsodifferent.In theopposite
direction,givenaunit quaternionH )�H
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H�1Oè

V
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 , wecanusethe
following formulaeto �nd thecorrespondingrotationmatrix ð �
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However, onemustnoticethataccordingto theaboveformula,therearetwo unit
quaternionsthatcorrespondto thesamerotationmatrix: ð �

H

�

)

ð �

K

H

� , asshown
in Figure 2.7. Therefore,topologically,




 is a doublecovering of Ñ�� �•ŸÍ� . So
Ñ�� �•ŸÍ� is topologicallythesameasa three-dimensionalprojectiveplane

'��

 .
Comparedto theexponentialcoordinatesfor rotationmatricesthatwe studied

in thischapter, in usingunit quaternions



 to representrotationmatricesÑ�� �•ŸÍ� ,
we have lessredundancy: thereareonly two unit quaternionsthatcorresponding
to thesamerotationmatrix,while therearein�nitely many for exponentialcoor-
dinates(all relatedby periodicity).Furthermore,sucharepresentationfor rotation
matricesis smooth,andthereis no singularity, asopposedto the representation
by Eulerangles, whichwewill now introduce.

Eulerangles

Unit quaternionscanbe viewed asa way to globally parameterizerotationma-
trices:theparameterizationworks for every rotationmatrix practicallythesame
way. On theotherhand,theEuleranglesto beintroducedbelow fall into thecat-
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Figure2.7.Antipodalunit quaternionsÊ and 2
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thesamerotationmatrix.

egory of local parameterizations.This kind of parameterizationis goodfor only
aportionof Ñ�� �•ŸÍ� , but not for theentirespace.

In the spaceof skew-symmetricmatrices ·
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theLie-Cartancoordinatesof thesecondkind thencoincidewith thewell-known
Ai? , Euler anglesparameterization,and �•W
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� are the corresponding
Eulerangles,called“yaw,” “pitch,” and“roll.” Therotationmatrix is de�ned by
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Moreprecisely, ð �ÄW
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Similarly, wecande�ne the ? Aš, Euleranglesandthe A‚? A Eulerangles.There
areinstancesfor which this representationbecomessingular, andfor certainro-
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tationmatrices,their correspondingEuleranglescannotbeuniquelydetermined.
For example,when W

1 )

K

s

�

�

the Ai? , Euler anglesbecomesingular. The
presenceof suchsingularitiesis expectedbecauseof the topologyof the space

Ñ�� �•ŸÍ� . Globally, Ñ�� �•ŸÍ� is likeaspherein
'

v , asweknow from thequaternions,
andthereforeany attemptto �nd a global(three-dimensional)coordinatechartis
doomedto failure.

Historicalnotes

The studyof rigid-body motion mostly relieson the tools of linear algebra.El-
ementsof screw theory can be tracked back to the early 1800sin the work
of Chaslesand Poinsot.The useof the exponentialcoordinatesfor rigid-body
motions was introducedby [Brockett,1984], and relatedformulationscan be
found in the classicalwork of [Ball, 1900] and others.The useof quaternions
in robot vision was introducedby [Broida andChellappa,1986b, Horn,1987].
The presentationof the material in this chapterfollows the developmentin
[Murray et al., 1993]. More detailson the study of rigid-body motionsas well
asfurtherreferencescanalsobefoundthere.
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ImageFormation

Andsincegeometryis theright foundationof all painting, I havede-
cided to teach its rudimentsand principles to all youngsters eager
for art...

– AlbrechtDürer, TheArt of Measurement,1525

Thischapterintroducessimplemathematicalmodelsof theimageformationpro-
cess.In abroad�gurati vesense,visionis theinverseproblemof imageformation:
thelatterstudieshow objectsgiveriseto images,while theformerattemptsto use
imagesto recover a descriptionof objectsin space.Therefore,designingvision
algorithmsrequires�rst developinga suitablemodelof imageformation.Suit-
able,in this context, doesnot necessarilymeanphysicallyaccurate:the level of
abstractionandcomplexity in modelingimageformationmusttradeoff physical
constraintsandmathematicalsimplicity in orderto resultin a manageablemodel
(i.e. onethat canbe invertedwith reasonableeffort). Physicalmodelsof image
formation easily exceedthe level of complexity necessaryand appropriatefor
this book,anddeterminingthe right modelfor theproblemat handis a form of
engineeringart.

It comesasno surprise,then,that the studyof imageformationhasfor cen-
turiesbeenin thedomainof artisticreproductionandcomposition,moresothan
of mathematicsand engineering.Rudimentaryunderstandingof the geometry
of image formation, which includesvarious models for projecting the three-
dimensionalworld onto a plane(e.g.,a canvas),is implicit in variousforms of
visual arts.The roots of formulating the geometryof imageformation can be
tracedbackto thework of Euclid in thefourthcenturyB.C. Examplesof partially
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Figure3.1.Frescoesfrom the �rst centuryB.C. in Pompeii.Partially correctperspective
projectionis visible in thepaintings,althoughnotall parallellinesconvergeto thevanish-
ing point. The skill waslost during the middle ages,andit did not reappearin paintings
until theRenaissance(imagecourtesyof C. Taylor).

correctperspective projectionarevisible in thefrescoesandmosaicsof Pompeii
(Figure3.1) from the �rst centuryB.C. Unfortunately, theseskills seemto have
beenlostwith thefall of theRomanempire,andit tookovera thousandyearsfor
correctperspective projectionto emergein paintingsagainin the late fourteenth
century. It wasthe early Renaissancepainterswho developedsystematicmeth-
odsfor determiningthe perspective projectionof three-dimensionallandscapes.
The �rst treatiseon perspective, Della Pictura, waspublishedby Leon Battista
Alberti, who emphasizedthe “eye's view” of the world capturingcorrectly the
geometryof the projectionprocess.It is no coincidencethat early attemptsto
formalizetherulesof perspectivecamefrom artistspro�cient in architectureand
engineering,suchasAlberti andBrunelleschi.Geometry, however, is only a part
of the imageformationprocess:in orderto obtainan image,we needto decide
notonly whereto draw apoint,but alsowhatbrightnessvalueto assignto it. The
interactionof light with matteris at thecoreof thestudiesof LeonardoDa Vinci
in the 1500s,andhis insightson perspective, shading,color, andeven stereop-
sisarevibrantly expressedin his notes.RenaissancepainterssuchasCaravaggio
andRaphaelexhibitedrathersophisticatedskills in renderinglight andcolor that
remaincompellingto thisday.1

In this book,we restrictour attentionto thegeometryof thescene,andthere-
fore, we needa simplegeometricmodel of imageformation,which we derive

1There is someevidencethat suggeststhat someRenaissanceartistssecretlyusedcamera-like
devices(camera obscura) [Hockney, 2001].
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in this chapter. More complex photometricmodelsarebeyond the scopeof this
book;in thenext two sectionsaswell asin Appendix3.A at theendof thischap-
ter, we will review someof thebasicnotionsof radiometrysothatthereadercan
betterevaluatetheassumptionsby which we areableto reduceimageformation
to a purelygeometricprocess.

3.1 Representationof images

An image, asfarasthisbookis concerned,is atwo-dimensionalbrightnessarray.2

In otherwords,it is amap � , de�nedonacompactregion  of atwo-dimensional
surface,takingvaluesin thepositive realnumbers.For instance,in thecaseof a
camera, is a planar, rectangularregion occupiedby thephotographicmedium
or by theCCDsensor. So � is a function
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Suchan image(function) canbe represented,for instance,usingthe graphof �

asin theexamplein Figure3.2.In thecaseof a digital image,boththedomain  
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berepresentedby anarrayof numbersasin Table3.1.
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Figure3.2.An imagȩ representedasa two-dimensionalsurface,thegraphof ¸ .

Thevaluesof theimage � dependuponphysicalpropertiesof thescenebeing
viewed,suchasits shape,its materialre�ectanceproperties,andthedistribution
of the light sources.Despitethe fact that Figure3.2 andTable3.1 do not seem
very indicative of the propertiesof the scenethey portray, this is how they are
representedin a computer. A differentrepresentationof the sameimagethat is

2If it is acolor image,its RGB(red,green,blue)valuesrepresentthreesucharrays.
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Table3.1.Theimagȩ representedasa two-dimensionalmatrixof integers(subsampled).

bettersuitedfor interpretationby thehumanvisualsystemis obtainedby gener-
atinga picture. A picturecanbethoughtof asa scenedifferentfrom thetrueone
thatproduceson the imagingsensor(theeye in this case)thesameimageasthe
trueone.In thissensepicturesare“controlledillusions”: they arescenesdifferent
from the true ones(they are�at ) that producein the eye the sameimageasthe
original scenes.A pictureof thesameimage � describedin Figure3.2andTable
3.1 is shown in Figure3.3.Althoughthe latterseemsmoreinformativeasto the
contentof the scene,it is merelya differentrepresentationandcontainsexactly
thesameinformation.
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Figure3.3.A “picture” of theimagȩ (comparewith Figure3.2andTable3.1).

3.2 Lenses,light, andbasicphotometry

In order to describethe imageformationprocess,we mustspecifythe valueof
�

�•ì

/�í

� at eachpoint �Äì

/�í

� in  . Sucha value �

�•ì

/�í

� is typically calledimage
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intensityor brightness, or more formally irr adiance. It hasthe units of power
per unit area(W/m

1

) anddescribesthe energy falling onto a small patchof the
imagingsensor. Theirradianceatapointof coordinates�•ì

/�í

� is obtainedby inte-
gratingenergybothin time(e.g.,theshutterinterval in acamera,or theintegration
timein aCCDarray)andin aregionof space.Theregionof spacethatcontributes
to theirradianceat �•ì

/�í

� dependsupontheshapeof theobject(surface)of inter-
est,the opticsof the imagingdevice, andit is by no meanstrivial to determine.
In Appendix3.A at theendof thischapter, wediscusssomecommonsimplifying
assumptionsto approximateit.

3.2.1 Imaging throughlenses

A camera(or in generalan optical system)is composedof a setof lensesused
to “direct” light. By directinglight we meana controlledchangein thedirection
of propagation,which canbeperformedby meansof diffraction,refraction,and
re�ection. For the sake of simplicity, we neglect the effects of diffraction and
re�ection in a lenssystem,andwe consideronly refraction.Evenso,a complete
descriptionof thefunctioningof a(purelyrefractive)lensis well beyondthescope
of thisbook.Therefore,wewill consideronly thesimplestpossiblemodel,thatof
a thin lens. For a moregermanemodelof light propagation,theinterestedreader
is referredto theclassictextbook[Born andWolf, 1999].

A thin lens(Figure3.4) is a mathematicalmodelde�ned by anaxis,calledthe
optical axis, anda planeperpendicularto the axis, called the focal plane, with
a circularaperturecenteredat theoptical center, i.e. the intersectionof thefocal
planewith theopticalaxis.Thethin lenshastwo parameters:its focallength

Ð

and
its diameter

Å

. Its functionis characterizedby two properties.The�rst propertyis
thatall raysenteringtheapertureparallelto theopticalaxisintersectontheoptical
axis at a distance

Ð

from the optical center. The point of intersectionis called
the focusof the lens (Figure3.4). The secondpropertyis that all rays through
theoptical centerareunde�ected.Considera point "Â#f�a not too far from the
optical axis at a distanceA alongthe optical axis from the optical center. Now
draw two raysfrom thepoint " : oneparallelto theopticalaxis,andonethrough
theopticalcenter(Figure3.4).The�rst oneintersectstheopticalaxisat thefocus;
thesecondremainsunde�ected(by thede�ning propertiesof thethin lens).Call

� thepoint wherethetwo raysintersect,andlet î beits distancefrom theoptical
center. By decomposingany otherray from " into acomponentrayparallelto the
opticalaxisandonethroughtheopticalcenter, we canarguethatall raysfrom "

intersectat � on theoppositesideof thelens.In particular, a ray from � parallel
to the optical axis,mustgo through" . Using similar triangles,from Figure3.4,
weobtainthefollowing fundamentalequationof thethin lens:

�

A

V

�

î

)

�

Ð

�
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Figure3.4.Theimageof thepoint È is thepoint 2 at theintersectionof raysgoingparallel
to theopticalaxisandtheray throughtheopticalcenter.

Thepoint � will becalledtheimage3 of thepoint " . Therefore,undertheassump-
tion of a thin lens,the irradiance�

�

�

� at thepoint � with coordinates�Äì

/4í

� on
theimageplaneis obtainedby integratingall theenergy emittedfrom theregion
of spacecontainedin the conedeterminedby the geometryof the lens,as we
describein Appendix3.A.

3.2.2 Imaging througha pinhole

If we let the apertureof a thin lens decreaseto zero,all rays are forced to go
throughtheopticalcenter

³

, andthereforethey remainunde�ected.Consequently,
theapertureof theconedecreasesto zero,andtheonly pointsthatcontribute to
theirradianceat theimagepoint �û)+*

ì

/�í

5

7

areona line throughthecenter
³

of
thelens.If apoint " hascoordinates

(

) * ,n/O?¶/EA

5

7

relativeto areferenceframe
centeredat theopticalcenter

³

, with its î -axisbeingtheopticalaxis(of thelens),
thenit is immediateto seefrom similar trianglesin Figure3.5thatthecoordinates
of " andits image � arerelatedby theso-calledidealperspectiveprojection

ì

)

K

Ð

,

A

/ í2)

K

Ð

?

A

/ (3.2)

where
Ð

is referred to as the focal length. Sometimes,we simply write the
projectionasa map

s

:
s

º

'

 

L

'

1

»

(

›

L

�

� (3.3)

Wealsooftenwrite �û)

s

�

(

� . Notethatany otherpointontheline through
³

and
" projectsonto thesamecoordinates� ) *

ì

/4í

5

7

. This imagingmodelis called
anideal pinholecamera model.It is anidealizationof thethin lensmodel,since

3Heretheword “image” is to bedistinguishedfrom theirradianceimage30t54×v introducedbefore.
Whether“image” indicates4 or 3Ct54×v will bemadeclearby thecontext.
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image plane

PSfragreplacements
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�

Figure3.5.Pinholeimagingmodel:Theimageof thepoint È is thepoint 2 at theintersec-
tion of theray goingthroughtheopticalcenterþ andanimageplaneat a distance× away
from theopticalcenter.

whentheaperturedecreases,diffractioneffectsbecomedominant,andtherefore
the(purelyrefractive) thin lensmodeldoesnothold [Born andWolf, 1999]. Fur-
thermore,as the aperturedecreasesto zero, the energy going throughthe lens
alsobecomeszero.Althoughit is possibleto actuallybuild devicesthatapproxi-
matepinholecameras,from ourperspectivethepinholemodelwill bejustagood
geometricapproximationof a well-focusedimagingsystem.

Noticethatthereis anegativesignin eachof theformulae(3.2).Thismakesthe
imageof anobjectappearto beupsidedown on the imageplane(or the retina).
To eliminatethis effect, we cansimply �ip the image: �Äì

/4í

�k›

L

�

K

ì

/

K

í

� . This
correspondsto placingthe imageplane

�

îI)

K

Ð

� in front of theoptical center
instead

�

î )

V

Ð

� . In thisbookwewill adoptthismoreconvenient“frontal” pin-
holecameramodel,illustratedin Figure3.6. In this case,the image ��) *

ì

/�í

5

7

of thepoint " is givenby

ì

)

Ð

,

A

/ í2)

Ð

?

A

� (3.4)

We often usethe samesymbol, � , to denotethe homogeneousrepresentation
*

Ð

,

�

Ai/

Ð

?

�

Ai/

�

5

7

#

'

 , aslong asthedimensionis clearfrom thecontext.4

In practice,thesizeof theimageplaneis usuallylimited, hencenoteverypoint
" in spacewill generateanimage� insidetheimageplane.We de�ne the�eld of
view (FOV) to betheanglesubtendedby thespatialextentof thesensorasseen
from theopticalcenter. If

�

ü is thelargestspatialextensionof thesensor(e.g.,the

4In the homogeneousrepresentation,it is only the directionof the vector 4 that is important.It
is not crucial to normalizethe last entry to 1 (seeAppendix3.B). In fact, 4 canbe representedby

6

| for any nonzero
6

€Î• aslong aswe rememberthat any suchvectoruniquelydeterminesthe
intersectionof theimagerayandtheactualimageplane,in this case798oŒ�:"; .
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image plane
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Figure3.6.Frontalpinholeimagingmodel:theimageof a3-D point È is thepoint 2 at the
intersectionof theraygoingthroughtheopticalcenterþ andtheimageplaneat a distance

× in front of theopticalcenter.

sideof theCCD),thenthe�eld of view is C

)

���D�

h{"

�

o

�

ü

�

Ð

� . Noticethatif a �at
planeis usedastheimageplane,theangleC is alwayslessthan

�

!

�FE

.5

In Appendix3.A we give a concisedescriptionof a simpli�ed model to de-
terminethe intensityvalueof the imageat the position � , �

�

�

� . This depends
upontheambientlight distribution, thematerialpropertiesof thevisible surfaces
and,their geometry. Therewe alsoshow underwhat conditionsthis modelcan
bereducedto a purelygeometricone,wherethe intensitymeasuredat a pixel is
identical to the amountof energy radiatedat the correspondingpoint in space,
independentof thevantagepoint, e.g.,a Lambertiansurface.Underthesecondi-
tions,theimageformationprocesscanbereducedto tracingraysfrom surfacesin
spaceto pointson theimageplane.How to dosois explainedin thenext section.

3.3 A geometricmodelof imageformation

As we have mentionedin the previous sectionandwe elaboratefurther in Ap-
pendix3.A, underthe assumptionsof a pinholecameramodelandLambertian
surfaces,onecanessentiallyreducetheprocessof imageformationto tracingrays
from pointson objectsto pixels.That is, knowing which point in spaceprojects
ontowhichpointon theimageplaneallowsoneto directlyassociatetheradiance
at thepoint to theirradianceof its image;seeequation(3.36)in Appendix3.A. In
orderto establishaprecisecorrespondencebetweenpointsin 3-D space(with re-
spectto a �x edglobalreferenceframe)andtheirprojectedimagesin a2-D image
plane(with respectto a local coordinateframe),a mathematicalmodel for this
processmustaccountfor threetypesof transformations:

5In caseof a sphericalor ellipsoidal imagingsurface,commonin omnidirectionalcameras,the
�eld of view canoftenexceed †%G

…IH

.
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1. coordinatetransformationsbetweenthecameraframeandtheworld frame;

2. projectionof 3-D coordinatesonto2-D imagecoordinates;

3. coordinatetransformationbetweenpossiblechoicesof imagecoordinate
frame.

In this sectionwe will describesucha (simpli�ed) imageformationprocessasa
seriesof transformationsof coordinates.Invertingsuchachainof transformations
is generallyreferredto as“cameracalibration,” which is thesubjectof Chapter6
andalsoa key stepto 3-D reconstruction.

3.3.1 An idealperspectivecamera

Let us considera genericpoint " , with coordinates
(

<

) * ,

<

/O?

<

/BA

<

5

7

#

'

 

relative to theworld referenceframe.6 As we know from Chapter2, thecoordi-
nates

(

) * ,n/O?¶/EA

5

7

of thesamepoint " relative to thecameraframearegiven
by arigid-bodytransformationÆ

)

�•ð

/

ïk� of
(

< :
(

)

ð

(

<“Vfï #

'

 

�

Adopting the frontal pinhole cameramodel introducedin the previous section
(Figure3.6), we seethat the point

(

is projectedonto the imageplaneat the
point

�û)ˆ‡

ì

í

‰

)

Ð

A

‡

,

?

‰

�

In homogeneouscoordinates,this relationshipcanbewrittenas

A
9;

ì

í

�

<=

)
9;

Ð

� � �

�

Ð

� �

� � � �

<=

9Š

Š

;

,

?

A

�

<ƒ‹

‹

=

� (3.5)

We canrewrite theaboveequationequivalentlyas

AJ�\) 9;

Ð

� � �

�

Ð

� �

� � � �

<=

(

/ (3.6)

where
(

�

)˜* ,n/4?@/BAi/

�

5

7

and �

�

)˜*

ì

/�íh/

�

5

7

arenow in homogeneousrepresen-
tation.Sincethe coordinateA (or thedepthof thepoint " ) is usuallyunknown,
we maysimply write it asanarbitrarypositive scalarK\#

'

€ . Noticethat in the

6Weoftenindicatewith |

• thecoordinatesof thepoint relative to theinitial positionof amoving
cameraframe.
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aboveequationwe candecomposethematrix into

9;

Ð

� � �

�

Ð

� �

� � � �

<=

)ž9 ;

Ð

� �

�

Ð

�

� � �

<=

9;

� � � �

� � � �

� � � �

<=

�

De�ne two matrices

L*M

�

)ž9 ;

Ð

� �

�

Ð

�

� � �

<=

#

'

 0•b 

/ON

<

�

) 9;

� � � �

� � � �

� � � �

<=

#

'

 0•%v

� (3.7)

The matrix N

< is often referredto as the standard (or “canonical”) projection
matrix. Fromthecoordinatetransformationwehave for

(

)�* ,n/O?¶/EAš/

�

5

7

,

9
Š

Š

;

,

?

A

�

<
‹

‹

=

)
9;

ð ï

� �

<=

9
Š

Š

;

,

<

?

<

A

<

�

<
‹

‹

=

� (3.8)

To summarize,using the above notation,the overall geometricmodel for an
ideal camera canbedescribedas

K

9;

ì

í

�

<=

)
9;

Ð

� �

�

Ð

�

� � �

<=

9;

� � � �

� � � �

� � � �

<=

9;

ð ï

� �

<=

9Š

Š

;

,

<

?

<

A

<

�

<ƒ‹

‹

=

/

or in matrix form,

K

�û)

L
M

N

<

(

)

L
M

N

<

Æ

(

<
� (3.9)

If the focal length
Ð

is known and hencecan be normalizedto 1, this model
reducesto a EuclideantransformationÆ followed by a standardprojection N

< ,
i.e.

K

�$)PN

<

(

)�N

<

Æ

(

<
� (3.10)

3.3.2 Camera with intrinsic parameters

Theidealmodelof equation(3.9) is speci�ed relative to a very particularchoice
of referenceframe,the “canonicalretinal frame,” centeredat the optical center
with oneaxisalignedwith theopticalaxis.In practice,whenonecapturesimages
with a digital camerathe measurementsare obtainedin termsof pixels �•ç

/ôè

� ,
with the origin of the imagecoordinateframetypically in the upper-left corner
of the image.In orderto renderthe model (3.9) usable,we needto specifythe
relationshipbetweentheretinalplanecoordinateframeandthepixel array.

The�rst stepconsistsin specifyingtheunitsalongthe ì - and í -axes:if �Äì

/�í

�

arespeci�ed in termsof metric units (e.g.,millimeters),and �•ìRQ

/4í

QE� arescaled



54 Chapter3. ImageFormation

normalized coordinates

(0,0)

pixel coordinates
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Figure3.7.Transformationfrom normalizedcoordinatesto coordinatesin pixels.

versionsthatcorrespondto coordinatesof thepixel, thenthe transformationcan
bedescribedby ascalingmatrix
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ìXQ
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‰
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·WT

�

�

·
V

‰

‡

ì

í

‰ (3.11)

thatdependson thesizeof thepixel (in metricunits)alongthe ì and í directions
(Figure3.7).When ·UT

)

·
V , eachpixel is square.In general,they canbedifferent,

andthenthepixel is rectangular. However, here ìYQ and í

Q arestill speci�edrela-
tive to theprincipal point (wherethe î -axisintersectstheimageplane),whereas
thepixel index �•ç

/–è

� is conventionallyspeci�ed relative to theupper-left corner,
andis indicatedby positivenumbers.Therefore,weneedto translatetheorigin of
thereferenceframeto this corner(asshown in Figure3.7),
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/

where �

³

T

/

³

V
� are the coordinates(in pixels) of the principal point relative to

the image referenceframe. So the actual image coordinatesare given by the
vector �

P

) *

ìYP

/�í

P

/

�

5

7

insteadof the ideal imagecoordinates� ) *

ì

/�íh/

�

5

7

.
Theabovestepsof coordinatetransformationcanbewritten in thehomogeneous
representationas

�

P

�

):9 ;

ì×P
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P
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) 9;

·UT

�

³
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�

·
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³
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� � �
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9;

ì
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�
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/ (3.12)

whereìYP and í

P areactualimagecoordinatesin pixels.Thisis illustratedin Figure
3.7. In casethe pixels are not rectangular, a more generalform of the scaling
matrixcanbeconsidered,
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where·\Z is calledaskew factorandis proportionalto h#dI"

�]C¸� , whereC is theangle
betweentheimageaxesì Q andí

Q .7 Thetransformationmatrix in (3.12)thentakes
thegeneralform

L

Q

�

) 9;

·UT · Z

³

T

�

· V

³

V

� � �

<=

#

'

 0•b 

� (3.13)

In many practicalapplicationsit is commonto assumethat ·�Z

)

�

.
Now, combining the projection model from the previous section with the

scaling and translationyields a more realistic model of a transformationbe-
tweenhomogeneouscoordinatesof a 3-D point relative to thecameraframeand
homogeneouscoordinatesof its imageexpressedin termsof pixels,

K

9
;

ì×P
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P
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<
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)ž9
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·UT ·
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³
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;

,

?

A

�

<ƒ‹

‹

=

�

Notice that in the above equation,the effect of a real camerais in fact carried
throughtwo stages:

^ The �rst stageis a standardperspective projectionwith respectto a nor-
malizedcoordinate system(as if the focal length were

Ð

)

�

). This is
characterizedby thestandardprojectionmatrix N

<

)+* �×/

�

5

.
^ Thesecondstageis anadditionaltransformation(on theobtainedimage� )

that dependson parametersof the camerasuchasthe focal length
Ð

, the
scalingfactors·UT

/

·
V , and ·

Z , andthecenteroffsets
³

T

/

³

V .

Thesecondtransformationis obviously characterizedby thecombinationof the
two matrices

L

Q and
L

M

:
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The coupling of
L

Q and
L_M

allows us to write the projectionequationin the
following way:
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The constantŸ

g

Ô

matrix N

< representsthe perspective projection.The upper
triangularŸ

g

Ÿ matrix
L

collectsall parametersthatare“intrinsic” to aparticular
camera,andis thereforecalledthe intrinsic parametermatrix, or thecalibration

7Typically, theangle ` is very closeto `

…IH

, andhenceZ

_ is very closeto zero.
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matrix of thecamera.Theentriesof thematrix
L

have the following geometric
interpretation:

^

³

T : ì -coordinateof theprincipalpoint in pixels,
^

³

V : í -coordinateof theprincipalpoint in pixels,
^

Ð

· T

)

U

T : sizeof unit lengthin horizontalpixels,
^

Ð

· V

)

U

V : sizeof unit lengthin verticalpixels,
^‘U

T �

U

V : aspectratio a ,
^

Ð

· Z : skew of thepixel, oftencloseto zero.

Notethattheheightof thepixel is notnecessarilyidenticalto its width unlessthe
aspectratio a is equalto

�

.
Whenthecalibrationmatrix

L

is known, thecalibratedcoordinates� canbe
obtainedfrom thepixel coordinates�

P by a simpleinversionof
L

:
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�û)
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Theinformationaboutthematrix
L

canbeobtainedthroughtheprocessof cam-
eracalibrationto be describedin Chapter6. With the effect of

L

compensated
for, equation(3.16),expressedin thenormalizedcoordinatesystem,corresponds
to the ideal pinholecameramodelwith the imageplanelocatedin front of the
centerof projectionandthefocal length

Ð

equalto 1.
To summarize,the geometricrelationshipbetweena point of coordinates

(
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/
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7

relative to theworld frameandits correspondingimage
coordinates�

P

)+*

ìYP

/�í

P

/

�

5

7

(in pixels)dependson therigid-bodymotion ��ð

/

ïk�

betweentheworld frameandthecameraframe(sometimesreferredto astheex-
trinsic calibration parameters), an idealprojection N

< , andthecameraintrinsic
parameters

L

. The overall model for imageformation is thereforecapturedby
thefollowing equation:
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In matrix form, we write
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or equivalently,
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Often,for convenience,wecall the Ÿ

g

Ô

matrix
L

N

<

Æ

) *

L

ð

/

L

ï

5

a (general)
projectionmatrix N , to bedistinguishedfrom thestandardprojectionmatrix N

< .
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Hence,theaboveequationcanbesimplywrittenas
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<¸� (3.19)

Comparedto theidealcameramodel(3.10),theonly changehereis thestandard
projectionmatrix N

< beingreplacedby a generalone N .
At this stage,in orderto explicitly seethenonlinearnatureof theperspective

projectionequation,we candivide equation(3.19)by thescaleK andobtainthe
following expressionsfor theimagecoordinates�•ìhP

/4í

P

/4î

P”� ,

ì

P

)

s

7

-

(

<

s

7

 

(

<

/ í

P

)

s

7

1

(

<

s

7

 

(

<

/Àî

P

)

�

/ (3.20)

where
s
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7

1
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s
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#

'

v arethethreerowsof theprojectionmatrix N .

Example3.1 (Sphericalperspectiveprojection). Theperspective pinholecameramodel
outlinedabove considersplanarimagingsurfaces.An alternative imagingsurfacethat is
alsocommonlyusedis thatof a sphere,shown in Figure3.8.

image sphere
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Figure3.8.Sphericalperspective projectionmodel:theimageof a 3-D point È is thepoint
2 at theintersectionof theray goingthroughtheopticalcenterþ anda sphereof radius b

aroundtheopticalcenter. Typically b is chosento be1.

Thischoiceis partlymotivatedby retinashapesoftenencounteredin biologicalsystems.
For sphericalprojection,we simplychoosetheimagingsurfaceto betheunit sphere�
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As in thecaseof planarperspective projection,therelationshipbetweenpixel coordinates
of a pointandtheir 3-D metriccounterpartcanbeexpressedas
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¥ (3.21)

wherethescaleis givenby
j

¢

�

°

©

²n±

©

²%²

© in thecaseof sphericalprojectionwhile
j

¢

² in thecaseof planarprojection.Therefore,mathematically, sphericalprojectionand
planarprojectioncanbedescribedby thesamesetof equations.Theonly differenceis that
theunknown (depth)scale

j

takesdifferentvalues.
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For convenience,we oftenwrite �poq� for two (homogeneous)vectors� and
� equalup to a scalarfactor(seeAppendix3.B for moredetail).Fromtheabove
example,we seethatfor any perspectiveprojectionwehave

�

P

orN

(

<

)

L

N

<

Æ

(

<

/ (3.22)

andthe shapeof the imagingsurfacechosendoesnot matter. The imagingsur-
facecanbeany (regular)surfaceaslongasany ray K

L

³

" intersectswith thesurface
at onepoint at most.For example,an entireclassof ellipsoidalsurfacescanbe
used,which leadsto the so-calledcatadioptricmodelpopularin many omnidi-
rectionalcameras.In principle,all imagesthusobtainedcontainexactly thesame
information.

3.3.3 Radialdistortion

In addition to linear distortionsdescribedby the parametersin
L

, if a camera
with a wide �eld of view is used,one can often observe signi�cant distortion
alongradialdirections.Thesimplesteffectivemodelfor suchadistortionis:
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where �Äì
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� arecoordinatesof thedistortedpoints, ü
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and Ê
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are additionalcameraparametersthat model the amountof distortion.Several
algorithmsandsoftwarepackagesareavailablefor compensatingradialdistortion
via calibrationprocedures.In particular, a commonlyusedapproachis that of
[Tsai,1986a], if a calibrationrig is available(seeChapter6 for moredetails).

In case the calibration rig is not available, the radial distortion param-
eters can be estimateddirectly from images. A simple method suggested
by [DevernayandFaugeras,1995] assumesa more general model of radial
distortion:
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are the distorted image coordinates,ü
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is the centerof the distortion, not necessarilycoincident
with the centerof the image,and

Ð

�

ü

� is the distortion correctionfactor. The
method assumesa set of straight lines in the world and computesthe best
parametersof the radial distortion model which would transformthe curved
imagesof the lines into straight segments.One can use this model to trans-
form Figure3.9 (left) into 3.9 (right) via preprocessingalgorithmsdescribedin
[DevernayandFaugeras,1995]. Therefore,in the restof this book we assume
thatradialdistortionhasbeencompensatedfor, anda camerais describedsimply
by the parametermatrix

L

. The interestedreadermay consultclassicalrefer-
encessuch as [Tsai,1986a, Tsai,1987, Tsai,1989, Zhang,1998b], which are
availableassoftwarepackages.Someauthorshave shown that radial distortion
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Figure3.9.Left: imagetakenby a camerawith a shortfocal length;notethat thestraight
lines in the scenebecomecurved on the image. Right: image with radial distortion
compensatedfor.

canberecoveredfrom multiplecorrespondingimages:asimultaneousestimation
of 3-D geometryandradial distortioncanbe found in the morerecentwork of
[Zhang,1996, Stein,1997, Fitzgibbon,2001]. For moresophisticatedlensaber-
rationmodels,thereadercanrefertoclassicalreferencesin geometricopticsgiven
at theendof this chapter.

3.3.4 Image, preimage, andcoimageof pointsandlines

The precedingsectionshave formally establishedthe notion of a perspective
imageof a point. In principle, this allows us to de�ne an imageof any other
geometricentity in 3-D that canbe de�ned asa setof points (e.g.,a line or a
plane).Nevertheless,aswe have seenfrom theexampleof sphericalprojection,
evenfor apoint, thereexist seeminglydifferentrepresentationsfor its image:two
vectors�

#

'

 and �

#

'

 mayrepresentthesameimagepoint aslong asthey
arerelatedby anonzeroscalarfactor;i.e. �uoP� (asaresultof differentchoicesin
theimagingsurface).To avoid possibleconfusionthatcanbecausedby suchdif-
ferentrepresentationsfor thesamegeometricentity, we introducea few abstract
notionsrelatedto theimageof apoint or a line.

Considerthe perspective projectionof a straightline v in 3-D onto the 2-D
imageplane(Figure3.10).To specifya line in 3-D, we cantypically specifya
point "Xw , calledthebasepoint,ontheline andspecifyavector G thatindicatesthe
directionof the line. Supposethat
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arethehomogeneous
coordinatesof the basepoint "

w and x
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v is the homo-
geneousrepresentationof G , relative to the cameracoordinateframe.Then the
(homogeneous)coordinatesof any pointon theline v canbeexpressedas
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w
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image plane
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Figure3.10.Perspective imageof a line ¯ in 3-D. Thecollectionof imagesof pointson
theline formsaplane€ . Intersectionof thisplaneandtheimageplanegivesastraightline
•

which is theimageof theline.

Then, the imageof the line v is given by the collection of imagepoints with
homogeneouscoordinatesgivenby

�‚orN
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)PN
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(

w
V�yzx �

)�N
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w
V�y

N

<"x%�

It is easyto seethatthiscollectionof points
�

�

� , treatedasvectorswith origin at
³

, spana2-D subspaceƒ , shown in Figure3.10.Theintersectionof thissubspace
with the imageplanegivesrise to a straightline in the 2-D imageplane,also
shown in Figure3.10.This line is thenthe(physical)imageof theline v .

Now thequestionis how to ef�ciently representtheimageof theline. For this
purpose,we �rst introducethenotionof preimage:

De�nition 3.2(Preimage). A preimageof a point or a line in theimageplaneis
thesetof 3-D pointsthatgiverise to an imageequalto thegivenpointor line.

Note that the given imageis constrainedto lie in the imageplane,whereas
the preimagelies in 3-D space.In the caseof a point � on the imageplane,its
preimageis a one-dimensionalsubspace,spannedby thevectorjoining thepoint

� to thecameracenter
³

. In thecaseof a line, thepreimageis a plane ƒ through
³

(hencea subspace)asshown in Figure3.10,whoseintersectionwith theimage
planeis exactly thegivenimageline. Suchaplanecanberepresentedasthespan
of any two linearly independentvectorsin thesamesubspace.Thusthepreimage
is reallythelargestsetof 3-D pointsor linesthatgivesriseto thesameimage.The
de�nition of apreimagecanbegivennotonly for pointsor linesin theimageplane
but also for curves or other more complicatedgeometricentities in the image
planeaswell. However, whenthe imageis a point or a line, the preimageis a
subspace,and we may also representthis subspaceby its (unique)orthogonal
complementin

'

 . For instance,a planecanberepresentedby its normalvector.
This leadsto thefollowing notionof coimage:

De�nition 3.3 (Coimage). Thecoimage of a point or a line is de�ned to be the
subspacein

'

 that is the(unique)orthogonalcomplementof its preimage.
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Thereadermustbeawarethattheimage,preimage,andcoimageareequivalent
representations,sincethey uniquelydetermineoneanother:

image ) preimage „ imageplane/ preimage ) span� image�

/

preimage ) coimage…

/ coimage ) preimage…l�

Sincethe preimageof a line v is a two-dimensionalsubspace,its coimageis
representedasthespanof thenormalvectorto thesubspace.Thenotationweuse
for this is †

) *

Ê

/(‡C/

Å

5

7

#

'

 (Figure3.10).If � is theimageof a point " on this
line, thenit satis�estheorthogonalityequation

†

7

�û)

�

� (3.23)

Recallthatweuseœ

T

#

'

 C•Ý to denotetheskew-symmetricmatrixassociatedwith
avector T

#

'

 . Its columnvectorsspanthesubspaceorthogonalto thevector T .
Thusthecolumnvectorsof thematrix œ

† spantheplanethatis orthogonalto † ; i.e.
they spanthepreimageof theline v . In Figure3.10,thismeansthat ƒ

) span�

œ

†Í� .
Similarly, if � is theimageof a point " , its coimageis theplaneorthogonalto �

givenby thespanof thecolumnvectorsof thematrix œ

� . Thus,in principle,we
shouldusethenotationin Table3.2to representtheimage,preimage,or coimage
of apoint anda line.

Notation Image Preimage Coimage

Point span�

�

�%„ imageplane span�

�

�

•

'

 span�
œ

�

�

•

'

 

Line span�

œ

†Í�%„ imageplane span�

œ

†Í�

•

'

 span�ˆ†Í�

•

'

 

Table3.2.Theimage,preimage,andcoimageof apoint anda line.

Althoughthe(physical)imageof apointor a line, strictly speaking,is anotion
thatdependsona particularchoiceof imagingsurface,mathematicallyit is more
convenientto useits preimageor coimageto representit. For instance,we will
usethe vector � , de�ned up to a scalarfactor, to representthe preimage(hence
theimage)of a point; andthevector † , de�ned up to a scalarfactor, to represent
thecoimage(hencetheimage)of a line. Therelationshipsbetweenpreimageand
coimageof pointsandlinescanbeexpressedin termsof thevectors�@/

† #

'

 as

œ

���\)

�

/

œ

†[†

)

�

�

Often, for a simpler language,we may refer to either the preimageor coimage
of pointsandlinesasthe“image” if its actualmeaningis clearfrom thecontext.
For instance,in Figure3.10,we will, in futurechapters,oftenmarkin theimage
planetheimageof theline v by thesamesymbol † asthevectortypically usedto
denoteits coimage.
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3.4 Summary

In this chapter, perspective projectionis introducedasa modelof the imagefor-
mationfor a pinholecamera.In the idealcase(e.g.,whenthecalibrationmatrix

L

is theidentity),homogeneouscoordinatesof animagepointarerelatedto their
3-D counterpartsby anunknown (depth)scaleK ,
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If
L

is not the identity, the standardperspective projectionis augmentedby an
additionallineartransformation

L

on theimageplane

�

P

)

L

�

�

This yields the following relationshipbetweencoordinatesof an (uncalibrated)
imageandtheir 3-D counterparts:
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As equivalent representationsfor an image of a point or a line, we intro-
ducedthe notionsof image,preimage,andcoimage,whoserelationshipswere
summarizedin Table3.2.

3.5 Exercises

Exercise3.1 Show thatany pointontheline throughþ andÈ projectsontothesameimage
coordinatesasÈ .

Exercise 3.2 Considera thin lens imaging a planeparallel to the lens at a distanceù

from the focal plane.Determinethe region of this planethat contributesto the image ¸

at the point 2 . (Hint: consider�rst a one-dimensionalimagingmodel, then extend to a
two-dimensionalimage.)

Exercise3.3 (Field of view). An importantparameterof theimagingsystemis the�eld of
view (FOV). The�eld of view is twice theanglebetweentheopticalaxis( ù -axis)andthe
endof the retinal plane(CCD array).Imaginehaving a camerasystemwith focal length
24 mm,andretinalplane(CCD array)(16 mm

®

12 mm) andthatyour digitizer samples
your imagingsurfaceat ‰

¦�¦

®

‰

¦ª¦ pixelsin thehorizontalandverticaldirections.

1. ComputetheFOV.

2. Write down therelationshipbetweentheimagecoordinateandapoint in 3-D space
expressedin thecameracoordinatesystem.

3. Describehow the sizeof the FOV is relatedto the focal lengthandhow it affects
theresolutionin theimage.

4. Write a softwareprogram(in Matlab)thatsimulatesthegeometryof theprojection
process;given the coordinatesof an objectwith respectto the calibratedcamera
frame,createanimageof thatobject.Experimentwith changingtheparametersof
theimagingsystem.
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Exercise3.4 Underthestandardperspective projection(i.e. l ¢

¸ ):

1. Whatis theimageof asphere?

2. Characterizetheobjectsfor which the imageof thecentroidis the centroidof the
image.

Exercise3.5 (Calibration matrix). Computethecalibrationmatrix l thatrepresentsthe
transformationfrom image ¸ to ¸

k

asshown in Figure3.11.Note that from thede�nition
of the calibrationmatrix, you needto usehomogeneouscoordinatesto representimage
points.Supposethattheresultingimage ¸

k

is furtherdigitizedinto anarrayof ÷

ýC¦

®

ý

þ

¦

pixelsandtheintensityvalueof eachpixel is quantizedto anintegerin £ ¦D¥

ÂW‰U‰

§ . Thenhow
many differentdigitizedimagescanonepossiblygetfrom sucha process?
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Figure3.11.Transformationof a normalizedimageinto pixel coordinates.

Exercise3.6 (Image cropping). In this exercise,we examinethe effect of croppingan
imagefrom a changeof coordinateviewpoint. Computethe coordinatetransformation
betweenpixels (of samepoints)betweenthe two imagesin Figure3.12.Representthis
transformationin homogeneouscoordinates.

(0,240)

(0,0)
(320,0)

(0,0)

(640,480)(640,480)

PSfragreplacements
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Figure3.12.An imageof size ÷

ýC¦

®

ý

þ

¦ pixels is croppedby half andthentheresulting
imageis up-sampledandrestoredasa ÷

ýC¦

®

ý

þ

¦ -pixel image.

Exercise3.7 (Approximatecameramodels). Themostcommonlyusedapproximation
to the perspective projectionmodel is orthographic projection. The light rays in the or-
thographicmodeltravel alonglinesparallelto the opticalaxis.The relationshipbetween
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imagepointsand3-D pointsin this caseis particularlysimple: ÷

¢

° ; øo¢

± . So, the
geometricmodelfor orthographicprojectioncanbeexpressedas

¶

÷

ø

¼

¢ ¶

¤ ¦ ¦

¦ ¤æ¦

¼

+,

°

±

²

78

¥ (3.24)

or simply in matrix form

2

¢nm‹Š

®

¥ (3.25)

where m Š

¡

¢ £

¸ ©

¾

©

¥‰¦�§ «I­

©

¾

r . A scaledversionof theorthographicmodelleadsto the
so-calledweak-perspectivemodel

2

¢ � mŒŠ

®

¥ (3.26)

where� is aconstantscalarindependentof thepoint 2 . Show how the(scaled)orthographic
projectionapproximatesperspective projectionwhenthesceneoccupiesa volumewhose
diameter(ordepthvariationof thescene)is smallcomparedto itsdistancefrom thecamera.
Characterizeat leastonemoreconditionunderwhich the two projectionmodelsproduce
similar results(equalin thelimit).

Exercise3.8 (Scaleambiguity). It is commonsensethatwith a perspective camera,one
cannottell anobjectfrom anotherobjectthatis exactly twiceasbig but twiceasfar. This is
a classicambiguityintroducedby theperspective projection.Usetheidealcameramodel
to explainwhy this is true.Is thesamealsotruefor theorthographicprojection?Explain.

Exercise3.9 (Image of lines and their intersection). Considerthe imageof a line ¯

(Figure3.10).

1. Show thatthereexistsa vectorin ­

r , call it
•

, suchthat
•

¨

2

¢f¦

for theimage 2 of every point on theline ¯ . Whatis thegeometricmeaningof the
vector

•

? (Notethatthevector
•

is de�ned only up to anarbitraryscalarfactor.)

2. If theimagesof two pointson theline ¯ aregiven,say 2

Ž

¥

2

© , expressthevector
•

in termsof 2

Ž

and 2

© .

3. Now supposeyouaregiventwo imagesof two lines,in theabovevectorform
•

Ž

¥

•

© .
If 2 is theintersectionof thesetwo imagelines,express2 in termsof

•

Ž

¥

•

© .

Exercise3.10 (Vanishing points). A straightline on the 3-D world is projectedonto a
straightline in theimageplane.Theprojectionsof two parallellinesintersectin theimage
planeat thevanishingpoint.

1. Show thatprojectionsof parallellinesin 3-D spaceintersectatapointontheimage.

2. Compute,for agivenfamily of parallellines,wherein theimagethevanishingpoint
will be.

3. Whendoesthevanishingpointof thelinesin theimageplanelie at in�nity (i.e. they
do not intersect)?

Thereadermayreferto Appendix3.B for a moreformal treatmentof vanishingpointsas
well astheir mathematicalinterpretation.
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3.A Basicphotometrywith light sourcesandsurfaces

In this sectionwe give a concisedescriptionof a basicradiometricimageforma-
tion model,andshow thatsomesimpli�cations arenecessaryin orderto reduce
themodelto a purelygeometricone,asdescribedin this chapter. The ideais to
describehow the intensityat a pixel on the imageis generated.Undersuitable
assumptions,we show thatsuchintensitydependsonly on theamountof energy
radiatedfrom visiblesurfacesin spaceandnoton thevantagepoint.

Let Ñ bea smoothvisible surfacein space;we denotethetangentplaneto the
surfaceat a point " by ïS•0Ñ andits outward unit normalvectorby Ž[• . At each
point "f#$Ñ we canconstructa local coordinateframewith its origin at " , its î -
axisparallelto thenormalvector Ž • , andits ì

í -planeparallelto ï • Ñ (seeFigure
3.13).Let v bea smoothsurfacethat is irradiatinglight, which we call the light
source. For simplicity, wemayassumethat v is theonly sourceof light in space.
At a point H

#•v , we denotewith ï‘•6Ñ and Ž�• thetangentplaneandtheoutward
unit normalof v , respectively, asshown in Figure3.13.
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Figure3.13.Generative model.

The changeof coordinatesbetweenthe local coordinateframe at " and the
cameraframe,which we assumecoincideswith theworld frame,is indicatedby
a rigid-body transformationÆ ; then Æ mapscoordinatesin the local coordinate
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frameat " into thosein thecameraframe,andany vector T in thelocalcoordinate
frameto a vector G

)

Æ Ì

�

T

� in thecameraframe.8

Foreshorteningandsolidangle

Whenconsideringinteractionsbetweena light sourceanda surface,we needto
introducethe notion of foreshorteningand that of solid angle. Foreshortening
encodeshow thelight distributionon a surfacechangesaswe changethesurface
orientationwith respectto thesourceof illumination. In formulas,if

Åe’

• is the
areaelementin ï • Ñ , and

•

• is theunit vectorthatindicatesthedirectionfrom " to
H (seeFigure3.13),thenthecorrespondingforeshortenedareaasseenfrom H is

hidSj

�–C¸�

Åe’

•

/

where C is the angle betweenthe direction
•

• and the normal vector Ž
• ; i.e.

h#dSj

�]C¸�

)

]

ŽU•

/

•

•3^ . A solid angleis de�ned to be the areaof a conecut out on
a unit sphere.Then,the in�nitesimal solid angle

Å

ý

• seenfrom a point H of the
in�nitesimal area

Åe’

• is

Å

ý

•

�

)

hidSj

�]C¸�

Å"’

•

Å

�N"

/OH

�

1

/ (3.27)

where
Å

�‹"

/OH

� is thedistancebetween" and H .

Radianceandirr adiance

In radiometry, radianceis de�ned to be the amountof energy emittedalong a
certaindirection, per unit areaperpendicularto the direction of emission(the
foreshorteningeffect),perunit of solid angle,andperunit of time, following the
de�nition in [Sillion, 1994]. Accordingto our notation,if we denotetheradiance
at thepoint H in thedirectionof " by —>�

H_/

•

•3� , theenergy emittedby thelight v

ata point H toward " on Ñ is

Å

ÏÎ�‹"

/

•

•
�

�

)

—>�

H_/

•

•
�

h#dSj

�]CD•��

Åe’

•

Å

ý

•

Å

Ã

/ (3.28)

where hidSj

�–C
•

�

Åe’

• is the foreshortenedareaof
Åe’

• seenfrom the directionof
" , and

Å

ý

• is the solid anglegiven in equation(3.27),asshown in Figure3.13.
Noticethatthepoint " on theleft handsideof theequationaboveandthepoint H

on theright handsidearerelatedby thedirection
•

• of thevectorconnecting" to
H .

While theradianceis usedfor energy thatis emitted,thequantitythatdescribes
incomingenergy is calledirr adiance. Theirradianceis de�ned astheamountof
energy receivedalonga certaindirection,perunit areaandperunit time. Notice
thatin thecaseof theirradiance,we do not foreshortenthesurfaceareaasin the
caseof the radiance.Denotethe irradianceat " received in the direction

•

• by

8Werecallfromthepreviouschapterthatif werepresentthechangeof coordinatesØ with arotation
matrix � €±UWVltYX6v and a translationvector ˜ , then the action of Ø on a point p of coordinates

| €
•
r is givenby Ø0t8|ov

�

Œð�&| �™˜ , while theactionof Ø on a vectorof coordinates½ is given
by Ø�Ù�t

½

v

�

Œ’�

½ .



3.A. Basicphotometrywith light sourcesandsurfaces 67

Å

�

�N"

/

•

• � . By energy preservation,we have
Å

�

�N"

/

•

• �

Å"’

•

Å

Ã

)

Å

ÏÎ�N"

/

•

• � . Then
the radiance— at a point H that illuminatesthe surface

Åe’

• alongthe direction
•

• with a solid angle
Å

ý andtheirradiance
Å

� measuredat thesamesurface
Å"’

•

receivedfrom thisdirectionarerelatedby

Å

�

�N"

/

•

•¸�

)

—>�

H_/

•

•D�

h#dLj

�–C¸�

Å

ý

/ (3.29)

where
Å

ý

)›š•œ(ž

‚

Z%Ÿ

…

s

‚

•\  •

…

•

Åe’

• is thesolid angleof
Åe’

• seenfrom " .

Bidirectionalre�ectancedistribution function

For many commonmaterials,the portion of energy comingfrom a direction
•

•

that is re�ected onto a direction �

• (i.e. the directionof the vantagepoint) by
thesurface Ñ , is describedby W@�

�

•

/

•

•D� , thebidirectionalre�ectancedistribution
function(BRDF).Hereboth �

• and
•

• arevectorsexpressedin local coordinates
at " . More precisely, if

Å

—>�‹"

/��

•

/

•

•
� is the radianceemittedin thedirection �

•

from theirradiance
Å

�

�‹"

/

•

•
� , theBRDF is givenby theratio
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To obtainthetotal radianceat a point " in theoutgoingdirection �

• , we need
to integrate the BRDF againstall the incoming irradiancedirections

•

• in the
hemisphere at " :

—>�N"

/(�

•
�

)�¡£¢

Å
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/��

•

/

•

•
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/

•
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�R—>�

H_/

•

•
�

h#dSj

�]C¸�

Å

ý

� (3.31)

Lambertiansurfaces

Theabove modelcanbeconsiderablysimpli�ed if we restrictour attentionto a
classof materials,calledLambertian, thatdo not changeappearancedepending
on the viewing direction.For example,mattesurfacesareto a large extent well
approximatedby theLambertianmodel,sincethey diffuselight almostuniformly
in all directions.Metal,mirrors,andothershiny surfaces,however, donot.Figure
3.14illustratesa few commonsurfaceproperties.

For a perfectLambertiansurface,its radiance —>�‹"

/��

•
� only dependson how

the surfacefacesthe light source,but not on the direction �

• from which it is
viewed.Therefore,W¶�

�

•

/

•

•D� is actuallyindependentof �

• , andwe canthink of
the radiancefunctionasbeing“glued,” or “painted” on thesurface Ñ , so thatat
eachpoint " the radiance— dependsonly on the surface.Hence,the perceived
irradiancewill dependonly onwhichpointonthesurfaceis seen,notonin which
directionit is seen.Moreprecisely, for Lambertiansurfaces,wehave

W@�

�

•

/

•

•
�

)¦¥

�N"h�

/

where ¥

�N"h�

º

'

 o›

L

'

€ is a scalarfunction.In this case,we caneasilycompute
thesurfacealbedo ¥F§ , which is thepercentageof incidentirradiancere�ected in
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Figure 3.14. This �gure demonstratesdifferent surfacepropertieswidely usedin com-
putergraphicsto modelsurfacesof naturalobjects:Lambertian,diffuse,re�ective,specular
(highlight),transparentwith refraction,andtextured.Only the(woodtextured)pyramidex-
hibits Lambertianre�ection. Theball on theright is partly ambient,diffuse,re�ective and
specular. Thecheckerboard�oor is partlyambient,diffuseandre�ective.Theglassball on
theleft is bothre�ective andrefractive.

any direction,as
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where
Å

ý

• , asshown in Figure3.13,is thein�nitesimal solidanglein theoutgoing
direction,which can be parameterizedby the spaceangles �–C\•

/

ª

•3� as
Å

ý

•

)

jDnYo

�]C
•

�

Å
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•

Å£ª

• . Hencetheradiancefrom thepoint " onaLambertiansurfaceÑ is
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This equationis known asLambertiancosinelaw. Therefore,for a Lambertian
surface,the radiance— dependsonly on thesurface Ñ , describedby its generic
point " , andon thelight sourcev , describedby its radiance—>�

H_/

•

•¸� .

Image intensityfor a Lambertiansurface

In orderto expressthedirection �

• in thecameraframe,we considerthechange
of coordinatesfrom thelocalcoordinateframeat thepoint " to thecameraframe:

(

�N"Y�

�

)

Æ

�

�

� and �«o

Æ
Ì

�

�

•
� , wherewe notethat Æ

Ì is a rotation.9 Thereader
shouldbe aware that the transformationÆ itself dependson local shapeof the

9The symbol ¬ indicatesequivalenceup to a scalarfactor. Strictly speaking,4 and Ø
Ù

t54F­Cv

do not representthesamevector, but only thesamedirection(they have oppositesignanddifferent
lengths).To obtaina rigorousexpression,wewould have to write 4 Œ�®×t–¯!ØCÙ�t54

­
v•v . However, these
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surfaceat " , in particularits tangentplane ï • Ñ andits normal Ž • at thepoint " .
We now canrewrite theexpression(3.31)for theradiancein termsof thecamera
coordinatesandobtain
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—>�N"

/
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�6� (3.33)

If thesurfaceis Lambertian,theaboveexpressionsimpli�es to

—>�

(

�

)

—>�N"Y�6� (3.34)

Supposethatour imagingsensoris well modeledby athin lens.Then,by mea-
suring the amountof energy received along the direction � , the irradiance(or
imageintensity) � at � canbe expressedasa function of the radiancefrom the
point " :
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where
Å

is thelensdiameter,
Ð

is thefocal length,and U is theanglebetweenthe
opticalaxis(i.e. the î -axis)andtheimagepoint � , asshown in Figure3.13.The
quantity s

M is calledtheF-numberof thelens.A detailedderivationof theabove
formulacanbe found in [Horn, 1986] (page208).For a Lambertiansurface,we
have
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where� is theimageof thepoint " takenat thevantagepoint Æ . Noticethatin the
above expression,only theangle U dependson thevantagepoint. In general,for
a thin lenswith a small �eld of view, U is approximatelyconstant.Therefore,in
our idealpin-holemodel,wemayassumethattheimageintensity(i.e. irradiance)
is relatedto thesurfaceradianceby theirr adianceequation:
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—>�N"h�

/ (3.36)

where´

�

)

z

v

š

s

M

•

1

hidSj

v_�

U

� is aconstantfactorthatis independentof thevantage
point.

In all subsequentchapterswe will adoptthis simplemodel.The fact that the
irradiance� doesnotchangewith thevantagepoint for Lambertiansurfacescon-
stitutesa fundamentalcondition that allows to establishcorrespondenceacross
multiple imagesof the sameobject.This conditionandits implicationswill be
studiedin moredetail in thenext chapter.

two vectorsdo representthesameray throughthecameracenter, andthereforewe will regardthem
asthesame.
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3.B Imageformationin thelanguageof projective
geometry

Theperspectivepinholecameramodeldescribedby (3.18)or (3.19)hasretained
the physicalmeaningof all parametersinvolved. In particular, the last entry of
both �

P and
(

isnormalizedto
�

sothattheotherentriesmaycorrespondtoactual
2-D and3-D coordinates(with respectto the metric unit chosenfor respective
coordinateframes).However, sucha normalizationis not always necessaryas
longasweknow thatit is thedirectionof thosehomogeneousvectorsthatmatters.
For instance,thetwo vectors
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/ * ,
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587

#

'

v (3.37)

canbeusedto representthesamepoint in
'

 . Similarly, we canuse *

ìYP

/4í

P

/4î

P

5

7

to representa point *

ì

/�íh/

�

5

7

on the2-D imageplaneaslong as ìhP]�

î

P

)

ì and
í

Pµ�

î

P

) í . However, we may run into trouble if the last entry ê or î

P hap-
pensto be

�

. To resolve this problem,we needto generalizetheinterpretationof
homogeneouscoordinatesintroducedin thepreviouschapter.

De�nition 3.4 (Projective spaceand its homogeneouscoordinates). An P -
dimensionalprojectivespace

�

O is thesetof one-dimensionalsubspaces(i.e. lines
throughtheorigin) of thevectorspace

'

O

€

-

. A point " in
�

O canthenbeassigned
homogeneouscoordinates
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amongwhich at leastone ì
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is nonzero.For anynonzero K #
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representthesamepoint " in
�

O . We saythat
(

and M are equivalent,denoted
by

(

o

M .

Example 3.5 (Topological models for the projective space ¶

© ). Figure 3.15 demon-
stratestwo equivalentgeometricinterpretationsof the2-D projective space¶

© . According
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to thede�nition, it is simply a family of 1-D lines °

¯Óµ in ­

r througha point þ (typically
chosento betheorigin of thecoordinateframe).Hence,¶

© canbeviewedasa2-D sphere
�

© with any pair of antipodalpoints(e.g.,È andÈ

k

in the�gure) identi�ed asonepoint in
¶

© . On the right-handsideof Figure3.15,lines throughthe centerþ in generalintersect
with theplane °6ùi¢Â¤

µ atauniquepointexceptwhenthey lie ontheplane°�ù‚¢f¦

µ . Lines
in theplane °�ù ¢`¦

µ simply form the1-D projective space¶

Ž

(which is in facta circle).
Hence,¶

© canbe viewed asa 2-D plane ­

© (i.e. °6ùÎ¢˜¤

µ ) with a circle ¶

Ž

attached.If
we adopttheview that lines in theplane °�ù ¢ ¦

µ intersecttheplane °�ù2¢�¤

µ in�nitely
far, this circle ¶

Ž

thenrepresentsa line at in�nity . Homogeneouscoordinatesfor a point
on thiscircle thentake theform £

÷

¥‰øb¥‡¦6§ ¨ ; on theotherhand,all regularpointsin ­

© have
coordinates£

÷

¥‰øb¥B¤4§ ¨ . In general,any projective space¶

Ò canbe visualizedin a similar
way: ¶

r is then ­

r with a plane¶

© attachedat in�nity; and ¶

Ò is ­ÚÒ with ¶

Ò

ê

Ž

attached
at in�nity , which is, however, harderto illustrateona pieceof paper.

Using this de�nition,
'

O with its homogeneousrepresentationcan then be
identi�ed asa subsetof

�

O that includesexactly thosepointswith coordinates
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where ì

O
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-

é

)
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. Therefore,we can always nor-
malize the last entry to 1 by dividing

(

by ì

O

€

- if we so wish. Then, in the
pinholecameramodeldescribedby (3.18)or (3.19), K

�

P and �

P now represent
the sameprojective point in

�

1

andthereforethe same2-D point in the image
plane.Supposethattheprojectionmatrix is

N¬)

L

N

<

Æ

) *

L

ð

/

L

ï

5

#

'

 0•%v

� (3.38)

Thenthecameramodelsimply reducesto a projectionfrom a three-dimensional
projectivespace
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 to a two-dimensionalprojectivespace
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whereK is omittedhere,sincetheequivalence“ o ” is de�ned in thehomogeneous
sense,i.e.up to a nonzeroscalarfactor.

Intuitively, theremainingpointsin
�

 with thefourthcoordinateì

v

)

�

canbe
interpretedaspointsthatare“in�nitely faraway from theorigin.” This is because
for a very small value ¸ , if we normalizethe last entryof
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to
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, it givesriseto a point in
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 with 3-D coordinates
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. The
smaller �

¸

� is, thefartheraway is thepoint from theorigin. In fact,all pointswith
coordinates* ,>/4?@/BAi/
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form atwo-dimensionalplanedescribedby theequation
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(

)

�

.10 Thisplaneis calledplaneat in�nity . We usuallydenotethis
planeby ƒz¹ . Thatis,

ƒ
¹
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 »º
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�
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�
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�E�

Then the above imaging model (3.39) is well-de�ned on the entire projective
space

�

 includingpointsin thisplaneatin�nity . Thisslightgeneralizationallows
usto talk aboutimagesof pointsthatarein�nitely faraway from thecamera.

10It is two-dimensionalbecause¼õƒ¾½Yƒ¾8 arenot totally free: the coordinatesaredeterminedonly
up to ascalarfactor.
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Example 3.6 (Image of points at in�nity and “v anishing points”). Two parallel lines
in ­

r do not intersect.However, we canview themasintersectingat in�nity . Let ¿

¢

£

ô

Ž

¥

ô ©

¥

ô

r

¥�¦�§ ¨

«X­

� bea (homogeneous)vectorindicatingthedirectionof two parallel
lines ¯

Ž

, ¯

© . Let ®
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Š
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Ž
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Ž
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¥B¤4§”¨ be two base
pointsonthetwo lines,respectively. Then(homogeneous)coordinatesof pointson ¯

Ž

can
beexpressedas
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Ž
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² ´X¿

¥
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« ­ ¥

and similarly for points on ¯

© . Then the two lines can be viewed as intersectingat a
point at in�nity with coordinates¿ . The“image” of this intersection,traditionallycalled
a vanishingpoint, is simply givenby

2YkÁÀ

m

¿

¡This can be shown by consideringimagesof points on the lines and letting ´

ÔÃÂ

asymptotically. If theimagesof thesetwo linesaregiven,theimageof this intersectioncan
beeasilycomputedor measured.Figure3.16shows theintersectionof imagesof parallel
linesat thevanishingpoint,aconceptwell known to Renaissanceartists.

Figure3.16.“The Schoolof Athens” by Raphael(1518),a �ne exampleof architectural
perspective with a centralvanishingpoint, markingthe endof the classicalRenaissance
(courtesyof C. Taylor).

Example 3.7 (Image “outside” the image plane). Considerthe standardperspective
projectionof a pair of parallel lines asin the previous example.We further assumethat
they arealsoparallelto theimageplane,i.e. the ÷

ø -plane.In this case,wehave

m$¢um
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¡Hence,the“image” of theintersectionis givenin homogeneouscoordinatesas
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This doesnot correspondto any physicalpoint on the 2-D imageplane(whosepoints
supposedlyhavehomogeneouscoordinatesof theform £

÷

¥‰øb¥B¤O§ ¨ ). It is, in fact,avanishing
pointatin�nity . Nevertheless,wecanstill treatit asavalid imagepoint.Onewayis to view
it astheimageof apointwith zerodepth(i.e.with the ù -coordinatezero).Sucha problem
will automaticallygo away if we choosetheimagingsurfaceto beanentiresphererather
thana �at plane.This is illustratedin Figure3.17.

image planeimage sphere
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Figure3.17.Perspective imagesof two parallellinesthatarealsoparallelto the2-D image
plane.In this casethey areparallelto the ø -axis.Thetwo imagelineson the imageplane
arealsoparallel,andhencethey do not intersect.On an imagesphere,however, the two
imagecircles Ä

Ž

and Ä

© do intersectat thepoint 2 . Clearly, 2 is the directionof the two
imagelines.

Furtherreadings

Deviationsfromthepinholemodel

As we mentionedearlierin this chapter, theanalyticalstudyof pinholeperspec-
tive imagingdatesbackto theRenaissance.Nevertheless,thepinholeperspective
modelis a ratheridealapproximationto actualCCD photosensorsor �lm-based
cameras.Before the pinhole model can be appliedto suchcameras,a correc-
tion is typically neededto convert them to an exact perspective device; see
[Branket al., 1993] andreferencestherein.

In general,the pinholeperspective model is not adequatefor modelingcom-
plex opticalsystemsthatinvolveazoomlensor multiple lenses.For asystematic
introductionto photographicopticsand lens systems,we recommendthe clas-
sic books[Stroebel,1999, BornandWolf, 1999]. For a moredetailedaccountof
modelsfor a zoomlens,thereadermayreferto [Horn, 1986, Lavestet al., 1993]
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and referencestherein. Other approachessuch as using a two-plane model
[Wei andMa, 1991] have alsobeenproposedto overcomethe limitations of the
pinholemodel.

Othersimplecamera models

In thecomputervision literature,besidesthepinholeperspectivemodel,thereex-
ist many othertypesof simplecameramodelsthat areoften usedfor modeling
variousimagingsystemsunderdifferentpracticalconditions.This bookwill not
cover thesecases.Theinterestedreadermayreferto [TomasiandKanade,1992]
for thestudyof theorthographicprojection,to [Ohtaetal., 1981, Aloimonos,1990,
PoelmanandKanade,1997, Basri,1996] for thestudyof theparaperspectivepro-
jection, to [KonderinkandvanDoorn,1991, MundyandZisserman,1992], and
[QuanandKanade,1996, Quan,1996] for thestudyof theaf�ne cameramodel,
andto [GeyerandDaniilidis, 2001] andreferencesthereinfor catadioptricmodels
oftenusedfor omnidirectionalcameras.
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ImagePrimitivesandCorrespondence

Everythingshouldbemadeassimpleaspossible, but not simpler.
– Albert Einstein

In previouschapterswe have seenhow geometricprimitives,suchaspointsand
lines in space,canbe transformedso that onecan computethe coordinatesof
their “image,” i.e. their projectiononto the imageplane.In practice,however,
imagesarearraysof positive numbersthatmeasuretheamountof light incident
ona sensorat a particularlocation(seeSections3.1and3.2,andAppendix3.A).
So,how do we reconcilea geometricimageformationmodel(Section3.3) with
the fact that what we measurewith a camerais not points and lines, but light
intensity?In otherwords,how dowegofrom measurementsof light (photometry)
to geometry?This is the subjectof this chapter:we will show how geometric
primitivescanbeextractedfrom photometricmeasurementsandmatchedacross
differentviews,sothattherestof thebookcanconcentrateongeometry.

Thereadershouldbeawarethatalthoughextractinggeometricprimitivesat the
outsetis widely acceptedandpracticed,thisapproachhaslimitations.For one,in
theprocesswe throw awayalmostall theinformation(geometricprimitivesarea
setof measurezeroin theimage).Moreover, aswewill see,geometricprimitives
areextractedandmatchedby local analysisof theimage,andarethereforeprone
to ambiguitiesandfalsematches.Nevertheless,globalanalysisof imagesto infer
scenephotometryas well as geometrywould be computationallychallenging,
and it is not even clear that it would be meaningful.In fact, if we consideran
objectwith arbitrarygeometryandarbitraryphotometry,onecanalwaysconstruct
(in�nitely many) objectswith differentgeometryanddifferentphotometrythat
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give rise to the sameimages.One exampleis the imageitself: It is an object
differentfrom thetruescene(it is �at) thatgivesriseto thesameimage(itself).

Therefore,in what follows we will rely on assumptionson thephotometryof
thescenein orderto beableto establishcorrespondencebetweengeometricprim-
itivesin differentviews.Suchassumptionswill allow usto usemeasurementsof
light in orderto discernhow pointsandlinesare“moving” in the image.Under
suchassumptions,the “imagemotion” is relatedto the three-dimensionalstruc-
tureof thesceneandits motionrelativeto thecamerain waysthatwewill exploit
in laterchaptersin orderto reconstructthegeometryof thescene.

4.1 Correspondenceof geometricfeatures

Supposewe have availabletwo imagesof a scenetaken from differentvantage
points, for instancethosein Figure 4.1. Considerthe coordinatesof a speci�c
point in the left image,for instancethe one indicatedby a white square.It is
immediatefor a humanobserver to establishwhat the “corresponding”point on
theright imageis. Thetwo pointscorrespondin thesensethat,presumably, they
aretheprojectionof thesamepoint in space.Naturally, wecannotexpectthepixel
coordinatesof thepointontheleft to beidenticalto thoseof thepointontheright.
Therefore,the“corr espondenceproblem” consistsin establishingwhich point in
oneimagecorrespondsto which point in another, in thesenseof beingtheimage
of thesamepoint in space.

Figure4.1.“Correspondingpoints”in two viewsareprojectionsof thesamepoint in space.

Thefact thathumanssolve thecorrespondenceproblemsoeffortlesslyshould
not leadusto think thatthis problemis trivial. On thecontrary, humansexploit a
remarkableamountof informationin orderto arriveatsuccessfullydeclaringcor-
respondence,includinganalyzingcontext andneighboringstructuresin theimage
andprior informationon thecontentof thescene.If we wereasked to establish
correspondenceby just looking at thesmall regionsof the imageenclosedin the
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circle andsquareon theleft, thingswould getmuchharder:which of theregions
in Figure4.2is theright match?Hardto tell. Thetaskis noeasierfor acomputer.

Figure4.2.Which of thesecircular or squareregionson the right matchthe oneson the
left? Correspondencebasedon local photometricinformationis proneto ambiguity. The
imageon theright shows thecorrespondingpositionson theimage.Notethatsomepoints
donothave a correspondentat all, for instancedueto occlusions.

4.1.1 Fromphotometricfeaturesto geometricprimitives

Let us begin with a naive experiment.Supposewe want to establishcorrespon-
dencefor a pixel in position �

- in the left imagein Figure4.1.Thevalueof the
imageat �

- is �
-

�

�
-

� , sowemaybetemptedto look for aposition �
1 in theright

imagethathasthesamebrightness,�C-

�

�¶-

�

)p�61

�

�Ò1

� , whichcanbethoughtof as
a “label” or “signature.” Basedon thediscussionabove, it shouldbe obvious to
the readerthat this approachis doomedto failure.First, thereare Ÿ

�£Æ

/

�3�D�

pixel
locationsin theright image(

x

Ô

�

g

Ô"!

�

), eachtakinga valuebetween
�

and
�fufu

(threefor red,greenandblueif in color).Therefore,we canexpectto �nd many
pixel locationsin ��1 matchingthevalue �C-

�

�¶-

� . Moreover, theactualcorrespond-
ing point may not evenbe oneof them,sincemeasuringlight intensityconsists
in countingphotons,aprocessintrinsically subjectto uncertainty. Oneway to �x
this is to comparenot the brightnessof individual pixels, but the brightnessof
eachpixel in asmallwindow aroundthepointof interest(seeFigure4.2).Wecan
think of thisasattachingto eachpixel, insteadof ascalarlabel �

�

�

� denotingthe
brightnessof thatpixel, anaugmentedvectorlabelthatcontainsthebrightnessof
eachpixel in thewindow:

•

�

�

�

)

�

�

�[Ç

�

�

�

Ç

�

# ê˜�

�

�/� , whereê˜�

�

� is awindow
around � . Now matchingpointsis carriedout by matchingwindows, underthe
assumptionthat eachpoint in the window moveswith the samemotion (Figure
4.3). Again, due to noisewe cannotexpectan exact matchingof labels,so we
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canlook for thewindowsthatminimizesomediscrepancy measurebetweentheir
labels.

Thisdiscussioncanbegeneralized:eachpointhasassociatedwith itself a sup-
port window andthe valueof the imageat eachpoint in the window. Both the
window shapeandthe imagevaluesundergo transformationsasa consequence
of thechangein viewpoint (e.g.,thewindow translates,andtheimageintensityis
corruptedby additive noise),andwe look for the transformationthatminimizes
somediscrepancy measure.We carry out this programin the next section(Sec-
tion 4.1.2).Beforedoingso,however, we point out that this doesnot solve all of
our problems.Consider, for instance,in Figure4.2therectangularregionson the
checkerboard.Thevalueof the imageat eachpixel in theseregionsis constant,
andthereforeit is not possibleto tell exactly which oneis thecorrespondingre-
gion; it couldbeany region that �ts insidethehomogeneouspatchof theimage.
Thisis justonemanifestationof theblankwall or apertureproblem, whichoccurs
whenthe brightnesspro�le within a selectedregion is not rich enoughto allow
usto recover thechosentransformationuniquely(Section4.3.1).It will bewise,
then,to restrictour attentiononly to thoseregionsfor which thecorrespondence
problemcanbesolved.Thosewill becalled“features,” andthey establishthelink
betweenphotometricmeasurementsandgeometricprimitives.

4.1.2 Localvs.global imagedeformations

In thediscussionabove,onecaninterpretmatchingwindows,ratherthanpoints,
as the local integration of intensity information,which is known to have ben-
e�cial (averaging)effects in counteractingthe effectsof noise.Why not, then,
take this to the extreme,integrateintensity informationover the entire image?
After all, Chapters2 and3 tell us preciselyhow to computethe coordinatesof
correspondingpoints.Of course,thedeformationundergoneby theentireimage
cannotbe capturedby a simple displacement,as we will soonsee.Therefore,
onecanenvision two oppositestrategies:oneis to choosea complex transforma-
tion that capturesthe changesundergoneby theentireimage,or onecanpick a
simpletransformation,andthenrestricttheattentionto only thoseregionsin the
imagewhosemotion canbe captured,within reasonablebounds,by the chosen
transformation.

As we have seenin Chapter3, an image,for instance�
- , canbe represented

asa function de�ned on a compacttwo-dimensionalregion  taking irradiance
valuesin thepositivereals,
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Underthesimplifying assumptionsin Appendix3.A, the irradiance�
-

�

�

� is ob-
tainedby integratingtheradiantenergy in spacealongtheray

�

K

�@/

K$#

'

€

� .1

1We remind the readerthat we do not differentiatein our notationan imagepoint 4 from its
homogeneousrepresentation(with a “1” appended).
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If the scenecontainsonly opaqueobjects,thenonly onepoint, say " , alongthe
projectionray contributesto theirradiance.With respectto thecamerareference
frame,let thispointhavecoordinates

(

#

'

 , correspondingto aparticularvalue
of K determinedby the�rst intersectionof theraywith avisiblesurface:K

�f)

(

.
Let —

º

'

 

L

'

€ betheradiancedistributionof thevisiblesurfaceandits value
—>�N"Y� at " , i.e. the “color” of the sceneat the point " .2 Accordingto Appendix
3.A, we have theirr adianceequation

� -

�

�

�

o

—>�N"h�E� (4.1)

Now supposethat a different imageof the samescenebecomesavailable, � 1 ,
for instanceonetaken from a differentvantagepoint. Naturally, we get another
function
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However, �
1

�

�

� will in generalbe differentfrom �
-

�

�

� at thesameimageloca-
tion � . The�rst stepin establishingcorrespondenceis to understandhow sucha
differenceoccurs.

Let usnow usethebackgrounddevelopedin Chapters2 and3. Assumefor now
thatwe areimagingemptyspaceexceptfor a point " with coordinates

(

#

'

 

thatemitslight with thesameenergy in all directions(i.e. thevisible “surface,”
a point, is Lambertian,seeAppendix3.A). This is a simplifying assumptionthat
we will relax in thenext section.If �ª- and �61 areimagesof thesamescene,they
mustsatisfythesameirradianceequation(4.1). Therefore,if �l- and �Ò1 arethe
two imagesof thesamepoint " in thetwo views,respectively, wemusthave

�
1

�

�
1

�

)A�
-

�

�
-

�

o

—>�N"h�E� (4.2)

Undertheseadmittedlyrestrictiveassumptions,thecorrespondence(or matching)
problemconsistsin establishingtherelationshipbetween�“- and �Ò1 , i.e.verifying
thatthetwo points �@- and �Ò1 areindeedimagesof thesame3-D point.Suppose
thatthedisplacementbetweenthetwo cameraviewpointsis a rigid-bodymotion

�•ð

/

ïk� . From the projectionequationsintroducedin Chapter3, the point �š- in
image��- correspondsto thepoint � 1 in image��1 if
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wherewe haveemphasizedthefactthatthescalesK

â

/

ç

)

�

/

�

/ dependon the3-
D coordinates

(

of thepoint with respectto thecameraframeat their respective
viewpoints.Therefore,a model for the deformationbetweentwo imagesof the
samesceneis givenby animagematchingconstraint
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� (4.4)

2In thecaseof gray-scaleimages,“color” is oftenusedinappropriatelyto denoteintensity.
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This equationis sometimecalled the brightnessconstancyconstraint, since
it expressesthe fact that given a point on an image, there exists a different
(transformed)point in anotherimagethathasthesamebrightness.

Thefunction È describesthetransformationof thedomain,or “imagemotion,”
that we have describedinformally in the beginning of this chapter. In order to
make it moresuggestiveof themotionof individualpixels,wecouldwrite È as

È

�

�

�

)��

VÎÍ

�

�

(

�

/ (4.5)

wherethefact that È dependson theshapeof thesceneis madeexplicitly in the
term Í

�

�

(

� . Intuitively, Í

�

�

(

� is thedisplacementof the imageof thesame
point from oneview to another:Í

�})Ï�Ò1

K

�¶- .3 Note that the dependency of
È

�

�

� onthepositionof thepoint
(

comesthroughthescalesK

-C/

K

1 , i.e. thedepth
of visiblesurfaces.In general,therefore,È is afunctionin anin�nite-dimensional
space(thespaceof all surfacesin 3-D), andsolvingfor imagecorrespondenceis
asdif�cult asestimatingtheshapeof visibleobjects.

If the sceneis not Lambertian,4 we cannotcount on equation(4.4) being
satis�ed at all. Therefore,aswe suggestedin the beginning of this subsection,
modelingthetransformationundergoneby theentireimageis anextremelyhard
proposition.

4.2 Localdeformationmodels

Theproblemwith a globalmodel,asdescribedin theprevioussection,is thatthe
transformationundergoneby theentireimageis, in general,in�nite-dimensional,
and�nding it amountsto inferringtheentire3-D structureof thescene.Therefore,
in what follows we concentrateon choosinga classof simple transformations,
andthenrestrictour attentionto “regions” of the imagethat canbe modeledas
undergoing suchtransformations.Suchtransformationsoccur in the domainof
theimage,saya window ê˜�

�

� around� , andin theintensityvalues�

�
Ç

�

�

/

Ç

�

#

ê˜�

�

� . We examinethesetwo instancesin thenext two subsections.

4.2.1 Transformationsof theimagedomain

Here we considerthree casesof increasinglyrich local deformationmodels,
startingfrom thesimplest.

Translationalmotionmodel

The simplesttransformationonecanconceive of is onein which eachpoint in
the window undergoesthe sameexact motion, i.e. Í

� ) h#dfoíjF"

�

oL" , no longer

3A preciseanalyticalexpressionfor ÐÑ4 will begivenin thenext chapter.
4As we explain in Appendix3.A, a Lambertiansurfaceis onewhoseappearancedoesnot depend

on theviewing direction.In otherwords,theradianceof thesurfaceat any givenpoint is thesamein
all directions.



4.2. Localdeformationmodels 81

PSfragreplacements Ò

B Ó±Ô

BÖÕ

Ó±Ô

BÖÕ

Ô–×ÙØ(Ú

Õ
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. This
modelis valid only for portionsof thescenethatare�at andparallelto theimage
plane,andmovingparallelto it. While onecouldin principleapproximatesmooth
portionsof thesceneasa collectionof suchplanarpatches,their motionwill in
generalnotsatisfythemodel.Themodelis thereforeonly acrudeapproximation,
valid locally in space(smallwindows)andin time(adjacenttimeinstants,or small
cameramotion).

Althoughcoarse,thismodelis at thecoreof mostfeaturematchingor tracking
algorithmsdueto its simplicity andtheef�ciency of theresultingimplementation,
whichwe presentin Section4.3.1.

Af�ne motionmodel

In theaf�ne motionmodel,pointsin thewindow ê˜�

�

� donotundergothesame
motion but, instead,the motion of eachpoint dependslinearly on its location
plusa constantoffset.More precisely, we have È

�
Ç
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where
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and Û #
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. This model is a goodapproximationfor small
planarpatchesparallelto theimageplaneundergoinganarbitrarytranslationand
rotationabouttheopticalaxis,andmodestrotationaboutanaxisorthogonalto it.
Thismodelrepresentsa convenienttradeoff betweensimplicity and�e xibility , as
we will seein Section4.3.2.Theaf�ne andtranslationalmodelsareillustratedin
Figure4.3.

Projectivemotionmodel

An additionalgeneralizationof theaf�ne modeloccurswhenwe considertrans-
formations that are linear in the homogeneouscoordinates,so that È

�
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Ü
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#Iê˜�
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� , where
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'

 C•Ý is de�ned up to ascalarfactor. Thismodel,
aswe will seein Section5.3, capturesan arbitraryrigid-body motion of a pla-
narpatchin thescene.Sinceany smoothsurfacecanbeapproximatedarbitrarily
well by acollectionof planes,this modelis appropriateeverywherein theimage,
exceptat discontinuitiesandoccludingboundaries.

Whatever the transformationÈ onechooses,in order to establishcorrespon-
dence,it seemsthatonehasto �nd È thatsolvesequation(4.4). It turnsout that
theequality(4.4)iswaytoomuchtoask,aswedescribein thenext section.There-
fore,in Section4.3wewill describewaysto rephrasematchingasanoptimization
problem,which lendsitself to thederivationof effectivealgorithms.
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4.2.2 Transformationsof theintensityvalue

Thebasicassumptionunderlyingthederivationin theprevioussectionis thateach
pointwith coordinates

(

resultsin thesamemeasuredirradiancein bothimages,
as in equation(4.4). In practice,this assumptionis unrealisticdue to a variety
of factors.As a �rst approximation,onecould lump all sourcesof uncertainty
into anadditivenoiseterm P .5 Therefore,equation(4.4)mustbemodi�ed to take
into accountchangesin the intensityvalue,in additionto thedeformationof the
domain
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More fundamentaldeparturesfrom the model (4.4) occur when one considers
that points that arevisible from onevantagepoint may becomeoccludedfrom
another. Occlusionscould be representedby a factor multiplying �ª1 that de-
pendsupon the shapeof the surface(

(

) being imagedandthe viewpoint ( Æ ):
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���6� For instance,for thecasewhereonly
onepointon thesurfaceis emittinglight,
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whenthepoint is visible,
and
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�

whennot. This equationshouldmake very clearthe fact that
associatingthe label �ª- with the point �¶- is not a goodidea,sincethe valueof

��- dependsuponthenoiseP andtheshapeof thesurfacesin space
(

, which we
cannotcontrol.

Thereis more:in mostnaturalscenes,objectsdo not emit light of their own;
rather, they re�ect ambientlight in a way thatdependsuponthepropertiesof the
material.Evenin theabsenceof occlusions,differentmaterialsmayscatteror re-
�ect light by differentamountsin differentdirections,violating the Lambertian
assumptiondiscussedin Appendix3.A. In general,few materialsexhibit perfect
Lambertianre�ection, andfar morecomplex re�ection models,suchastranslu-
centor anisotropicmaterials,arecommonplacein naturalandman-madescenes
(seeFigure3.14).

4.3 Matchingpoint features

From the discussionabove onecanconcludethat point correspondencecannot
beestablishedfor sceneswith arbitraryre�ectanceproperties.Evenfor relatively
simplescenes,whoseappearancedoesnot dependon theviewpoint, onecannot
establishcorrespondenceamongpointsdueto theapertureproblem.Sohow do
we proceed?As we have hintedseveral timesalready, we proceedby integrat-
ing local photometricinformation.Insteadof consideringequation(4.2) in terms
of pointson an image,we canconsiderit de�ning correspondencein termsof
regions. This canbe doneby integratingeachsideon a window ê˜�

�

� around

5Thisnoiseis oftendescribedstatisticallyasaPoissonrandomvariable(in emphasizingthenature
of the countingprocessandenforcingthenonnegativity constraintson irradiance),or asa Gaussian
randomvariable(in emphasizingtheconcurrenceof multiple independentsourcesof uncertainty).



4.3. Matchingpoint features 83

eachpoint � , and using the equationto characterizethe correspondenceat � .
Dueto thepresenceof uncertainty, noise,deviationsfrom Lambertianre�ection,
occlusions,etc.we canexpectthatequation(4.4)will besatis�edonly up to un-
certainty, asin (4.6).Therefore,we formulatecorrespondenceasthesolutionof
anoptimizationproblem.We choosea classof transformations,andwe look for
theparticulartransformationÝ

È thatminimizestheeffectsof noise(measuredac-
cordingto somecriterion),6 subjectto equation(4.6), integratedover a window.
For instance,wecouldhave Ý
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if we chooseasa discrepancy measurethenormof theadditiveerror. In thenext
subsectionswe explore a few choicesof discrepancy criteria,which includethe
sum of squareddifferencesandnormalizedcross-correlation.Beforedoing so,
however, let uspausefor amomentto considerwhethertheoptimizationproblem
justde�ned is well posed.

Considerequation(4.7), wherethepoint � happensto fall within a region of
constantintensity. Then �

-

�UÇ

�

�

) h#dSoWjD"

�

oL" for all Ç

�

#�ê˜�

�

� . Thesameis true
for �61 andtherefore,the norm beingminimizeddoesnot dependon È , andany
choiceof

Ý

È would solve theequation.This is the“blank wall” effect,a manifes-
tationof theso-calledapertureproblem.Therefore,it appearsthatin orderfor the
problem(4.7) to be well posed,the intensityvaluesinsidea window have to be
“rich enough.”

Having this importantfact in mind, we choosea classof transformations,È ,
thatdependsonasetof parametersU . For instance,U

)

Í

� for thetranslational
model,and U

)

�

’

/

ÛÚ� for theaf�ne motion model.With an abuseof notation
we indicatethedependency of È on theparametersas È

�

U

� . We canthende�ne
a pixel � to bea point feature if thereexistsa neighborhoodê˜�

�

� suchthatthe
equations
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uniquelydeterminethe parametersU . From the exampleof the blank wall, it is
intuitive that suchconditionswould requirethat �

- and �
1 at leasthave nonzero

gradient.In the sectionsto follow we will derive preciselywhat the conditions
arefor the translationalmodel.Similarly, onemayde�ne a line feature asa line
segmentwith a supportregion anda collectionof labelssuchthattheorientation
andnormaldisplacementof thetransformedline canbeuniquelydeterminedfrom
theequationabove.

In thenext sectionswe will seehow to ef�ciently solve theproblemabove for
the casein which the U aretranslationalor af�ne parameters.We �rst describe

6Herethe“hat” symbol, çt•u v , indicatesanestimatedquantity(seeAppendixB), not to beconfused

with the“wide hat,” è t•u v , usedto indicateaskew-symmetricmatrix.
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how to computethe velocity eitherof a moving point (featuretracking)or at a
�x edlocationonthepixel grid (optical�o w), andthengiveaneffectivealgorithm
to detectpoint featuresthatcanbeeasilytracked.

The de�nition of featurepoints and lines allows us to move our discussion
from pixelsandimagesto geometricentitiessuchaspointsandlines.However,
aswewill discussin laterchapters,thisseparationismoreconceptualthanfactual.
Indeed,all theconstraintsamonggeometricentitiesthatwewill derivein chapters
of Part II andPart III canbe rephrasedin termsof constraintson the irradiance
valuesoncollectionsof images,undertheassumptionof rigidity of Chapter2 and
Lambertianre�ection of Chapter3.

4.3.1 Smallbaseline:feature trackingandoptical �ow

Considerthetranslationalmodeldescribedin theprevioussections,where
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�E� (4.9)

If we considerthe two imagesasbeingtaken from in�nitesimally closevantage
points,we can write a continuousversionof the above constraint.In order to
make thenotationmoresuggestive,we call Ã thetime at which the�rst imageis
taken,i.e. �ª-

�

�

�

�

)	�

�

�

�•Ã��
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Ã�� and ÃbV
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Ã thetimewhenthesecondimageis taken,
i.e. �61
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incrementof time (and hencemotion). Also to associatethe displacementÍ �
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notation,equation(4.9)canberewrittenas
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Applying Taylor series expansion around �

�•Ã�� to the right-hand side and
neglectinghigher-ordertermswe obtain
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where
ë

� and �

K arethespatialandtemporalderivativesof �

�

�l/

Ã�� , respectively.
The spatialderivative

ë

� is often called the image gradient.7 We will discuss
how to computethesederivativesfrom discretizedimagesin Appendix4.A of this
chapter. If �

�•Ã��
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ìa�ÄÃ��

/4í

�ÄÃ��
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7

is the trajectoryof the imageof a point moving
acrosstheimageplaneastime Ã changes,�
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�ÄÃ��

/

Ã�� shouldremainconstant.Thus,

7Beawarethat,strictly speaking,thegradientof afunctionis acovectorandshouldberepresented
asarow vector. But in thisbookwede�ne it to beacolumnvector(seeAppendixC), to beconsistent
with all theothervectors.
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anotherway of deriving theabove equationis in termsof the total derivative of
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whichyields
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This equationis identical to (4.11) once we notice that é
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. Wealsocall thisequationthebrightnessconstancyconstraint. It
is thecontinuousversionof (4.4)for thesimplesttranslationalmodel.Depending
on wheretheconstraintis evaluated,this equationcanbeusedto computewhat
is calledoptical �ow , or to track photometricfeaturesin a sequenceof moving
images.

Whenwe �x our attentionat a particularimagelocation
†

� anduse(4.14) to
computethe velocity of “particles�o wing” throughthat pixel, é

�

†

�l/

Ã�� is called
optical�o w. Whentheattentionis onaparticularparticle �
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is computedat the location �

�ÄÃ�� asit movesthroughthe imagedomain,we re-
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Ã�� asfeature tracking. Optical �o w andfeature
trackingareobviouslyrelatedby �
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Ã . Theonlydiffer-
ence,at theconceptuallevel, is wherethevector é
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Ã�� is computed:in optical
�o w it is computedat a �x edlocationin theimage,whereasin featuretrackingit
is computedat thepoint �

�ÄÃ�� .
Beforewe delve into thestudyof optical�o w andfeaturetracking,noticethat

(4.11),if computedat eachpoint, providesonly oneequationfor two unknowns
( T

T

/�T

V ). This is theapertureproblemwe havehintedatearlier.

Theapertureproblem

We startby rewriting equation(4.11)in a morecompactform as
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For simplicity we omit “ Ã ” from �Äìa�ÄÃ��
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Thebrightnessconstancy constraintcapturestherelationshipbetweenthe im-

agevelocity é of an imagepoint � andspatialandtemporalderivatives
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K ,
whicharedirectlymeasurablefrom images.As wehavealreadynoticed,theequa-
tion providesa singleconstraintfor two unknownsin é ) * T
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/�T
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. From the
linear-algebraicpoint of view thereare in�nitely many solutions é that satisfy
thisequation.All wecancomputeis theprojectionof theactualoptical�o w vec-
tor in thedirectionof the imagegradient
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� . This componentis alsoreferredto
asnormal �ow andcanbe thoughtof asa minimum normvector é
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that
satis�esthebrightnessconstancy constraint.It is givenby aprojectionof thetrue
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Figure4.4. In spiteof thefact that thesquaremovesdiagonallybetweentwo consecutive
frames,only horizontalmotioncanbeobservedthroughtheaperture.

motionvector é ontothegradientdirectionandis givenby
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This observationis a consequenceof theaperture problemandcanbeeasilyvi-
sualized.For example,considerviewing thesquarein Figure4.4througha small
aperture.In spiteof the fact that the squaremovesdiagonallybetweenthe two
consecutiveframes,only horizontalmotioncanbeobservedthroughtheaperture,
andnothingcanbesaidaboutmotionalongthedirectionof theedge.

It is only whenthebrightnessconstancy constraintis appliedto eachpoint Ç

�

in a region ê˜�

�

� thatcontains“suf�cient texture,” andthemotion é is assumed
to beconstantin theregion, that theequationsprovide enoughconstraintson é .
Thisconstancy assumptionenablesusto integratetheconstraintsfor all pointsin
the region ê˜�

�

� andseekthe bestimagevelocity consistentwith all the point
constraints.In orderto accountfor theeffect of noisein themodel(4.6),optical
�o w computationis oftenformulatedasaminimizationof thefollowingquadratic
errorfunctionbasedon thegradientconstraint:
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wherethe subscript“ ‡ ” indicatesbrightnessconstancy. To obtaina linear least-
squaresestimateof é
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� at eachimagelocation,we computethederivativewith
respectto é of theerrorfunction Ïòîª�
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or, in matrix form, ô
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VÎõ
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� (4.19)

Solvingthisequation(if

ô

is invertible)givestheleast-squaresestimateof image
velocity
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Note,however, thatthematrix

ô

is notguaranteedto beinvertible.If theintensity
variationin a local imagewindow variesonly alongonedimension(e.g., �
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or �

V
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) or vanishes( �

T

)

�

and �

V
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), then

ô

is not invertible.Thesesingu-
laritieshave beenpreviously mentionedastheaperture andblankwall problem,
respectively. Basedon theseobservationswe seethat it is the local propertiesof
imageirradiancein thewindow ê˜�

�

� thatdeterminewhethertheproblemis ill
posed.

Sinceit seemsthatthecorrespondenceproblemcanbesolved,underthebright-
nessconstancy assumption,for points � where

ô

�

�

� is invertible,it is convenient
to de�ne suchpointsas“featurepoints” at leastaccordingto the quadraticcri-
terionabove. As we will seeshortly, this de�nition is alsoconsistentwith other
criteria.

The“sum of squareddifferences”(SSD)criterion

Let usnow gobackto thesimplesttranslationaldeformationmodel
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In orderto tracka featurepoint � by computingits imagedisplacementÍ � , we
canseekthelocation �

VöÍ

� ontheimageat time ÃÝV
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Ã whosewindow is “most
similar” to thewindow ê˜�

�

� . A commonwayof measuringsimilarity is by using
the “sum of squareddifferences”(SSD)criterion.The SSDapproachconsiders
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wherethesubscript“ Ã ” indicatesthetranslationaldeformationmodel.Comparing
this with the error function (4.17),an advantageof the SSDcriterion is that in
principlewenolongerneedto computederivativesof �

�Äì

/�íh/

Ã�� , althoughonecan
easilyshow that é
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Ã is the �rst-order approximationof thedis-
placementÍ �f)

�

Å

ì

/

Å
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� . Weleavethisasanexerciseto thereader(seeExercise
4.4).Onealternativefor computingthedisplacementis to evaluatethefunctionat
eachlocationandchoosetheonethatgivestheminimumerror. This formulation
is dueto [LucasandKanade,1981] andwasoriginally proposedin thecontext of
stereoalgorithmsandwaslater re�ned by [TomasiandKanade,1992] in a more
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generalfeature-trackingcontext.

In Algorithm 4.1wesummarizeabasicalgorithmfor featuretrackingor optical
�o w; a moreeffective versionof this algorithmthat involvesa multi-resolution
representationand subpixel re�nement is describedin Chapter11 (Algorithm
11.2).

Algorithm 4.1(Basicfeaturetracking and optical �o w).

Given an image ¸b´]2!µ at time È , set a window ú of �x ed size, use the �lters given
in Appendix 4.A to compute the image gradient ´¹¸t÷

¥

¸ùø�µ , and compute úõ´]2!µ
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¸
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at every pixel 2 . Then,either

ÿ (featuretracking)selecta numberof point featuresby choosing2

Ž

¥

2
©

¥

¡E¡O¡

such
that úõ´]2

�

µ is invertible,or
ÿ (optical�o w) select2

� to beon a �x edgrid.

An invertibility testof ú that is morerobust to the effectsof noisewill be describedin
Algorithm 4.2.

ÿ Computeý_´]2
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È‡µ
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¸ùø#¸

™

¼

¡

ÿ If úõ´]2Jµ is invertible (which is guaranteedfor point features),computethe dis-
placementÿ@´]2

¥

È‡µ from equation(4.20).If úõ´]2!µ is not invertible,return ÿ¶´]2

¥

È‡µ

¢

¦ .

Thedisplacementof thepixel 2 attime È is thereforegivenby ÿ@´]2

¥

È‡µ

¢

2‹úõ´]2!µ

ê
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ý_´]2
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È‡µ

wherever úõ´]2Jµ is invertible.
ÿ (Featuretracking)at time ÈW²

¤ , repeattheoperationat 2­² ÿ“´]2

¥

È‡µ .
ÿ (Optical�o w) at time ÈW²

¤ , repeattheoperationat 2 .

4.3.2 Largebaseline:af�ne modelandnormalized
cross-correlation

The small-baselinetrackingalgorithmpresentedin the previous sectionresults
in very ef�cient and fast implementations.However, whenfeaturesare tracked
over anextendedtime period,theestimationerror resultingfrom matchingtem-
platesbetweentwo adjacentframesaccumulatesin time.This leadsto eventually
losing trackof theoriginally selectedfeatures.To avoid this problem,insteadof
matchingimageregionsbetweenadjacentframes,onecouldmatchimageregions
betweentheinitial frame,say �

- , andthecurrentframe,say �
1 . Ontheotherhand,

thedeformationof theimageregionsbetweenthe�rst frameandthecurrentframe
canno longerbemodeledby a simpletranslationalmodel.Instead,a commonly
adoptedmodelis that of af�ne deformationof imageregionsthat supportpoint
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As in thepuretranslationmodel(4.9),wecanformulatethebrightnessconstancy
constraintwith this moregeneralsix-parameteraf�ne modelfor thetwo images:
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Enforcingtheabove assumptionover a region of the image,we canestimatethe
unknown af�ne parameters
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wherethesubscript“ Ê ” indicatestheaf�ne deformationmodel.By approximating
thefunction ��1
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theaboveminimizationproblemcanbesolvedusinglinearleast-squares,yielding
estimatesof theunknown parameters
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directly from mea-
surementsof spatialandtemporalgradientsof theimage.In Exercise4.5wewalk
the readerthroughthe stepsnecessaryto implementsucha trackingalgorithm.
In Chapter11, we will combinethis af�ne modelwith contrastcompensationto
deriveapracticalfeature-trackingalgorithmthatworksfor a moderatebaseline.

Normalizedcross-correlation(NCC)criterion

In theprevioussectionswe usedtheSSDasa costfunctionfor templatematch-
ing. AlthoughtheSSDallowsfor a linearleast-squaressolutionin theunknowns,
therearealsosomedrawbacksto thischoice.For example,theSSDis not invari-
ant to scalingsandshifts in imageintensities,oftencausedby changinglighting
conditionsover time. For the purposeof templatematching,a betterchoiceis
normalizedcross-correlation. Given two nonuniformimageregions �3-
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two imageregionsmatchperfectly. In particular, in thecaseof theaf�ne model
thenormalizedcross-correlationbecomes
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So,we look for � Ý

’

/

ÝÛ!�

)

���

e»Þ

�

Q��

  � NCC�

’

/

ÛJ� . In Chapter11, we will com-
bineNCCwith robuststatisticstechniquesto deriveapracticalalgorithmthatcan
matchfeaturesbetweentwo imageswith a largebaseline.

4.3.3 Point featureselection

In previoussectionswe have seenhow to computethetranslationalor af�ne de-
formationof aphotometricfeature,andwehavedistinguishedthecasewherethe
computationis performedat a �x edsetof locations(optical �o w) from thecase
wherepoint featuresaretrackedover time (featuretracking).Oneissuewe have
notaddressedin thissecondcaseis how to initially selectthepointsto betracked.
However, we have hintedon variousoccasionsat the possibility of selectingas
“featurepoints” the locationsthatallow usto solve thecorrespondenceproblem
easily. In thissectionwe make thismorepreciseby giving a numericalalgorithm
to selectsuchfeatures.

As thereadermayhave noticed,thedescriptionof any of thosefeaturepoints
relieson knowing thegradientof the image.Hence,beforewe cangive any nu-
mericalalgorithmfor featureselection,thereaderneedsto know how to compute
theimagegradient

ë

� ) * �

T

/��

V

5

7

in anaccurateandrobustway. Thedescription
of how to computethegradientof a discretizedimageis in Appendix4.A.

The solutionto the trackingor correspondenceproblemfor the caseof pure
translationrelied on inverting the matrix

ô

madeof the spatialgradientsof the
image(4.20).For

ô

to be invertible, the region musthave nontrivial gradients
alongtwo independentdirections,resemblingthereforea “corner” structure,as
shown in Figure4.5. Alternatively, if we regardthe cornerasthe “intersection”

PSfragreplacements

�

Ç

�

Figure4.5.A cornerfeature2 is thevirtual intersectionof localedges(within awindow).

of all the edgesinsidethe window, thenthe existenceof at leasta cornerpoint
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meansthatover thewindow ê˜�
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asolution:
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where
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� is thegradientcalculatedat Ç
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checkthat theexistenceof a local minimumfor this error function is equivalent
to thesummationof theouterproductof thegradients,i.e.
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beingnonsingular. If a

1 , the smallestsingularvalueof

ô

, is above a speci�ed
threshold� , then

ô

is invertible,(4.20)canbesolved,andtherefore,we saythat
thepoint � is a featurepoint. If bothsingularvaluesof

ô

arecloseto zero,the
featurewindow hasalmostconstantbrightness.If only oneof thesingularvalues
is closeto zero, the brightnessvariesmostly along a single direction. In both
cases,thepoint cannotbelocalizedor matchedin anotherimage.This leadsto a
simplealgorithmto extractpoint (or corner)features;seeAlgorithm 4.2.

Algorithm 4.2(Corner detector).

Givenanimage¸b´R÷

¥–ø

µ , follow thestepsto detectwhethera givenpixel ´R÷

¥–ø

µ is a corner
feature:

ÿ set a threshold �

«¬­ and a window ú of �x ed size,and computethe image
gradient ´¹¸

÷

¥

¸
ø

µ usingthe�lters givenin Appendix4.A;
ÿ at all pixelsin thewindow ú around́R÷

¥–ø

µ computethematrix
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ÿ if the smallestsingularvalue 	z©�´–úšµ is bigger thanthe pre�xed threshold� , then
markthepixel asa feature(or corner)point.

Althoughwe have usedtheword “corner,” the readershouldobserve that the
testaboveguaranteesonly thattheirradiancefunction � is “changingenough”in
two independentdirectionswithin thewindow of interest.Anotherway in which
this canhappenis for thewindow to contain“suf�cient texture,” causingenough
variationalongat leasttwo independentdirections.

A variation to the above algorithm is the well-known Harris cornerdetector
[HarrisandStephens,1988]. Themainideais to thresholdthequantity
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where
r

#

'

is a (usuallysmall) scalar, anddifferentchoicesof
r

may result
in favoring gradientvariationin oneor morethanonedirection,or maybeboth.
To seethis, let thetwo eigenvalues(which in this casecoincidewith thesingular
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Figure4.6.An exampleof theresponseof theHarrisfeaturedetectorusing ‰

®

‰ integration
windows andparameter


¢¯¦

¡

¦iý . Someapparentcornersaroundthe boundaryof the
imagearenotdetecteddueto thesizeof window chosen.
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Note that if
r

is large and either one of the eigenvaluesis large, so will be
ë

�

ô

� . That is, featureswith signi�cant gradientvariationin at leastonedirec-
tion will likely passa threshold.If

r

is small, then both eigenvaluesneedto
be big enoughto make ë

�

ô

� passthe threshold.In this case,only the corner
featureis favored. Simple thresholdingoperationsoften do not yield satisfac-
tory results,which leadto a detectionof too many corners,which arenot well
localized.Partial improvementscanbe obtainedby searchingfor the local min-
ima in the regions, where the responseof the detectoris high. Alternatively,
moresophisticatedtechniquescanbe used,which utilize contour(or edge)de-
tectiontechniquesandindeedsearchfor thehighcurvaturepointsof thedetected
contours[WuescherandBoyer, 1991]. In Chapter11 we will explorefurtherde-
tails thatarecrucial in implementinganeffective featuredetectionandselection
algorithm.

4.4 Trackingline features

As we will seein futurechapters,besidespoint features,line (or edge)features,
which typically correspondto boundariesof homogeneousregions,alsoprovide
importantgeometricinformationaboutthe3-D structureof objectsin thescene.
In thissection,we studyhow to extractandtracksuchfeatures.
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4.4.1 Edge featuresandedgedetection

As mentionedabove,whenthematrix

ô

in (4.29)hasbothsingularvaluescloseto
zero,it correspondsto atextureless“blank wall.” Whenoneof thesingularvalues
is largeandtheotheroneis closeto zero,thebrightnessvariesmostlyalongasin-
gle direction.But thatdoesnot imply a suddenchangeof brightnessvaluein the
directionof thegradient.For example,an imageof a shadedmarblespheredoes
vary in brightness,but the variation is smooth,and thereforethe entiresurface
is betterinterpretedasonesmoothregion insteadof onewith edgeseverywhere.
Thus,by “an edge” in an image,we typically refer to a placewherethereis a
distinctive “peak” in thegradient.Of course,thenotionof a “peak” dependson
theresolutionof the imageandthesizeof thewindow chosen.Whatappearsas
smoothshadingonasmallpatchin ahigh-resolutionimagemayappearasasharp
discontinuityona largepatchin asubsampledimage.

We thereforelabel a pixel � as an “edge feature” only if the gradientnorm
d

ë

�

d reachesa local maximumcomparedto its neighboringpixels.This simple
idearesultsin thewell-known Canny edge-detectionalgorithm[Canny, 1986].

Algorithm 4.3(Canny edgedetector).

Given an image ¸b´R÷

¥–ø

µ , follow the stepsto detectwhethera given pixel ´R÷

¥‰ø

µ is on an
edge

ÿ seta threshold���

¦ andstandarddeviation 	
�

¦ for theGaussianfunction
Û��

usedto derive the�lter (seeAppendix4.A for details);
ÿ computethegradientvector ��¸

¢Â£

¸
÷

¥

¸
ø

§
¨ (seeAppendix4.A);

ÿ if d

��¸b´R÷

¥–ø

µ

d

©

¢

��¸

¨

��¸ is a local maximumalongthegradientandlarger than
thepre�xedthreshold� , thenmarkit asanedgepixel.

Figure4.7demonstratesedgesdetectedby theCanny edgedetectoron a gray-
level image.

Figure4.7.Original image,gradientmagnitude,anddetectededgepixels of an imageof
Einstein.
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4.4.2 Compositionof edgeelements:line �tting

In orderto compensatefor theeffectsof digitizationandthresholdingthatdestroy
thecontinuityof thegradientmagnitudefunction d

ë

�

d , theedge-detectionstage
is oftenfollowedby a connectedcomponentanalysis, which enablesusto group
neighboringpixels with commongradientorientationto form a connectedcon-
tour or morespeci�cally a candidateline † . Theconnectedcomponentalgorithm
canbefoundin mostimageprocessingor computervision textbooks,andwe re-
fer thereaderto [GonzalezandWoods,1992]. Usingresultsfrom theconnected
componentanalysis,the line �tting stage typically involvesthe computationof
the Houghor Radontransform,followed by a peakdetectionin the parameter
space.Both of thesetechniquesarewell establishedin imageprocessingandthe
algorithmsare available as a part of standardimageprocessingtoolboxes(see
Exercise4.9).

Alternatively, aconceptuallysimplerwayto obtainline featurecandidatesis by
directly �tting lines to thesegmentsobtainedby connectedcomponentanalysis.
Eachconnectedcomponentë

y

is a list of edgepixels
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â��

- , which are
connectedandgroupedbasedontheirgradientorientation,formingaline support
region, say ê˜�ˆ†¸� . The line parameterscanthenbe directly computedfrom the
eigenvaluesK
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1 andeigenvectorsG
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1 of thematrix �
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associatedwith the
line supportregion:
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where Ç
ì

)

ì

â

K

†

ì and Ç

í )�í

â

K

†

í arethemean-correctedpixelcoordinatesof every
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arethemeans.In thecaseof anideal line, oneof theeigenvaluesshouldbezero.
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On the2-D imageplane,any point �•ì
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� on a line mustsatisfyanequationof
theform
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Geometrically, C is the anglebetweenthe line † and the ì -axis, and ¥ is the
distancefrom the origin to the line † (Figure 4.8). In this notation, the unit
eigenvector G

- (correspondingto the larger eigenvalue K

- ) is of the form G
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where �

†

ì

/

†

í

� is themidpointof theline segment.We leave thederivationof these
formulaeto thereaderasanexercise(seeExercise4.7).
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PSfragreplacements
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Figure4.8.Parameterizationof a line in 2-D.

Figure4.9.Edgedetectionandline �tting results.

4.4.3 Trackingandmatching line segments

Thetechniquesfor associatingline featuresacrossmultiple framesdepend,asin
the point featurecase,on the baselinebetweenthe views. The simplestimage-
basedline tracking techniquestartswith associatinga window supportregion

ê˜�ˆ†¸� , containingthe edgepixels forming a line supportregion.8 The selected
window is �rst transformedto a canonicalimagecoordinateframe,makingthe
line orientationvertical.At samplepoints �Äì

â

/4í

â

� alongthe line supportregion,
thedisplacement

Å

¥ in thedirectionperpendicularto theline is computed.Once
this hasbeendonefor somenumberof samplepoints,theparametersof thenew
line segmentcanbeobtained,giving riseto thechangeof the line orientationby

Å

C . Theremainingpointscanthenbeupdatedusingthecomputedparameters
Å

¥

8The sizeof the region canvary dependingon whetherextendedlines arebeingtracked or just
smallpiecesof connectedcontours.
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and
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C in thefollowing way:
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Notethatthismethodsuffersfrom thepreviouslydiscussedapertureproblem.Un-
lessadditionalconstraintsarepresent,thedisplacementalongtheedgedirection
cannotbemeasured.During the trackingprocess,themorecostly line detection
is doneonly in theinitializationstage.

Figure4.10.Edgetrackingby computingthe normaldisplacementof the edgebetween
adjacentframes.

In caseof line matchingacrosswidebaselines,thesupportregions ê˜�µ†Í� asso-
ciatedwith thecandidateline featuressubtendtheentireextent of the line. Due
to thefactthattheline supportregionsautomaticallycontainorientationinforma-
tion, standardwindow matchingcriteria (suchasSSDandNCC), introducedin
Section4.3,canbeused.

4.5 Summary

Thischapterdescribesthecrucialstepof goingfrom measurementsof light inten-
sity to geometricprimitives.Thenotionsof “point feature”and“line feature”are
introduced,andbasicalgorithmsfor featuredetection,tracking,andmatchingare
described.Furtherre�nementsof thesealgorithms,e.g.,af�ne tracking,subpixel
iterations,andmultiscaleimplementation,areexploredin theexercises;practical
issuesassociatedwith their implementationwill bediscussedin Chapter11.
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4.6 Exercises

Exercise4.1 (Motion model).Considermeasuringimagemotion ªY´]2Jµ andnoticingthat
ª×´]2&µ
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µ and3-D structure® mustthesceneundergoto satisfy
thismodel?

Exercise4.2 Repeattheexerciseabove for anaf�ne motionmodel, ªY´]2Jµ
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ÐŒ2•²�� .

Exercise4.3 Repeattheexerciseabove for a generallinearmotionmodel, ªY´]2Jµ
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2 ,
in homogeneouscoordinates.

Exercise4.4 (LLS approximation of translational �o w). Considertheproblemof �nd-
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Exercise4.5 (LLS approximation of af�ne �o w). To obtainanapproximatesolutionto
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follow thestepsoutlinedbelow:
ÿ Approximatethefunction ¸b´*Ð‹2­²/�
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ÿ Write down thelinearleast-squaresestimateof 3 anddiscussunderwhatcondition
thesolutionis well-de�ned.

Exercise 4.6 (Eigenvalues of the sum of outer products). Given a set of vectors
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arenonnegative. This shows that theeigenvaluesof ú arethesameasthesingularvalues
of ú . (Note:you maytake it for grantedthatall theeigenvaluesarereal,since ú is a real
symmetricmatrix.)

Exercise4.7 Suppose°
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arecoordinatesof = samplepoints from a straight
line in ­

© . Show that the matrix 1 de�ned in (4.33) hasrank 1. What is the geometric
interpretationof thetwo eigenvectorsÞ
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¥
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Ž

and Þ
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Exercise 4.8 (Programming: implementation of the corner detector). Implementa
versionof thecornerdetectorusingMatlab. Mark themostdistinctive,say20to 50,feature
pointsin a givenimage.

After you aredone,you maytry to playwith it. Herearesomesuggestions:

ÿ Identify andcomparepracticalmethodsto choosethethreshold� or otherparame-
ters.Evaluatethechoiceby alteringthelevelsof brightness,saturation,andcontrast
in theimage.

ÿ In practice,you maywant to selectonly onepixel arounda cornerfeature.Devise
a methodto choosethe“best” pixel (or subpixel location)within a window, instead
of every pixel above thethreshold.

ÿ Devise somequality measurefor featurepoints and sort them accordingto that
measure.Notethat thethresholdhasonly “soft” controlon thenumberof features
selected.With sucha quality measure,however, you can specify any numberof
featuresyou want.

Exercise4.9 (Programming: implementation of the line feature detector). Implement
a versionof theline featuredetectorusingMatlab. Selecttheline segmentswhoselength
exceedstheprede�nedthresholdA . Herearesomeguidelineson how to proceed:

1. Runtheedge-detectionalgorithmimplementedby thefunction B#C

¢�D#E#FGD

´IH

¥KJMLONPLRQ

µ

in Matlab.

ÿ Experimentwith differentchoicesof thresholds.Alternatively, you canim-
plementindividual stepsof theCanny edgedetector. Visualizebothgradient
magnitudeî

¢�S

¸

©

÷

²’¸

©

ø

andgradientorientationT

¢ atan2́¹¸
ø

¥

¸
÷

µ .
ÿ Run the connectedcomponentalgorithm U

¢
V#WMX�LOVPD�X

´YB�CDµ in Matlab and
groupthepixelswith similargradientorientationsasdescribedin Section4.4.

ÿ Estimate the line parametersof each linear connectedgroup basedon
equations(4.35)and(4.36),andvisualizetheresults.
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2. Onthesameimage,experimentwith thefunction U

¢
NPLOFPZO[

´IH

¥

&ªµ andsuggesthow
to usethefunctionto detectline segmentsin theimage.Discusstheadvantagesand
disadvantagesof thesetwo methods.

Exercise4.10 (Programming: subpixel iteration). Both thelinearandtheaf�ne model
for pointfeaturetrackingcanbere�ned bysubpixel iterationsaswell asbyusingmultiscale
deformationmodelsthatallow handlinglargerdeformations.In orderto achieve subpixel
accuracy, implementthefollowing iteration:
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wherewe de�ne following quantitiesbasedonequation(4.19),
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At eachstep, .2�²h�

�

is in generalnoton thepixel grid, soit is necessaryto interpolatethe
brightnessvaluesto obtainimageintensityat thatlocation.

Exercise4.11 (Programming: multiscale implementation). Oneproblemcommonto
all differentialtechniquesis thatthey fail if thedisplacementacrossframesis biggerthan
a few pixels.Onepossibleway to overcomethis inconvenienceis to usea coarse-to-�ne
strategy:

ÿ Build apyramidof imagesby smoothingandsubsamplingtheoriginal images(see,
for instance,[Burt andAdelson,1983]).

ÿ Selectfeaturesat thedesiredlevel of de�nition andthenpropagatetheselectionup
thepyramid.

ÿ Trackthefeaturesat thecoarserlevel.
ÿ Propagatethe displacementto �ner resolutionsand use that displacementas an

initial stepfor thesubpixel iterationdescribedin theprevioussection.

4.A Computingimagegradients

Let usneglectfor themomentthediscretenatureof digital images.Conceptually,
theimagegradient
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is de�ned by a vector
whoseindividualcomponentsaregivenby thetwo partialderivatives
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In order to simplify the notation,we will omit the argument �Äì

/4í

� andsimply
write

ë

�>) * �

T

/��

V

5

7

. While thenotion of derivative is well de�ned for smooth
functions,additionalstepsneedto betakenin computingthederivativesof digital
images.
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Samplingof a continuoussignal

Thestartingpointof thisdevelopmentlies in therelationshipbetweencontinuous
and sampled discrete signals and the theory of sampling and reconstruc-
tion [Oppenheimetal., 1999]. Let usassumethatwehaveasampledversionof a
continuoussignal

Ð

�•ìY�

/

ìn#

'

, denotedby
Ð

*

ì

5

)
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�Äì×ïk�

/

ìI# |

/ (4.43)

where
Ð

*

ì

5

is thevalueof thecontinuousfunction
Ð

�Äìh� sampledat integervalues
of ì with ï beingthesamplingperiodof thesignal(Figure4.11).We will adopt
thenotationof discretelysampledsignalswith theargumentin squarebrackets.
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Figure4.11.Continuoussignal ×Y´R÷Ýµ andits discretesampledversion ×
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Considera continuoussignal
Ð

�Äìh� andits Fourier transformi2�
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� . Thewell-
knownNyquistsamplingtheoremstatesthatif thecontinuoussignal
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is
calledtheNyquist frequency. Therelationshipbetweenthesamplingperiodand
thesamplingfrequency is ý
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. Oncetheabove relationshipis satis�ed, the
original signal
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�Äìh� canbereconstructedby multiplicationof its sampledsignal
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in thefrequency domainwith anidealreconstruction�lter , denotedby È
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whoseFouriertransform
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A multiplication in the frequency domaincorrespondsto a convolution in the
spatialdomain.Therefore,
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.
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Derivativeof a sampledsignal

Knowing the relationshipbetweenthesampledfunction
Ð

*

ì

5

andits continuous
version

Ð

�•ìY� , onecanapproachthecomputationof thederivativeof thesampled
function by �rst computingthe derivative of the continuousfunction

Ð

�Äìh� and
thensamplingthe result.We will outline this processfor 1-D signalsand then
describehow to carryoutthecomputationfor 2-D images.Applying thederivative
operatorto bothsidesof equation(4.45)yields
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Expressingthe right handside in termsof the convolution, and using the fact
thatboththederivativeandtheconvolutionarelinearoperators,wecanbring the
derivativeoperatorinsideof theconvolutionandwrite
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Notice that thederivative operationis beingappliedonly to continuousentities.
Oncethederivativeof thecontinuousfunctionhasbeencomputed,all weneedto
do is to sampletheresult.Denotingthesamplingoperatoras Ñ
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Hencein anidealsituationthederivativeof thesampledfunctioncanbecomputed
asaconvolutionof thesampledsignalwith thesampledderivativeof anidealsync

È

Pô�Äìh� (Figure4.12),where
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Notethat in generalthevalueof thefunction
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all samplesof È
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. However, sincetheextentof ÈJ*
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is in�nite andthefunctions
falls off very slowly far away from theorigin, the convolution is not practically
feasibleandsimple truncatingwould yield undesirableartifacts.In practicethe
computationof derivativesis accomplishedby convolving thesignalwith a �nite
�lter . In caseof 1-D signals,a commonlyusedapproximationto the ideal sync
andits derivative is a Gaussianandits derivative,respectively, de�ned as
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È

�Äìh�

È

Pô�ÄìY�

h(x) h'(x) 

Figure4.12.Idealsyncfunctionandits derivative.

Note that the Gaussian,like the sync,extendsto in�nity , andthereforeit needs
to betruncated.9 Thederivative of a 1-D signalcanthenbesimply computedby
convolutionwith a �nite-size �lter , which is obtainedby samplingandtruncating
the continuousderivative of the Gaussian.The numberof samplesj neededis
typically relatedto thevariancea . An adequaterelationshipbetweenthe two is

j

)

u

a , imposingthe fact that thewindow subtends>
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ÆMxut

of theareaunder
thecurve.In sucha casetheconvolutionbecomes
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Examplesof theGaussian�lter andits derivativeareshown in Figure4.13.

Imagegradient

In orderto computethederivative of a 2-D signalde�ned by equation(4.42)we
have to revisit the relationshipbetweenthe continuousandsampledversionsof
thesignal
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is a 2-D ideal sync. Notice that this function is separable,namely È
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Applying againthederivativeoperatorto bothsidesweobtain
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9Nevertheless,thevalueof aGaussianfunctiondropsto zeroexponentiallyandmuchfasterthana
sync,althoughits Fouriertransform,alsoaGaussianfunction,is not anidealband-pass�lter like the
sync.
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Figure 4.13. Examples of a 1-D � ve-tap Gaussian�lter and its derivative, sam-
pled from a continuousGaussianfunction with a variance 	
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Sinceanidealsyncis separablewecanwrite
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At lastsamplingtheresultweobtaintheexpressionfor �

T componentof theimage
gradient
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Note thatwhencomputingthepartial imagederivatives,the imageis convolved
in onedirectionwith the derivative �lter andin the otherdirectionwith the in-
terpolation�lter . By thesameargumentasin the 1-D case,we approximatethe
idealsyncfunctionwith a Gaussianfunction,which falls off faster, andwe sam-
ple from it andtruncateit to obtaina �nite-size �lter . Thecomputationof image
derivatives is then accomplishedas a pair of 1-D convolutionswith �lters ob-
tainedby samplingthecontinuousGaussianfunctionandits derivative,asshown
in Figure4.13.Theimagegradientat thepixel *
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Recall that our choice is only an approximationto the ideal derivative �l-
ter. More systematicmeansof designingsuchapproximationsis a subjectof
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optimal �lter design and is in the context of derivative �lters, as described
in [FaridandSimoncelli,1997]. Alternativechoiceshavebeenexploitedin image
processingandcomputervision.Onecommonlyusedapproximationcomesfrom
numericalanalysis,wherethederivative is approximatedby �nite differences.In
sucha casethe derivative �lter is of the simpleform È
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bothcasesthe�lters areseparable.

For the imageshown in Figure4.14, the �

T and �

V componentsof its gradi-
ent

ë

� werecomputedvia convolution with a � ve-tapGaussianderivative �lter
shown in Figure4.13.

Figure4.14.Left: original image.Middle andright: Horizontalcomponenţt÷ andvertical
componenţ ø of theimagegradient��¸ .

Imagesmoothing

In many instancesdueto the presenceof noisein the imageformationprocess,
it is oftendesirableto smooththe imagein orderto suppressthehigh frequency
component.For this purposetheGaussian�lter is againsuitablechoice.Theim-
agesmoothingis thensimply accomplishedby two 1-D convolutionswith the
Gaussian.Convolution with theGaussiancanbedoneef�ciently dueto the fact
thattheGaussianis againseparable.Thesmoothedimagethenbecomes
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Thesameexpressionwritten in termsof convolutionwith the�lter size j is
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Figure4.15demonstratestheeffect of smoothinga noisy imagevia convolution
with a Gaussian.
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Figure4.15.Left: theimage“Lena” corruptedby white noise.Right: thecorruptedimage
smoothedby convolution with a 2-D Gaussian.

Furtherreadings

Extractionof corners,edges,andcontours

Gradient-basededgedetectorslike the Canny edgedetector[Canny, 1986] and
theHarriscornerdetector[HarrisandStephens,1988] introducedin this chapter
are widely available publicly, for instance,[MeerandGeorgescu,www]. Fur-
ther studieson the extraction of edgeelementscan be found in the work of
[CasadeiandMitter, 1998, ParentandZucker, 1989, Medioni etal., 2000]. Since
linesarespecialcurveswith a constantcurvaturezero,they canalsobeextracted
using curve extraction techniquesbasedon the constantcurvature criterion
[WuescherandBoyer, 1991]. Besidesgradient-basededge detectionmethods,
edgesas boundariesof homogeneousregions can also be extracted using
the activecontourmethods[Kasset al., 1987, Cohen,1991, Menetet al., 1990].
One advantage of active contour is its robustnessin generatingcontinu-
ous boundaries,but it typically involves solving partial differential equa-
tions; see [Kichenassamyetal., 1996, Sapiro,2001, OsherandSethian,1988],
and [ChanandVese,1999]. In time-critical applications,suchas robot naviga-
tion, the gradient-basededgedetectionmethodsaremorecommonlyused.The
Houghtransformationis anotherpopulartool, which in principleenablesoneto
extract any type of geometricprimitives, including corners,edges,andcurves.
But its limitation is that oneusuallyneedsto specifythe sizeof the primitive a
priori.

Feature trackingandoptical �ow

Imagemotion (either featuretracking or optical �o w) refers to the motion of
brightnesspatternson the image.It is only underrestrictive assumptionson the
photometryof thescene,which we discussedin Appendix3.A, that suchimage
motionis actuallyrelatedto themotionof thescene.For instance,onecanimag-
ine a paintedmarblesphererotatingin space,anda staticsphericalmirror where
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theambientlight is movedto matchtheimagemotionof the�rst sphere.Thedis-
tinction betweenmotion�eld (themotionof theprojectionof pointsin thescene
ontotheimage)andoptical�o w (themotionof brightnesspatternson theimage)
hasbeenelucidatedby [Verri andPoggio,1989].

The feature-trackingschemesgiven in this chaptermainly follow the work
of [LucasandKanade,1981, TomasiandKanade,1992]. The af�ne �o w track-
ing methodwasdueto [Shi andTomasi,1994]. Multiscaleestimationmethodsof
global af�ne �o w �elds have beenintroducedby [Bergenet al., 1992]. The use
robustestimationtechniquesin thecontext of optical�o w computationhavebeen
proposedby [Black andAnandan,1993]. Featureextractingandtracking,aswe
havedescribedit, is anintrinsically local operationin spaceandtime.Therefore,
it is extremelydif�cult to maintaintrackingof a featureover extendedlengths
of time. Typically, a featurepoint becomesoccludedor changesits appearance
up to the point of not passingthe SSDtest.This doesnot meanthat we cannot
integratemotioninformationover time. In fact,it is possiblethatevenif individ-
ual featuresappearanddisappear, their motion is consistentwith a global 3-D
interpretation,as we will seein later partsof the book. Alternative to feature
tracking include deformablecontours [BlakeandIsard,1998], learning-based
approaches[YacoobandDavis, 1998] andoptical �o w [Verri andPoggio,1989,
Weickertet al., 1998, Nagel,1987]. Computationof qualitative ego-motionfrom
normal�o w wasaddressedin [Fermüller andAloimonos,1995].
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Part II

Geometryof Two Views
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Reconstructionfrom Two Calibrated
Views

We seebecausewemove;wemovebecausewesee.
– JamesJ.Gibson,ThePerceptionof theVisualWorld

In thischapterwebegin unveiling thebasicgeometrythatrelatesimagesof points
to their 3-D position. We start with the simplestcaseof two calibratedcam-
eras,anddescribean algorithm,�rst proposedby the British psychologistH.C.
Longuet-Higginsin 1981,to reconstructthe relative pose(i.e. positionandori-
entation)of thecamerasaswell asthelocationsof thepointsin spacefrom their
projectionontothetwo images.

It hasbeenlong known in photogrammetrythat thecoordinatesof theprojec-
tion of a point andthetwo cameraopticalcentersform a triangle(Figure5.1),a
factthatcanbewrittenasanalgebraicconstraintinvolving thecameraposesand
imagecoordinatesbut not the 3-D positionof the points.Given enoughpoints,
therefore,this constraintcanbe usedto solve for the cameraposes.Oncethose
areknown, the 3-D position of the pointscan be obtainedeasily by triangula-
tion. The interestingfeatureof the constraintis that althoughit is nonlinearin
theunknown cameraposes,it canbe solvedby two linearstepsin closedform.
Therefore,in the absenceof any noiseor uncertainty, given two imagestaken
from calibratedcameras,onecanin principle recover cameraposeandposition
of thepointsin spacewith a few stepsof simplelinearalgebra.

While we have not yet indicatedhow to calibratethecameras(which we will
do in Chapter6), this chapterservesto introducethebasicbuilding blocksof the
geometryof two views,known as“epipolargeometry.” Thesimplealgorithmsto
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beintroducedin this chapter, althoughmerelyconceptual,1 allow usto introduce
thebasicideasthatwill be revisited in laterchaptersof thebookto derive more
powerful algorithmsthat candealwith uncertaintyin the measurementsaswell
aswith uncalibratedcameras.

5.1 Epipolargeometry

Considertwo imagesof thesamescenetakenfrom two distinctvantagepoints.If
weassumethatthecamerais calibrated, asdescribedin Chapter3 (thecalibration
matrix

L

is the identity), thehomogeneousimagecoordinates� andthespatial
coordinates

(

of a point " , with respectto thecameraframe,arerelatedby2
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. That is, the image � differs from theactual3-D coordinates
of thepointby anunknown (depth)scaleKI#

'

€ . For simplicity, wewill assume
thatthesceneis static(thatis, therearenomovingobjects)andthatthepositionof
correspondingfeaturepointsacrossimagesis available,for instancefrom oneof
thealgorithmsdescribedin Chapter4. If we call �“-C/(�Ò1 thecorrespondingpoints
in two views,they will thenberelatedby aprecisegeometricrelationshipthatwe
describein this section.

5.1.1 Theepipolarconstraint andtheessentialmatrix

Following Chapter3, an orthonormalreferenceframe is associatedwith each
camera,with its origin

³

at theopticalcenterandthe î -axisalignedwith theop-
tical axis.Therelationshipbetweenthe3-D coordinatesof a point in theinertial
“world” coordinateframeandthecameraframecanbeexpressedby arigid-body
transformation.Without lossof generality, we canassumetheworld frameto be
oneof thecameras,while theotheris positionedandorientedaccordingto a Eu-
clideantransformationÆ

)

�•ð

/

ïk��#�ÑÒÏÎ��Ÿ¸� . If we call the 3-D coordinatesof
a point " relative to the two cameraframes

(

-

#

'

 and
(

1

#

'

 , they are
relatedby a rigid-bodytransformationin thefollowing way:

(

1k)

ð

(

-

V$ïi�

Now let �¶-C/(�Ò1

#

'

 be the homogeneouscoordinatesof the projectionof the
samepoint " in the two imageplanes.Since

(

â

)

K

â

�

â

/

ç

)

�

/

�

, this equation

1They arenot suitablefor real images,which aretypically corruptedby noise.In Section5.2.3of
thischapter, weshow how to modify themsoasto minimizetheeffectof noiseandobtainanoptimal
solution.

2Weremindthereaderthatwedonotdistinguishbetweenordinaryandhomogeneouscoordinates;
in theformercase4Î€‚•

© , whereasin thelatter 42€k•
r with thelastcomponentbeing † . Similarly,

|˜€i•!r or | €š•

� dependsonwhetherordinaryor homogeneouscoordinatesareused.
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canbewritten in termsof theimagecoordinates�

â

andthedepthsK

â

as

K

1U�F1k)

ðÉK

-t� -

V$ïi�

In order to eliminatethe depthsK

â

in the precedingequation,premultiply both
sidesby œ

ï to obtain

K

1

œ

ï

� 1 )

œ

ïiðÉK

- � -

�

Sincethe vector œ

ï

� 1 )

ï

gp� 1 is perpendicularto the vector � 1 , the inner
product

]

� 13/

œ

ï

�Ò1

^

) �Ò1

7

œ

ï

�Ò1 is zero.Premultiplyingthepreviousequationby
�

7

1 yields that the quantity �

7

1

œ

ïiðÉK

-I� - is zero.Since K

- �

�

, we have proven
thefollowing result:

Theorem 5.1 (Epipolar constraint). Considertwo images �@-3/��F1 of the same
point " fromtwo camera positionswith relativepose �•ð

/

ïk� , where ð #fÑ9� �•Ÿ¸�

is therelativeorientationand ï	#

'

 is therelativeposition.Then�@-C/(�Ò1 satisfy
]

�
1

/

ï

g

ð

�
-

^

)

�

/ d

�

�

7

1

œ

ïið

�
-

)

�

� (5.2)

Thematrix

Ï

�

)

œ

ïið #

'

 C•Ý 

in theepipolarconstraintequation(5.2) is calledtheessentialmatrix. It encodes
the relative posebetweenthe two cameras.The epipolarconstraint(5.2) is also
calledtheessentialconstraint. Sincetheepipolarconstraintis bilinear in eachof
its arguments�

- and �
1 , it is alsocalledthebilinear constraint. We will revisit

thisbilinearnaturein laterchapters.
In addition to the precedingalgebraicderivation, this constraintfollows im-

mediatelyfrom geometricconsiderations,asillustratedin Figure5.1.Thevector
connectingthe �rst cameracenter

³

- andthe point " , the vectorconnecting
³

1
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and " , andthevectorconnectingthetwo opticalcenters
³

- and
³

1 clearlyform a
triangle.Therefore,thethreevectorslie on thesameplane.Their triple product,3

whichmeasuresthevolumeof theparallelepipeddeterminedby thethreevectors,
is thereforezero.This is true for the coordinatesof thepoints

(

â

/

ç

)

�

/

�

/ as
well asfor thehomogeneouscoordinatesof their projection �

â

/

ç

)

�

/

�

/ since
(

â

and �

â

(asvectors)differ only bea scalarfactor. Theconstraint(5.2) is just
the triple productwritten in the secondcameraframe; ð

�“- is simply thedirec-
tion of thevector K

L

³

-

" , and ï is thevector K6K

L

³

1

³

- with respectto thesecondcamera
frame.Thetranslationï betweenthetwo cameracenters

³

- and
³

1 is alsocalled
thebaseline.

Associatedwith this picture,we de�ne thefollowing setof geometricentities,
whichwill facilitateour futurestudy:

De�nition 5.2(Epipolar geometricentities).

1. The plane �

³

-C/

³

1¸/

"h� determinedby the two centers of projection
³

-0/

³

1

and the point " is called an epipolarplaneassociatedwith the camera
con�gurationandpoint " . There is oneepipolarplanefor each point " .

2. Theprojection x

-

�

x

1

� of onecamera centeronto the image planeof the
othercamera frameis calledanepipole. Notethattheprojectionmayoccur
outsidethephysicalboundaryof theimagingsensor.

3. Theintersectionof theepipolarplaneof " with oneimage planeis a line
†

-

�µ†

1

� , which is called the epipolarline of " . We usuallyusethe normal
vector †

-

�ˆ†

1

� to theepipolarplaneto denotethis line.4

From the de�nitions, we immediatelyhave the following relations among
epipoles,epipolarlines,andimagepoints:

Proposition5.3(Propertiesof epipolesand epipolar lines). Givenanessential
matrix Ï

)

œ

ïið thatde�nesanepipolarrelationbetweentwo images �l-C/��Ò1 , we
have:

1. Thetwo epipolesx

-
/

x

1

#

'

 , with respectto the�r st andsecondcamera
frames,respectively, are theleft andright null spacesof Ï , respectively:

x

7

1

Ï

)

�

/

Ï

x

-i)

�

� (5.3)

That is, x

1
o

ï and x

-
o

ð

7

ï . We recall that o indicatesequalityup to
a scalarfactor.

2. The(coimagesof) epipolarlines †

-0/

†

1

#

'

 associatedwith thetwoimage
points �@-C/(�Ò1 canbeexpressedas

†

1Jo

Ï

�¶-0/

†

-Jo

Ï

7

�F1

#

'

 

/ (5.4)

3As we have seenin Chapter2, thetriple productof threevectorsis theinnerproductof onewith
thecrossproductof theothertwo.

4Hencethevector y

Ž

t-y
©

v is in factthecoimageof theepipolarline.
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where †

- /

†

1 are in fact thenormalvectors to theepipolarplaneexpressed
with respectto thetwo camera frames,respectively.

3. In each image, boththeimagepointandtheepipolelie on theepipolarline

†

7

â

x

â

)

�

/

†

7

â

�

â

)

�

/

ç

)

�

/

�

� (5.5)

Theproof is simple,andwe leave it to thereaderasanexercise.Figure5.2 il-
lustratestherelationshipsamong3-D points,images,epipolarlines,andepipoles.
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©

µ , respectively, and theseepipolar lines always passthroughthe pair of epipoles
´
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¥

^
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5.1.2 Elementarypropertiesof theessentialmatrix

The matrix Ï

)

œ

ïiðc#

'

 C•Ý in equation(5.2) containsinformationaboutthe
relativepositionï andorientationð #nÑ�� �•ŸÍ� betweenthetwo cameras.Matrices
of this form belongto a very specialsetof matricesin

'

 C•Ý calledtheessential
spaceanddenotedby z :

z

�

)|{

œ

ïið

•

•

ð+#IÑ9� �•Ÿ¸�

/

ï	#

'

 0}
•

'

 C•Ý 

�

Beforewe studythestructureof essentialmatrices,we introducea usefullemma
from linearalgebra.

Lemma 5.4(The hat operator). For a vector ï�#

'

 anda matrix
L

#

'

 C•Ý ,
if �� i"

�

L

�

)

V

�

and ï‚P

)

L

ï , then œ

ï

)

L

70~

ï

P

L

.

Proof. Since both
L

7

~

�

Ó

�

L

and
¨

L




-

�

Ó

� are linear maps from
'

 to
'

 C•Ý ,
one may directly verify that thesetwo linear mapsagreeon the basisvectors

*

�

/

�

/

�

5

7

/�*

�

/

�

/

�

5

7

, and *

�

/

�

/

�

5

7

(usingthefactthatdet�

L

�

)

�

).



114 Chapter5. Reconstructionfrom Two CalibratedViews

Thefollowing theorem,dueto [HuangandFaugeras,1989], capturesthealge-
braicstructureof essentialmatricesin termsof theirsingularvaluedecomposition
(seeAppendixA for a review on theSVD):

Theorem5.5(Characterization of the essentialmatrix). A nonzero matrix Ï #

'

 0•b is an essentialmatrix if andonly if Ï hasa singularvaluedecomposition
(SVD) Ï

)€•‚•

É

7

with
• ) diag

�

a

/

a

/

�

�

for somea%#

'

€ and •l/

É

#nÑ�� ��Ÿ¸� .

Proof. We �rst prove the necessity. By de�nition, for any essentialmatrix Ï ,
thereexists(at leastonepair) ��ð

/

ïk�

/

ð #‘Ñ�� ��Ÿ¸�

/

ï˜#

'

 , suchthat œ

ïið

)

Ï .
For ï , thereexists a rotationmatrix ð�< suchthat ð�<ªï

) *

�

/

�

/

dEï�d

5

7

. De�ne
Ê

)

ðë<�ï #

'

 . Since �� #"

�•ð�<C�

)

�

, we know that œ

ï

)

ð

7

<

œ

Ê

ð�< from Lemma
5.4. Then Ï Ï

7

)

œ

ïið
ð

7

œ

ï

7

)

œ

ï

œ

ï

7

)

ð

7

<

œ

Ê

œ

Ê

7

ðë< . It is immediateto verify
that

œ

Ê

œ

Ê

7

)
9;

�

K

d6ï d

�

dEï�d

� �

� � �

<=

9;

�

d6ï d

�

K

d6ï d

� �

� � �

<=

)
9;

dEï d

1

� �

�

d6ï d

1

�

� � �

<=

�

So,thesingularvaluesof theessentialmatrix Ï

)

œ

ïið are �4d6ï d

/

dEï d

/

�

� . How-
ever, in thestandardSVD of Ï

)ƒ•„•

É

7

, • and
É

areonly orthonormal,and
their determinantscanbe …

�

.5 We still needto prove that •š/

É

#�Ñ�� �•Ÿ¸� (i.e.
they havedeterminantV

�

) to establishthetheorem.Wealreadyhave Ï

)

œ

ïið

)

ð

7

<

œ

Ê

ð
<

ð . Let ð‡†@�]CÍ� be thematrix that representsa rotationaroundthe A -axis
by anangleof C radians;i.e. ðˆ†@�]CÍ�

�

)

á

H

¢K‰

Z with á

 

) *

�

/

�

/

�

5

7

#

'

 . Then

ð‡†

š

V

s

�
•

)ž9 ;

�

K

� �

� � �
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�

Then œ

Ê

)

ð
†

�ôV

z

1

�‡ð

7

†

�–V

z

1

��œ

Ê

)

ð
†

�ôV

z

1

� diag
�

d6ï d

/

dEï d

/

�

� . Therefore,

Ï

)

œ

ïið

)

ð

7

<

ð�†

š

V

s

�Ó•

diag�

dEï�d

/

d6ï d

/

�
$

ð
<

ð��

So, in theSVD of Ï

)Š•„•

É

7

, we may choose• )

ð

7

<

ð�†“�ôV

z

1

� and
É

7

)

ð
<

ð . Sincewehaveconstructedboth • and
É

asproductsof matricesin Ñ�� ��Ÿ¸� ,
they arein Ñ�� ��Ÿ¸� , too; thatis, both • and

É

arerotationmatrices.
We now provesuf�ciency. If a givenmatrix Ï #

'

 C•Ý hasSVD Ï

)‹•„•

É

7

with •l/

É

#�Ñ�� �•ŸÍ� and •ž) diag
�

a

/

a

/

�

� , de�ne �•ð

-C/

ï

-

��#�ÑÒÏÎ��Ÿ¸� and
�•ð

13/

ï
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�“#IÑ ÏÎ�•ŸÍ� to be

Ï
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(5.6)

5Interestedreaderscanverify this usingtheMatlabroutine:SVD.
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It is now easyto verify that œ

ï

-

ð

- )

œ

ï

1

ð

1 )

Ï . Thus, Ï is anessentialmatrix.

Given a rotation matrix ðž# Ñ�� ��Ÿ¸� anda translationvector ï #

'

 , it is
immediateto constructan essentialmatrix Ï

)

œ

ïið . The inverseproblem,that
is how to retrieve ï and ð from a given essentialmatrix Ï , is lessobvious. In
thesuf�ciency proof for theabove theorem,we have usedtheSVD to construct
two solutionsfor ��ð

/

ïk� . Are thesetheonly solutions?Beforewecananswerthis
questionin theupcomingTheorem5.7,we needthefollowing lemma.

Lemma 5.6. Consideran arbitrary nonzero skew-symmetricmatrix œ

ï #Â·

³

��Ÿ¸�

with ï #

'

 . If for a rotationmatrix ð #ûÑ�� ��Ÿ¸� , œ

ïið is alsoa skew-symmetric
matrix, then ð

)	� or ð

)

á

H

•

z

, where To)

7

q

7

q . Further, œ

ïiá

H

•

z

)

K

œ

ï .

Proof. Without lossof generality, we assumethat ï is of unit length.Since œ

ïið

is alsoa skew-symmetricmatrix, �

œ

ïið
�

7

)

K

œ

ïið . Thisequationgives

ð

œ

ïið

)

œ

ï � (5.7)

Since ð is a rotation matrix, thereexist ý

#

'

 

/

d

ý

d

)

�

, and C}#

'

such
that ð

)

á

H

J

Z . If C

)

�

the lemmais proved.Henceconsiderthe caseC¬é

)

�

.
Then,(5.7) is rewritten as á

H

J

Z

œ

ïiá

H

J

Z

)

œ

ï . Applying this equationto ý , we get
á

H

J

Z

œ

ïiá

H

J

Z

ý

)

œ

ï

ý . Since á

H

J

Z

ý

)

ý , we obtain á

H

J

Z

œ

ï

ý

)

œ

ï

ý . Since ý is the
only eigenvectorassociatedwith the eigenvalue

�

of the matrix á

H

J

Z , and œ

ï

ý is
orthogonalto ý , œ

ï

ý hasto bezero.Thus, ý is equalto either
7

q

7

q or
K

7

q

7

q ; i.e.
ý

)

…

T . Then ð hastheform á

H

J

Z , whichcommuteswith œ

ï . Thusfrom (5.7),we
get

á

1

H

J

Z

œ

ï

)

œ

ï � (5.8)

Accordingto Rodrigues'formula(2.16)from Chapter2, wehave
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J

Z
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V œ

ý

j�nYo
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C¸�JV�œ
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1

�
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h#dLj
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C¸�4�

/
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�

Since œ

ý

1

and œ

ý

 are linearly independent(we leave this as an exerciseto the
reader),we have jDnYo

�

�

C¸�

)

�

K

h#dLj

�

�

C¸�

)

�

. That is, C is equal to
�fr%s

or
�fr%s

V

s

,
r

# | . Therefore,ð is equalto � or á
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. Now if ý

)+Tû)
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q

7

q , then

it is direct from thegeometricmeaningof therotation á
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J

z

that á

H

J

z

œ

ï

)

K

œ

ï . On
theotherhand,if ý

)

K

To)

K

7

q

7

q , thenit followsthat á

H

J

œ

ï

)

K

œ

ï . Thus,in any
casetheconclusionsof thelemmafollow.

Thefollowing theoremshows exactly how many rotationandtranslationpairs
�•ð

/

ïk� onecanextract from an essentialmatrix, andthe solutionsaregiven in
closedform by equation(5.9).
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Theorem5.7(Poserecovery fr omthe essentialmatrix). Thereexistexactlytwo
relativeposes��ð

/

ïk� with ð #$Ñ�� �•ŸÍ� and ï #

'

 correspondingto a nonzero
essentialmatrix Ï #Žz .

Proof. Assumethat �•ð

- /

ï

-

�l#nÑÒÏÎ�•ŸÍ� and ��ð

1 /

ï

1
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ï
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- is arotation
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d . Therefore,given an essential
matrix Ï thereareexactly two pairsof ��ð
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Ï . Further, if Ï

hastheSVD: Ï

)|•„•

É

7

with •l/

É

#ûÑ�� ��Ÿ¸� , thefollowing formulaegive the
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(5.9)

Example 5.8 (Two solutions to an essentialmatrix). It is immediateto verify that
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Thesetwo solutionstogetherareusuallyreferredto asa“twistedpair,” dueto themannerin
which thetwo solutionsarerelatedgeometrically, asillustratedin Figure5.3.A physically
correctsolutioncanbe chosenby enforcingthat the reconstructedpointsbe visible, i.e.
they have positive depth.Wediscussthis issuefurtherin Exercise5.11.
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5.2 Basicreconstructionalgorithms

In the previous section,we have seenthat imagesof correspondingpoints are
relatedby theepipolarconstraint,which involvestheunknown relative posebe-
tweenthecameras.Therefore,givena numberof correspondingpoints,wecould
usetheepipolarconstraintsto try to recovercamerapose.In thissection,weshow
asimpleclosed-formsolutionto thisproblem.It consistsof two steps:Firstama-
trix Ï is recoveredfrom anumberof epipolarconstraints;thenrelativetranslation
andorientationareextractedfrom Ï . However, sincethematrix Ï recoveredus-
ing correspondencedatain theepipolarconstraintmaynotbeanessentialmatrix,
it needsto beprojectedinto thespaceof essentialmatricesprior to extractionof
therelativeposeof thecamerasusingequation(5.9).

Although the linear algorithm that we proposehereis suboptimalwhen the
measurementsarecorruptedby noise,it is importantfor illustratingthegeometric
structureof the spaceof essentialmatrices.We leave the morepracticalissues
with noiseandoptimality to Section5.2.3.

5.2.1 Theeight-pointlinear algorithm

Let Ï

)

œ

ïið betheessentialmatrixassociatedwith theepipolarconstraint(5.2).
Theentriesof this Ÿ

g

Ÿ matrixaredenotedby

Ï
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 0•b (5.10)

andstacked into a vector Ï

Q

#

'

)

, which is typically referredto asthestacked
versionof thematrix Ï (AppendixA.1.3):
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Theinverseoperationfrom Ï

Q to its matrixversionis thencalledunstacking. We
furtherdenotetheKronecker product “ (alsoseeAppendixA.1.3)of two vectors

�
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Sincetheepipolarconstraint�

7

1

Ï

�
-

)

�

is linear in theentriesof Ï , usingthe
abovenotationwe canrewrite it astheinnerproductof

”

and Ï

Q :
”

7

Ï

Q

)

�

�

This is just anotherway of writing equation(5.2) thatemphasizesthe linearde-
pendenceof theepipolarconstrainton theelementsof theessentialmatrix.Now,
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given a set of correspondingimagepoints �

�

ã
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/(�

ã
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�����

/

P , de�ne a
matrix •f#
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associatedwith thesemeasurementsto be
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5 7

/ (5.13)

wherethe è th row

”

ã is theKroneckerproductof eachpair �

�

ã

-

/(�

ã

1

� using(5.12).
In theabsenceof noise,thevector Ï

Q satis�es

•&Ï

Q

)

�

� (5.14)

This linearequationmaynow besolvedfor thevector Ï

Q . For thesolutionto be
unique(up to a scalarfactor, ruling out the trivial solution Ï

Q

)

�

), the rankof
the matrix • #

'

)

•!O needsto be exactly eight. This shouldbe the casegiven
P@–

!

“ideal” correspondingpoints,asshown in Figure5.4.In general,however,
sincecorrespondencesmaybeproneto errors,theremaybenosolutionto (5.14).
In suchacase,onecanchoosethe Ï

Q thatminimizestheleast-squareserrorfunc-
tion d

•
Ï

Q

d

1

. This is achievedby choosingÏ

Q to betheeigenvectorof •

7

• that
correspondsto its smallesteigenvalue,asweshow in AppendixA. Wewouldalso
like to draw attentionto the casewhenthe rank of • is lessthaneight even for
numberof pointsgreaterthannine. In this instancetherearemultiple solutions
to (5.14).This happenswhenthefeaturepointsarenot in “generalposition,” for
examplewhenthey all lie on a plane.We will speci�cally dealwith the planar
casein thenext section.

Figure5.4.Eightpairsof correspondingimagepointsin two viewsof theTai-Hepalacein
theForbiddenCity, Beijing, China(photoscourtesyof JieZhang).

However, even in the absenceof noise,for a vector Ï

Q to be the solutionof
our problem,it is not suf�cient that it be in the null spaceof • . In fact, it has
to satisfy an additionalconstraint,that its matrix form Ï belongto the space
of essentialmatrices.Enforcing this structurein the determinationof the null
spaceof • is dif�cult. Therefore,asa �rst cut, we estimatethenull spaceof • ,
ignoring theinternalstructureof essentialmatrix, obtainingamatrix,say i , that
probablydoesnotbelongto theessentialspacez , andthen“orthogonally”project
the matrix thusobtainedonto the essentialspace.This processis illustratedin
Figure5.5. Thefollowing theoremsayspreciselywhatthis projectionis.
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Theorem 5.9 (Projection onto the essentialspace). Givena real matrix i #
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Frobeniusnormof a matrix.This is thesquare normof thesumof thesquaresof
all theentriesof thematrix (seeAppendixA).
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Step2: From Step1, we needto minimize the error function only over the

matricesof theform •„•
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#�z , where • mayvary. Theminimizationproblem
is thenconvertedto oneof minimizing theerrorfunction
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.

As wehavealreadypointedout,theepipolarconstraintallowsusto recoverthe
essentialmatrix only up to a scalarfactor(sincethe epipolarconstraint(5.2) is
homogeneousin Ï , it is notmodi�ed by multiplying it by any nonzeroconstant).
A typicalchoiceto �x thisambiguityis toassumeaunit translation,thatis, d6ï d

)

d6Ï.d

)

�

. We call theresultingessentialmatrixnormalized.

Remark 5.10. The readermay havenoticedthat the above theorem relies on
a specialassumptionthat in the SVDof Ï both matrices • and

É

are rotation
matricesin Ñ�� ��Ÿ¸� . Thisis not alwaystrue when Ï is estimatedfromnoisydata.
In fact,standard SVDroutinesdonotguaranteethat thecomputed• and

É

have
positivedeterminant.Theproblemcan be easilyresolvedonceonenoticesthat
thesignof theessentialmatrix Ï is alsoarbitrary (evenafternormalization).The
above projectioncan operate either on VõÏ or

K

Ï . We leaveit as an exercise
to thereaderthat oneof the(noisy)matrices …õÏ will alwayshavean SVDthat
satis�estheconditionsof Theorem5.9.

Accordingto Theorem5.7,eachnormalizedessentialmatrix Ï givestwo pos-
sible poses��ð

/

ïk� . So from …õÏ , we canrecover the poseup to four solutions.
In fact, threeof the solutionscanbe eliminatedby imposingthe positive depth
constraint.We leave thedetailsto thereaderasanexercise(seeExercise5.11).

The overall algorithm,which is dueto [Longuet-Higgins,1981], canthenbe
summarizedasAlgorithm 5.1.

To accountfor thepossiblesignchange…õÏ , in the laststepof thealgorithm,
the“ V ” and“

K

” signsin theequationsfor ð andï shouldbearbitrarilycombined
sothatall four solutionscanbeobtained.

Example5.11(A numerical example).Supposethat
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Algorithm 5.1(The eight-point algorithm).

For a given set of image correspondenceś]2¥¤
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It is theneasyto computethefour possibledecompositionś
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Clearly, thethird solutionis exactly theoriginal motion ´

'

¥

â

�

µ exceptthat thetranslation
�

is recoveredup to ascalarfactor(i.e. it is normalizedto unit norm).

Despiteits simplicity, theabovealgorithm,whenusedin practice,suffersfrom
someshortcomingsthatarediscussedbelow.

Numberof points

Thenumberof points,eight,assumedby thealgorithm,is mostlyfor convenience
andsimplicity of presentation.In fact,thematrix Ï (asa functionof �•ð

/

ïk� ) has
only a total of � ve degreesof freedom:threefor rotationandtwo for translation
(up to a scalarfactor).By utilizing someadditionalalgebraicpropertiesof Ï , we
mayreducethenecessarynumberof points.For instance,knowing �! #"

��Ï �

)

�

,
we mayrelax theconditionrank�I•a�

)

!

to rank�¶•a�

)

Æ

, andget two solutions
Ï

Q

- and Ï

Q

1

#

'

)

from thenull spaceof • . Nevertheless,thereis usuallyonly one
U

#

'

suchthat

�� #"

�•Ï

-

V

U

Ï

1

�

)

�

�

Therefore,sevenpointsis all we needto have a relatively simpleralgorithm.As
shown in Exercise5.13, in fact, a linear algorithmexists for only six points if
morecomplicatedalgebraicpropertiesof theessentialmatrix areused.Hence,it
shouldnot be a surprise,asshown by [Kruppa,1913], that oneneedsonly � ve
pointsin generalpositionto recover ��ð

/

ïk� . It canbeshown that thereareup to
ten(possiblycomplex) solutions,thoughthesolutionsarenotobtainablein closed
form. Furthermore,for many specialmotions,oneneedsonly up to four pointsto
determinetheassociatedessentialmatrix.For instance,planarmotions(Exercise
5.6)andmotionsinducedfrom symmetry(Chapter10)have thisniceproperty.
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Numberof solutionsandpositivedepthconstraint

Sinceboth Ï and
K

Ï satisfythesamesetof epipolarconstraints,they in general
give riseto

�

g

�

)

Ô

possiblesolutionsfor �•ð

/

ïk� . However, this doesnotpose
a problem,becauseonly oneof thesolutionsguaranteesthatthedepthsof all the
3-D pointsreconstructedarepositivewith respectto bothcameraframes.Thatis,
in general,threeoutof thefour solutionswill bephysicallyimpossibleandhence
maybediscarded(seeExercise5.11).

Structurerequirement:general position

In order for the above algorithmto work properly, the condition that the given
eightpointsbein “generalposition” is very important.It canbeeasilyshown that
if thesepointsform certaindegeneratecon�gurations,calledcritical surfaces,the
algorithmwill fail (seeExercise5.14).A caseof somepracticalimportanceoccurs
whenall thepointshappento lie on thesame2-D planein

'

 . We will discuss
thegeometryfor theplanarcasein Section5.3,andalsolaterwithin thecontext
of multiple-view geometry(Chapter9).

Motion requirement:suf�cient parallax

In thederivationof theepipolarconstraintwehaveimplicitly assumedthat Ï¯é

)

�

,
which allowed us to derive the eight-pointalgorithmwherethe essentialmatrix
is normalizedto d�Ï.d

)

�

. Due to the structureof the essentialmatrix, Ï

)

�š·

ï

)

�

. Therefore,the eight-pointalgorithmrequiresthat the translation
(or baseline)ï é

)

�

. The translationï inducesparallaxin the imageplane.In
practice,dueto noise,thealgorithmwill likely returnananswerevenwhenthere
is no translation.However, in this casetheestimateddirectionof translationwill
bemeaningless.Therefore,oneneedsto exercisecautionto makesurethatthereis
“suf�cient parallax”for thealgorithmto bewell conditioned.It hasbeenobserved
experimentallythatevenfor purelyrotationalmotion,i.e. ï

)

�

, the“spurious”
translationcreatedby noisein theimagemeasurementsis suf�cient for theeight-
pointalgorithmto returna correctestimateof ð .

In�nitesimal viewpointchange

It is oftenthecasein applicationsthatthetwo viewsdescribedin this chapterare
taken by a moving cameraratherthanby two staticcameras.The derivation of
theepipolarconstraintandtheassociatedeight-pointalgorithmdoesnot change,
aslongasthetwo vantagepointsaredistinct.In thelimit thatthetwo viewpoints
comein�nitesimally close,the epipolarconstrainttakes a relatedbut different
form called the continuousepipolarconstraint,which we will study in Section
5.4.Thecontinuouscaseis typically of moresigni�cancefor applicationsin robot
vision,whereoneis ofteninterestedin recoveringthelinearandangularvelocities
of thecamera.
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Multiple motionhypotheses

In thecaseof multiple moving objectsin thescene,imagepointsmayno longer
satisfythesameepipolarconstraint.For example,if we know that therearetwo
independentmoving objectswith motions,say �•ð

-

/

ï

-

� and �•ð

1

/

ï

1

� , thenthe
two images�

�@-C/(�Ò1

� of apoint " ononeof theseobjectsshouldsatisfyinsteadthe
equation
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correspondingto the fact that thepoint " movesaccordingto eithermotion1 or
motion2.Here Ï

-
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and Ï

1

)
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ï

1

ð
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. As wewill see,from thisequationit
is still possibleto recover Ï

-

and Ï

1

if enoughpointsarevisibleoneitherobject.
Generalizingto morethantwo independentmotionsrequiressomeattention;we
will studythemultiple-motionproblemin Chapter7.

5.2.2 Euclideanconstraintsandstructure reconstruction

Theeight-pointalgorithmjustdescribedusesasinputasetof eightor morepoint
correspondencesandreturnstherelative pose(rotationandtranslation)between
thetwo camerasup to anarbitraryscale´

#

'

€

. Without lossof generality, we
mayassumethis scaleto be ´‘)

�

, which is equivalentto scalingtranslationto
unit length.Relative poseandpoint correspondencescanthenbeusedto retrieve
thepositionof thepointsin 3-D by recoveringtheirdepthsrelativeto eachcamera
frame.

Considerthebasicrigid-bodyequation,wherethepose��ð

/

ïk� hasbeenrecov-
ered,with thetranslationï de�ned up to thescale´ . In termsof theimagesand
thedepths,it is givenby
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Notice that since �•ð

/

ïõ� areknown, the equationsgiven by (5.17) are linear in
both thestructuralscale K 's andthemotionscale´ 's, andthereforethey canbe
easilysolved.For eachpoint, K

-
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K

1 are its depthswith respectto the �rst and
secondcameraframes,respectively. Oneof themis thereforeredundant;for in-
stance,if K

- is known, K

1 is simplyafunctionof �•ð
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ïõ� . Hencewecaneliminate,
say, K

1 from theaboveequationby multiplying bothsidesby
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This is equivalentto solvingthelinearequation
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P . In order to have a uniquesolution, the matrix �
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rank
�

. This is not thecaseonly when
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, i.e. whenthepoint " lies on the
line connectingthetwo opticalcenters
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Thentheequation
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K
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(5.21)

determinesall theunknowndepthsupto a singleuniversalscale. Thelinearleast-
squaresestimateof

¸

K is simply theeigenvectorof �

7

� thatcorrespondsto its
smallesteigenvalue.Notethatthis scaleambiguityis intrinsic,sincewithout any
prior knowledgeaboutthe sceneandcameramotion, onecannotdisambiguate
whetherthecameramovedtwicethedistancewhile lookingatascenetwicelarger
but two timesfurtheraway.

5.2.3 Optimalposeandstructure

Theeight-pointalgorithmgivenin theprevioussectionassumesthatexactpoint
correspondencesaregiven. In the presenceof noisein imagecorrespondences,
we have suggestedpossiblewaysof estimatingtheessentialmatrix by solvinga
least-squaresproblemfollowed by a projectiononto the essentialspace.But in
practice,this will notbesatisfyingin at leasttwo respects:

1. Thereis noguaranteethattheestimatedpose�•ð

/

ïõ� , is ascloseaspossible
to thetruesolution.

2. Evenif wewereto acceptsuchan �•ð

/

ïk� , anoisyimagepair, say �
Ç

�¶-C/

Ç

�a1

� ,
wouldnotnecessarilygiveriseto aconsistent3-D reconstruction,asshown
in Figure5.6.

At this stageof development,we do not want to bring in all thetechnicaldetails
associatedwith optimalestimation,sincethey wouldbury thegeometricintuition.
We will thereforediscussonly the key ideas,and leave the technicaldetailsto
Appendix5.A aswell asChapter11,wherewewill addressmorepracticalissues.

Choiceof optimizationobjectives

Recallfrom Chapter3 thata calibratedcameracanbe describedasa planeper-
pendicularto the î -axisat a distance

�

from theorigin; therefore,thecoordinates
of imagepoints �@- and �F1 areof theform *

ì

/�íh/

�

5

7

#

'

 . In practice,wecannot
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r do not intersectat any
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measuretheactualcoordinatesbut only their noisyversions,say
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where�
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think of the ideal coordinatesasa “model,” and j

ã

â

asthediscrepancy between
themodelandthemeasurements:Ç
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. Therefore,in general,we seek
the parameters�
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ïk� that minimize the discrepancy betweenthe modeland
the data,i.e. j
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. In order to do so,we �rst needto decidehow to evaluatethe
discrepancy, whichdeterminesthechoiceof optimizationobjective.

Unfortunately, thereis no “correct,” uncontroversial,universallyacceptedob-
jective function, and the choice of discrepancy measureis part of the design
process,sinceit dependson what assumptionsare madeon the residuals j
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.
Dif ferentassumptionsresultin differentchoicesof discrepancy measures,which
eventuallyresultin different“optimal” solutions �
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For instance,onemayassumethat j
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� aresamplesfrom a distribution
thatdependson theunknown parameters �
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ïk� , which areconsidereddeter-
ministic but unknown. In this case,basedon themodelgeneratingthedata,one
canderive an expressionof the likelihoodfunction "&�Äj
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ïk� andchooseto
maximizeit (or, moreconveniently, its logarithm)with respectto the unknown
parameters.Thenthe “optimal solution,” in thesenseof maximumlikelihood, is
givenby
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Naturally, different likelihoodfunctionscanresult in very differentoptimal so-
lutions. Indeed,thereis no guaranteethat the maximumis unique,since " can
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be multimodal, and thereforetheremay be several choicesof parametersthat
achieve the maximum.Constructingthe likelihood function for the location of
point featuresfrom �rst principles,startingfrom thenoisecharacteristicsof the
photosensitive elementsof thesensor, is dif�cult becauseof themany nonlinear
stepsinvolved in featuredetectionandtracking.Therefore,it is commonto as-
sumethatthelikelihoodbelongsto afamily of densityfunctions,themostpopular
choicebeingthenormal(or Gaussian)distribution.

Sometimes,however, onemay have reasonsto believe that �

�l/

ð

/

ïk� arenot
just unknown parametersthatcantake any value.Instead,evenbeforeany mea-
surementis gathered,onecansaythatsomevaluesaremoreprobablethanothers,
a fact that can be describedby a joint a priori probability density (or prior)
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ïk� . For instance,for arobotnavigatingona�at surface,rotationaboutthe
horizontalaxis may be very improbable,aswould translationalongthe vertical
axis.Whencombinedwith the likelihoodfunction, the prior canbe usedto de-
terminethea posterioridensity, or posterior"a�
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�C� usingBayesrule.
In this case,onemay seekthe maximumof the posteriorgiventhe valueof the
measurements.This is themaximuma posterioriestimate
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Although this choicehasseveral advantages,in our caseit requiresde�ning a
probabilitydensityon thespaceof cameraposesÑ�� ��Ÿ¸�
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, which hasa non-
trivial geometricstructure.Thisis well beyondthescopeof thisbook,andwewill
thereforenotdiscussthiscriterionfurtherhere.

In whatfollows,we will take a moreminimalisticapproachto optimality, and
simply assumethat

�
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� are unknown values(“errors,” or “residuals”) whose
normsneedto be minimized.In this case,we do not postulateany probabilistic
description,andwe simplyseek �
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This correspondsto a least-squaresestimator. Since �
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- and �
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1 arethe recov-
ered3-D pointsprojectedbackontotheimageplanes,theabovecriterionis often
calledthe“reprojectionerror.”

However, theunknownsfor theaboveminimizationproblemarenotcompletely
free; for example,they needto satisfy the epipolarconstraint �
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Hence,with thechoiceof theleast-squarescriterion,we canposetheproblemof
reconstructionasa constrainedoptimization:given Ç
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Using Lagrangemultipliers (AppendixC), we canconvert this constrainedop-
timization problemto an unconstrainedone. Details on how to carry out the
optimizationareoutlinedin Appendix5.A.

Remark 5.12(Equivalenceto bundle adjustment). Thereadermayhaveno-
ticed that the depth parameters K

â

, despitebeing unknown,are missingfrom
the optimizationproblemof equation(5.24). This is not an oversight: indeed,
the depthparameters play the role of Lagrange multipliers in the constrained
optimizationproblem describedabove, and therefore they enter the optimiza-
tion problemindirectly. Alternatively, onecanwrite theoptimizationproblemin
unconstrainedform:
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where
s

- and
s

1 denotethe projectionof a point
(

in spaceonto the �r st and
secondimages,respectively. If wechoosethe�r st camera frameasthereference,
thentheaboveexpressioncanbesimpli�ed to6
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Minimizing the above expressionwith respectto the unknowns �•ð

/

ï

/(�“-C/

KY�

is known in the literature as bundle adjustment. Bundle adjustmentand the
constrainedoptimizationdescribedabove are simply two different waysto pa-
rameterizethe sameoptimizationobjective. As we will seein Appendix5.A, the
constrained form betterhighlights the geometricstructure of the problem,and
servesasa guideto developeffectiveapproximations.

In the remainderof this section,we limit ourselvesto describinga simpli�ed
costfunctional that approximatesthe reprojectionerror resultingin simplerop-
timization algorithms,while retaininga stronggeometricinterpretation.In this
approximation,the unknown � is approximatedby the measuredÇ

� , so that the
costfunction

ª

dependsonly oncamerapose�•ð
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ïk� (seeAppendix5.A for more
details):
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Geometrically, this expressioncan be interpretedas distancesfrom the image
points Ç

�

ã

- and Ç

�

ã

1 to correspondingepipolarlinesin thetwo imageplanes,respec-
tively, asshown in Figure5.7.For instance,the readercanverify asanexercise

6Herewe use ® to denotethestandardplanarprojectionintroducedin Chapter3:
„

¼õƒÌ½Yƒ 8Qˆ

¨

y{

„

¼ÂÁ&8JƒÌ½0Á&8Jƒ‡†‰ˆ

¨ .
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In thepresenceof noise,minimizingtheaboveobjectivefunction,althoughmore
dif�cult, improvestheresultsof thelineareight-pointalgorithm.

Example 5.13(Comparisonwith the linear algorithm). Figure5.8demonstratestheef-
fect of the optimization:numericalsimulationswere run for both the linear eight-point
algorithmandthenonlinearoptimization.Valuesof theobjective function ÌQ´

'

¥

�

µ at dif-
ferent

�

areplotted(with
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�x edat thegroundtruth); “+” denotesthetruetranslation
�

,
“ Í ” is theestimated
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from thelineareight-pointalgorithm,and“ Î ” is theestimated
�

by
upgradingthelinearalgorithmresultwith theoptimization.

Structure triangulation

If we were given the optimal estimateof camerapose ��ð
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ïk� , obtained,for
instance,from Algorithm 5.5 in Appendix 5.A, we can �nd a pair of images

�

�

Ì

-

/��

Ì

1

� that satisfy the epipolarconstraint �

7

1

œ

ïið

�¶-Â)

�

and minimize the
(reprojection)error

ª

�

�

�

)

dàÇ

� -

K

�¶-

d

1

V¬dàÇ

�F1

K

�F1

d

1

� (5.28)

This is calledthe triangulation problem. The key to its solutionis to �nd what
exactly thereprojectionerrordependson,whichcanbemoreeasilyexplainedge-
ometricallyby Figure5.9.As weseefrom the�gure, thevalueof thereprojection
errordependsonly on thepositionof theepipolarplane ƒ : whentheplaneƒ ro-
tatesaroundthebaseline�
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, changesaccordingly, andsodoestheerror. To



130 Chapter5. Reconstructionfrom Two CalibratedViews

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

noise level:6.4 pixels on each image

azimuth (radian)

el
ev

at
io

n 
(r

ad
ia

n)

Figure5.8. Improvementby nonlinearoptimization.A two-dimensionalprojectionof the
� ve-dimensionalresidualfunction ÌQ´

'

¥

�

µ is shown in greyscale.The residualcorre-
spondsto thetwo-dimensionalfunction ÌQ´¥Ï

'

¥

�

µ with rotation�x edat thetruevalue.The
locationof thesolutionfoundby the linearalgorithmis shown as“ Í ,” andit canbeseen
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by “+”).The solutionobtainedby nonlinearoptimizationis markedby “ Î ,” which shows a
signi�cant improvement.
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malbasisin thesecondcameraframe.Then ƒ is determinedby its normalvector
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- (Figure5.9).Hencethereprojectionerror
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a functionthatdependsonly on C . Thereis typically only one C

Ì

thatminimizes
theerror

ª

�–C¸� . Onceit is found,thecorrespondingimagepair �

�

Ì

-

/��

Ì

1

� and3-D
point " aredetermined.Detailsof therelatedalgorithmcanbefoundin Appendix
5.A.

5.3 Planarscenesandhomography

In orderfor theeight-pointalgorithmto giveauniquesolution(upto ascalarfac-
tor) for thecameramotion,it is crucialthatthefeaturepointsin 3-D bein general
position.Whenthepointshappento form certaindegeneratecon�gurations,the
solutionmight no longerbe unique.Exercise5.14explainswhy this may occur
whenall the featurepointshappento lie on certain2-D surfaces,calledcritical
surfaces.7 Many of thesecritical surfacesoccurrarely in practice,andtheir im-
portanceis limited. However, 2-D planes,which happento be a specialcaseof
critical surfaces,areubiquitousin man-madeenvironmentsandin aerialimaging.

Therefore,if oneappliestheeight-pointalgorithmto imagesof pointsall lying
on thesame2-D plane,thealgorithmwill fail to provideauniquesolution(aswe
will soonseewhy).Ontheotherhand,in many applications,ascenecanindeedbe
approximatelyplanar(e.g.,the landingpadfor a helicopter)or piecewiseplanar
(e.g., the corridors inside a building). We thereforedevote this sectionto this
specialbut importantcase.

5.3.1 Planarhomography

Let usconsidertwo imagesof points " on a 2-D plane ƒ in 3-D space.For sim-
plicity, wewill assumethroughoutthesectionthattheopticalcenterof thecamera
neverpassesthroughtheplane.

Now supposethattwo images�

�
-

/��
1

� aregivenfor apoint "I#�ƒ with respect
to two cameraframes.Let thecoordinatetransformationbetweenthetwo frames
be

(

1k)

ð

(

-

Vfï

/ (5.29)

where
(

-C/

(

1 arethecoordinatesof " relativeto cameraframes1 and2, respec-
tively. As we have alreadyseen,the two images�“-C/(�Ò1 of " satisfytheepipolar
constraint

�

7

1

Ï

�¶-š)P�

7

1

œ

ïið

�Ò-š)

�

�

However, for points on the sameplane ƒ , their imageswill sharean extra
constraintthatmakestheepipolarconstraintaloneno longersuf�cient.

7In general,suchcritical surfacescanbedescribedby certainquadraticequationsin the ¼õƒ ½Yƒ¾8

coordinatesof thepoint,henceareoftenreferredto asquadraticsurfaces.
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Let
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be the unit normalvectorof the plane ƒ with
respectto the�rst cameraframe,andlet

Å

�

�

denotethedistancefrom theplane
ƒ to theopticalcenterof the�rst camera.Thenwehave
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Substitutingequation(5.30)into equation(5.29)gives
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We call thematrix
Ü

�

)
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ï

�
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 0•b (5.32)

the (planar) homographymatrix, sinceit denotesa linear transformationfrom
(

-

#

'

 to
(

1

#

'

 as
(

1‚)

Ün(

-

�

Notethatthematrix
Ü

dependson themotionparameters
�

ð

/

ï©� aswell asthe
structureparameters

�

�

/

Å

� of theplane ƒ . Due to the inherentscaleambiguity
in theterm

-

s

ï in equation(5.32),onecanat mostexpectto recover from
Ü

the
ratioof thetranslationï scaledby thedistance

Å
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wehave
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�Ò1Jo
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�¶-C/ (5.34)

wherewerecallthat o indicatesequalityup to ascalarfactor. Often,theequation

�
1

o

Ü

�
- (5.35)

itself is referredto as a (planar) homographymappinginducedby a plane ƒ .
Despitethescaleambiguity, asillustratedin Figure5.10,

Ü

introducesa special
mapbetweenpoints in the �rst imageandthosein the secondin the following
sense:

1. For any point �
- in the �rst imagethat is the imageof somepoint, say "

on theplane ƒ , its correspondingsecondimage �
1 is uniquelydetermined

as �Ò1Éo

Ü

�¶- , sincefor any otherpoint, say �

P

1 , on thesameepipolarline
†

1Ùo

Ï

�¶-

#

'

 , theray
³

1I�

P

1 will intersecttheray
³

-ù�¶- at a point "YP out
of theplane.

2. Ontheotherhand,if �
- is theimageof somepoint,say"hP , notontheplane

ƒ , then �
1

o

Ü

�
- is only a point that is on thesameepipolarline †

1
o

Ï

�
- asits actualcorrespondingimage �

P

1 . Thatis, †

7

1

�
1

)

†

7

1

�

P

1

)

�

.

We hencehave thefollowing result:
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r of a 3-D point È on a plane € . They arerelatedby
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Proposition 5.14 (Homography for epipolar lines). Given a homography
Ü

(inducedby plane ƒ in 3-D) betweentwo images,for anypair of corresponding
images �

�
-

/(�
1

� of a 3-D point " that is not necessarilyon ƒ , the associated
epipolarlinesare
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� (5.36)

Proof. If " is noton ƒ , the�rst equationis truefrom point2 in abovediscussion.
Notethatfor pointson theplaneƒ , �

1
)

Ü

�
- implies

~

�
1

Ü

�
-

)

�

, andthe�rst
equationis still trueaslongasweadopttheconventionthat G

o

�

/hZ

G2#

'

 . The
secondequationis easilyprovenusingthede�nition of a line †

7

�f)

�

.

Thispropertyof thehomographyallowsoneto computeepipolarlineswithout
knowing theessentialmatrix. We will explore further the relationshipsbetween
theessentialmatrixandtheplanarhomographyin Section5.3.4.

In addition to the fact that the homographymatrix
Ü

encodesinformation
aboutthe cameramotion andthe scenestructure,knowing it directly facilitates
establishingcorrespondencebetweenpoints in the �rst and the secondimages.
As we will seesoon,

Ü

can be computedin generalfrom a small numberof
correspondingimagepairs.Once

Ü

is known, correspondencebetweenimages
of other points on the sameplanecan thenbe fully established,sincethe cor-
respondinglocation � 1 for an imagepoint �@- is simply

Ü

�@- . Proposition5.14
suggeststhatcorrespondencebetweenimagesof pointsnot on theplanecanalso
beestablished,since

Ü

containsinformationabouttheepipolarlines.
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5.3.2 Estimatingtheplanarhomographymatrix

In order to further eliminatethe unknown scalein equation(5.35),multiplying
bothsidesby theskew-symmetricmatrix

~

�Ò1

#

'

 3•b , we obtaintheequation

~

� 1

Ü

� - )

�

� (5.37)

We call this equation the planar epipolar constraint, or also the (planar)
homographyconstraint.

Remark 5.15(Planeasa critical surface). In theplanarcase, since�¶1óo

Ü

�¶- ,
for anyvector T

#

'

 , wehavethat TIg*� 1‚)

œ

Tà�Ò1 is orthogonalto
Ü

� - . Hence
wehave
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That is, �
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for a family of matrices Ï

)

œ

T

Ü

#

'

 0•b besidesthe
essentialmatrix Ï

)

œ

ïið . Thisexplainswhy theeight-pointalgorithmdoesnot
applyto featurepointsfroma planarscene.

Example 5.16 (Homography fr om a pure rotation). The homographicrelation 2
©

À

�

2

Ž

alsoshows up whenthe camerais purely rotating, i.e. ®$©

¢

'

®

Ž

. In this case,
the homographymatrix � becomes� ¢

'

, since
�

¢ ¦ . Consequently, we have the
constraint

ì

2&©

'

2

Ž

¢f¦

¡Onemay view this asa specialplanarscenecase,sincewithout translation,information
aboutthedepthof thesceneis completelylostin theimages,andonemightaswell interpret
thesceneto beplanar(e.g.,all thepointslie onaplanein�nitely faraway).As thedistance
of theplaneÇ goesto in�nity , Ð

4ÒÑ

—¡ÓÕÔ

� ¢

'

.
Thehomographyfrom purelyrotationalmotioncanbeusedto constructimagemosaics

of thetypeshown in Figure5.11.For additionalreferencesonhow to constructpanoramic
mosaicsthe readercan refer to [SzeliskiandShum,1997, Sawhney andKumar, 1999],
wherethelatterincludescompensationfor radialdistortion.

Figure5.11.Mosaicfrom therotationalhomography.

Sinceequation(5.37)is linear in
Ü

, by stackingtheentriesof
Ü

asavector,
Ü
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wemayrewrite equation(5.37)as ”
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wherethematrix
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) � -
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)

•b is theKronecker productof
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� 1 and � -

(seeAppendixA.1.3).
Sincethematrix
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�Ò1 is only of rank2, sois thematrix
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. Thus,eventhoughthe
equation
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, wemaycombine
all theequations(5.37)for all theimagepairsandrewrite themas
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In orderto solveuniquely(up to ascalarfactor)for
Ü

Q , wemusthaverank�¶•F�

)

!

. Sinceeachpair of imagepointsgivestwo constraints,we expectthat at least
four point correspondenceswould be necessaryfor a uniqueestimateof

Ü

. We
leave theproofof thefollowing statementasanexerciseto thereader.

Proposition5.17(Four-point homography). We haveüMÊLP

r

�
•

�

)

!

if andonly
if there existsa setof four points (out of the P ) such that no threeof themare
collinear; i.e. they are in a general con�gurationin theplane.

Thus,if therearemorethanfour imagecorrespondencesof which no threein
eachimagearecollinear, we may applystandardlinear least-squaresestimation
to �nd Þ­nYo
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for some(unknown) scalarfactor K .
Knowing

Ü

½

, the next thing is obviously to determinethe scalarfactor K by
takinginto accountthestructureof

Ü

.

Lemma 5.18(Normalization of the planar homography). For a matrix of the
form
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Then,if
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5.3.3 Decomposingtheplanarhomographymatrix
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Theorem 5.19 (Decompositionof the planar homography matrix). Givena
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givenin Table5.1.
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Hence G

1 is orthogonalto both
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is also preserved under the map
Ü

. Furthermore,it is easyto verify that
Ü

preservesthelengthof any vectorsinsideeachof thetwo subspaces
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SinceG

1 is orthogonalto T - and T 1 , œG
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Table5.1. Four solutionsfor the planarhomographydecomposition,only two of which
satisfythepositive depthconstraint.

In orderto reducethenumberof physicallypossiblesolutions,wemayimpose
thepositivedepthconstraint(Exercise5.11);sincethecameracanseeonly points
that are in front of it, we musthave

�

7

á

 

)

P

 

�

�

. Supposethat solution1
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is the true one;this constraintwill theneliminatesolution3 asbeingphysically
impossible.Similarly, oneof solutions2 or 4 will beeliminated.For thecasethat

ï

o

�

, we have a

1

 

)

�

in theaboveproof.HenceTJ-š)�Th1 , andsolutions1 and
2 areequivalent.Imposingthepositivedepthconstraintleadsto auniquesolution
for all motionandstructureparameters.
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Obviously, the fourth solution is the correctone: The original d

ß

d

¬

¢ ¤ , and ß is re-
coveredup to a scalarfactor(with its lengthnormalizedto 1), andhencein the solution
we shouldexpect

Ž
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¢æågçèå
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. Notice that the �rst solutionalsosatis�es ß2¨

Ž
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8TheMatlabroutineSVD doesnot alwaysguaranteethat é\€©UWV“t�X6v . Whenusingtheroutine,if
one�nds that ��
��OtYé“vzŒö¯Ò† , replaceboth é 's by ¯pé .
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which indicatesa planein front of thecamera.Henceit correspondsto anotherphysically
possiblesolution(from thedecomposition).

We will investigatethe geometricrelationbetweenthe remainingtwo phys-
ically possiblesolutionsin the exercises(seeExercise5.19).We concludethis
sectionby presentingthefollowing four-point Algorithm 5.2 for motionestima-
tion from a planarscene.Examplesof useof this algorithmon real imagesare
shown in Figure5.13.

Algorithm 5.2(The four-point algorithm for a planar scene).
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Ž
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columnof ô
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2. Normalization of the homography matrix
Computethesingularvalues°
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3. Decompositionof the homography matrix
Computethesingularvaluedecompositionof
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andcomputethe four solutionsfor a decomposition°
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¥ìß

µ as in the proof
of Theorem5.19.Selectthetwo physicallypossibleonesby imposingthepositive
depthconstraintß ¨
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5.3.4 Relationshipsbetweenthehomographyandtheessential
matrix

In practice,especiallywhenthesceneis piecewiseplanar, we oftenneedto com-
pute the essentialmatrix Ï with a given homography

Ü

computedfrom some
four pointsknown to beplanar;or in theoppositesituation,theessentialmatrix

Ï mayhavebeenalreadyestimatedusingpointsin generalposition,andwe then
wantto computethehomographyfor aparticular(usuallysmaller)setof coplanar
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Figure5.13.Homographybetweentheleft andmiddleimagesisdeterminedby thebuilding
facadeonthetop,andthegroundplaneonthebottom.Theright imageis thewarpedimage
overlayedonthe�rst imagebasedontheestimatedhomography� . Notethatall pointson
thereferenceplanearealigned,whereaspointsoutsidethereferenceplaneareoffsetby an
amountthatis proportionalto theirdistancefrom thereferenceplane.

points.Wehenceneedto understandtherelationshipbetweentheessentialmatrix
Ï andthehomography

Ü

.

Theorem5.21(Relationshipsbetweenthe homography and essentialmatrix).
For a matrix Ï

)

œ

ïið anda matrix
Ü

)

ð¬V ï

T

7

for somenonsingularð #

'

 0•b , ï

/4T

#

'

 , with dEï d

)

�

, wehave:

1. Ï

)

œ

ï

Ü

;

2.
Ü

7

Ï¬V$Ï

7

Ü

)

�

;

3.
Ü

)

œ

ï

7

Ï¬Vfï‚G

7

/ for someGo#

'

 .

Proof. Theproofof item1 is easy, since œ

ïšï

)

�

. For item2, noticethat
Ü

7

Ï
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�•ð V}ï

T

7

�

7

œ

ïið

)

ð

7

œ

ïið is a skew-symmetricmatrix, and hence
Ü

7

Ï
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K

Ï
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Ü

. For item3, noticethat
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/

since œ

ï
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ï
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G
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ïiï
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�‡G representsan orthogonalprojectionof G onto the
subspace(aplane)orthogonalto ï (seeExercise5.3).Therefore,œ

ï �

Ü
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œ
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Ï �
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. That is, all the columnsof
Ü
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Ï areparallel to ï , andhencewe have
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7
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ïiG

7

for someG.#

'

 .

Notice thatneitherthestatementnor theproof of the theoremassumesthat ð

is arotationmatrix.Hence,theresultswill alsobeapplicableto thecasein which
thecamerais notcalibrated,whichwill bediscussedin thenext chapter.
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This theoremdirectly implies two useful corollariesstatedbelow that allow
us to easilycomputeÏ from

Ü

aswell as
Ü

from Ï with minimum extra in-
formationfrom images.9 The�rst corollary is a directconsequenceof theabove
theoremandProposition5.14:

Corollary 5.22(From homography to the essentialmatrix). Givena homog-
raphy

Ü

andtwopairsof images �
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/
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/
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, of twopointsnotontheplane
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Ü
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Ï

)

œ
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Ü

/ (5.46)

where ï

o

œ

†
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1

†

1

1 and d6ï d
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�

.

Proof. Accordingto Proposition5.14, †

â

1 is theepipolarline †
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â

1

Ü
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/

ç
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/

�

. Both epipolarlines †
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/

†

1

1 passthroughthe epipole x

1
o

ï . This canbe
illustratedby Figure5.14.
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Figure5.14.A homography� transferstwo points 2

Ž

Ž

and 2

©

Ž

in the �rst imageto two
points �

2

Ž

Ž

and �

2

©

Ž

on thesameepipolarlinesastherespective trueimages2

Ž

©

and 2

©

©

if thecorresponding3-D pointsÈ

Ž

andÈ

© arenotontheplane€ from which � is induced.

Now considertheoppositesituationthatanessentialmatrix Ï is givenandwe
wantto computethehomographyfor asetof coplanarpoints.NotethatonceÏ is
known, thevector ï is alsoknown (up to a scalarfactor)astheleft null spaceof

Ï . We maytypically chooseï to beof unit length.

9Althoughin principle,to computeí from î , onedoesnot needany extra informationbut only
hasto decomposeî and�nd � and ˜ usingTheorem5.19,thecorollarywill allow usto bypassthat
by muchsimplertechniques,which,unlike Theorem5.19,will alsobeapplicableto theuncalibrated
case.
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Corollary 5.23 (From essentialmatrix to homography). Given an essential
matrix Ï andthreepairs of images �

�

â

-

/��

â
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�

/

ç
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Ÿ , of threepointsin 3-D,
thehomography
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inducedby theplanespeci�edby thethreepointsthenis
Ü
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/ (5.47)

where G
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 solvesthesystemof threelinear equations
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ŸÝ� (5.48)

Proof. We leave theproof to thereaderasanexercise.

5.4 Continuousmotioncase10

As we pointedout in Section5.1, the limit casewherethe two viewpointsare
in�nitesimally closerequiresextra attention.From the practicalstandpoint,this
caseis relevant to the analysisof a video streamwherethe cameramotion is
slow relative to the samplingfrequency. In this section,we follow the stepsof
theprevioussectionby giving a parallelderivationof the geometryof pointsin
spaceasseenfrom a moving camera,and deriving a conceptualalgorithm for
reconstructingcameramotion and scenestructure.In light of the fact that the
cameramotionis slow relativeto thesamplingfrequency, wewill treatthemotion
of the cameraascontinuous.While the derivationsproceedin parallel,we will
highlightsomesubtlebut signi�cant differences.

5.4.1 Continuousepipolarconstraint andthecontinuous
essentialmatrix

Let us assumethat cameramotion is describedby a smooth(i.e. continuously
differentiable)trajectory Æ

�•Ã��

)

�•ð �ÄÃ��

/

ï �•Ã����Â# ÑÒÏÎ��Ÿ¸� with body velocities
�

ý

�ÄÃ��

/

Gh�ÄÃ��4�õ#û·ªá_�•ŸÍ� asde�ned in Chapter2. For a point "\#

'

 , its coordinates
asa functionof time

(

�•Ã�� satisfy
B

(

�ÄÃ��

)

œ

ý

�ÄÃ��

(

�ÄÃ��JV$Gh�ÄÃ��E� (5.49)

The image of the point " taken by the camerais the vector � that satis�es
KJ�•Ã��

�

�ÄÃ��

)

(

�ÄÃ�� . Fromnow on, for convenience,we will dropthe time depen-
dency fromthenotation.Denotethevelocityof theimagepoint � by é

�

)

B

�

#

'

 .
Thevelocity é is alsocalledimagemotion�eld , whichunderthebrightnesscon-
stancy assumptiondiscussedin Chapter4 can be approximatedby the optical

10This sectioncan be skippedwithout loss of continuity if the readeris not interestedin the
continuous-motioncase.
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�ow . To obtainanexplicit expressionfor é , we noticethat
(
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�l/

B

(

)

B

K
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VpK

B

�

�

Substitutingthis into equation(5.49),we obtain
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K
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�

� (5.50)

Thentheimagevelocity é�)

B

� dependsnot only on thecameramotionbut also
on the depthscale K of the point. For the planarperspective projectionandthe
sphericalperspective projection,the expressionfor é will be slightly different.
We leave thedetail to thereaderasanexercise(seeExercise5.20).

To eliminatethedepthscaleK , considernow theinnerproductof thevectorsin
(5.50)with thevector �•G

g��

� . We obtain
B
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We canrewrite theaboveequationin anequivalentway:
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�f)
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� (5.51)

This constraintplaysthesamerole for thecaseof continuous-timeimagesasthe
epipolarconstraintfor two discreteimage,in the sensethat it doesnot depend
on the positionof the point in space,but only on its projectionandthe motion
parameters.We call it thecontinuousepipolarconstraint.

Beforeproceedingwith ananalysisof equation(5.51),we statea lemmathat
will becomeusefulin theremainderof this section.

Lemma 5.24. Considerthematrices�
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We leave theproofof this lemmaasanexercise.Following thelemma,for any
skew-symmetricmatrix � #
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 0•b , �
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componentto bethematrix

·

�

)

�

�
�–œ

ý

œG
Vfœ GÝœ

ý

� #

'

 C•Ý 

/

thenwe have that

�

7

·

�û)P�

7

œ

ý

œG

�l/

sothatthecontinuousepipolarconstraintmayberewrittenas
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� (5.52)

This equationshows that for thematrix œ

ý

œG , only its symmetriccomponent·

)

-

1

�ôœ

ý

œG V�œ GÝœ

ý

� canbe recoveredfrom theepipolarequation(5.51)or equivalently
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(5.52).11 This structureis substantiallydifferent from that of the discretecase,
and it cannotbe derived by a �rst-order approximationof the essentialmatrix

œ

ïið . In fact,a naivediscretizationof thediscreteepipolarequationmayleadto a
constraintinvolving only a matrixof theform œGÝœ

ý , whereasin thetruecontinuous
casewe have to dealwith only its symmetriccomponent·

)

-

1

�ôœ

ý

œG V�œ GÝœ

ý

� plus
anotherterm as given in (5.52). The set of matricesof interestin the caseof
continuousmotionsis thusthespaceof
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Ÿ matricesof theform
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which we call the continuousessentialspace. A matrix in this spaceis calleda
continuousessentialmatrix. Note that the continuousepipolarconstraint(5.52)
is homogeneousin the linear velocity G . Thus G may be recoveredonly up to a
constantscalarfactor. Consequently, in motion recovery, we will concernour-
selveswith matricesbelongingto thenormalizedcontinuousessentialspacewith

G scaledto unit norm:
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5.4.2 Propertiesof thecontinuousessentialmatrix

Theskew-symmetricpartof a continuousessentialmatrix simply correspondsto
thevelocity G . Thecharacterizationof the (normalized)essentialmatrix focuses
only on thesymmetricmatrix part ·

)

-

1

�ôœ

ý

œG V‘œ Gbœ

ý

� . We call thespaceof all the
matricesof this form thesymmetricepipolarspace
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Themotionestimationproblemis now reducedto thatof recoveringthevelocity
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Gb� with ý
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'

 and GÎ#
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froma givensymmetricepipolarcomponent· .
Thecharacterizationof symmetricepipolarcomponentsdependson a charac-

terizationof matricesof the form œ
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œG�#
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 0•Ý , which is given in the following
lemma.Of usein thelemmais thematrix ðˆð‚�]C¸� de�ned to betherotationaround
the ? -axisby anangleC2#
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Lemma 5.25. A matrix ž
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(5.53)

11This redundancy is the reasonwhy different forms of the continuousepipolarconstraintex-
ist in the literature[ZhuangandHaralick,1984, PonceandGenc,1998, Vieville andFaugeras,1995,
Maybank,1993, Brookset al., 1997], and accordingly, various approacheshave beenproposedto
recover

a

and S (see[Tianetal., 1996]).
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for somerotationmatrix
É
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Proof. We �rst prove the necessity. The proof follows from the geometric
meaningof œ
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œG multipliedby any vector H
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� and •
-

) diag
�

�

/

�

/

�

� . Then

œ

ý

œG

) •

ð‡†

š

…

s

�“•

•

�

•

7

É

ð�†

š

…

s

�“•

•
-

É

7

) •

ð‡†

š

…

s

�“•

•

�

�

K

ð

7

ð

�]C¸�4�‡ð�†

š

…

s

�“•

•
-

É

7

) • diag
�

K

/

K

h#dLj

�–C¸�

/

�

�

É

7

) ž

� (5.55)

Since ý and G have to be,respectively, theleft andtheright zeroeigenvectorsof
ž , thereconstructiongivenin (5.54)is uniqueup to a sign.

Basedon theabove lemma,thefollowing theoremrevealsthestructureof the
symmetricepipolarcomponent.

Theorem 5.26 (Characterization of the symmetric epipolar component). A
realsymmetricmatrix · #

'

 0•b is a symmetricepipolarcomponentif andonly if
· canbediagonalizedas ·

)

É

•

É

7

with
É

#IÑ�� �•ŸÍ� and

• ) diag
�

a

-
/

a

1
/

a

 

�

with a

-

–

�

/

a

 

� �

, and a

1
)

a

-

V�a

 

.

Proof. We �rst prove the necessity. Suppose· is a symmetricepipolarcompo-
nent.Thus thereexist ý

#

'

 

/

G #




1

suchthat ·

)

-

1

�ôœ

ý

œGoV}œ Gbœ

ý

� . Since ·

is a symmetricmatrix, it is diagonalizable,all its eigenvaluesare real, and all
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the eigenvectorsare orthogonalto eachother. It then suf�ces to checkthat its
eigenvaluessatisfythegivenconditions.

Let theunit vector ‡ , therotationmatrix
É

, C , and K bethesameasin theproof
of Lemma5.25.Accordingto thelemma,we have

œ

ý

œ G

)

K

É

ð�ði�–C¸� diag
�

K

/

K

h#dSj

�]C¸�

/

�

�

É

7

�

Since �–œ

ý

œG_�

7

)

œGÝœ

ý , wehave

·

)

�

�

É

Õ

K

ð‡ð‚�]C¸� diag
�

K

/

K

hidSj

�–C¸�

/

�

�

K

diag
�

K

/

K

hidSj

�–C¸�

/

�

�ªð

7

ð

�]CÍ�

Ö

É

7

�

De�ne thematrix �n�¾K

/

C¸�l#

'

 0•b to be

�n�ÌK

/

C¸�

)

K

ð�ði�–C¸� diag
�

K

/

K

h#dSj

�]C¸�

/

�

�

K

diag
�

K

/

K

hidSj

�]C¸�

/

�

�Cð

7

ð

�–C¸�

)

K

9;

K

�

hidSj

�–C¸�

�

j�n�o

�–C¸�

�

K

�

hidSj

�–C¸�

�

jDnYo

�–C¸�

� �

<=

�

Directly calculatingits eigenvaluesandeigenvectors,we obtain that �n�¾K

/

C¸� is
equalto

'Âñ

á

&—2

ö

Â

ã diag °

j

´

¤

2

-/.œ0

´*&ªµ‰µ

¥

2–Â

j

-/.10

´*&ªµ

¥

j

´;2

¤

2

-/.œ0

´*&ªµ‰µFµ

'

¨

ñ

á

&—2

ö

Â

ã

¡ (5.56)

Thus ·

)

-

1

É

�n�ÌK

/

CÍ�

É

7

haseigenvalues

å

�

�

KJ�

�

K

h#dSj

�]C¸�4�

/

K

K

h#dLj

�]CÍ�

/

�

�

K&�

K

�

K

hidSj

�–C¸���

Ž

/ (5.57)

whichsatisfythegivenconditions.
We now prove the suf�ciency. Given ·

)

É

- diag
�

a

-0/

a

1D/

a

 

�

É

7

- with a

-

–

�

/

a

 

� �

, a

1X)

a

-

V�a

 

, and
É

7

-

#`Ñ�� �•ŸÍ� , thesethreeeigenvaluesuniquely
determineK

/

C�#

'

suchthatthe a

â

's have theform givenin (5.57):

K

)

a

-

K

a

 

/

K

–

�

/

C

)

���

h1h#dSj

�

K

a

1

�DKY�

/

C�#

*

�

/

s

5

�

De�ne a matrix
É

# Ñ�� ��Ÿ¸� to be
É

)

É

-

ð

7

ð

Õ

Z

1

K

z

1

Ö

. Then ·

)

-

1

É

�n�ÌK

/

C¸�

É

7

. Accordingto Lemma5.25,thereexist vectorsGÎ#




1

andý

#

'

 

suchthat

œ

ý

œ G

)

K

É

ð�ði�–C¸� diag
�

K

/

K

h#dSj

�]C¸�

/

�

�

É

7

�

Therefore,
-

1

�ôœ

ý

œ G
Vûœ Gzœ

ý

�

)

-

1

É

�>�ÌK

/

C¸�

É

7

)

· .

Figure5.15 givesa geometricinterpretationof the threeeigenvectorsof the
symmetricepipolarcomponent· for thecasein whichboth ý

/

G areof unit length.
Theconstructiveproofgivenabove is importantsinceit givesanexplicit decom-
positionof the symmetricepipolarcomponent· , which will be studiedin more
detailnext.
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PSfragreplacements
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Ce�

�

C£�
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ý

Figure5.15.VectorsÜ

Ž

¥

Ü ©

¥

? arethe threeeigenvectorsof a symmetricepipolarcompo-
nent

Ž

©

´Ãâ ÿ•â Þ�²:â ÞSâ ÿaµ . In particular, ? is thenormalvectorto theplanespannedby ÿ and Þ , and
Ü

Ž

¥

ÜÝ© arebothin thisplane.Thevector Ü

Ž

is theaverageof ÿ and Þ , and Üz© is orthogonal
to both ? and Ü

Ž

.

Following theproof of Theorem5.26,if we alreadyknow theeigenvectorde-
compositionof a symmetricepipolarcomponent· , we certainlycan�nd at least
onesolution �

ý

/

Gb� suchthat ·

)

-

1

�ôœ

ý

œG V�œ Gbœ

ý

� . We now discussuniqueness,i.e.
how many solutionsexist for ·

)

-

1

�ôœ

ý

œG Vfœ Gzœ

ý

� .

Theorem 5.27(Velocity recovery fr om the symmetric epipolar component).
There exist exactly four 3-D velocities �

ý

/

G_� with ý

#

'

 and G #




1

correspondingto a nonzero · #

ï

.

Proof. Suppose�

ý

-
/

G

-

� and �

ý

1
/

G

1

� areboth solutionsfor ·

)

-

1

�ôœ

ý

œGÎV`œ GÝœ

ý

� .
Thenwe have

œ G

-

œ

ý

-

V œ

ý

-

œG

-
)

œ G

1

œ

ý

1

V œ

ý

1

œG

1

� (5.58)

FromLemma5.25,wemaywrite

œ

ý

-

œG

- )

K

É

-

ð�ðk�]C

-

� diag
�

K

-0/

K

-Þh#dLj

�–C

-

�

/

�

�

É

7

-

/

œ

ý

1

œG

1 )

K

É

1

ð�ðk�]C

1

� diag
�

K

1D/

K

1�h#dLj

�–C

1

�

/

�

�

É

7

1

�

(5.59)

Let ê

)

É

7

-

É

1

# Ñ�� ��Ÿ¸� . Thenfrom (5.58),

�>�ÌK

-0/

C

-

�

)

ê™�>�ÌK

1D/

C

1

��ê

7

� (5.60)

Sincebothsidesof (5.60)havethesameeigenvalues,accordingto (5.56),wehave

K

-š)

K

1¸/

C

1‚)

C

-

�

We canthendenoteboth C

- and C

1 by C . It is immediateto checkthat the only
possiblerotationmatrix ê thatsatis�es(5.60)is givenby �

 0•b 

,

9;

K

h#dLj

�]CÍ�

�

jDnYo

�]C¸�

�

K

� �

jDnYo

�–C¸�

�

h#dSj

�]C¸�

<=

/ or 9;

h#dSj

�]C¸�

�

K

j�n�o

�–C¸�

�

K

� �

K

j�nYo

�]C¸�

�

K

hidSj

�–C¸�

<=

�

Fromthegeometricmeaningof
É

- and
É

1 , all thecasesgiveeither œ

ý

-

œG

-k)

œ

ý

1

œG

1

or œ

ý

-

œG

-o)

œG

1

œ

ý

1 . Thus,accordingto the proof of Lemma5.25, if �

ý

/

G_� is one



148 Chapter5. Reconstructionfrom Two CalibratedViews

solutionand œ

ý

œG

)’• diag
�

K

/

K

h#dSj

�]C¸�

/

�

�

É

7

, thenall thesolutionsaregivenby

œ

ý

) •

ð‡†@�ò…

z

1

�

•

�

•

7

/

œG

)

É

ð�†@�ò…

z

1

�

• -

É

7

/

œ

ý

)

É

ð‡†“�g…

z

1

�

•

�

É

7

/

œG

)€•

ð‡†@�ò…

z

1

�

• - •

7

/

(5.61)

where •

�

) diag
�

K

/

K

/

�

� and • - ) diag
�

�

/

�

/

�

� .

Given a nonzerocontinuousessentialmatrix Ï #êzaP , accordingto (5.61),its
symmetriccomponentgivesfour possiblesolutionsfor the 3-D velocity �

ý

/

Gb� .
However, in general,only one of them has the samelinear velocity G as the
skew-symmetricpartof Ï . Hence,comparedto thediscretecase,wherethereare
two 3-D motions ��ð

/

ïk� associatedwith an essentialmatrix, thevelocity �

ý

/

Gb�

correspondingto a continuousessentialmatrix is unique.This is becausein the
continuouscase,the twisted-pairambiguity, which occursin the discretecase
andis causedby a

�

!

�eE

rotationof thecameraaroundthe translationdirection,
seeExample5.8,is now avoided.

5.4.3 Theeight-pointlinear algorithm

Basedon the precedingstudy of the continuousessentialmatrix, this section
describesan algorithmto recover the 3-D velocity of the camerafrom a setof
(possiblynoisy)optical�o w measurements.

Let Ï

)
‡

œG

·

‰

#�z

P

- with ·

)

-

1

�–œ

ý

œ G
V$œ Gbœ

ý

� betheessentialmatrix associated

with the continuousepipolarconstraint(5.52). Sincethe submatrix œG is skew-
symmetricand · is symmetric,they have thefollowing form

œ G

)ž9 ;

�

K

G

 

G

1

G

 

�

K

G

-

K

G

1

G

-

�

<=

/

·

) 9;

·

-

·

1

·

 

·

1

·

v

·

t

·

 

·

t

·

w

<=

� (5.62)

De�ne thecontinuousversionof the“stacked” vector Ï

Q

#

'

)

to be

Ï

Q

�

) *

G

-0/

G

1¸/

G

 

/

·

-C/

·

1D/

·

 

/

·

v

/

·

t

/

·

wE5R7

� (5.63)

De�ne a vector

”

#

'

)

associatedwith the optical �o w �

�l/%é

� with � )

*

ì

/�íh/4î

5

7

#

'

 

/�é�)�* TQ-0/�Th13/4T

 B5

7

#

'

 to be15
”

�

) * T

 

í

K

TY1�îz/4TQ-Bî

K

T

 

ì

/4TY1

ì

K

TQ-EíY/

ì

1

/

�

ì

íh/

�

ì

îz/4í

1

/

�

í_î×/4î

1

587

� (5.64)

Thecontinuousepipolarconstraint(5.52)canbethenrewrittenas
”

7

Ï

Q

)

�

�

Given a set of (possiblynoisy) optical �o w vectors �

�

ã

/%é

ã

�

/¸è`)

�

/

�

/

�����

/

P ,
generatedby thesamemotion,de�ne a matrix •}#

'

O×•

)

associatedwith these

15For a planarperspective projection, ó>Œ¯† and ½

r

Œ

…

; thus the expressionfor ó can be
simpli�ed.
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measurementsto be

•

�

)+*

”

-

/

”

1

/

�����

/

”

O

5 7

/ (5.65)

where

”

ã arede�ned for eachpair �

�

ã

/�é

ã

� using(5.64).In theabsenceof noise,
thevector Ï

Q hasto satisfy

•&Ï

Q

)

�

� (5.66)

In orderfor this equationto havea uniquesolutionfor Ï

Q , therankof thematrix
• hasto beeight.Thus,for thisalgorithm,theoptical �ow vectorsof at leasteight
pointsare neededto recover the3-D velocity, i.e. Pô–

!

, althoughtheminimum
numberof optical�o w vectorsneededfor a �nite numberof solutionsis actually
� ve,asdiscussedby [Maybank,1993].

When the measurementsare noisy, theremay be no solution to •
Ï

Q

)

�

.
As in the discretecase,one may approximatethe solution by minimizing the
least-squareserrorfunction dO•JÏ

Q

d

1

.
Sincethevector Ï

Q is recoveredfrom noisymeasurements,thesymmetricpart
· of Ï directly recoveredfrom unstackingÏ

Q is not necessarilya symmetric
epipolarcomponent.Thusonecannotdirectly usethepreviously derivedresults
for symmetricepipolarcomponentsto recover the3-D velocity. In analogyto the
discretecase,wecanprojectthesymmetricmatrix · ontothespaceof symmetric
epipolarcomponents.

Theorem 5.28(Projection onto the symmetric epipolar space). If a real sym-
metric matrix i #

'

 0•b is diagonalizedas i

)

É

diag
�

K

-0/

K

1D/

K

 

�

É

7

with
É

# Ñ9� �•Ÿ¸� , K

-

–

�

/

K

 

�m�

, and K

-

–

K

1

–

K

 

, then the symmetric
epipolar componentÏ #

ï

that minimizesthe error d�Ï

K

iÎd

1

M is given by
Ï

)

É

diag
�

a

-
/

a

1
/

a

1

�

É

7
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a

-
)

�

K

-

VÎK

1

K
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Ÿ

/

a

1
)
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-

V

�
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1

VÎK

 

Ÿ

/
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)

�
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VpK

1

K

K

-

Ÿ

� (5.67)

Proof. De�ne
ï

› to bethesubspaceof
ï

whoseelementshavethesameeigenval-
ues •�) diag

�

a

-0/

a

13/

a

 

� . Thuseverymatrix Ï #

ï

› hastheform Ï

)

É

-#•

É

7

-

for some
É

-

#ÂÑ�� �•ŸÍ� . To simplify thenotation,de�ne •

�

) diag
�

K

-C/

K

1¸/

K

 

� .
We now provethis theoremin two steps.

Step1: We prove that thematrix Ï¯#

ï

› thatminimizestheerror d6Ï

K

iÎd

1

M

is givenby Ï

)

É

•

É

7

. SinceÏ #

ï

› hastheform Ï

)

É

-O•

É

7

- , we get

d6Ï

K

iÎd

1

M

)

d

É

-
•

É

7

-

K

É

•

�

É

7

d

1

M

)

d

•

�

K

É

7

É

-
•

É

7

-

É

d

1

M

�

De�ne ê

)

É

7

É

-

#IÑ9� �•Ÿ¸� anddenoteits entriesby

ê

)
9;

j

-

j

1

j

 

j

v

j

t

j

w

j

'

j

$

j

)

<=

� (5.68)
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Then

d�Ï

K

iÎd

1

M

)

d

•

�

K

ê

•

ê

7

d

1

M

) trace�

•

1

�

�

K

�

trace��ê

•

ê

7

•

�

�JV trace�

•

1

�E� (5.69)

Substituting(5.68)into thesecondterm,andusingthefactthat a

1k)

a

-

Vöa

 

and
ê is a rotationmatrix,weget

trace��ê

•

ê

7

•

�

�

)

a

-
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�
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�JVÎK
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�
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j

1

v
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1

'

���6�

Minimizing d6Ï

K

iÎd

1

M is equivalentto maximizingtrace�ôê

•

ê

7

•

�

� . Fromthe
above equation,trace��ê

•

ê

7

•

�

� is maximizedif andonly if j

 

)

j

w

)

�

,
j

1

)

)

�

, j

v

)

j

'
)

�

, and j

1

-

)

�

. Since ê is a rotationmatrix,we alsohave
j

1
)

j

$
)

�

, and j

1

t

)

�

. All possible ê give a uniquematrix in
ï

› that
minimizes d�Ï

K

iÎd

1

M : Ï

)

É

•

É

7

.
Step2: Fromstepone,weneedonly to minimizetheerrorfunctionoverthema-

tricesthathavetheform
É

•

É

7

#

ï

. Theoptimizationproblemis thenconverted
to oneof minimizing theerrorfunction

d6Ï

K

iÎd

1

M

)

�¾K

-

K

a

-

�

1

V`�¾K

1

K

a

1

�

1

V¬�ÌK

 

K

a

 

�

1

subjectto theconstraint

a

1õ)

a

-

V�a

 

�

The formulae (5.67) for a

-C/

a

1¸/

a

 

are directly obtained from solving this
minimizationproblem.

Remark 5.29. In theprecedingtheorem,for a symmetricmatrix i thatdoesnot
satisfythe conditions K

-

–

�

and K

 

� �

, onechoosesK×P

-

)ÏÞ

�

Q

�

K

-
/

�

� and
K

P

 

)PÞ•n�o

�

K

 

/

�

� prior to applyingtheabovetheorem.

Finally, weoutlineaneigenvalue-decompositionalgorithm,Algorithm 5.3,for
estimating3-D velocity from optical �o ws of eight points, which serves as a
continuouscounterpartof theeight-pointalgorithmgivenin Section5.2.

Remark 5.30. Sinceboth Ï

/

K

Ï #�zaP

- satisfythesamesetof continuousepipo-
lar constraints,both �

ý

/

…kGb� are possiblesolutionsfor the givensetof optical
�ow vectors. However, as in thediscretecase, onecanget rid of theambiguous
solutionbyenforcing thepositivedepthconstraint (Exercise5.11).

In situationswherethemotionof thecamerais partiallyconstrained,theabove
linearalgorithmcanbefurthersimpli�ed. Thefollowing exampleillustratessuch
ascenario.

Example 5.31 (Constrained motion estimation). This exampleshows how to utilize
constraintson motion to beestimatedin orderto simplify theproposedlinearmotiones-
timation algorithmin the continuouscase.Let

Û

´�È‰µ

« ½„¿

´*ÀCµ representthe positionand
orientationof anaircraftrelative to thespatialframe;theinputs ÿ

Ž

¥

ÿ!©

¥

ÿ

r

«.­ standfor
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Algorithm 5.3(The continuouseight-point algorithm).

For agivensetof imagesandoptical�o w vectorś]2

¤

¥

ÿ

¤

µ

¥G¦‚¢ ¤ª¥

Â

¥

¡B¡B¡

¥

= , thisalgorithm
�nds ´~ÿ

¥

ÞDµ

«¾½„¿

´*ÀCµ thatsolves

ÿ ¤

¨

âÞD2 ¤ ²ö2 ¤

¨

âÿ•â ÞD2 ¤

¢$¦3¥+¦‚¢Â¤�¥

Â

¥

¡O¡B¡

¥

=

¡1. Estimate the essentialvector
De�ne a matrix ¨

«�­ÚÒ

¾Mª

whose ¦ th row is constructedfrom 2

¤

and ÿ

¤

as in
(5.64).UsetheSVDto �nd thevector ¿

g

« ­

ª

suchthat ¨

¿

g

¢$¦ : ¨

¢¯­

¨6®b¨

ô

¨

¨

and ¿

g

¢

ô

¨

´;Ø

¥

üCµ . Recover thevector Þ

•

«

�

© from the �rst threeentriesof ¿

g

and a symmetricmatrix �û« ­

r

¾

r from the remainingsix entriesas in (5.63).
Multiply ¿

g

with a scalarsuchthatthevector Þ

• becomesof unit norm.

2. Recover the symmetric epipolar component
Find theeigenvaluedecompositionof thesymmetricmatrix � :

�
¢

ô

Ž

diag°

j

Ž

¥

j

©

¥

j

r

µiô

¨

Ž

¥

with
j

Ž

§

j

©„§

j

r

. Projectthesymmetricmatrix � onto thesymmetricepipolar
spaceõ . We thenhave thenew �

¢

ô

Ž

diag°

	

Ž

¥

	Ý©

¥

	

r

µ1ô

¨

Ž

with

	

Ž

¢

Â

j

Ž

²

j

©“2

j

r

À

¥

	Ý©

¢

j

Ž

² Â

j

©ç²

j

r

À

¥

	

r

¢

Â

j

r

²

j

©Ó2

j

Ž

À

¡3. Recover the velocity fr om the symmetric epipolar component
De�ne

j

¢

	

Ž

2Ž	

r

¥

j

§

¦D¥

&

¢ öe÷

-/-/.œ0

´;2è	
©

«

j

µ

¥

&

«
£ ¦D¥

ö

§

¡Let ô

¢

ô

Ž

'

¨

ñ

c

_

©

2
•

©

f

«}½�Á

´*Àªµ and ­	¢

2–ô

'Âñ

´*&Cµ

«»Á

´*Àªµ . Thenthe four
possible3-D velocitiescorrespondingto thematrix � aregivenby

âÿ

¢ ­

')(

´

²

•

©

µ

®6ø

­“¨J¥

â Þ

¢

ô

')(

´

²

•

©

µ

®

Ž

ô

¨J¥

âÿ

¢

ô

'—(

´

²

•

©

µ

®6ø

ô

¨&¥

â Þ

¢¯­

')(

´

²

•

©

µ

®

Ž

­“¨&¥

where
®

ø

¢ diag°

j

¥

j

¥‡¦

µ and
®

Ž

¢ diag°C¤ª¥E¤�¥�¦

µ .

4. Recover velocity fr om the continuousessentialmatrix
From the four velocitiesrecovered from the matrix � in step3, choosethe pair

´~ÿ

Ù

¥

Þ

Ù

µ thatsatis�es

Þ

Ù

¨

Þ

•

¢

Ñ

ö

ù

�

°

Þ

¨

�

Þ

•

µ

¡

Thentheestimated3-D velocity ´~ÿ

¥

ÞDµ with ÿ

« ­

r and Þ

«

�

© is givenby

ÿ

¢

ÿ

Ù

¥

Þ

¢

Þ

•

¡

theratesof therotationabouttheaxesof theaircraft,and Þ

Ž

« ­ is thevelocityof theair-
craft.Usingthestandardhomogeneousrepresentationfor

Û

(seeChapter2), thekinematic
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equationsof theaircraftmotionaregivenby

ù

Û

¢

+9

9

,

¦

2Fÿ

r

ÿ © Þ

Ž

ÿ

r

¦

2Fÿ

Ž

¦

2FÿJ© ÿ

Ž

¦ ¦

¦ ¦ ¦ ¦

7 :

:

8

Û

¥

whereÿ

Ž

standsfor pitch rate, ÿJ© for roll rate, ÿ

r

for yaw rate,and Þ

Ž

for thevelocity of
theaircraft.Thenthe3-D velocity ´~ÿ

¥

ÞDµ in thecontinuousepipolarconstraint(5.52)has
theform ÿ

¢�£

ÿ

Ž

¥

ÿJ©

¥

ÿ

r

§”¨&¥

Þ

¢Â£

Þ

Ž

¥‡¦D¥‰¦�§”¨ . For Algorithm 5.3,wehave extraconstraints
on the symmetricmatrix � ¢

Ž

©

´•â ÿ•â Þ�²ðâ ÞSâ ÿaµ : �

Ž

¢ �eú ¢+¦ and �

�

¢ �

5

. Thenthereare
only four differentessentialparametersleft to determine,andwe canrede�ne themotion
parametervector ¿

g

«û­

� to be ¿

g

¡

¢ £

Þ

Ž

¥ �

©

¥ �

r

¥ �

�

§ ¨ . Thenthe measurementvector
© «�­ � is given by ©+¢ £

Ü

r

ø

2fÜÝ©

ùD¥

Â�÷

øb¥

Â6÷

ù¸¥‰ø

©

²

ù

©

§”¨ . The continuousepipolar
constraintcanthenberewritten as

©

¨

¿

g

¢f¦

¡If wede�ne thematrix ¨ from © asin (5.65),thematrix ¨

¨

¨ is a ý

®

ý matrix ratherthan
a ü

®

ü . For estimatingthevelocity ´~ÿ

¥

ÞDµ , thedimensionof theproblemis thenreduced
from nineto four. In thisspecialcase,theminimumnumberof optical�o w measurements
neededto guaranteea uniquesolutionof ¿

g

is reducedto four insteadof eight.Further-
more,thesymmetricmatrix � recoveredfrom ¿

g

is automaticallyin thespaceõ , andthe
remainingstepsof thealgorithmcanthusbedramaticallysimpli�ed. Fromthis simpli�ed
algorithm,theangularvelocity ÿ

¢�£

ÿ

Ž

¥

ÿ
©

¥

ÿ

r

§
¨ canbefully recoveredfrom theimages.

Thevelocity informationcanthenbeusedfor controllingtheaircraft.

As in thediscretecase,thelinearalgorithmproposedaboveis notoptimal,since
it doesnot enforcethestructureof theparameterspaceduringtheminimization.
Therefore,the recoveredvelocity doesnot necessarilyminimize the originally
chosenerrorfunction de•JÏ

Q

�

ý

/

G_��d

1

on thespacez&P

- .
Additionally, asin thediscretecase,we have to assumethat translationis not

zero.If themotionis purelyrotational,thenonecanprovethattherearein�nitely
many solutionsto the epipolarconstraint-relatedequations.We leave this asan
exerciseto thereader.

5.4.4 Euclideanconstraintsandstructure reconstruction

As in the discretecase,the purposeof exploiting Euclideanconstraintsis to re-
constructthescalesof themotionandstructure.Fromtheabovelinearalgorithm,
we know thatwe canrecover the linearvelocity G only up to anarbitraryscalar
factor. Without lossof generality, we mayassumethatthevelocityof thecamera
motionto be �

ý

/_û

Gb� with d6Ghd

)

�

and û

#

'

. By now, only thescalefactor û is
unknown.Substituting

(

�•Ã��

)

KJ�•Ã��

�

�ÄÃ�� into theequation
B

(

�•Ã��

)

œ

ý

(

�•Ã��JV

û

Gh�ÄÃ��

/

weobtainfor theimage�

ã of eachpoint "

ã

#o�! 

/ôè )

�

/

�

/

�����

/

P ,
B

K

ã

�

ã

VpK

ã

B

�

ã

)

œ

ý

�¾K

ã

�

ã

�!V

û

G

·

B

K

ã

�

ã

VpK

ã

�

B

�

ã

K

œ

ý

�

ã

�

K

û

G

)

�

� (5.70)
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As onemayexpect,in thecontinuouscase,thescaleinformationis thenencoded
in K

/

B

K for the locationof the 3-D point, and û

#

'

€

for the linear velocity G .
Knowing �l/

B

�@/

ý , and G , we seethattheseconstraintsareall linearin K

ã

/

B

K

ã

/

� �

è

�

P , and û . Also, if �

ã

/

� �

è

�

P arelinearly independentof G , i.e. thefeature
pointsdo not line up with thedirectionof translation,it canbeshown that these
linear constraintsarenot degenerate;hencethe unknown scalesaredetermined
up to a universalscalarfactor. We maythenarrangeall theunknown scalarsinto
asinglevector

¸

K :
¸

K

)�*

K

-

/

K

1

�����

/

K

O

/

B

K

-

/

B

K

1

/

�����

/

B

K

O

/Èû

5R7

#

'

1

O

€

-

�

For P optical �o w vectors,
¸

K is a �

�

P

V

�

� -dimensionalvector. (5.70)gives Ÿ

P

(scalar)linear equations.The problemof solving
¸

K from (5.70) is usuallyover
determined.It is easyto checkthat in the absenceof noisethe setof equations
givenby (5.70)uniquelydetermines

¸

K if thecon�guration is noncritical.We can
thereforewrite all theequationsin thematrix form

�

¸

K

)

�

/

with � #

'

 æO×•

‚

1

O

€

-

…

a matrix dependingon ý

/

G , and
�

�

�

ã

/

B

�

ã

�/�œO

ã

�

- . Then,

in the presenceof noise, the linear least-squaresestimateof
¸

K is simply the
eigenvectorof �

7

� correspondingto thesmallesteigenvalue.
Notice that the time derivative of the scales

�

B

K

ã

�œO

ã

�

- canalso be estimated.
Supposewe have donetheabove recovery for a time interval, say �ÄÃ

<

/

Ã

M

� . Then
we have the estimate

¸

K&�•Ã�� as a function of time Ã . But
¸

K&�ÄÃ�� at eachtime Ã is
determinedonly up to an arbitraryscalarfactor. Hence ¥

�ÄÃ��

¸

Ka�ÄÃ�� is alsoa valid
estimationfor any positive function ¥

�ÄÃ�� de�ned on �ÄÃD<

/

Ã

M

� . However, since¥

�ÄÃ��

is multipliedby both KJ�•Ã�� and
B

KJ�•Ã�� , their ratio
ü

�•Ã��

)

B

K&�•Ã�����KJ�•Ã��

is independentof the choiceof ¥

�ÄÃ�� . Notice that s

s

K

�

bYo

K×�

)

B

KX�DK . Let the log-
arithm of the structuralscale K be í$)›bYo

K . Thena time-consistentestimation
KJ�•Ã�� needsto satisfythe following ordinarydifferentialequation,which we call
thedynamicalscaleODE

B

í

�ÄÃ��

)

ü

�ÄÃ��6�

Given í

�•Ã�<0�

)�í

<

)cbYo

�ÌK&�ÄÃ�<3��� , wesolvethisODEandobtain í

�ÄÃ�� for Ã@#

*

ÃF<

/

Ã

M

5

.
Thenwe canrecoveraconsistentscaleKJ�•Ã�� givenby

K&�ÄÃ��

)c #Q�R

�

í

�ÄÃ����6�

Hence(structureandmotion)scalesestimatedatdifferenttime instancesnow are
all relative to thesamescaleat time Ã

< . Therefore,in thecontinuouscase,we are
also able to recover all the scalesas functionsof time up to a universalscalar
factor. The readermustbe aware that the above schemeis only conceptual. In
reality, the ratio function ü

�ÄÃ�� would never beavailablefor every time instantin
*

Ã�<

/

Ã

M

5

.
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Universal scaleambiguity

In boththediscreteandcontinuouscases,in principle,theproposedschemescan
reconstructboththeEuclideanstructureandmotionupto auniversalscalarfactor.
Thisambiguityis intrinsic,sinceonecanscaletheentireworld upor down with a
scalingfactorwhile all theimagesobtainedremainthesame.In all thealgorithms
proposedabove, this factor is �x ed (ratherarbitrarily, in fact) by imposingthe
translationscaleto be

�

. In practice,this scaleandits unit canalsobechosento
bedirectly relatedto someknown length,size,distance,or motionof anobjectin
space.

5.4.5 Continuoushomographyfor a planarscene

In thissection,weconsiderthecontinuousversionof thecasethatwehavestudied
in Section5.3, whereall the featurepoints of interestare lying on a plane ƒ .
Planarscenesarea degeneratecasefor thediscreteepipolarconstraint,andalso
for thecontinuouscase.Recallthat in thecontinuousscenario,insteadof having
imagepairs,we measurethe imagepoint � and its optical �o w é¯)

B

� . Other
assumptionsarethesameasin Section5.3.

Supposethecameraundergoesarigid-bodymotionwith bodyangularandlin-
earvelocitiesý

/

G . Thenthetime derivative of coordinates
(

#

'

 of a point "

(with respectto thecameraframe)satis�es19

B

(

)

œ

ý

(

V$GY� (5.71)

Let
�

#

'

 bethesurfacenormalto ƒ (with respectto thecameraframe)at time
Ã . Then,if

Å

�ÄÃ��

�

�

is thedistancefrom theoptical centerof the camerato the
planeƒ at time Ã , then

�

7

(

)

Å

·

�

Å

�

7

(

)

�

/�Z

(

#�ƒl� (5.72)

Substitutingequation(5.72)into equation(5.71)yieldstherelation

B

(

)

œ

ý

(

VfG

)

œ

ý

(

VfG

�

Å

�

7

(

)

k

œ

ý

V

�

Å

G

�

7

m

(

� (5.73)

As in thediscretecase,wecall thematrix

Ü

�

)

k

œ

ý

V

�

Å

G

�

7

m
#

'

 C•Ý (5.74)

the continuoushomographymatrix. For simplicity, herewe usethe samesym-
bol

Ü

to denoteit, andit really is a continuous(or in�nitesimal) versionof the
(discrete)homographymatrix

Ü

)

ð V

-

s

ï

�

7

studiedin Section5.3.

19Here,asin previous cases,we assumeimplicitly that time dependency of | on x is smoothso
thatwe cantake derivativeswhenever necessary. However, for simplicity, wedropthedependency of

| on x in thenotation |It”x•v .
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Note that the matrix
Ü

dependsboth on the continuousmotion parameters
�

ý

/

Gí� andstructureparameters
�

�

/

Å

� thatwewishto recover. As in thediscrete
case,thereis aninherentscaleambiguityin theterm

-

s

G in equation(5.74).Thus,
in general,knowing

Ü

, onecanrecoveronly theratioof thecameratranslational
velocityscaledby thedistanceto theplane.

Fromtherelation

K

�û)

(

/

B

K

�

VpK

é�)

B

(

/

B

(

)

Ün(

/ (5.75)

wehave

é�)

Ü

�

K

B

K

K

�

� (5.76)

This is indeedthecontinuousversionof theplanarhomography.

5.4.6 Estimatingthecontinuoushomographymatrix

In orderto furthereliminatethedepthscaleK in equation(5.76),multiplying both
sidesby theskew-symmetricmatrix œ

�

#

'

 0•b , weobtaintheequation

œ

�

Ü

�û)

œ

�zé

� (5.77)

We maycall this thecontinuoushomographyconstraint or thecontinuousplanar
epipolarconstraint asa continuousversionof thediscretecase.

Sincethis constraintis linearin
Ü

, by stackingtheentriesof
Ü

as
Ü

Q

)�*

Ü

-4-
/

Ü

1E-
/

Ü

 

-
/

Ü

-‡1
/

Ü

1O1
/

Ü

 

1
/

Ü

-

 

/

Ü

1

 

/

Ü

 O 
5

7

#

'

)

/

wemayrewrite (5.77)as
”

7

Ü

Q

)

œ

�zéi/

where

”

#

'

)

•b is the Kronecker product �

“
œ

� . However, sincethe skew-
symmetricmatrix œ

� is only of rank2, theequationimposesonly two constraints
ontheentriesof

Ü

. Givenasetof P imagepointandvelocitypairs
�

�

�

ã

/Fé

ã

�/��O

ã

�

-

of points on the plane, we may stack all equations

”

ã

7

Ü

Q

)

~

�

ã

é

ã

/–è )

�

/

�

/

�����

/

P , into a singleequation

•

Ü

Q

)ýü./ (5.78)

where •

�

)

ï

”

-

/

�����

/

”

O
ñ

7

#

'

 �O×•

)

and ü

�

)ÿþ

�

~

�

-

é

-

�

7

/

�����

/

�

~

�

ã

é

ã

�

7��

7
#

'

 æO .
In order to solve uniquely (up to a scalar factor) for

Ü

Q , we must have
rank�2•Ò�

)

!

. Sinceeachpair of imagepointsgivestwo constraints,we expect
thatat leastfour optical�o w pairswouldbenecessaryfor auniqueestimateof

Ü

(up to a scalarfactor).In analogywith the discretecase,we have the following
statement,theproofof whichwe leave to thereaderasa linear-algebraexercise.
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Proposition5.32(Four-point continuoushomography). WehaveüMÊLP

r

�ò•F�

)

!

if andonly if there existsa setof four points(out of the P ) such that anythreeof
themarenot collinear; i.e. they are in general con�gurationin theplane.

Then,if optical �o w at morethanfour points in generalcon�guration in the
planeis given,usinglinearleast-squarestechniques,equation(5.78)canbeused
to recover

Ü

Q uptoonedimension,since• hasaone-dimensionalnull space.That
is,wecanrecover

Ü

½

)

Ü

K

™ Ü��

, where
Ü

½

correspondsto theminimum-norm
linearleast-squaresestimateof

Ü

solving Þ•n�o

d •

Ü

Q

K

ü

d

1

, and
Ü��

corresponds
to a vectorin null �¶•a� and

™

#

'

is anunknown scalarfactor.
By inspectionof equation(5.77)onecanseethat

Ü �

)p� , sinceœ

�“�e�f)

œ

�z�f)

�

. Thenwe have
Ü

)

Ü

½

V

™

�

� (5.79)

Thus,in orderto recover
Ü

, we needonly to identify theunknown
™

. Sofar, we
have not consideredthe specialstructureof the matrix

Ü

. Next, we give con-
straintsimposedby the structureof

Ü

that will allow us to identify
™

, andthus
uniquelyrecover

Ü

.

Lemma 5.33. SupposeT&/

G>#

'

 , and d

T

d

1

)

d6Ghd

1

)

U . If T

é

)

G , thematrix
�

) T

G

7

V	G

T

7

#

'

 0•b has eigenvalues
�

K

-
/

�

/

K

 

� , where K

- �

�

, and
K

 

=

�

. If To)

…kG , thematrix � haseigenvalues
�

…

�

U

/

�

/

�

� .

Proof. Let W

)cT

7

G . If T

é

)

…kG , we have
K

U

= W›=

U . We can solve the
eigenvaluesandeigenvectorsof � by

�n�

T

V$G_�

)

�ÄWoV

U

�6�

T

VfGb�

/

�n�

T>g

G_�

)

�

/

�n�

T

K

G_�

)

�ÄW

K

U

�6�

T

K

Gb�E�

Clearly, K

-
)

�ÄW
V

U

�

�

�

and K

 

)

W

K

U

=

�

. It is easyto checktheconditions
on � when T )

…kG .

Lemma 5.34(Normalization of the continuous homography matrix). Given
the

Ü

½

part of a continuousplanarhomographymatrixof theform
Ü

)

Ü

½

V

™

� ,
wehave

™

)

K

�

�

´b1

Õ

Ü

½

V

Ü

7

½

Ö

/ (5.80)

where ´b1

Õ

Ü

½

V

Ü

7

½

Ö

#

'

is thesecond-largesteigenvalueof
Ü

½

V

Ü

7

½

.

Proof. In thisproof,wewill work with sortedeigenvalues;thatis, if
�

K

-
/

K

1
/

K

 

�

areeigenvaluesof somematrix, then K

-

–

K

1

–

K

 

. If thepointsarenot in gen-
eralcon�guration,thenrank�¶•Ò�)=

Æ

, andtheproblemis underconstrained.Now
supposethepointsarein generalcon�guration.Thenby least-squaresestimation
we may recover

Ü

½

)

Ü

K

™

� for someunknown
™

#

'

. By Lemma5.33,
Ü

V

Ü

7

)

-

s

G

�

7

V

-

s

�

G

7

has eigenvalues
�

K

-0/

K

1D/

K

 

� , where K

-

–

�

,
K

1 )

�

, and K

 

�¬�

. Socomputetheeigenvaluesof
Ü

½

V

Ü

7

½

anddenotethem
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by
�

´ - /&´ 1 /&´

 

� . Sincewe have
Ü

)

Ü

½

V

™

� , then K

â

)�´

â

V

�

™

, for ç

)

�

/

�

/

Ÿ .
Sincewe musthave K

1 )

�

, wehave
™

)

K

-

1

´ 1 .

Therefore,knowing
Ü

½

, we can fully recover the continuoushomography
matrixas

Ü

)

Ü

½

K

-

1

´b1i�

�

5.4.7 Decomposingthecontinuoushomographymatrix

We now addressthetaskof decomposingtherecovered
Ü

)

œ

ý

V

-

s

G

�

7

into its
motionandstructureparameters

�

ý

/

¥

s

/

�

� . Thefollowingconstructiveproofpro-
videsanalgebraictechniquefor therecoveryof motionandstructureparameters.

Theorem 5.35(Decompositionof continuous homography matrix). Givena
matrix

Ü

#

'

 C•Ý in theform
Ü

)

œ

ý

V

-

s

G

�

7

, onecanrecover themotionand
structure parameters

�

œ

ý

/

-

s

G

/

�

� up to at mosttwo physicallypossiblesolutions.
Thereis a uniquesolutionif G

)

�

, G

g

�

)

�

, or á

7

 

G

)

�

, where á

 

)+*

�

/

�

/

�

5

7

is theopticalaxis.

Proof. Computethe eigenvalue/eigenvectorpairsof
Ü

V

Ü

7

anddenotethem
by

�

K

â

/ÝT

â

� , ç

)

�

/

�

/

Ÿ . If K

â

)

�

for ç

)

�

/

�

/

Ÿ , then we have G

)

�

and
œ

ý

)

Ü

. In this casewe cannotrecover the normalof the plane
�

. Otherwise,
if K

-
�

�

/ and K

 

=

�

, thenwe have G

g

�

é

)

�

. Let U

)

dEGh�
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, andlet W

)

Ç
G

7

Ç

�

. Accordingto Lemma5.33,the
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Ü
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Then U
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Ç
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. Togetherwith (5.81),wehavetwo solutions(dueto thetwo possiblesigns
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In the presenceof noise,the estimateof œ

ý

)

Ü

K

Ç
G

Ç

�

7

is not necessarilyan
elementin ·

³

�•ŸÍ� . In algorithms,onemaytake its skew-symmetricpart,
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Thereis anothersign ambiguity, since �
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Ç
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K

Ç

�
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Ç
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. This sign am-
biguity leadsto a total of four possiblesolutionsfor decomposing

Ü

back to
�

œ

ý

/

-

s

G

/

�

� givenin Table5.2.
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ÇG

-

-

s

G

 

=
K

-

s

G

-

Solution1
�

- =
-

� �

Ç

�

- Solution3
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1 Solution4 G
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=
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1

œ
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= œ
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Table 5.2. Four solutionsfor continuousplanarhomographydecomposition.Here Ü is
computedasbeforeas Ü

¢

Ž

©

´

j

Ž

2

j

r

µ .

In orderto reducethenumberof physicallypossiblesolutions,we imposethe
positive depthconstraint:sincethe cameracanonly seepoints that are in front
of it, we musthave

�

7

á

 

�

�

. Therefore,if solution1 is the correctone,this
constraintwill eliminatesolution3 asbeingphysicallyimpossible.If G

7

á

 

é

)

�

,
oneof solutions2 or 4 will be eliminated,whereasif G

7

á

 

)

�

, both solutions
2 and4 will be eliminated.For the casethat G

g

�

)

�

, it is easyto seethat
solutions1 and2 areequivalent,andthat imposingthepositive depthconstraint
leadsto a uniquesolution.

Despitethefactthatasin thediscretecase,thereis acloserelationshipbetween
the continuousepipolarconstraintandcontinuoushomography, we will not de-
velopthedetailshere.Basicintuition andnecessarytechnicaltoolshave already
beenestablishedin thischapter, andat thispoint interestedreadersmay�nish that
partof thestorywith ease,or morebroadly, applythesetechniquesto solveother
specialproblemsthatonemayencounterin real-world applications.

WesummarizeSections5.4.6and5.4.7by presentingthecontinuousfour-point
Algorithm 5.4for motionestimationfrom a planarscene.

5.5 Summary

Givencorrespondingpointsin two images�

�“-0/��F1

� of apoint " , or, in continuous
time,optical�o w �

é‚/��

� , wesummarizetheconstraintsandrelationsbetweenthe
imagedataandtheunknown motionparametersin Table5.3.

Despitethesimilarity betweenthediscreteandthecontinuouscase,onemust
be aware that thereare indeedimportantsubtledifferencesbetweenthesetwo
cases,sincethedifferentiationwith respectto time Ã changesthealgebraicrelation
betweenimagedataandunknown motionparameters.

In the presenceof noise,the motion recovery problemin generalbecomesa
problemof minimizing a cost function associatedwith statisticaloptimality or
geometricerrorcriteriasubjectto theaboveconstraints.Oncethecameramotion
is recovered,anoverall 3-D reconstructionof boththecameramotionandscene
structurecanbeobtainedup to a globalscalingfactor.
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Algorithm 5.4(The continuousfour-point algorithm for a planar scene).

For a givensetof optical �o w vectors ´µÿ

¤

¥

2

¤

µ

¥�¦�¢+¤�¥

Â

¥

¡O¡B¡

¥

= ( =@§

ý ), of pointson a
planeß ¨

®

¢

Ç , this algorithm�nds °

âÿ

¥

Ž

—

Þ

¥ìß

µ thatsolves

ì

2

¤

¨

á

âÿ¾²

¤

Ç

Þ

ß

¨¥ã

2 ¤

¢

ì

2

¤

ÿ ¤

¥+¦‚¢ ¤ª¥

Â

¥

¡B¡B¡

¥

=

¡

1. Compute a �rst approximation of the continuoushomography matrix
Construct the matrix ¨

¢ £ ©

Ž

¥K©

©

¥

¡B¡O¡

¥K© Ò §”¨ « ­

r

Ò

¾Mª

¥FÑ ¢

£

ý

Ž

¨ ¥

ý

©

¨ ¥

¡O¡B¡

¥

ý

Ò ¨ § ¨ « ­

r

Ò from the optical �o w ´µÿ

¤

¥

2

¤

µ , where
©

¤

¢

2

¤

«

ì

2

¤

«�­

ª6¾

r and ý

¢

â2Yÿ

« ­

r . Find the vector �

g

à

«�­

ª

as
�

g

à

¢

¨��

Ñ ¥

where ¨

�

«û­

ª6¾

r

Ò is the pseudo-inverseof ¨ . Unstack �

g

à to obtain the À

®

À

matrix �
à .

2. Normalization of the continuoushomography matrix
Computetheeigenvaluevalues°	�

Ž

¥
�

©

¥
�

r

µ of thematrix �Î¨

à

²

�ˆà andnormalize
it as

� ¢��
à

2

¤

Â

�

©
¸

¡3. Decompositionof the continuoushomography matrix
Computetheeigenvaluedecompositionof

�

¨

²

� ¢¯­��è­

¨

andcomputethe four solutionsfor a decomposition°

âÿ

¥

Ž

—

Þ

¥Kß

µ asin theproof of
Theorem5.35. Selectthe two physically possibleonesby imposingthe positive
depthconstraintß ¨

 

r

�

¦

¡

5.6 Exercises

Exercise5.1 (Linear equation).Solve ÷

« ­
Ò from thelinearequation

Ð¶÷

¢

?

¥

where Ð

«$­ÓÙ

¾

Ò and ?

«$­ÓÙ . In termsof conditionson the matrix Ð andvector ? ,
describewhena solutionexists andwhenit is unique.In casethesolutionis not unique,
describetheentiresolutionset.

Exercise5.2 (Propertiesof skew-symmetricmatrices).

1. Prove Lemma5.4.

2. Prove Lemma5.24.

Exercise5.3 (Skew-symmetric matrix continued). Given a vector
�

«$­

r with unit
length,i.e. d

�

d

¢Â¤ , show that:

1. The identity holds: â

�

¨

â

�

¢

â

�

â

�

¨I¢

¸�2

�Ö�

¨ (notethat thesuperscript¨ stands
for matrix transpose).
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Epipolarconstraint (Planar)homography

Discretemotion �

7

1

œ

ïið
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� 1

�•ð�V
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s
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�

7

�

� - )
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Matrices Ï
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Ü
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ðÂV

-

s
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7

Relation 
_GÎ#

'

 

/

Ü

)

œ

ï

7

Ï¬V$ïiG

7

Continuousmotion �

7

œ

ý

œG

�

V

é

7
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�f)

�

œ

�
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ý

V

-

s
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�
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�û)

œ

é‹�

Matrices Ï

)  

-

1

�–œ

ý

œG
Vfœ Gbœ

ý

�

œG

¦

Ü

)

œ

ý

V

-

s

G

�

7

Linearalgorithms 8 points 4 points

Decomposition 1 solution 2 solutions

Table5.3.Herethenumberof pointsis requiredbycorrespondinglinearalgorithms,andwe
countonly thenumberof physicallypossiblesolutionsfrom correspondingdecomposition
algorithmsafter applyingthepositive depthconstraint.

2. Explain the effect of multiplying a vector Ü

«I­

r by the matrix €

¢

¸l2

�Ö�

¨ .
Show that €

Ò
¢

€ for any integer = .

3. Show that â

�

¨

â

�

â

�

¢

â

�

â

�

¨

â

�

¢

â

�

. Explaingeometricallywhy this is true.

4. How do the above statementsneedto be changedif the vector
�

is not of unit
length?

Exercise5.4 (A rank condition for the epipolar constraint). Show that 2

¨

©

â

�–'

2

Ž

¢ ¦

if andonly if

rank £

ì

2J©

'

2

Ž

¥

ì

2&©

�

§��‘¤

¡

Exercise5.5 (Parallel epipolar lines).Explainunderwhatconditionsthefamily of epipo-
lar lines in at leastoneof the imageplaneswill be parallel to eachother. Whereis the
correspondingepipole(in termsof its homogeneouscoordinates)?

Exercise5.6 (Essentialmatrix for planar motion). Supposewe know that the camera
alwaysmovesona plane,saythe °�± plane.Show that:

1. Theessentialmatrix ¿
¢

â

�–'

is of thespecialform

¿
¢

+
,

¦ ¦

>

¦ ¦

?

Ä Ç

¦

7
8

¥

>

¥

?

¥

Ä

¥

Ç

« ­

¡

(5.82)

2. Without using the SVD-baseddecompositionintroducedin this chapter, �nd a
solutionto ´

'

¥

�

µ in termsof >

¥

?

¥

Ä

¥

Ç .

Exercise5.7 (Recti�ed essentialmatrix). Supposethat usingthe linear algorithm,you
obtainanessentialmatrix ¿ of theform

¿
¢

+
,

¦ ¦ ¦

¦ ¦

>

¦

2è>

¦

7
8

¥

>

« ­

¡

(5.83)
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Whattypeof motion ´

'

¥

�

µ doesthecameraundergo?How many solutionsexist exactly?

Exercise5.8 (Triangulation). Given two images2

Ž

¥

2&© of a point È togetherwith the
relative cameramotion ´

'

¥

�

µ , ®û©

¢

'

®

Ž

²

�

:

1. expressthedepthof È with respectto the�rst image,i.e.
j

Ž

in termsof 2

Ž

¥

2J© , and
´

'

¥

�

µ ;

2. expressthedepthof È with respectto thesecondimage,i.e.
j

© in termsof 2

Ž

¥

2!© ,
and ´

'

¥

�

µ .

Exercise 5.9 (Rotational motion). Assumethat the cameraundergoespure rotational
motion; i.e. it rotatesaroundits center. Let

'

«�½�Á

´*Àªµ betherotationof thecameraand
ÿ

«��

þD´*ÀCµ betheangularvelocity. Show thatin thiscase,we have:

1. discretecase:2

¨

©

â

�9'

2

Ž��

¦D¥˜á

�

« ­

r ;

2. continuouscase:2

¨

âÿ•â ÞD2�²Ëÿ

¨

â ÞD2

�

¦3¥˜á

Þ

« ­

r .

Exercise 5.10 (Projection onto Á

´*ÀCµ ). Given an arbitrary À

®

À matrix î

« ­

r

¾

r

with positive singularvalues,�nd the orthogonalmatrix
'

«øÁ

´*ÀCµ suchthat the error
d

'

2 î

d

©� is minimized.Is thesolutionunique?Note:Herewe allow ãSäæå6´

'

µ

¢

²

¤ .

Exercise5.11 (Four motions related to an epipolar constraint). Suppose¿
¢

â

�9'

is
a solutionto the epipolarconstraint2

¨

©

¿

2

Ž

¢+¦ . Then 2

¿ is alsoan essentialmatrix,
whichobviously satis�esthesameepipolarconstraint(for givencorrespondingimages).

1. Explain geometricallyhow thesefour motionsarerelated.[Hint: Considera pure
translationcase.If

'

is a rotationabout
�

by anangleö , then â

�9'

¢

2

â

�

, which is
in factthetwistedpair ambiguity.]

2. Show that in general,for threeout of the four solutions,the equation
j

©92!©

¢

j

Ž

'

2

Ž

²

�

will yield eithernegative
j

Ž

or negative
j

© or both.Henceonly one
solutionsatis�esthepositive depthconstraint.

Exercise5.12 (Geometricdistanceto an epipolar line). Giventwo imagepoints 2

Ž

¥

.2&©

with respectto cameraframeswith their relative motion ´

'

¥

�

µ , show that thegeometric
distanceÇ

© de�ned in Figure5.7 is givenby theformula

Ç

©

©

¢

´%. 2

¨

©

â

�–'

2

Ž

µ

©

d

â  

r

â

�9'

2

Ž

d

©

¥

where  

r

¢Â£ ¦3¥�¦D¥B¤4§”¨
« ­

r .

Exercise5.13 (A six-point algorithm). In this exercise,we show how to usesomeof
the(algebraic)structureof theessentialmatrix to reducethenumberof matchedpairsof
pointsfrom 8 to 6.

1. Show thatif a matrix ¿ is anessentialmatrix, thenit satis�estheidentity

¿ë¿

¨

¿
¢

¤

Â

tracé ¿õ¿

¨

µ

¿

¡

2. Show that the dimensionof the spaceof matrices °

˜ëµ

�

­

r

¾

r that satisfy the
epipolarconstraints

´]2
¤

©

µ

¨

˜³2
¤

Ž

¢f¦3¥+¦k¢ ¤�¥

Â

¥

¡B¡O¡

¥

÷

¥
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is three.Hencethe essentialmatrix ¿ can be expressedas a linear combination
¿ ¢

Ü

Ž

˜

Ž

²ÖÜ!©R˜Q©í²¾Ü

r

˜

r

for somelinearly independentmatrices̃
Ž

¥

˜Q©

¥

˜

r

that
satisfytheabove equations.

3. To furtherdeterminethecoef�cients Ü

Ž

¥

Ü ©

¥

Ü

r

, show that theidentity in (a) gives
nine scalarequationslinearly in the nine unknowns °

Ü

�

Ž

Ü ¤

©

Ü��

r

µ ,
�

²

¦

²¯


¢

À ,
¦��

�

¥I¦C¥




�

À . (Why nine?)Hence,theessentialmatrix ¿ canbedeterminedfrom
six pairsof matchedpoints.

Exercise5.14 (Critical surfaces).To have a uniquesolution(up to a scalarfactor),it is
very importantfor thepointsconsideredin theabovesix-pointor eight-pointalgorithmsto
be in generalposition.If a (dense)setof pointswhoseimagesallow at leasttwo distinct
essentialmatrices,we saythat they are“critical,” Let ®

«n­

r be coordinatesof sucha
pointand ´

'

¥

�

µ bethemotionof a camera.Let 2

Ž

À ® and 2
©

Àc´

'

® ²

�

µ betwo
imagesof thepoint.

1. Show thatif

´

'

® ²

�

µ
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�

k
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kY®

¢f¦3¥
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Ž
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¡2. Show that for points ®

«X­

r thatsatisfytheequatioń
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�
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¨
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�

k

'

k
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their homogeneouscoordinates �®

¢`£
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¥B¤4§
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Thisquadraticsurfaceis denotedby ö

Ž

�

­

r andis calledacritical surface. Sono
matterhow many pointsonechoosesonsuchasurface,their two correspondingim-
agesalwayssatisfyepipolarconstraintsfor at leasttwo differentessentialmatrices.

3. Symmetrically, pointsde�ned by theequatioń
'

k

®›²

�

k

µ

¨

â

�–'

®

¢ ¦ will have
similar properties.Thisgivesanotherquadraticsurface,
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Argue that a set of points on the surface ö

Ž

observed from two vantagepoints
relatedby ´

'

¥

�

µ couldbeinterpretedasacorrespondingsetof pointsonthesurface
öÒ© observedfrom two vantagepointsrelatedby ´

'

k

¥

�

k

µ .

Exercise5.15 (Estimation of the homography). We saythat two imagesarerelatedby
a homography if the homogeneouscoordinatesof the two images2

Ž

¥

2!© of every point
satisfy

2
©

À

�

2

Ž

for somenonsingularmatrix �
«�­

r

¾

r . Show that in generaloneneedsfour pairsof
´]2

Ž

¥

2&©Oµ to determinethematrix � (up to a scalarfactor).
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Exercise5.16 Undera homography� «%­

r

¾

r from ­

© to ­

© , a standardunit square
with thehomogeneouscoordinatesfor thefour corners
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¦3¥�¦D¥B¤

µ
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¤ª¥‡¦3¥E¤

µ
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ý¸¥

À

¥B¤

µ

¥
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¥Fý

¡

‰

¥E¤

µ

¥

´

¤E¦3¥

þ

¥E¤

µ

¥

respectively. Determinethematrix � with its lastentry �

r‰r

normalizedto 1.

Exercise5.17 (Epipolar line homography fr om an essentialmatrix). Fromthegeomet-
ric interpretationof epipolarlines in Figure5.2,we know that thereis a one-to-onemap
betweenthefamily of epipolarlines °

•

Ž

µ in the�rst imageplane(throughtheepipole
^

Ž

)
andthe family of epipolarlines °

•

©#µ in the second.Supposethat the essentialmatrix ¿

is known. Show that this mapis in facta homography. That is, thereexistsa nonsingular
matrix �

« ­

r

¾

r suchthat
•

©»À

�

•

Ž

for any pair of correspondingepipolarlines ´

•

Ž

¥

•

©Eµ . Find anexplicit form for � in terms
of ¿ .

Exercise5.18 (Homography with respectto the secondcameraframe). In thechapter,
we have learnedthat for a transformation®f©

¢

'

®

Ž

²

�

on a plane ß ¨

®

Ž

¢�¤

(expressedin the �rst cameraframe),we have a homography� ¢

'

²

�

ß
¨ suchthat

2
©

À

�

2

Ž

relatesthetwo imagesof theplane.

1. Now switchrolesof the�rst andthesecondcameraframesandshow that thenew
homographymatrix becomes

.

�[¢

á

'

¨

²

2

'

¨

�

¤

²

ß

¨

'

¨

�

ß

¨

'

¨œã

¡

(5.84)

2. Whatis therelationshipbetween� and .

� ?Providea formalproof to youranswer.
Explainwhy this shouldbeexpected.

Exercise5.19 (Two physically possiblesolutionsfor the homography decomposition).
Let us study in the natureof the two physically possiblesolutionsfor the homography
decomposition.Without loss of generality, supposethat the true homographymatrix is

� ¢

¸–²�>P?

¨ with d

>

d

¢ ¤ .

1. Show that
'

k

¢

2�¸)² Âe>M>

¨ is a rotationmatrix.

2. Show that �

k

¢

'

k

²f´;2è>ÍµO´ ?„²}Âe>Íµ

¨ is equalto 2

� .

3. Since ´

�

k

µ

¨
�

k

¢��
¨

� , concludethatboth °

¸

¥

>

¥

?#µ and °

'

k

¥

2è>

¥

´ ?•²»ÂO>¸µFµ are
solutionsfrom thehomographydecompositionof � .

4. Arguethat,undercertainconditionsontherelationshipbetween> and ? , thesecond
solutionis alsophysicallypossible.

5. What is thegeometricrelationshipbetweenthesetwo solutions?Draw a �gure to
illustrateyouranswer.

Exercise 5.20 (Various expressionsfor the image motion �eld). In the continuous-
motion case,supposethat the cameramotion is ´~ÿ

¥

ÞDµ , and ÿ

¢

ù

2 is the velocity of
theimage 2 of a point ®

¢Â£

°

¥

±

¥

²

§”¨ in space.Show that:
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1. For a sphericalperspective projection;i.e.
j

¢

d

®

d , we have
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2. For a planarperspective projection;i.e.
j

¢

² , we have
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or in coordinates,
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3. Show thatin theplanarperspective case,equation(5.76)is equivalentto

ÿ
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(5.88)

From this equation,discussunderwhat conditionsthe motion �eld for a planar
sceneis anaf�ne functionof theimagecoordinates;i.e.

ÿ

¢

Ð‹2

¥ (5.89)

where Ð is a constantÀ

®

À af�ne matrix thatdoesnot dependon theimagepoint
2 .

Exercise 5.21 (Programming: implementation of (discrete) eight-point algorithm).
Implementa version of the three-stepposeestimationalgorithm for two views. Your
Matlabcodeshouldberesponsiblefor

ÿ Initialization: Generatea setof = ( §	þ ) 3-D points;generatea rigid-bodymotion
´

'

¥

�

µ betweentwo cameraframesandproject(thecoordinatesof) thepoints(rel-
ative to the cameraframe)onto the imageplanecorrectly. Hereyou may assume
that the focal lengthis ¤ . This stepwill give you correspondingimagesasinput to
thealgorithm.

ÿ Motion Recovery: using the correspondingimagesandthe algorithmto compute
themotion ´

.

'

¥

.

�

µ andcompareit to thegroundtruth ´

'

¥

�

µ .

After you get thecorrectanswerfrom theabove steps,herearea few suggestionsfor you
to try with thealgorithm(or improve it):

ÿ A morerealisticway to generatethese3-D pointsis to make surethat they areall
indeed“in front of” theimageplanebeforeandafterthecameramoves.

ÿ Systematicallyaddsomenoiseto theprojectedimagesandseehow thealgorithm
responds.Try differentcameramotionsanddifferentlayoutsof thepointsin 3-D.

ÿ Finally, to make thealgorithmfail, take all the3-D pointsfrom someplanein front
of thecamera.Runtheprogramandseewhatyou get (especiallywith somenoise
on theimages).

Exercise 5.22 (Programming: implementation of the continuous eight-point algo-
rithm). Implementa versionof the four-stepvelocity estimationalgorithm for optical
�o w.
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ÿ Initialization: Choosea setof = ( § þ ) 3-D pointsanda rigid-bodyvelocity ´~ÿ

¥

ÞDµ .
Correctlyobtaintheimage 2 andcomputetheimagevelocity ÿ

¢

ù

2 . You needto
�gure out how to computeÿ from ´~ÿ

¥

ÞDµ and ® . Hereyou may assumethat the
focal lengthis ¤ . This stepwill give you imagesandtheir velocitiesasinput to the
algorithm.

ÿ Motion Recovery: Usethealgorithmto computethemotion ´ .ÿ

¥

.ÞDµ andcompareit
to thegroundtruth ´~ÿ

¥

ÞDµ .

5.A Optimizationsubjectto theepipolarconstraint

In this appendix,we will studytheproblemof minimizing thereprojectionerror
(5.23)subjectto the fact that theunderlyingunknownsmustsatisfytheepipolar
constraint.Thisyieldsanoptimalestimate,in thesenseof least-squares,of camera
motionbetweenthetwo views.

Constraint eliminationbyLagrangemultipliers
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Using Lagrangemultipliers (AppendixC) K
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minimization problem to an unconstrainedminimization problem over ð #
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A necessarycondition for the existenceof a minimum is
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Substituting(5.92) and (5.93) into the least-squarescost function of equation
(5.91),weobtain
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If oneusesinstead(5.92)and(5.94),onegets
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Theseexpressionsfor
ª

can�nally beminimizedwith respectto �•ð
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ïk� aswell
as � )

�

�

ã

â

� . In doingso,however, onehasto make surethattheunknownsare
constrainedsothat ð #%Ñ�� ��Ÿ¸� and ï+#
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areexplicitly enforced.In Appendix
C we discussmethodsfor minimizing a function with unknowns in spaceslike
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is notknown, onecansetupanalternatingminimizationschemewhere an initial
approximationof � is usedto estimateanapproximationof �•ð
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ïõ� , which is used,
in turn, to updatethe estimatesof � . It can be shown that eachsuchiteration
decreasesthe cost function, and thereforeconvergenceto a local extremumis
guaranteed,sincethecostfunctionis boundedbelow by zero.Theoverallprocess
is describedin Algorithm 5.5. As we mentionedbefore,this is equivalentto the
so-calledbundleadjustmentfor thetwo-view case,thatis thedirectminimization
of thereprojectionerrorwith respectto all unknowns.Equivalenceis intendedin
thesensethat,at theoptimum,thetwo solutionscoincide.

Structure triangulation

In step3 of Algorithm 5.5, for eachpair of images�\Ç
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for eachpair of imagepoints.Assumingthat
thenotationis thesameasin Figure5.9,let †
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 bethenormalvector(of unit
length)to theepipolarplanespannedby �
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� .23 Givensuchan †

1 , �¶- and �F1

22Sincewe have multiple equationsto solve for oneunknown
6

¤

, the redundancy gives rise to
differentexpressionsdependingonwhichequationin (5.92)is used.

23
y

© canalsobeinterpretedasthecoimageof theepipolarline in thesecondimage,but herewedo
notusethatinterpretation.
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Algorithm 5.5(Optimal triangulation).

1. Initialization
Initialize 2
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and 2!© as .2
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and .2&© , respectively. Also initialize ´
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µ with thepose
initialized by thesolutionfrom theeight-pointlinearalgorithm.
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Thentheproblemof �nding theoptimal �
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- and �
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1 becomesa problemof �nd-
ing the normalvector †
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1 that minimizesthe function of a sumof two singular
Rayleighquotients:
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This is an optimization problem on the unit circle
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spannedby �UÇ

� 1 /

x

1

� and �•ð�Ç

� - /

x

1

� , respectively.25 Theproblemnow becomesa
simpleboundedminimizationproblemfor a scalarfunction(in C ) andcanbeef-
�ciently solvedusingstandardoptimizationroutines(suchas“ fmin ” in Matlab
or Newton'salgorithm,describedin AppendixC).

Historicalnotes

Theoriginsof epipolargeometrycanbedatedbackasearlyasthemid nineteenth
centuryandappearedin the work of Hesseon studyingthe two-view geometry
usingseven points (see[MaybankandFaugeras,1992] and referencestherein).
Kruppaproved in 1913that � ve points in generalpositionareall oneneedsto
solve the two-view problemup to a �nite numberof solutions[Kruppa,1913].
Kruppa's proof waslater improved in the work of [Demazure,1988] wherethe
actual numberof solutionswas proven, with a simpler proof given later by
[HeydenandSparr, 1999]. A constructive proof canbe found in [Philip, 1996],
andin particular, a linear algorithmis provided if therearesix matchedpoints,
from which Exercise5.13 was constructed.A more ef�cient � ve-point algo-
rithm that enablesreal-timeimplementationhasbeenrecentlyimplementedby
[Nistér, 2003].

Theeight-pointandfour-pointalgorithms

To our knowledge,the epipolarconstraint�rst appearedin [Thompson,1959].
The (discrete)eight-point linear algorithm introducedin this chapteris due to
the work of [Longuet-Higgins,1981] and [HuangandFaugeras,1989], which
sparked a wide interest in the structure from motion problem in computer
vision and led to the developmentof numerouslinear and nonlinear algo-
rithms for motion estimationfrom two views. Early work on thesesubjects
canbe found in the booksor manuscriptsof [Faugeras,1993, Kanatani,1993b,
Maybank,1993, Wengetal., 1993b]. An improvementof the eight-pointalgo-
rithm basedonnormalizingimagecoordinateswaslatergivenby [Hartley, 1997].
[Soattoet al., 1996] studiedfurther the dynamicalaspectof epipolargeometry
anddesigneda Kalman�lter on themanifoldof essentialmatricesfor dynamical
motionestimation.We will studyKalman-�lter-basedapproachesin Chapter12.

The homography(discreteor continuous)betweentwo imagesof a planar
scenehasbeenextensively studiedand usedin the computervision literature.
Early results on this subject can be found in [SubbaraoandWaxman,1985,
WaxmanandUllman,1985, Kanatani,1985, Longuet-Higgins,1986]. The four-
pointalgorithmbasedondecomposingthehomographymatrixwas�rst givenby
[FaugerasandLustman,1988]. A thoroughdiscussionon the homographyand
therelationshipsbetweenthe two physicallypossiblesolutionsin Theorem5.19
canbefoundin [Wenget al., 1993b] andreferencestherein.Thischapteris avery

25If �4

Ž

ƒ � 4
©

alreadysatisfytheepipolarconstraint,thesetwo planescoincide.
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concisesummaryandsupplementto theseearly resultsin computervision. In
Chapter9 wewill seehow theepipolarconstraintandhomographycanbeuni�ed
into asingletypeof constraint.

Critical surfaces

Regardingthe criticality or ambiguityof the two-view geometrymentionedbe-
fore (suchasthecritical surfaces),the interestedreadermay�nd moredetailsin
[Adiv, 1985, Longuet-Higgins,1988, Maybank,1993, SoattoandBrockett,1998]
or the book of [FaugerasandLuong,2001]. More discussionson the criticality
and degeneracy in cameracalibrationand multiple-view reconstructioncan be
foundin laterchapters.

Objectivefunctionsfor estimatingepipolargeometry

Many objective functions have been used in the computer vision literature
for estimating the two-view epipolar geometry, such as “epipolar improve-
ment”[Wengetal., 1993a], “normalizedepipolarconstraint”[Wenget al., 1993a,
LuongandFaugeras,1996, Zhang,1998c], “minimizing the reprojectionerror”
[Wengetal., 1993a], and“triangulation” [Hartley andSturm,1997]. Themethod
presentedin this chapterfollows thatof [Ma et al., 2001b].

As discussedin Section5.A, thereis no closed-formsolution to an optimal
motion andstructurerecovery problemif the reprojectionerror is chosento be
the objective since the problem involves solving algebraicequationsof order
six [Hartley andSturm,1997, Ma et al., 2001b]. The solution is typically found
throughiterativenumericalschemessuchastheonesdescribedin AppendixC. It
has,however, beenshown by [Oliensis,2001] that if one choosesto minimize
the angle (not distance)betweenthe measuredÇ

� and recovered � , a closed-
form solution is available.Hence,solvability of a reconstructionproblemdoes
dependon the choiceof objective function. In the multiple-view setting,min-
imizing reprojectionerror correspondsto a nonlinearoptimization procedure
[SpetsakisandAloimonos,1988], oftenreferredto as“bundleadjustment,” which
wewill discussin Chapter11.

Thecontinuousmotioncase

The searchfor the continuouscounterpartof the eight-point algorithm has
producedmany different versionsin the computervision literature due to its
subtledifferencefrom the discretecase.To our knowledge,the �rst algorithm
was proposedin 1984 by [ZhuangandHaralick,1984] with a simpli�ed ver-
sion given in [Zhuanget al., 1988]; and a �rst-order algorithm was given by
[Waxmanet al., 1987]. Otheralgorithmssolved for rotationandtranslationsep-
aratelyusing either numericaloptimization techniques[BrussandHorn,1983]
or linearsubspacemethods[HeegerandJepson,1992, JepsonandHeeger, 1993].
[Kanatani,1993a] proposeda linearalgorithmreformulatingZhuang's approach
in terms of essentialparametersand twisted �o w. See [Tianet al., 1996] for
someexperimentalcomparisonsof thesemethods,while analyticalresultson the
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sensitivity of two-view geometrycan be found in [Daniilidis andNagel,1990,
Spetsakis,1994, Daniilidis andSpetsakis,1997] andestimationbiasstudyin the
work of [HeegerandJepson,1992, Kanatani,1993b]. [Fermüller etal., 1997] has
furthershown that thedistortioninducedon thestructurefrom errorsin themo-
tion estimatesis governedby theso-calledCremonatransformation.Theparallel
developmentof thecontinuouseight-pointalgorithmpresentedin thischapterfol-
lows thatof [Ma et al., 2000a], wherethe interestedreadermayalso�nd a more
detailedaccountof relatedbibliographyandhistory. Besidesthe linearmethods,
a studyof the (nonlinear)optimal solutionsto the continuousmotion casewas
givenin [Chiusoetal., 2000].
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Reconstructionfrom Two Uncalibrated
Views

Therealvoyageof discoveryconsistsnot in seekingnew landscapes,
but in havingnew eyes.

– MarcelProust

In Chapter3 we have seenthat the projectionof a point in spacewith coordi-
nates

(

ontotheimageplanehas(homogeneous)coordinates�

P thatsatisfythe
equation(3.19)
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describes“intrinsic” propertiesof the camera,suchas the position of the op-
tical center �
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V3� , the size of the pixel ��·
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·UVC� , its skew factor ·\Z , and the
focal length

Ð

. Thematrix
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is calledthe intrinsic parametermatrix, or simply
calibration matrix, and it mapsmetric coordinates(units of meters)into im-
agecoordinates(units of pixels). In what follows, we denotepixel coordinates
with a primesuperscript�

P , whereasmetriccoordinatesareindicatedsimply by
�

�

)

L




-

�

P~� , following theconventionusedin Chapter3.Therigid-bodymotion
Æ

)

��ð

/

ïk� representsthe“extrinsic” propertiesof thecamera,namely, its posi-
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tion andorientationrelative to achosenworld referenceframe.TheparametersÆ

arethereforecalledextrinsiccalibrationparameters.
In Chapter5 we have seenthat in thecalibratedcase,the intrinsic calibration

matrix is theidentity,
L

) � , andtwo views of a suf�cient numberof pointsare
enoughto recover thecameraposeandthepositionof thepointsin spaceup to a
globalscalefactor. If theintrinsiccalibrationmatrix is nottheidentity, i.e.

L

é

)	� ,
but it is neverthelessknown, theproblemcanbe easilyrephrasedso that results
for thecalibratedcasecanstill beapplied.In fact,just multiply equation(6.1)on
bothsidesby

L




-

(from equation(6.2) noticethat
L

is alwaysinvertible),and
let �

�

)

L




-

�

P . Thenwegetbackto thecalibratedcaseK

�$)�N

<

Æ

(

. Hencethe
knowledgeof matrix

L

is crucialfor recoveryof thetrue3-D Euclideanstructure
of thescene.

Unfortunately, the intrinsic calibrationmatrix
L

is usually not known. This
chapterexploresdifferentoptionsavailablefor estimatingthecalibrationmatrix

L

, or recoveringspatialpropertiesof thescenedespitethelack of knowledgeof
L

.

Taxonomyof calibrationor uncalibratedreconstructionprocedures

The procedureof inferring the calibrationmatrix
L

is called(intrinsic) camera
calibration. If theuserhasaccessto thecameraandhasaknown objectavailable,
this procedureis conceptuallysimple,andseveral calibrationsoftwaredistribu-
tions are available. Most of them require the known object to have a regular
appearanceanda simple geometry, e.g.,a planarcheckerboardpattern.In this
case,theknown objectis oftencalleda calibration rig. However, thecalibration
procedurecanbe appliedto mostobjectsthat have a numberof distinct points
with known positionrelative to somereferenceframe.We addresstwo suchstan-
dardproceduresin Section6.5.2for a 3-D patternservingasacalibrationrig and
Section6.5.3for a planarpattern,respectively.

In many practicalsituationsone doesnot have accessto the camera,and a
collectionof imagesis all that is available.In this case,calibrationwith a rig is
obviouslynotpossible.However, onemaystill havepartialinformationavailable,
eitheron thesceneor on thecamera.For instance,many man-madeobjectscon-
tain planarsurfaces,parallellines,right angles,andsymmetricstructures,which
providestrongconstraintson

L

. In Section6.5.1we will show how onecanper-
form calibrationin thepresenceof partial sceneknowledge. Naturally, onehasto
be awarethat enforcingsuchknowledgecanleadto grosserrorsif the assump-
tions arenot satis�ed. For instance,if onewereto assumethat theedgesof the
building in Figure6.1wereparallel,theresultingerrorsin calibrationwouldaffect
thereconstruction.

In additionto prior assumptionson thescene,onemayhavepartialknowledge
availableaboutthecamera.For instance,onemayknow thateachimagehasbeen
takenwith thesamecamera,andthereforethecalibrationmatrix

L

for eachview
is thesame.Anothercommonscenariois onewherethe camerais availablefor
precalibration,but someof thecameraparametersmaychangeduringtheshoot-
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Figure6.1.FrankO.Gehry's “GingerandFred”building in Prague.Photocourtesyof Don
Barker.

ing of a particularsequence.For instance,thefocal lengthcanchangeasa result
of zoomingor focusing,while the otherparameters,suchasthe skew factoror
thesizeof thepixel, remainconstantandknown. In sucha case,onecanobtain
constraintson

L

andthe imagesthat undersuitableassumptionsallow the re-
covery of the calibrationmatrix. In the presenceof partial camera knowledge,
givenanumberof views,onecanrecoverthecalibrationmatrixandthereforethe
Euclidean3-D scenestructureandcameramotion.Sincethesetechniquestypi-
cally involve morethantwo views, they will be studiedin Chapter8. However,
in Section6.4.5we will preview the basicideasasthey pertainto uncalibrated
reconstruction.

The least-constrainedscenariooccurswhenonehasimagesof a scenetaken
with differentunknown cameras,andno knowledgeof thesceneis available.In
this case,onecannotrecover the cameracalibrationand the physicallycorrect
metric3-D modelof thescene.However, onecanstill recover someinformation
of thescene,namely, a distortedversionof theoriginal Euclidean3-D structure,
alsocalledprojectivereconstruction. We will discussthis in detail in Section6.3.

Organizationof this chapter

The taxonomyof calibrationproceduresdescribedabove goesfrom full knowl-
edgeof thescene(calibrationwith a rig) to a completelack of knowledgeabout
the sceneandarbitrarycameras(projective reconstruction).In this chapter, we
will follow thereverseorderanddescribe�rst thegeometryof two uncalibrated
views in the absenceof any prior knowledge.In Sections6.3 and 6.4 we will
discusshow to resolve the projective ambiguityandupgradethe distorted3-D
structureto Euclidean.In Section6.4.5,we preview how to recover calibration
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given projectionmatricesup to a projective transformationusing the absolute
quadricconstraints, which readilyconnectstwo-view geometryto multiple-view
geometry(to be studiedin Chapter8). In Section6.5, we describesomesim-
ple proceduresto calibratea camerawith a known object.Finally, in Section6.6
we study a direct approachto cameraautocalibrationbasedon the pairwise
relationshipsbetweenviewscapturedby Kruppa'sequations.

Beforewe begin this program,at thebeginningof the chapterwe point out a
usefulanalogybyshowing thatanuncalibratedcameramoving in Euclideanspace
is equivalentto a calibratedcameramoving in a “distorted” space,governedby a
differentway of measuringdistancesandangles(Section6.1),andwe show how
theframework of epipolargeometrystudiedin thelastchapteris modi�ed in the
presenceof uncalibratedcameras(Section6.2).

6.1 Uncalibratedcameraor distortedspace?

In the standardEuclideanspace,the canonicalinner productbetweentwo vec-
tors is givenby

]

Ta/

Gb^

�

)+T

7

G .1 We will show thatworking with anuncalibrated
camerain a Euclideanspaceis equivalent to working with a calibratedcamera
in a “distorted” space,where the inner productbetweentwo vectorsis given
by

]

T&/

G_^#"

) T

7

ÑÒG for somesymmetricand positive de�nite matrix Ñ . As a
consequence,all reconstructionalgorithmsdescribedin thepreviouschapterfor
the calibratedcase,if rewritten in termsof this new inner product,yield a re-
constructionof cameraposeand scenestructurein the distortedspace.Only
in the particular casewhere Ñ

)§� is the reconstructionphysically correct,
correspondingto thetrueEuclideanstructure.

To understandthegeometryassociatedwith anuncalibratedcamera,consider
a linearmap $ , representedby a matrix

L

that transformsspatialcoordinates
(

asfollows
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L
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P
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L>(
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For instance,in our case,
L

canbethecalibrationmatrix thatmapsmetriccoor-
dinatesinto pixels.The map $ inducesa transformationof the innerproductas
follows
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� (6.3)

Therefore,if onewantsto write the innerproductbetweentwo vectors,but only
their pixel coordinatesTa/

G areavailable,onehasto weightheinnerproductby a
matrixasindicatedin equation(6.3):
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T&/

G_^#"

)�T

7

ÑFG
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�

 

Ñ
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7

L




-

� (6.4)

1De�nitions andpropertiesof innerproductscanbefoundin AppendixA.
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This is the inner productbetweentwo vectors,but expressedin termsof their
pixel coordinates.Thematrix Ñ is calledthemetricof thespace.Thedistortionof
thespaceinducedby Ñ altersboththelengthof thevectorsaswell astheangles
betweenthemaccordingto the modi�ed de�nition of the inner product.Hence,
underthis metric, the length of a vector T is measuredas d

T

d+"

)

e
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^#" .
Figure6.2 illustratestheeffect of Ñ on thespace.A unit spherein thedistorted
spacelooks like an ellipsoid. Oncetransformedback to the Euclideanspaceit
lookslike thefamiliarsphere.In orderto completethepicture,however, weneed
to understandhow acameramovesin thedistortedspace.

Rigid-bodymotions,aswe know from Chapter2, mustpreservedistancesand
angles.But anglesarenow expressedin termsof thenew metric Ñ . Sowhatdoes
arigid motionlook like in thedistortedspace?TheEuclideancoordinates

(

of a
moving point " at time Ã aregivenby thefamiliarEuclideantransformation
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V$ïi� (6.5)

Thecoordinatetransformationin theuncalibratedcameracoordinates
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P is then
givenby
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where
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and ïkP
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ï . Therefore,thetransformationmapping
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P canbewritten in homogeneouscoordinatesas
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Thesetransformationsform a matrix group (Appendix A), which is called the
conjugateof theEuclideangroup

ô

)

ÑÒÏ.�•Ÿ¸� . Therelationbetweena Euclidean
motion Æ and its conjugateÆ

P is illustratedin Figure 6.3. Applying this to the
imageformationmodel(6.1),we get
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Note that the above relationshipis similar to the calibratedcase,but it relates
uncalibratedquantitiesfrom thedistortedspace
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P via theconjugatemotion
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Æ

P . Henceonecanseethatan uncalibratedcameramoving in a calibratedspace
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P

)

L

N

<

Æ

(

< ) is equivalent to a calibratedcameramoving in a distorted
space( K
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). This is illustratedin Figure6.4. We summarizethese
observationsin thefollowing remark.

Remark 6.1(Uncalibrated cameraanddistorted space).Anuncalibratedcam-
era with calibration matrix

L

viewing pointsin a calibrated(Euclidean)world
moving with ��ð
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ïk� is equivalentto a calibrated camera viewing points in a
distortedspacegovernedby an inner product
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Theaboveapparentlyinnocuousremarkwill bethekey to understandingthege-
ometryof uncalibratedviews, andto deriving methodsfor cameracalibrationin
later sections.Sincethe standardinner product

]

T&/

G_^

) T

7

G is a fundamental
invariantunderEuclideantransformations,it will beinvarianttoo in thedistorted
space,but now written in termsof thenew innerproductof eithercolumnvectors
or row vectors.As we will soonseein this chapter, all constraintsthatwill allow
us to derive informationaboutthe cameracalibration(i.e. the matrix

L

, Ñ , or,
Ñ 


-

) will beessentiallyin theform of thenew innerproduct.

6.2 Uncalibratedepipolargeometry

In this sectionwe studyepipolargeometryfor uncalibratedcamerasor, equiv-
alently, two-view geometryin distortedspaces.In particular, we will derive the
epipolarconstraintin termsof uncalibratedimagecoordinates,andwe will see
how the structureof the essentialmatrix is modi�ed by the calibrationmatrix.
For simplicity, wewill assumethatthesamecamerahascapturedbothimages,so
that

L

-
)

L

1
)

L

. Extensionto differentcamerasis straightforward,although
it involvesmoreelaboratenotation.

6.2.1 Thefundamentalmatrix

Theepipolarconstraint(5.2) derivedin Section5.1.1for calibratedcamerascan
beextendedto uncalibratedcamerasin a straightforwardmanner. Theconstraint
expressesthe fact that the volumeidenti�ed by the threevectors�l-0/��Ò1 , and ï

is zero,or in otherwords,thethreevectorsarecoplanar. Sucha volumeis given
by the triple productof the threevectors,written relative to the samereference
frame.Thetriple productof threevectoris theinnerproductof onewith thecross
productof theothertwo (seeChapter2). In the“distortedspace,” whichwe have
describedin the previoussection,the threevectorsaregiven by �
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asthe readercaneasilyverify. Equation(6.8) is the uncalibratedversionof the
epipolarconstraintstudiedin Chapter5.

An alternativewayof deriving theepipolarconstraintfor uncalibratedcameras
is by directsubstitutionof �\)
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P into theepipolarconstraint
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Thematrix i de�ned in theequationabove is calledthefundamentalmatrix:
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When
L

) � , thefundamentalmatrix i is identicalto theessentialmatrix Ï

)

œ

ïið thatwestudiedin Chapter5.
Yet anotherderivationcanbeobtainedby following thesamealgebraicproce-

dureweproposedfor thecalibratedcase,i.e.by directeliminationof theunknown
depthscalesK

-3/

K

1 from therigid-bodymotionequation
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where �
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ï . In order to eliminatethe unknown depth,we
multiply bothsidesof (6.11)by ïõP
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1 . Thisyieldsthesameconstraint
asequation(6.8).

At this point the questionarisesas to the relationshipbetweenthe different
versionsof theepipolarconstraintsin equations(6.8)and(6.9).To reconcilethese
two expressions,we recall that for ï #
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a factor. In any case,we have
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. Note that if desired,onecan
always divide
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by its last entry
r

 O 

to convert it back to the form (6.2) that
carriesthe physicalinterpretationof

L

in termsof optical center, focal length,
andskew factorof thepixels.We will seein later sectionsthat thesecondform
of i in equation(6.12)is moreconvenientto usefor cameracalibration.Before
gettingfurtherinto thetheoryof calibration,we take a closerlook at someof the
propertiesof thefundamentalmatrix.

6.2.2 Propertiesof thefundamentalmatrix

The fundamentalmatrix maps,or “transfers,” a point �
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In fact,thevector †

1 (in thecoordinateframeof thesecondcamera)de�nes im-
plicitly aline in theimageplaneasthecollectionof imagepoints
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theequation
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Strictly speaking,thevector†

1 shouldbecalledthe“coimage”of theline (Section
3.3.4).By abuseof notation,wewill referto thisvectorasrepresentingtheline it-
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 as i transferring
a point in thesecondimageto a line in the �rst. Theselinesarecalledepipolar
lines, illustratedin Figure6.5.Geometrically, eachimagepoint, togetherwith the
two cameracenters,identi�es the epipolar plane; this planeintersectsthe other
imageplanein theepipolarline. So,eachpoint in oneimageplanedeterminesan
epipolarline in theotherimageplaneon which its correspondingpoint mustlie,
andviceversa.

Lemma 6.2 (Epipolar matching lemma). Two imagepoints �
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Despiteits simplicity, this lemmais ratheruseful in establishingcorrespon-
denceacrossimages.In fact, knowing the fundamentalmatrix i allows us to
restrictthesearchfor correspondingpointson theepipolarline only, ratherthan
on the entire image,asshown in Figure6.7 for someof the pointsdetectedin
Figure6.6.This factwill befurtherexploitedin Chapter11for featurematching.

Theepipole,denotedby x , is thepoint wherethebaseline(theline joining the
two cameracenters
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1 ) intersectsthe imageplanein eachview, asshown in
Figure6.5. It canbecomputedasthenull spaceof thefundamentalmatrix i (or
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thereaderto verify thatall epipolarlinesde�ned asabovemustpassthroughthe
epipolein eachimage.For instance,we musthave x
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Figure6.6.Pair of views anddetectedcornerpoints.
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Figure6.7. Epipolargeometrybetweentwo views of the scene.Note the corresponding
pointsin two views lie on theassociatedepipolarlines.Theepipolesfor this pair of views
lie outsideof theimageplane.

Sincethe fundamentalmatrix i is the productof a skew-symmetricmatrix
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ï‚P of rank 2 and a matrix
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 0•b of rank 3, it must have rank 2.
Hencei canbecharacterizedin termsof thesingularvaluedecomposition(SVD)
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for somea
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€ . In contrastto thecaseof anessentialmatrix,wherethetwo
nonzerosingularvalueswereequal,herewe have a

-

–

a

1 . Indeed,any matrix
of rank2 canbea fundamentalmatrix, in thesensethatonecanalways�nd two
projectionmatriceswhoseepipolargeometryis governedby thegivenmatrix.

The fundamentalmatrix canbe estimatedfrom a collectionof eight or more
correspondingpoints in two images.The algorithm, which we outline in Ap-
pendix6.A, is essentiallyidenticalto theeight-pointalgorithmwe describedfor
thecalibratedcase.However, while in thecalibratedcasetheessentialmatrixpro-
videdall theinformationnecessaryto recovercameraposeandhenceenabledthe
recoveryof the3-D Euclideanstructure,in theuncalibratedcasewe cannotsim-
ply “unravel” ð and ï from thefundamentalmatrix.A simpleway to seethis is
by usingacountingargument:i hasatmosteightfreeparameters(nineelements
de�ned up to a scalefactor),but it is composedof productsof thematrix

L

(� ve
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degreesof freedom),thematrix ð (threedegreesof freedom)and ï (two degrees
of freedom:threeelementsde�nedupto ascalarfactor).Therefore,from theeight
degreesof freedomin i we cannotpossiblyrecover the tendegreesof freedom
in

L

, ð , and ï .
Thus,we cannotjust “extract” the relative camerapose2 �
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Notethattherearein factin�nitely many matricesN thatcorrespondto thesame
i . This canbeobserveddirectly from theepipolarconstraintby noticingthat
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for anarbitraryvector GÎ#
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Henceif onewereableto untangletheuncalibratedcameraposefrom a fun-
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for somevalueof 3
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. Note that this four-parameter
family of ambiguousdecompositionswasnotpresentin thecalibratedcase,since
the matrix ð

P therehad to be a rotation.This ambiguitywill play an essential
role in the strati�ed reconstructionapproachto be introducedin Section6.4. In
particular, in Section6.4.2wewill show how to extracta“canonical”choiceof N

from a fundamentalmatrix i .

6.3 Ambiguitiesandconstraintsin imageformation

Thegeometricmodelof imageformation(6.1) is composedof threematrixprod-
ucts,involving theunknown extrinsicparametersÆ , theprojectionmatrix N

< , and
theunknownintrinsicparametermatrix

L

. Eachmultiplicationof unknownscon-
cealsapotentialambiguity, sincetheproductcanbeinterleavedby multiplication
by aninvertiblematrixandits inverse.For instance,if �

)ýü

ë is anequalitybe-
tweenmatricesof suitabledimensions,then �
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for any invertiblematrix
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, andtherefore,onecannotdistinguishthepair �
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from �
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Ç

ë

� from measurementsof � . However, if the factorsareconstrained
to have a particularstructure,then one may be able to recover the “true” un-
knowns ü and ë . For instance,if we requirethat ü beuppertriangularand ë be

2Here we againassumewithout loss of generalitythat the �rst cameraframe is chosenas the
reference,i.e. 2
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a rotationmatrix, then ü and ë canberecovereduniquelyfrom � (via theQR
decomposition;seeAppendixA).

In the speci�c caseof image formation, the product involves four matrices
�
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If wewrite eachpotentialambiguityexplicitly, wehave
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for some ð < #

ô

vk�•Ÿ¸� ,
Ü

#

ô

vk�

Ô

� , and Æ

� # ÑÒÏÎ��Ÿ¸� . Here
Ü

is a general
linear transformationof thehomogeneouscoordinates

(

; sucha matrix, which
is introducedin AppendixA, is calledaprojectivematrix, or homography.4

In this sectionwe will show that ambiguitiesin ð�< and Æ

� carry no conse-
quence,in thesensethatthey canbe�x edby theuserwith anarbitrarychoiceof
Euclideancoordinateframes.On theotherhand,theambiguityin theprojection
matrix N , causedby thematrix

Ü

, leadsto a “distortion” of thespacewhere
(

lives,andhenceof the reconstruction.The processof “rectifying” the spaceis
equivalentto identifying the metric of the space(Section6.1), which in turn is
equivalentto calibratingthecamera.

6.3.1 Structureof theintrinsic parametermatrix

In Chapter3 wehavederivedthecalibrationmatrix
L

from averysimplegeomet-
ric modelof imageformation,andwe have concludedthat

L

is uppertriangular
andgiven by equation(6.2). However, in principle,

L

could be an arbitraryin-
vertiblematrix (that transformstheEuclideanspaceto the“distorted” space).In
thissectionweshow thatthereis nolossof generalityin assumingthat

L

is upper
triangular, andthereforewe give a geometricjusti�cation for this choice,which
alsohighlightsthestructureof theambiguity.

So,let usassumethat
L

is ageneralinvertible Ÿ

g

Ÿ matrix.Sinceit is subjectto
anarbitraryscalarfactor, wecannormalizeit by imposingthatits determinantbe

V

�

. Invertiblematriceswith determinantV

�

constitutethespeciallineargroup,
Ñ�v‚��Ÿ¸� . Therefore,wewill assumethat
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#IÑ�vk�•Ÿ¸� . If weconsiderequation(6.1),
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it is clearthat for Ç
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ð
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ð to bea rotationmatrix, we musthave ð
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#fÑ�� ��Ÿ¸�

and ð
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. Therefore,weconcludethatfrom measurementsof �

P wecannot
distinguish
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(see

4Notice that î hereis a 8
�

8 nonsingularmatrix. It is in fact an elementin the generallinear
group 9;:!t<8�v , alsocalleda 3-D homography;hencetheletter“ î ” is usedto representit. In Chapter
5, for the caseof planarscenes,we have encountereda 2-D homographymatrix î that is a X

�
X

matrix. This shouldgenerateno confusion,sincethe dimensionof î will alwaysbe clearfrom the
context.
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• is bestviewed by �xing the cameraandassumingthat the
world is moving (relative to thecamera).For thechoiceof .

l ¢Îl
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• , theworld, includ-
ing themoving object,is simply rotatedby
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• aroundthecameracenterþ , a conjugation
of a rigid-bodymotion

Û

•
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•
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µ in termsof the3-D coordinates.It is thusessentially
impossibleto distinguishthe two setsof imagesobtainedby a camerawith calibration
matrix l andonewith .
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• .

Figure6.8).We now show that invertiblematriceswith determinantV

�

, de�ned
up to anarbitraryrotation,areanequivalenceclass,andthatwe canchooseasa
representativeelementfor eachequivalenceclassanuppertriangularmatrix.

In fact,let usconsideranarbitrarymatrix
L

#nÑ�v‚��Ÿ¸� . Thematrix
L

hasaQR
decomposition

L

) ž

ð , where ž is uppertriangularand ð is a rotationmatrix
(seeAppendixA). Therefore,thesetof nonsingularmatrices

L

de�ned up to an
arbitraryrotation ð is equivalentto thesetof upper-triangularmatriceswith unit
determinant.

To summarizethis discussion,without knowing thecameramotionandscene
structure,the cameracalibrationmatrix

L

#}Ñ�vk�•ŸÍ� canbe recoveredonly up
to an equivalenceclass5

†
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. Thatis, Ç
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and
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inducethesameinnerproducton the
uncalibratedspace,which shouldbecomfortingin light of theclaim we madein
Section6.1 that recovering the calibrationmatrix

L

is equivalentto recovering
the metric Ñ
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, andthereforewe would not want a differentchoice
for

L

to alterthemetric.
To completethe picture,we note that the equation Ñ
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gives a
�nite-to-one correspondencebetweenupper-triangularmatricesandthesetof all

Ÿ

g

Ÿ symmetricmatriceswith determinantV
�

accordingto theCholesky factor-
izationof thematrix Ñ (AppendixA). Usually, only oneof theuppertriangular
matricescorrespondingto agiven Ñ hasthephysicalinterpretationastheintrinsic
parametersof a camera(e.g.,all its diagonalentriesneedto bepositive).Thus,if

5If morethantwo views areconsidered,the derivation is moreinvolved, but the structureof the
ambiguityremainsthesame.
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thecalibrationmatrix
L

doeshave theform givenby (6.2), thecalibrationprob-
lem is equivalent to the problemof recovering the matrix Ñ , the metric of the
uncalibratedspace.

Thepracticalconsequenceof all of this discussionis thatif we restrict
L

to be
uppertriangularwith thestructuregivenin equation(6.2), thereis essentiallyno
extraambiguityintroducedby choosingadifferentlocal coordinateframefor the
camera.This doesnot,however, meanthat

L

canalwaysberecovered!Whether
this is possibledependson many conditions(e.g.,how muchdata �

P is available,
how it hasbeengenerated),aswe will explain in Section6.4.

6.3.2 Structureof theextrinsicparameters

Thecoordinates
(

areexpressedrelative to somereferenceframe,whichwecall
the“world” referenceframe;Æ transformsthemto thecameracoordinatesvia Æ

(

.
However, changingtheworld referenceframe,andmodifying thetransformation
to thecameraframeaccordingly, hasnoeffecton theimagepoints:
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� (6.20)

for any Æ

�$#IÑÒÏÎ��Ÿ¸� . Sincetheworld referenceframeis arbitrary, we canchoose
it atwill. A commonchoiceis to havetheworld referencecoincidewith oneof the
cameras,sothat ÆÍÆ




-

�

)A� , theidentity transformation.In any case,therecovered
Æ

�

(

will differ from theoriginal coordinates
(

by a Euclideantransformation
Æ

� , asillustratedin Figure6.9.
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is asif theworld, including theobjectandthecamera,were
transformed(i.e. rotatedandtranslated)by a Euclideantransformation.It is impossibleto
distinguishthetwo setsof imagesobtainedunderthesetwo scenarios.

6.3.3 Structureof theprojectionmatrix

If wecollecttheintrinsicandextrinsicparametersinto theprojectionmatrix N¬)
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, wecanrewrite theimageformationprocessas
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for any nonsingular
Ô

g

Ô

matrix
Ü

. Therefore,onecannotdistinguishthecamera
N imagingtherealworld

(

from thecamera Ç

N imaginga “distorted”world Ç

(

.
Thisstatement,however, is notentirelyaccurate,becausethematrix

Ü

, in this
specialcontext, cannotbearbitrary. We know at leastthat for it to correspondto
a valid imagingprocess,Ç

N

Ü

musthave thesamestructureas N , namely, its left
Ÿ

g

Ÿ blockhasto betheproductof anupper-triangularmatrix andarotation.As
we will seein Section6.4, this structurewill provide usefulconstraintsto infer
theintrinsicparameters

L

. If we furtherassumethatthe�rst cameraframeis the
reference,theambiguityassociatedwith Æ

� will beresolved,andthechoicewill
yield additionalconstraintson theform of

Ü

.

6.4 Strati�ed reconstruction

Reconstructingthe full cameracalibrationand the Euclideanrepresentationof
the3-D scenefrom uncalibratedviews is a complex process,whosesuccessre-
lies on the solution of dif�cult nonlinearequationsas well as on other factors
over which theuseroftenhaslittle control.As describedin theprevioussection,
the ambiguitiesassociatedwith

L

and Æ

� areratherharmlessandcanbe �x ed
easily. In the following we will focusour attentionon the ambiguitycharacter-
izedby thetransformation

Ü

anddiscussa strategy on how to resolve it. It turns
out that even in the presenceof the ambiguity

Ü

it is relatively simple to ob-
tain “some” 3-D reconstruction,not the true (Euclidean)reconstruction,but one
thatdiffers from it by a geometrictransformation.The richer theclassof trans-
formations,theeasierthereconstruction,thelargertheambiguity. Thismotivates
dividing theapproachinto steps,wherethereconstructionis �rst computedup to
ageneraltransformation,andthensuccessively re�ned until onepossiblyobtains
a Euclideanreconstruction.This procedureis appealingbecausein someappli-
cationsa full-�edged Euclideanreconstructionis not necessary, for instancein
visualservoingor in image-basedrendering,andthereforeonecanforgothelater
andmorecomplex stagesof reconstruction.If, however, Euclideanreconstruction
is the �nal goal,oneshouldbe awarethat computingit in onefell swoop gives
betterresults.We will outlinesucha techniquein Section6.4.5.

We start by describingthe hierarchyof transformationsfrom projective, to
af�ne to Euclidean,andthenillustratehow to computethereconstructionat each
level of the hierarchy(seeAppendixA for detailsaboutEuclidean,af�ne, and
projectivetransformations).This processis illustratedin Figure6.10.

6.4.1 Geometricstrati�cation

Let usgobackto equation(6.1),written for two views:
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To explicitly distinguishtheEuclideanstructure
(

¢

from structuresto bede�ned
for otherstagesin thestrati�cation hierarchy, weusethesubscript“ á ” to indicate
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Figure6.10.Illustrationof thestrati�ed approach:projectivestructure® ­ , af�ne structure
®

) , andEuclideanstructure®PO obtainedin differentstagesof reconstruction.
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denotesthe (Euclidean)poseof the ç th cameraframe
relative to the world referenceframe. For generality, we allow the calibration
matrix
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to bedifferentin eachview, sowehave
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1 . Thecorresponding
projectionmatrix thenis
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From Section6.3.2we know that the choiceof the world referenceframeis
arbitrary. Therefore,wechooseit in awaythatallows Æ
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to acquireaparticularly
simple form in one of the views. For instance,we can requirethat Æ

-

¢

be the
identity Æ
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� , sothatequation(6.22)for the�rst camerabecomes
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This correspondsto choosingthe world frame to coincidewith the Euclidean
referenceframewhoseorigin is thesameasthe�rst cameracenter. In particular,
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.
Evenafterwe do so,however, therearestill ambiguitiesin thepreviousequa-

tion. In fact,aswehaveseenin Section6.3.3,onecanalwayschooseanarbitrary
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andsimilarly for thesecondcamera,where
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Since
Ü

indicatesanarbitrarylineartransformationof thehomogeneouscoordi-
nates,calledaprojective transformation,we usethesubscript“ " ” to indicatethat
thereconstructionis up to a “projective” transformation.

Again,amongall possible
Ü

, we chooseonethatmakestheprojectionmodel
simple.For instance,wecanrequirethat N
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• beequalto N
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, whichcor-
respondsto settingtheprojectivereferenceframeto the�rst view. Notethatunless
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- ) � , in generalwe cannot�nd a EuclideantransformationÆ
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to make N
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equalto the standardcamera.However, we canalways�nd a generalinvertible
matrix
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� thatachievesthisgoal.
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If we decompose
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For readersfamiliar with the terminology of projective geometry,
Ü

corre-
spondsto a choiceof projective basisin the �rst view. The matrix
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decomposedinto theproductof two invertiblematrices,
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wherethe�rst matrix on theright-handsideis in factanaf�ne transformationof
the coordinates(sinceits last row is *

�

/
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/
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5

), while the secondmatrix still
representsa projectivetransformation.

With thesetwo choicesof referenceframes,theimageformationmodelfor two
viewsbecomes
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Here,
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representsthe “true” 3-D structure,
(

¢

differs from it by a Euclidean
transformation(arigid motion) Æ
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§ differsfrom it by amoregen-
eralaf�ne transformation
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This is summarizedin Table6.1,wherefor simplicity, we have assumedthatthe
cameraparametersarenot changing;i.e.
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1f)
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and Æ
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ïk� .
Noticethatin thetable,theprojectivecameraN
1

• is of thesameform asobtained
from the decompositionof a fundamentalmatrix in equation(6.16).Also, it is
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Cameraprojection 3-D structure
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Table6.1.Relationshipsbetweenthreetypesof reconstruction(assumingl
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For bothaf�ne andprojective cases,theprojectionmatrix with respectto the�rst view is
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¥‡¦�§ , dueto choiceof the(projective) coordinateframe.

usefulto noticethatboth
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• and
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areof thesameform: their �rst threerows
are * �×/
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5

.
In the next three subsectionswe will show how to obtain a projective re-

construction,andhow to updatethat �rst to af�ne, and�nally to a full-�edged
Euclideanreconstruction.Sincethis chaptercoversonly the two-view case,we
do not give an exhaustive accountof all the possibletechniquesfor reconstruc-
tion. Instead,wereportafew exampleshere,andreferthereaderto Part III, where
we treatthemoregeneralmultiple-view case.

6.4.2 Projectivereconstruction

In this sectionwe addresstheproblemof reconstructingtheprojective structure
(

• andtheprojectivecamerasN

â

• givena numberof point correspondencesbe-
tweentwo views
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�{� . Therationaleis simple:from pointcorrespondences
weretrievethefundamentalmatrix i , from thefundamentalmatrix i weretrieve
theprojectivecameraN
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already),and�nally , wetriangulate
to obtaintheprojectivestructure

(

• .
From the propertiesstudiedin Section6.2.2, the decompositionof a funda-

mental matrix into the calibration and cameraposeis not unique. Indeed,it
correspondsto a particularchoiceof the freeparametersG and G

v

(6.16).Fortu-
nately, thesearetheonly possibleambiguities.Thefollowing theoremguarantees
thatall projectionmatricesNk1

• thatgiveriseto thesamefundamentalmatrixmust
berelatedby a transformationof theform

Ü

• .

Theorem 6.3 (Projective reconstruction). �
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Sincethey bothgive riseto thesamefundamentalmatrix (which is de�ned up to
ascalarfactor),wehave

œ Å

ë

o

œ

‡Rü

� (6.29)

Since Å and ‡ spanthe left null spacesof the left-handsideand the right-hand
siderespectively, they arelinearlydependent:Å oP‡ . Consequently, we have ë
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N‚1
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Ü

• for an
Ü

• of theform de�ned above.

The next step will be to choosea particular set of camerasfor a given
fundamentalmatrix.Finally, we will beableto recover theprojectivestructure.

Canonicaldecompositionof thefundamentalmatrix

Thepreviousdiscussionshows that thereis a four-parameterfamily of transfor-
mations
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thatgivesrise to exactly
thesamerelationshipamongpairsof views. While any choiceof
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in the samefundamentalmatrix, differentchoicesof
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reconstructionsof the 3-D coordinates
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• , which presentsa problem.In other
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theinversemapfrom a fundamentalmatrix to two projectionmatricesis one-to-
many, becauseof the freedomin thechoiceof

Ü

• , aswe have seenin theproof
of Theorem6.3.

One way to resolve this problemis to �x a particularchoiceof
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for �Äï‚P8�

7

i

)

�

and dEï‚P�d

)

�

. Note that theprojectionmatricesde�ned above
dependonly on i , sincethe vector ïõP , the epipolein the secondview, canbe
directly computedas the left null spaceof i . Hence,this decompositioncan
be obtaineddirectly from the fundamentalmatrix. This is called the canonical
decompositionof a fundamentalmatrix into two cameraprojectionmatrices.
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Example6.4(A numerical example).Supposethat
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þ is exactly theleft-handside.From
thisexample,wenoticethatnumerically, theentriesof �
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areratherunbalanced,differ-
ing by ordersof magnitude!Therefore,numericalaccuracy mayhaveasigni�cant effect in
computingtheuncalibratedepipolargeometryandthesubsequentreconstruction.In prac-
tice, this couldseverelydegradethequality of reconstruction.We will show in Appendix
6.A how to resolve thenumericalissueby properlynormalizingtheimagecoordinates.
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� or the calibration
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is available,one shouldnot choosethe
canonicaldecomposition,sinceabetterdecompositionmaybecomeavailable(see
Exercise6.10).
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Projectivereconstructionwith respectto thecanonicaldecomposition

Thecanonicalprojectionmatrices�
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This equationis linear in all the unknowns.Therefore,it enablesus to recover
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aretheprojectionmatrices
written in termsof their threerow vectors.The projective structurecanthenbe
recoveredastheleast-squaressolutionof a systemof linearequations
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Thiscanbedone,for instance,usingtheSVD (AppendixA). As in thecalibrated
case,this linearreconstructionis suboptimalin thepresenceof noise.

Figure 6.11. The true Euclideanstructure ®YO of the sceneand the projective structure
® ­

¢��

®
O obtainedby thealgorithmdescribedabove.

In order to “upgrade” the projective structure
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• to the Euclideanstructure
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Thiscanbedonein two steps:�rst recovertheaf�ne structure
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§ by identifying
thematrix
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, andthenrecover theEuclideanstructure
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by identifying the
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6.4.3 Af�ne reconstruction

As we outlinedin theprevioussection,in caseof generalmotionandin theab-
senceof any knowledgeon the sceneor the camera,all we cancomputeis the
fundamentalmatrix i andthecorrespondingprojectivestructure

(

• . In orderto
upgradetheprojectivestructureto af�ne, weneedto �nd thetransformation

Ü




-

•

) ‡

�

�

G

7

G

v

‰

#

'

v0•�v (6.35)

suchthat
(

§
)

Ü




-

•

(

• and N

â

§ )PN

â

•

Ü

•

/

ç

)

�

/

�

. Notethat
Ü




-

•

hasthespe-
cial propertyof mappingall points

(

• thatsatisfytheequation*

G

7

/

G

v65

(

•

)

�

to pointswith homogeneouscoordinates
(

§ ) * ,n/O?¶/EAš/

�

5

7

, with thelastcoor-
dinateequalto

�

. Suchpointsin theaf�ne spacecorrespondto pointsin�nitely far
away from thecenterof thechosenworld coordinateframe(for theaf�ne space).
The locus of suchpoints

�

(

•%� is called the plane at in�nity in the projective
space,denotedby ƒ

¹ (seeAppendix3.B). It is characterizedby thevector
s

7

¹

�

)+*

G

7

/

G

v
5

)+*

G

-
/

G

1
/

G

 

/

G

v
5

#

'

v

as
(

•
# ƒz¹ if andonly if

s

7

¹

(

•

)

�

. Note that such
s

7

¹

is de�ned only up
to an arbitraryscalarfactor.7 Hence,what really mattersis the ratio betweenG

and G

v

. A standardchoicefor
s

7

¹

is simply *

G

7

�CG

v

/

�

5

when G

v

é

)

�

.8 In any case,
�nding thisplaneis equivalentto �nding thevectorG andG

v

, andhenceequivalent
to �nding theprojective-to-af�ne upgradematrix

Ü




-

•

(or
Ü

• ). Below wegiveas
examplesa few casesin which theupgradecantakeplace.

Example 6.5 (Exploiting vanishing points). While pointson theplaneat in�nity do not
correspondto any physicalpointin theEuclideanspaceZ

r , dueto theeffectsof perspective
projection,the imageof the intersectionof parallel lines may give rise to valid points
on the imageplane,calledvanishingpoints(seeFigure6.12).In this example,we show
how the informationabouttheplaneat in�nity canberecoveredfrom suchpoints.Given
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Figure6.12.An exampleof parallellinesandtheassociatedvanishingpoints.
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Therefore,theprojectiveupgradecanbecomputedwhenimagesof at leastthreevanishing
pointsareavailable.

Example 6.6 (Dir ect af�ne reconstruction fr om pure translation). For simplicity, let
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Therefore,in thecaseof puretranslation,thestepof recoveringa projective structurecan
beeasilybypassed,andwemaydirectlyobtainanaf�ne reconstructionfrom two views.
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Example 6.7 (The equal modulus constraint). Supposethat no informationaboutthe
scenestructureor thecameramotionis available.Nevertheless,therearesomeconstraints
that the unknown parametersmust satisfy, which provide additionalequationsthat can
be usedin upgradinga projective solution to an af�ne one. Had we found the correct
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µ areall linearfunctionsof theentriesof theunknown vectorÞ . Show-
ing this is left asanexerciseto thereader(seeExercise6.13).This equationis calledthe
modulusconstraint. Note that this constraintdependsonly on the images,andhenceit is
intrinsic.But thisconstraintgivesonly one(fourthorderpolynomial)equationin thethree
unknowns Þ
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in Þ . Soin general,from only two imagesit is impossibleto uniquely
determineÞ andobtainanaf�ne reconstruction,unlessmoreimagesareavailableor some
extra informationaboutthecameracalibrationis known. For instance,onecanassumethat
theopticalcenteris known andthattheskew factoris zero.In Section6.4.5andChapter8,
we will introduceadditionalintrinsic constraintsfor multiple views andshow that in that
case,a full reconstructionof theEuclideanstructurebecomespossible.

6.4.4 Euclideanreconstruction
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Hencethe �rst Ÿ
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This is a specialtypeof equation,calleda Lyapunov equation. In orderfor Ñë
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to be a solutionof theabove matrix equation,it hasto be in thesymmetricreal
kernel,10 denotedby SRker, of theLyapunov map
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Lemma 6.8 (Kernel of a Lyapunov map). Given a rotation matrix ð not
of the form á
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y{z

for some
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 of unit length, the
symmetricreal kernel associatedwith the Lyapunov map v , SRker �–v@� , is two-
dimensional.Otherwise, thesymmetricreal kernelis four-dimensionalif

r

is odd
andsix-dimensionalif

r

is even.

The proof of this lemma follows directly from the propertiesof Lyapunov
mapsandcanbe found in AppendixA. Interestedreaderscanprove it as part
of Exercises6.1 and6.2.As for how many matricesof the form ë
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is a real andsymmetricmatrix that solves equation(6.41).The de�nition of the
kernelof a linearmapcanbefoundin AppendixA.



196 Chapter6. Reconstructionfrom Two UncalibratedViews

Accordingto this theorem,we needtwo matricesof the form ë
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with independentrotations ð in orderto determineuniquelythe matrix Ñõ
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, andhencethecameracalibrationmatrix
L

. Thus,if only a pair of af�ne
projectionmatricesis given, we can recover the calibrationonly up to a one-
parameterfamily, correspondingto thetwo-dimensionalkernelof oneLyapunov
map. If two pairs of af�ne projectionmatricesare given and if the associated
rotationsarearounddifferentaxes,we canin generalfully calibratethecamera
andhenceupgradetheaf�ne structureto a Euclideanone.

The previous lemmarevealsthat informationaboutthe cameracalibration
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is encodedonly in the rotationalpart of the motion andcapturedin the matrix
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. This observationcanbe exploited for thepurposeof calibration
usingpurelyrotationalmotions.

Example 6.10 (Dir ect calibration fr om pure rotation). In casetwo imagesarerelated
by a purerotation,thecorrespondingimagepairs ´]2
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for somescalars
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Fromthelastlinearequation,in general,four pairsof correspondingimagepointsuniquely
determinethematrix ö

¡

¢nl
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l

ê
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« ­

r

¾

r . By rotatingthecameraaboutadifferentaxis,
we obtainanothermatrix of thesameform, andtogetherthecameracalibration l canbe
uniquelydetermined.This methodwasproposedby [Hartley, 1994b], andfurtheranalysis
of this techniquecanbefoundin [deAgapitoet al., 1999].

6.4.5 Directstrati�cation frommultipleviews(preview)

In general,even if a numberof views of thesamescenearegiven,but thecali-
brationof thecamerachangesin eachview, it is impossibleto recover thecorrect
(Euclidean)structureof the scene,cameramotion,andcameracalibrationalto-
gether. In theabsenceof additionalinformation,a projective reconstructionis all
wecando.

Whenthecameradoesnot changebetweenviews or only someof theparam-
eterschange(as it is often the case),given suf�ciently many views taken from
suf�ciently differentvantagepoints,theEuclideanstructureandthecameramo-
tion canberecoveredtogetherwith thecameracalibration.Moreover, thereexist
methodsthat allow us to directly solve for the matrix

Ü

)

Ü

•

Ü

§ without go-
ing throughall thestrati�cation steps.Herewe give only a brief preview of such
methods,sincewe will addressthemagainin Chapter8.

To this end, considerthe structureof the projection matrix highlighted in
Section6.4.1:
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for some
Ü

#

ô

v‚�

Ô

� . Thetechniquesfor obtainingtheprojectivereconstruction
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consistentwith all theviews andtheassociatedprojectionmatrices
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N

â

• will beexplainedin full detail in Chapter8 (Section8.5),whencertainrank
conditionsassociatedwith multiple imagesareintroduced.Here,we assumethat
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Nõ-

¢

) *

L

-C/

�

5

and N
-

•

)c* �×/

�

5

in order for the transformation
Ü

(de�ned up
to a scalarfactor)to preserve this choiceof referenceframe,it hasto assumethe
generalform of (6.26) introducedin the earliersection.Therefore,if we de�ne
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wherewe have usedthefactthat N
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Notethat in caseG is known, theabove equationprovidesa similar typeof con-
straintasequation(6.41). In order to relatemoreexplicitly the unknowns Ñ




-

â

and G , we canrewrite (6.47)in termsof homogeneouscoordinatesandobtainthe
following relationshipin termsof theprojectionmatricesN
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is a
Ô

g

Ô

symmetricpositive semi-de�nitematrix of rank3. Equation(6.48) is
calledtheabsolutequadricconstraint.11 If thecalibrationmatrix is the samein
all views, Ñ
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, after eliminatingthe unknown scaleandtaking
into accountthe symmetryof the matrices,the above equationin generalgives
� ve third-orderpolynomialequationsin theunknowns Ñõ
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and G . Iterative non-
linear minimizationtechniquesaretypically employed in order to solve for the
eightunknowns(six for the Ÿ

g

Ÿ symmetricmatrix Ñ up to a scalarfactorand
threefor thevector G ).

Although equations(6.47) and(6.48) areexactly the same,the secondform
is particularlyusefulwhensomepartial knowledgeof the intrinsic camerapa-
rameters
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is available; for instance,the cameraskew factor ·
Z is zeroor the

coordinatesof the principal point �

³

T

/

³

V
� areknown. The mostcommonlyen-

counteredassumptionsabout the intrinsic cameraparametersand the type of

11The namefor theseconstraintscomesfrom projective-geometricinterpretationof the matrices
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and _ asquadraticconicsin theprojective spaces̀Qr and `

� , respectively.
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constraintsthey yield on
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aresummarizedin Table6.2.Theutility of someof theseconstraintsin scenarios
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Table6.2.Commonlyencounteredassumptionsaboutthe intrinsic cameraparametersl

andtheconstraintsthey yield on ½

ê

Ž

, in additionto theabsolutequadricconstraints.

commonlyencounteredin practicewill becoveredin moredetail in Chapter11.
Alternatively, if all Ñ
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â

's areidentical,givena suf�cient numberof views, ž

and Ñ
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canbesolvedsimultaneouslyaslongasthemotionof thecamerais “rich
enough.” 12 Sincethe numberof views neededfor this methodis often greater
thantwo, we will revisit this formulationin Chapter8 for thegeneralcase.If all
camerasaredifferent,onecannever garnerenoughdatato solve for all Ñ




-

â

's
from equation(6.48).

6.5 Calibrationwith sceneknowledge

In this section,we discussadditionaltechniquesfor cameracalibrationby ex-
ploiting sceneknowledge.We �rst discuss,in Section 6.5.1, how to exploit
orthogonalityandparallelismconstraintsbetweenvectors.In Section6.5.2,we
discusshow to usecomplete(Euclidean)knowledgeof an objectin thesceneif
available.More completeexpositionof theconstraintsprovidedby partialscene
knowledgefollows morenaturally from a multiple-view formulation13 andwill
becoveredin Chapter10.

12For many restrictedcameramotion sequences,the cameraparameterstypically cannot be
uniquelydeterminedby any autocalibrationschemes;seeExercise6.16andSection8.5.

13Evenfor a singleimage.
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6.5.1 Partial sceneknowledge

In man-madeenvironments,informationsuchasorthogonality andparallelism
amongline features(e.g.,edgesof buildings,streets)canbesafelyassumed.For
instance,Figure6.13showsthreesetsof linesthatareimageof linesin spacethat
arelikely pairwiseparallel,with eachsetorthogonalto theothertwo.

Figure6.13.Threesetsof parallellines:solid,dashed,anddotted.Thesesetsaremutually
orthogonalto eachother. Imagesize: ýC¦�¦

®

À

¦ª¦ pixels.

We say “lik ely” becausethere is no way to verify, basedon imagesalone,
whethersuchinformation is true or not. The readershouldbe aware that from
imageswe canonly assumethat linesareparallelor perpendicular, andprovide
algorithmsthat exploit suchassumptions.If the assumptionsturn out to be vio-
lated(asfor instance,Figure6.1),theresultingcalibrationwill bewrong,andwe
havenowayof verifying that.Wenow demonstratehow suchassumptions,when
satis�ed, canbe usedto calibratethe camera.A setof parallel lines intersectat
thesamepoint in�nitely far. Theprojectionof this point ontothe imageplaneis
calleda vanishingpoint. If thetwo vectors†
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 representthe(co)images
of thetwo parallellines,14 thenthecorrespondingvanishingpoint is givenby
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whereo indicateshomogeneousequalityupto ascalarfactor. Sincefor animage
suchasthatin Figure6.14thethreesetsof linesaremutuallyorthogonal,wemay
assumethat,byaproperchoiceof theworldcoordinateframe,their3-Ddirections
coincidewith thethreeprincipaldirections:á
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. In the image,the vanishingpointscorrespondingto the threesetsof
parallellinesarerespectively
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14We recall thatwe usetheconventionof usingsuperscriptsto enumeratedifferentfeaturesin the
sceneandsubscriptsto enumeratedifferentimagesof thesamefeature.
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Figure6.14.An exampleof two vanishingpointsassociatedwith two out of thethreesets
of parallellinesin Figure6.13.

Note that the coordinatesof the vanishingpoints dependonly on rotation and
internalparametersof thecamera,but not on translation.Theorthogonalityrela-
tionsamongá
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When three vanishing points are detected,they provide three independent
constraintson thematrix Ñ :
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In general,the symmetricmatrix Ñ has � ve degreesof freedom.Without ad-
ditional constraintswe can recover Ñ only up to a two-parameterfamily of
solutionsfrom thethreelinearequationsabove.With theassumptionof zeroskew
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A moredetailedstudyof thedegeneraciesin exploiting thesetypesof constraints
canbefoundin [Liebowitz andZisserman,1999].
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6.5.2 Calibrationwith a rig

Calibrationwith a rig is the methodof choicefor cameracalibrationwhenone
hasaccessto thecameraandcanplaceaknown objectin thescene.

Undertheseconditions,onecanuseanobjectwith adistinctnumberof points,
whosecoordinatesrelative to somereferenceframeareknown with high accu-
racy, asa calibration rig. Notice that a calibrationrig could be an actualobject
manufacturedprimarily for the purposeof cameracalibration(Figure6.15),or
simply anobjectin thescenewith known geometry, for instancea golf ball with
dotspaintedonit, or therim of acarwheelwhosealignmentneedstobecomputed
from a collectionof cameras.

Figure6.15.An exampleof a calibrationrig for laboratoryuse:a checkerboard-textured
cube.
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From the third row we get K
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We canthereforestackall theunknown entriesof N into a vectorandrewrite the
equationsaboveasa systemof linearequations
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whereN

Q is a stackedprojectionmatrix N ,
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without taking into accountthestructureof theunknown vector N

Q . This canbe
accomplished,asusual,usingthe SVD. If we denotethe (nonlinear)projection
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which yields an estimateof the intrinsic parametersin the calibration matrix
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andthat of the rotationalcomponentof the extrinsic parameters.Estimating
translationcompletesthecalibrationprocedure:
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This procedurerequiresthat the pointsin spacehave known coordinates
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â

� ,
andthat they be in general position, i.e. that they do not lie on a setof measure
zero,for instancea plane.However, the simplestandmostcommoncalibration
rigs availableareindeedplanarcheckerboardpatterns!Therefore,we studythe
caseof a planarcalibrationrig in detailbelow.

6.5.3 Calibrationwith a planarpattern

Althoughtheapproachjustdescribedrequiresonly oneimageof aknown object,
it doesnot return a uniqueand well-conditionedestimateof the calibration if
theobjectis planar. Sincenonplanarcalibrationrigs arenoteasyto manufacture,
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a more commonlyadoptedapproachconsistsin capturingseveral imagesof a
known planarobject,suchasa checkerboardlike theoneshown in Figure6.16.

Figure6.16.Two imagesof thecheckerboardfor cameracalibration.Theresolutionof the
imagesis ÷

ýª¦

®

ý

þ

¦ .

Sincewe are free to choosethe world referenceframe,we chooseit aligned
with the boardso that points on it have coordinatesof the specialform

(

)

* ,n/O?¶/

�

/

�

5

7

. Noticethat thecenterof theworld frameneedsto beon theboard,
andthe A -axisof theworld frameis thenormalvector. Then,with respectto the
cameracoordinateframe,the image �

P of a point
(

on the boardis given by
equation(6.1),which for thegivenchoiceof coordinateframessimpli�es to
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where ü

-0/

ü

1
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'

 are the �rst andsecondcolumnsof the rotation matrix ð .
Noticethatthematrix

Ü
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is a linear transformationof the homogeneouscoordinates* ,n/4?@/

�

5

7

to the ho-
mogeneouscoordinates�

P

)�*

ìYP

/4í

P

/
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5

7

; i.e. it is a homographybetweenthe
checkerboardplaneandtheimageplane.

Applying thecommontrick of multiplying bothsidesby theskew-symmetric
matrix œ

�

P

in orderto eliminateK (recallthat œ
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P

�

P
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�

) yields
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Notice that in theabove equation,we know both �

P (measuredfrom the image)
and * ,>/4?@/

�

5

7

(given from knowledgeof the checkerboard).Hence
Ü

can be
solved (up to a scalarfactor) linearly from suchequationsif suf�ciently many
pointson thecheckerboardaregiven.We know from thepreviouschapterthatat
leastfour imagesof suchpointsareneededin orderto solve for thehomography

Ü

up to a scalarfactor.
Oncewe know

Ü

, we observe that its �rst two columnsaresimply * ÈJ-0/9Èz1
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. Since ü
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1 are or-
thonormalvectors,we obtain two equationsthat the calibrationmatrix
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has
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to satisfy:

È
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Theseequationsarequadraticin theentriesof
L

. However, if we arewilling to
neglect thestructureof Ñ
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 0•b , we canjust recover it linearly
from theequationsabove,asusual,usingtheSVD. Once Ñ is known,

L

canbe
retrieved,in principle,15 usingtheCholesky factorization(seeAppendixA).

From eachimage,we obtain two such(linear) equationsin Ñ
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Thecalibrationmatrix
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has� veunknowns
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V ; sodoesÑ . We
thenneedat leastthreeimagesto determinethem,sinceeachimageproduces
two equations.However, oftentheskew term

Ð

·DZ is smallcomparedto theother
parameters,andthereforemaybeassumedto bezero.In thatcase,onehasonly
four parametersin
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(or Ñ ) to determine:
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V . Anotherway to see
this is thatin thezero-skew case,thereis anextra linearconstraintthatthematrix
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As an example,for the two imagesgiven in Figure6.16, the calibrationresult
givenby theaboveschemeis
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Themethodwehaveoutlinedaboveis merelyconceptual,in thesensethatit will
notperformsatisfactorily in thepresenceof noisein themeasurementsof �

P and
(

. In practice,somere�nementof thesolutionbasedon nonlinearoptimization
techniquesis necessary, andif needed,suchtechniquescanalsosimultaneously
estimateradialdistortion.

Several free software packagesare publicly available that perform camera
calibrationusing a planar rig. For instance,Intel's OpenCV software library
(http://sourceforge.net/projects/ openc vlibra ry/ ) provides
codethatis easyto use,accurate,andwell documented.

6.6 Dinnerwith Kruppa

This lastsectionis dedicatedto exploring intrinsic constraintsamongcalibration
parametersthatdatebackto thework of Kruppain 1913.While thesewerehistor-
ically the�rst constraintsto beexploitedfor autocalibration,theirusehasbecome
lesswidespreaddueto thedif�culty in solving thestronglynonlinearequations.
In this sectionwe will derive theequationsandoutlinetheir basicproperties.We

15We say“in principle” becausein practice,noisemay prevent the matrix U recoveredfrom data
from beingpositive de�nite.
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will explorefurtherpropertiesandexamplesin theappendixandin theexercises
at theendof thechapter.

In Section6.2.1weintroducedthefundamentalmatrix i
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, which
is the uncalibratedcounterpartof the essentialmatrix from Chapter5. Since
we areinterestedin the recovery of the unknown matrix

L

, let us seewhether
thereareadditionalrelationshipsbetween

L

and i thatcanbeexploitedfor that
purpose,without any additionalknowledgeof thescene.

In Section6.1,we anticipatedthatall constraintson thecameracalibrationare
relatedto thenew innerproductin thedistortedspace,
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for columnvectorsandrow vectors,respectively. We have seenthat this is in-
deedthe casewith the calibrationmethodsusing the Lyapunov equation,the
absolutequadricconstraint,thevanishingpoint, andtheplanarrig. Thereis an-
otherimportantequalitythatcanbederivedfrom thisfact:thefundamentalmatrix
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satisfythefollowing equation:
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which is obviously in theform of the innerproductfor row vectors.We call this
equationthenormalizedmatrix Kruppa'sequation. In general,however, thefun-
damentalmatrix i is determinedonly up to a scalarfactor. So, thereis a scale
factor K¯#
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to be taken into account,i.e. i
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. We thenhavethematrixKruppa'sequation
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It seemsthat this matrix equationgivesnine scalarconstraintsin termsof the
unknowns K and Ñ)


-

. However, sincebothsidesof the equationaresymmetric
matricesandhave someadditionalspecialstructure,after K is eliminatedfrom
theequations,only two of themimposealgebraicallyindependentconstraintson

Ñ



-

, which we prove in Proposition6.11 in Appendix 6.B. Theseconstraints
areof order two in the unknown entriesof Ñº


-

. A detailedstudyof additional
algebraicpropertiesof Kruppa's equationsaregiven in Appendix6.B at theend
of thischapter.

Kruppa's equationsarenot the only intrinsic constraintsthat will allow us to
recover informationaboutthe cameracalibrationandhencethe true Euclidean
metric from uncalibratedimages.It can be shown that thereexist ambiguous
solutionsfor

L

that satisfyKruppa's equationsbut do not give rise to a valid
Euclideanreconstruction(Appendix6.B.2).Thus,to obtainacompletepictureof
cameracalibration,we muststudycarefully, during eachstageof the inversion
of the imageformationprocess,what ambiguoussolutionscould be introduced
andhow to eliminatethem.As we have seenbefore,both the absolutequadric
constraintsandthemodulusconstraintsservethesamepurpose.Weconcludethis
chapterby comparingthemwith Kruppa'sequationsin Table6.3.
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Kruppa's equationsModulusconstraint Absolutequadricconstraint
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# of equations 2 1 5

Orders Â nd order ý th order À rd order

Table6.3. Threetypesof intrinsic constraintsfrom a pair of images,assumingthat the
calibrationmatrix l , hence ½

ê

Ž

¢‚l™l2¨ , is constant.The numberof equationsare
countedundergenericconditions.

6.7 Summary

In thischapterwehavestudiedthegeometryof pairsof imageswhenthecalibra-
tion matrixof thecamerais unknown.Theepipolargeometrythatwehavestudied
for thecalibratedcasein thepreviouschaptercanbeextendedto theuncalibrated
case,andTable6.4givesa brief comparison.
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Table6.4. Comparisonof calibratedanduncalibratedtwo-view geometry(assumingthat
thecalibrationmatrix l

Ž

¢nl

©

¢nl is thesamefor bothimages).

Theultimatetaskconfrontingus in theuncalibratedcaseis to retrieve theun-
known cameracalibration,the three-dimensionalstructure,andcameramotion.
Therearemany differenttypesof informationthat canbe exploited to this end.
Table6.5 summarizesandcomparesthemethodsintroducedin this chapter, and
furtherdiscussedin laterchaptersin amultiple-view setting.

6.8 Exercises

Exercise6.1 (Lyapunov maps).Let °

j

µ

Ò

�<;

Ž

be the (distinct) eigenvaluesof the matrix
ö

«�f Ò

¾

Ò . Find all the =

© eigenvaluesandeigenvectorsof thefollowing linearmaps:
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Table 6.5. Summaryof methodsfor reconstructionunder an uncalibratedcamera.( Í :
Topicsto bestudiedsystematicallyin Chaptersof Part III.)
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Exercise6.2 (Lyapunov equations).Usingresultsfrom theabove exercise,show thatthe
setof ° thatsatis�estheequations
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is a two-dimensionalsubspacefor general
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Exercise6.3 (Invariant conic under a rotation). For theequation
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prove Lemma6.8 for the casein which the rotationangleis between¦ and ö . What are
the two typical solutionsfor ½ in termsof eigenvectorsof therotationmatrix

'

? Sincea
symmetricrealmatrix ½ is usuallyusedto representaconic ÷

¨ ½

÷

¢Â¤ , an ½ thatsatis�es
theabove equationobviously givesa conicthatis invariantundertherotation

'
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Exercise 6.4 (Canonical decomposition of the fundamental matrix). Given a fun-
damentalmatrix ˜
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Exercise6.6 (A few identities associatedwith a fundamental matrix). Givena funda-
mentalmatrix ˜
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of unit length,besidesthewell-known Kruppa's equations(6.61),we have the following
identities:
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(Notethatthe�rst identity is usedin theproof of Theorem6.15.)

Exercise6.7 (Planar motion). First convince yourselfthat for a fundamentalmatrix ˜ ,
in general,we have ranḱ2˜}²�˜

¨

µ

¢

À . However, show thatif ˜ is a fundamentalmatrix
associatedwith a planarmotion ´
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(6.65)

Exercise 6.8 (Pure translational motion). Derive the fundamentalmatrix and the as-
sociatedKruppa's equationassociatedwith a puretranslationalmotion.Canyou extract
informationaboutthecameracalibrationfrom suchmotions?Explainwhy.

Exercise6.9 (Time-varying calibration matrix). Derive the fundamentalmatrix ˜ and
theassociatedKruppa's equationfor thecasein which thecalibrationmatricesfor the�rst
andsecondviews aredifferent,say l

Ž

and l

© . Whataretheleft andright null spacesof
˜ (i.e. theepipoles)?

Exercise6.10 (Impr ovementof the canonicaldecomposition).Evenif thefundamental
matrixhappensto beanessentialmatrix ˜
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¢ ¤ , thecanonicaldecompo-
sition doesnot give thecorrectdecompositionto thepair ´
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¸ for any rotationmatrix
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, show that to recover the
correctÞ , we in generalneedto solve anequationof theform
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with thevector Ü

«Î­

r andtherank-2matrix ú

«Î­

r

¾

r known. Whatare Ü and
ú in termsof ­ and

�

?

2. Findasolutionto theaboveproblem.Thesolutionyou�nd is thenasecondsolution
to theproblemof decomposinganessentialmatrix (differentfrom theonegivenin
thepreviouschapter).
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3. In practice,̃ couldbeonly approximatelyanessentialmatrix, which is oftenthe
casewhenwe have a goodguesson thecameracalibration.Thentheabove prob-
lem becomeshow to �nd the optimal Þ suchthat d

ÜÍÞ

¨

²\Þ0Ü

¨

²\Þ0Þ

¨

2%ú

d

©� is
minimized,whereú is notnecessarilyarank-2matrix.Findasolutionto thisprob-
lem. (Hint: usethe SVD of thematrix ú andapply the �x ed rank approximation
theoremin AppendixA.)

Theresultingdecompositioń ­

²

�

Þ

¨!¥

�

µ canbeconsideredanimprovedversionof the
canonicaldecompositionfor thesamefundamentalmatrix ˜ .

Exercise6.11 (Critical surfacecontinued).Analogouslyto thecalibratedcase(seeEx-
ercise5.14), derive the expressionfor a (critical) surface that allows two fundamental
matrices.In particular, show thatplanesarecritical surfacesin this sense.

Exercise6.12 (Uncalibrated planar homography and the fundamental matrix). In this
exercise,wegeneralizethestudyin Section5.3on planarscenesto theuncalibratedcase.

1. Show that two uncalibratedimagesof featurepointson a 3-D plane ß
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2. Generalizethe results in Theorem5.21 and Corollaries 5.22 and 5.23 to re-
lationshipsbetweenthe (uncalibrated)homographymatrix and the fundamental
matrix.

Exercise6.13 Show thatif ÌQ´
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linear functionsin Þ . This fact wasusedin characterizingthe modulusconstraintin this
chapter.

Exercise6.14 (Autocalibration for focal length). Supposethecalibrationmatrix l is of
thediagonalform
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(6.68)

This correspondsto a practicalsituationwhenthe centerof the imageis known andthe
skew factoris zero.

1. Write down Kruppa's equationsfor this specialcase.

2. Discusswhen a uniquesolution for ×I÷ and ×tø can be obtainedfrom suchequa-
tions (i.e. what is the minimum numberof imagepairsneededandwhat are the
requirementsfor therelative motion?).

Exercise6.15 (Other forms of Kruppa' s equations).Givena fundamentalmatrix ˜
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andconcludethatit canbedirectly computedfrom thegiven ˜ .

2. Show thatthefollowing equationfor ½
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3. Notice that this is a constrainton ½ , unlike Kruppa's equations,which are con-
straintson ½

ê

Ž

. Combining equation(6.69) with Kruppa's equationsgiven in
(6.90),we have
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Is thelastequationalgebraicallyindependentof thetwo Kruppa'sequations?Verify
this numerically(e.g.,in Matlab)or symbolically(e.g.,in Mathematica).

Exercise6.16 (Reconstructionup to subgroups).Assumethatneitherthecameracali-
bration l «ò½

¯ ´*ÀCµ nor thescenestructure® is known, but we do know that thecamera
motionis subjectto:

1. A planarmotion ½�¿

´ÃÂ�µ ; i.e. thecameraalwaysmovesona plane;

2. A freerotation ½„Á

´*ÀCµ ; i.e. thecamerarotatesonly aroundits center;

3. A freetranslation­

r .

Describethe extent to which we areable to recover the scenestructureand the camera
calibrationfor eachtypeof motion(subgroup).

Exercise6.17 (Autocalibration fr om continuousmotion). Thecontinuous-motioncase
of cameraautocalibrationis quitedifferentfrom thediscretecase,andthis exerciseshows
how.

1. Provethatin theuncalibratedcase,if thelinearvelocity Þ is nonzero,thecontinuous
epipolarconstraintis
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2. Show thattheabove equationis equivalentto
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for Þ

k

¢nl

Þ

¥

ÿ

k

¢�l

ÿ .

3. Usingtheabove equation,concludethatonly theeigenvaluesof ½

ê

Ž

¢nl™l
¨ , i.e.

thesingularvaluesof l , canberecoveredfrom thecontinuousepipolarconstraint.

4. However, show that if Þ

¢c¦ and there is only rotationalmotion, the epipolar
constraintbecomes
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¡

(6.73)

From this equation,show that, as in the discretecase,two linearly independent
rotationsÿ

Ž

¥

ÿJ© canuniquelydeterminethecameracalibrationl .

Exercise6.18 (Programming: camera calibration with a known object). Generate3-
D coordinates® of = points in the world coordinateframeandtheir projectionsin the
�rst cameraframein termsof pixel coordinates2

k

. Whengenerating2

k

assumea relative
displacementbetweentheworld coordinateframeandthecameraframe ´

'

¥

�

µ

«¾½�¿

´*Àªµ

anda calibrationmatrix l having thefollowing form

l ¢

+
,

‰

¦�¦ ¦

¡

‰ ÂW‰

¦

¦

‰

¦ª¦

ÂW‰

¦

¦ ¦ ¤

7
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¡
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WriteaMatlabfunction[R,T,K] = calibration2Dto3D(X,x) thatcomputesthe
relative displacement́

'

¥

�

µ

«é½„¿

´*ÀCµ andthe intrinsic cameraparametermatrix l «

½

¯ ´*ÀCµ usedto generate2

k

.

Exercise6.19 (Programming: projective reconstruction).Generate3-D coordinates®

of = pointsin thecoordinateframeof the�rst cameraandsecondcameraandtheir image
projections2

Ž

and 2!© in thetwo views. Assumea generaldisplacementbetweenthetwo
views ´

'

¥

�

µ

«•½�¿

´*Àªµ andtheintrinsiccalibrationmatrix l is thesameasin theexercise
above.

1. Write a Matlab function F = points2F(x1, x2) for computingthe funda-
mentalmatrix ˜ relatingthetwo views.

2. Computethe canonicaldecomposition
'�j

¥

�kj

of ˜ andthe associatedprojective
structure ®

­ . The function shouldbe called [Xp] = points2Xp(x1, x2,
Rc, Tc) .

6.A Fromimagesto fundamentalmatrices

As in the calibratedcase,the fundamentalmatrix can be recoveredfrom the
measurementsusinglineartechniques.For any fundamentalmatrix i with entries
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westackit into avector i

Q
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)

aswedid for theessentialmatrix,
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is linear in the entriesof i , we can
rewrite it as
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where
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Given a setof P –

!

correspondingpoints, form the matrix of measurements
•

�

):*

”

-

/

”

1

/

�����

/

”

O

5

7

; i

Q canbe obtainedas the minimizing solution of the
least-squaresobjective function dO•µi

Q

d

1

� Such a solution correspondsto the
eigenvectorassociatedwith thesmallesteigenvalueof •

7

• , andcanbefoundcon-
venientlyusingtheSVD(justcomputetheSVDof • andchoosei

Q tobetheright
singularvectorassociatedwith thesmallestsingularvalue,i.e. thelastcolumnof

É

, asin AppendixA). Therecoveryof thefundamentalmatrix is summarizedin
Algorithm 6.1.
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Algorithm 6.1(The eight-point algorithm for the fundamental matrix).

For a givensetof imagecorrespondences´]2
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Ž
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¥

2

k ©

¤
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¥�¦
¢`¤�¥

Â

¥

¡B¡E¡
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= ( =/§ þ ), this algo-
rithm �nds thefundamentalmatrix ˜ thatminimizesin a least-squaressensetheepipolar
constraint
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.
Unstackthenineelementsof ˜
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into asquareÀ
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À matrix ˜ . Notethatthismatrix
will in generalnotbea fundamentalmatrix.

2. Imposethe rank constraint and recover the fundamental matrix
Compute the singular value decomposition of the matrix ˜
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Normalizationof imagecoordinates

Sinceimagecoordinates�

P

- and �

P

1 aremeasuredin pixels,theindividualentries
of thematrix • canvary by two ordersof magnitude(e.g.,between0 and512),
which affectsthe conditioningof the matrix • (seeAppendixA). Errors in the
valuesìYP and í

P will introduceunevenerrorsin the recoveredentriesof i

Q and
hencei . Sincewe know how to handlelinear transformationsin the epipolar
framework, we canusethat to our advantageandchoosethe transformationthat
“balances”the coordinates.This canbe done,for instance,by transformingthe
points
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and yRV

] and a V

] arede�ned similarly. After the transformation,the normalized
coordinatesare Ç

� - )
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- and Ç
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1 , andtheepipolarconstraintbecomes
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Now onecanusetheaboveeight-pointlinearalgorithmwith thenew imagepairs
� Ç

�¶-C/
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� to estimatethe matrix Ç
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Ü

- .
Noticethatthisnormalizationhaslittle effectin thecalibratedcase,sincemetric

coordinatesareexpressedrelativeto theopticalcenter, which is oftencloseto the
centerof theimage.

Numberof points

Thenumberof points(eightor more)assumedto begivenin thealgorithmabove
is mostly for convenience.Technically, by utilizing additionalalgebraicproper-
tiesof i , we mayreducethenumberof pointsnecessary. For instance,knowing
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OnceU is foundfrom solvingtheaboveequation,onehasi
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1 . There-
fore,sevenpointsareall thatoneneedsto have a relatively simplealgorithmfor
estimatingthefundamentalmatrix i .

The �! #"
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constrainthasalsobeenusedin explicit parametrizationof the
fundamentalmatrix assumingthatoneof thecolumnscanbe written asa linear
combinationof theothertwo
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By assumingthat oneof the columnscanbe written asa linear combinationof
theothertwo, wehaveintroducedasingularity, whenthetwo columnswechoose
asa basisare linearly dependent.Geometricallythis correspondsto the second
epipolebeing at in�nity . In fact, in the parametrizationabove, the coef�cients

U

/

W are relatedto the homogeneouscoordinatesof the epipole in the second
view x

1û) *

U

/

W

/

K

�

5

7

, since i

x

1f)

�

. This singularity can be detectedand
eliminatedby choosingan alternative basis.Additional symmetricparametriza-
tions of the fundamentalmatrix in termsof both epipoleshasbeensuggested
by [LuongandVieville, 1994], andwill beillustratedin section11.3.1in Chapter
11.

Improvementbynonlinearoptimization

Similarly asin thecalibratedcase,theeight-pointalgorithmis suboptimalin the
presenceof noise in imagecorrespondences.Ideally, under the sameassump-
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tionsasin Chapter5, theoptimalestimateof the fundamentalmatrix i andthe
associatedprojective structurecan be obtainedby minimizing the reprojection
error
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To obtainanapproximationof thereprojectionerror, we assumethesamedis-

crepancy modelbetweenthe ideal correspondencesandthe measurementsasin

the calibratedcase(Chapter5), Ç
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weobtain
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SincetheimagecoordinatesÇ
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P
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- and Ç
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1 areusuallyof magnitudelargerthan j
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and j
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1 the last termin theequationabove canbeomitted.An approximatecost
functionthatonly takesinto accountthe�rst-order effectsof thenoiseis givenby
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which is theuncalibratedapproximationto theexpression(5.95)derivedin Sec-
tion 5.A. This simpli�ed costfunctionhasbeenshown in [Sampson,1982] to be
a�rst orderapproximationof thereprojectionerror, calledtheSampsondistance.
The solutionto theminimizationof

ª

�Ii � calls for nonlinearoptimizationtech-
niquesdiscussedin AppendixC. Moredetaileddiscussionondifferentchoicesof
objective functionsandparametrizationsof thefundamentalmatrix canbefound
in [Torr andMurray, 1997, Torr andZisserman,2000].

Theabove simpli�ed objective function is alsocommonlyusedin thecontext
of linear, iteratively reweightedmethodfor estimationof the fundamentalma-
trix [Torr andMurray, 1997]. In suchcasethe denominatoris consideredto be
a weight in the weightedlinear leastsquaresestimationproblem.In the weight
computationstage,thevalueof i from thepreviousiterationis used.

Uncalibratedhomographyfor a planarscene

Justasin thecalibratedcase,theepipolarconstraintwill not besuf�cient to de-
scriberelationshipsbetweentwo imagesof a planarscene(Section5.3), dueto
thefactthataplaneis acritical surfacefor theepipolarconstraint(Exercise5.14).
Nevertheless,it is straightforwardto generalizetheresultsin Section5.3onplanar
homographyto theuncalibratedcase.We leave this to the readerasan exercise
(Exercise6.12).
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6.B Propertiesof Kruppa'sequations

In thisappendix,westudythepropertiesof Kruppa'sequationsintroducedin Sec-
tion 6.6.Historically, Kruppa'sequationswereintroducedto thecomputervision
communityfor cameraautocalibration(or self-calibration).Despiteinterestingal-
gebraicproperties,calibrationalgorithmsbasedon Kruppa's equationsareoften
ill-conditioned.Thedetailedstudyprovidedbelow will helpthereaderunderstand
thereasonfor this dif�culty . To completethepicture,throughSection6.B.2,we
alsohopeto revealtheconnectionbetweenKruppa'sequationsandthestrati�ed
reconstructionapproachintroducedin thechapter.

Proposition 6.11 (Kruppa' s equationsfr om the fundamental matrix). After
eliminating K from the matrix Kruppa's equation i Ñº
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Thezeroin thelastrow comesfrom ourchoiceof ðl< asfollows:
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Now thecrucialobservationcomesfrom thefactthat therow vectors
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expressedin thedistortedspace.Sinceinnerproductis preservedunderrotation
in a Euclideanspace,theinnerproducton therow vectors
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mustbepreservedunderrotationin thedistortedspace:
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Sofar, wehavereliedon theassumptionthat dEïõPôd

)

�

. In general,thatis not the
case.Thus,from thede�nition (6.85)of thematrix � , its row vectors
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where K
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)

dEïkP�d . In order to eliminatethe dependency on K , we canconsider
ratiosof innerproducts.We obtain,thereforetwo independentconstraintson the
six independentcomponentsof the symmetricmatrix Ñº
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In general,thesetwo equationsarealgebraicallyindependent.

Remark 6.12. Onemustbe aware that solvingKruppa's equationsfor camera
calibration is not equivalentto thecamera autocalibration problemin thesense
that there mayexist solutionsof Kruppa's equationsthat are not solutionsof a
“valid” calibration.It is possiblethatevenif a suf�cient setof imagesis given,16

the associatedKruppa's equationsdo not give enoughconstraints to solvefor
thecalibration matrix

L

. SeeSection6.B.2for a more detailedaccountof these
issues.

Given a suf�cient numberof images,we can take pairsof views andobtain
Kruppa's equationsasabove. Eachpair supposedlygivestwo equations,hence,
in principle, at least threeimages(hencethreepairs of images)are neededin
order to solve for all the � ve unknown parametersin the calibrationmatrix

L

.
Unfortunately, thereis no closed-formsolution known for Kruppa's equations,
sonumericalmethodsmustbedeployedto look for ananswer. In general,how-
ever, sinceKruppa's equations(6.90)arenonlinearin Ñõ


-

, numericalsolutions

16Herewe aredeliberatelyvagueon theword “suf�cient,” which simply suggeststhatinformation
aboutthecalibrationmatrix is fully encodedin theimages.
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are often problematic[Bougnoux,1998, LuongandFaugeras,1997]. Neverthe-
less,undermany specialcameramotions,Kruppa'sequationscanbeconvertedto
linearequationsthataremucheasierto solve.In thenext sectionweexplorethese
specialbut importantcases.

6.B.1 Linearly independentKruppa'sequationsunderspecial
motions

Note that theuseof Kruppa's equationsfor a particularcameramotionassumes
that onehasaccessto the cameraandcanmove it at will (or that one is guar-
anteedthat the motion satis�es the requirements).This is tantamountto having
controlover theimagingprocess,at whichpoint onemight aswell employ a cal-
ibration rig andfollow theproceduresoutlinedin Section6.5.2.In otherwords,
thetechniqueswedescribein thissectioncannotbeappliedwhenonly imagesare
given,with no additionalinformationon thecameramotion.Nevertheless,there
arepracticalsituationswherethesetechniquescomeof use.For instance,purero-
tationabouttheopticalcentercanbeapproximatedwhenthecameraundergoesa
pan-tiltmotionandobjectsin thesceneare“f arawayenough.” Thescrew motion
(whentheaxisof rotationandthedirectionof translationareparallel,de�ned in
Chapter2) andmotionson a plane(whentheaxisof rotationis perpendicularto
thedirectionof translation)arealsoimportantcasesto becoveredin this section,
especiallythelatter, sincemostautonomousrobotsmoveonaplane.

Given a fundamentalmatrix i
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with ïkP of unit length, the
normalizedmatrix Kruppa'sequation(6.60)canberewrittenas
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Accordingto this form, if we de�ne ë
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, thenthesolution Ñ)


-

of equation(6.91)is
exactly the(symmetricandreal)kernelof thecompositionmap
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i.e. thesymmetricandrealsolutionof �!�ÌaÒ�

,

�4�

)

�

. We call thecompositemap
y , andits symmetricrealkernelSRker�

y

� . This interpretationof Kruppa'sequa-
tionsdecomposestheeffectsof rotationandtranslation:if thereis no translation,
i.e. ï

)

�

, thenthemap � is theidentity; if thetranslationis nonzero,thekernel
is enlargeddueto thecompositionwith themap � . In general,thekernelof a is
only two-dimensional,following Lemma6.8.

Pure rotation

As we have discussedasanexamplein Section6.4.4,a simpleway to calibrate
a camerais to rotateit abouttwo differentaxes.For eachrotation,we cangeta
matrix of the form ë

)

L

ð

L
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, andhenceÑ)
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LöL

7

is a solutionto the
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Lyapunov equation
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� (6.93)

This matrix equationin generalgivesthreelinearly independentequationsin the
(unknown)entriesof Ñ 


-

. Thustheautocalibrationproblemin thiscasebecomes
linear, anda uniquesolution is usuallyguaranteedif the two rotation axesare
different(Theorem6.9).However, in practice,oneusuallydoesnotknow exactly
wherethe centerof a camerais, and “rotating” the cameradoesnot necessar-
ily guaranteethat the rotationis abouttheexactoptical center. In a generalcase
with translationalmotion,however, thesymmetricrealkernelof thecomposition
map y

)

�ztóa is usuallythree-dimensional;hencethe conditionsfor a unique
calibrationaremuchmorecomplicated.Furthermore,aswewill seesoon,thedi-
mensionof thekernelis not alwaysthree.In many casesof practicalimportance,
this kernelmay becomefour-dimensionalinstead,which in fact correspondsto
certaindegeneracy of Kruppa's equations.Solutionsfor Kruppa's equationsare
even more complicateddue to the unknown scale K . Nevertheless,the follow-
ing lemmashows that the conditionson uniquenessdependonly on the camera
motion,whichwill to someextentsimplify our analysis.

Lemma 6.13. Givena fundamentalmatrix i
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The proof of this lemma consistsin simple algebraicmanipulations.More
important,however, is its interpretation:given a set of fundamentalmatrices
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where Ï
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areessentialmatricesassociatedwith the given fundamental
matrices.Notethattheseessentialmatricesaredeterminedonly by themotionof
thecamera.Therefore,weconclude:

Conditionsfor theuniquenessof thesolutionof Kruppa's equations
dependonlyon thecamera motion.

Ournext taskis thento studyhowthesolutionsof Kruppa'sequationsdependon
thecameramotionandunderwhatconditionsthesolutionscanbesimpli�ed.

Translationperpendicularor parallel to therotationaxis

From thederivationof Kruppa's equations(6.90)or (6.61),we observe that the
reasonwhy they arenonlinearis that we do not usuallyknow the scale K . It is
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thenhelpful to know underwhatconditionsthescalefactorcanbeinferredeasily.
Herewe will studytwo specialcasesfor which we areableto derive K directly
from i . The fundamentalmatrix canthenbe normalized, andwe cantherefore
solve for thecameracalibrationparametersfrom thenormalizedmatrixKruppa's
equations,which arelinear! Thesetwo casesarethosein which therotationaxis
is parallel or perpendicularto thedirectionof translation.That is, if themotion
is representedby ��ð

/

ïk�># ÑÒÏ.�•Ÿ¸� and the unit vector ý

#

'

 is the axis of
ð�#nÑ�� �•ŸÍ� , thetwo casesare:

1. ý is parallelto ï (i.e. thescrew motion),and

2. ý is perpendicularto ï (e.g.,theplanarmotion).

As we will seebelow, thesetwo casesareof greattheoreticalimportance:not
only doesthe algorithmbecomeslinear, but it also revealscertainsubtletiesin
Kruppa's equationsandexplainswhenthe nonlinearKruppa's equationsmight
becomeill-conditioned.

Althoughmotionswith translationparallelor perpendicularto rotationareonly
a zero-measuresubsetof ÑÒÏ.�•Ÿ¸� , they arevery commonlyencounteredin appli-
cations:many imagesequencesaretakenby moving thecameraaroundanobject
with an orbital motionasshown in Figure6.17, in which casethe rotationaxis
andtranslationdirectionareperpendicularto eachother.

PSfragreplacements

<MÅ

<

Ä

<
Û

Figure 6.17. Two consecutive orbital motions with independentrotations: the camera
opticalaxisis alwayspointingto thecenterof theglobe,wheretheobjectresides.

Theorem6.14(Normalization of Kruppa' sequations). Consideranunnormal-
izedfundamentalmatrix i
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Proof. Lemma6.13impliesthatweneedtoproveonly theessentialcase:if ´
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anda positive de�nite matrix ? is a solution to the matrix Kruppa's equation:
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This theoremclaimsthatfor thetwo typesof specialmotionsconsideredhere,
thereis no solution for K in Kruppa's equation(6.61) besidesthe true scaleof
thefundamentalmatrix.Therefore,wecandecomposetheprobleminto �nding K

�rst andthensolving for Ñ or Ñ)


-

. The following theoremallows us to directly
computethescaleK in thetwo specialcasesfor a givenfundamentalmatrix.

Theorem 6.15(Normalization of the fundamental matrix). Givenan unnor-
malizedfundamentalmatrix i
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Thenfor thesetwo typesof specialmotions,the associatedfundamentalma-
trix canbe immediatelynormalizedby beingdivided by the scale K . Oncethe
fundamentalmatricesarenormalized,theproblemof �nding thecalibrationma-
trix Ñ




-

from thenormalizedmatrixKruppa'sequations(6.60)becomesasimple
linear one.A normalizedmatrix Kruppa'sequationin generalimposesthreelin-
earlyindependentconstraintson theunknown calibrationmatrix givenby (6.88).
However, this is no longerthecasefor thespecialmotionsthatweareconsidering
here.

Theorem6.16(Degeneracyof the normalized Kruppa' sequations). Consider
a camera motion �•ð

/

ïõ�.#}ÑÒÏÎ��Ÿ¸� , where ð

)

á

H

J

Z hasthe angle C #˜�

�

/

s

� .



6.B. Propertiesof Kruppa's equations 221

If theaxis ý
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Theseare the only two constraintson ? imposedby the normalizedKruppa's
equation.

Accordingto this theorem,althoughwe cannormalizethefundamentalmatrix
whenthe rotationaxisandthedirectionof translationareparallelor perpendic-
ular, we get only two independentconstraintsfrom the resulting(normalized)
Kruppa's equations;i.e. oneof the threelinear equationsin (6.88) dependson
the other two. So, degeneracy doesoccurwith normalizedKruppa's equations.
Hence,for thesemotions,we still needat leastthreesuchfundamentalmatrices
to uniquelydeterminetheunknown calibration.

Example6.17(A numerical example).Supposethat

l ¢

+
,

ý ¦

Â

¦ ý

Â

¦ ¦ ¤

7
8

¥

'

¢

+,õ-/.œ0

´

ö

«

ý

µ

¦

0�465

´

ö

«

ý

µ

¦ ¤ ¦

2

0�4ƒ5

´

ö

«

ý

µ

¦

-/.10

´

ö

«

ý

µ

7
8

¥

�

¢

+
,

Â

¦

¦

7
8

¡

Notice that here the translationand the rotation axes are orthogonal(
'|{ �

). Then
the (normalized)epipole is

�

k

¢ l

�

«

d

l

�

d

¢ £É¤ª¥�¦3¥�¦�§”¨ , and supposethat the
(unnormalized)fundamentalmatrix is ˜

¢

‘

l

�

l

'

l

ê

Ž

˜

¢

+
,

¦ ¦ ¦

�

Â

¦

29÷

�

Â

2–Â

�

Â þ

¤

Â

�

Â–2

¤

÷

7
8

¥

�

k

¢

+
,

¤

¦

¦

7
8

¡

Notethatthescaledifferencebetweenl

�

andthenormalizedepipole
�

k

is
j

¢

d

l

�

d

¢

þ . Theeigenvaluesof thematrix ˜

¨

ì

�

k

are °�¦3¥

þ

¥

þ

¡

ý

þ[‰1À�µ . Themiddleoneis exactly the
missingscale.It is theneasyto verify that ½

ê

Ž

¢¤l™l2¨ is a solutionto thenormalized



222 Chapter6. Reconstructionfrom Two UncalibratedViews

Kruppa's equations,because
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entriesof ½

ê

Ž

. This is consistentwith Theorem6.16.

Under thesespecialmotions, what happensto the unnormalizedKruppa's
equations?If wedonotnormalizethefundamentalmatrixanddirectlyusetheun-
normalizedKruppa's equations(6.90)to solve for calibration,the two nonlinear
equationsin (6.90)alsomight still bealgebraicallyindependentbut numerically
ill conditioneddueto the linear dependency aroundthe true solution(i.e. when

K is aroundthe true scale).Hence,normalizingKruppa's equationsundersuch
specialmotionsbecomescrucial for obtainingnumericallyreliablesolutionsto
thecameracalibration.

Remark 6.18(Rotation by
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). Theorem6.16doesnotcoverthecasein which
therotationangle C is
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radians(i.e.
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, thesolutionsof thenormalizedKruppa's equationsare evenmore trouble-
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ï if ý is of unit lengthandparallel to ï . Therefore,
if ð
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, the correspondingKruppa's equationsare completelydegenerate,
andthey imposenoconstraintson thecalibrationmatrix.

Remark 6.19(Number of solutionsfor theperpendicular case).AlthoughThe-
orem 6.15 claims that for the perpendicularcase K is one of the two nonzero
eigenvaluesof i
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~

ï

P

, unfortunately, thereis nowayto tell which oneis thecorrect
one. Simulationsshowthat it couldbeeitherthelarger or smallerone. Therefore,
in a numericalalgorithm,for Ç

–

Ÿ givenfundamentalmatrices,oneneedsto
considerall possible

�

Æ combinations.According to Theorem6.14,in thenoise-
freecase, onlyoneof thesolutionscanbepositivede�nite, which correspondsto
thetruecalibration.



6.B. Propertiesof Kruppa's equations 223

We summarizein Table 6.6 facts about the specialmotionsstudiedin this
subsection.

Cases Typeof constraints # of constraintson Ñõ


-

ï

)

�

Lyapunov equation(linear) Ÿ

ð

Ö

ï NormalizedKruppa(linear)
�

ð d“ï NormalizedKruppa(linear)
�

Others UnnormalizedKruppa(nonlinear)
�

Table6.6.Maximumnumbersof independentconstraintson thecameracalibration.Here
we assumethattherotationangle & satis�es ¦~}

&

}

ö .

6.B.2 Cheirality constraints

SolutionsthatsatisfyKruppa'sequationsdonotnecessarilygiveriseto physically
viablereconstruction,in thesensethatall thereconstructedpointsshouldbeat �-
nite depth(in front of the camera),andthat certainorderingconstraintsamong
pointsshouldbe preserved (i.e. which pointsare in front of which others).As
wewill show in thissubsection,theseambiguoussolutionsto Kruppa'sequations
arecloselyrelatedto thestrati�ed reconstructionapproachthroughthenotionof
planeat in�nity . Suchorderingconstraints,which are not presentin Kruppa's
equations,are called cheirality constraints, namedby [Hartley, 1998a]. The
following theoremrevealsinterestingrelationshipsamongKruppa's equations,
Lyapunov equations,planeat in�nity , andcheirality.
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to be a rotationmatrix, it mustsatisfytheLya-
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. It is known from Theorem6.9 thatin general,
two suchLyapunov equationsuniquelydetermineÑº
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. Thus,asa consequence
of Theorem6.20,

A cameracalibrationcanbeuniquelydeterminedbytwoindependent
rotationsregardlessof translationif the image of everypoint in the
world is available.

An intuitive reasonfor this is provided in Figure6.18.The theoremabove then
resolvestheapparentdiscrepancy betweenKruppa'sequationsandthenecessary
andsuf�cient conditionfor a uniquecalibration:Kruppa's equationsdo not pro-
vide suf�cient conditionsfor a valid calibration,i.e. onesthat result in a valid
Euclideanreconstructionof boththecameramotionandscenestructure.However,
theresultsgivenin Theorem6.20aresomewhatdif�cult to harnessin algorithms.
For example,in orderto excludeinvalid solutions,oneneedsfeaturepointson or
beyondtheplaneƒ , which in theorycouldbeanywherein

'

 .17

Remark 6.21(Quasi-af�ne reconstruction). Accordingto theabovetheorem,if
only�nitely manyfeaturepointsaremeasured,a solutionof thecalibrationmatrix

L

that mayallow a valid Euclideanreconstructionshouldinducea plane ƒ not
cutting through the convex hull spannedby all the feature points and camera
centers.Such a reconstructionis calledquasi-af�ne in [Hartley, 1998a].

17Basically, such constraintsgive inequality (rather than equality) constraintson the possible
solutionsof cameracalibration.



6.B. Propertiesof Kruppa's equations 225

PSfragreplacements

<MÅ

³

1

³

 

€‚•„ƒ

€z…‡†

€‰ˆŠƒ

v

-

v

1

v  

Ô¶Æ

Å

ØÈÇ

Å Õ

Ô¶Æ

Ä

Ø_Ç

Ä

Õ

"

ƒ

Figure6.18.A cameraundergoestwo motions ´

'

Ž

¥

�

Ž

µ and ´

'

©

¥

�

©
µ observingarig con-

sistingof threestraightlines ¯

Ž

¥

¯

©

¥

¯

r . Thencameracalibrationis uniquelydetermined
aslongas

'

Ž

and
'

© have independentrotationaxesandrotationanglesin ´
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lessof
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© . This is becausefor any invalid solution l , the associatedplane € must
intersectthe threelines at somepoint, say È (seethe proof of Theorem6.20).Thenthe
reconstructeddepth

j

of point È with respectto thesolution l would be in�nite (points
beyond the plane € would have negative recovereddepth).This gives us a criterion to
excludesuchinvalid solutions.

Historicalnotes

The original formulationof Kruppa's equationsfor cameraautocalibrationwas
due to [MaybankandFaugeras,1992]. Basedon that, many cameracalibration
algorithms were developed [Faugerasetal., 1992, LuongandFaugeras,1996,
ZellerandFaugeras,1996, Ponceet al., 1994], asweremany algorithmsfor ro-
bustlyandaccuratelyestimatingfundamentalmatrices[BoufamaandMohr, 1995,
ChaiandMa, 1998, Zhangetal., 1995, Torr andMurray, 1997, Zhang,1998a,
Zhang,1998c, Tanget al., 1999]. A generaldiscussionon estimationin thepres-
enceof bilinear constraintscan be found in [KonderinkandvanDoorn,1997].
However, the numericalstability and algebraicdegeneracy of Kruppa's equa-
tion limits its use in camera calibration in many practical situations, as
pointed out in [Bougnoux,1998, Ma et al., 2000b]. Many recent autocalibra-
tion techniquesare basedon other intrinsic constraints:the absolutequadric
constraints[Heydenand 	Aström,1996, Triggs,1997] or themodulusconstraints
[PollefeysandGool,1999].

Strati�cation

Following thework of KoenderinkandVanDoornon af�ne projectionin 1980s,
[QuanandMohr, 1991] showed how to obtain a projective shape(from some
referencepoints), and the idea of af�ne strati�cation was initially formulated.
[Faugeras,1992, Hartley et al., 1992] formally showedthat,withoutknowing the
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cameracalibration,onecanat leastobtaina reconstructionup to an (unknown)
projective transformationfrom two uncalibratedviews, characterizedby the

Ü

matrix introducedearlier. A comparative studyof suchreconstructionmethods
canbefoundin [Rothwell et al., 1997]. In Part III, we will establishthatthis fact
follows from the rank conditionof the so-calledmultiple-view matrix. Starting
with a projective reconstruction,the projective, af�ne, and Euclideanstrati�-
cation schemeswere �rst proposedby [Quan,1993, LuongandVieville, 1994]
and later formulatedas a formal mathematicalframework for 3-D reconstruc-
tion by [Faugeras,1995]. However, a Euclideanreconstructionis not always
viable through such a strati�cation. Intrinsic ambiguities in 3-D reconstruc-
tion associatedwith all types of critical cameramotions were studied by
[Sturm,1997, Sturm,1999, Zissermanetal., 1998, Kahl, 1999, Torr et al., 1999,
Ma et al., 1999], which we will revisit in Chapter8 in the context of multiple
images.

Camera knowledge

Autocalibration with time-varying cameraintrinsic parameterswere studied
by [Heydenand 	Aström,1997, EncisoandVieville, 1997, Pollefeyset al., 1998].
[Pollefeyset al., 1996] gave a simplersolutionto thecasein which only the fo-
cal lengthis varying,which is alsothecasestudiedby [RoussoandShilat,1998].
In practice,oneoftenhascertainknowledgeon thecameracalibration.Different
situationsthen leadto many differentcalibrationor autocalibrationtechniques.
For instance,with a reasonableguesson the cameracalibration and motion,
[Beardsley et al., 1997] showed thatonecanactuallydo betterthana projective
reconstructionwith theso-calledquasi-Euclideanreconstruction.Cameracalibra-
tion undervariousspecialmotions(e.g.,rotation,screw motion,planarmotion)
wasstudiedby [Hartley, 1994b, Ma etal., 2000b]. [SeoandHong,1999] studied
furthera hybridcasewith a rotatingandzoomingcamera.

Sceneknowledge

As we have seenin this chapter, (partial) knowledgeof the sceneenablessim-
pler calibrationschemesfor thecamera,suchasa calibrationrig [Tsai,1986a], a
planarcalibrationrig [Zhang,1998b], planarscenes[Triggs,1998], orthogonality
[Svedberg andCarlsson,1999], andparallelism,i.e. vanishingpoints.Although
we did not mentionin the chapterhow to detectandcomputevanishingpoints
automaticallyfrom images,therearenumerousmaturetechniquesto performthis
task: [QuanandMohr, 1989, Collins andWeiss,1990, CaprileandTorre,1990,
Luttonet al., 1994, Shufelt,1999, KosecḱaandZhang,2002]. A simple algo-
rithm basedonpolynomialfactorizationwill begivenin theexercisesof Chapter
7. Later, in Chapter10, we will give a uni�ed studyof all typesof sceneknowl-
edgebasedon themoregeneralnotionof “symmetry.” Althoughsuchknowledge
typically enablescalibrationfrom asingleview, aprincipledexplanationhasto be
postponeduntil wehaveunderstoodthoroughlythegeometryof multiple views.
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Stereorigs

Although the two-view geometrystudiedin this chapterand the previous one
governsthat of a stereorig, the latter setupoften resultsin specialand sim-
pler calibration and reconstructiontechniquesthat we do not cover in detail
in this book. Early work on the geometryof stereo rigs can be found in
[Yakimovsky andCunningham,1978, Wenget al., 1992a, Zissermanet al., 1995,
DevernayandFaugeras,1996] and[Zhanget al., 1996]. More detailedstudyon
stereorigscanbefoundin [HoraudandCsurka,1998, Csurkaet al., 1998]. Auto-
calibrationof astereorig underplanarmotioncanbefoundin [Brooksetal., 1996],
pure translationin [Ruf et al., 1998], pure rotation in [Ruf andHoraud,1999a],
andarticulatedmotionin [Ruf andHoraud,1999b].

Thecontinuous-motioncase

In the continuous-motioncase, in contrast to the discrete case, only two
cameraparameterscan be recovered from the continuousepipolar constraint
(see Exercise 6.17). The interestedreadermay refer to [Brookset al., 1997,
Brodsky etal., 1998] for possiblewaysof conductingcalibrationin thiscase.
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Estimationof Multiple Motionsfrom
Two Views

Theeleganceof a mathematicaltheoremis directly proportional to
thenumberof independentideasonecanseein thetheoremandin-
verselyproportionalto theeffort it takesto seethem.

– GeorgePólya,MathematicalDiscovery, 1981

Sofarwehavebeenconcernedwith singlerigid-bodymotions.Consequently, the
algorithmsdescribedcanbeappliedto a cameramoving within a staticscene,or
to a singlerigid objectmoving relative to a camera.In practice,this assumption
is ratherrestrictive: interactionwith real-world scenesrequiresnegotiatingphys-
ical spacewith multiple objects.In this chapterwe considerthe caseof scenes
populatedwith multiple rigid objectsmoving independently.

For simplicity, werestrictourattentionto twoviews, leaving themultiple-view
caseto Part III. Also, in theinterestof generality, wewill assumethatcameracal-
ibration is not available,andthereforewe dealwith fundamentalmatricesrather
thanessentialmatrices.However, theresultswe obtaincanbeeasilyspecialized
to thecaseof calibratedcameras.

Given a numberof independentlymoving objects,our goal in this chapteris
threefold.We wantto study(a)how many objectsarein thescene,(b) themotion
andshapeof eachobject,and(c) which point belongsto which object.As we
will see,muchof whatwe have learnedso far canbe generalizedto thecaseof
multiple rigid bodies.
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7.1 Multibody epipolarconstraintandthefundamental
matrix

Frompreviouschapters,we know that two (homogeneous)images�“-C/(�Ò1

#

'

 

of a point " in 3-D spaceundergoinga rigid-bodymotion �•ð

/

ïk� (with ï�é

)

�

)
satisfytheepipolarconstraint

�

7

1

i

�¶-š)

�

/ (7.1)

where i

)

œ

ïið #

'

 0•b is thefundamentalmatrix (or theessentialmatrix in the
calibratedcase).1 For a simplernotation,in this chapterwe will drop the prime
superscript“ P ” from theimage� evenif it is uncalibrated.Thiswill notcauseany
confusion,sincewearenotstudyingcalibrationhere,andall resultswill bebased
on the epipolarconstraintonly, which doesnot discriminatebetweencalibrated
anduncalibratedcameras.

To generalizethis notionof epipolarconstraintfor a singlemotionto multiple
motions,let us�rst takea look at a simpleexample:
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Figure7.1.Two views of two independentlymoving objects.

Example7.1(Two rigid-body motions).Imaginethesimplestscenarioin which thereare
two independentlymoving objectsin the sceneasshown in Figure7.1. Eachimagepair
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or motioneachpair belongsto, someinformationaboutthetwo fundamentalmatrices̃
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changeof symbols,however, carriesno signi�cancefor therestof this chapter, sincewe will mostly
work at thelevel of thefundamentalmatrix.
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We call this constraintthe multibodyepipolar constraint, sinceit is a natural
generalizationof theepipolarconstraintvalid for P

)

�

. Themaindifferenceis
that the multibody epipolarconstraintis de�ned for an arbitrarynumberof ob-
jects,which is typically unknown.Furthermore,evenif P is known, thealgebraic
structureof theconstraintis neitherbilinear in theimagepointsnor linear in the
fundamentalmatrices,asillustratedin theaboveexamplefor thecaseP

)

�

.

Remark 7.2 (Nonzero translation assumption). We explicitly assumethat
translationof noneof the motionsconsidered is zero. This rules out thecaseof
pure rotation.However, in practice, this is a reasonableassumption,since, when
a �xed camera observesmultiple moving objects,for a motionof any object to
beequivalentto a rotationof thecamera, theobjectmustbeon an exactorbital
motionaroundthecamera.

Ourgoalin thischapteris to tacklethefollowing problem:

Problem7.1(Multibody structur e fr om motion).
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, andtheobjectto which eachimagepair belongs.

Beforewe delve into analyzingthis problem,let us �rst try to understandthe
dif�culties associatedwith this problem:

1. Number of motions. We know only that �
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� satis�es the equation
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for someP . We typically do not evenknow what P ,
the numberof independentmotions,is. All we know hereis the type of
equationsthatsuchimagepairssatisfy, which is theonly informationthat
canbeusedto determineP , aswewill show in thenext section.

2. Feature association.If we know which imagepairs belongto the same
motion, then for eachmotion the problemreducesto a classictwo-view
casethatwe have studiedextensively in Chapters5 and6. But herewe do
not know suchanassociationin the�rst place.
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3. Nonlinearity. Even if P is known and a suf�cient number
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4. Polynomial factorization. Oncewehaveobtainedthehomogeneouspoly-
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to group imagepairsaccordingto their motionsor, equivalently, retrieve
eachindividual fundamentalmatrix i
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, which is typically nota simplealgebraicproblem.

In thischapter, Wewill seeka linearsolutionto thisproblemthathasaseemingly
nonlinearnature.A standardtechniquein algebrato rendera nonlinearproblem
linearis to “embed”it into ahigher-dimensionalspace.But to dothisproperly, we
must�rst understandwhat type of algebraicequation
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let usstartwith thesimplestcase,two imagesof two motions:
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In otherwords,the vector Ž lies in a À[‰ -dimensionalsubspace,andits normal is given
by thevector >

¢`£

>

Ž

¥

>¸©

¥

¡B¡E¡

¥

>

r

5

§”¨
«�­

r

5 . Hencewe mayexpectthatgivensuf�ciently



232 Chapter7. Estimationof Multiple Motionsfrom Two Views

many imagepairs,we maysolve linearly for thecoef�cients >

� from theabove equation.
Informationabout ˜

Ž

and ˜Q© is thenencoded(not sotrivially) in thesecoef�cients.

To formalizetheideain theaboveexample,weneedto introducetwo mapsthat
will helpussystematically“embed”our probleminto higherdimensionalspaces
andhencerenderit linear.
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Example7.5 TheVeronesemapof degree= for animage2
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In thecase=
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Example7.6 TheVeronesemapof degree2 for Ü
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For any two vectorsof dimensionÇ and P , respectively, we cande�ne their
Kroneckerproduct(AppendixA) as
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wherethecoordinatesin thetargetspace
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Example7.8 Giventwo images2
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wherethe Ž

� 'saremonomialsgivenin thedegree-lexicographicorderasin (7.5).

Usingthenotationintroduced,wethencanrewrite themultibodyepipolarcon-
straint
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in a form thatis bettersuitedfor further
computation.

Lemma 7.9 (Bilinear form and multibody fundamental matrix). Using the
Veronesemap,themultibodyepipolarconstraint
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where i is an ë
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matrixasa symmetricfunctionof i
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it themultibodyfundamentalmatrix.
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a #¢¡
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Thisprocessis illustratedin Figure7.2.

Equation(7.13) resemblesthe bilinear form of the epipolarconstraintfor a
single rigid-body motion studiedin Chapter5. For that reason,we will inter-
changeablyrefer to both equations(7.3) and (7.13) as the multibodyepipolar
constraint. A generalizednotionof the“epipole” will be introducedlater, when
we studyhow informationon theepipoleassociatedwith eachfundamentalma-
trix i

â

is encodedin the multibody fundamentalmatrix i . For now, let us �rst
studyhow to obtainthematrix i .

7.2 A rankconditionfor thenumberof motions

Noticethat,by de�nition, themultibodyfundamentalmatrix i dependsexplicitly
on thenumberof independentmotions P . Therefore,eventhoughthemultibody
epipolarconstraint(7.13) is linear in i , we cannotuseit to estimatei without
knowing P in advance.It turnsout thatonecanusethemultibodyepipolarcon-
straintto derive a rankconstrainton the imagemeasurementsthatallows oneto
computeP explicitly. Once P is known, the estimationof i becomesa linear
problem.

To estimatethemultibodyfundamentalmatrix i , in analogyto theeight-point
algorithm,we may rewrite the above bilinear form in a linear form using the
Kroneckerproductas

Ð

�

�
-

/(�
1

�

) *

Ž

O

�

�
1

�'“pŽ

O

�

�
-

�

5

7

i

Q

)

�

/ (7.14)

wherei
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” is thestackedversionof thematrix i .

Remark 7.10(A differ ent embedding). Readersmayhavenoticedthat there is
anotherwayto “convert” themultibodyepipolarequationinto a linear form by
switching theorder of theVeronesemapandtheKronecker productin theabove
process:
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where i

Ì
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In otherwords,thevector i

Q is in the(right) null spaceof thematrix
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. In order
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Q uniquely(up to a scalarfactor),the matrix
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For this to betrue,theconditionsof thefollowing lemmamusthold.

Lemma 7.11. The number of image pairs
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Theaboverankconditiononthematrix
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in factgivesusaneffectivecriterion
to determinethe numberof independentmotions P from thegivensetof image
pairs.

Theorem7.12(Rank condition for the number of independentmotions). Let
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pointscorrespondto each motion,wehave
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Therefore, thenumberof independentmotionsP is givenby
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Proof. Since each fundamentalmatrix i
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The signi�cance of this theoremis that the numberof independentmotions
cannow bedeterminedincrementallyusingAlgorithm 7.1. OncethenumberP

of motionsis found,themultibodyfundamentalmatrix i is simply the1-D null
spaceof thecorrespondingmatrix

’

O

. Nevertheless,in orderfor Algorithm 7.1
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Algorithm 7.1 (The number of independent motions and the multibody
fundamental matrix).
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˜ .

For P

)

�

/

�

/

Ÿ

/

Ô

, theminimum
�

is 8,35,99,225,respectively. When P is large,
�

grows approximatelyin theorderof � �

P

v0� , a price to pay for trying to solve
the Problem7.1 linearly. Nevertheless,we will discussmany variationsof this
generalschemein latersectionsor in exercisesthatwill dramaticallyreducethe
numberof imagepointsrequired(especiallyfor large P ) andrenderthescheme
muchmorepractical.

7.3 Geometricpropertiesof themultibodyfundamental
matrix

In this section,we study the relationshipsbetweenthe multibody fundamental
matrix i andtheepipolesx
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x

13/

�����

/

x

O

associatedwith thefundamentalmatri-
cesi

-0/

i

1D/
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/

i

O

. Therelationshipsbetweenepipolesandepipolarlineswill be
studiedin thenext section,wherewe will show how they canbecomputedfrom
themultibodyfundamentalmatrix i .

Firstof all, recallthattheepipolex

â

associatedwith the ç thmotionin thesecond
imageis de�ned asthe left null spaceof the rank-2fundamentalmatrix i
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, that
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We call thevector Ž

O

�

x

â

� theembeddedepipole associatedwith the ç th motion.
Since Ž

O

�

�

� asa vectorspanstheentirespace
' Ÿ

” when � rangesover
'

 (or
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 ),2 we have
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� (7.25)

Therefore,the embeddedepipoles
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Ž

O

�
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â

�/��O
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- lie in the left null spaceof i ,
while the epipoles

�

x

â

�œO

â��

- lie in the left null spaceof
�

i

â

�œO

â��

- . Hence,the
rank of i is bounded,dependingon the numberof distinct (pairwiselinearly
independent)epipolesasstatedin Lemmas7.13and7.14.

Lemma 7.13 (Null space of i when the epipoles are distinct). Let i

be the multibody fundamentalmatrix generated by the fundamentalmatrices
i
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Ž
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Therefore, therankof themultibodyfundamentalmatrix i is boundedby

rank�¶i �

�

�

ë

O

K

P

�E� (7.27)
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Proof. We needto show only that if the x

â

's aredistinct, thenthe Ž

O
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linearly independent.If we let x
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tˆ4zv arelinearly independent.
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proveonly thattherankof thematrix
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is exactly P . Sincethe x

â

's aredistinct,we canassumewithout lossof generality
that
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Since �� i"
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Ãôãª� , the Vandermondematrix
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hasrank P if and
only if Ã

-
/

Ã

1
/

�����

/

Ã

O

are distinct. Hencerank�

•

�

) rank�

É

�

)

P

� Figure7.3
illustratestheintuition for P

)

�

distinctepipoles.

Eventhoughwe know thatthelinearly independentvectorsŽ

O

�

x

â

� 's lie in the
left null spaceof i , wedonotknow whetherthe P -dimensionalsubspacespanned
by themwill be exactly the left null spaceof i ; i.e. we do not know whether
rank�¶i �

)

ë

O

K

P . Simulationscon�rm thatthis is truewhenall theepipolesare
distinctbut a rigorousproof remainsanopenproblem(seeExercise7.11).

Now, if one of the epipolesis repeated,then one would expect that the di-
mensionof thenull spaceof i decreases.However, this is not thecase:thenull
spaceof i is actuallyenlargedby higher-orderderivativesof theVeronesemap,
asstatedin thefollowing lemma.

Lemma 7.14 (Null space of i when one epipole is repeated). Let i

be the multibody fundamentalmatrix generated by the fundamentalmatrices
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3This assumptionis not alwayssatis�ed,e.g.,for � Œ X motionswith epipolesalongthe ¼ -axis,
½ -axis, and 8 -axis, respectively. However, as long as the ³

� 's are distinct, one can always �nd a
nonsingularlineartransformation³

�

y{´:A³

� on •!r thatmakestheassumptiontrue.Furthermore,this
lineartransformationinducesa linear transformationon thelifted space•

“
” thatpreservestherank

of thematrix µ .
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Proof. When
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� th orderpartialderivativesof Ž
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� evaluatedat x
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Thereis a totalof ë
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- linearly
independentvectorsin the(left) null spaceof i . Similar to thecase

r

)

�

, one
canshow that theembeddedepipole Ž

O

�

x

-

� is in thespanof thesehigher-order
partialderivatives.

Example 7.15 (Two repeatedepipoles).In the two-body problem,if ˜

Ž

and ˜
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the same(left) epipole,i.e. ˜

Ž
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Ž
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À insteadof öÒ©“2’Â
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Sincethenull spaceof i isenlargedbyhigher-orderderivativesof theVeronese
mapevaluatedat repeatedepipoles,in order to identify the embeddedepipoles

Ž

O

�

x

â

� from the left null spaceof i we will needto exploit thealgebraicstruc-
ture of the Veronesemap.Let us denotethe imageof the real projective space

'ð�

 undertheVeronesemapof degreeP by Ž

O

�

'

 Í� .4 Thefollowing theoremes-
tablishesa key relationshipbetweenthenull spaceof i andtheepipolesof each
fundamentalmatrix.

Theorem 7.16 (Veronesenull spaceof the multibody fundamental matrix).
The intersectionof the left null spaceof the multibodyfundamentalmatrix i ,
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Proof. Let �
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 beavectorwhoseVeronesemapis in theleft null spaceof i .
We thenhave
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4This is theso-called(real)Veronesesurfacein algebraicgeometry[Harris,1992].
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Sincei is amultibodyfundamentalmatrix,
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If �

7

i

â

é

)

�

for all ç

)

�
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�
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�����

/

P , thenthesetof � thatsatisfytheaboveequa-
tion is simply theunionof P two-dimensionalsubspacesin

'

 , which will never
�ll theentirespace

'

 . Hencewe musthave �

7

i

â

)

�

for someç . Therefore,�

is oneof theepipoles.

The signi�cance of Theorem7.16 is that in spite of the fact that repeated
epipolesmayenlargethenull spaceof i , andthatwe do not know whetherthe
dimensionof thenull spaceequalsP for distinctepipoles,onemay always�nd
the epipolesexactly by intersectingthe left null spaceof i with the Veronese
surfaceŽ

O

�

'

 _� , asillustratedin Figure7.4.
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HencetheVeronesesurface ’

©
´

­

r

µ , for instance,canberepresentedalsoasthe locusof
Â

®

Â minorsof theabove À

®

À matrix.
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Thequestionnow is how to computethe intersectionof null �¶i � with Ž

O

�

'

 _�

in practice.One possibleapproachis to determinea vector G�#

'

O suchthat
ü

GÎ#ËŽ

O

�

'

 _� , whereü is amatrixwhosecolumnsform abasisfor the(left) null
spaceof i . Finding G , hencetheepipoles,is equivalentto solvingfor therootsof
polynomialsof degreeP in P

K

�

variables.Althoughthis is feasiblefor P

)

�

/

Ÿ ,
it is computationallyformidablefor P

�

Ÿ .
In thenext section,weintroduceamoresystematicapproachthatcombinesthe

multibody epipolargeometrydevelopedso far with a polynomial factorization
techniquegivenin Appendix7.A at theendthischapter. In essence,wewill show
thattheepipoles(andalsotheepipolarlines)canbecomputedby solvingfor the
rootsof a polynomialof degree P in one variableplus one linear systemin P

variables.Giventheepipolesandtheepipolarlines,thecomputationof individual
fundamentalmatricesbecomesa linear problem.Therefore,we will be able to
reachthe conclusionthat thereexists a closed-formsolution to Problem7.1 if
andonly if P

�

Ô

; andif P

�

Ô

, onehasonly to solve numericallya univariate
polynomialequationof degreeP .

7.4 Multibody motionestimationandsegmentation

The multibody fundamentalmatrix i is a somewhat complicatedmixture of
the P fundamentalmatricesi

-
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1
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. Nevertheless,it in fact containsall
the informationabout i

-
/

i

1
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i

O

. In otherwords,the mixture doesnot lose
any information and shouldbe reversible.In essence,the purposeof this sec-
tion is to show how to recoverall theseindividual fundamentalmatricesfrom the
(estimated)multibodyfundamentalmatrix
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Noticethatsincethepolynomialsonbothsidesshouldbethesameone,theabove
equalityholdseven if �

-
/��

1 arenot a correspondingimagepair. Unfortunately,
thereis no known numericalalgorithmthat caneffectively factora polynomial
suchastheoneon the left-handsideinto theoneon theright-handside.In this
book,we will henceadopta moregeometricapproachto solve this problem.

In general,if thereare P independentlymoving objectsin front of a camera,
their imagepairswill generate,sayin thesecondimageplane,P groupsof epipo-
lar lines

�

†

-

� ,
�

†

1

� , . . . ,
�

†

O

� that intersectrespectively at P distinct epipoles
x

-C/

x

13/

�����

/

x

O

, asshown in Figure7.5. Therefore,in order to determinewhich
imagepair belongsto which rigid-bodymotion,we maydecomposetheproblem
into two steps:

1. usethe multibody fundamentalmatrix i to computefor eachimagepair
�

�¶-3/��F1

� its epipolarline † (in thesecondimageplane);
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2. usethemultibodyfundamentalmatrixandall theepipolarlinesto compute
the P epipolesof the P motions(in thesecondimageplane).

Onceall theepipolesarefound,groupingeachimagepair to anobjectis doneby
checkingfor whichepipole x theepipolarline † of this imagepair satis�es
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Figure7.5.When = objectsmove independentlyin front of a �x edcamera,epipolarlines
associatedwith imagepairsfrom theobjectsintersectrespectively at = distinctepipoles.
Again,epipolarlinesandepipolesarein thesecondimage.
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Nevertheless,herethemultibodyfundamentalmatrix i doesnotdirectlygivethe
correspondingepipolarline † for eachpoint in the�rst image,nor the P epipoles
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. To retrieveindividualepipolesfrom amultibodyfundamentalma-
trix i , we needto exploit therelationshipbetweentheoriginal epipolesx

â

's and
othergeometricentitiesthat canbe generatedfrom the multibody fundamental
matrix i .

7.4.1 Estimationof epipolarlinesandepipoles
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we know that oneof theselines passesthroughthe correspondingpoint in the
secondframe �Ò1 ; i.e. thereexists ç suchthat �
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from which we concludethat the vector Ç
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We call thevector Ç

† themultibodyepipolar line associatedwith �“- . Notice that
Ç

† is a vector representationof the symmetrictensorproductof all the epipolar
lines †
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, andit is in generalnot theembedded(throughtheVeronese
map) Ž
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� of any particularepipolarline †
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computetheindividualepipolarlines
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- associatedwith any imagepoint �¶-

usingthepolynomialfactorizationtechniquegivenin Appendix7.A.

Example7.18(Embeddedepipolar lines and multibody epipolar line). Beforewe pro-
ceedany further, let us try to understandthe relation betweenembeddedepipolar lines
anda multibodyepipolarline for thesimplecase=
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Thenthefollowing two homogeneouspolynomials(in ÷

¥‰øb¥‰ù ) areequal:
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Comment7.19(Polynomial factorization). Mathematically, factoringthepoly-
nomial Æ
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� in (7.39) is a much simpler problem than directly factoring the
original polynomial
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� asin (7.36).There is yetno knownalgorithmfor
the latter problemexceptfor somespecialcases(e.g., P
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). But a general
algorithmcanbefoundfor theformerproblem.SeeAppendix7.A.
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up to anarbitraryscalarfactor. A generalalgorithmfor factoringa polynomialwith three
variablesandof higherdegreecanbefoundin Appendix7.A.

In essence,themultibodyfundamentalmatrix i allowsusto “transfer”apoint
�Ò- in the�rst imageto asetof epipolarlinesin thesecondimage.This is exactly
themultibodyversionof theconventional“epipolartransfer”thatmapsapoint in
the �rst imageto an epipolarline in the secondimage.The multibodyepipolar
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transfer processcanbedescribedby thesequenceof maps
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which is illustratedgeometricallyin Figure7.6.
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regardlessof themotionwith which it is associated.We call thevector Ç

x
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the multibodyepipole associatedwith the P motions.As before, Ç

x is a vec-
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As one may see,the information about the epipoles
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whichcanbelinearlysolvedfrom (7.45)if suf�ciently many epipolarlinesaregiven.

We summarize the relationship between (multibody) epipolar lines and
epipolesstudiedsofar in Table7.1.
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Table7.1.Multibody epipolarline andepipole.
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In order for equation(7.47) to have a uniquesolution(up to a scalarfactor),
we will needto replaceP by thenumberof distinctepipolesP

¢

, asstatedby the
following proposition:

Proposition 7.22 (Number of distinct epipoles). Assumethat we are givena
collectionof epipolarlines
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Therefore, thenumberof distinctepipolesP
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Proof. Similar to theproofof Theorem7.12.

Oncethenumberof distinctepipoles,P
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, hasbeencomputed,thevector Ç
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much less than the total number �
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� of imagepairs neededto estimate
themultibodyfundamentalmatrix i . Once Ç

x hasbeencomputed,the individual
epipoles
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- canbe computedfrom Ç
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Appendix7.A.

7.4.2 Recoveryof individual fundamentalmatrices

Given the epipolar lines and the epipoles,we now show how to recover each
fundamentalmatrix
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We havegivenaconstructiveproof for thefollowing statement.

Theorem7.23(Factorization of the multibody fundamental matrix).
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7.4.3 3-D motionsegmentation
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Figure 7.7. Transformationdiagramassociatedwith the segmentationof an imagepair
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µ in thepresenceof = motions.
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†�� computedfrom polynomialfactorizationfor all givenimagepairscanbeused
for threepurposes:

1. Estimationof epipolesx

â

/

ç

)
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/

�

/

�����

/

P ;

2. Retrieval of individual fundamentalmatricesi

â
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/
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/

�����

/

P ;

3. Segmentationof imagepairsbasedon x

7
â

†

)

�

/

ç

)

�

/

�

/

�����

/

P .

7.5 Multibody structurefrom motion

Algorithm7.2presentsacompletealgorithmfor multibodymotionestimationand
segmentationfrom two perspectiveviews.

Oneof themaindrawbacksof Algorithm 7.2is thatit needsmany imagecorre-
spondencesin orderto computethemultibody fundamentalmatrix, which often
makesit impracticalfor large P (seeRemark7.24below). In practice,onecansig-
ni�cantly reducethedatarequirementsby incorporatingpartialknowledgeabout
themotionor segmentationof theobjectswith minorchangesto thegeneralalgo-
rithm.Wediscussafew suchvariationsto Algorithm7.2,assuminglinearmotions
andconstant-velocitymotionsin Exercises7.6and7.8.
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Algorithm 7.2(Multibody structur e fr om motion algorithm).

Given a collectionof imagepairs
�
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�
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/��

ã
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�{�
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ã

�

- of pointsundergoing P differ-
entmotions,recover thenumberof independentmotions P andthe fundamental
matrix i

â

associatedwith motion ç asfollows:

1. Number of motions. Computethe number of independentmotions P

from the rank constraintin (7.20), using the Veronesemap of degree
ç
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P appliedto theimagepoints
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- .

2. Multibody fundamental matrix. Computethe multibody fundamental
matrix i asthesolutionof thelinearsystem

’

O

i

Q

)

�

, usingtheVeronese
mapof degreeP .

3. Epipolar transfer. Pick
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, andcomputetheircor-
respondingepipolarlines

�
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usingthefactorizationalgorithmof

Appendix7.A appliedto themultibodyepipolarlines iÙŽ
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4. Multibody epipole. Use the epipolar lines
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to estimatethe
multibody epipole Ç

x as coef�cients of the polynomial È

�µ†¸� in (7.42) by
solvingthesystemü

O

Ç

x

)

�

in (7.47).

5. Indi vidual epipoles.Use the polynomial factorizationalgorithm of Ap-
pendix7.A to computetheindividualepipoles

�

x
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��O

â<�

- from themultibody
epipole Ç

x

#

';Ÿ

” .

6. Indi vidual fundamental matrices. For each è , choose
r

�•ç‰� such that
x

7
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; i.e. assigneachepipolarline to its motion.Thenuseequa-
tions (7.51) and (7.52) to obtain eachfundamentalmatrix i

â

from the
epipolarlinesassignedto epipoleç .

7. Featuresegmentationby motion. Assignimagepair �
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� to motion ç
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The only stepof Algorithm 7.2 that requires � �

P

vC� imagepairs is the esti-
mationof the multibody fundamentalmatrix i . Step2 requiresa large number
of datapoints,becausei is estimatedlinearly without taking into accountthe
rich internal(algebraic)structureof i (e.g.,rank�¶i �

�

ë

O

K

P ). Therefore,one
shouldexpect to be able to reducethe numberof imagepairs neededby con-
sideringconstraintsamongentriesof i , in the samespirit that the eight-point
algorithm for P

)

�

can be reducedto seven points if the algebraicproperty
�� #"

�¶i �

)

�

is used.

Remark 7.24(Issuesrelatedto the algorithm). Despiteits algebraic simplicity,
thereare manyimportantandsubtleissuesrelatedto Algorithm7.2thatwehave
notaddressed:
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1. Specialmotionsandrepeatedepipoles.Algorithm7.2worksfor distinctmo-
tionswith nonzero translation.It doesnot work for somespecialmotions,
e.g., pure rotationor repeatedepipoles.If two individual fundamentalma-
tricesshare thesame(left) epipoles,wecannotsegmenttheepipolar lines
asdescribedin step6 of Algorithm7.2.In this case, onemayconsiderthe
right epipoles(in the �r st image frame)instead,sinceit is extremelyrare
that two motionsgiverise to thesameleft andright epipoles.5

2. Algebraicsolvability. Theonly nonlinearpart of Algorithm 7.2 is to fac-
tor homogeneouspolynomialsof degree P in step3 andstep5. Therefore,
themultibodystructure frommotionproblemis algebraically solvable(i.e.
there is a closed-formsolution) if and only if the numberof motionsis

P

�

Ô

. WhenP@–

u

, theabovealgorithmmustrelyona numericalsolution
for therootsof thosepolynomials.SeeProposition7.30in Appendix7.A.

3. Computationalcomplexity. In termsof data,Algorithm7.2requires � �

P

v
�

image pairs to estimatethe multibodyfundamentalmatrix i associated
with the P motions.In termsof numericalcomputation,it needsto factor

� �

P

� polynomials6 andhencesolvefor therootsof � �

P

� univariatepoly-
nomialsof degree P 7. Asfor theremainingcomputation,which canbewell
approximatedbythemostcostlystep1 andstep2, thecomplexity is � �

P

wC� .

4. Statisticaloptimality. Algorithm7.2givesa purelyalgebraic solutionto the
multibodystructure from motionproblem.Sincethepolynomialfactoriza-
tion in step3 andstep5 is veryrobustto noise, oneshouldpayattentionto
step2, which is sensitiveto noise, becauseit doesnot exploit thealgebraic
structure of the multibodyfundamentalmatrix i . For nonlinear optimal
solutions,pleasereferto [Vidal andSastry, 2003].

Example 7.25 (A simple demonstration). The proposedalgorithm is testedbelow by
segmentinga real imagesequencewith =

¢

À moving objects:a truck, a car, anda box.
Figure7.8shows two framesof thesequencewith thetrackedfeaturessuperimposed.We
tracka total of ß ¢	¤#û

À point featuresacrossthetwo views: 44 for the truck, 48 for the
car, and81 for the box. Figure7.9 plots the segmentationof the imagepointsobtained
usingAlgorithm 7.2.Noticethattheobtainedsegmentationhasnomismatches.

5This happensonly whentherotationaxesof thetwo motionsareequalto eachotherandparallel
to thetranslation.

6One needsabout °

Ò

¯>†�× V“t<�

©

v epipolarlines to computethe epipolesand fundamental
matrices,which canbe obtainedfrom VltØ�bv polynomial factorizations,sinceeachonegenerates�

epipolarlines.Henceit is notnecessaryto computetheepipolarlinesfor all Ù�Œ‰°

©

Ò

¯2†�× V“t<�

�

v

imagepairsin step3.
7Thenumericalcomplexity of solvingfor therootsfor an � th-orderpolynomialin onevariableis

polynomialin � for agivenerrorbound;see[Smale,1997].
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�

Ê

� First imageframe �

‡

� Secondimageframe

Figure7.8.A motionsequencewith a truck,a car, anda box.Trackedfeaturesaremarked
asfollows: “ Î ” for thetruck, “ Ú ” for thecar, and“ Û ” for thebox.
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Figure7.9.Motion segmentationresults.Eachimagepair is assignedto the fundamental
matrix for which the algebraicerror is minimized.The �rst 44 pointscorrespondto the
truck,thenext 48to thecar, andthelast81to thebox.Thecorrectsegmentationis obtained.

7.6 Summary

In this chapterwe have shown how to solve the reconstructionproblemwhen
therearemultiple independentlymoving objectsin the scene.The solutionis a
generalizationof thesingle-motioncaseby theuseof theVeronesemap,which
rendersa multilinear problemlinear. Table 7.2 givesa comparisonof geomet-
ric entitiesassociatedwith two views of 1 rigid-body motion and P rigid-body
motions.So far, in the threechapters(5, 6, and 7) of Part II, we have studied
two-view geometryfor bothdiscreteandcontinuousmotions,bothcalibratedand
uncalibratedcameras,bothgenericandplanarscenes,andbothsingle-bodyand
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An imagepair 2

Ž

¥

2&©

« ­

r

’

Ò

´]2

Ž

µ

¥

’

Ò

´]2J©Bµ

« ­

“ ”

Epipolarconstraint 2

¨

©

˜³2

Ž

¢f¦

’

Ò

´]2 © µ

¨

˜

’

Ò

´]2

Ž

µ

¢$¦

fundamentalmatrix ˜

« ­

r

¾

r

˜

« ­

“ ”

¾

“ ”

Linear recovery from
Ž imagepairs

+9

9

9

9

,

2

Ž

©

«

2

Ž

Ž

2

©

©

«

2

©

Ž...

2

Ù

©

«

2

Ù

Ž

7 :

:

:

:

8

˜

g

¢f¦

+9

9

9

9

,

’

Ò

´]2

Ž

©

µ

«

’

Ò

´]2

Ž

Ž

µ

’

Ò

´]2

©

©

µ

«

’

Ò

´]2

©

Ž

µ

...
’

Ò

´]2

Ù

©

µ

«

’

Ò

´]2

Ù

Ž

µ

7 :

:

:

:

8

˜

g

¢f¦

Epipole
^

¨

˜

¢f¦

’

Ò

´

^

µ

¨

˜

¢f¦

Epipolartransfer
•

¢

˜³2

Ž

« ­

r

.

•

¢

˜

’

Ò

´]2

Ž

µ

« ­

“?”

Epipolarline & point 2

¨

©

•

¢f¦

’

Ò

´]2!©Eµ

¨

.

•

¢f¦

Epipolarline & epipole
^

¨

•

¢f¦

.

^

¨

’

Ò

´

•

µ

¢$¦

Table7.2. Comparisonbetweenthe geometryfor two views of 1 rigid-body motion and
thatfor = rigid-bodymotions.

multibodymotions.In thechaptersof Part III, wewill seehow to generalizethese
resultsto themultiple-view setting.

7.7 Exercises

Exercise 7.1 (0-D data segmentation).Given a set of points °
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is Ž if andonly if Ž

¢

= . Thisrankconditiondeterminesthenumber= of different
values.

2. Thecoef�cients of thepolynomial Èh´]2!µ aresimply theonly vector(up to a scalar
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Exercise7.2 (Monomials).Show thatthenumberof monomialsof degree= in 
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Exercise7.3 If you aretold thata second-degreehomogeneouspolynomial
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is factorizableinto two linearfactorsasÈ
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Exercise7.5 (Two moving objects). In casethat thereare =
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Exercise7.6(Multiple linearly moving objects). In many practicalsituations,themotion
of the objectscan be well approximatedby a linear motion; i.e. there is only transla-
tion but no rotation. In this case,the epipolarconstraintreducesto 2
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Therefore,given a setof imagepairs °

´]2
¤

©

¥

2
¤

Ž

µFµ

ç

¤

;

Ž

of pointsundergoing = distinct lin-

earmotions
^

Ž

¥

^

©

¥

¡O¡B¡

¥

^

Ò

« ­

r , onecanusethesetof epipolarlines
•

¤

¢

ì

2

¤

©

2

¤

Ž

¥¶¦2¢

¤�¥

Â

¥

¡O¡B¡

¥ìß , to estimatetheepipoleŝ � usingstep4 andstep5 of Algorithm 7.2.Notice
that theepipolesarerecovereddirectly usingpolynomialfactorizationwithoutestimating
the multibody fundamentalmatrix ˜ �rst. What is the minimal numberof imagecorre-
spondencesneededto solve thegeneralproblemof linearly moving objectsundergoing =

independentmotions?

Exercise 7.7 (Estimation of vanishing points). We know from the previous chapters
that images°

•

µ of parallel lines in spaceintersectat the so-calledvanishingpoints;see
Figure 6.13. Supposethat thereare in total threesetsof parallel lines, and denotethe
threeassociatedvanishingpointsby Ü
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Exercise7.8 (Constant-velocity motions). In casethemotionof theobjectsin thescene
changesslowly relative to thesamplingrate,we mayassumethat for a numberof image
frames,say Ž , themotionof eachobjectbetweenconsecutive pairsof imagesis thesame.
Henceall thefeaturepointscorrespondingto the Žð2

¤ imagepairsin betweencanbeused
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to estimatethesamemultibody fundamentalmatrix. SupposeŽ

¢

‰ andthenumberof
independentmotionsis =

¢±ý . How many featurepointsdo we needto trackbetweenthe
consecutive imagepairsin orderto effectively segmenttheobjectsbasedon theirmotion?

Exercise7.9 (Segmentingplanar motions).Weknow from Exercise5.6thatanessential
matrix for a planarmotionis of theform
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Given the specialstructureof ¿ (i.e. many zerosin it), derive a simpli�ed algorithmfor
segmentingtwo planarmotions(with two differentessentialmatrices¿
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and ¿

© ) from
two calibratedimages.Try to generalizeyourmethodto thecaseof = motions.

Exercise7.10 (Segmentingaf�ne �o ws).Althoughthepracticalityof thegeneralmotion
segmentationmethodgivenin thischapteris questionable,sinceit requiresa largenumber
of featurepointsfrom bothviews,themethodcanbemademuchmoreusefulif weapplyit
to morerestrictedsituationslike thetranslationalandplanarmotioncases.In thisexercise,
we exploreanotherpossibility.
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Thus,we have the following equationfor every imagepoint 2 and its imageintensity
gradient3 :
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for someunknown af�ne matrix Ð
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= .
Unlike the fundamentalmatrix ˜ , anaf�ne matrix Ð is alwaysof rank3. But Ð hasa

specialstructure:its last row is always £ ¦D¥�¦3¥B¤O§ . Using this fact, derive a similar scheme
to the fundamental-matrixmultibody segmentationfor segmentingmultiple af�ne �o ws.
Justify why this is more feasibleandpracticalthan the feature-basedmethodusing the
fundamentalmatrix.

Exercise7.11 (An openproblem).Underthesameconditionsof Lemma7.13,prove or
disprove
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underappropriateconditions.



256 Chapter7. Estimationof Multiple Motionsfrom Two Views

7.A Homogeneouspolynomialfactorization
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where
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where ¡

O

is the permutationgroup of P elementsand “ representsthe tensor
productof vectors.
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To this end,we considerthe last P
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coef�cients of "
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� , which de�ne the
following homogeneouspolynomialof degreeP in í and î :
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Letting j
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areexactly j
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If Ý

â

1
)

�

for some ç , thensomeof the leadingcoef�cients of H

O

�•jk� arezero,
andwe cannotproceedasbefore,becauseH

O

�Äjk� hasfewer than P roots.More
speci�cally, assumethatthe�rst ü
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P coef�cients of H
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Remark 7.27(Solvability of rootsof a univariate polynomial). It is a known
fact in abstract algebra that there is no closed-formsolutionfor therootsof uni-
variate polynomialsof degree PÊ–

u

[Abel, 1828, Galois,1931]. Hence, there
is no closed-formsolutionto homogeneouspolynomialfactorizationfor P –

u

either. Sinceonecanalways�nd therootsof a univariatepolynomialnumerically
usingef�cient polynomial-timealgorithms[Smale, 1997], we will considerthis
problemassolved.

We areleft with thecomputationof thecoef�cients of thevariable ì of each
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where
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O arethecoef�cients of thefollowing homogeneouspolynomialof
degreeP
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In order for the linear systemin (7.67) to have a unique solution, the col-
umn vectors

�

à

â

#
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O“�œO

â��

- (in the matrix on the left-hand side) must be
linearly independent.We leaveto thereaderasanexerciseto provethefollowing
proposition:
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This latter condition is always satis�ed, except for somedegeneratecases
describedin Example7.29below.

Example 7.29 (Somedegeneratecases).Thereareessentiallythreecasesin which the
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someâš€š• .
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2. The polynomial Ê
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´]2Jµ , e.g., È

Ò

´]2!µ

¢

´R÷�²

ù

µ

ù asa polynomialin ÷

¥‰øb¥‡ù , hasmorethanonezeroleadingcoef�cient. In
this casewe have ´5á

�

©

¥

á

�

r

µ

¢

´

¦D¥E¤

µ for morethanone
�

.

3. TheoriginalpolynomialÈ

Ò

´]2!µ is notfactorizable.Thishappens,for example,when
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In thosedegeneratecases,as long as the original polynomial "
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distinctfactors,onecanalwaysperformaninvertiblelineartransformation
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that inducesa linear transformationon the vectorof coef�cients
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Therefore,the polynomial associatedwith í and î will have distinct roots for
all Ã�#

'

, except for the Ã 's, which are roots of the following second-order
polynomial:
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whichdirectly givestheoriginal vectors†
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We have thusprovedthefollowing proposition.
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Proposition7.30. Factorizationof a (factorizable)P th-orderhomogeneouspoly-
nomialis algebraically equivalentto solvingtherootsof a univariatepolynomial
of degree P plusthesolutionto a linear systemin P variables.Hencetheproblem
is algebraically solvableif andonly if P

�

Ô

.

The factorizationtechniquediscussedherehasbeenusedrepeatedlyin this
chapterfor thecomputationof theepipolesandepipolarlinesassociatedwith the
multibodystructurefrom motionproblem.

Furtherreadings

The problemof motion segmentationfalls into a more generalclassof multi-
modalpatternrecognitionproblems.Thealgebraicgeometrictreatmentadopted
by this chapter for this class of problemsfollows the so-calledgeneralized
principal componentanalysis[Vidal etal., 2003].

The problemof multiple-motionestimationwas �rst addressedin the work
of [ShizawaandMase,1991] for thecasein which therearetransparentobjects
in the scene.The problemof two perspective views of two motionswas stud-
ied by [Wolf andShashua,2001b]. Thefeasibility of a systematicsolutionto the
mostgeneralproblem( P motions)wasonly recentlyaddressedby the work of
[Vidal etal., 2002b, Vidal etal., 2002c], which led to the materialpresentedin
this chapter. Regardingstatisticaloptimality, nonlinearoptimal algorithmshave
beendevelopedrecently, andthey, asexpected,have superiorperformanceover
thelinearalgorithmgivenin thischapter, but at thepriceof highercomputational
cost[Vidal andSastry, 2003].

Variousmotionsegmentationtechniques

Variationsto the approachpresentedin this chapterfor different cameramod-
els and special motions that are not covered in this book can be found in
[DemirdjianandHoraud,1992, CosteiraandKanade,1995, Xu andTsuji, 1996],
[Torr, 1998, AvidanandShashua,2000, HanandKanade,2000, Kanatani,2001,
ShashuaandLevin, 2001].

Linked(articulated)rigid-bodymotions

Themethodsgivenin thischapterhavetheir limitations,especiallywhenthemo-
tion of multiple objectsarenot independent.For instance,in thecaseof a human
movement,the motionsof differentlimbs andjoints arerelatedin a systematic
way, also referredto as articulatedmotions.Given the fundamentalmatrix as-
sociatedwith one motion, anotherone is very likely determinedup to a one-
or two-parameterfamily. Furthermore,the natureof availabledatain this case
is alsofundamentallydifferent: typically, therearenot so many distinctive fea-
tureson eachlimb, andusuallyonly the joints canbereliably distinguishedand
tracked. That preventsus from using the algorithmsgiven in this chapter. The
readercan consult the work of [Sinclair andZesar, 1996, Sinclairet al., 1997,
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Ruf andHoraud,1999b] and [Sidenbladhetal., 2000, BreglerandMalik, 1998]
for thestudyof linkedrigid bodies.However, multiple-view geometryof linked
rigid bodiesremainslargelyanopentopic.
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Multiple-View Geometryof Pointsand
Lines

Anideawhich canbeusedonceis a trick. If it canbeusedmorethan
onceit becomesa method.

– GeorgePólyaandGáborSzegö

In this chapterwe studyhow the framework of epipolargeometryintroducedin
Part II generalizesto the caseof multiple views. As we shall see,this entails
studyingconstraintsthat correspondingpoints in differentviews mustsatisfy if
they are the projection of the samepoint in space.Not only is this develop-
ment crucial for understandingthe geometryof multiple views but, as in the
two-view case,theseconstraintsmay be usedto derive algorithmsfor recon-
structing cameracon�guration and, ultimately, the 3-D position of geometric
primitives.The searchfor the Ç -view analogueof the epipolarconstrainthas
beenan active researchareafor almost two decades.It was realizedearly on
in [Liu andHuang,1986, SpetsakisandAloimonos,1987] that the relationship
betweenthreeviews of thesamepoint or line canbecharacterizedby the trilin-
ear constraints. Consequently, thestudyof multiple-view geometryhasinvolved
multidimensionallinearoperators,alsocalledtensors.

This chapterand the next will, however, take a different technicalapproach
thatinvolvesonly matrix linearalgebra.In essence,we shalldemonstratethatall
theconstraintsbetweencorrespondingpointsor lines in Ç views, including the
epipolarconstraintstudiedbefore,canbe written assimple rank conditionson
the multiple-view matrices. In order to put this approachinto a historical con-
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text, in this chapterwe shallalsoexplorerelationshipsbetweensuchmatrix rank
conditionsandmultilineartensors.

A conceptualmultiple-view factorizationalgorithmwill be derived from the
matrixrankconditions.Thisalgorithmdemonstratesthepossibilityof performing
3-D reconstructionby simultaneouslyutilizing all availableviews andfeatures.
In this chapter, we restrictour attentionto individual point andline features.In
the next chapter, we will show how to extendthe samerank techniqueto study
multiple imagesof points, lines, planes,as well as incidencerelationsamong
them.We leave issuesrelatedto theimplementationof thealgorithmsto Part IV.

8.1 Basicnotationfor the(pre)imageandcoimageof
pointsandlines

To setthestage,we recall thenotationfrom Chapter3 (Section3.3.4).Consider
a genericpoint "`# �& in Euclideanspace.The homogeneouscoordinatesof "

relative to a �x edworld coordinateframearedenotedby
(

�

)�* ,n/O?¶/EAš/
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 of " , takenby
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Ã , satis�estherelationship
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/ (8.1)

where K&�ÄÃ��o#

'

€ is the (unknown) depthof the point " relative to the camera
frame,and

L

�•Ã��n#

'

 0•b is the cameracalibrationmatrix. Herewe allow the
intrinsic calibrationparametersto changefrom frameto frame,sinceit involves
noadditionaltechnicaldif�culty atthisstageof analysis.Moreover, N

<

)+* �×/

�

5

#

'

 0•%v is the standard(perspective) projectionmatrix, and Æ

�•Ã�� #+ÑÒÏÎ�•ŸÍ� is the
coordinatetransformationfrom theworld frameto thecameraframeat time Ã . In
equation(8.1), �l/

(

, and Æ areall in thehomogeneousrepresentation. Suppose
thetransformationÆ is speci�ed by its rotation ð¯#fÑ9� �•Ÿ¸� andtranslationï˜#
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 . Thenthehomogeneousrepresentationof Æ is simply
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Noticethatequation(8.1) is equivalentto

K&�ÄÃ��

�

�ÄÃ��

) *

L

�ÄÃ���ð �ÄÃ��

L

�•Ã��‰ï �•Ã��

5

(

� (8.3)

Now considera point " lying on a straight line v

•

�a , as shown in Fig-
ure 8.1. The line v canbe de�ned by a collectionof points in �a described(in
homogeneouscoordinates)as

v

�

)

�

(

�

(

)

(

w¶V�yzx

/

y\#

'

�

•

'

v

/ (8.4)

1We remindthereaderthat x is just anindex of theview, anddoesnot necessarilyimply anorder
in which theviews arecaptured;i.e. x doesnot necessarilyhave to beinterpretedas“time.”
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v is a nonzerovectorindicatingthe
“direction” of theline.

Thenthe imageof the line v at time Ã is simply the setof images
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�•Ã��/� of
all points
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"�# võ� . It is clear that all such �

�•Ã�� lie on the intersectionof the
plane ƒ in
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 passingthroughthecenterof projectionwith the imageplane,as
shown in Figure8.1.Recallfrom Section3.3.4thatwe canusethenormalvector
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If �

�•Ã�� is the imageof a point " on this line, then †z�ÄÃ�� satis�estheorthogonality
equation
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Then the plane ƒ

) span�

œ

†Í� is the preimageof the line v , de�ned in Section
3.3.4.This is illustratedin Figure8.1. Similarly, if � is the imageof a point " ,
its coimageis theplaneorthogonalto � givenby thespanof thecolumnvectors
of thematrix œ

� . Recallfrom Section3.3.4thatwe have introducedthe notation
in Table8.1 to representthe image,preimage,andcoimageof pointsandlines.
For simplicity, we will oftenusethevector � andthematrix œ

† , determinedup to
a scalarfactor, to representthepreimageof a point anda line, respectively; and
thematrix œ

� andthevector † , up to a scalarfactor, to representthecoimageof a
point anda line, respectively. Usingthis notation,for a line v anda point "%#Ëv ,
the relationbetweentheir (pre)imageandcoimagecanbe expressedin termsof
thevectors�l/

†�#
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Notation Image Preimage Coimage
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Table8.1.Image,preimageandcoimageof a pointanda line.

Having distinguishedthenotionsof image,coimage,andpreimage,weoftensim-
ply referto the“image” of a line by thevector † , insteadof themorecubersome
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Theprojectionmatrix N
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Be aware that �•ð

â

/

ï

â

� do not necessarilyrepresentthe actual camera rotation
andtranslationunlessthecamera is fully calibrated,i.e.
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�¶Ë

� . In any case,
thematrix N

â

is of rank Ÿ andspeci�eshow to projectthe(world) coordinates
(

of apoint ontotheimageplane(with respectto thelocal cameraframe).
Recallthat in Section3.3.4,we have formally de�ned a preimageasthesetof

pointsin
'

 thatgive riseto thesameimageof a point or a line. This notioncan
beeasilygeneralizedto themultiple-view setting.

De�nition 8.1(Preimagefr om multiple views). A preimageof multipleimages
of a point or a line is the(largest)setof 3-D pointsthat giverise to thesameset
of multipleimagesof thepointor theline.

For example,in Figure8.1, the preimageof the two imagelines †
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betheintersectionof thepreimageof eachimageline, i.e. theintersectionof the
plane ƒ

- andtheplane ƒ

1 . Obviously, from the�gure, v

)

ƒ

-

„�ƒ

1 . Hence,the
line v in spaceis exactly the preimageof its two images.Equivalently, given
multiple imagesof a point or a line, we can de�ne their preimageto be the
intersection

preimage�

�
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�����

/��

Æ
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) preimage�
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Ó�Ó�Ó

„ preimage�
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Æ
�

/

preimage�µ†

-
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†
Æ

�

) preimage�µ†

-

�R„

Ó�Ó�Ó

„ preimage�µ†
Æ

�E�
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By thisde�nition, wecancomputein principlethepreimagefor any setof image
pointsor lines.For instance,thepreimageof multiple imagelines canbe either
anemptyset,a point, a line, or a plane,dependingon whetheror not they come
from thesameline in space.

8.2 Preliminaryrankconditionsof multiple images

We �rst observe that in equations(8.7)and(8.8) theunknowns, K

â

,
(

,
(

w , and
x , which encodethe informationaboutthelocationof thepoint " or theline v

/

arenot directly availablefrom imagemeasurements.As in thetwo-view case,in
orderto obtainintrinsic relationshipsbetween�“/

† , and N only, i.e. betweenthe
imagemeasurementsandthe cameracon�guration, we needto eliminatethese
unknowns.Therearemany differentbut algebraicallyequivalentwaysfor elim-
inating theseunknowns,which result in differentkinds of constraintsthat have
beenstudiedin the computervision literature.Herewe will show a systematic
wayof eliminatingtheaboveunknownsthatresultsin acompletesetof conditions
andprovidesacleargeometriccharacterizationof all theconstraints.

8.2.1 Point features

Considerimagesof a 3-D point
(

seenin multiple views. We can rewrite
equation(8.7) in matrix form in thefollowing way
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Š
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� (8.10)

Thisequation,afterde�ning

è

�

)
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;
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N
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N
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=

/ (8.11)

canbewrittenas
è

¸

K

)�N

(

� (8.12)

We call
¸

K$#

'

Æ thedepthscalevector, and N

#

'

 

Æ

•%v themultiple-view pro-
jectionmatrix associatedwith theimage matrix

è

#

'

 

Æ

•

Æ . Notethatwith the
exceptionof

è

, everythingelsein thisequationis unknown.Solvingfor thedepth
scalesandthe projectionmatricesdirectly from theseequationsis by no means
straightforward.Hence,asin thetwo-view case,we decoupletherecoveryof the
cameradisplacementsN

â

from therecoveryof scenestructure,K

â

, and
(

.
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Notethatevery columnof thematrix
è

#

'

 

Æ

•

Æ in equation(8.11)lies in a
four-dimensionalspacespannedby columnsof thematrix N

#

'

 

Æ

•%v . Hencein
orderfor equation(8.12)to besatis�ed, it is necessaryfor thecolumnsof

è

and
N to belinearly dependent.In otherwords,thematrix
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musthave a nontrivial right null space;that is to say, its columnsaredependent
(notethatfor Ç

–

�

/

Ÿ

Ç

–

Ç

V

Ô

), andhence

rank�
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V$Ÿz� (8.14)

In fact, from equation (8.12) it is immediate to see that the vector T
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(
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7
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7

#

'
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v is in theright null spaceof thematrix
�

• , since
�

•

T )

�

.

Remark 8.2(Positivedepth). Evenif rank�

�

•¸�

)AÇ

VûŸ , there is noguarantee
that

¸

K in (8.10)will havepositiveentries.2 In practice, if thepointbeingobserved
is alwaysin front of thecamera, then

è

, N and
(

in (8.10)will besuch that the
entriesof

¸

K areall positive. Sincethesolutionto
�

•

TX)

�

isuniqueif rank�
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V\Ÿ and T
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is a solution,thenthelast Ç entriesof T haveto be
of thesamesign.

Theaboverankconstraintcanbeexpressedin amorecompactway in termsof
thecoimagesof thepoint.Let usde�ne a matrix that“annihilates”
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Since œ

�

â

�

â

)P�

â

g��

â

)

�

, we have

è

…

è

)

�

� (8.16)

Therefore,premultiplyingbothsidesof equation(8.12)by
è

…

, weget

è

…

N

(

)

�

� (8.17)

2In a homogeneoussense,this is not a problem,sinceall points on the sameline throughthe
cameracenterareequivalent.But it doesmatterif we want to chooseappropriatereferenceframes
suchthatthedepthfor therecovered3-D point is physicallymeaningful,i.e.positive.
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Thismeansthatthevector
(

is in thenull spaceof thematrix
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andsincethenull spaceof êË• is at leastone-dimensional,we have

rank�ôê • �

�

ŸÝ� (8.19)

If all the images�

â

areindeedfrom a singlepoint (with coordinates
(

), the
matrix ê • shouldhave only a one-dimensionalnull space.Null spacesof both

ê�• and
�

• thencorrespondto points that may have given rise to the sameset
of images.Notethatindividual rowsof thematrix êö• cansimplybeobtainedby
eliminatingtheunknown scalesK
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K

â

�

â

)�N

â

(

C

œ

�

â

K

â

�

â

)

œ

�

â

N

â

(

C �

)

œ

�

â

N

â

(

� (8.20)

We employed this style of eliminationin deriving the epipolarconstraintin the
two-view case.Statingtherankconditionsmorepreciselywe have thefollowing
result:

Lemma 8.3 (Imagesand coimagesof a point). Given Ç images �

â
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/DÇ , of apoint " with respectto Ç camera framesde�nedbytheprojection
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, wemusthave
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Proof. Notethatthematrix
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hasfull rank Ÿ
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Sincethe submatrix
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hasfull rank Ç , the rank of the overall matrix on the
right-handside( ) rank�
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concludethat
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This proof illustratesa useful algebraictechnique(called the rank reduction
lemmain AppendixA) for eliminatingredundantrows andcolumnsin a matrix,
whichwe will useextensively in therestof thebook.
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8.2.2 Line features

Considernow imagesof asingle3-D line seenin multipleviews.A rankcondition
similar to the caseof a point canbe derived in termsof the coimages†

â

. From
equation(8.8),thematrix
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mustsatisfytherankcondition

rank�ôê
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� (8.24)

Thenull spaceof ê

v is at leasttwo-dimensionalbecausefrom (8.8) thevectors
(

w and x areboth in thenull spaceof thematrix ê

v . In fact,any
(

#

'

v in
thenull spaceof ê

v representsthehomogeneouscoordinatesof somepoint lying
ontheline v , andviceversa.For thesakeof completeness,wecanalsointroduce
thecounterpartof
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• for line featuresas

�

v

�

)

9
Š

Š

Š

Š

;

N
-

œ

†

-

�

Ó�Ó�Ó

�

N
1

�

œ

†

1

...
...

...
...

...
...

�

N

Æ

�

Ó�Ó�Ó

�

~

†fÆ

<
‹

‹

‹

‹

=

#

'

 

Æ

•

‚

 

Æ

€

v

…

� (8.25)

We leave to the readerasan exercise(seeExercise8.4) to prove the following
lemma.

Lemma 8.4 (Imagesand coimagesof a line). Given Ç coimages †

â

#

'

 of a
line v with respectto Ç camera frames(or projectionmatrices)N
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) *

ð
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,
wemusthave

rank��ê

v

�

) rank�

�

v

�

K

�

Ç

���
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Thenext threeexamplesillustratethegeometricmeaningof therankconditions
associatedwith thematrix ê .

Example 8.5 (Homogeneousrepresentationof hyperplanesin ­

r ). To describea hy-
perplane­

r , aconventionalwayis to giveavector ö
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(8.27)

In general,weknow thattwo planesintersectat a line andthreeintersectatapoint.Hence
thenull spacesof thematrices
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representa line anda point in ­

r , respectively (if ranḱ mêé

µ

¢

Â and ranḱ m

­ µ

¢

À ).
This is illustratedin Figure8.2.Therefore,both thematricesú ­ and ú

é arenothingbut
representationsof a point anda line in termsof a family of hyperplanespassingthrough
them.Eachrow of ú ­ and ú

é representsa hyperplane;any point in their null spaceis
simply a point in the intersectionof all thehyperplanesfrom the rows. Thenull spaceof

ú�­ and ú

é is nothingbut thepreimageof all theimagesof thepointor theline (expressed
in homogeneouscoordinateswith respectto the�rst cameraframe).
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Figure8.2.Onehomogeneousvector ö

« ­

� determinesahyperplane€ ; two hyperplanes
in generaldeterminea line ¯ ; threedeterminea point È .

Example8.6 (Geometric interpretation of ú
­

for two views).Considertherows of the
matrix ú

­

«$­

r

Ù

¾

� : Ž rows are trivially redundantdueto the rank de�ciency of ì

2

� ,
andthe remaining Â Ž rows eachrepresenta hyperplanein space.Since ú ­œ®

¢�¦ , all
the planesmustintersectat the samepoint È (with coordinates® ) in space.For È to be
theonly intersection,we requireranḱ•ú

­
µ

¢

À . For Ž

¢

Â views, this putsaneffective
constrainton the four (independent)rows involved.This is illustratedin Figure8.3.The
readermay try to �nd out what happensif ranḱ•ú ­ªµ

¢

Â (althoughan answerwill be
givenin thenext section).
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Figure8.3.Thetwo independentrow vectorsof ì
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m

Ž

representtwo planesintersectingat
theline þ

Ž

È ; togetherwith thetwo planesfrom ì

2
©

m

© , thesefour planesintersectatapoint
in spacewhosehomogeneouscoordinatevector ® is in thenull spaceof thematrix ú

­ .
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Example8.7(Geometric interpretation of ú

é for two views).For two (co)images
•

Ž

¥

•

©

of a line ¯ , therankcondition(8.24)for thematrix ú

é becomes
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(8.29)

Here ú

é is a Â

®

ý matrix, that automaticallyhasrank lessthanor equalto two. So in
general,thepreimageof two imagelinesalwayscontainsa line in space,andhencethere
is essentiallyno intrinsic constrainton two imagesof a line.3 This is consistentwith the
geometricintuition illustratedin Figure8.4.This factalsoexplainswhy thereareno line-
basedtwo-view motionrecovery techniquesin Part II. A naturalquestion,however, arises:
arethereany nontrivial constraintsfor imagesof aline in morethantwo views?Theanswer
is yes,aswe will soonshow in Section8.4.
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Figure8.4.Theplaneextendedfrom any line (
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) in thesecondimagewill intersect
at one line ( ¯ or ¯
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) in spacewith the plane € extendedfrom any line (
•

Ž

) in the �rst
image.

The above rank conditionson
�

• , ê
• ,

�

v , and ê

v arethe startingpoint for
studyingtherelationshipsamongpoint andline featuresin multiple views.How-
ever, therankconditionsin their currentform still containsomeredundancy and
areratherdif�cult to exploit computationally, sincethelowerboundontheir rank
is not yet clear, andthedimensionof thesematricesis high. In thefollowing two
sections,we will show how to further reducethesematricesto a morecompact
form. As we will see,thereductionwill simplify thestudyof theconstraintsthat
suchmatrix rankconditionsimposeuponmultiple correspondingviews,andwill
alsoleadto ausefulalgorithmfor 3-D reconstruction.

3However, this is no longerthecaseif thelinesaresegments.See[Zhang,1995].
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8.3 Geometryof point features

Westartthissectionwith thecaseof point featuresandleavetheline featurecase
to thenext section.

8.3.1 Themultiple-view matrixof a pointandits rank

Without lossof generality, we may assumethat the �rst (uncalibrated)camera
frame is chosento be the referenceframe. That gives the projectionmatrices
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whereasbefore,4 ð
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be calibrated)and ï
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/�Ç , is the fourth columnof N

â

. Using
this notation,the rank of the matrix êË• will not changeif we multiply it by a
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v0•!t of thefollowing form:
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of the above matrix hasrank�ô�••D�

� �

. We call �•• the multiple-view matrix
associatedwith a point feature" . Noticethat �u• involvesboththeimage �¶- and
thecoimages
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�Ò13/
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Æ of thepoint " .
Theaboverankconditiononthematrix �u• canalsobederivedbymanipulating

the matrix
�

• . We leave this asan exerciseto the reader(Exercise8.6). Using
the factstatedin Lemma8.3 andtheobservationsabove,we cansummarizethe
relationshipbetweentheranksof

�

• , ê
• , and �

• in thefollowing theorem.

Theorem 8.8 (Rank conditions for point features). For multiple imagesof a
point, thematrices
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• , ê • , and �•• satisfy
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� (8.32)

4Recallthathere �

� is notnecessarilya rotationmatrixunlessthecamerais calibrated.
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Comment 8.9 (Geometric information in � • ). Noticethat œ
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is thenormal
vectorto theepipolarplaneformedbetweenframes1 and ç , andsois thevector
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Sothe coef�cient that relatesthe two columnsof �u• is simplythe depthof the
point " in spacewith respectto thecenterof the�r stcamera frame(thereference).
Hence, the multiple-view matrix �•• captures exactly the information about a
point " in spacethat is missingfroma singleimage ( �@- ) but encodedin multiple
images.Thisis shownin Figure8.5.
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Figure8.5.Geometricinformationin î*­ : distanceto thepoint È .

Dueto therankequality(8.32),
�

• , ê
• , and �

• all giveequivalentconstraints
thatmayariseamongthe Ç viewsof apoint.Thematrix �n• is obviouslythemost
compactrepresentationof theseconstraints.Noticethatfor �n• to beof rank1, it
is necessaryfor thepairof vectors œ
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constraints
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betweenthe ç th andthe�rst views(aswe know from Exercise5.4).
In orderto seewhatextra constraintsthis rankconditionimplies,we needthe

following lemma.
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is rank-de�cientif andonly if Ê
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The lemmais simply a vectorversionof the fact that the determinantof any
�

g

�

minor of the given rank-de�cient matrix is zero.The proof is left to the
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readerin Excercise8.9.Applying this lemma,from thematrix � • thatrelatesthe
�rst, ç th, and è th views,we obtainthefollowing equation:
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Noticethatsince œ
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T , theaboveequationyieldsthetrilinear constraint
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The above equationis a matrix equation,and it gives a total of Ÿ

g

Ÿ

) >

scalar(trilinear) equations,out of which onecanshow thatonly four arelinearly
independent(Exercise8.24).

The bilinear andtrilinear equationsarerelated.As long asthe corresponding
entriesin
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�

ã�ï×ã and
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ã�ðiã

� - arenonzero,eachcolumnof theabovematrixequa-
tion implies that the two vectors œ
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â

�
- and œ

�

â
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mustbe linearly dependent.
Trilinearconstraints(8.37)henceimply bilinearconstraints(8.34),exceptfor the
specialcasein which
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ã�ï×ã
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ã�ðšã
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for someview è . This casecorre-
spondsto araredegeneratecon�gurationin which the3-D point " liesontheline
throughtheopticalcenters
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-0/

³

ã , whichwe will discussin moredetail later.
Sincerank���••D�

� �

is equivalentto all the
�

g

�

minorsof �•• having zero
determinantandall

�

g

�

minorsof �•• involving upto threeimagesonly, wecan
concludethat thereareno additional linearly independentrelationshipsamong
four views.Althoughweonly provedit for thespecialcasewith N -i) * �z/

�

5

, the
generalcasediffersonly by a choiceof referenceframe.

So far, we have essentiallygivena proof for the following factsregardingthe
constraintsamongmultiple imagesof a point feature.

Theorem8.11(Linear relationshipsamongmultiple viewsof a point). For any
given Ç imagesof a point "�#f�J relativeto Ç camera frames,rank���u•D�

� �

yieldsthefollowing:

1. Anyalgebraic constraint amongthe Ç imagescanbereducedto onlythose
involving two and threeimagesat a time. Formulaeof thesebilinear and
trilinear constraints are givenby (8.34)and (8.37),respectively. There is
nootherirreduciblerelationshipamongpoint featuresinvolvingmorethan
threeviews.

2. Given Ç imagesof a point, all trilinear constraintsbetweenanytriplet of
views algebraically imply all bilinear constraints betweenpairs of views,
exceptfor thedegeneratecasein which thepoint " lies on theline through
theoptical centers

³

-C/

³

â

for someç .

From the discussionabove, we seethat the bilinear (epipolar)and trilinear
constraintsare certainly necessaryfor the rank of the matrix �

• to be 1. But
rigorouslyspeaking,they arenot suf�cient. Accordingto Lemma8.10,for them
to beequivalentto therankcondition,thevectorsinvolvedin thematrix ��• need
to benonzero.This is not alwaystruefor certaindegeneratecases,asmentioned
above.
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8.3.2 Geometricinterpretationof therankcondition

This sectionexploresmore closely the relationshipsbetweenthe bilinear con-
straints,thetrilinearconstraints,therankconditions,andtheir implicationfor the
uniquenessof thepreimage.

Given threevectors �@-0/��Ò13/(�

 

#

'

 , if they are indeedimagesof some3-
D point " with respectto the threecameraframes,asshown in Figure8.6, they
shouldautomaticallysatisfyboththebilinearandtrilinearconstraints;i.e.
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Now considerthe inverseproblem:If the threevectors�“-0/(�F13/��

 

satisfythebi-
linear or trilinear constraints,are they necessarilyimagesof somesinglepoint
in space?If so,we refer to this singlepoint (if it exists) asthe preimage of the
images�

-
/(�

1 , and �

 

. Theabovequestionis answeredby thefollowing lemma.
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Lemma 8.12 (Properties of bilinear and trilinear constraints). Given three
vectors � -3/��F1 , �
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 andthreecamera frameswith distinctoptical centers, if
thethreeimagessatisfytheepipolarconstraint betweeneach pair5
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a uniquepreimage " is determinedexcept for the casewhere the three lines
associatedto imagepoints �
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/(�

1 , �

 

are coplanar.

5Hereweusesubscriptsëíì to indicatethatthetransformationis from the ë th to the ì th frame.This
conventionwill beusedthroughtherestof thischapter.
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If thesevectorssatisfyall trilinear constraints6
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thenthey determinea uniquepreimage "	#��a exceptfor whenthe threelines
associatedwith thethreeimages �¶-3/��F1 , �

 

arecollinear.

Proof. A detailedproof for this lemmacanbefoundin Appendix8.A.

Herewebrie�y summarizethegeometricintuition behindthelemma.Geomet-
rically, thethreeepipolarconstraintssimply imply thatany pair of thethreelines
arecoplanar. If all threelinesarenot coplanar, theintersectionis uniquelydeter-
mined,andso is the preimage.If all the lines do lie on the sameplane,sucha
uniqueintersectionis not alwaysguaranteed.As shown in Figure8.7, this may
occurwhenthe lines determinedby the imageslie on the planespannedby the
threeoptical centers

³

-C/

³

1D/

³

 

, the trifocal plane, or whenthe threeoptical cen-
terslie on a straightline regardlessof the imagepoints,the rectilinearmotion.PSfragreplacements
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Figure8.8.If thethreeimagesandthethreeopticalcenterslie ona straightline, any point
on this line is a valid preimagethatsatis�esall theconstraints.

Thesecondcaseis moreimportantandoccursfrequentlyin practicalapplications
(e.g.,acarmoving onthehighway).In suchacase,regardlessof what3-D feature
pointonechooses,epipolarconstraintsalonedonotprovidesuf�cient constraints
to determinea uniquepreimagepoint from any giventhreeimages.Fortunately,
the 3-D preimageis uniquelydeterminedif the threeimagessatisfy the trilin-
ear constraint,except for one rare degeneratecon�guration in which the point

6Although thereseemto be total of nine possible t<ëôƒ5ì�ƒ»î0v , thereare in fact only threedifferent
trilinearconstraintsdueto thesymmetryin thetrilinearconstraintequation.
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" in questionlies on the line betweencollinearoptical centers.This situationis
demonstratedin Figure8.8.

For morethanthreeviews, in orderto checktheuniquenessof thepreimage,
oneneedsto apply Lemma8.12 to every pair or triplet of views. The possible
numberof combinationsof degeneratecasesoften makes it very hard to draw
any consistentconclusion.However, the two possiblevaluesfor the rankof ��•

classifygeometriccon�gurationsof thepointrelativeto the Ç cameraframesinto
two andonly two categories.If therankis 1, thentherelativelocationof thepoint

" is uniquelydetermined.If therankis 0, i.e. �n•
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, then œ
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/DÇ . Theonly solutionto theaboveequationsis thatall thecamera
centers
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Æ lie on a line andthepoint " canbeanywhereon this line.
Hence,in termsof the rankconditionon themultiple-view matrix, Lemma8.12
canbegeneralizedto multipleviews in aconciseanduni�ed way.

Theorem8.13(Uniquenessof the preimage). Given Ç vectorsrepresentingthe
Ç imagesof a point in Ç views, they correspondto the samepoint in the 3-D
spaceif therankof the �

• matrix relativeto anyof thecamera framesis one. If
the rank is zero, the point is determinedup to the line on which all the camera
centersmustlie.

Summarizingthesealgebraicfacts,for a multiple-view matrix �n• associated
to a setof point features,we have

rank���••3�

)

� C

nopointcorrespondenceandpreimageis empty;
rank���••3�

)

� C

pointcorrespondenceandpreimageis unique;
rank���••3�

)

� C

pointcorrespondenceandpreimageis notunique.

Notethatonecanpotentiallyusetheaboverankconditionfor matchingfeaturesor
rejectingdegenerateandmismatchedfeaturesduring theprocessof establishing
correspondenceamongimagepointsacrossmultipleviews.

8.3.3 Multiple-view factorizationof point features

As we have demonstratedin the previous section,the rank condition of the
multiple-view matrix �•• capturesall theconstraintsamongmultiple imagessi-
multaneouslywithout specifyinga particularset of pairs or triplets of frames.
Ideally, onewould like to formulatetheentireproblemof reconstructing3-D mo-
tion andstructureasthemaximizationof someglobalobjective functionsubject
to therankcondition.However, suchanapproachwould rely on solvinga costly
nonlinearoptimizationproblem.Instead,herewe divide theoverall probleminto
(linear) subproblemsandshow how the rank conditioncanbe instrumentalfor
estimatingmotion assumingknown matchedpoint featuresandestimating3-D
point coordinatesgiven known motion.The completeconceptualalgorithmthat
interleavesthesestepswill begivenat theendof this section.
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given,andwe want to usethemto estimatethe unknown projectionmatrix N .
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Thiscanbedonein two steps.Therankconditionof thematrix � • simplystates
thatits two columnsarelinearlydependent,whichcanbewrittenfor the è th point
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where “ is the Kronecker product betweenmatrices(Appendix A). It can be
shown that if the U

ã 's areknown, thematrix ƒ
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Reconstructionfroma calibratedcamera

To demonstratethe key ideasof the algorithm, we assumethat the camerais
calibrated;i.e.
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) � . We leave theuncalibratedcaseto Section8.5.Thenin
theprojectionmatrix N
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is givenby
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The motion estimationstepassumesthat the initial U

ã 's are known. These
initial estimatescan be obtainedfrom the �rst two images,using the eight-
point algorithm for estimatingthe displacementï
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 and ð
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(seeChapter5), followedby estimationof theunknown scalarsU

ã 's. Given the
known motion, the equationgiven by the �rst row of equation(8.38) implies
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Theseinitial valuesof U

ã canthereforebeusedin equation(8.40)for recoveryof
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from theeight-pointalgorithm.Wecanthenrecoverall theunknownsfrom (8.40)
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NotethatthesescalarsU

ã arethesameasthosein (8.43)if Ç )

�

. Onecanthen
recomputethemotion giventhesenew U

ã 's anditeratethesetwo stepsuntil the
differencebetweenthereprojectedimagepoints
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� andthegivenones
�
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� , the
so-calledreprojectionerror, is smallenough.

Theseobservationssuggesta naturaliterative linearalgorithm,Algorithm 8.1,
for multiple-view motionandstructureestimation.

The cameramotion is then *
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/DÇ , andthe structureof the
points (with respectto the �rst cameraframe) is given by the convergeddepth
scalar K
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is to �x the
universalscale.It is equivalentto settingthedistanceof the �rst point to be the
unit of measurement.Therearea few notesfor theproposedalgorithm:

1. Theiterationfrom step4 is unnecessaryif thedatais perfect,i.e.noiseless.
In this case,steps1 to 3 give anexact Ç -view reconstructionbasedon the
initialization from two views.
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Algorithm 8.1(Factorization algorithm for multiple-view reconstruction).
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2. Thealgorithmmakesuseof all constraintssimultaneouslyfor motionand
structureestimation.While the *

ð

â
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ï
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5

's seemto beestimatedusingpairs
of views only, this is not exactly the case.The computationof the matrix

ƒ

â

dependsonall the U

ã 's,eachof which is in turnestimatedfrom the �

ã

•

matrix involving all views.

3. Thealgorithmcanbeusedeitherin batchor in a recursive fashion:initial-
ize with two views, recursively estimatecameramotion,andautomatically
updatescenestructurewhena new view becomesavailable.

4. In casea point is occludedin a particularimage,thecorrespondinggroup
of threerowsin the �•• matrixcanbesimplydroppedwithoutaffectingthe
conditionon its rank.

The above algorithmis only conceptual(andthereforenaive in many ways).
Therearemany possiblewaysto imposethe rank condition,andeachof them,
althoughalgebraicallyequivalent,canhave signi�cantly differentnumericalsta-
bility 7 andstatisticalproperties.To makethesituationevenworse,underdifferent
conditions(e.g.,long baselineor shortbaseline),correctlyimposingsucha rank
conditionrequiresdifferentnumericaltechniques.This is eventrue for thestan-
dardeight-pointalgorithm in the two-view case(as we saw in Chapter5). We
will leave someof thesepracticalissuesto Part IV, andbelow we show a simple
experimentdemonstratingthepeculiaritiesof thegivenalgorithm.

Example 8.14 (Reconstruction fr om imagesof a cube).Figure8.9 shows four images
of a cube(onwhich thecorrespondingfeaturesareestablishedmanually),andFigure8.10

7See,for example,Exercise8.17.
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Figure8.9.Four imagesof thecubeandcorrespondingfeatures.Thecamerais calibrated
usingtechniquesdescribedin Chapter6.

Figure8.10.Reconstructed3-D featuresviewedfrom novel vantagepoints.

shows the resultof 3-D structurereconstructedfrom theseimagesusingAlgorithm 8.1.
The camerais roughly calibrated,andthe error in the reconstructedright anglesaround
eachcorneris within ¤

H

. Thechoiceof an imageto bethereferenceview doesnot affect
thereconstructionqualitysigni�cantly.
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8.4 Geometryof line features

The previous section focused on multiple-view relationshipsamong point
features.In this section,we follow a similarderivationfor line features.

8.4.1 Themultiple-view matrixof a line andits rank

Accordingto Lemma8.4,thematrix
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associatedwith Ç imagesof a line in spacesatis�estherankcondition
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Without lossof generality, wemayassumethatthe�rst cameraframeis chosen
to bethereferenceframe,i.e. N

-
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. Giventhischoice,thematrix ê

v andits
associatedrankconditioncanbeexpressedin a morecompactform. Multiplying
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Thisyieldsa new matrix
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Since�

v is of full rank
Ô

, therankof ê�P

v is thesameasthatof ê
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of ê}P

v musthave rankof no morethanone.We call thematrix �

v themultiple-
view matrix associatedwith a line featurev . Togetherwith Lemma8.4,we have
proventhefollowing theorem.

Theorem 8.15 (Rank conditions for line features). For the two matrices ê

v

and �

v associatedwith Ç -viewsof a line, thefollowing relationshipholds:
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Therefore, rank�ôê

v

� is either2 or 1, dependingonwhetherrank���

v

� is 1 or 0.

For rank���
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, it is necessaryfor every pair of row vectorsof �

v to be
linearly dependent.Focusingon the �rst threecolumnsof �

v , the lineardepen-
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Notice that this constraintinvolvesonly the cameraorientation ð . Now, taking
into accountthe fourth columnandconsideringthe linear dependency between
the ç th and è th rowsgivesusanothertypeof trilinearconstraint,
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thatrelatesthe�rst, ç th andè th images.FromExample8.7,weknow thatnontriv-
ial constraintson linesmustinvolveat leastthreeviews.Theabovetwo equations
con�rm this fact.

Although the trilinear constraints(8.52) above are necessaryfor the rank of
thematrix �

v to be1, they arenot suf�cient. For equation(8.52)to besuf�cient
andimply (8.51),it is requiredthatthescalar†
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â
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v benonzero.This is not
truefor certaindegeneratecasessuchastheline v beingcoplanarto thebaseline
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. But in any case,rank�ô�
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if andonly if all its
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g

�

minorshave zero
determinant.Sinceall suchminorsinvolve only threeimagesat a time, we can
concludethatany constrainton lines is dependenton thoseinvolving only three
imagesata time.

Hence,we haveessentiallyproventhefollowing theorem.

Theorem 8.16(Constraints amongmultiple imagesof a line). Given Ç views
of a line v in �& in Ç camera frames,therankconditiononthematrix �

v implies
thatanyalgebraicconstraintsamongtheseÇ imagescanbereducedtoonlythose
involvingthreeimagesat a time. Theseconstraintsinclude(8.51)andthetrilinear
constraint (8.52).

8.4.2 Geometricinterpretationof therankcondition

Fromtheabovederivation,we know thatgiventhreevectors†
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 that
areimagesof thesameline v in space,asshown in Figure8.11,they satisfythe
trilinearconstraints
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- . Togetherwith †

- , G and ü determinethe3-D locationof v , asshownin Figure
8.14.

For morethanthreeviews, in order to checkthe uniquenessof the preimage
of the given imagelines, one needsto apply the above lemmato every triplet
of views. Sincetherearemany possiblecombinationsof degeneratecases,it is
very hard to draw any consistentconclusionusing trilinear relationshipsonly.
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However, the previous lemmacanbe generalizedto multiple views in termsof
therankconditionon themultiple-view matrix.

Theorem 8.19 (Uniquenessof the preimage). Given Ç vectors in
'

 repre-
sentingimagesof lines †

â

with respectto Ç camera frames,they correspondto
thesameline in spaceif therankof thematrix �

v relativeto anyof thecamera
framesis 1. If its rankis 0 (i.e. thematrix �

v is zero), thentheline is determined
up to a planeonwhich all thecamera centersmustlie, asshownin Figure8.13.

Theproof followsdirectly from Theorem8.15,andthedegeneratecasecanbe
easilyderivedfrom solving theequation�

v

)

�

. Thecasein which the line in
spacesharesthesameplaneasall thecentersof thecamerais theonly degenerate
casein which onewill notbeableto determinetheexact3-D locationof theline
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from its multiple images:
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no line correspondence;
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line correspondenceandthepreimageis unique;
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line correspondenceandthepreimageis notunique.

8.4.3 Trilinear relationshipsamongpointsandlines

Although the two typesof trilinear constraints(8.37) and (8.52) are expressed
in termsof pointsandlines, respectively, they in fact describethesametype of
relationshipamongthreeviewsof a point andtwo linesin space.It is easyto see
thatcolumns(or rows) of œ

� arecoimagesof linespassingthroughthepoint,and
columns(or rows) of œ

† areimagesof pointslying on the line (seeExercise8.1).
Hence,eachscalarequationfrom (8.37) and (8.52) falls into the sametype of
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Example8.20(Tensorial representationof the trilinear constraint). Theabove trilinear
relationship(8.53)playsasimilar role for three-view geometryto thatof theepipolarcon-
straintfor two-view geometry. Herethefundamentalmatrix ˜ is replacedby thenotionof
trifocal tensor, traditionallydenotedby ñ . Likethefundamentalmatrix,thetrifocal tensor
depends(nonlinearly)on themotionparameters
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and
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. Theabove trilinear relationcan
thenbewritten formally asthe interior product(or contraction)of the tensor ñ with the
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Intuitively, thetensorñ consistsof À

®

À

®

À entries,sincetheabove trilinear relation
hasasmany coef�cients to be determined.Like the fundamentalmatrix, which hasonly
seven free parameters,8 thereare in fact only 18 free parametersin ñ . We will give a
formal proof for this in Section8.5.2(Proposition8.21).Nonetheless,if oneis interested
only in recovering ñ linearly from threeviews aswe did for thefundamentalmatrix from
two views, the internal dependency amongthe coef�cients ñ ´

�

¥¶¦ª¥


Íµ 's can be ignored.
The27 coef�cients canberecoveredup to a scalarfactorfrom 26 linearequationsof the
above type (8.53). We henceneedat least26 triplets ´]2
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µ with correspondence
relationshipsspeci�edby Figure8.15.We leave asanexercisefor thereaderto determine
how many correspondencesacrossthreeviews are neededin order to have 26 linearly
independentequationsfor solving ñ (seeExercise8.24).Like thefundamentalmatrix,the
trifocal tensor ñ alsohasa rich algebraicandgeometricstructure.In Exercise8.23,we
introduceawayof book-keepingits Â

û entriesthatpreservesnicegeometricandalgebraic
properties.Sincethetrilinear constraintsin mostcasesimply theepipolarconstraints,we
shouldexpectthat thefundamentalmatrix ˜ canberecoveredfrom thetrifocal tensorñ .
This is indeedtrue.A step-by-stepdevelopmentfor this fact is givenin theexercises(see
Exercise8.25).

8.5 Uncalibratedfactorizationandstrati�cation

We havestudiedin Chapter6 how to achieve3-D reconstructionin thecaseof an
uncalibratedcamerafrom two images.In this section,we will studyuncalibrated
reconstructionin the generalmulti-view settingbasedon the rank condition.In
particular, we will show how the rank condition naturally revealsthe relation-
shipsamongprojective (uncalibrated),af�ne (weaklycalibrated),andEuclidean
(calibrated)camerasandreconstructions.To clearlycomparethesecases,wewill
adoptthe notationintroducedin Chapter6: we use �
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â

now for the ( ç th) uncali-
bratedimage,to bedistinguishedfrom thecalibratedone �

â

. They arerelatedby
theequation�
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8.5.1 Equivalentmultiple-view matrices

Recall that the relationship betweenan uncalibratedimage �

P and its 3-D
counterpartin theuncalibratedsettingis
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is the only type of linear transformationthat preserves our choiceof the �rst
(af�ne or projective)cameraframeto bethereferenceframe;i.e.
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Sincewith N
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, both N
§ and N

• now conformto thechoice
for theprojectionmatricesin (8.30),they give riseto two multiple-view matrices
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Notice that the columnsof thesecondmatrix aresimply linear combinationsof
thoseof the �rst matrix, andvice versa.Thesetwo matricesmusthave thesame
rank(seeExercise8.20).However, thenull spacesof thesetwo matricesareusu-
ally different (Exercise8.19).Similar resultshold for the caseof line features.

Thus,for the samesetof uncalibratedimages
�

�

PÃ� , the projectionmatrix N

that allows rank�����

)

�

is not unique.The remainingquestionis whetherthe
projectionmatricesN

• or N
§ (differingby achoicein G

/

G

v

) aretheonly ones,or
whetherthereexist otherprojectionmatricesthatalsosatisfythe rankcondition
for thesamesetof images.

8.5.2 Rank-baseduncalibratedfactorization

In the�rst stepof Algorithm 8.1,oneneedsto initialize U with K

- from any two
views. Without calibration,the relationshipbetween,say, the �rst two views is
characterizedby the fundamentalmatrix i
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- . The dif�culty
with the uncalibratedcaseis that the fundamentalmatrix i cannotbe directly
decomposedinto the (af�ne) form *
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. Thus, as we have con-
tendedin Section6.4.2,we may �rst choosethe canonicaldecompositionof i
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Although N
1

• givesrise to the sameepipolarrelationshipbetweenthe �rst two
views, the recovered3-D structuredependson theactualchoiceof G$#

'

 and
G

v

#

'

. Dif ferentchoicesyield differentvaluesof U , or equivalently, K

- (see
Exercise8.19).

But once a decompositionof i is chosenfor N
1

• , all the other projec-
tion matricesN
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/�N

v

•

/

�����

/�N

ÆÖ• areuniquelydetermined(up to a scalefactor)
from equation(8.40).Only in the projective casecanwe no longernormalize9

the recovered N
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• 's using �� i"
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â
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. That is, the projectionmatrix N
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/�Nk1
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/(N

Æ»•D� directly recoveredfrom the�rst two stepsof Algorithm 8.1

9Weneedto determinetheprojectionmatricesonly up to ascalarfactor, say s
€i• . However, one
mustbeawarethat,oncethescalesontheimagecoordinatesand3-D coordinatesareset,e.g.,thelast
entryof 4 or | is setto 1, thescaleof eachprojectionmatrix is in factabsorbedinto

6

with respect
to eachview. It is easierto seethis from thematrix ù

­ : althougheachrow canbearbitrarily scaled,
its null spacedoesnotchange,hencepreservesthesamehomogeneouscoordinatesof a3-D point.
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in theuncalibratedcasemustbeof thefollowing generalform
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for someunknown Go#
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Æ . To
summarizetheabovediscussion,we have in factproventhefollowing statement.

Proposition8.21(Total number of degreesof fr eedom). From Ç imagesalone
(in the absenceof any extra information aboutcalibration or motion),we can
recoverat most
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freeparameters for therelativecon�gurationof the Ç

camera frames.

This in fact alsoexplainswhy the fundamentalmatrix for two views should
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parameters10 andthetrifocal tensorfor threeviews
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parameters.In particular, thethreefundamental
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degreesof freedom.Wealreadyknow thateachhassevendegreesof
freedom.Hencethe threefundamentalmatricesmustberelated,i.e. they should
satisfyat leastthreemorealgebraicallyindependentequations.We will leave the
developmentof theseequationsto thereaderasanexercise(seeExercise8.21).

8.5.3 Directstrati�cation by theabsolutequadricconstraint

Sofar, wehavestudiedthetypeof solutionsofferedby thefactorizationalgorithm
in the uncalibratedcase.That is, in the absenceof any extra informationabout
cameracalibrationormotion,usingtheimagemeasurementsonly, wecandirectly
recovera projectionmatrix N
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• . In order to obtain a Euclideanre-
construction
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, we needto further eliminatethe ambiguity introducedby the
transformation
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thisby accomplishingthefollowing upgradeof theprojectionmatrix,
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since as we leave to the readerto verify, the Euclideanstructure
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can be
obtainedasthenull spaceof thematrix
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To achievetheupgrade,we needto �nd thetransformationmatrix
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thatrelatesthetwo matricesin thefollowing way:
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at therowsassociatedwith theprojectionmatrices
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Now, asin Chapter6, de�ne amatrix ž to be
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In generalwe know only that ž is a rank-3positivesemi-de�nitesymmetricma-
trix. Since N
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Theseconstraintsaretheabsolutequadricconstraintsthatwehaveseenin Chap-
ter 6. Note that the N

â

• 's can be obtaineddirectly from the factorization,but
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 0•b areunknown matrices,and ´
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areunknown
scalars.As wehaveanticipatedin Chapter6 (e.g.,Exercise6.16),evenin thecase
in which the cameracalibrationis constantÑ
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, we cannot
alwaysexpectto �nd a uniquesolutionfrom suchconstraintsunlessthecamera
motionsare rich enough.We call a sequenceof motions
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�/� critical if
it leadsto multiple solutionsin the cameracalibration Ñº
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from its associated
absolutequadricconstraints.
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Theorem 8.22(Critical motions for the absolutequadric constraints). A mo-
tion sequenceor setis critical for camera calibration if andonly if it belongsto
oneof thefollowing four cases:11

1. A motionsequencewhoserelativerotationsbetweenviews are generated
by arbitrary rotationsarounda �xed axis(Figure 8.16 Ê ). Formally, this is
a motionsubgroup Ñ�� �

�

�

g

'

 .

2. Anorbital motionsequence(Figure8.16 ‡ ), i.e. thecircular group



-

.

3. Eight camera posesthat respectthe symmetryof some(3-D) rectangular
parallelepiped(Figure8.16 Å ).

4. Four camera positionsthat respectthe symmetryof some(2-D) rectangle
andat each positionthecamera mayrotatearoundtheline connectingthe
centersof thecamera andtherectangle(Figure8.16

Å

).

Thesecasesare illustratedin Figure8.16.

PSfragreplacements

Ê

‡

Å

Å

Figure8.16.Fourcasesof critical motionsequences.

Proof. A completeproof consistsof a carefulclassi�cationof all possiblerela-
tionshipsbetweenthequadricgivenby ž andtheconic by Ñõ


-

. The interested
readercansee[Sturm,1997] for thedetails.

Note that solving theabsolutequadricconstraintsessentiallyprovidesa solu-
tion to the problemof cameracalibration,anticipatedin Chapter6. Additional
partialknowledgeof thecameracalibration,motion,andstructuremaygive rise
to alternative techniquesfor computingthecameracalibrationandtheEuclidean
structure.Discussionsof suchpracticalissueswill be given in Chapters10 and
11.

8.6 Summary

The intrinsic constraintsamongmultiple imagesof a point or a line canbe ex-
pressedin termsof rankconditionson thematrix

�

, ê , or � . Therelationship

11Here,for simplicity, we ignorethatsometrivial rotationsby †%G

…WH

canbeaddedto eachcase.
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amongtheserankconditionsis summarizedin Table8.2.Theserankconditions
capturethe relationshipsamongcorrespondinggeometricprimitivesin multiple
images.They give rise to natural factorization-basedalgorithmsfor multiview
recoveryof 3-D structureandcameramotion.

Rankconditions (Pre)image Coimage Jointly

Point rank�

�
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�
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�¬�

Line rank�

�

v

�

�Â�
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V

�
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v
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���

rank�ô�

v
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�	�

Table8.2.Equivalentrankconditionson matricesin image,in coimage,andin imageand
coimagejointly.
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 0•%v , we summarizein
Table8.3theresultsof this chapteron thecomparisonbetweenpointsandlines.

8.7 Exercises

Exercise8.1 (Imageand coimageof points and lines).SupposeÈ

Ž

¥

È

© aretwo pointson
theline ¯ , and ¯
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© aretwo linesintersectingat thepoint È . Let 2
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© betheimages
of thepointsÈ
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© ,
respectively.

1. Show that
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¡3. Draw a pictureandconvinceyourselfof theabove relationships.

Exercise8.2 (Uncalibrated coimageand image).We know thatanuncalibratedimage
2

k

of a point È is relatedto its calibratedcounterpartby 2

k

¢nl

2 .

1. Derive the relationshipbetweenthe uncalibratedcoimageof È and its calibrated
coimage.

2. Derive the relationshipbetweenan uncalibratedcoimageof a line ¯ and its
calibratedcounterpart.

3. Derive the relationshipbetweenan uncalibrated(pre)imageof a line ¯ and its
calibratedcounterpart.

Notice the differencein the effect of the calibrationmatrix l on a (pre)imageandon a
coimage.
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Table8.3.Comparisonbetweenmultiple imagesof a pointanda line.

Exercise8.3 (A plane in ­

r ). Otherthanthehomogeneousrepresentationgiven in this
chapter, describea planein ­

r in termsof a basepoint (on it) andvectorsthat indicate
its span.Findtherelationshipbetweensucharepresentationandthehomogeneousonefor
thesameplane.
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Exercise8.4 (Relationshipbetweenthe ranks of ú

é and ß é ). ProveLemma8.4,relating
therankof thematrix ú
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Exercise8.5 (Two-view geometry fr om ú ­ ). Giventwo images2

Ž

¥

2J© with respectto
two cameraframesspeci�edby m

Ž

¥•m

© , then:

1. Derive theepipolarconstraintfrom therankcondition

ranḱ•ú ­ µ

¢ rank ¶

ì

2

Ž

m

Ž

ì

2J©

m

©

¼

�

À

¡

2. Assumingthatthetranslationbetweenthe�rst andsecondcameraframeis nonzero,
show that

ranḱ•ú™­Cµ

¢

À

exceptfor aspecialcase.Whatis thisspecialcase?Thispropertymeansthatthe(ho-
mogeneous)coordinatesof the3-D pointareuniquelydeterminedby thenull space
of ú

­ whentranslationis present.(Hint: to simplify theproof,onecanconsiderthe
�rst cameraframeto bethereferenceframe.)

Thiscanbeconsideredasa triangulationprocedurefor lines.

Exercise8.6 (Thr ee-viewgeometry fr om ß

­ ). Given threeimages2

Ž

¥

2!©

¥

2

r

with re-
spectto threecameraframesspeci�ed by m

Ž

¥•m

©

¥•m

r

(with the �rst cameraframebeing
thereference),show that

ranḱ ß

­0µ

�

÷

[

ranḱÃî ­0µ

�$¤

¡

Exercise8.7 (Multilinear function). A function ×Y´

ß

¥

ß

µÚØ

­
Ò

®

­
Ò

Ô ­ is calledbilinear
if ×Y´R÷

¥‰ø

µ is linearin ÷

« ­ÚÒ if ø
« ­ÚÒ is �x ed,andviceversa.Thatis,

×Y´¹Üh÷

Ž

² Ý×÷Ý©

¥‡ø

µ

¢

Ü�×Y´R÷

Ž

¥‰ø

µí²’ÝÞ×Y´R÷Ý©

¥‰ø

µ

¥

×Y´R÷

¥

Ü

ø

Ž

²’Ý

ø

©Eµ

¢

Ü�×Y´R÷

¥‰ø

Ž

µW²’Ý„×Y´R÷

¥–ø

©Eµ

¥

for any ÷

¥

÷

Ž

¥

÷Ý©

¥‰øb¥‰ø

Ž

¥‰ø

©

« ­ÓÒ and Ü

¥

Ý

« ­ . Show thatany bilinear function ×Y´R÷

¥‰ø

µ

canbewritten as

×Y´R÷

¥–ø

µ

¢

÷

¨

î

ø

for somematrix î

« ­
Ò

¾

Ò . Noticethatin theepipolarconstraintequation

2

¨

©

˜³2

Ž

¢$¦3¥

the left-hand side is a bilinear form in 2

Ž

¥

2!©

«˜­

r . Hence,the epipolar constraint
is also referredto as the bilinear constraint. Similarly, we can de�ne the trilinear or
quadrilinear functions.In the most generalcase,we can de�ne a multilinear function

×Y´R÷

Ž

¥

¡B¡E¡

¥

÷

�

¥

¡B¡B¡

¥

÷

Ù

µ that is linear in each ÷

�

«�­ÚÒ if all other ÷

¤

's with ¦

¬

¢

�

are
�x ed.Sucha function is called Ž -linear. Anothernamefor sucha multilinear object is
tensor. A two-tensor(i.e. a bilinear function) canbe representedby a matrix. How cana
higher-ordertensorberepresented?
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Exercise8.8 (Minors of a matrix). Supposeî is an Ž

®

= matrix with ŽŠ§¯= . Then
î is a “rectangular”matrix with Ž rows and = columns.We canpick = (say

�

Ž

,
�

© ,

¡E¡B¡

,
�

Ò

) arbitrarydistinctrows of î andform an =

®

= submatrixof î . If we denotesuchan
=

®

= submatrixby î

�

~

"

�

•

" � � � "

�

”

, its determinantãSäæåE´Ãî

�

~

"

�

•

" � � � "

�

”

µ is calledaminorof î .
Prove thatthe = columnvectorsarelinearly dependentif andonly if all theminorsof î

areidenticallyzero,i.e.

ãSä�å6´Ãî

�

~

"

�

•

" � � � "

�

”

µ

¢$¦3¥˜á

�

Ž

¥

�

©

¥

¡O¡B¡

¥

�

Ò

« °0¤ª¥

Â

¥

¡B¡E¡

¥

Ž¾µ

¡How many differentminorscanyou possiblyobtain?

Exercise 8.9 (Linear dependencyof two vectors). Given any four nonzero vectors
>

Ž

¥

>Í©

¥

¡B¡B¡

¥

>

Ò

¥

?

Ž

¥

?E©

¥

¡B¡O¡

¥

?

Ò

« ­

r , thematrix
+

9

9

9

,

>

Ž

?

Ž

>
©

?
©

...
...

>

Ò

?

Ò

7

:

:

:

8

« ­

r

Ò

¾

©

(8.66)

is rank-de�cient if andonly if >

�

?

¨

¤

2�?

�

>

¨

¤

¢ ¦ for all
�

¥¶¦ ¢+¤�¥

Â

¥

¡O¡B¡

¥

= . Explainwhat
happensif someof thevectorsarezero.

Exercise8.10 (Rectilinear motion and points). Usetherankconditionof the î_­ matrix
to show thatif thecamerais calibratedandonly translatingonastraightline, thentherela-
tivetranslationalscalebetweenframescannotberecoveredfrom bilinearconstraints,but it
canberecoveredfrom trilinear constraints.(Hint: use

'

�

¢

¸ to simplify theconstraints.)

Exercise8.11 (Pure rotational motion and points). The rank conditionon the matrix
î

­
is so fundamentalthat it works for thepurerotationalmotion casetoo. Show that if

thereis no translation,therankconditionon thematrix î
­ is equivalentto theconstraint

thatwemaygetin thecaseof purerotationalmotion,

ì

2

�

'

�

2

Ž

¢f¦

¡

(8.67)

(Hint: youneedto convinceyourselfthatin thiscasetherankof ß

­ is nomorethan Ž�²lÂ .)

Exercise8.12 (Points on the plane at in�nity). Show thatthemultiple-view matrix î
­

associatedwith Ž imagesof a point È on theplaneat in�nity satis�estherankcondition
ranḱÃî

­
µ

�‘¤ . (Hint: thehomogeneouscoordinatesfor apoint È at in�nity areof theform
®

¢�£

°

¥

±

¥

²

¥‡¦6§
¨

« ­

� .)

Exercise8.13 (Degeneratecon�gurations). Show that theonly solutioncorresponding
to theequation

ranḱÃî
­

µ

¢f¦

is thatall thecameracentersþ

Ž

¥

þª©

¥

¡B¡B¡

¥

þ

Ù

lie on a line andthepoint È canbeanywhere
on this line.

Exercise8.14 (Triangulation for line features).Giventwo (co)imagesof a line
•

Ž

¥

•

©

«

­

r andtherelative motion ´

'

¥

�

µ of thecamerabetweenthetwo vantagepoints,what is
the3-D locationof theline with respectto eachcameraframe?Expressthedirectionof the
line andits distanceto thecenterof thecamerain termsof

•

Ž

¥

•

© , and ´

'

¥

�

µ . Underwhat
conditionsaresucha distanceanddirectionnotuniquelydetermined?
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Exercise8.15 (Rectilinear motion and lines).Supposethecamera(center)is moving on
a straightline ¯

Š . Whatis themultiple-view matrix î associatedwith imagesof any line
¯ that is coplanarto ¯

Š ? Describethesetof all suchlines °

¯Óµ . What informationabout
thecameramotion ´

'

¥

�

µ arewe ableto getfrom imagesof suchlines?Explainwhy.

Exercise8.16 (Purely rotational motion and lines).Derive theconstraintsamongmul-
tiple imagesof a line takenby a camerathatrotatesaroundits center. How many lines(in
generalposition)areneededto determinelinearly therotationfrom two views?Explain.

Exercise8.17 (Numerical sensitivity of the rank condition). Althoughtherankcondi-
tion is a well-de�ned algebraiccriterion,onemustbecautiousaboutusingit in numerical
algorithms.A matrix rank is invariantunderarbitraryscalingof its rows or columns,but
scalingdoesaffect the sensitivity of the matrix to perturbation.Considerthe two rank-1
matrices

î

Ž

¢
¶

¦

ï

¦ ¤

¼

¥

î
©

¢
¶

¦ ¤

¦ ¤

¼

¥

where ï is a small positive number. Perturbboth by addinga vector £

ï

¥�¦�§ to their �rst
rows.Computetheanglesbetweenthetwo row vectorsof eachmatrixbeforeandafterthe
perturbation.Explainwhy for degeneratecon�gurations(i.e. î

¢Â¦ ), therankcondition
mightberathersensitive to noise.

Exercise8.18 (Invariant property of bilinear and trilinear relationships).Supposetwo
setsof projectionmatrices

m$¢

+
,

¸

¦

'

©

�

©

'

r

�

r

7
8

¥ m

k

¢

+
,

¸

¦

'

k
©

�

k
©

'

k

r

�

k

r

7
8

« ­

ª6¾

�

arerelatedby a commontransformation�

­ of theform

�

­

¢
¶

¸

¦

Þ

¨

Þ

�

¼

« ­

�

¾

�

¡

Thatis, £

'

�

¥

�

�

§��

­
À

£

'

k

�

¥

�

k

�

§ areequalup to scale.Show that

1. m and m

k

give thesamefundamentalmatrices(up to a scalefactor).

2. m and m

k

give thesametrifocal tensor(up to a scalefactor).

(Hint: Onecan�rst show that theabove claimsaretruewhentheequality £

'

�

¥

�

�

§<�

­

¢

£

'

k

�

¥

�

k

�

§ is exact.Thenarguethatthesametwo or three-view relationshipsholdevenif one
scaleseachprojectionmatrix m

k

� arbitrarily.)

Exercise8.19 (Changeof depth). Let two images2

Ž

¥

2!© of a point with respectto two
cameraframesbegiven.Theprojectionmatrix is £

'

¥

�

§ . Hence
j

Ž

ì

2
©

'

2

Ž

²

ì

2
©

�

¢f¦ for
a depthscale

j

Ž

«�­ . Now supposewe have recoveredthefundamentalmatrix ˜

¢

â

�9'

.
Sincewe donotknow thecalibrationof thecamera,wemayrecover theprojectionmatrix
only up to thedecomposition

£

'

k

¥

�

k

§

¡

¢Â£

'

²

�

Þ

¨

¥

Þ

�

�

§Ä¥

Þ

¢Â£

Þ

Ž

¥

Þ
©

¥

Þ

r

§

¨

« ­

r

¥

Þ

�

« ­

¡Find the corresponding“depth”
j

k

Ž

for the imagepair ´]2

Ž

¥

2J©Bµ with respectto the new
projectionmatrix.
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Exercise8.20 (Invariant property of the rank condition). We show that therankcon-
ditionsdevelopedin this chapterareinvariantunderanarbitrarytransformation�

­ of the
form

�

­

¢ ¶

¸

¦

Þ

¨

Þ

�

¼

« ­

�

¾

�

¡

1. First derive therankconditionranḱÃî ­ µ

�$¤ from ranḱ•ú ­ µ

�

À .

2. Suppose
+9

9

9

,

'

©

�

©

'

r

�

r

...
'

Ù

�

Ù

7 :

:

:

8

�

­

¢

+9

9

9

,

'

k©

�

k©

'

k

r

�

k

r

...
'

k

Ù

�

k

Ù

7 :

:

:

8

(8.68)

andlet

î ­

¡

¢

+

9

9

9

,

ì

2J©

'

©92

Ž

ì

2J©

�

©

ì

2

r

'

r

2

Ž

ì

2

r

�

r

...
...

ì

2

Ù

'

Ù

2

Ž

ì

2

Ù

�

Ù

7

:

:

:

8

¥

înk

­

¡

¢

+

9

9

9

,

ì

2!©

'

k
©

2

Ž

ì

2J©

�

k
©

ì

2

r

'

k

r

2

Ž

ì

2

r

�

k

r

...
...

ì

2

Ù

'

k

Ù

2

Ž

ì

2

Ù

�

k

Ù

7

:

:

:

8

¡

Show that

ranḱÃî
­

µ

�‘¤

^

ranḱÃî�k

­

µ

�‘¤

¡3. Basedontheresultsfrom thepreviousexercise,explainhow thenull spacesof these
two multiple-view matricesarerelated.

Exercise8.21 (Fundamental matrices among thr eeviews). Denoteby £

'

�

¤

¥

�

�

¤

§ the
relative coordinatetransformationfrom the ¦ th view to the

�

th suchthat

®

�

¢

'

�

¤

®

¤

²

�

�

¤

¥

®

�

¥

®

¤

« ­

r

¡Thenthe associatedfundamentalmatrix is denotedby ˜

�

¤

¢

ì

�

�

¤

'

�

¤

. Now considerthe
threefundamentalmatrices̃!©

Ž

¥

˜

r

Ž

, and ˜

r

© .

1. Denotethe imageof the ¦ th cameracenterþ

¤

in the
�

th view by
^

�

¤

« ­

r . Show
that

^

�

¤

À

�

�

¤

¥

^

¤

�

À

'

¨

�

¤

^

�

¤

whereequalityis in thehomogeneoussense.This is illustratedin Figure8.17.

2. Find the relationshipbetweeñ �

¤

and ˜

¤

� andconcludethat thereareessentially
three“independent”fundamentalmatricesas listed above. Verify that it is trivial
that

^

¨

�

¤

˜

�

¤

¢$¦3¥

˜

�

¤

^

¤

�

¢f¦

¡3. Further, verify thenontrivial relation

^

¨

�

�

˜

�

¤

^

¤

�

¢f¦

¡Concludethatthethreefundamentalmatriceslistedabovearefurtherrelatedvia the
threeequations

^

¨

©

r

˜Q©

Ž

^

Ž

r

¢f¦3¥

^

¨

r

©

˜

r

Ž

^

Ž

©

¢f¦D¥

^

¨

r

Ž

˜

r

©

^

©

Ž

¢f¦

¡
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Figure8.17.Imagesof cameracenters(i.e. epipoles)amongthreeviews: theimageof the
¦ th cameracenterin the

�

th view is denotedby
^

�

¤

. Therearethereforesix in all.

Since
^

¤

�

and
^

�

�

areessentiallythe (left) null spaceof ˜

¤

�

and ˜

�

�

, the above
relationin factimposesthreealgebraicallyindependentconstraintsamongthethree
matrices̃ �

¤

¥

˜

¤

�

, and ˜

�

�

.

Exercise 8.22 (Thr ee-view geometry fr om fundamental matrices between pairs).
Supposewe aregiven the threefundamentalmatrices ˜!©

Ž

¥

˜

r

Ž

, and ˜

r

© betweenthree
uncalibrated12 views, and we want to recover a “consistent”set of projectionmatrices

m

Ž

¥•m

©

¥•m

r

suchthatthey give backthesamefundamentalmatrices.Without lossof gen-
erality we may assumem

Ž

¢ £

¸

¥‡¦�§ , and m

©

¥•m

r

needto be determined.The following
stepsprovide guidelinesonhow to achieve this goal:

1. Compute the epipoles
�

©

Ž

¥

�

r

Ž

as the (normalized) left zero eigenvectors of
˜Q©

Ž

¥

˜

r

Ž

, respectively. However, verify (analytically or by simulation) that in
generalthestraightforwardcanonicaldecomposition

m

©

¢�£

´

ì

�

©

Ž

µ

¨

˜
©

Ž

¥

�

©

Ž

§Ä¥ m

r

¢Â£

´

ì

�

r

Ž

µ

¨

˜

r

Ž

¥

�

r

Ž

§

doesnotnecessarilygive thesamefundamentalmatrix ˜

r

© betweenthesecondand
third views.

2. Hence,insteadof choosingthecanonicaldecomposition,weneedto modify at least
oneof theprojectionmatrices,say

m

r

¡

¢`£

´

ì

�

r

Ž

µ

¨

˜

r

Ž

²

�

r

Ž

Þ

¨

¥

�

r

Ž

§•¥

where Þ needsto be determinedsuchthat m

r

togetherwith m

© gives the correct
fundamentalmatrix ˜

r

© . Denotethepseudo-inverseof m

© by m

�

©

« ­
�

¾

r suchthat
m

©

m

�

©

¢

¸

r

¾

r

. Verify that

m

©

£ m

�

©

¥

Ü

§b¢�£

¸

¥‡¦6§

for someÜ

« ­�� . Whatis Ü ? Find its expressionin termsof thegivendata.

3. Now let £

'

´RÞDµ

¥

�

´RÞDµ

§

¡

¢Â£ m

r

m

�

©

¥&m

r

Ü

§ . HenceÞ hasto bechosenin suchawaythat
�

�

´RÞDµ

'

´RÞDµRÀ�˜

r

©

¥

12Thecalibratedcasefollows easilydueto therelatively simplestructureof theessentialmatrix.
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where equality is in the homogeneoussense.In general, this equality gives
suf�ciently many equationsto solve for Þ .

Exercise 8.23 (Basic structur e of the trif ocal tensor). Supposewe know the trifocal
tensorñ

ñ ´]2

Ž

¥

•

©

¥

•

r

µ

¢

•

¨

©

´

�

© 2

¨

Ž

'

¨

r

2

'

© 2

Ž

�

¨

r

µ

•

r

¡1. We de�ne a matrix function

úõ´]2!µÚØ

­

r

Ô ­

r

¾

r

i

2òÕ

Ô

ñ ´]2

¥

ß

¥

ß

µ

¢

´

�

©(2

¨

'

¨

r

2

'

©(2

�

¨

r

µ

¡Show thatif 2

Ž

¢Â£

÷

¥‰øb¥‡ù�§ ¨ , then

ñ ´]2

Ž

¥

•

©

¥

•

r

µ

¢

•

¨

©

úõ´]2

Ž

µ

•

r

¢

•

¨

©

£

÷Fúõ´Ä 

Ž

µí²

ø

úõ´Ä  © µí²

ù

úõ´Ä 

r

µ

§

•

r

¡2. Similarly, write down thecorrespondingmatrix formsfor

�

´

•

µ

¢

ñ ´

ß

¥

•

¥

ß

µ and �

k•´

•

µ

¢

ñ ´

ß

¥

ß

¥

•

µ

¡

Exercise8.24 (Linear estimation of the trif ocal tensor). In this exercisewe show how
to computethetrifocal tensorñ :

1. Show thatfrom equation(8.37),threeimages2

Ž

¥

2!©

¥

2

r

of a point È in spacegive
riseto four linearly independentconstraintsof thetype(8.55).

2. Show thatfrom equation(8.52),threecoimages
•

Ž

¥

•

©

¥

•

r

of a line ¯ in spacegive
riseto two linearly independentconstraintsof thetype(8.55).

3. Concludethat in general,oneneeds= pointsand Ž linesacrossthreeviews with
ý

=©²}ÂSŽÊ§ðÂ1÷ to recover thetrifocal tensorñ linearlyup to a scalefactor.

Exercise8.25 (Fundamental matrices fr om a trif ocal tensor). Accordingto its de�ni-
tion, the trifocal tensor ñ is simply a À

®

À

®

À arrayof numberswhose“contraction”
(multiplicationby a vector)with a triplet of correspondingpoint andlines ´]2

Ž

¥

•

©

¥

•

r

µ , as
shown in Figure8.15,is equalto

ñ ´]2

Ž

¥

•

©

¥

•

r

µ

¢

•

¨

©

´

�

©(2

¨

Ž

'

¨

r

2

'

©(2

Ž

�

¨

r

µ

•

r

¢f¦

¡Follow thestepsto show that thefundamentalmatrix ˜
©

Ž

¢

ì

�

©

'

© and ˜

r

Ž

¢

ì

�

r

'

r

can
berecoveredfrom decomposingthe27entriesof ñ ´

ß

¥

ß

¥

ß

µ :

1. If we contractñ with only a vector 2

Ž

, wegeta À

®

À matrix

úõ´]2

Ž

µ

¡

¢

ñ ´]2

Ž

¥

ß

¥

ß

µ

¢

�

©
2

¨

Ž

'

¨

r

2

'

©
2

Ž

�

¨

r

« ­

r

¾

r

¡Show that:

(a) Theleft null spaceof úõ´]2

Ž

µ is 


é

´]2

Ž

µRÀ

ì

�

©

'

©
2

Ž

« ­

r .
(b) Theright null spaceof úõ´]2

Ž

µ is 
��C´]2

Ž

µRÀ

ì

�

r

'

r

2

Ž

« ­

r .

2. Note that 


é

´]2

Ž

µ is orthogonalto
�

© . Recall that  

Ž

¥

 
©

¥

 

r

«`­

r standfor the
standardbasisvectorsascolumnsof theidentitymatrix ¸ . Show that

�

k
©

¡

¢




é

´Ä 

Ž

µ

®




é

´Ä �©EµÙÀ

�

© . Similarly, show that
�

k

r

¡

¢


��C´Ä 

Ž

µ

®


��C´Ä �©Oµ À

�

r

. Note that the
recovered

�

k
©

¥

�

k

r

may not be of the samescaleas
�

©

¥

�

r

originally usedin the
de�nition of ñ . Concludethat theepipoles
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3. Now show that
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In fact, ñ also implies the third fundamentalmatrix ˜
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© , but it is not easyto expressit
explicitly. To prove this is true,we will, however, explore an alternative approachin the
next exercise.

Exercise8.26 (Thr ee-viewgeometryfr omtrif ocaltensors).Considerthreeuncalibrated
views. Underthe sameconditionsasExercise8.25above, supposewe have obtainedthe
trifocal tensorñ as
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5. Now verify thattheresultingprojectionmatricesdogive thesametrifocal tensorñ

(up to a scalefactor).(Hint: No computationis actuallyneeded.)

Exercise 8.27 (Continuous-motion rank condition). Supposethe camerais moving
continuouslyand the projectionmatrix is m
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2. Derive from the linear dependency of the �rst threerows of the above matrix the
continuous-timeepipolarconstraintthatwe studiedin Chapter5:

ù

2

¨

â ÞD2�²Ë2

¨

âÿçâ ÞD2

¢f¦

¡3. Whatis thenull spaceof theabove two-columnmatrix?Morespeci�cally, suppose
£

j

Ž

¥

j

©

§
¨ is in thenull spaceof theabove matrix.Whatis theratio

j

Ž

«

j

© ?

Exercise8.28 (A simulation exercise for the rank condition: point case).This exer-
cisegivesyou hands-onexperiencewith the reconstructionalgorithmbasedon the rank
condition:

1. In Matlab,generate,say, � ve imagesof apointwith respectto � vecamerapositions
of yourchoice.Verify therankof theassociatedmatricesß

­

¥

ú™­ andthemultiple-
view matrix î

­ . Perturboneof theimages,andchecktherankof î
­ again.Verify

in simulationtheconditionwhentherankof thematrix î
­ goesto zero.

2. Now take the imagesfor six points(in generalposition)andverify therankof the
matrix €

� de�ned in Section8.3.3.Find a casein which for six (different)points,
therankof thematrix €

� is lessthan11.

3. Combinedwith theeight-pointalgorithmyoucodedbefore,verify in simulationthe
multiple-view algorithmgivenin this chapter(in thenoise-freecase).

Exercise8.29 (Multiple-view factorization for the line case).Follow a similar devel-
opmentof Section8.3.3andconstructa multiple-view factorizationalgorithmfor theline
caseusingtherankconditionon î

é . In particular, answerthefollowing questions:
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1. How many lines(in generalposition)areneeded?

2. How is thealgorithminitialized?

3. How is structuralinformation,i.e. thedistanceandorientationof a line, updatedin
eachiteration?

Theoverallstructureof theresultingalgorithmshouldbeexactly thesameasthealgorithm
givenfor thepoint case,althoughthepureline caseis rarelyusedin practice.

8.A Prooffor thepropertiesof bilinearandtrilinear
constraints

Lemma 8.12 (Properties of bilinear and trilinear constraints). Given three
vectors � -3/��F1 , �
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 andthreecamera frameswith distinctoptical centers, if
thethreeimagessatisfyepipolarconstraintsbetweeneverypair,
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then they determinea unique preimage " #��J except when the three lines
associatedwith thethreeimages �¶-3/��F1 , �

 

arecollinear.

Proof. (Sketch) Let us �rst study whetherbilinear constraintsare suf�cient to
determinea uniquepreimagein space.For the given threevectors �
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supposethatthey satisfythreeepipolarconstraints
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with i
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ã

)

~
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ð

â

ã thefundamentalmatrix betweenthe ç th and è th images.Note
that eachimage(as a point on the imageplane)and the correspondingoptical
centeruniquelydeterminea line in spacethatpassesthroughthem.This givesus
a total of threelines.Geometrically, the threeepipolarconstraintssimply imply
thateachpair of thethreelinesarecoplanar. Sowhendo threepairsof coplanar
linesintersectat exactly onepoint in space?If thesethreelinesarenot coplanar,
theintersectionis uniquelydetermined,andsois thepreimage.If all of themdo
lie on the sameplane,sucha uniqueintersectionis not alwaysguaranteed.As
shown in Figure8.7,this mayoccurwhenthelinesdeterminedby theimageslie
on theplanespannedby thethreeopticalcenters
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, theso-calledtrifocal
plane, or when the threeoptical centerslie on a straightline regardlessof the
images.

The �rst caseis of lesspracticalimportance,since3-D pointsgenericallydo
not lie on the trifocal plane.The secondcaseis more important:regardlessof
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what 3-D featurepointsonechooses,epipolarconstraintsalonedo not provide
suf�cient constraintsto determineaunique3-D point from any giventhreeimage
vectors.In suchacase,extraconstraintsneedto beimposedonthethreeimagesin
orderto obtaina uniquepreimage.Would trilinear constraintssuf�ce to salvage
the situation?The answeris yes,andlet us show why. Given any threevectors

�Ò-3/��F1¸/��
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If ï
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- arelinearly independent,then(8.70)holdsif andonly if the
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1 are linearly dependent.This conditionsimply meansthat
theline associatedwith the�rst image�
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by theopticalcenters
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Hence,wehaveshown that �
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trilinearconstraintif andonly if

~

ï

1

ð

1W�¶-š)�� and
~

ï

1I�Ò1‚)��

� (8.71)

Due to the symmetryof the trilinear constraintequation, �
1 is not uniquely

determinedfrom �
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by thetrilinearconstraintif andonly if
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We still needto show that thesethreeimagesindeeddeterminea uniquepreim-
agein spaceif eitheroneof the imagescanbe determinedfrom the other two
by thetrilinear constraint.Without lossof generality, supposeit is �

 

thatcanbe
uniquelydeterminedfrom �

- and �
1 . Simply take the intersection"hP #¬�J of

thetwo linesassociatedwith the �rst two imagesandprojectit backto thethird
imageplane;suchanintersectionexists,sincethetwo imagessatisfytheepipolar
constraint.If thesetwo lines areparallel,we take the intersectionto be on the
planeat in�nity . Call this image �

P

 

. Then �

P

 

automaticallysatis�esthetrilinear
constraint.Hence,�

P

 

o��

 

dueto its uniqueness.Therefore," P is the3-D point "

14In otherwords,the preimagepoint p lies on the baselinebetweenthe �rst andsecondcamera
frames.
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whereall thethreelinesintersectin the�rst place.As wehavearguedbefore,the
trilinear constraint(8.37) actually implies the bilinear constraint(8.34).There-
fore, the3-D preimage" is uniquelydeterminedif either �

 

canbe determined
from �@-C/��Ò1 , or �F1 canbe determinedfrom �¶-0/(�

 

. Figure8.8 shows the only
casein which thetrilinearconstraintmaybecomedegenerate.

Furtherreferences

Multilinear constraints

After a great deal of work on the epipolar geometryof points, describedin
earlier chapters,the trilinear relationshipswere extendedto the calibratedand
uncalibratedcasegraduallyand mostly independentlyfor imagesof lines and
later for points in many different forms. The relationshipsamong three im-
agesof line featureswere �rst pointedout by [SpetsakisandAloimonos,1987,
Liu andHuang,1986]. Thetrilinearconstraintsamongthreeimagesof pointsand
lineswerealsostudiedin [SpetsakisandAloimonos,1990a] accompaniedby al-
gorithms.Theserelationshipsamongthreeimagesof pointswere reformulated
in theuncalibratedsettingby [Shashua,1994]; [Hartley, 1994a] soonpointedout
its equivalenceto the line case.[Quan,1994, Quan,1995] gave a closed-form
solutionto thesix-pointthree-view (projective)reconstructionproblemusingthe
trifocal tensors.[Triggs,1995] formulatedbilinear, trilinear, andquadrilinearcon-
straints(whichwill beintroducedin thenext chapter)amongtwo, three,andfour
images,respectively, using a tensorialnotation.[FaugerasandMourrain,1995]
proved the dependenceof the quadrilinear constraintson the trilinear and
bilinear ones. A formal study of the relationshipsamong these constraints
basedon polynomial rings can be found in [Heydenand 	Aström,1997]. This
line of work is now summarizedin the books [Hartley andZisserman,2000,
FaugerasandLuong,2001].

There is a vast amount of literature studying the propertiesof the trilin-
ear and quadrilinearconstraintsas well as associatedestimation,calibration,
and reconstructionalgorithms.For three-view-basedmethods,pleaserefer to
[Hartley, 1994a, Quan,1995, Armstronget al., 1996, Torr andZisserman,1997,
FaugerasandPapadopoulos,1998, PapadopouloandFaugeras,1998], andthatof
[AvidanandShashua,1998, Canterakis,2000]. For four-view basedmethods,see
[EncisoandVieville, 1997, Heyden,1995, Heyden,1998, Hartley, 1998b], and
[ShashuaandWolf, 2000].

Rankconditions

Previousderivationsof themultilinearconstraintsweremostlybasedon thema-
trix

�

• or the matrix ê • . For instance,the derivation given in [Triggs,1995,
Heydenand 	Aström,1997] wasbasedon therankconstraintrank�

�

•

���

Ç

V‘Ÿ ,
from which multilinear constraintscorrespondto �

Ç

V
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Ç

V
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mi-
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nors of
�

• . Algebraic geometrictools must be appliedto eliminateredundant
constraintsandestablishthe relationshipamongthemusingalgebraicvarieties
and ideals.The derivation in [FaugerasandMourrain,1995] was basedon the
rank condition rank� ê •

���

Ÿ , from which multilinear constraintsare
Ô

g

Ô

minors of ê • . GrassmanCayley algebras[FaugerasandPapadopoulos,1995,
FaugerasandLuong,2001] and the doublealgebra[Carlsson,1994] were also
usedto establishalgebraicrelationshipsamongtheobtainedconstraints.

Matrix rank-basedmethods were mostly used in the study of approxi-
matedcameramodelssuchas orthographic[TomasiandKanade,1992], af�ne
[QuanandKanade,1996, QuanandKanade,1997, Kahl andHeyden,1999], para-
perspective [PoelmanandKanade,1997, Basri,1996], and weakly-perspective
[Irani, 1999], evenfor nonrigidmotions[Torresaniet al., 2001]. For theperspec-
tiveprojectioncase,therank-basedapproachpresentedin this chapterwasbased
on[Ma et al., 2001a, Ma et al., 2002]. As wewill show in theupcomingchapters,
this approacheasilygeneralizesto incidencerelationsamongdifferent typesof
features(Chapter9) aswell asto incorporationof sceneknowledge(Chapter10).

Absolutequadricconstraintsandcritical motions

In the uncalibratedcase,the rank condition leadsto an effortlessproof of the
fact that we can obtain a consistentreconstructionup to a single transforma-
tion (capturedby the

Ü

matrix) from all the views. This makesthe useof the
absolutequadricnatural.The absolutequadricconstraint�rst showed up in the
work [Heydenand 	Aström,1996]. The relatedcritical motion sequenceswere
categorizedby [Sturm,1997]. Criticality and degeneracy in multiple-view re-
constructionwere also reportedin the work of [Kahl, 1999, Torr et al., 1999].
A completeclassi�cation of multiple-view critical con�gurationsfor projective
reconstructioncanbefoundin [Hartley andKahl, 2003].

Reconstructionalgorithms

Besidesthe algorithm given in this chapter[Ma etal., 2002], there exist nu-
merous multiple-view structure and motion reconstructionalgorithms based
on different technicaland practicalconditions,e.g., matchingand reconstruc-
tion [Tsai,1986b], relative 3-D reconstruction[Mohr etal., 1993], fundamental
matrices[FaugerasandLaveau,1994], parallax [Anandanet al., 1994], canon-
ical representation[LuongandVieville, 1994], projective-duality basedmeth-
ods [CarlssonandWeinshall,1998], sequentialupdates[Beardsley et al., 1997],
smallbaselines[Oliensis,1999], varyingfocallength[Pollefeyset al., 1996], iter-
ative [ChenandMedioni,1999, Li andBrooks,1999, ChristyandHoraud,1996,
UeshibaandTomita,1998], normalizedepipolarconstraint[Vidal et al., 2002a],
andotherrank-basedfactorizationmethods[SturmandTriggs,1996, Triggs,1996,
Morris andKanade,1998].

For algorithms that use both points and lines, see [Faugeraset al., 1987,
Hartley, 1995]. Thereare also reconstructionalgorithmsdesignedfor line fea-
turesonly [Wenget al., 1992b, TaylorandKriegman,1995]. Although there is
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no effective constraintfor line featuresbetweentwo views, it was shown by
[Zhang,1995] that for line segmentstwo views are suf�cient to recover both
cameramotionandscenestructure.
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Extensionto GeneralIncidence
Relations

Mathematicsis theart of giving thesamenameto differentthings.
– HenriPoincaŕe

Thischapter1 extendsdevelopmentin thepreviouschapterto thestudyof all inci-
dencerelationsamongdifferentgeometricprimitivesin 3-D spaceandin multiple
images(e.g., intersectionandcoplanarity).We will demonstratehow incidence
relationsamongmultiple points, lines, and planesin spacecan be encodedin
multiple imagesthroughthesamematrix rankconditions.Sucha generalization
revealsadditionalinstancesthat give rise to somenontrivial constraintsamong
featuresin multipleviews.Thisrevelationwill in turn leadto amoregeneralclass
of techniquesfor structureandmotionrecovery thatcanusea multitudeof geo-
metric featuressimultaneouslyand exploit arbitrary incidencerelationsamong
them.

9.1 Incidencerelationsamongpoints,lines,andplanes

9.1.1 Incidencerelationsin 3-D space

Examplesof nontrivial incidencerelationsamonggeometricprimitives– points,
lines, and planes– in 3-D are illustrated in Figures 9.1, 9.2, and 9.3. By

1This chaptercanbeskippedat a �rst readingwithout lossof continuity.



9.1. Incidencerelationsamongpoints,lines,andplanes 311PSfragreplacements

+�,.-

+0/1-

+324-

5 6

798798

798

7;:

7;:

7 :

7;<

7;<

7>=

Figure9.1. ?
@�A Two or moreplanesarecoplanar;?
BCA threeor moreplanesintersectat the
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DCA four or moreplanesintersectat thesamepoint.
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@RA Two or more lines intersectat the samepoint; ?
B�A threeor morepoints
belongto, or areincludedby, thesameline (collinear).

“nontrivial” we meanotherthantheusualhierarchyof inclusion:

apoint S a line S aplane. (9.1)

Nontrivial incidencerelationsusuallyrequiresomeminimalnumberof primitives
in orderto be effective. For instance,we know that two planesalwaysintersect
at a line,2 but threeplanesin generaldo not intersectat the sameline. Hence,

2Weview two parallelplanesasintersectingata line at in�nity .
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requiringthreeplanesto intersectat thesameline imposesa nontrivial constraint
on thepossiblerelative con�guration amongthesethreeplanes,asillustratedin
Figure9.1

+0/1-

.
The incidencerelationslisted in these�gures are not totally independentof

eachother. For example,two lines intersectat a point if and only if they are
coplanar. Hence,Figure 9.3

+3,T-

and Figure 9.2
+3,T-

expressthe samerelations
betweentwo lines andthe only differenceis that the third primitive involved is
eithera point or a plane.Similarly, therelationthat two lines intersectat a point
illustratedin Figure9.3

+3,T-

canalsobe interpretedasfour planesintersectingat
thesamepoint,which identi�es it with therelationin Figure9.1

+324-

.

9.1.2 Incidencerelationsin 2-D images

Geometricrelationshipsamongmultiple 2-D imagesaretypically a re�ection of
incidencerelationsin 3-D space.Nevertheless,in every 2-D image,meaningful
incidencerelationsarebetweenonly pointsandlines andareessentiallyof two
types:

1. Two or morelinesintersectata point;

2. Two or morepointslie on thesameline.

Theserelationscanbe easilydescribedin termsof homogeneousrepresentation
of pointsandlinesin theimage.Let U

8�V

U

:
V4W4WXW4V

UZY\[^]

< beasetof imagepoints
(in a singleview). Supposethey all belongto the same(coimage)line _`[�]

< .
Thenwe simplyhave

_�a9Ucbed�f

Vhg

d)i

V�jkV4W4WXWCVmlcW (9.2)

If we want to computethe line to which U

8�V

U

:
VXW4WXW4V

UnY commonlybelong,we
have

_po qU

b

U9rsd�Ucbct\U9r

Vhuvgsw

dyx

W (9.3)

Alternatively, the vector _ canbe computedasthe left null spaceof the matrix
z

U

8�V

U

:
VXW4WXW1V

UcYR{|[}]

<�~

Y . Similarly, let _

8

V

_

:

VXW4WXW4V

_

Y

[}]

< bea setof coimage
lines.Supposethatthey all intersectat thesameimagepoint U•[€]

< . We simply
have

U

a

_

b

d�f

Vhg

d)i

V�jkV4W4WXWCVmlcW (9.4)

To computethepoint that _

8

V

_

:

V4WXW4W1V

_

Y have in common,wecanuse

U•o

q

_

b

_

r

d•_

b

t‚_

r

Vhuvgƒw

d„x

W (9.5)

Alternatively, thevector U canbedeterminedasthe left null spaceof thematrix
z

_

8

V

_

:

VXW4W4W4V

_

Y

{e[^]

<…~

Y .
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9.2 Rankconditionsfor incidencerelations

As we have seenin thepreviouschapter, incidencerelationsamongmultiple im-
agesof a point or a line in spacearegovernedby certainmatrix rankconditions.
For example,aswe havementionedin Examples8.5and8.6of Chapter8, to test
whethera family of † planessatisfyoneof therelationsin Figure9.1,we need
to checktherankof thematrix

‡

d

‰̂

‰

‰

Š

+

798

-

a

+

7 :

-

a

...
+

7;‹

-

a

ŒŽ•

•

•

•

[^]

‹•~.=

V (9.6)

whereeachrow vector 7

b

[‘]

= representsa hyperplanein space.Thenthecases
+3,T-

,
+�/1-

, and
+324-

correspondto rank
+

‡

-

d’i

V�j , and “ , respectively. Hence,the
rankconditionson

‡€”

and
‡‘•

(andcorrespondinglythoseon –

”

and –

•

) that
we have studiedin the previous chapterarenothingbut the incidencerelations
in Figure9.1at play. TheinterestedreadermayseeAppendix9.A for acomplete
match-upbetweenrankconditionsstudiedsofarandtheincidencerelationsgiven
in theabove�gures.

In this section,we will show that remainingincidencerelations,namely, in-
tersectionat a point (Figure9.3

+3,T-

) andrestrictionto a plane(Figure9.2), can
alsobedescribedby rankconditions(on extendedmultiple-view matrices).The
situationwith thecollinearcase(Figure9.3

+�/1-

) is morecomplicatedbut of less
practicalimportance.We leave the discussionto Appendix9.B andto the exer-
cises(Exercises9.6 and9.7). Sincetheserelationshipscaneitherbe veri�ed in
eachimageor begivena priori in practice,suchknowledgecanbeandshouldbe
exploitedif aconsistent3-D reconstructionfrom multiple imagesis sought.

9.2.1 Intersectionof a familyof lines

We �rst considerthe casethat a family of lines, say
5

8
V

5

:�VXW4W4WXV

5

‹ , intersect
at a singlepoint, say

6

, in 3-D space,asshown in Figure9.4.This typeof inci-
dencerelationis very commonin practice,for instance,threeedgesintersecting
at the cornerof a building. Now supposeU

8

V

U

:

VXW4WXW4V

U

‹

are † imagesof the
point

6

and _

8

V

_

:

VXW4WXW4V

_

‹

are † coimagesof thoselines. Here rememberthat
thesecoimagesdonothave to correspondto thesameline in 3-D, contraryto the
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extendedfrom theimagelinesmight not intersectat thesameline
in 3-D. But all theplanesmustintersectat thesamepoint.

situationdescribedin Chapter8. Notethatsinceeachrow of thematrices3
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V and
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‡©”

‡€•mª

representsa 3-D plane that passesthrough the samepoint

6

, naturally these
matricessatisfytherankcondition

rank
+

‡
”

-�«

“

V rank
+

‡
•

-¬«

“

V rank
+

‡

-ƒ«

“

W (9.7)

The rank conditionon the last matrix
‡

implies that any matrix with rows ob-
tainedfrom mixing thoseof either

‡€”

or
‡‘•

wouldbeboundedby thesamerank
condition.

From thepreviouschapter, we know that theserankconditionson
‡

leadto
moreconciserelationshipsif weusethemultiple-view matrix – instead.Suppose
we take only the imagesof the linesandconstructa matrix that is similar to –

•

de�ned in thepreviouschapter:

–

•

W

d
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‰
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Š

_
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_
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:
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_
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ï

‹

ŒŽ•

•
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•

[©]|­

‹s®;8¥¯�~.=

W (9.8)

3Hereagainweadopttheconventionfrom thepreviouschapterandchoosethe�rst cameraframe
to bethereference.
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Notice that each _

b

chosenin the g th view canbe the coimageof any line that
passesthroughthepoint

6

. Applying thesamerankreductiontechniqueusedto
proveTheorem8.15,onecanshow still rank

+

–

•

-

d rank
+

‡ •

-Z°

i . Thisgivesus
thefollowing statement.

Lemma 9.1 (An intersecting family of lines). Given † imagesof a family of
linesintersectingat a 3-D point

6

, thematrix –

•

de�nedabovesatis�es

rank
+

–

•

-

d rank
+

‡‘•

-n°

i

«

jTW (9.9)

Furthermore, wehaverank
+

–

•

-�«

i if andonly if all thelinesin spacecoincide.

Thereadershouldbeawareof thereasonfor thedifferencebetweenthis lemma
andTheorem8.15:Here _

8

V

_

:

VXW4WXW4V

_

‹

do not have to bethecoimagesof a sin-
gle line in space,but insteadeachof them may correspondto any line in the
intersectingfamily (Figure9.4).

Sincerank
+

q

_

-

d

j , the�rst threecolumnsof thematrix –

•

have at mostrank
2. So in general,the rankof thematrix –

•

doesnot exceed3. With no surprise
at all, eachrank valueof –

•

correspondsto a (qualitatively different)category
of con�gurationsfor the † imagelines:rank

+

–

•

-

d)“ meansthatthe † images
comefrom a generalsetof 3-D lines; rank

+

–

•

-

d

j meansthat they comefrom
asetof intersecting3-D lines;rank

+

–

•

-

d)i meansthatthey comefrom asingle
3-D line; rank

+

–

•

-

d±f meansthedegeneratecasein which the the line andall
thecameracentersarecoplanar. We leave thedetailedveri�cation asanexercise
to thereader(seeExercise9.1).

Algebraically, the rank conditionrank
+

–

•

-v«

j is equivalentto every “\t}“

submatrixof –

•

having determinantzero.Note that any suchdeterminantmust
involve threerows of –

•

and imagequantitiesfrom at least four views. This
type of equationis beyond the previously studiedmultilinear relationshipsbe-
tweentwo or threeviews.In someliterature,this is referredto asthequadrilinear
constraints.

Out of puremathematicalcuriosity, then,we canaskwhetherthereexist irre-
duciblerelationshipsbeyond four images.The answeris yes,largely dueto the
incidencerelationin Figure9.3

+�/4-

. But theresultingrelationshipsaredif�cult to
harnessfor practicalpurposes,we leave thediscussionto Appendix9.B.

Beforeweleavethissection,westudytwo usefulexamplesthatarealsorelated
to a family of intersectinglinesshown in Figure9.4.The�rst exampleis a direct
implication of the rank of the –

•

matrix, and the secondexampleis of some
practicalimportance.

Example 9.2 (A line-point-point con�guration). Considerthe situationof Figure 9.4.
Supposethat in the referenceview we do not observe the point £ but only an image ²

•

of a line that passesthroughthe point, and in the remainingviews we do have images
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calledthemultiple-view matrix for a line-point-pointcon�guration.Notice thateachrow
of

¿

³ can be interpretedas a coimage² of someline that passesthroughthe point, i.e.
²ÑÐ

³

¸ÓÒ . Eachrow of
µ ¶ ·

is thenof the form Ô ²�Ð

¾Õ¿

²

•

ž0²ÑÐ

�×Ö

, which conformsto the
rows in the matrix

µ ¶

de�ned in (9.8). Therefore,rank?

µ ¶ ·

AÙØÛÚ . Furthermore,dueto
Sylvester's inequality(AppendixA), sincerank?
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³

¾9¿

²…AZÜ„Ý , wehave

ÝƒØ rank?

µ ¶ ·

AZØÞÚ�¡ (9.11)

Thecaserank?

µ
¶ ·

A

¸

Ý occursif andonly if all thecameracentersareon thesameplane
asthe preimageof ²

•

, andthe preimagesof ³

 

ž

³>´

ž�¡�¡�¡�ž

³

¢

areparallel (seeAppendix
9.C.2).

Example9.3(A point-line-line con�guration). Considerthesituationof Figure9.4.Sup-
posethat you have the image ³

•

of a point £ in the referenceview, but in the remaining
viewsit is occluded,andyouobserveonly theimagelines ²
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thepoint.Wecande�ne thematrix
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calledthemultiple-view matrixfor apoint-line-linecon�guration.It is easyto seethatrows
of this matrix aresimply linearcombinationsof therows of themultiple-view matrix

µ
·

associatedwith thepoint £ . Since
µv·

hasranklessthan1, wehave

Ò

Ø rank?

µv·�¶

AZØ„ÝX¡ (9.13)

It is worthnotingthatfor therankconditionto betrue,thefollowing constraintsmusthold
amongarbitrarytripletsof givenimages:
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Ð
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AQâã?ß²

Ðà
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A

¸`Ò

ž¨äŸž3å
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Úæžmçæž�¡C¡�¡�žŸè‚¡ (9.14)

Theseare the so-calledpoint-line-line relationshipsamongthreeviews. Note, however,
thathere ²

à and ²

á do not have to be coimagesof thesameline in 3-D. This relaxesthe
notionof “corresponding”line featureswhenwe usethis typeof constraintin practice.

9.2.2 Restrictionto a plane

Another incidencerelation commonlyencounteredin practiceinvolves feature
pointsand lines lying on a commonplane,say

E

, in 3-D (seeFigure9.2). We
have studiedsucha coplanarityconstraintin thetwo-view settingin Section5.3
throughthenotionof homography. Wehereextendthestudyto themultiple-view
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setting.In particular, a fundamentalconnectionbetweenthehomographyandthe
multiple-view rankconditionwill berevealed.

In general,a 3-D planecanbe describedby a vector 7

W

d

z ,

V

/

V

2

V�é

{

a

[�]

=

suchthatthehomogeneouscoordinatesê of any point

6

on thisplanesatisfythe
equation

7

a

êpd�f

W (9.15)

Although we assumesucha constrainton the coordinatesê of

6

, we do not
assumethatweknow 7 . Similarly, consideraline

5

d)ëÑêíì�êpd�êÛî�ïñðnò

V

ðã[

]|ó . This line is on theplane
E

if andonly if
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ê î d

7

a

òôd�f

W (9.16)

For convenience,givena plane 7
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, we de�ne 7Qö

d
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<

and 7
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d

é

[÷] .4 It turns out that in order to take into accountthe planar
restriction,we needonly to slightly modify thede�nition of eachmultiple-view
matrix, andall the rank conditionsremainexactly the same.This is becausein
order to apply the rank conditions(8.21)and(8.26)with the planarconstraints
(9.15)and(9.16),we needonly to changethede�nition of matrices
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Suchmodi�cations do not changethe ranksof
‡

”

and
‡

•

at all: we still have
rank

+

‡
”

-ü«

“ andrank
+

‡
•

-ü«

j , sincetheir null spaceswill be the point and
theline, respectively. Thenonecaneasilyfollow previousproofsfor all therank
conditionsby carryingthisextra row of (planar)constraintwith thematrices,and
the rank conditionson the resultingmultiple-view matrices–

”

and –

•

remain
thesameasbefore.We leave this asanexercisefor thereader(seeExercise9.2).
We summarizetheresultsasthefollowing statement.

Corollary 9.4 (Rank conditions for coplanar features). Givena point

6

and
a line

5

lying on a plane
E

speci�ed by the vector 7

[ý]

= , appendthe row
z

7

a

ö

U

8

7

a

{ to thematrices –

”

; alternatively, appendthe row
z

7

a

ö

q
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8

7

a

{ to the
matrices–

•

. Thenthe rankconditionson thenew matrices –

”

and –

•

remain
thesameas in Theorems8.8,8.15,or Lemma9.1 for a family of coplanarlines
intersectingat a point.

4It will becomeclearlaterthatthesubscriptþ indicatesthepartthatplaysasimilar roleasthatof
þ in ÿ , similarly for thesubscript� . But �

Ð

is not to beconfusedwith �

Ð

, which is thetranspose
of � .
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Homographybetweenpairsof viewsof coplanarfeatures

As examplesfor theabove corollary, themultiple-view matrices–
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for
coplanarpoint or line featuresare
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Therankconditionrank
+

–

”

-ƒ«

i impliesnot only themultilinearconstraintsas
before,but alsothefollowingconstraints(byconsideringthesubmatrixconsisting
of the g th groupof threerowsof –

”

andits lastrow):
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Whentheplane
E

doesnotpassthroughthecameracenter�

8

, i.e. 7

a

w

d f , these
equationsgive exactly thehomographythatwe have studiedin Section5.3.1for
two viewsof a planarscene
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herebetweenthe�rst andthe g th views.Thematrix
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in the above equationrepresentsthe homographybetweenthe two views. From
equation(9.19),thevector
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is obviously in thenull spaceof thematrix
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,
henceit is proportionalto U

b

. In thehomogeneousrepresentation,they bothrep-
resentthesamepoint in theimageplane.Therefore,therelationcanberewritten
as
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W (9.21)

From the rank conditionon –

•

, we canalternatively obtainthe homographyin
termsof line features
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betweenthe�rst andthe g th views.Or equivalently,
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8

W (9.23)

Rankduality betweencoplanarpointandline features

We know that on a plane
E

, any two pointsdeterminea line andany two lines
determineapoint.Thisdualrelationshipis inheritedin thefollowing relationship
betweentherankconditionson –

”

and –

•

de�ned above.
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Corollary 9.5(Duality betweencoplanar points and lines). If the –

”

matrices
of two distinctpointson a planeare of ranklessthanor equalto i , thenthe –

•

matrix associatedwith the line determinedby thetwo pointsis of rank lessthan
or equal to i . On the other hand,if the –

•

matricesof two distinct lines on a
planeare of ranklessthanor equalto 1, thenthe –

”

matrix associatedwith the
intersectionof thetwo linesis of ranklessthanor equalto i .

Theproof is left asExercise9.3.An immediateimplicationof this corollaryis
thatgivena setof featurepointssharingthesame3-D plane(seeFigure9.5); it
really doesnot mattertoo muchwhetheroneusesthematrix –

”

of thepointsor
thematrix –

•

of thelinesfrom pairsof points.They essentiallygive thesameset
of constraints.
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Example 9.6 (Intrinsic rank condition for coplanar features).Theabove approachfor
expressingaplanarrestrictionreliesexplicitly on theparameters� of theunderlyingplane

¤ , which leadsto the homography. Thereis, however, anotherintrinsic (but equivalent)
way to expresstheplanarrestriction,by usingcombinationsof therankconditionsthatwe
have sofar for pointandline features.Sincethreepointsarealwayscoplanar, at leastfour
pointsareneededto make any planarrestrictionnontrivial (asshown in Figure9.2 ?
BCA ).
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Then,thecoplanarconstraintfor £Q•�ž
£k 1ž
£

´

ž
£.Î canbeexpressedin termsof theintersection
relationbetweenœ×•Cž¥œ9  , and £

� if we use ²

á

à

to denotethe ä th imageof the line å , for
å

¸

ÝÑžmÚ , and ä

¸

ÝXžõÚæž�¡C¡�¡�žŸè , and ³

á

à

is de�ned similarly.
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Applying thepoint-line-linecon�guration studiedin Section9.2.1for thevirtual point
andlines,thecoplanarconditionrequiresthatthematrix

µ
·C¶

¸

¹»

»

»

»

»
¼

²
•3Ð

 

¾� 

³
�

•

²
•3Ð

 

�

 

²
 �Ð

 

¾
 

³
�

•

²
 �Ð

 

�

 

...
...

²
•3Ð

¢

¾
¢

³
�

•

²
•3Ð

¢

�

¢

²… �Ð

¢

¾�¢

³
�

•

²… �Ð

¢

�

¢

À Á

Á

Á

Á

Á

Â

ÃñÄ
Æ

 

Ç

¢|ÈQ•�ÊÌË ÍR  (9.25)

to beof ranklessthanor equalto one:

rank?

µ
·C¶

AZØyÝÑ¡

Any othercoplanarrelationsamongpointsandlinescanbeexpressedin a similar fashion
that doesnot explicitly dependon the planeparameter� or on the homography� . For
instance,two points and a line, or two lines, are coplanar. We leave thesecasesto the
readerasanexercise(seeExercise9.4).

Finally, the samerank techniqueappliesto the casein which multiple points
arerestrictedto a line in 3-D (Figure9.3

+�/1-

). Sincethatcaseis of lesspractical
merit,we leave it to Appendix9.B andExercise9.6.

9.3 Universalrankconditionson themultiple-view
matrix

In this section,we summarizeall rank conditions studied so far as special
instancesof auni�ed rankconditionona universalmultiple-view matrix.

For † imagesU

8

V

U

:

V4WXW4W1V

U

‹

of a point

6

on a line
5

with its † coimages
_

8

V

_

:

V4W4WXW1V

_

‹

, we de�ne thefollowing two symbols:

Image: �

b

W

d U

b

[^]

< or
q

_

b

[©]

<…~k< V

Coimage: ���

b

W

d

q

U

b

a

[^]

<…~k< or _

b

[©]

< W
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Then,dependingon whethertheavailable(or chosen)measurementfrom the g th
imageis a point featureU

b

or a line feature_

b

, �

b

(or ���

b

) is assignedthecorre-
spondingvalue.Thatchoiceis completelyindependentof theother �

r

(or ���

r

)
for x

w

d

g . ���

b

canbeviewedastheorthogonalcomplementto �

b

andit always
representsa coimageof a point or a line.5 Using theabove de�nition of �

b

and
���

b

, we now formally de�ne a universalmultiple-view matrix
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Š

+

���

:

-

a

�

:

�

8

+

���

:

-

a

� :

+
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+
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W (9.26)

Dependingon the particularchoicefor each ���

b

or �

8

, the dimensionof the
matrix – mayvary. But nomatterwhatthechoicefor eachindividual ���

b

or �

8

is, – will alwaysbeavalid multiple-view matrixof a certaindimension.

Theorem 9.7 (Multiple-view rank conditions). Considera point

6

lying on
a line

5

. Given the images U

8

V

U

:

VXW4WXW4V

U

‹

[ ]

< of the point and coimages
_
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V4W4WXW , _

‹

[©]

< of theline relativeto † camera framesspeci�edby
+

�

b

V

�

b

-

for g

d

jkV

“

VXW4WXWCV

† , then,for any choiceof ���

b

and �

8

in the de�nition of the
general multiple-view matrix – , the rank of the resulting – belongsto oneof
thefollowing two cases:

1. If �

8

d

q

_

8

and ���

b

d

q

U

b

a for someg�� j , then

i

«

rank
+

–

-¬«

jTW (9.27)

2. Otherwise,

f

«

rank
+

–

-¬«

i

W (9.28)

The matrix – takes the lower-bound rank values if and only if degenerate
con�gurationsoccur.

A completeproof of this theoremis a straightforwardcombinationandexten-
sionof Theorems8.8,8.15,andLemma9.1.Essentially, theabovetheoremgives
a universaldescriptionof the incidencerelation betweena point and a line in
termsof their † imagesseenfrom † vantagepoints.

In thefollowing examples,we demonstratehow to obtainmany moretypesof
multiple-view matricesby instantiating– .

Example 9.8 (Point-point-line constraints). Let us choose �

•

¸

³

•

ž����

 

¸

½

³

 

Ð

ž��

�

´‘¸

²

´ . Wegeta multiple-view matrix

µ

¸ �
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³
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�

 

²�Ð
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´"!

Ã•Ä

Î1ÍR 

¡ (9.29)

5In fact,therearemany equivalentmatrix representationsfor #

à and #

�

à

. We choose$ %

à and &

'

à

herebecausethey arethesimplestformsrepresentingtheorthogonalsubspacesof %

à and
'

à andalso
they arelinearin %

à and
'

à , respectively.
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Example9.9 (Line-point-line constraints).Let uschoose�
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Then,rank?

µ

AcØyÝ (which is adegeneraterankvaluefor theso-de�ned
µ
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Example 9.10 (Point-line-line constraints).Let uschoose�
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Thenrank?
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Example 9.11 (Line-point-point constraints). Let us choose �
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Ð . Wegeta multiple-view matrix
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Then,theconditionrank?

µ

AZØÞÚ impliesthatall ç0/nç submatricesof
µ

havedeterminant
equalto zero.

Sincetherearepracticallyin�nitely many possibleinstancesfor themultiple-
view matrix, it is impossibleto provide a geometricdescriptionfor eachoneof
them.In Appendix9.C of this chapterwe studya few representative casesthat
will givethereaderaclearideaabouthow therankconditionof themultiple-view
matrix – worksgeometrically. Understandingtheserepresentativecaseswill be
suf�cient for thereaderto carryoutasimilaranalysisto any otherinstances(e.g.,
seeExercise9.10).

As wehavedemonstratedin theprevioussection,otherincidencerelationssuch
asall featuresbelongingto a plane

E

canalsobeexpressedin termsof thesame
typeof rankconditions.

Corollary 9.12(Planar featuresand homography). Supposethat all features
are in a plane and the coordinates ê of any point on it satisfy the equation



9.3. Universalrankconditionson themultiple-view matrix 323

7

a

êhd)f for somevector 7

[ã]

= . Let 7

d

z

7

a
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Vm7

a

{

a

, with 7 ö

[ã]

< Võ7

a

[ã] .
Thensimplyappendthematrix 1

7

a

ö

�

8

7

a32

(9.36)

to the matrix – in its formal de�nition (9.26).Therank conditionon the new
planarmultiple-view matrix – remainsexactlythesameasin Theorem9.7.

Therankconditionon thenew (planar)multiple-view matrix – thenimplies
all constraintsamongmultiple imagesof thesecoplanarfeatures,including the
homography.Of course,the above representationis not intrinsic; it dependson
parameters7 thatdescribethe3-D locationof theplane.Following theprocedure
givenin Section9.2.2,theabove corollarycanbereducedto rankconditionson
matricesof thetypein (9.25).

Example 9.13 (Point-line-plane constraints). Let us choose�

•

¸
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•

ž����
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geta planarmultiple-view matrix
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¡ (9.38)

Example 9.14(Featuresat in�nity). In Theorem9.7, if thepoint £ andtheline œ areon
theplaneat in�nity ¤37

¸98

´;:

Ä

´

(seeAppendix3.B), therankconditionon theassoci-
atedmultiple-view matrix

µ

remainsthesame. Therefore,the rankconditionextendsto
featuresin theentireprojective space8

´

, andit doesnot discriminatebetweenEuclidean,
af�ne, or projective spaces.We leave thedetailsasanexercise(seeExercise9.9).

Example 9.15(Incidencerelationsfor a box). Figure9.7 shows a box. Let thecorner£
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Figure 9.7. A commonbox. The threeedgesœ|•CžŸœZ Xž¥œ

´

intersectat the corner £ . The
coordinateframesindicatethat è imagesaretakenat thesevantagepoints.
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betheintersectionof thethreeedgesœ×• , œZ  , and œ
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where ³

à

Ã‚Ä

´

is the imageof thecornerin the ä th view and ²

á

à

Ã‚Ä

´

is thecoimageof
the å th edgein the ä th view. Theorem9.7saysthatrank?

µ

A

¸

Ý . Onecanverify that <

¸

Ô =

•

žCÝ

Ö

Ð

ÃñÄ

  is in thenull spaceof
µ

. In additionto themultiple images³

•

ž

³

 

ž�¡�¡�¡�ž

³

¢

of thecorner£ itself, theextra rows associatedwith the line features²

á

à

ž3å

¸

ÝÑžmÚ�žmçÏžŸä

¸

ÝXžmÚæžC¡�¡�¡�žŸè , alsohelpto determinethedepthscale=

•

.

Fromtheaboveexample,we canalreadyseeoneadvantageof therankcondi-
tion: It cansimultaneouslyhandlemultiple incidenceconditionsassociatedwith
thesamefeature.6 Sincesuchincidencerelationsamongpoints,linesandplanes
occurfrequentlyin practice,the useof the multiple-view matrix for mixed fea-
turesis going to improve the quality of the overall reconstructionby explicitly
andsimultaneouslytakinginto accountall incidencerelationsamongall features
in all images.Furthermore,themultiple-view factorizationalgorithmgivenin the
previous chaptercanbe easilygeneralizedto performthis task.An exampleof
reconstructionfrom mixedpointsandlinesis shown in Figures9.8and9.9.

Besidesincidencerelations,extra sceneknowledgesuchassymmetry(includ-
ing parallelismandorthogonality)canalsobe naturallyaccountedfor usingthe
multiple-view-matrix-basedtechniques.In the next chapter, we will show why
this is thecase.

9.4 Summary

Most of therelationshipsamongmultiple imagescanbesummarizedin termsof
therankconditionsin Table9.1below.

6In fact, any algorithm extracting point featuresessentiallyrelieson exploiting local incidence
conditionson multiple edgefeaturesinsidea neighborhoodof a point (seeChapter4). Thestructure
of the > matrixsimply revealsa similar factwithin a largerscale.
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Figure9.8. Four views from an eight-framesequenceof a deskwith correspondingline
andpoint features.

Figure9.9.Recovered3-D structureof thesceneandmotionof thecamera,i.e. theeight
cameracoordinateframes.Thedirectionof theopticalaxisis indicatedby theblackarrows.

All rankconditionscanbeexpresseduniformly in termsof a formal multiple-
view matrix
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Matrix
‡

Matrix – Multiple-view incidencerelations
rank

+

‡‘•

-

d�i rank
+

–

•

-

d�f �

8

V

�
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VXW4W4WXV

�

‹

and
5

coplanar

rank
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‡ ”
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d

j rank
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–

”
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d�f �

8

V

�
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VXW4W4WXV

�

‹

and

6

collinear
rank

+

‡ •

-

d

j rank
+

–

•

-

d)i preimagesof linesintersectata line
5

rank
+

‡ ”

-

d�“ rank
+

–

”

-

d�i preimagesof pointsintersectata point

6

rank
+

‡‘•

-

d�“ rank
+

–

•

-

d

j preimagesof linesintersectata point

Table9.1.Rankconditionsfor variousincidencerelationsamongmultiple imagesof points
andlines.

suchthatrank
+

–

-

is either3, 2, 1, or 0. Theserankconditionscaneitherbeused
to testwhetherparticularincidencerelationsin 3-D spacearevalid, or beusedfor
reconstructiononcesuchrelationsareenforced.

9.5 Exercises

Exercise9.1 (A family of lines).

1. Show thattherankof thematrix
µ

¶

is alwaysboundedby 3.

2. Prove Lemma9.1.(Hint: usetherankreductiontechniquefrom previouschapters.)

3. Draw the con�guration of è imageslines and their preimagesfor eachcase:
rank?

µ
¶

A

¸

çæžmÚæžCÝ , or Ò .

Exercise9.2 (Rank conditions for coplanar features).ProveCorollary9.4.

Exercise9.3 (Rank duality betweencoplanar point and line features).Usingresultsin
Chapter8, prove Corollary9.5.

Exercise9.4 (Intrinsic rank conditions for coplanar features).Find an intrinsic rank
condition(i.e.nouseof homographyanda3-D parameterizationof theplane)for multiple
imagesof two pointsanda line on a plane ¤ in 3-D. Do thesamefor two coplanarlines
anddiscusswhathappenswhenthetwo linesareparallel.

Exercise9.5 (Multiple calibrated imagesof circles).Considermultiple calibratedim-
agesof a circle in 3-D, asshown in Figure9.10.Suppose²

à correspondsto the shortest
chordof the ä th imageof thecircle.Whattypeof rankconditionsdo they satisfy?Reason
why we no longerhave this if thecamerais not calibrated.

Exercise9.6 (Rank conditions for a point moving on a straight line). In this exercise
we explorehow to derive arankconditionamongimagesof a pointmoving freelyalonga
straightline œ in space,asshown in Figure9.13.Let ? bea basepoint on theline andlet

@

bethedirectionvectorof theline. Supposeè imagesof a point moving on theline are
taken.We have

³

à

�9A

à

Ô ? BC=

à

@üÖ

ž¨ä

¸

ÝÑžmÚ�žC¡�¡�¡�žŸè‚ž (9.40)

whereA

à

¸

Ô

¾

à

ž

�

à

Ö

is thecamerapose.
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Figure9.10.Multiple views of a circle.
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for some=

•

Ã Ä

, aretwo linearly independentvectorsin thetwo-dimensionalnull
spaceof

µ

E

.

4. Concludethatany nontrivial constraintamongtheseè imagesinvolvesat least� ve
views.

Exercise9.7 (Rank conditions for a T-junction). A T-junction,generatedby oneedge
occludinganother, can be viewed as the intermediatecasebetweena �x ed point anda
point which canmove freely alonga straightline, asshown in Figure9.11.Supposethat

è imagesof sucha T-junctionaretaken.Wehave
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Figure9.11.Left: A point ? asthe intersectionof two lines.Middle: A T-junctionfrom
two lines.Right: A point thatmovesononeline.

where ?O?
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ž
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•

A and ?O?

 

ž
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A representthebasepointandthedirectionof thetwo lines
involved,respectively.

1. Show thatfor thematrix

D E

de�ned in thepreviousexercise,wehave

rank?

D E

AZØPIÏ¡

2. If wechoosethe�rst cameraframeto bethereference,show thatfor thematrix
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E

de�ned in thepreviousexercise,we have

rank?
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3. Show thatthefollowing threevectors
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for some scalars =

•

ž�=

 

Ã Ä

, are linearly independentand span the three-
dimensionalnull spaceof

µ

E

.

4. Whatis thenull spaceof
µ

E

whenthetwo linesactuallyintersectat thesamepoint,
asin the�rst caseshown in Figure9.11?Show thatin this case:

(a) Wehave rank?

µ

E

AZØ}Ú .
(b) Furthermore,this rank condition is equivalent to the multiple-view rank

conditionfor theintersectionpoint; i.e. rank?

µv·

AZØyÝ .

Exercise9.8 (Irr educibleconstraintsamong è imagesfr om spirals). Consideraclass
of (spiral)curvesspeci�edby thecoordinates
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whoserays are
tangentto thesupportingcylinder Ô

V3X,Y[Z
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andwhoseintersectionwith sucha
spiralaregivenat differentviews,asshown in Figure9.12.You shouldconvinceyourself
thatsuchpointsareeasyto identify in imagesof thespiral.You canevenassumethatthe
imagesareorderedin a way thattheir indicesgrow monotonicallyin R andtheincreasein

R betweenconsecutive indicesis lessthan Úk� . Show that:

1. Any g suchimages(rays) tangentto the cylinder Ô
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?SR¥Aõž
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?SR¥AõžmU

Ö

belongto
some(in fact,in�nitely many) spiral(s).
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2. It takesat least gnB•Ý suchimages(rays) in generalpositionto determineall the
coef�cients <

à uniquely. (Hint: Youmayneedto know thattheVandermondematrix
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3. Concludethat irreducibleconstraintsamongsuchimagesareup to è
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views at least.Increasingthedegreeof thepolynomial u
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, suchconstraints
canbeamongany numberof views.
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Figure9.12.Imagesof pointsonaspiralcurve N aretakenatdifferentvantagepoints.Also,
we supposethattheimageraysaretangentto thesupportingcylinderof thecurve.

Exercise9.9 (Featureson the plane at in�nity). Show that thesamerankconditionsin
Theorem9.7 hold for multiple imagesof a feature(point or line) on theplaneat in�nity .
Note the specialstructureof the multiple-view matricesassociatedwith such features.
(Note:Homogeneouscoordinatesof a point on the planeat in�nity have the form ?
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Î
. Its image ³
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is given by thesameequation=
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? asfor
regularpoints.)

Exercise9.10 (Geometry of the multiple-view matrix). Identify the con�guration of
features(relative to the cameraframes)involved in eachof the multiple-view matrices
below anddraw anillustrativepicture:
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(Hint: Appendix9.C.)
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Exercise9.11 (Multiple-view factorization for coplanar points). Follow a similar de-
velopmentin Section8.3.3and,usingthe rank conditionon the coplanarmultiple-view
matrix

µ ·

given in Section9.2.2,constructa multiple-view factorizationalgorithm for
coplanarpoint features.In particular, answerthefollowing questions:

1. How many points(in generalposition)areneeded?

2. How doesoneinitialize thealgorithm?

3. How doesonesupdatethestructuralinformation,i.e. thedepthof thepointsandthe
parametersof theplanein eachiteration?

Theoverallstructureof theresultingalgorithmshouldresemblethealgorithmfor thepoint
casegivenin thepreviouschapter.

Exercise9.12 (Multiple-view rank conditions in high-dimensionalspaces).Generalize
theuniversalrankconditionto perspective projectionfrom an g -dimensionalspaceto a € -
dimensionalimageplane(with €�•‚g ). Studyhow to expressvariousincidencerelations
amonghyperplanes(with differentdimensionsin

Ä

_

) in termsof correspondingmultiple-
view rankconditions.

9.A Incidencerelationsandrankconditions

Therankconditionson themultiple-view matrix –

”

or –

•

canbeclassi�ed into
threecategoriesin termsof the rankvaluesof corresponding

‡

d

‡ã”

or
‡

d

‡€•

andthecorrespondingincidencerelations:

1. rank
+

‡

-

d)i andnull
+

‡

-

is aplane(Figure9.1
+3,T-

):

rank
+

‡
•

-

d�i ƒ rank
+

–

•

-

d�f

W

This is the degeneratecasein which all cameracentersand the 3-D line
arecoplanar;theline canbeanywhereon this plane.Sincerank

+

‡
”

-

�Ûj

always,thiscasedoesnotapplyto a point feature.

2. rank
+

‡

-

d

j andnull
+

‡

-

is a line (Figure9.1
+�/4-

):

rank
+

‡
•

-

d

j

ƒ rank
+

–

•

-

d�i

V

rank
+

‡
”

-

d

j

ƒ rank
+

–

”

-

d�f

W

For a line feature,this is thegenericcase,sincethe preimage(asthenull
space)is supposedto be a line; for a point feature,this is the degenerate
case,sinceall cameracentersandthepoint arecollinear;thepoint canbe
anywhereon this line.

3. rank
+

‡

-

d�“ andnull
+

‡

-

is apoint (Figure9.1
+�24-

):

rank
+

‡
•
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d�“ ƒ rank
+

–

•

-
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jTV

rank
+

‡
”

-

d�“ ƒ rank
+

–

”

-

d)i

W
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For a line feature,this is thecaseof a family of linesintersectingata point
(Figure9.4); for apoint feature,this is thegenericcase,sincethepreimage
(asthenull space)is supposedto bea point.

We have alsoseenin Section9.2.2the incidencerelationsin Figure9.2 in play.
Thenwhatabouttheremainingcasein Figure9.3

+0/1-

?Doesthisincidencerelation
give useful3-D informationin a multiple-view setting,andhow? Canit alsobe
expressedin termsof somekind of rankconditions?Thenext appendixattempts
to giveananswerto thesequestions.

9.B Beyondconstraintsamongfour views

From the previous appendix,we know that all valuesof rank
+

‡

-

lessthan 3
correspondto 3-D incidencerelationsgivenin thebeginningof this chapter. But
it leavesusoneunattendedcase:thecollinearincidencerelationshown in Figure
9.3

+0/1-

. But this casecouldnot correspondto any rank-de�cientmatrix
‡

, since
thenull spaceof

‡

cannever be a setof collinearpoints.This leavesus to the
lastpossiblerankvaluefor

‡

:

rank
+

‡

-

d…„

W (9.46)

At �rst sight, this category seemsto be meaningless.Weatherrank
+

‡ã”

-

d†„

or rank
+

‡
•

-

d‡„ makeslittle sense:Nothing canbe in their null space,hence
featuresinvolved in the rows of eachmatrix do not even correspondto onean-
other. Nevertheless,it merelyimpliesthat,in this scenario,theuseof therankof

‡

[„]nY

~.= is no longeran effective way to imposeconstraintsamongmultiple
images.It by nomeanssuggeststhatmeaningfulanduseful(intrinsic)constraints
cannotbe imposedon the matrix

‡

andconsequentlyon the multiple images,
sinceeffective constraintscan still be imposedthroughrank conditionson its
submatrices.Herewe show how to usethis type of submatrixrank conditionto
takeinto accountthecollinearincidencerelation.As wewill see,thiswill, in fact,
leadto nontrivial intrinsicconstraintsacrossat least� ve images.

Considerthescenariowherea point is moving on a straightline andmultiple
imagesof this point are taken from different vantagepoints.SeeFigure 9.13.

Supposethe line is describedby the matrix §

+

798

-

a

+

7
:

-

a

ª

[’]

:
~T= ; its null space

containsthepointson theline. It is easyto seethatthematrix
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Figure9.13.Imagesof pointson a straightline œ aretakenfrom differentvantagepoints.
In fact,thereis alwaysat leastoneline acrossany givenfour lines.Hencea �fth imageis
neededto imposenontrivial constraints.

Nevertheless,its submatricessatisfy

rank
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q

U
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ø

b
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•
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d�i
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sincetheray from theimagepoint andthe line intersectin space.This condition
in factimposesnontrivial constraintsamongthemultiple imagesU

8

V

U

:

V4WXW4WXV

U

‹

andthecameracon�guration
ø

8

V

øs:

VXW4WXW4V

ø
‹

. After theextrinsic parametersof
theline areeliminated,we in factwill getanotherrank-de�cientmatrix of higher
dimension.It will thenbe easyto seethat nontrivial constraintswill be among
� veviews insteadof two, three,or four. We leave thedetailsasanexerciseto the
reader(seeExercise9.6).This new typeof rankconditionshelpcharacterizethe
multiple-view geometryof T-junctions(Exercise9.7),which is of greatpractical
importance.

Noticethat theabove rank-3conditionon thesubmatricesof
‡

is just oneof
many waysin which new relationshipsamongmultiple views canbeintroduced.
In principle,therearepracticallyin�nitely many waysin whichnontrivial (andir-
reducible)algebraicandgeometricconstraintscanbeimposedamonganynumber
of views.7 It all dependson whattypeof geometricobjectsor primitiveswe con-
siderandhow muchknowledgewe(assumeto) know aboutthem.For instance,if
we considertheprimitivesto becertainclassesof 3-D curves,intrinsic relation-
shipsmay exist amongarbitrarily many views in thesamespirit astheoneswe
haveseensofar (e.g.,seeExercise9.8),althoughtheir practicalityis debatable.

7It is standardbelief thatintrinsicconstraintsonly exist amongupto four images.This is trueonly
for purepoint andline features,withoutconsideringsituationslike Figure9.13.
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9.C Examplesof geometricinterpretationof therank
conditions

In thisappendix,we illustratein moredetailthegeometricinterpretationof a few
instancesof themultiple-view matrix – in Theorem9.7.

9.C.1 Case2: ˆŠ‰ rank‹"ŒŽ•i‰••

Let us�rst considerthemoregeneralcasein which f

«

rank
+

–

-�«

i , i.e.case2
in Theorem9.7.Thereareonly two subcases,dependingon thevalueof therank
of – :

+3,T-

rank
+

–

-

d)i

V and
+0/1-

rank
+

–

-

d�f

W (9.48)

Subcase
+�,T-

. When the rank of – is 1, it correspondsto the genericcase:all
imagepoints (if at leasttwo arepresentin – ) comefrom a uniquepoint

6

in
space;all imagelines(if at leastthreearepresentin – ) comefrom auniqueline

5

in space;andif bothpoint andline featuresarepresentin – , thepoint

6

then
mustlie on theline

5

in space.This is illustratedin Figure9.14.
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Figure9.14.Genericcon�guration for thecaserank?
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ž

³
´ intersectatonepoint £ in spacewhichmustlie on œ .

What happensif thereare not enoughimagepoints or lines presentin – ?
For example,thereis only one(reference)imagepoint U

8

presentin –

”1•

(see
Example9.3). Thenthe rank of –

”1•

being1 implies that the line
5

is uniquely
determinedby preimagesof _

:

V

_

<

VXW4WXW1V

_

‹

. Hence,thepoint

6

is determinedby
both

5

and U

8

. On theotherhand,if thereis only oneimageline presentin some
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– of this type,
5

canbea family of lineslying on thepreimageplaneof theline
andall passingthroughthepoint

6

determinedby thepreimagesof pointsin – .
Subcase

+0/1-

. Whenthe rank of – is 0, it implies that all the entriesof – are
zero.It is easyto verify thatthiscorrespondsto asetof degeneratecasesin which
the3-D locationof thepointor theline cannotbeuniquelydeterminedfrom their
multiple (pre)images(no matterhow many). In thesecases,thebestonecando
is: ‘

Whentherearemore than two imagepointspresentin – , preimagesof
thesepointsarecollinear;‘

Whentherearemore than threeimagelines presentin – , preimagesof
theselinesarecoplanar;‘

Whenbothpointsandlinesarepresentin – , thepreimagesof thepoints
arecollinearandcoplanarwith thepreimagesof thelines.

Let usdemonstratethis lastcasewith aconcreteexample.Supposethenumber
of views is † d“’ andwechoosethematrix – to be
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which correspondsto a point-line-line-line-point-point con�guration. The geo-
metriccon�gurationof thepointandline featurescorrespondingto thecondition
rank

+

–

-

d�f is illustratedin Figure9.15.

PSfragreplacements

E

5

6

_

:

_

<

_

=

U

8

U

�

U
”

�

8

�

:

�

<

�

=

�

�

�—”

Figure9.15.A degeneratecon�guration for thecaserank?
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9.C.2 Case1: •C‰ rank‹"ŒŽ•i‰d™

We now discusscase1 in Theorem9.7, i.e. i

«

rank
+

–

-Ù«

j . In this case,the
matrix – mustcontainat leastonesubmatrixof thetype

š

q
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[^]

<…~T=

V (9.50)

for somegj�•j . It is easyto verify thatsuchasubmatrixcanneverbezero;hence
theonly possiblevaluesfor therankof – are

+3,T-

rank
+

–

-

d

jTV and
+0/1-

rank
+

–

-

d�i

W (9.51)

Subcase
+3,T-

. When the rank of – is 2, it correspondsto the genericcase.A
representativeexamplehereis thematrix –

• ”

givenin (9.10).If rank
+

–

• ”

-

d

j ,
it canbe shown that the point

6

must lie on the preimageplaneof _

8

, andit is
alsothepreimageof all theimagepoints U

:

V

U

<

VXW4W4WXV

U

‹

. Theline
5

, however, is
determinedonly up to this plane,andthepoint

6

doesnot have to beon this line.
This is illustratedin Figure9.16.
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Beyond –

• ”

, if therearemorethantwo imagelinespresentin some– of this
type, the preimage(plane)of eachline mustpassthroughthe point

6

. Hence

6

mustbeon theintersectionof theseplanes.Noticethat in this case,addingmore
rows of line featuresto – will not be useful to determine

5

in space.This is
becausethe incidenceconditionfor multiple line featuresrequiresthat the rank
of theassociatedmatrix –

•

be1 not 2. If we only requirerank2 for theoverall
matrix – , we canat bestdeterminethe linesup to a family of lines intersecting
at

6

.
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Subcase
+0/1-

. Whentherankof – is 1, it correspondsto asetof degeneratecases.
For example,it is straightforward to show that –

• ”

is of rank 1 if andonly if
all the vectors

�
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b
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�
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are orthogonalto _
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(transformedto thereferencecameraframe)lie onthesameplane
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The geometriccon�guration of the point andline featurescorrespondingto the
conditionrank

+

–

-

d)i is illustratedin Figure9.17.
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Notice thatsincetherankconditionrank
+

–

-

d i is thegenericcasefor line
features,preimagesof lines intersectat a uniqueline

5

. But preimagesof the
pointsareparallel,andonecanview themasif they intersectedat a point

6

at
in�nity . In general,thepoint

6

doesnot have to lie on theline
5

, unlessboththe
point

6

andline
5

areon theplaneat in�nity in the�rst place.
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Furtherreadings

Points,lines,andplanes

The constraintsamongmultiple imagesof point and line featureshave beento
a large extent studiedseparately, except for the work of [Faugeraset al., 1987,
SpetsakisandAloimonos,1990b, Hartley, 1994a, Vieville et al., 1996], andmore
recently[Morris andKanade,1998]. Planeswerestudiedalmostexclusively us-
ing two-view homographybut usuallytreateddifferently from pointsandlines;
see[Hartley andZisserman,2000, FaugerasandLuong,2001]. The �rst uni�ed
studyof therelationshipsbetweentherankconditionsandtheincidencerelations
amongpoints,lines,andplaneswasgivenby [Ma etal., 2001a, Ma et al., 2003],
onwhich this chapteris based.

Curvesandsurfaces

Studyon incidencerelationswith linear andconic trajectoriescanbe found in
[AvidanandShashua,1999, AvidanandShashua,2000], andtheirrelationsto the
rank-basedapproach,asshown in this chapter, wasgivenin [Huanget al., 2002].
Matchingcurveswasstudiedby [SchmidtandZisserman,2000]. Effectiverecon-
structionschemesfor 3-Dcurveswerealsodevelopedby [Berthilssonetal., 1999].
Generalizationof multiple-view geometry(especiallythetwo-view geometry)to
curvedsurfacescanbefoundin [Cipolla et al., 1995, 	Aströmet al., 1999].

High-dimensionalandnon-Euclideanspaces

[Wolf andShashua,2001a] showedthatmany interestingdynamicscenescanbe
embeddedasamultiple-view geometricproblemin higher-dimensionalspaces.A
systematicgeneralizationof therank-conditionapproachto dynamicscenesand
higher-dimensionalspaceswasgivenby [Huanget al., 2002]. A furtherextension
of multiple-view geometryto spacesof constantcurvature(Euclidean,hyperbolic,
andspherical)canbefoundin [Ma, 2003].
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GeometryandReconstructionfrom
Symmetry

Sotheir (the �ve platonicsolids)combinationswith themselvesand
with each othergiverise to endlesscomplexities,which anyonewho
is to givea likely accountof realitymustsurvey.

– Plato,TheTimaeus,fourthcenturyB.C.

In Chapter6 we have illustratedhow prior assumptionson thescenecanbe ex-
ploited to simplify, or in somecaseenable,the reconstructionof camerapose
andcalibration.For instance,the presenceof parallel lines and right anglesin
thesceneallows oneto upgradetheprojective reconstructionto af�ne andeven
Euclidean.In this chapter, we generalizetheseconceptsto the casewherethe
scenecontainsobjectsthat aresymmetric. While we will make this notion pre-
ciseshortly, theintuitive termsof “regularstructures,” (deterministic)“patterns,”
“tiles,” etc.canall beunderstoodin termsof symmetries(Figure10.1).

Thereasonfor introducingthischapterat this latestage(asopposedto present-
ing this materialin Chapter6) is because,aswe will see,symmetryconstraints
on perspective imagescanbe enforcedvery naturallywithin thecontext of rank
conditionsfor multiple-view geometry, which we have studiedin the previous
chapters.

10.1 Symmetryandmultiple-view geometry

Beforewe proceedformally, �rst let us pauseandexaminethe imagesgiven in
Figure10.1 below. It is not hard to convince ourselvesthat even from a single
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Figure10.1.Man-madeandnaturalsymmetry. (Polyhedronimagecourtesyof Vladimir
Bulatov, PhysicsDepartment,OregonStateUniversity.)

image,we canperceive the 3-D structureandpose(orientationandlocation)of
theobjects.Thegoalof this chapteris to providea computationalframework for
exploiting symmetriesin thescene.Thereadershouldbeaware,however, thatwe
aremakingastrongassumptiononthescene.If thisassumptionis violated,asfor
instancethe caseshown in Figure10.2,or Figure6.1 that we have seenearlier,
our reconstructionwill necessarilybeincorrectandleadto illusions.

Figure10.2.Makingassumptionsonthesceneresultsin grossperceptualerrorswhensuch
assumptionsareviolated.The photographabove could comefrom an ordinaryroom in-
habitedby peopleof improbablestature,or from animprobableroomwith nonrectangular
�oors andwindows that,whenviewedfrom aparticularvantagepoint,give theimpression
of symmetry. TheAmesroomis namedafterits designerAdelbertAmes.(Courtesyof (c)
Exploratorium,www.exploratorium.edu .)

10.1.1 Equivalentviewsof symmetricstructures

Symmetricstructuresarecharacterizedby thefactthatthereexist severalvantage
pointsfrom which they appearidentical.This notion is capturedby theconcept
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of equivalentviews. Beforewe formulatethis conceptmoreformally later in this
section,we illustratethebasicideawith a few examples.
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2(3) 3(4)

4(1)
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Figure10.3.Left: a checkerboardexhibits different typesof symmetries,including rota-
tionsabout̃ by ª

Ò¬« andre�ectionsalongthe Q - and T -axes.­

K

is therelativeposebetween
theboardandour vantagepoint. Right: an image H

•

taken at location ˜

•

. Notice that the
imagewould beidenticalif it wastakenat ˜

 

instead( H

 

).

Example10.1(Rotational symmetry).Consideracheckerboardasshown in Figure10.3.
Thereareat leastfour equivalentvantagepointsfrom whichwewouldseeexactlythesame
image.Theseareobtainedby rotatingtheboardaboutits normal.Theonly differencein
animageseenfrom anequivalentvantagepoint is which featuresin theimagecorrespond
to thoseon the board.In this sense,suchan imageis in fact different from the original
one.For simplicity, we call all suchimagesequivalentviews. For instance,in Figure10.3,
we labelthecorrespondingcornersfor oneof theequivalentviews, to compareit with the
original image.

Example 10.2 (Re�ecti ve symmetry). In addition to rotationalsymmetry, Figure 10.3
alsoexhibits (bilateral)re�ectivesymmetry. This givesriseto additionalequivalentviews
shown in Figure10.4. Notice that in the �gure, the two equivalent views with the four
cornerslabeledby numbersin parenthesescannotbeanimageof thesameboardfrom any
(physicallyviable)vantagepoint! Onemayarguethat they areimagestakenfrom behind
theboard.This is trueif theboardis “transparent.” If thesymmetricobjectis a 3-D object
ratherthan a 2-D plane,suchan argumentwill fall apart.Nevertheless,as we will see
below, just like the rotationalsymmetry, this type of equivalentviews alsoencodesrich
3-D geometricinformationabouttheobject.

Example10.3(Translational symmetry). Anothertypeof symmetry, asshown in Figure
10.5,is dueto abasicelement(in thiscaseasquare)repeatingitself inde�nitely alongone
or moredirections,calledin�nite rapport. Althoughequivalentimagesall appearidentical,
features(e.g.,points,lines)in theseimagescorrespondto differentphysicalfeaturesin the
world. Therefore,animagelike thethird onein Figure10.1givesriseto many equivalent
views.
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Figure10.4.Hr± : Correspondencebetweentheoriginal imageof theboardandanequivalent
imagewith theboardre�ectedaboutthe Q -axisby Ýr²
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,
and ˜

´ appearto beidentical.

Fromtheaboveexamples,onemayanticipatethatit is therelationshipsamong
all the equivalent views associatedwith a single imageof a symmetricstruc-
ture thatencode3-D information.The chapteraimsto provide a theoreticaland
computationalbasisfor this observation.

10.1.2 Symmetricstructureandsymmetrygroup

Discussiononhow many differenttypesof 2-D or 3-D symmetricstructuresmay
existhasbeendocumentedin theantiquity. For instance,Egyptianscertainlyknew
aboutall 17 possiblewaysof tiling theplane(we will seea few of themin Ex-
ercise10.10);Pythagorasknew aboutthe � ve platonicsolids,shown in Figure
10.6.Thesesolids are the onesthat admit the only threefundamentaltypesof
(discrete)3-D rotationalsymmetry(seeExercise10.3),in additionto theplanar
ones(seeExample10.5).Theseobservations,however, werenot formalizeduntil
thenineteenthcentury[Fedorov, 1885, Fedorov, 1971]. In our applications,how-
ever, it suf�ces to know that rotational,re�ective, and translationalsymmetries
aretheonly isometricsymmetriesin Euclideanspace;any othersymmetryis just
acombinationof thesethree[Weyl, 1952]. More formally, wehavethefollowing
de�nition:
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Figure10.6.The� ve platonicsolids.

De�nition 10.4(Symmetric structur eand its group action). A set(of geomet-
ric primitives) ¸ S�]

< is calleda symmetricstructureif there existsa nontrivial
subgroup ¹ of the Euclideangroup1 º

+

“

-

under the action of which ¸ is in-
variant. That is, for any element©

[»¹ , it de�nesa one-to-onemapfrom ¸ to
itself:

©

[�¹¡¼ ¸d½ ¸

W

In particular, we have ©

+

¸

-

d

©

®;8

+

¸

-

d¾¸ for any ©

[¿¹ . Sometimeswe say
that ¸ hasa symmetrygroup ¹ , or that ¹ is a groupof symmetriesof ¸ .

Mathematically, symmetricstructuresandgroupsareequivalentwaysto cap-
ture symmetry: any symmetric structure is invariant under the action of its
symmetrygroup; and any group (hereas a subgroupof º

+

“

-

) de�nes a class
of (3-D) structuresthatareinvariantunderthis groupaction.Herewe emphasize
that ¹ is in generala subgroupof theEuclideangroup º

+

“

-

, andtherefore,we
consideronly isometricsymmetrygroups.Thereadershouldbeawarethat ¹ is
in generalnot a subgroupof ¸

º

+

“

-

. This is becausemany symmetricstructures
thatwe aregoing to considerareinvariantunderre�ection, which is anelement
in À

+

“

-

but not ¸ÁÀ

+

“

-

.2 For simplicity, in thischapter, wewill considerprimarily
discretesymmetrygroups.

Example10.5 (Symmetry groupsof g -gons).An g -gonis anequilateralandequal-angle
g -sided(planar)polygon (e.g.,a squareis a I -gon). Figure10.7 shows a few common
g -gonsfor g

¸

çÏžmI�ž)Fæž,ÂÏž•² . Each g -gon allows a �nite rotation group that containsa
primitive rotation

¾

aroundits centerby Ã

¸

 mÄ

_

and its iteration
¾

•Cž

¾

 1ž�¡�¡�¡�ž

¾

_

¸

1The Euclideangroup ÅÇÆvÈ�É includesrigid-body motionsandre�ections, which do not preserve
theorientation.

2Here ÊËÆSÈ�É denotesthegroupof È	ÌÍÈ orthogonalmatricesincludingbothrotations( Î�ÊËÆvÈ�É ) and
re�ections,with determinantÏ•Ð .
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Yield
STOP

Figure10.7.Equilateraltriangle,square,pentagon,hexagon,andoctagon.

identity. This rotationalsubgroupis calledthecyclicgroupof order g , denotedby Ñ

_

. The
g -gonalsoadmitsa total of g re�ections in g linesforming anglesof

•

 

Ã . Thus,thereare
a total of Ú�g elementsin thesymmetrygroupthatan g -gon admits.This is theso-called
dihedral groupof order g , denotedby �

_

.

Using the homogeneousrepresentationof º

+

“

-

, any element© in ¹ canbe
representedasa „Õt�„ matrixof theform

©

d
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[©]

=æ~.=

V (10.1)

where
�

[\]

<…~k< is anorthogonalmatrix(“
�

” standsfor bothrotationandre�ec-
tion) and

�

[€]

< is a vector(“
�

” for translation).Notethatin orderto represent
¹ , aworld coordinateframemustbechosen.Interestingly, for asymmetricstruc-
ture, thereis typically a naturalchoicefor this frame,calleda canonicalframe.
For instance,if the symmetryis rotational,it is naturalto choosethe origin of
the world frame to be the centerof rotation and one of the coordinateaxes,
saythe

z

-axis, to be the rotationalaxis.Often,sucha choiceresultsin a simple
representationof thesymmetry.

Example10.6 (Homogeneousrepresentationfor the symmetry group of a rectangle).
Rectanglesare arguably the most ubiquitoussymmetricobjectsin man-madeenviron-
ments.Chooseanobjectcoordinateframein a rectanglein thefollowing way: the Q - and

T -axescorrespondto thetwo axesof re�ection andthe U -axisis thenormalto therectangle.
With respectto thiscoordinateframe,thefour elementsin thesymmetrygroup Ò admitted
by therectanglecanbeexpressedin homogeneousrepresentationas
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Fromleft to right, thesefourmatricescorrespondto theidentitytransformation,denotedby
­^Ó , re�ection alongthe Q -axis,denotedby ­

± , re�ection alongthe T -axis,denotedby ­¬³ ,
androtationby Ýr²

Ò^« aroundthe U -axis,denotedby ­¬Ô . Obviously, elementsin thegroup
Ò

¸‚Õ

­^ÓXžm­
±

ž,­^³�žm­
ÔkÖ

satisfytherelations:
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Notethatthesymmetryof a rectanglehasno translationalpart(with respectto thechosen
frame);i.e.

�

¸`Ò in all ­

Ã

Ò .

Example10.7 (Symmetry of a tiled plane).For a 2-D planetiled with congruentrectan-
gles,asshown in Figure10.8,its symmetrygroup Ò consistsof notonly all thesymmetries
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Figure10.8.A 2-D planetiled by congruentrectangles.

of therectanglegivenin theabove examplebut alsothetranslationalsymmetries:
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where ?

�

±æž

�

³
A canbethecoordinatesof any latticepoint in thegrid. Clearly, thesetof all

suchtranslationsformsagroup.

10.1.3 Symmetricmultiple-view matrixandrankcondition

Now supposethat an imageof a symmetricstructurȩ is taken at the vantage
point ©

ž

d

+

�

ž

V

�0ž

-

[¡¸

º

+

“

-

; we call it the canonicalposeof the structure
relative to thevieweror camera.Here ©

ž

, thoughunknown, is assumedto berep-
resentedwith respectto the samecanonicalcoordinateframe.As we will soon
see,this relative pose©

ž

from thestructureto theviewer canbeuniquelydeter-
minedfrom a singleimageaslong asthesymmetryadmittedby thestructure(or
theobject)is “rich” enough.

A (calibrated)perspective imageof ¸ is simply a setof imagepoints

¢

S ]

: ,
and,in homogeneouscoordinates,eachimagepoint Uy[
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ø
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V (10.2)

where ê [y]

= representsthehomogeneouscoordinatesof a point

6

[‚¸ . Now
since©

+

¸

-

d•¸ for all ©
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. For example,in Figure10.3,if ©

is arotationof
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f
¥ aroundthecenterof theboard,wehave ©
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. Although,
afterapplyingthe transformation© to ¸ in space,the image U of a point
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[Û¸

will becomea differentpoint, say UÁÜ , on the imageplane,U•Ü mustcoincidewith
oneof the imagepointsin
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(taken from theoriginal vantagepoint ©
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). That is,
U.Ü|[

¢

, andwe denoteUÁÜZd

©
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U
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. Thus,thegroup ¹ doesnothingbut permute
imagepointsin
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, which is anactioninducedfrom its actionon ¸ in space.
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We canalsointerpretthe above observation in a slightly differentway: After
applyingthesymmetry©

[�¹ , equation(10.2)yields
Ú

Ü
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Thesecondequalityexpressesthefact that the imageof thestructurȩ remains
thesameif takenfrom avantagepointdifferentfrom theoriginaloneby ©

ž

©§©

®>8

ž

.
Thetransformation©

ž

©§©

®>8

ž

is exactly theactionof © on ¸ expressedwith respect
to thecameracoordinateframe.This relationshipcanbeconciselydescribedby
thefollowing commutativediagram:
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Therefore,givenonly oneimage

¢

, if weknow thetypeof symmetry¹ in advance
andhow its elementsactonpointsin

¢

, theset ë

©
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U
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¼

©

[�¹ ó canbeinterpreted
asthesetof differentimagesof thesamepoint ê seenatdifferentvantagepoints.
In thisway, weeffectivelyobtainasmany as ì ¹vì equivalentviewsof thesame3-D
structurȩ .3

We remindthereaderthathere ©

ž

is not therelative motionbetweendifferent
vantagepointsbut the relative posefrom thestructureto theviewer. As we will
soonsee,symmetryin generalencodesstrong3-D informationandoftenallowsus
to determine©

ž

. Of course,alsobecauseof symmetry, thereis nouniquesolution
to theinitial pose©
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, sinceU`o
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for all ©

[�¹ .4 Thatis, theimage
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is recoverableonly upto theform ©

ž

© for anarbitrary
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[�¹ .5 Sincein mostcaseswewill bedealingwith a�nite group ¹ , determining
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up to sucha form will give usall the informationwe needaboutthe relative
poseof thesymmetricstructure.
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3Hereweuse å æçå to denotethecardinalityof æ . In particular, when æ is �nite, å æçå is thenumber
of elementsin æ .

4Recallthatweusethesymbol è to denoteequalityup to ascalarfactor.
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æÁí is calleda left cosetof æ .
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Notice that ©
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playsthe role of the relative transformationbetween
the original imageand the g th equivalent view. From previous chapters,these
equivalentviewsmustberelatedby themultiple-view rankcondition.Thatis, the
symmetricmultiple-view matrix
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satis�estherankcondition
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Notethat this rankconditionis independentof any particularorderof thegroup
elements©
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, and it capturesthe only fundamentalinvariant that a
perspective imageof a symmetricstructureadmits.6 We call it the symmetric
multiple-view rank condition. Note that if ¹dòóÀ
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To summarize,oneimageof a symmetricstructurȩ with its symmetrygroup
¹ is equivalentto †’d ì ¹vì imagesof l

d ì ¸ ì featurepoints.7 Thereconstruction
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andthe3-D structureof ¸ canbeeasilysolvedby themultiple-
view factorizationalgorithmgivenin thepreviouschapters.Nevertheless,in order
to solve for the initial canonicalpose©
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, we needto furthersolve a
systemof Lyapunov typeequations
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with ©
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and ©
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known. Theuniquenessof thesolutionfor ©

ž

depends
on thegroup ¹ , theconditionsfor whichwill becomeclearlater.

10.1.4 Homographygroupfor a planarsymmetricstructure

According to the previous chapter, if the symmetricstructure ¸ is planar, the
multiple-view rankconditionsassociatedwith its equivalentviews reduceto the

6Here“only” is in thesenseof suf�ciency: If a setof featuressatis�es the rankcondition,it can
alwaysbeinterpretedasavalid imageof anobjectwith thesymmetryæ .

7It is possiblethatboth å æçå and å Î;å arein�nite. In practice,onecanconvenientlychoosea �nite
subsetthat is limited to the �eld of view. In this case,æ in fact becomesa “groupoid” insteadof a
“group”; see[Weinstein,1996].
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so-calledhomographyconstraint.Herewe show how thehomographyhelpssim-
plifying thestudyof planarsymmetry. Supposethatthesupportingplane

E

of ¸

is de�ned by theequationô

a

ê%d

é for any point ê [ã]

< on
E

in thecamera
frame.Geometrically, ô [\]

< is theunit normalvectorof theplane,and é

[©]

ú

is its distanceto thecameracenter. As weknow from Chapter5, thehomography
matrix
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Since ¸ is now planar, its symmetrygroup ¹ canberepresentedasa subgroup

of the planarEuclideangroup º

+

j

-

, andeachelementin ¹ canbe represented
asa “vtã“ matrix.8 Dueto thesymmetryof ¸ , we have ©
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Therefore,in theplanarcase,thediagram(10.4)simpli�es to
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The groupactionof ¹ on the plane
E

in spaceis thennaturallyrepresentedby
its conjugategroup ¹�Ü
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actingon the imageplane.Or, equivalently,
any element
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Ü representsthe homographytransformation

betweentwo equivalentviews.Dependingonthetypeof symmetry, thematrix
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mayrepresenteithera rotational, re�ective, or translationalhomography. Figure
10.9shows a re�ective homographyinducedfrom the symmetryof a rectangle.
We call thegroup ¹�ÜQd
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ž

thehomographygroup.
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Figure10.9. Homographybetweenequivalent imagesof a rectangle,beforeandafter a
re�ection ­

± . Left: frontal view; right: top view. ¤>� is theplaneof re�ection and þ is its
(unit) normalvector.

8Sinceall the symmetrytransformationsarerestrictedto the ÿ�� -plane,the � -coordinatecanbe
simplydroppedfrom therepresentation.
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Example 10.8 (The homography group for an imageof a rectangle).For an imageof
a rectangle,whosesymmetrywasstudiedin Example10.6,thehomographygroup Ò

�

¸

�

K

Òç�

ÈQ•

K

is givenby
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andits elementssatisfythesamesetof relationsas Ò in Example10.6:
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Oneof theelements�
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±

of Ò

�

is illustratedin Figure10.9.

To computethehomography



Ü;[�¹ Ü from theimage,let UÞd

z

x

V

y

V

z

{

a

[^]

<

bethe(homogeneous)imageof thepoint ê ; i.e. U„o




ž

ê [€]

< . Let U•Ü bethe
imageof its symmetricpoint ©

+

ê

-

. From(10.10)weget
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W (10.12)

With four correspondingpointsbetweenany pairof equivalentviews,suchasthe
four cornerfeaturesof the rectanglein Figure10.9,the homographymatrix




Ü

canbe linearly recoveredfrom equation(10.12),using the techniquesgiven in
Chapter5. We candecomposetherecovered
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Ü

½

ð

�

Ü

V

i

é

�

Ü

V

ô

�

to obtaintherelative pose
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-

betweenthetwo equivalentviews (Exercises
10.6and10.7).The3-D structureof ¸ canthenbedeterminedby a triangulation
betweenthetwo views.Furthermore,wecanuse




ÜOd
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to recoverinfor-
mationaboutthe homographymatrix
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{ . The matrix
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obviouslysatis�esthefollowing setof Lyapunov typelinearequations



Ü
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d�f

V u
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V (10.13)

with both



Ü and © now known. Theuniquenessof thesolutionfor



ž

depends
on thegroup ¹ , whichwestudyin thenext section.

10.2 Symmetry-based3-D reconstruction

From theabove discussion,we now understandthat in additionto themultiple-
view rank conditions or homographygroups associatedwith an image of a
symmetricstructure,we also have the Lyapunov equations(10.9) and (10.13),
whichgive ussomeextra informationaboutthecamerainitial pose©

ž

relative to
thecanonicalframe(centeredat theobject).In Section10.2.1we give necessary
andsuf�cient conditionsunderwhich the pose ©

ž

is uniquelyrecoverable;then
we study, in Section10.2.2,whatcanberecoveredif suchconditionsarenot sat-
is�ed, and �nally , we show in Section10.2.3how symmetrycanfacilitate3-D
reconstructionfrom multiple images.
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10.2.1 Canonicalposerecoveryfor symmetricstructure

Proposition 10.9 (Rotational and re�ecti ve symmetry). Given a (discrete)
subgroup ¹ of À

+

“

-

, a rotation
�

ž

is uniquelydeterminedfrom thepair of sets
+

�

ž

¹

�

a

ž

V

¹

-

if andonly if theonly �xed point of ¹ actingon ]

< is theorigin.

Proof. If
+

�

ž

¹

�

a

ž

V

¹

-

are not suf�cient to determine
�

ž

, then thereexists at
leastoneother

�

8

[»¸ÁÀ
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-

suchthat
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ž

� �

a

ž
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8

for all
�

[…¹ . Let
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d

�

a

8

�

ž

. Then,
�

:

�

d

� �

:

for all
�

[Û¹ . Hence
�

:

commuteswith all
elementsin ¹ . If

�

:

is a rotation,all
�

in ¹ musthave thesamerotationaxisas
�

:

; if
�

:

is a re�ection,
�

musthave its axisnormalto theplanethat
�

:

�x es.
This is impossiblefor a group ¹ that �x esonly theorigin. On theotherhand,if

+

�

ž

¹

�

a

ž

V

¹

-

is suf�cient to determine
�

ž

, thenthegroup ¹ cannot�x any axis
(or a plane).Otherwise,simply choose

�

:

to be a rotationwith the sameaxis
(or anaxisnormalto theplane).Thenit commuteswith ¹ . Thesolutionfor

�

ž

cannotbeunique.

Once
�

ž

is determined,it is not dif�cult to show thatwith respectto thesame
group¹ ,

�
ž

canbeuniquelydeterminedfromthesecondequationin (10.6).Thus,
asaconsequenceof theaboveproposition,wehave thefollowing theorem.

Theorem 10.10(Unique canonicalposefr om a symmetry group). Suppose
that a symmetricstructure ¸ admitsa symmetrygroup ¹ that containsa rota-
tional or re�ective subgroupthat �xes only theorigin of ]

< . Thenthecanonical
pose©

ž

canalwaysbeuniquelydeterminedfromoneimageof ¸ .

Notethatthegroup ¹ doesnothaveto betheonly symmetrythat ¸ admits;as
long assucha ¹ existsasa subgroupof thetotal symmetrygroupof ¸ , onemay
claimuniquenessfor therecoveryof ©

ž

.
The above statement,however, appliesonly to 3-D structures.The symme-

try groupof any 2-D (planar)symmetricstructure,asa special3-D symmetric
group,doesnot satisfythe conditionof the theorem.Sinceany planarstructure

¸ is “symmetric” with respectto the re�ection in its own supportingplane,we
wonderwhetherthis re�ection canbe addedto the overall symmetrygroup ¹ .
Theproblemis that,evenif we couldaddthis re�ection, say

�

, into thesymme-
try group ¹ , it is not possibleto recover its correspondingelement

�

ž

� �

a

ž

in
�

ž

¹

�

a

ž

, sincefeatureson theplanecorrespondto themselvesunderthis re�ec-
tion, andno otherfeaturepoint outsidetheplaneis available(by our own planar
assumption).Thus,only elementsin theplanarsymmetrygroupcanberecovered
from homographiesbetweentheequivalentviewsof theplanarstructure.

In orderto give a correctstatementfor theplanarcase,for a re�ection
�

with
respectto a plane,we call thenormalvectorto this planeof re�ection theaxisof
re�ection.9 Usingthisnotionandby restrictingtheargumentof thepropositionto
theplanarorthogonalgroup À

+

j

-

, onecanreachthefollowing conclusion.

9Therole of theaxisof a re�ection is very similar to thatof theaxisof a rotationoncewe notice
thatfor any re�ection þ , Ï9þ is a rotationof angle ����� aboutthesameaxis.
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Corollary 10.11(Canonical posefr om a planar symmetry group). If a pla-
nar symmetricstructure ¸ allows a rotational or re�ective symmetrysubgroup

¹ (without the re�ection with respectto the supportingplaneof ¸ itself) with
two independentrotation or re�ection axes,the canonicalpose ©

ž

can always
beuniquelydeterminedfrom oneimage of ¸ (with thecanonicalframeorigin �

restrictedin theplaneandthe
z

-axischosenastheplanenormal).

As a consequence,to have a uniquesolutionfor ©

ž

, a planarsymmetricstruc-
ture ¸ mustadmitat leasttwo re�ectionswith independentaxes,or onere�ection
andonerotation(automaticallywith independentaxesfor a planarstructure).

10.2.2 Poseambiguityfromthreetypesof symmetry

In this section,we studyambiguitiesin recovering ©

ž

from a single re�ective,
rotational,or translationalsymmetry. Theresultswill give thereadera clearun-
derstandingof the extent to which ©

ž

canbe recoveredif the conditionsof the
abovetheoremandcorollaryarenotmet.

Re�ectivesymmetry

Many man-madeobjects,for examplea building or a car, are symmetricwith
respectto a centralplane(the planeor mirror of re�ection). That is, the overall
structureis invariantundera re�ection with respectto this plane.Without lossof
generality, supposethis planeis the

y

z

-planeof a selectedcanonicalcoordinate
frame.For instance,in Figure10.3,theboardis obviouslysymmetricwith respect
to the

y

z

-planeif the
z

-axis is thenormalto theboard.Thena re�ection in this
planecanbedescribedby a motion ©
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is an elementin À
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andit has �
	��
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i . Notice that a re�ection always
�x estheplaneof re�ection. If onere�ection is theonly symmetrythatastructure
admits,thenits symmetrygroup ¹ consistsof only two elementsë�
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ó , where

ûd

©

: is theidentitymap.10

If one imageof sucha symmetricobject is taken at ©
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, thenwe
havethefollowing two equationsfor eachimagepointon this structure:
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whereU•Ü>d
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. To simplify thenotation,de�ne
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. Thenthesymmetricmultiple-view rankcondition,in the two-view
case,reducesto thewell-known epipolarconstraint
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10In otherwords, æ is isomorphicto thegroup �

 

.
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therefore
¦

� Ü

�

ÜOd

¦

� Ü

. Weleavetheproofasanexerciseto thereader(seeExercise
10.7).Theepipolarconstraintinducedfrom are�ectivesymmetrybecomes
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¦

� Ü

U`d�f

V (10.16)

so that
�

Ü canbe recoveredfrom two pairsof symmetricpoints,asopposedto
eightpointsin thegeneralcase(in Chapter5).

Example 10.12(Triangulation with the re�ecti ve symmetry). For eachpair of (re�ec-
tively) symmetricimagepoints ?
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�

A , their3-D depthscanbeuniquelydeterminedfrom
theequation
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whereþ

¸��

�

is theunit normalvectorof theplaneof re�ection ¤>� , and �Ï� is thedistance
from thecameracenter̃ to ¤>� (seeFigure10.9).11

Once
�

Ü
d

�

ž
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is obtained,weneedto use
�

Ü and
�

to solve for
�

ž

. The
associatedLyapunov equationcanberewrittenas
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with
�

Ü and
�

known.

Lemma 10.13(Re�ecti veLyapunov equation). Let
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, which is de�ned
as theset ë
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dýfkó , is in general �ve-dimensional.Nevertheless,for or-
thogonalsolutionsof
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, theintersectionker
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¸ÁÀ
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is onlya one-parameter
family that correspondsto anarbitrary rotationin theplaneof re�ection.

Usingthepropertyof Lyapunov maps,theproof is not dif�cult. We leave it to
thereaderasanexercise(seeExercise10.4).But herewe give out explicitly this
one-parameterfamily solutionsof
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< arethree(real)eigenvectorsof
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Ü that correspondto the
eigenvalues
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i , ïñi , and ïñi , respectively, and
�

[±] is an arbitrary angle.12

Geometrically, the threecolumnsof
�

Ü canbe interpretedas the threeaxesof
thecanonicalcoordinateframethatwe attachto thestructure.Theambiguityin

�

ž

thencorrespondsto an arbitrary rotationof the

y

z

-planearoundthe x -axis
(the re�ection axis). If the structurefurther admitsa re�ection with respectto
anotherplane,saythe x

z

-planeasin thecaseof thecheckerboard(Figure10.3),
thisone-parameterfamily ambiguitycanbeeliminated.

11As longasthecameracenter* is noton theplaneof re�ection +O� , wecannormalize,4�-�PÐ .
12Here,the“ . ” signin front of /

•

is dueto thefactthata particularchoiceof signsandordersfor
/

•10

/

 20

/

´ maynot resultin a rotationmatrix þ

K

with 3�465"Æ þ

K

É7�98�Ð . But oneof thechoicesis the
correctone.Thesameconventionwill beadoptedin therestof thischapter.
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After
�

ž

is recovered,
�3ž

is recoveredup to thefollowing form:
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areexactly what
we shouldhave expected:With a re�ection with respectto the
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z

-plane,we can
determinethe

y

-axisand
z

-axis(includingtheorigin) of thecanonicalcoordinate
frameonly up to any orthonormalframewithin the

y

z

-plane,which obviously
hasthreedegreesof freedom,parameterizedby

+%�
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(where
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is theanglein
theone-parameterfamily solutionsof
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, and
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is thepositionof theframe
origin in the

y

z

-plane).

Example 10.14(Planar case:re�ecti ve homography). In the casein which the struc-
ture

Ø

is planar, by choosinga particularcanonicalcoordinateframe,we canbypassthe
computationof the relative posefrom the kernel of the Lyapunov map and determine
thepose ?

¾

K

ž

�

K

A directly. By decomposingtheassociatedre�ective homographymatrix
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(seeExercise10.7),we obtain
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If wesetthe Q -axisto betheaxisof re�ection andthe U -axisto betheplanenormal
A

, we
geta solutionfor
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where L
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´ areeigenvectorsof
¾

�

asbefore.We may further choosethe origin of
the object frameto be in the plane.Thus,we canreducethe overall ambiguity in ­

K

to
a one-parameterfamily: only the origin ˜ may now translatefreely alongthe T -axis, the
intersectionof theplane ¤ where

Ø

resides,andtheplaneof re�ection ¤;� .

To concludeourdiscussionson there�ectivesymmetry, wehavethefollowing
result:

Proposition10.15(Canonicalposefr om a re�ecti vesymmetry). Givenan im-
ageof a structure ¸ with a re�ectivesymmetrywith respectto a planein 3-D, the
canonicalpose©

ž

canbedeterminedupto anarbitrary choiceof anorthonormal
framein thisplane, which is a three-parameterfamilyof ambiguities(i.e. ¸

º

+

j

-

).
However, if ¸ itself is in a (different)plane, ©

ž

is determinedup to an arbitrary
translationof theframealongtheintersectionline of thetwo planes(i.e. ] ).

Example 10.16 Figure10.10demonstratesan experimentwith the re�ective symmetry.
Thecheckerboardis aplanarstructurethatis symmetricwith respectto a centralaxis.

Example10.17 (Re�ecti vestereofor the human face).Thehumanface,at leastata �rst
approximation,is re�ectively symmetricwith respectits centralplane.Hence,the above

13SeeAppendixA.
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Figure10.10.Top:An imageof a re�ectively symmetriccheckerboard.Wedraw two iden-
tical imageshereto illustrate the correspondencemore clearly. Pointsin the left image
correspondto points in the right imageby a re�ective symmetry. Bottom: The recon-
structionresultfrom there�ectivesymmetry. Therecoveredstructureis representedin the
canonicalworld coordinateframe.From our discussionabove, the origin ˜ of the world
coordinateframemay translatefreely along the T -axis.The smallercoordinateframeis
the cameracoordinateframe.The longestaxis is the U -axis of the cameraframe,which
representstheopticalaxisof thecamera.

techniqueallows usto recover a 3-D modelof humanfacefrom a singleview (seeFigure
10.17).

Rotationalsymmetry

Now supposethatwe replacethere�ection
�

aboveby a properrotation.For in-
stance,in Figure10.3,thepatternis symmetricwith respectto any rotationby a
multipleof

¨

f§¥ around� in the x

y

-plane.Onecanshow thatfor a rotationalsym-
metry, themotionbetweenequivalentviewsis alwaysanorbitalmotion(Exercise
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Figure10.11.Left: symmetricfeaturepointsmarkedon animageof a humanface;Right:
recovered3-D positionsof thefeaturepoints(photocourtesyof JieZhang).

10.8).Therefore,likethere�ectivecase,oneonly needsfour pointsto recoverthe
essentialmatrix

¦

�
Ü

�

Ü (Exercise5.6).
Now thequestionbecomes,knowing therotation
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andits conjugation
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Lemma10.18(Rotational Lyapunov equation). Let
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is a one-parameterfamilycorresponding
to anarbitrary rotation(of
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radians)abouttherotationaxis X of
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We also leave the proof to the readerasan exercise(seeExercise10.5).We
giveonly thesolutionsto
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here:
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-planearound
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-axis(therotationaxis X ).
This lemmaassumesthat fbZc\dZ

7 . If \Õd
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hastwo repeated
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i eigen-
values,andthe lemmaandabove formula for
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no longerapply. Nevertheless,
we notice that

°

�

is exactly a re�ection with two ïñi eigenvalues,with a re-
�ection planeorthogonalto the rotationaxisof
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. Thus,this caseis essentially
the sameasthe re�ective casestatedin Lemma10.13.Although the associated
Lyapunov map now hasa � ve-dimensionalkernel, its intersectionwith ¸ÁÀ
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is thesameasany otherrotation:a one-parameterfamily thatcorrespondsto an
arbitraryrotationaroundthe

z

-axis.
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It canbeveri�ed directlythatthenull spaceof thematrix
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wherenull
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ó . Togetherwith theambiguityin
�

ž

, ©

ž

is
determinedup to aso-calledscrew motion(seeChapter2) abouttherotationaxis

X .
Theplanarcasecanbedealtwith in asimilarwayto there�ectivehomography

in Example10.14,exceptthatonly the
z

-axiscanbe�x edto betherotationaxis
andthe x - and

y

-axesarestill free.

Proposition 10.19(Canonical posefr om rotational symmetry). Givenan im-
age of a structure ¸ with a rotationalsymmetrywith respectto an axis X�[y]

< ,
thecanonicalpose©

ž

is determinedup to an arbitrary choiceof a screw motion
alongthis axis,which is a two-parameterfamily of ambiguity(i.e. ¸ÁÀ

+

j

-

t€] ).
However, if ¸ itself is in a plane, ©

ž

is determinedup to an arbitrary rotation
aroundtheaxis(i.e. ¸ÁÀ

+

j

-

).

Example 10.20 Figure10.12demonstratesanexperimentwith the rotationalsymmetry.
Eachfaceof the cubeis a planarstructurethat is identical to anotherfaceby a rotation
aboutthelongestdiagonalof thecubeby ÝCÚ

Ò¬« .

Translationalsymmetry

In thecaseof translationalsymmetry, since
�

d
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and
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w

dÛf , equation(10.6)is
reducedto thefollowing equations:
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Obviously, the�rst equationdoesnotgiveany informationon
�

ž

(sincetheasso-
ciatedLyapunov mapis trivial), nor on

�;ž

. Fromthesecondequation,however,
sinceboth

�

and
�

Ü areknown (up to a scalarfactor),
�

ž

canbedeterminedup
to a one-parameterfamily of rotations.14 Thus,thechoiceof thecanonicalframe
(including

�
ž

) is up to a four-parameterfamily.
Furthermore,if ¸ is planar, which is oftenthecasefor translationalsymmetry,

theorigin � of theworld framecanbechosenin thesupportingplane,theplane
normalasthe

z

-axis,and
�

Ü asthe x -axis.Thus
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whereboth
�

Ü and ô canberecoveredby decomposingthetranslationalhomog-
raphy
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(Exercise10.6).We endupwith a two-parameterfamily
of ambiguitiesin determining©

ž

: translating� arbitrarily inside the plane(i.e.

14It consistsof all rotationsé
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.
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Figure 10.12.Top: An imageof a cubethat is rotationally symmetricaboutits longest
diagonalaxis.The symmetryis representedby somecorrespondingpoints.Pointsin the
left imagescorrespondto points in the right imageby a rotationalsymmetry. Bottom:
Reconstructionresultfrom therotationalsymmetry. Therecoveredstructureis represented
in the canonicalworld coordinateframe.From our discussionabove, the origin ˜ of the
world coordinatemay translatefreely along the U -axis, and the Q T -axis can be rotated
within the Q T -planefreely. Thesmallercoordinateframeis thecameracoordinateframe.
Thelongestaxisis the U -axisof thecameraframe,which representstheopticalaxisof the
camera.

]

: ). An extra translationalsymmetryalong a differentdirection doesnot help
reducetheambiguities.

Example 10.21 Figure10.13demonstratesan experimentwith translationalsymmetry.
A mosaic�oor is a planarstructurethat is invariantwith respectto the translationalong
properdirections.

We summarizein Table10.1theambiguitiesin determiningthepose©

ž

from
eachof thethreetypesof symmetry, for bothgenericandplanarscenes.
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Figure10.13.Top: An imageof a mosaic�oor that admitstranslationalsymmetry. The
symmetryis representedby somecorrespondingpoints.Wedraw two identicalimageshere
to representthecorrespondencemoreclearly:Pointsshown in theleft imagescorrespond
to pointsshown in the right imageby a translationalsymmetry. Bottom: Reconstruction
resultfor the translationalsymmetry. The structureis representedin the canonicalworld
coordinateframe.From our discussionabove, the origin ˜ of the world coordinatemay
translatefreelywithin the Q T -plane.Thesmallercoordinateframeis thecameracoordinate
frame.Thelongestaxisis the U -axisof thecameraframe,whichrepresentstheopticalaxis
of thecamera.

10.2.3 Structure reconstructionbasedon symmetry

In this sectionwe give exampleson how to exploit symmetricstructuresfor re-
constructionfrom multipleimages.In particular, weuserectanglesasanexample,
andwereferto afundamentalrectangularregionasa“cell.” Cellswill now bethe
basicunit in thereconstructionof a 3-D modelfor symmetricobjects.

From every imageof every rectangularcell in the scene,we can determine
up to scaleits 3-D structureand 3-D pose.Knowing the pose ©

ž

allows us to
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Ambiguity ker
+

5

-

©

ž

(generalscene) ©

ž

(planarscene)

Re�ective 5-dimensional ¸

º

+

j

-

]

Rotational 3-dimensional ¸jÀ

+

j

-

t\] ¸ÁÀ

+

j

-

Translational 9-dimensional ¸jÀ

+

j

-

t\]

<

]

:

Table10.1.Ambiguity in determiningcanonicalpose­

K

from onesymmetryof eachtype.

representall the 3-D informationwith respectto the canonicalframeadmitted
by the symmetrycell. Sincethe reconstructiondoesnot involve any multiple-
view constraintfrom previous chapters,the algorithmswill be independentof
thelengthof thebaselinebetweendifferentcamerapositions.Furthermore,since
full 3-D informationabouteachcell is available,matchingcells acrossmultiple
imagesnow canandshouldtakeplacein 3-D, insteadof on the2-D images.

Alignmentof two cellsin a singleimage
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Figure10.14.Two canonicalcoordinateframesdeterminedusingre�ective symmetryof
rectanglesfor window cells D

•

and D

 

do not necessarilyconform to their true relative
depth.

As shown in Figure10.14,for an imagewith multiple rectangularcells in sight,
the camerapose

+

�

b

V

�

b

-

with respectto the g th cell framecalculatedfrom the
symmetry-basedalgorithmmight have adopteda differentscalefor each

�

b

(if
thedistanceé

b

to every
E

b

wasnormalizedto i in thealgorithm).Becauseof that,
asshown in Figure10.14,the intersectionof the two planesin 3-D, the line

5

,
doesnotnecessarilycorrespondto theimageline _ . Thus,wemustdeterminethe
correctratiobetweendistancesof theplanesto theopticalcenter. A simpleideais
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to usethepointsontheintersectionof thetwo planes.Foreverypoint U ontheline
_ , its depthwith respectto thecameraframecanbecalculatedusing

Ú
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hYi
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.
By setting

Ú

8

d

Ú

:

, we canobtaintheratio
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If we keepdistanceé

8

to
E

8

to be 1, then é

:

d

�

, and
�>:

shouldbe scaled
accordingly:

�;:&m

�

�>:

.

Alignmentof two imagesthroughthesamesymmetrycell

?

PSfragreplacements

�

8

�

:

ô

8

ô

:

x

x

y

y

2

8

2

:

Figure10.15.The canonicalcoordinateframesdeterminedusingre�ective symmetryof
thesamewindow complex in two views D
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and D

 

donot necessarilyusethesamescale.

We are now readyto show how symmetrycan help us align two (or multiple)
imagesof thesamesymmetrycell from differentviewpoints.In Figure10.15,by
picking thesamerectangularcell, its pose

+

�

b

V

�

b

-

with respectto the g th camera
( g

d i

V�j ) canbedeterminedseparately. However, asbefore,thereconstructions
might have useddifferentscales.We needto determinethesescalesin orderto
properlyalign therelativeposebetweenthetwo views.

For instance,Figure10.16showsthetwo 3-D structuresof thesamerectangular
cell (windows) reconstructedfrom the previous two images.Orientationof the
recoveredcellsis alreadyaligned(which is easyfor rectangles).Supposethefour
cornersof thecell recoveredfrom the �rst imagehave coordinates

z

x

b

V

y

b

{

a

and
thosefrom thesecondimagehavecoordinates

z n

b

V

�

b

{

a

, g

d i

V�jTV

“

V

„ . Dueto the
differencein scalesused,therecoveredcoordinatesof correspondingpointsdiffer
by thesameratio.Sincethecorrespondingpointsareessentiallythesamepoints,
weneedto �nd out theratioof scales.
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Figure 10.16. Scaledifferencein the samesymmetrycell reconstructedfrom the two
imagesin Figure10.15.

To �x thescale,a simpleway is to setoneof thecellsto bethereference.Say,
if we want to matchthesecondimagewith the �rst one,we needonly to �nd a
scale

�

suchthat
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where
o

x is themean
o

x

W

d

8

=sr

b

x

b

andsimilarly for
o

y

V

on

V

o�

. Theseequationsare
linear in the unknown

�

, which canbe easilycomputedusing leastsquares,as
describedin AppendixA.

Thus, to set a correct relative scalefor the secondimage,the relative pose
from thecameraframeto thecanonicalframe(of thecell) becomes

+

�
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V

�>:

-

m

+

�

:

V

�

�>:

-

, and the distancefrom the cameracenterto the supportingplaneis
é

:tm

�

.

Alignmentof coordinateframesfrommultipleimages

The readershouldbe aware that we deliberatelyavoid using the homography
betweenthecells

2

8

and
2

:

in thetwo images(Figure10.15)becausethathomog-
raphy, unlike the re�ective homographyactuallyused,dependson the baseline
betweenthetwo views. Symmetryallows us to �nd out therelative posesof the
camerawith respectto differentsymmetrycells (henceplanes)in eachimageor
thesamesymmetrycell (henceplane)in differentimages,withoutusingmultiple-
view geometricconstraintsbetweendifferent imagesat all.15 The method,as
mentionedbefore,is indeedindependentof thebaselinebetweendifferentviews.

Sinceour �nal goalis to build aglobalgeometricmodelof theobject,knowing
the canonicalframesandthe poseof thecamerarelative to theseframesis suf-
�cient for us to arbitrarily transformcoordinatesamongdifferentviews. Figure
10.17shows a possibleschemefor reconstructingthreesides

E

8

V

E

:

V

E

<

of any

15Weused“multiple-view” geometricconstraintsonly betweentheequivalentimages.
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Figure10.17.Alignmentof multiple imagesbasedon symmetrycells.

box-like structurefrom asfew asthreeimages.Usingproperlychosenrectangu-
lar cells,we caneasilyrecover the relative posesof thecameraswith respectto
any planein any view. Noticethatcellssuchas

2

8

and
2

=

on thesameplanewill
alwayssharethesamecanonicalreferenceframe(only theorigin of theframecan
betranslatedon theplane,accordingto thecenterof eachcell).

Example10.22(Symmetry cell extraction, matching,and reconstruction).To automat-
ically extractsymmetrycells,onecanapplyconventionalimagesegmentationtechniques
andverify whethereachpolygonalregionpassesthetestastheimageof asymmetricstruc-
ture in space(Exercise10.12).Figure10.18shows a possiblepipelinefor symmetrycell
extraction.

Figure10.18.Left: original image.Middle: imagesegmentationandpolygon�tting. Right:
cells that passthe symmetryveri�cation. An object frame is attachedto eachdetected
symmetrycell.

Oncesymmetrycellsareextractedfrom eachimage,wecanmatchthemacrossmultiple
imagesin termsof their shapeandcolor. Figure10.19shows that two symmetrycellsare
extractedandmatchedacrossthreeimagesof anindoorscene.With respectto this pair of
matchedcells,Figure10.20showstherecoveredcameraposes.Dueto alot of symmetryin
thescene,thepoint-basedmatchingmethodsintroducedin Chapter4 wouldhavedif�culty
with theseimagesbecausesimilar cornersleadto many mis-matchesandoutliers.Notice
thatthereis only a very largerotationbetweenthe�rst andsecondviews but a very large
translationbetweenthe third view andthe �rst two views. Featuretrackingis impossible
for suchlarge motionsandrobust matchingtechniques(to be introducedin Chapter11)
basedon epipolargeometrywould also fail sincethe nearzero translationbetweenthe
�rst two views makestheestimationof thefundamentalmatrix ill-conditioned.In fact,the
translationestimatedfrom differentsetsof point correspondencesin the �rst two images
coulddiffer by up to ç¬F

« .
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Figure10.19.Two symmetrycellsautomaticallymatchedin threeimages.

Figure10.20.Cameraposesandcell structureautomaticallyrecoveredfrom thematched
cells.Fromleft to right: top,side,andfrontalviews of thecellsandcameraposes.

As we see,by using symmetrycells ratherthan points, the above dif�culties can be
effectively resolved.Thegroundtruth for thelengthratiosof thewhiteboardandtableare
1.51and1.00,andthe recoveredlengthratiosare1.506and1.003,respectively. Error in
all theright anglesis lessthan ÝX¡ F

« .

Example 10.23 (Step-by-step3-D reconstruction). In this example,we show how to
semiautomaticallybuild a 3-D modelfrom the� ve photosgivenin Figure10.21basedon
thetechniquesintroducedin this chapter.

Figure10.21.Imagesusedfor reconstructionof thebuilding (CoordinatedScienceLabora-
tory, UIUC) from multiple views.The�fth imageis usedonly to getthecorrectgeometry
of theroof (from its re�ective symmetry)but notusedto renderthe�nal 3-D model.
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1. Recovery of 3-D canonicalframes.Figure10.22shows the resultsfor recovery of the
canonicalframesof two differentrectangularcellson two planes(in thesecondimagein
Figure10.21).The “images” of the canonicalframesaredrawn on the imageaccording
to thecorrectperspective basedon recoveredposes.To recover thecorrectrelative depth
ratio of the supportingplanesof the two cells, we use(10.23) to obtain the ratio <

¸

@"x

@

ã

¸ Ò

¡ yXç…ÚXÚ andrescaleall scale-relatedentitiesassociatedwith thesecondcell so that
everythingis with respectto asinglecanonicalframe(of the�rst cell).Wepointoutthatthe
anglebetweenrecoverednormalvectors(the U -axesof bothframes)of thetwo supposedly
orthogonalplanesis ª

Ò

¡ ç¤Â

« , within Ý

« errorto ª

Ò « .

Figure10.22.Recoveryof thecanonicalframeaxesassociatedwith symmetrycellsontwo
planes.Solid arrows representnormalvectorsof theplanes.

2. Alignmentof differentimages.Figure10.23shows thealignmentof the�rst two images
in Figure10.21througha commonsymmetrycell (Figure10.15).Thecorrectcross-view
scaleratio computedfrom (10.24)is <

¸ Ò

¡ ykI^IÑç . Figure10.15shows how thefront side
of thebuilding in eachview is warpedby therecovered3-D transformationontotheother
one.As we see,theentirefront sideof thebuilding is re-generatedin this way. Partsthat
arenotonthefront sidearenotcorrectlymapped(however, they canbecorrectedby stereo
matchingoncethecameraposeis known).

Figure10.23.Alignment of two imagesbasedon re�ective homographyandalignment
of symmetrycell. Notice that thechimneys aremisaligned,sincethey arenot partof the
symmetricstructureof thescene.

3.Reconstructionof geometricmodelsof thebuilding. Equippedwith theabovetechniques,
one can now easily obtain a full 3-D model of the building from the �rst four images
in Figure10.21taken aroundthe building. The useronly needsto point out which cells
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Figure10.24.Top: Thefour coordinateframesshow therecoveredcameraposesfrom the
four images.Arrows thatpoint towardsthebuilding arethecameraopticalaxes.Bottom:
Reconstructed3-D modelrenderedwith theoriginal setof four images.

correspondto which in theimages,anda consistentsetof cameraposesfrom thematched
cellscanbeobtained,asFigure10.24topshows.Basedontherecoveredcameraposes,the
subsequent3-D structurereconstructionis shown in Figure10.24bottom.The3-D model
is renderedaspiecewiseplanarwith partsonthebuilding manuallyspeci�edin theimages.
Theoriginalcolorof theimagesis keptto show from whichimageeachpatchonthemodel
is rendered.The �fth imagein Figure10.21is usedonly to get the geometryof the roof
from its re�ective symmetryandis not usedfor rendering.Thechimney-like structureon
theroof is missing,sincewe do not have enoughinformationaboutits geometryfrom the
photos.

10.3 Cameracalibrationfrom symmetry

Resultsgiven in theprecedingsectionsareall basedon the assumptionthat the
camerahasbeencalibrated.In this section,we studythe effect of symmetryon
cameracalibration.

If thecamerais uncalibratedandits intrinsicparametermatrix,say z [©]

<…~k< ,
is unknown, theequation(10.2)becomes
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From the epipolarconstraintsbetweenpairsof equivalentviews, insteadof the
essentialmatrix º
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Ü , wecanrecoveronly thefundamentalmatrix
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V (10.25)
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where,asbefore,
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Notice that here z is automaticallythe samefor the original imageandall the
equivalentones.

10.3.1 Calibration fromtranslationalsymmetry

In thetranslationalsymmetrycase,we have
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That is,
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We get three linear equationson entriesof the matrix z

®

a

z

®>8 . If thereare
fewerthanthreeunknownparametersin z ,16 thecalibrationz canbedetermined
from thesethreelinearequations(all from a singleimage).Thereadershouldbe
awarethat thesethreeorthogonaltranslationscorrespondpreciselyto thenotion
of vanishingpoint,exploitedfor calibrationin Chapter6.

Example 10.24 (“Vanishing point” fr om translational homography). Notice that if
the structureis planar, insteadof the fundamentalmatrix, we get the (uncalibrated)
translationalhomographymatrix
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Again, the vector ˆ

�

•‡�

�

can be recovered up to scale from decomposingthe
homographymatrix

€

� .

10.3.2 Calibration fromre�ectivesymmetry

In the re�ective symmetrycase,if
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is a re�ection, we have
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. Then
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is of the sameform
as a fundamentalmatrix for the translationalcase.Thus, if we have re�ective
symmetryalongmutuallyorthogonaldirections,thecameracalibrationz canbe
recoveredsimilarly to thetranslationalcase.

Example10.25(“Vanishing point” fr om the re�ecti ve homography). If thestructureis
planar, in theuncalibratedcameracase,wegettheuncalibratedversion
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� of there�ective
homography� in Example10.14:
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16For example,pixelsaresquare.
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Since
¾

�

�

�

¸

â

�

�

and
A

Ð

�

�

¸ Ò , it is straightforward to checkthat �

�

�

¸

â

�

�

,
or equivalently,

€

�‰ˆ

¸

â�ˆ for ˆ

�

•‡�

�

. Furthermore,̂ is the only eigenvector that
correspondsto theeigenvalue âƒÝ of

€

� .17
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10.3.3 Calibration fromrotationalsymmetry

A lesstrivial casewheresymmetrymay help with self-calibrationis that of ro-
tationalsymmetry. In this case,it is easyto show that theaxisof therotation

�

Ü

is always perpendicularto the translation
�

Ü (seeExercise10.8).According to
Chapter6 (Appendix6.B), thefundamentalmatrix
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where
Œ
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< of unit lengthis the (left) epipoleof
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, andthe scalar
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of thetwo nonzeroeigenvaluesof thematrix
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(seeTheorem6.15).Thenthe
calibrationmatrix z satis�estheso-callednormalizedKruppa'sequation
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with
|

V

Œ

V

Ú

known andonly z[z

a

unknown. This equation,asshown in Chap-
ter 6 (Theorem6.16),givestwo linearly independentconstraintson z[z

a

. For
instance,if only thecamerafocal length • is unknown,wemayrewrite theabove
equationas
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which is a linearequationin •

: . It is thereforepossibleto recoverthefocal length
from a singleimage(of someobjectwith rotationalsymmetry).

Example 10.26(Focal length fr om rotational symmetry: a numerical example).For a
rotationalsymmetry, let
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17Theothertwo eigenvaluesare 8�Ð . Also noticethatif •

•

is recoveredupto anarbitraryscalefrom
thehomography(10.12),it canbenormalizedusingthefact •
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�

•

 

�’‘ .
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Notethattherotation
¾

by Úk�†ŽXç correspondsto therotationalsymmetrythatacubeadmits.
Thenwe have
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ÒXÒ (with theothereigenvalue âÉÚæ¡ ç¤²¤I�Ú of
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Ð

¿ •

rejected).Thentheequation
(10.31)givesa linearequationin –k  :
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BÞÝX¡
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ÂÏÝ�ç

¸`Ò

¡

This gives –

¸

Úæ¡

ÒÑÒXÒ

Ý , which is, within thenumericalaccuracy, thefocal lengthgivenby
thematrix • in the�rst place.

In theplanarcase,weknew from Example10.5thatany rotationallysymmetric
structurein fact admitsa dihedralgroup �

Y

that includesthe rotations —

Y

asa
subgroup.18 Therefore,in principle,any informationaboutcalibrationthatonecan
extractfrom therotationalhomography, canalsobeextractedfrom there�ective
ones.

10.4 Summary

Any single image of a symmetricobject is equivalent to multiple equivalent
imagesthat are subjectto multiple-view rank conditionsor homographycon-
straints.In general,we only needfour points to recover the essentialmatrix or
homographymatrix betweenany two equivalentviews.Thisallowsusto recover
the 3-D structureandcanonicalposeof the object from a single image.There
are threefundamentaltypesof isometric3-D symmetry:re�ective, rotational,
andtranslational, which any isometricsymmetryis composedof. A comparison
of ambiguitiesassociatedwith thesethreetypesof symmetryin recovering the
canonicalposebetweenthe objectand the camerawas given in Table 10.1. A
comparisonbetween3-D and2-D symmetricstructuresis summarizedin Table
10.2.
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recovery two independentrotationsor re�ections in ¹

Table10.2.Comparisonbetween3-D and2-D symmetryunderperspective imaging.

18In fact,in ˜

´

eachrotationcanbedecomposedinto two re�ections;seeExercise10.9.
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If multiple imagesaregiven,thepresenceof symmetricstructuresmaysignif-
icantly simplify andimprove the 2-D matchingand3-D reconstruction.In case
thecamerais not calibrated,symmetryalsofacilitatesautomaticretrieval of such
informationdirectly from theimages.

10.5 Exercises

Exercise10.1 What type(s)of symmetriesdo you identify from eachimagein Figure
10.1?

Exercise10.2 Exactlyhow many differentequivalentviews canonegetfrom

1. theimageof thecheckerboardshown in Figure10.3?

2. a genericimageof the cubeshown in Figure10.25,assumingthat the cubeis @�A

opaqueand BCA transparent?

PSfragreplacements

¸

Figure10.25.A cubeconsistsof 8 vertices,12edges,and6 faces.

Exercise10.3 (Nonplanar 3-D rotational symmetry).Show thatamongthe� veplatonic
solids in Figure 10.6, the cubeand the octahedronsharethe samerotationalsymmetry
group, and the icosahedronand the dodecahedronsharethe samerotationalsymmetry
group.

Exercise10.4 Prove Lemma10.13.

Exercise10.5 Prove Lemma10.18.

Exercise10.6 (Translational homography). Givena homographymatrix � of theform
�

�

H B

�

�
A

Ð , thetypeof homographymatrixthatoneexpectsto getfrom atranslational
homography, without usingthedecompositionalgorithmgiven in Chapter5, �nd a more
ef�cient way to retrieve �

�

and
A

from � .

Exercise10.7 (Relative cameraposefr om re�ecti ve symmetry). Givena re�ection
¾

andcamerapose ?

¾

K

ž

�

K

A , therelative posebetweena givenimageandanequivalentone
is

¾

�

¸

¾

K

¾¬¾

Ð

K

and �

�

¸

?6Hƒâ

¾

K

¾¬¾

Ð

K

A

�

K

.

1. Show that
¾

�

�

�

¸

â

�

�

and
¾

�

½

�

�

¸

½

�

�

¾

�

¸

½

�

�

.

2. Let ™

¸��

�

Ž›š

�

�

š . Show that
¾

�

¸

H â©Ú�™-™
Ð

.

3. Explain how this may simplify the decompositionof a re�ective homography
matrix,de�ned in Example10.14.
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Exercise10.8 (Relative camera posefr om rotational symmetry). Given a rotation
¾

(from arotationalsymmetry)andcamerapose?

¾

K

ž

�

K

A , therelativeposebetweena given
imageandanequivalentoneis

¾

�

¸

¾

K

¾¬¾

Ð

K

and �

�

¸

?6Hƒâ

¾

K

¾¬¾

Ð

K

A

�

K

.

1. Show thatif œ

ÃÅÄ

´

is therotationalaxisof
¾

�

, i.e.
¾

�

¸‚•”ž

Ÿ

, we have œ

Š

�

�

.

2. Therefore,?

¾

�

ž

�

�

A is anorbital motion.What is the form for theessentialmatrix

Ù

¸

½

�

�

¾

�

?

3. Explaingeometricallywhattherelationshipbetween
¾

�

and �

�

is. (Hint: proofsfor
1 and2 becomesimpleif you canvisualizetherelationship.)

Exercise10.9 (Rotational homography). Considera homographymatrix � of theform
�

¸

¾

�

B

�

�$A

Ð , thetypeof homographymatrixonegetsfrom arotationalhomography.

1. Whataretherelationshipsbetween
¾

�

ž

�

�

, and
A

?

2. Show that �v¢

¸

H for someg , which is a factorof theorder g of thecyclic group
associatedwith therotationalsymmetry.

3. If an uncalibratedversion
€

�

�

•

�

•

ÈQ•
is recoveredup to scale,show that the

above facthelpsnormalize
€

� to beequalto •

�

•

ÈQ• .

4. Show that � canalwaysbedecomposedinto two matrices�

¸

�

•

�

 

, where �

•

and �

 

eachcorrespondto are�ectivehomographyof thesame(planar)symmetric
object.

Exercise10.10 (2-D symmetric patterns). For the2-D patternsshown in Figure10.26,
what is the symmetrygroupassociatedwith eachpattern?Give a matrix representation
of the group.Discusswhat the most pertinentsymmetry-basedalgorithm would be for
recovering the structureand poseof a plane textured with sucha pattern.What is the
minimum numberof features(pointsor lines) you need?(Note: It hasbeenshown that
thereareessentiallyonly 17 different2-D symmetricpatternsthatcantile theentireplane
with nooverlapsandgaps.Thereasonwhy they aredifferentis exactlybecausethey admit
differentsymmetrygroups;see[Weyl, 1952]).

PSfragreplacements
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Figure10.26.Symmetricpatternsthatadmitdifferentsymmetrygroups.

Exercise 10.11 (Degeneratecasesfor re�ecti ve and rotational homography) There
are somedegeneratecasesassociatedwith the homographyinducedfrom the re�ective
symmetryor therotationalsymmetry. To clarify this,answerthefollowing questions:

1. What is theform of a re�ective homographyif thecameracenteris in theplaneof
re�ection?Explainhow thereconstructionprocessshouldbeadjustedin thiscase.
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2. What is theform of a rotationalhomographyif thecameracenteris on theaxisof
rotation?Explainhow thereconstructionprocessshouldbeadjustedin thiscase.

Exercise10.12(Symmetry testing).To testwhethera setof point or line featurescanbe
interpretedasa calibratedimageof thatof a symmetricobject,show thefollowing facts:

1. Any four-sidepolygoncanbetheimageof a parallelogramin space.

2. Let ˆ

•

and ˆ

 

betheintersectionsof thetwo pairsof oppositeedgesof afour-sided
polygonin the imageplane,respectively. If ˆ

•

Š

ˆ

 

, thenthepolygoncanbethe
imageof a rectanglein space.Furthermore,̂

•

ž ˆ

 

are the two vanishingpoints
associatedwith therectangle.

3. Arguehow to testif an g -sidepolygoncanbetheimageof a (standard)g -gon.

Exercise10.13(A calibrated imageof a circle).Givenonecalibratedperspective image
of acircle,arguethatyouareableto completelyrecover its 3-D poseandstructure,relative
to your viewpoint. Designa step-by-stepprocedureto accomplishthis taskbasedon our
knowledgeon the re�ective symmetry;you needto clarify to what “features” from the
circle you apply the re�ective symmetry. Arguewhy this no longerworks if the imageis
uncalibrated.[Note: the circle admitsa continuoussymmetrygroup

P

?3ÚÑA . However, by
usingonly oneelementfrom this group,a re�ection, we areableto recover its full 3-D
informationfrom a singleimage.]

Exercise 10.14 (Pose recovery with partial knowledge in the structur e and • ).
Considera camerawith calibrationmatrix

•±¸

¹

¼

–

Ò Ò

Ò

–

Ò

Ò Ò

Ý

À

Â

ž

wherethe only unknown parameteris the focal length – . Supposethat you have a sin-
gle view of a rectangularstructure,whosefour cornersin the world coordinateframe
have coordinates?
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¸

Ô

Ò

ž

Ò

ž

Ò

žCÝ

Ö

Ð , ?

 

¸

Ô <MB4ž

Ò

ž

Ò

žCÝ

Ö

Ð , ?

 

¸

Ô

Ò

ž¥BXž

Ò

ž�Ý

Ö

Ð , ?

Î

¸

Ô <MB4žŸBXž

Ò

žCÝ

Ö

Ð , whereoneof thedimensionsB andtheratio < betweenthetwo dimensions
of therectangleareunknown.

1. Write down theprojectionequationfor thisspecialcaserelatingthe3-D coordinates
of pointson therectangleto their imageprojections.

2. Show that theimagecoordinates³ andthe3-D coordinatesof pointson theworld
planearein factrelatedby a ç /üç homographymatrix of thefollowing form

=

³

¸

�^Ô |üž,}Zž�Ý

Ö

Ð

¡

Write down theexplicit form of � in termsof camerapose
¾

K

ž

�

K

andtheunknown
focal length – of thecamera.

3. Once� is recoveredupto ascalefactor, say
€

�

�

� , describethestepsthatwould
enableyouto decomposeit andrecover theunknown focal length – androtation

¾

.
Also recover thetranslation� andratio < up to a universalscalefactor.

Exercise10.15(Programming exercise).Implement(e.g.,in Matlab) thereconstruction
schemedescribedin Section10.2.3.Furtherintegrateinto yoursystemthefollowing extra
features:



10.5. Exercises 371

1. Translationalsymmetry.

2. Rotationalsymmetry.

3. A combinationof the three fundamentaltypes of symmetry, like the relation
betweencell D

•

andcell D

 

in Figure10.14.

4. Take a few photosof your favorite building or houseand reconstructa full 3-D
modelof it.

5. Calibrateyour camerausingsymmetryin thescene,andcomparetheresultsto the
groundtruth.

Furtherreadings

Symmetrygroups

The mathematicalstudy of possible symmetric patterns in an arbitrary l -
dimensionalspaceis knownasHilbert's18thproblem.Answersto thespecial2-D
and3-D casesweregivenby Fedorov in thenineteenthcentury[Fedorov, 1971]
and proven independentlyby George Pólya in 1924. A completeanswerto
Hilbert'sproblemfor high-dimensionalspaceswasgivenby [Bieberbach,1910].
A good generalintroduction to this subjectis [Weyl, 1952] or, for a stronger
mathematical�a vor, [GrünbaumandShephard,1987, Goodman,2003]. A good
survey on a generalizationto the notion of symmetrygroups,i.e. the so-called
groupoids,is [Weinstein,1996].

Symmetryandvision

Symmetry, as a useful visual cue for extracting3-D information from images,
hasbeenextensively discussedin psychology[Marr, 1982, Palmer, 1999]. Its ad-
vantagesin computationalvision were �rst explored in the statisticalcontext,
suchas the study of isotropic texture (e.g., for the third imageof Figure 10.1
top) [Gibson,1950, Witkin, 1988, Malik andRosenholtz,1997]. It wasthework
of [Gärding,1992, Gärding,1993, Malik andRosenholtz,1997] that provided a
wide rangeof ef�cient algorithmsfor recoveringtheshape(i.e. theslantandtilt)
of a texturedplanebasedon theassumptionof isotropy or weakisotropy.

On thegeometricside,[Mitsumotoet al., 1992] wereamongthe �rst to study
how to reconstructa 3-D objectusingre�ective symmetryinducedby a mirror.
[Zabrodsky andWeinshall,1997] used(bilateral)re�ectivesymmetryto improve
3-D reconstructionfrom imagesequences.Shapefrom symmetryfor af�ne im-
ageswasstudiedby [Mukherjeeet al., 1995]. [Zabrodsky et al., 1995] provideda
goodsurvey on studiesof re�ective symmetryandrotationalsymmetryin com-
putervision at the time. For objectandposerecognition,[Rothwell et al., 1993]
pointedout thattheassumptionof re�ectivesymmetrycouldalsobeusefulin the
constructionof projective invariants.Certaininvariantscan also be formulated
in tensorialtermsusingthe doublealgebra,aspointedout by [Carlsson,1998].
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More recently, [Huynh,1999] showed how to obtain an af�ne reconstruction
from a single view in the presenceof symmetry. Basedon re�ective epipolar
geometry, [François et al., 2002] demonstratedhow to recover 3-D symmetric
objects(e.g.,a face)from a singleview. Bilateral re�ective symmetryhasalso
beenexploited in the context of photometricstereoor shape-from-shadingby
[Shimoshoniet al., 2000, ZhaoandChellappa,2001].

The uni�cation betweensymmetryandmultiple-view geometrywasdonein
[Hongetal., 2002], andits implicationin multiple-view reconstructionwassoon
pointedout by [Huangetal., 2003], uponwhich this chapteris based.As an ef-
fort to automaticallyextractandmatchsymmetricobjectsacrossmultiple images,
[Yangetal., 2003, Huanget al., 2003] have shown that extractingandmatching
a groupof featureswith symmetryis possibleandoften is much bettercondi-
tioned thanmatchingindividual point and line featuresusingepipolaror other
multilinearconstraints.

Othersceneknowledge

It haslong beenknown in computervision thatwith extra sceneknowledge,it is
possibleto recover3-D structurefrom asingleview [Kanade,1981, Sparr, 1992].
As we have seen in this chapter, symmetry clearly reveals the reasonwhy
vanishingpoints (often causedby re�ective and translationalsymmetries)are
important for both cameracalibrationand scenereconstruction.Like symme-
try, othersceneknowledgesuchasorthogonality[Svedberg andCarlsson,1999]
can be very useful in recovering calibration,pose,and structurefrom a single
view. [Liebowitz andZisserman,1998, Criminisi et al., 1999, Criminisi, 2000]
have shown that sceneknowledgesuchas length ratio and vanishingline also
allows accuratereconstructionof 3-D structuralmetric and cameraposefrom
singleor multiple views. [JelinekandTaylor, 1999] showedthat it is possibleto
reconstructaclassof linearlyparameterizedmodelsfrom asingleview despitean
unknown focal length.
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Step-by-StepBuilding of a3-D Model
from Images

In respectof military method,we have, �r stly, Measurement;sec-
ondly, Estimationof quantity; thirdly, Calculation;fourthly, Balanc-
ing of chances;�fthly , Victory.

– SunTzu,Art of War, fourthcenturyB.C.

This chapterservesa dualpurpose.For thosewho have beenfollowing thebook
up to this point, it provideshands-onexperienceby guiding them throughthe
applicationof variousalgorithmsonconcreteexamples.

For practitionerswhoareinterestedin building a systemto reconstructmodels
from images,without necessarilywantingto delve into thematerialof this book,
this chapterprovidesa step-by-stepdescriptionof several algorithms.Together
with the softwaredistribution at http://vision.ucla.edu/MASKS , and
referenceto speci�c materialin previouschapters,this servesasa “recipebook”
to build a completeif rudimentarysoftwaresystem.

Naturally, the problemof building geometricmodelsfrom imagesis multi-
faceted:thealgorithmsto be implementeddependon whetheronehasaccessto
thecameraanda calibrationrig, whetherthesceneis Lambertian,whetherthere
aremultiple moving objects,whetheronecanafford to processdatain a batch,
whethertheinterframemotionis small,etc.Oneshouldnot expectonesetof al-
gorithmsor systemto work satisfactorily in all possiblepracticalconditionsor
scenarios,at leastnotyet.Theparticularsystempipelinepresentedin thischapter
is only oneof many possibleimplementationsimplied by thegeneraltheoryde-
velopedin earlierchapters.Therefore,wealsoprovideadiscussionof thedomain
of applicabilityof eachalgorithm,aswell asreferenceto previouschaptersof the
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book or the literaturewheremoredetailedexplanationsandderivationscanbe
found.

Agendafor this chapter

Supposethatwearegivenasequenceof imagesof thetypeshown in Figure11.1,
andwe areasked to reconstructa geometricmodelof thescene,togetherwith a
texturemapthatcanbeusedto renderthescenefrom novel viewpoints.

Figure 11.1. Sampleimagesfrom video sequencesusedin this chapterto illustrate the
reconstructionof 3-D structureandmotion.We will alternateamongthesetwo sequences
to highlight featuresanddif�culties of eachalgorithm.

Figure11.2outlinesa possiblesystempipelinefor achieving sucha task.1 For
eachcomponentin thepipeline,wegiveabrief descriptionbelow:

Featureselection: Automatically detectgeometricfeaturesin eachindividual
image(Section11.1).

Featurecorrespondence:Establishthe correspondenceof featuresacrossdif-
ferent images(Section11.2).The algorithmto be employed dependson
whetherthe interframemotion (“baseline”) is small (Section11.2.1) or
large(Section11.2.2).

Projectivereconstruction: Retrieve thecameramotionand3-D positionof the
matchedfeaturepoints up to a projective transformation(Section11.3).
Lackingadditionalinformationon thecameraor thescene,this is thebest
onecando.

Euclidean reconstructionwith partial cameraknowledge: Assumethatall im-
agesaretaken by thesamecameraor someof thecameraparametersare

1“Possible” in the sensethat,whenpracticalconditionschange,someof the componentsin the
pipelinecouldbemodi�ed, simpli�ed, or evenbypassed.
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Feature selection Feature selection

11.2

Euclidean reconstruction
11.4

Projective reconstruction
11.3

Feature correspondence

Partial scene knowledge

Camera calibration

Dense correspondence

Epipolar rectification
Chapter 6

Texture mapping

11.5.2

11.5.1

11.5.3

Chapter 10

11.111.1
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Figure 11.2. Organizationof the reconstructionprocedureand correspondingsections
whereeachcomponentis described.

known, andrecover theEuclideanstructureof thescene(Section11.4).As
a sidebene�t, alsoretrievethecalibrationof thecamera.

Cameracalibration: Assumethatonehasfull accessto thecameraanda cali-
brationrig. Sinceseveralcalibrationtechniqueswerediscussedin Chapter
6, we refer the readerto thatchapterfor detailsandreferencesto existing
softwarepackages(e.g.,Section6.5.2andSection6.5.3).

Reconstructionwith partial sceneknowledge: Assumethatcertainknowledge
about the scene,such as symmetry, is available a priori. Then, feature
correspondence,cameracalibration,and scenestructurerecovery can be
signi�cantly simpli�ed. Sincethistopicwasaddressedextensively in Chap-
ter10,wereferthereaderto thatchapterfor examples(e.g.,thosein Section
10.2.2,Section10.2.3,andSection10.3).

Visualization: Oncethe correspondenceof a handful of featuresis available,
rectify the epipolargeometryso that epipolar lines correspondto image
scanlines(Section11.5.1).This facilitatesestablishingcorrespondencefor
many if not mostpixels in eachimagefor which the 3-D positioncanbe
recovered(Section11.5.2).This yieldsa dense,highly irregularpolygonal
meshmodelof thescene.Standardmesh-manipulationtoolsfrom computer
graphicscanbeusedto simplify andsmooththemesh,yielding a surface
modelof thescene.Giventhesurfacemodel,texture-maptheimagesonto
it soasto generatea view of thescenefrom novel vantagepoints(Section
11.5.3).
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Thenext sectionsfollow theprogramabove,with aneye towardimplementation.
For thesakeof completeness,thedescriptionof someof thealgorithmsis repeated
from previouschapters.

11.1 Featureselection

Givena collectionof images,for instancea videosequencecapturedby a hand-
held camcorder, the �rst stepconsistsof selectingcandidatefeaturesin oneor
moreimages,in preparationfor trackingor matchingthemacrossdifferentviews.
For simplicity we concentrateon thecaseof point features,anddiscussthecase
of linesonly brie�y (thereadercanreferto Chapter4 for moredetails).

Thequality of a point with coordinatesU•d

z

x

V

y

{

a

asa candidatefeaturecan
bemeasuredby Harris' criterion,

—
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dc�V	��
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¹
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ï¢¡\t trace:
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¹

-

V (11.1)

de�ned in Chapter4, equation(4.31),computedonaregion
‡

+

U

-

, for instancea
rectangularwindow centeredat U , of sizebetween“Õt©“ and iÏiÙtÞiÏi pixels;we
use£ûtb£ in thisexample.In theaboveexpression,¡ is aconstantto bechosenby
thedesigner,2 and ¹ is a j

t

j matrix thatdependson U , givenby
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where

¢
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¢

¥ arethegradientsobtainedby convolving theimage

¢

with thederiva-
tivesof a pair of Gaussian�lters (Section4.A). A point feature U is selectedif

—

+

U

-

exceedsacertainthreshold� . Selectionbasedonasingleglobalthreshold,
however, is notagoodidea,becauseoneregionof theimagemaycontainobjects
with strongtexture,whereasanotherregion mayappearmorehomogeneousand
thereforeit maynot triggerany selection(seeFigure11.3).Therefore,werecom-
mendpartitioningtheimageinto tiles(e.g., iÑf|t•iÑf regionsof ’ý„Ét�„§£ pixelseach,
for a ’ „�fntË„§£�f image),sortingthefeaturesaccordingto theirquality —

+

U

-

in each
region,andthenselectingasmany featuresasdesired,providedthatthey exceed
a minimumthreshold(to avoid forcibly selectingfeatureswheretherearenone).
For instance,we typically startwith selectingabout j

fÏf to œÏfÏf point features.
In addition,to avoid associatingmultiple featureswith thesamepoint,we also

imposea minimumseparation betweenfeatures.Consider, for instance,a white
patchwith ablackdot in themiddle.Everywindow of size,say, iÏi�tviÏi , centered
atapointwithin œ pixelsof theblackdot,will satisfytherequirementsaboveand
passthethreshold.However, wewantto selectonly onepoint featurefor thisdot.
Therefore,oncethebestpoint featureis selected,accordingto thecriterion —

+

U

-

,
weneedto “suppress”featureselectionin its neighborhood.

2A valuethatis oftenusedis §s�’¨”© ¨rÈ , which is empiricallyveri�ed to yield goodresults.
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Figure11.3.Examplesof detectedfeatures(left) andquality criterion Ñ ?

³

A (right). As it
canbeseen,certainregionsof the image“attract” morefeaturesthanothers.To promote
uniform selection,we divide the imageinto tiles andselecta numberof point featuresin
eachtile, aslong asthey exceeda minimumthreshold.

Thechoiceof qualitycriterion,window size,threshold,tile size,andminimum
separationareall part of the designprocess.Thereis no right or wrong choice
at this stage,andoneshouldexperimentwith variouschoicesto obtainthe best
resultsonthedataathand.Theoverall featureselectionprocessis summarizedin
Algorithm 11.1.

Algorithm 11.1(Point featuredetection).

1. Computeimagegradientª H

¸

Ô H
±

ž�Hr³

Ö

Ð asin Section4.A.

2. Chooseasizeof thewindow

D

?

³

A (e.g., yË/«y ). Computethequalityof eachpixel
location ³ , usingthequality measureÑ ?

³

A de�ned in equation(11.1).

3. Choosea threshold� ; sortall locations³ thatexceedthe thresholdÑ ?

³

As¬ � , in
decreasingorderof Ñ ?

³

A .

4. Choosea tile size(e.g., Â¤Ii/�I^² ). Partition the imageinto tiles. Within eachtile,
choosea minimumseparationspace(e.g., Ý

Ò pixels)andthemaximumnumberof
featuresto be selectedwithin eachtile (e.g., F ). Selectthehighest-scoringfeature
andstoreits location.Go throughthelist of featuresin decreasingorderof quality;
if the featuredoesnot fall within theminimumseparationspaceof any previously
selectedfeatures,thenselectit. Otherwise,discardit.

5. Stopwhenthenumberof selectedfeatureshasexceededthemaximum,or whenall
thefeaturesexceedingthethresholdhave beendiscarded.

Further issues

In order to further improve featurelocalization one can interpolatethe func-
tion —

+

U

-

betweenpixels, for instanceusing quadraticpolynomial functions,
andchoosethe point U that maximizesit. In general,the locationof the max-
imum will not be exactly on the pixel grid, thus yielding subpixelaccuracy
in featurelocalization,at the expenseof additionalcomputation.In particular,
the approximationof — via a quadraticpolynomialcanbe written as —

+®­

U

-

d
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 and • usinglinear least-squaresasdescribedin Appendix
A.

A similarprocedurecanbefollowedto detectline segments.TheHoughtrans-
form is often usedto map line segmentsto points in the transformedspace.
More details can be found in standardimage processingtextbooks such as
[GonzalezandWoods,1992]. Onceline segmentsaredetected,they canbeclus-
teredinto longerline segmentsthatcanthenbeusedfor matching.Sincematching
line segmentsis computationallymoreinvolved,wedonotemphasizeit hereand
referthereaderto [SchmidtandZisserman,2000] instead.

11.2 Featurecorrespondence

Oncecandidatepoint featuresare selected,the goal is to track or matchthem
acrossdifferentimages.We�rst addressthecaseof smallbaseline(e.g.,whenthe
sequenceis taken from a moving video camera),andthenthe caseof moderate
baseline(e.g.,whenthesequenceis acollectionof snapshotstakenfrom disparate
vantagepoints).

11.2.1 Feature tracking

We�rst describethesimplestfeature-trackingalgorithmfor smallinterframemo-
tion basedonapurelytranslationalmodel.Wethendescribeamoreelaboratebut
effective tracker thatalsocompensatesfor contrastandbrightnesschanges.

Translationalmotionmodel:thebasictracker

Thedisplacement°Þ[^]

: of a featurepoint of coordinatesU'[©]

: betweencon-
secutive framescanbe computedby minimizing thesumof squareddifferences
(SSD)betweenthetwo images

¢

b

+

U

-

and

¢

b

ú98

+

U‘ï¢°

-

in a smallwindow
‡

+

U

-

aroundthe featurepoint U . For thecaseof two views, g

d÷i and g

ïÛiüd

j , we
canlook for thedisplacement° thatsolvesthe following minimizationproblem
(for multiple views takenby a moving camera,we will considercorrespondence
of two viewsat a time)±

!)#

�

º

+

°

-

W

d ²
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W (11.2)

As we have seenin Chapter4, theclosed-formsolutionto this problemis given
by

°€d
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®;8�¶

V (11.3)
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is an approximationof the temporalderivative,3 computedas
a �rst-order differencebetweentwo views. Notice that ¹ is thesamematrix we
have usedto computethequality index of a featurein theprevioussection,and
thereforeit is guaranteedto be invertible, althoughfor tracking we may want
to selecta different window size and a different threshold.In order to obtain
satisfactoryresults,weneedto re�ne this primitiveschemein anumberof ways.

First, whenthedisplacementof featuresbetweenviews exceedsj to “ pixels,
�rst-order differencesof pixel valuescannotbeusedto computetemporalderiva-
tives,aswe have suggesteddoingfor

¢

· just now. Theproposedtrackingscheme
needsto be implementedin a multiscalefashion.This canbedoneby construct-
ing a “pyramidof images,” by smoothinganddownsamplingtheoriginal image,
yielding,say,
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respectively.4 Then,thebasicschemejustdescribedis �rst appliedat thecoarsest
level to thepair of images
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, resultingin an estimateof thedisplacement
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¶ . Thisdisplacementis scaledup(by afactorof two) andthewindow
‡

+

U

-

is movedto
‡

+

UÕï

j

°

=

-

at thenext level (
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in
order to estimatethe displacement° < . The algorithmis thenrepeateduntil the
�nest level, whereit is appliedto thepair
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the displacement° 8 is computed,the total estimateddisplacementis given by
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W In mostsequencescapturedwith a videocamera,
two to four levelsof thepyramidaretypically suf�cient.

Second,in thesamefashionin which we have performedthe iterationacross
differentscales(i.e. by warpingthe imageusingtheestimateddisplacementand
reiteratingthe algorithm),we canperform the iteration repeatedlyat the �nest
scale:In this iteration, °

b

ú98 is computedbetween

¢

8
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U
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andthewarpedinterpo-
lated6 image ¸
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. Typically, 5 to 6 iterationsof this
kind7 aresuf�cient to yield alocalizationerrorof atenthof apixel with awindow

3A betterapproximationof the temporalderivative canbe computedusing the derivative �lter ,
which involvesthreeimages,following theguidelinesof Appendix4.A.

4A more detailed description of multiscale image representation can be found
in [SimoncelliandFreeman,1995] andreferencestherein.

5Notice that interpolationof thebrightnessvaluesof theoriginal imageis necessary:Even if we
assumethatpoint featuresweredetectedat thepixel level (andtherefore% belongsto thepixel grid),
thereis no reasonwhy %‰8H» shouldbelongto the pixel grid. In general,» is not an integer, and
therefore,at thenext level, all the intensitiesin thecomputationof thegradientsin æ and ¼ mustbe
interpolatedoutsidethepixel grid. For our purposeshere,it suf�ces to usestandardlinearor bilinear
interpolationschemes.

6As usual,the imagemustbeinterpolatedoutsidethepixel grid in orderto allow computationof
æ and ¼ .

7This typeof iterationis similar in spirit to Newton-Raphsonmethods.
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sizeof £üt9£ . This feature-trackingalgorithmis summarizedasAlgorithm 11.2.
An exampleof tracked featuresusingthe purely translationalmodel is given in
Figure11.4.

Algorithm 11.2(Multiscale iterati ve feature tracking).

1. Detecta setof candidatefeaturesin the�rst frameusingAlgorithm 11.1.Choosea
sizefor thetrackingwindow

D

(thiscanin principlebedifferentfrom thewindow
usedfor selection).

2. Selecta maximumnumberof levels (e.g., €

¸

ç ), andbuild a pyramid of images
by successively smoothing(Appendix4.A) anddownsamplingtheimages.

3. Starting from the coarsestlevel € of the pyramid (smaller image) iterate the
following stepsuntil the�nest level is reached.

½ Compute ¾
�

¸

â�Ò
ÈQ•6¿ de�ned by equation(11.3) for the image pair

?6H‘�

•

ž
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H‘�

 

A .
½ Move the window
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A by Ú�¾ � through warping the second image
€
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�1ÈQ•
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A
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�4ÈQ•
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B‘Ú�¾
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A .
½ Updatethedisplacement¾ÁÀÂ¾ B^Ú�¾

� andtheindex €ÃÀ¾€ƒâ^Ý . Repeatthe
stepsabove until €

¸`Ò .
½ Now let ¾

¸

¾e• andupdaterepeatedly¾eÀÄ¾ BH¾

à

f

• with ¾

à

f

•

¸

â�ÒûÈQ•
¿

computedfrom the pair ?6H

•

žCÅ H

à

 

A until the incrementaldisplacement¾

à

is
“small” (i.e. its normis below a chosenthreshold),or choosea �x ednumber
of iterations,for example,ä

¸

F .

4. Evaluatethe quality of the featuresvia Harris' criterion asper Section11.1,and
verify that eachtracked featureexceedsthe chosenthreshold.Updatethe set of
successfullytrackedfeatures,acquirethenext frame,andgo to step3.

Figure11.4.Featurepointsselectedin the �rst framearetracked in consecutive images:
the�gure shows thetraceof featuressuccessfullytrackeduntil thelastframeof thevideo
sequence.

Af�ne tracker with contrastcompensation

In general,thereis afundamentaltradeoff in thechoiceof thewindow size
‡

: one
would likeit aslargeaspossible,to counteracttheeffectsof noisein themeasure-



11.2. Featurecorrespondence 383

ments,but alsoassmallaspossible,sothattheimagedeformationbetweenframes
canbeapproximatedto a reasonableextentby a simpletranslation.This tradeoff
canin partbeeasedby choosingaricherdeformationmodel.For instance,instead
of thepurelytranslationalmodelof Algorithm 11.2,onecanconsideranaf�ne de-
formationmodel,that representsa goodcompromisebetweencomplexity of the
modelandsimplicity of thecomputation,aswe have discussedin Section4.2.1.
For instance,it allows modelingin-planerotationof featurewindows

‡

+
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as
well asskew transformations.In this case,we assumeU to be transformedby

Æ

U\ïµ° for some
Æ

[^]

: ~ : , ratherthansimplyby U©ï‚° . In addition,asobjects
move relative to the light, their appearancemay changein a very complicated
way. However, someof themacroscopicchangescanbecapturedby anoffsetof
theintensity Ç2È in thewindow, andachangein thecontrastfactor

Ú

È . Theeffects
of changesin intensityandcontrastduringtrackingarevisible in Figure11.5.A
morerobustmodelto infer thedisplacement° is to estimateit alongwith

Æ

,
Ú

È ,
and Ç2È by minimizingaweightedintensityresidual
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wherefor clarity we indicatewith
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the imageintensityat the pixel
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U at
time Ê , and
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is a weight function of the designer's choice.In the simplest
case,

ÉÌË

i ; a morecommonchoiceis a Gaussianfunction in
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U . Notice that
thedisplacementin (11.4)is computedbetweenthecameraat time f andtime Ê .
As we havediscussed,this worksonly for smalloveralldisplacements;for larger
displacementsonecancomputethe inter-framemotion by substitutingf with Ê ,
and Ê with Ê

ï`i . More in general,onecanconsidertime Ê and Ê
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Ê for achosen
interval Í

Ê .
Althoughfor simplicity theresultsin thischapterareshown for thebasictrans-

lationalmodel,we reporttheequationsof theaf�ne model,andreaderscan�nd
its implementationat thewebsitehttp://vision.ucla.edu/MASKS . Let
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collect all the parametersof interest.Then the �rst-order approximationof the
objective function º becomes
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The solution to
Ï

is simply
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dd¸

®>8

Ó , from which we canrecover ° assum-
ing that ¸ is invertible.If it is not, just discardthat feature.8 This procedurecan
substitutethesimplecomputationof °€d

°

¹

®;8

¶ in step3 of Algorithm 11.2.Al-
thoughtheaf�ne modeltypically givessubstantiallybettertrackingresults,it still
requiresthatthemotionof thecamerabe“small.” Figure11.5showsanexample
of trackingresultsusingtheaf�ne model.

A radicallydifferentway to proceedconsistsin foregoingthecomputationof
temporalderivativesaltogether, andformulatingthetrackingproblemasmatching
thelocalappearanceof features.We discussthis in thenext subsection.

Caveats

When tracking featuresover a long sequenceby determiningcorrespondence
amongadjacentviews, onecannoticea drift of the positionof the featuresas
the sequenceprogresses.If
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is the window centeredat the locationof
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bedifferentfrom
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, sowhatis beingtrackedactuallychangesat eachin-
stantof time. Onecould think of tracking featuresfrom the initial time, rather
thanamongadjacentframes,that is substitutethe pair
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. Unfortunately, for most sequences,this will not work because

8Note that the af�ne tracker needssigni�cantly larger windows thanthe translationaltracker, in
orderto guaranteethat Î is invertible.



11.2. Featurecorrespondence 385

(a)

(b)

(c)

Figure11.5.Somesnapshotsof theregion insidetheblacksquarein thesesamesequence
(top): (a) is theoriginal sequenceasit evolvesin time (trackedby hand);(b) trackedwin-
dow, warpedbackto theoriginal position,usingtheaf�ne deformationmodel ?`Õsž6¾OA but
no illuminationparameters;(c) trackedwindow warpedbackto theoriginalpositionusing
anaf�ne modelwith contrastandbrightnessparameters=
ÖZžg×�Ö .

thedeformationfrom the�rst to thecurrentimagewill besolargeasto notallow
usingthedifferentialmethodswe havedescribedsofar.

If onecanafford to post-processthesequence,werecommendreestimatingthe
correspondenceby applyingthematchingproceduredescribedin thenext subsec-
tion, i.e. anexhaustive searchbasedon thecorrelationmatchingscore,usingthe
resultsof thefeaturetrackingalgorithmasaninitial estimate.

11.2.2 Robustmatchingacrosswidebaselines

An alternative to trackingfeaturesfrom oneframeto anotheris to detectfeatures
independentlyin eachimage,andthensearchfor correspondingfeatureson the
basisof a “matching score” that measureshow likely it is for two featuresto
correspondto thesamepoint in space.This is a computationallyintensive,error-
prone,uncertainty-ladenproblemfor which thereis no easysolution.However,
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whenoneis givensnapshotsof ascenetakenfrom disparateviewpoints9 andthere
is nocontinuityin themotionof thecamera,onehasnoothergoodoption.10

The generallyacceptedtechniqueconsistsin �rst establishingputative cor-
respondencesamonga small numberof features,and then trying to extendthe
matchingto additional featureswhosescorefalls within a given thresholdby
applyingrobuststatisticaltechniques.

More speci�cally, the selectedfeatureswith their coordinatesU

8

in the �rst
view and U

:

in the secondarecharacterizedby their associatedneighborhoods
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U

8

-

and
‡

+

U

:

-

. The featureneighborhoodsare typically comparedusing
the normalizedcross-correlation (NCC) of two 2-D signalsassociatedwith the
supportregionsde�ned in Chapter4 as(seeFigure11.6)
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arecenteredat U
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in the �rst view and U
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ï¹° in thesecondview. Thewindow sizeof theneighborhoodsis typically
chosenbetweenœ^tŠœ and j

iÕt

j

i pixels. Larger windows result in increased
robustnessat theexpenseof ahighercomputationalcostandanincreasednumber
of outliers.Dueto thecomputationalcomplexity of thematchingprocedure,the
af�ne parameters

Æ

areoften�x edto
Æ

d

¢

, reducingthemodelto thesimpler
translationalone UM½ U€ïµ° ; we summarizethisprocedurein Algorithm 11.3.

Algorithm 11.3(Exhaustive featurematching).

1. Selectfeaturesin two views H

•

and H

 

usingAlgorithm 11.1.Chooseathreshold�rÓ .

2. For eachfeaturein the�rst view with coordinates³

•

�nd thefeature³
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BÛ¾

in the secondview that maximizesthe NCC?6H.ž ¾;ž

³
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A similarity between
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•
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and

D

?

³

 

A , de�ned in equation(11.11).If no featurein the secondimagehasa
scorethatexceedsthethreshold�

Ó , theselectedfeaturein the�rst imageis declared
an“orphan.”

Note that Algorithm 11.3 is realistic only for computing correspondence
betweena few distinctive featuresacrossthe views. This set of correspon-
dencesis usuallysuf�cient for the initial estimationof thecameradisplacement.

9Even when correspondenceis available through tracking, as we have seenin the previous
subsection,onemaywantto correctfor thedrift dueto trackingonly inter-framemotion.

10This dif�culty arisesmostly becausewe have decidedto associatepoint featureswith a very
simplelocalsignature,thatis theintensityvalueof neighboringpixels,thosein thewindow Ü9Æv%�É . If
oneusesmoresophisticatedsignatures,suchasaf�ne invariants[Schaffalitzky andZisserman,2001],
symmetry[Yanget al., 2003,Huangetal., 2003], featuretopology[Tell andCarlsson,2002] or richer
sensingdata,for instancefrom hyperspectralimages,thisproblemcanbeconsiderablysimpli�ed.

11Here, Ý is thenumberof pixelsin thewindow Ü .
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Figure11.6.Two widely separatedviews (top row) andthenormalizedcross-correlations
similarity measure(bottom row) for two selectedfeature points and their associated
neighborhoods(middle row). The brighter values correspondto higher normalized
cross-correlationscores.Note that for the patchon the left thereis a distinct peakat the
correspondingpoint, but thereareseveral local maxima,whichmakesfor dif�cult match-
ing. Thepatchon theright resultsin aneven�atter NCCpro�le, makingit dif�cult to �nd
anunambiguousmatch.

Figure 11.7. Featurepoints successfullytracked between�rst and last frame (left) and
mismatches,or outliers,in thelastframe(right).

Once the displacementis obtained,it can be usedfor establishingadditional
matches.The processof establishingcorrespondencesandsimultaneouslyesti-
matingthe cameradisplacementis bestaccomplishedin thecontext of a robust
matchingframework. The two most commonlyusedapproachesareRANSAC
and LMedS. More details on LMedS can be found in [Zhanget al., 1995].
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Here we focus on random sample consensus(RANSAC), as proposedby
[FischlerandBolles,1981].

RANSAC

The main ideabehindthe techniqueis to usea minimal numberof datapoints
neededto estimatethe model,andthencounthow many of the remainingdata
pointsarecompatiblewith theestimatedmodel,in the senseof falling within a
chosenthreshold.The underlyingmodel hereis that two correspondingimage
pointshaveto satisfytheepipolarconstraint
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where
|

is the fundamentalmatrix introducedin Chapter6, equation(6.10).
Given at least l

d•£ correspondences,12 |

can be estimatedusing the linear
eight-pointalgorithm, Algorithm 6.1 (or an re�ned nonlinearversion,Algo-
rithm 11.5).RANSAC consistsof randomlyselectingeight correspondingpairs
of points (points that maximizetheir NCC matchingscore)andcomputingthe
associated

|

. The quality of the putative matchesis assessedby countingthe
numberof inliers, that is, the numberof pairs for which someresidualerror é

is lessthana chosenthreshold,� . The choiceof residualerror dependson the
objective function usedfor computing

|

. Ideally we would like to chooseé to
be the reprojectionerror de�ned in Chapter6, equation(6.81).However, aswe
discussedin Appendix6.A, the reprojectionerror can be approximatedby the
Sampsondistance[Sampson,1982], which is easierto compute13
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The algorithmfor featurematchingandsimultaneousrobust estimationof
|

is
describedin Algorithm 11.4.

Noticethatin Algorithm 11.4,eventhough
|�ß

is computedusingalinear algo-
rithm, rejectionis performedbasedonanapproximationof thereprojectionerror,
which is nonlinear.

The numberof iterationsdependson the percentageof outliers in the setof
correspondingpoints. It must be chosensuf�ciently large to make surethat at
leastone of the sampleshasa very high probability of being free of outliers.
Figure11.8shows thepercentageof correctandincorrectmatchesasa function
of thethreshold� andthebaseline.14 As thethreshold� increases,thepercentage

12Seven correspondencesarealreadysuf�cient if oneimposesthe constraint3”4g5)ÆáàÁÉâ�q¨ when
estimatingà , asdiscussedin Chapter6. For a calibratedcamera,� ve pointsaresuf�cient to deter-
minetheessentialmatrix (up to 10solutions).An ef�cient combinationof RANSAC anda � ve-point
algorithmcanbefoundin [Nistér, 2003].

13The computationof the reprojectionerror would requireexplicit computationof 3-D structure.
Sampson's distancebypassesthis computation,althoughit is only accurateto �rst order.

14Pointswereselectedindependentlyin differentimagesandthenmatchedcombinatorially, andthe
procedurerepeatedfor imagesthatwereseparatedby a largerandlargerbaseline.
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Algorithm 11.4(RANSAC featurematching).

½ Set €

¸`Ò andselecttheinitial setof potentialmatches
Ø

K

asfollows:

– Selectpoints individually in eachimage,for instancevia Algorithm 11.1.
Selecta threshold�rÓ .

– For all pointsselectedin one image,computethe NCC score(11.11)with
respectto all otherselectedpointsin theotherimage(s).

– If at leastonepoint hasanNCC scorethatexceedsthe threshold� Ó , choose
as correspondentthe point that maximizesthe NCC score.Otherwise,the
selectedpoint in the�rst imagehasnocorrespondent.

– Choose
Ø

K

to be a subsetof eight successfulmatches,selectedat random
(e.g.,with auniform distributionon theindex of thepoints).

½ Choosea threshold� .
½ Repeat

A

timesthefollowing steps:

1. Estimate
“

�

given thesubset
Ø

�

usingtheeight-pointalgorithm,Algorithm
6.1or 11.5.

2. Given
“

�

determinea subsetof correspondenceså

¸

ÝÑž¥ÚæžC¡�¡�¡�ž,g for which
the residual �

á

de�ned by equation(11.12)satis�es �

á

•°� pixels. This is
calledtheconsensussetof

Ø

�

.
3. Countthenumberof pointsin theconsensusset.
4. Randomlyselecteightmatchesasthenew set

Ø

�

f

•

.
½ Choose

“

�

with thelargestconsensusset.
½ Reestimate

“

usingthe all the inliers, i.e. all pairsof correspondingpointsin the
consensusset.

of correctmatchesincreases,but theabsolutenumberof pairswhoseNCC score
passesthethresholddecreases.Theeffectbecomesmoredramaticasthebaseline
increases.

Caveats

Featurematchingis the mostdif�cult andoften most fragile componentof the
pipelinedescribedin this chapter. Realscenesoftenpresentocclusions,specular
re�ections,castshadows,changingillumination andotherfactorsthatmake fea-
ture matchingacrosswide baselinesdif�cult. Suchdif�culties, however, canbe
easedif richer descriptorsareusedthansimply the intensityof eachpixels in a
neighborhood:For instance,onecanuseaf�ne invariantdescriptors,or signatures
basedonhyperspectralimages,or known landmarksin thescene.

Whenno interventionon thesceneis possible,thealgorithmsdescribedin this
bookcanprovide reasonableresultsif usedproperly. Improvedrobustmatching
canbe achieved if the basicleast-squaressolutiondescribedin AppendixA is
substitutedwith total least-squares,asdescribedin [GolubandLoan,1989]. The
effect of outlierson the�nal estimatecanalsobereducedby replacingtheleast-
squarescriterion with a robust metric.A popularchoiceleadsto M-estimators,
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Figure11.8.Effectsof (top left) normalizedcrosscorrelationthreshold� , (topright) base-
line (meters)of viewpoint changeon the percentageof propermatches,(bottomleft) the
numberof physicallycorrectand(bottomright) incorrectcomparisonsthatpassedtheNCC
thresholdfor variousthresholdsanda small baseline.In general,the workspacedepths
werein the rangeof 5 to 20 meters.Error barsindicate1 standarddeviation. A total of
eight sequencesof � ve imageseachwere usedto generatethesecharts.All resultsare
shown for imagepatchesof ÚæÝ / Ú�Ý pixels. It shouldbenotedthat thenumberof incor-
rectmatches(or similarly, the total numberof matches)decreasesexponentiallywith the
threshold,whereasthenumberof physicallycorrectmatchesdecreaseslinearly. This pro-
ducesthe observed peakin (top left) at a thresholdof 0.95,asthe small numberof total
matchesat high thresholdgivesriseto thelargestandarddeviations.

andanotherto theleast-median-of-squares(LMedS)method,bothof whichhave
beenexploredin thecontext of thisproblemby [Zhanget al., 1995].

Additional issuesarise when the featurematchingis extendedbeyond two
views. Oneoption is to integratethe featurematchingwith the motion estima-
tion andreconstructionprocess.In suchacase,thepartialreconstructionobtained
from two viewsandthecurrentmotionestimatecanbeusedto predictand/orval-
idatethedetectedfeaturesin subsequentviews. Alternatively, themultiple-view
matchingtestbasedontherankconditiondescribedin Chapter8 (moredetailscan
befoundin [KosecḱaandMa, 2002]) is agoodindicatorof thequalityof feature
correspondencein multipleviews.After featuresdisappeardueto occlusions,one
canmaintaina databaseof features,andif theviewpoint is closeenoughin later
views,onecanattemptto rematchfeaturesin laterstages,effectively reintroduc-
ing previousfeatures.Thisapproachhasbeensuggestedby [Pollefeys,2000] and
appliedsuccessfullyto progressivescansof scenes.
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Figure11.9.Epipolar lines estimatedbetweenthe �rst and the 50th frameof the video
sequence.Theblack linescorrespondto theestimatesobtainedwith the linearalgorithm.
The white lines are obtainedfrom the estimateof

“

obtainedby robust matchingand
nonlinearre�nement.

11.3 Projective reconstruction

Oncethe correspondencebetweenfeaturesin different imageshasbeenestab-
lished,we candirectly recover the 3-D structureof the sceneup to a projective
transformation.In theabsenceof any additionalinformation,this is thebestone
cando.We will startwith thecaseof two views,andusetheresultsto initialize a
multiple-view algorithm.

11.3.1 Two-view initialization

Recallthenotationintroducedin Chapter6: Thegenericpoint
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is measured(in pixels)and
Ú

is an unknown scalar(the
“projective depth” of the point). The calibrationmatrix z is unknown andhas
thegeneralform of equation(3.14)in Chapter3. In casethecameraintrinsic pa-
rametersareknown, i.e. z#d
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, thefundamentalmatrix
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becomestheessential
matrix º
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, andthemotion of thecamera©

d

+

�

V

�

-

(with translation
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rescaledto unit norm)canbeobtaineddirectly, togetherwith ê , usingAlgorithm
5.1 in Chapter5.15 In general,however, the intrinsic parametermatrix z is not
known. Fromimagecorrespondence,onecanstill computethefundamentalma-
trix
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usingthe eight-pointalgorithmintroducedin the appendixof Chapter6,

15In suchacase,theprojectionmatricesandimagecoordinatesarerelatedby
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andreportedhereasAlgorithm 11.5,which includesa nonlinearre�nementthat
wedescribein thenext paragraph.

Nonlinearre�nementof
|

Nonlinearre�nementcanbeaccomplishedby a gradient-basedminimization,of
thekind describedin AppendixC, afteronechoosesa suitablecostfunctionand
a “minimal” parameterizationof

|

. Thelatterissueis describedin theappendix
to Chapter6, whereequation(6.80) describesa parameterizationthat enforces
the constraint �V	��

+

|

-

d f , at the price of introducingsingularities.Here we
presentanalternativeparameterizationof thefundamentalmatrix in termsof both
epipoles,written in homogeneouscoordinates.Sincewe arefree to choosesuch
coordinatesup to a scale,for conveniencewe will choosethe scaleso that the
third componentis

°

i (this simpli�es thederivation); thenwe write thecoordi-
natesof the epipolesas
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. With this
choiceof notation,thefundamentalmatrix canbeparameterizedin thefollowing
way
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(11.13)
This parameterization,like theoneproposedin equation(6.80)in Chapter6, has
singularitieswhen the epipolesare at in�nity . In sucha case,one can simply
applya transformation




to thehomogeneouscoordinatesof eachpoint, in such
awayasto relocatetheepipoleawayfrom in�nity . For instance,if oneof thetwo
epipoles,say
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As for the cost function, ideally one would want to usethe reprojectioner-
ror; however, this would renderthe computationof the gradientexpensive, so
we settlefor the �rst-order approximationof the reprojectionerror, which we
haveintroducedunderthenameof “Sampsondistance”in equation(11.12).With
thesechoices,onecaneasilysetupaniterativeminimizationusingstandardsoft-
ware packages,for instanceMatlab's fmin . We summarizethis discussionin
Algorithm 11.5.

Recoveringprojectionmatricesandprojectivestructure

Giventhefundamentalmatrix
|

estimatedvia Algorithm 11.5,thereareseveral
waysto decomposeit in orderobtainprojectionmatricesand3-D structurefrom
the two views. In fact, as we have seenin Chapter6, since
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16Without lossof generality, hereweassumethat ð is normalized,i.e. ñ
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Algorithm 11.5(Eight-point algorithm with re�nement)

Given a set of initial point feature correspondencesexpressedin pixel coordinates
ó

³

�

•

á

ž

³

�

 

á2ô

for å

¸

ÝXžõÚæž�¡C¡�¡�ž,g :
½ (Optional) normalizethe imagecoordinatesby
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½ Nonlinear re�nement: Iteratively minimize the Sampsondistance(11.12) with
respectto the parametersof the fundamentalmatrix –
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,
using a gradientdescentalgorithm as describedin Appendix C. Reconstructthe
fundamentalmatrixusingequation(11.13),and– if theepipolesareat in�nity – the
transformationde�ned in equation(11.14).
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four-parameterfamily of possiblechoices.One commonchoice,known as the
canonicaldecomposition,hasbeendescribedin Section6.4.2in Chapter6, and
hasthefollowing form
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(11.15)
Now, different choicesof

�

and
�

=

result in different projectionmatrices
ø

”

,
which in turn result in differentprojective coordinatesê

”

, andhencedifferent
reconstructions.Someof thesereconstructionsmaybemore“distorted” thanoth-
ers,in thesenseof beingfartherfrom the“true” Euclideanreconstruction.In order
to minimizetheamountof projectivedistortionandobtaintheinitial reconstruc-
tion ascloseaspossibleto theEuclideanone,we canplay with thechoiceof

�

and
�

=

, assuggestedin [Beardsley etal., 1997]. In practice,it is commonto as-
sumethat theoptical centeris at thecenterof the image,that the focal lengthis
roughlyknown (for instancefrom previouscalibrationsof thecamera),andthat
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thepixelsaresquarewith noskew. Therefore,onecanstartwith aroughapproxi-
mationof theintrinsicparametermatrix z , call it

­

z . This initial guess
­

z canbe
usedinsteadof thenormalizingtransformation




in Algorithm 11.5.After doing
so, we canchoose
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by requiring that the �rst block of the pro-
jectionmatrix be ascloseaspossibleto the rotationmatrix betweentwo views,
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. In casetheactualrotation
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rotation,onecanstill solve theequation
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for
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, provided
a guessfor the rotation
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�

is available.If this is not thecase,we have described
in Exercise6.10analternativemethodfor improvedcanonicaldecomposition(al-
thoughnotethatthesolutionsuggestedtherewill in generalnotguaranteethatthe
estimatedrotationis closeto theactualrotation).

Oncewe have a choiceof
�

and
�

=

, andhenceof projectionmatrices,the 3-
D structurecan be recovered.Ideally, if our guess

­

z was accurate,all points
shouldbe visible; i.e. all estimatedscalesshouldbe positive. If this is not the
case,differentvaluesfor thefocal lengthcanbetesteduntil themajorityof points
have positive depth.This procedurefollows from considerationson Cheirality
constraintsandquasi-af�ne reconstructionthat we have discussedin Appendix
6.B.2.This procedureis summarizedasAlgorithm 11.6,andan exampleof the
reconstructionis shown in Figure11.10.

Figure11.10.Projective reconstructionof a simplescene,whichallows easyvisualization
of the projective distortion.The positionsof the cameraareindicatedby two coordinate
frames.

11.3.2 Multiple-view reconstruction

Whenmorethantwo views areavailable,they canbeaddedoneat a time or si-
multaneouslyusing the multiple-view algorithmsdescribedin Chapter8. Once
the3-D structurehasbeeninitialized, thecalibratedanduncalibratedcasesdiffer
only in a singlestep;hencewe will treatthemsimultaneouslyhere.For thepur-
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Algorithm 11.6(Projectivereconstruction– two views)

Given a set of initial point feature correspondencesexpressedin pixel coordinates
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5. Settingthe�rst frameasareference,theprojectionmatricesaregivenby
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a linearsystemof equations
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poseof clarity we will dropthesuperscriptÜ from U	Ü andsimplywrite U for both
thecalibratedanduncalibratedentities.

For themultiple-view setting(usingthenotationintroducedin Chapter8) we
have
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The matrix
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is a “©t9„ cameraprojectionmatrix that relatesthe
g th (measured)imageof the point
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to its (unknown) 3-D coordinatesê r with
respectto theworld referenceframe.Theintrinsic parametermatrix z
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triangular;17
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is the rigid-body displacementof the camerawith respectto the world
referenceframe.Thegoalof thisstepis to recoverall thecameraposesfor the †

views andthe3-D structureof any point that appearsin at leasttwo views. For
convenience,we will usethesamenotation
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The coreof the multiple-view algorithmconsistsof exploiting the following
equation,derivedfrom themultiple-view rankconditionsstudiedin Chapter8:
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where � is the Kronecker product (AppendixA, equation(A.14)). Since
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with respectto the �rst view, is known from the
initialization stagefrom two views (Algorithm 11.6), the matrix
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is of rank i�i if more than l �

’ points in generalposition are given, and
the unknown motion parameterslie in the null spaceof

E
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. This leadsto Al-
gorithm 11.7, which alternatesbetweenestimationof cameramotion and 3-D
structure,exploiting multiple-view constraintsavailable in all views. After the
algorithmhasconverged,thecameramotionis givenby
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V�jTVXW4WXW1Vml . Somebookkeepingis necessaryfor featuresthatap-
pearanddisappearduring thedurationof thesequence.Theresultingprojection
matricesandthe3-D structureobtainedby theabove iterative procedurecanbe
thenre�ned usinga nonlinearoptimizationalgorithm,aswe describenext.

17In casethecamerais calibrated,wehave �
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�’‘ .
18In the calibratedcase,þ
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ì

Î�ÊËÆvÈ�É is a rotationmatrix. It describesthe rotationfrom the � th
view to the�rst.
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Algorithm 11.7(Multiple-view structur eand motion estimationalgorithm).
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11.3.3 Gradientdescentnonlinearre�nement(“b undle
adjustment”)

The quality of the estimatesobtainedby Algorithm 11.7 is measuredby the
reprojectionerror19
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If the reprojectionerror is still large (the typical averagereprojectionerror is
between0.01 to 0.3 pixels, dependingon the quality of the measurements)af-
ter following the procedureoutlined so far, the estimatescan be re�ned using
a nonlinearoptimizationprocedurethat simultaneouslyupdatestheestimatesof
bothmotionandstructureparameters�

W

d ë

ø

b

V

ê

r

ó . Thetotal dimensionof the
parameterspaceis iÏi

+

†

°

i

-

ï “

l for † views and l points.20 The iterative
optimizationschemeupdatesthecurrentestimate�

ß

via
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Variouschoicesof the stepsize
�

ß

andweight matrix �

ß

arediscussedin Ap-
pendixC. A popularalgorithmis thatof Levenberg andMarquardt,where �

ß

is
of the form describedin equation(C.17).AppendixC givesdetailson gradient-
basedoptimization,including how to adaptively updatethe stepsize.However,
the natureof our objective function 


û is special.The weight matrix hasa very
sparsestructuredueto thequasiblock-diagonalnatureof theJacobian.Therefore,
theresultingalgorithmcanbeconsiderablyspeededup,despitethelargeparam-
eterspace[TriggsandFitzgibbon,2000]. In thecaseof a calibratedcamera,the
recoveredstructureis thetrueEuclideanoneandwe canproceeddirectly to Sec-
tion 11.5.1.In theuncalibratedcase,theprojectivestructurethusobtainedhasto
beupgradedto Euclidean,aswe describein thenext section.

Caveats

Due to occlusions,featurestend to disappearduring a sequence.As more and
morefeaturesdoso,thereis anincreasedrisk thatthefew remainingfeatureswill
align in a singularcon�guration,mostnotablya plane.In orderto avoid sucha
situation,onemayperiodicallyrun a featureselectionalgorithmin orderto gen-
eratenew correspondences,or even checkfor occludedfeaturesto reappearas
suggestedby [Pollefeys,2000]. Anotherissuethatshouldbefurtheraddressedin
a practicalimplementationis thechoiceof referenceframe:Sofar we haveasso-
ciatedit to the�rst camera,but a moreproperassignmentwould entailaveraging
overall views.

11.4 Upgradefrom projective to Euclidean
reconstruction

The projective reconstructionê

”

obtainedwith Algorithm 11.7,in theabsence
of calibrationinformation, is relatedto the Euclideanstructureê�� by a linear

20Thereissomeredundancy in thisparameterization,asaminimalparameterizationhaslessdegrees
of freedom(Proposition8.21, Chapter8). This, however, is not a problemprovided that oneuses
gradientdescentalgorithmsthatdo not requiretheJacobianmatrix to benonsingular, asfor instance
theLevenberg-Marquardtalgorithm.SeeAppendixC.
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transformation



[©]

=�~T= , asdiscussedin detail in Section6.4
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where o indicatesequalityup to a scalefactor,
øÙ8

”

d

z

¢

V

f�{ and



hastheform




d¨§

z

8

f

°&�

a

z

8

i

ª

[\]

=æ~.=

W (11.20)

11.4.1 Strati�cation with theabsolutequadricconstraint

Examinetheequation
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{ to denotetheEuclideanmotion21 betweenthe g th and
the�rst cameraframe.Sincethelastcolumngivesthreeequations,but addsthree
unknowns,it is uselessasfar asproviding constraintson
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Onecantheneliminatetheunknown rotationmatrix
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by multiplying bothsides
by their transpose:
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thenwe obtaintheabsolutequadricconstraint introducedin Chapter6:
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If we assumethat z is constant,sothat z

b

dpz for all g , thenwe canminimize
theanglebetweenthevectorscomposingthematriceson the left-handsideand
thoseon theright-handside22 with respectto theunknowns, z and

�

, usingfor
instancea gradientdescentprocedure.Alternatively, we could �rst estimate

!

and z

b

from this equationby ignoring its internalstructure;then,



and z can
beextractedfrom

!

, andsubsequentlytherecoveredstructureandmotioncanbe
upgradedto Euclidean.

As we have discussedin greatdetail in Chapters6 and8, in order to have a
uniquesolution, it is necessaryfor the sceneto be genericand for the camera

21In particular, þ

à

þ

Ð

à

�^þ

Ð

à

þ

à

�’‘ .
22Notice that the above equalityis up to an unknown scalarfactor, so we cannotsimply take the

normof thedifferenceof thetwo sides,but wecanconsideranglesinstead.
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motionto be“rich enough,” in particularit mustincluderotationabouttwo inde-
pendentaxes.23 Partialknowledgeaboutthecameraparametershelpssimplifying
the solution.In the restof this section,we describea usefulcasein which the
intrinsic cameraparametersare known, with the exceptionof the focal length,
which is allowedto varyduringthesequence,for instanceasa resultof zooming
or focusing.The methodpresentedin the next paragraphand originally intro-
ducedby [Pollefeysetal., 1998] is oftenusedfor initializationof moreelaborate
nonlinearestimationschemes.

Thecaseof changingfocal length

Whenthecalibrationparametersareknown, for instancebecausethecamerahas
beencalibratedusinga calibrationrig, but the lens is moved to zoomor focus
during thesequence,onecanusea simplealgorithmoutlinedbelow. Thereader
shouldbeadvised,however, thatzoomingor focusingoftencausestheprincipal
point, i.e. the intersectionof the optical axis with the imageplane,to move as
well, often by several pixels, following a spiral trajectory. It is very rare for a
commercialcamerato have the principal point closeto the centerof the image
andhavetheopticalaxisperfectlyorthogonalto theimageplane.Nevertheless,it
is commonto assume,asaninitial approximation,thattheopticalaxisis orthogo-
nal to theimageplaneandintersectsit at its center, andthatthepixelsaresquare.
Undertheseassumptionsonecanobtainreasonableestimatesof theintrinsic pa-
rameters,which canbe further re�ned usingnonlinearoptimizationschemes.If
we accepttheseassumptions,thentheabsolutequadricconstraint(11.24)takesa
particularlysimpleform
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Notethattheentriesof ¸
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where
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is theprojectionmatrixwrittenin termsof its rows.
If

!

is parameterizedasin equation(11.25),the� veunknownscanberecovered
linearly. Sinceeachpair of views givesfour constraints,at leastthreeviews are

23Whenthesehypothesesarenotsatis�ed,thecamerais undergoingcritical motions,in whichcase
referto Section8.5.2.
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necessaryfor auniquesolution.This is summarizedasAlgorithm 11.8.A similar
linearalgorithmcanbe devisedfor thecaseof unknown aspectratio (the pixels
are rectangular, but not square).Finally, once

!

is recovered, z and
�

canbe
extractedfrom equation(11.23),andhence




, theprojectiveupgrade,recovered
from equation(11.20).The reconstructionresult for somefeaturesin the house
scenefrom Figure11.1is shown in Figure11.11.

Algorithm 11.8(Recovery of the absolutequadric and Euclideanupgrade).
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7. Once ' hasbeenrecoveredusingtheabove algorithm,the focal lengths –

à of the
individual camerascanbeobtainedby substitutioninto equation(11.25).

8. Perform the Euclideanupgradeusing � in equation(11.20), with •
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Figure11.11.Euclideanreconstructionfrom multiple views of thehousesceneof Figure
11.1:Labeledfeatures(top), top view of thereconstructionwith labeledpoints(bottom).
Theunlabeledreconstructionis shown in Figure11.12(left).

After runningAlgorithm 11.8,onecanperformadditionalstepsof optimization
aswediscussnext.

11.4.2 Gradientdescentnonlinearre�nement(“Euclidean
bundleadjustment”)

In order to re�ne the estimateobtainedso far, we canset up an iterative opti-
mization,known asEuclideanbundleadjustment,by minimizing thereprojection
errorasin Section11.4.2,but this time with respectto all andonly theunknown
Euclideanparameters:structure,motion,andcalibration.
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Figure11.12.Euclideanreconstructionfrom multiple views of the housescene(left) of
Figure 11.1 and the calibrationscene(right) of Figure 11.10.The cameraposition and
orientationthroughthesequenceis indicatedby its moving referenceframe.Comparethe
calibrationscene(right) with theprojective reconstructiondisplayedin Figure11.10.

Thereprojectionerroris still givenby24




û

d

i

†

l

‹

²

bvä

8

Y

²

r)ä

8

Þ

Þ

U

r

b

°

7

: z

b

+

�

b

ê

r

ï

�

b

-

<

Þ

Þ

:

W (11.27)

However, this time the parametersare given by �
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via thesameiterationdescribedin Section11.3.3,
andthesameconsiderationsapplyhere.

11.5 Visualization

In orderto renderthescenefrom novel viewpoints,we needa modelof its sur-
faces,so that we can texture-mapimagesonto it. Clearly, the handfulof point
featureswe have reconstructedso far is not suf�cient. We will follow a proce-
dureto �rst simplify thecorrespondenceprocessandobtainmany morematches,
theninterpolatethesematcheswith planarpatchesor smoothsurfaces,and�nally
texture-mapimagesontothem.

24Again,here� denotesthestandardplanarprojection�
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11.5.1 Epipolar recti�cation

According to the epipolar matchinglemma introducedin Chapter6, given a
point U•Ü

8

in the �rst view, its correspondingpoint UÁÜ

:

must lie on the epipolar
line _

Ü

:

o

|

U•Ü

8

in the secondimage.Therefore,onecansearchfor correspond-
ing points along a line, ratherthan in the entire image,which is considerably
simpler. In order to further simplify the searchfor correspondingpoints, it is
desirableto apply projective transformationsto both imagesso that all epipolar
linescorrespondto thehorizontalscanlines.Thatway, thesearchfor correspond-
ing pointscanbe con�ned to correspondingscanlines.This entails�nding two
linear transformationsof the projective coordinates,say
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and



:

, that trans-
form eachimagesothat its epipole,after the transformation,is at in�nity in the

x -axisdirection.25 In additionto that,afterthetransformation,eachpairof epipo-
lar lines correspondsto the samescanline.In other words,we are looking for
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where
Œ

8

and
Œ

:

are the right and left null-spacesof
|

, i.e. the left and right
epipolerespectively, and for any pair of matchedfeaturepoints,say

+

UËÜ

8

V

U.Ü

:

-

,
afterthetransformation,they resultin thesame

y

-coordinateon theimageplane.
This processis calledepipolar recti�cation, andits effectsareshown in Figure
11.13.

Figure 11.13. Epipolar recti�cation of a pair of images:Epipolar lines correspondto
scanlines,which reducesthecorrespondenceprocessto a one-dimensionalsearch.

In general,thereare many transformationsthat satisfy the requirementsjust
described,andthereforewe have to make a choice.Herewe �rst �nd a transfor-
mation




:

thatmapsthesecondepipole
Œ

:

to in�nity andalignstheepipolarlines
with thescanlines;oncethe transformation




:

hasbeenfound,a corresponding
transformation




8

for the�rst view, calledthematchinghomography, is obtained
via thefundamentalmatrix

|

.

25Thereadershouldbeawarethatweherearelookingfor an
•

thathastheoppositeeffect thanthe
oneusedin Section11.3.1for nonlinearre�nementof thefundamentalmatrix à .
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Mappingtheepipoleto in�nity

To mapthe epipole
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. To minimizedistortion,
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possibleto a rigid-body transformation.Onesuchchoicefor
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by [Hartley, 1997], canbecomputedasfollows:‘
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Matchinghomography

Thematchingrectifying homographyfor the �rst view



8

canthenbeobtained
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wehadrequested.26 Dueto thenatureof thedecompositionof
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% , if we normalizethe � -coordinateto be 1, the � -coordinatesof correspondingpoints
becomethesame,andthediscrepancy is solelyalongthe ÿ -axis.
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is notunique.As we know from earliersections,aswell asChapter6, thereis an
entirethree-parameterfamily of homographies
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The unknown parameter
�

can then be solved by a simple linear least-squares
minimizationproblemof thefollowing objective function
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The overall recti�cation algorithm is summarizedin Algorithm 11.9, and an
exampleof therecti�cation resultsis shown in Figure11.13.

Algorithm 11.9(Epipolar recti�cation).

1. Computethefundamentalmatrix
“

for thetwo views andtheepipole
•

 

.

2. Computetherectifying transform�

 

for thesecondview from equation(11.29).

3. Choose� accordingto thecriteriondescribedbeforeequation(11.30).

4. Computetheleast-squaressolution L from equation(11.30)usingthesetof matched
featurepoints,anddeterminethematchinghomography�

•

¸

�

 

� .

5. Transform image coordinates
�

³
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•

³

�

•

,
�

³

 

¸

�

 

³

�

 

, normalize the U -
coordinateto be1, which recti�es the imagesasdesired.The transformations�

•

and �

 

arethenappliedto theentireimage.Sincethetransformedcoordinateswill
beoutsidethepixel grid, theintensityvaluesof theimagemustbeinterpolated,for
instancestandard(linearor bilinear)interpolation.

The above approachworks well in practiceas long as the epipolesare out-
sidetheimages.Otherwise,by pushingtheepipolesto in�nity , theneighborhood
aroundthe epipolesgoesto in�nity , if we insist in usinga planarimagerepre-
sentation.27 In this case,an alternative nonlinearrecti�cation procedureusing
a polar parameterizationaround the epipolescan be adopted,as suggested
by [Pollefeys,2000].28 After theimagesarerecti�ed, all epipolarlinesareparal-

27This problemdoesnot applyfor sphericalimagingmodels.
28The advantageof sucha nonlinearrecti�cation is that it is applicableto generalviewing con-

�gurations, while minimizing the amountof distortion.This, however, is at the expenseof a linear
solution.Indeed,it is commonto specifythenonlinearrectifying transformationusinga lookuptable.
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lel, andcorrespondingpointshavethesame

y

-coordinate,whichmakesthedense
matchingprocedurethatwe describebelow signi�cantly simpler.

Note that the recti�cation proceduredescribedabove doesnot requireknowl-
edgeof the cameraposeand intrinsic parametersand is basedsolely on the
epipolargeometrycapturedby the fundamentalmatrix

|

. However due to the
arbitrarychoiceof

�

obtainedby minimizing the objective function (11.31),for
sceneswith large depthvariationthe above procedurecanintroducedistortions
which can in somedif�cult casescomplicatethe searchfor correspondences.
Sinceat this stagethe cameraposeand intrinsic parametersare alreadyavail-
able, one can alternatively apply Euclideanrecti�cation, where the rectifying
homography




:

and the matchinghomography



8

can be choseneasily as
long as the epipolesare not on the image. One such approachis described
in [Fusielloet al., 1997].

11.5.2 Densematching

Given a recti�ed pair of images,the standardmatchingtechniquesdescribedin
Section11.2 canbe usedto computethe correspondencefor almostall pixels.
Thesearchis now restrictedto eachone-dimensionalhorizontalscanline.Several
additionalconstraintscanbeusedto speedup thesearch:‘

Orderingconstraint:The points along epipolar lines appearin the same
orderin bothviews,assumingthattheobjectsin thesceneareopaque.‘

Disparity constraint:The disparityvariessmoothlyaway from occluding
boundaries,andtypically a limit on thedisparitycanbeimposedto reduce
thesearch.‘

Uniquenessconstraint:Eachpoint hasa uniquematchin thesecondview.

Whenpointsbecomeoccludedfrom oneimageto another, thereis adiscontinuity
in thedisparity. Onecanconstructa mapof theNCC scorealongcorresponding
scan-linesin two images,andthenglobally estimatethepathof maxima,which
determinesthecorrespondence.Horizontalor verticalsegmentsof this pathcor-
respondto occlusions:horizontalfor pointsseenin the �rst imagebut not the
second,verticalfor pointsseenin thesecondbut not the�rst, asillustratedin Fig-
ure11.14.Dynamicprogramming[Bellman,1957] canbeusedfor this purpose.

Extensionsof densematchingto multiple views areconceptuallystraightfor-
ward,althoughsomeimportanttechnicalissuesarediscussedin [Pollefeys,2000].

Oncemany correspondingpointsare available,onecan just apply the usual
eight-pointalgorithm and bundle adjustmentto computetheir position,and �-
nally triangulatea meshto obtaina surfacemodel.In general,dueto errorsand
outliers, this meshwill be highly irregular. Standardtechniquesand software
packagesfor meshsimpli�cation areavailable.For instance,thereadercanrefer
to [Hoppe,1996]. The resultsareshown in Figure11.16for thescenein Figure
11.1.
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Figure11.14.Correlationscorefor pixelsalongcorrespondingscan-lines.High correlation
scoreareindicatedasbrightvalues;regionswherethebrightregionis “thick” indicateslack
of texture.In thiscaseit is impossibleto establishcorrespondence.Horizontalandvertical
segmentsof the pathof maximaindicatethat a pixel on the �rst imagedoesnot have a
correspondingoneon thesecond(vertical),or viceversa(horizontal).

Figure11.15.Densedepthmapobtainedfrom the �rst andtwentiethframesof the desk
sequence.Darkindicatesfar, andlight indicatesnear. Noticethatthereareseveralgaps,due
to lackof reliablefeaturesin regionsof constantintensity. Furtherprocessingis necessary
in orderto �ll thegapsandarrive at a densereconstruction.
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Figure 11.16.Densereconstructionof the housesequencein Figure 11.1, obtainedby
interpolatingsparsepointsinto a triangulatedmesh(courtesyof Hailin Jin).

11.5.3 Texture mapping

Oncea surfacemodel is available,we have a numberof pointsanda planebe-
tweenany threeof them.Thegoalof texturemappingis to attachanimagepatch
to eachof theseplanes.Thereare essentiallytwo ways of doing so: one is a
view-independenttexture map;the otheris a view-dependenttexture map.Both
techniquesarestandardin computergraphics,andwe thereforeconcentrateonly
onview-independentonesfor simplicity.

Giventhreevectors,their centroidcanbeeasilycomputed,aswell asthenor-
mal vector to the plane they identify. Since the relative poseof the cameras
and the positionof the pointsarenow known, it is straightforward to compute
wherethatpointprojectsin eachimageand,moreover, wherethetriangularpatch
projects.Wecanthensimplytakethemedian29 of thepixel valuesof all theviews.
While this algorithmis conceptuallystraightforward,several improvementscan
beappliedin orderto speedup theconstruction.We refer thereaderto standard
textbooksin computergraphics.Herewe limit ourselvesto showing, in Figure
11.17,the resultsof applyinga simplealgorithmto the imagesin Figure11.1.
Many of thesefunctionsaretakenintoaccountautomaticallywhenthe�nal model
is representedin VRML, a modelinglanguagecommonlyusedfor visualization
[VRML Consortium,1997].

11.6 Additional techniquesfor image-basedmodeling

If the �nal goal is to generatenovel views of a scene,a modelof its geometry
maynot bestrictly necessary;instead,imagedatacanbemanipulateddirectly to
generatetheappearanceof a scenefrom novel viewpoints.Most instancesof this
approachrelateto thenotionof plenopticsampling [Levoy andHanrahan,1996,
Gortleret al., 1996] which is inspiredby the plenoptic function introducedby

29Themedian,asopposedto themean,helpsto mitigatetheeffectsof outliers,for instance,dueto
specularities.
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Figure11.17.Texture-mappedreconstructionof themodelin Figure11.16.Thetopof the
barrelsis not accuratelyreconstructedandtexture-mapped,asexpectedfrom the lack of
informationfrom theoriginal sequencein Figure11.1(courtesyof Hailin Jin).

Figure11.18.Oncethe cameramotion andcalibrationhave beenrecoveredaswe have
describedin this chapter, they canbefed, togetherwith theoriginal images,to any stereo
algorithm.For instance,a few featurepoint correspondencesfrom the imageson the left
canbeexploitedto estimatecameramotionandcalibration.Thatin turncanbeusedto ini-
tializeadensestereoalgorithmsuchas[Jin et al., 2003]. Thisallowshandlingsceneswith
complex photometricpropertiesandyieldsanestimateof theshape(center)andre�ection
of thescene,whichcan�nally beusedto renderit from any viewpoint (right).

[AdelsonandBergen,1991]. Image mosaicscan be viewed as a specialcase
of plenopticsampling.While the resultingrepresentationscanbe very visually
pleasant,thecapabilityof this approachto extrapolatingnovel views is limited.
Of course,when the goal is not just to generatenovel images,but to have a
modelof the scenefor the purposeof interactionor control, onehasno choice
but to infer a modelof the structureof the scene,for instanceby following the
pipeline proposedin this chapter. The quasi-denseapproach, which is differ-
ent from the approachintroducedin this chapter, provides anotheralternative
to surfacereconstructionfrom uncalibratedimages[Lhuillier andQuan,2002].
Encouragingresultsalongthe linesof modelingandestimatingnon-Lambertian
re�ection alongwith shapefrom moving imageshave recentlybeenobtainedby
[Jin et al., 2003, Magdaet al., 2001].

An alternative approachto obtaining models from images is to repre-
sent the sceneas a collection of “voxels,” and to reconstructvolumesrather
than points. The representationof a scene in a convex hull of the cam-
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eras (the intersectionof the viewing cones) is obtained by carving a 3-D
volume in space.Space-carvingtechniquesuse re�ectance information di-
rectly for matching [KutulakosandSeitz,1999] or contour �tting in multiple
views[Cipolla et al., 1999, McMillan andBishop,1995, YezziandSoatto,2003].
Themajorityof theseapproachesrequireaccurateknowledgeof therelativepose
of the cameras,which leadsus backto the reconstructiontechniquesdiscussed
earlierin this chapter.

Additional techniquesthat have enjoyed signi�cant successin limited do-
mains of application entail a specializationof the techniquesdescribedin
this chapter to the case of partially structuredenvironments.Examplesof
such systemsare Photomodeler(http://www.photomodeler.com ) and
Façade[Debevecet al., 1996]. Sincethe choiceof modelprimitiveslargely de-
pendson the applicationdomain,thesetechniqueshave beensuccessfullyused
in building 3-D modelsof architecturalenvironmentsthat arenaturallyparam-
eterizedby cubes,tetrahedra,prisms,arches,surfacesof revolutions,and their
combinations.
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VisualFeedback

I hopethat posteritywill judge mekindly, not only as to the things
which I haveexplained,but alsoto thosewhich I haveintentionally
omittedsoasto leaveto others thepleasureof discovery.

– ReńeDescartes,La Géoḿetrie, 1637

In theintroductionto thisbookwehaveemphasizedtheroleof visionasasensor
for machinesto interactwith complex, unknown, dynamicenvironments,andwe
havegivenexamplesof successfulapplicationof visiontechniquesto autonomous
driving andhelicopterlanding.Interactionwith a dynamicallychangingenviron-
mentrequiresactionbasedon thecurrentassessmentof thesituation,asinferred
from sensorydata.For instance,drivingacaronthefreewayrequiresinferringthe
positionof neighboringvehiclesaswell astheego-motionwithin thelanein order
to adjustthepositionof thesteeringwheelandactonthethrottleor thebreaks.In
orderto beableto implementsucha “sensingandactionloop,” sensoryinforma-
tion mustbeprocessedcausallyandin realtime.Thatis, thesituationattime Ê has
to beassessedbasedon imagesup to time Ê . If we wereto follow theguidelines
and the algorithmsdescribedso far in designingan automateddriving system,
we would have �rst to collecta suf�cient numberof images,thenorganizethem
into multiple-view matrices,and �nally iteratereconstructionalgorithms.Each
of thesestepsintroducesa delaythat compromisesthe sensingandactionloop:
whenwedriveacar, wecannotwait until wehavecollectedenoughimagesbefore
processingthemto decidethatwe neededto swerve or stop.Therefore,we need
to adjustour focusanddevelopalgorithmsthataresuitablefor causal,real-time
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processing.Naturally, thestudyof thegeometryof multipleviewsis fundamental,
andwe will exploit it to aid thedesignof causalalgorithms.

Developingalgorithmsfor real-timeinteractionis not justamatterof speeding
up the computation:no matterhow fastour implementation,an algorithmthat
requiresthe collectionof a batchof databeforeprocessingit is not suitablefor
real-timeimplementation,sincethedata-gatheringdelaycannotbeforgiven(nor
reducedby the advent of fastercomputers).So, we could conceive of deriving
recursiveor “windowed”versionsof thealgorithmsdescribedin previoussections
that updatethe estimatebasedon the last measurementgathered,after proper
initialization. Simple implementationsof thesealgorithmson real vision-based
controlsystemswill bediscussedin thelasttwo sectionsof thischapter.

However, recall that in all of our previousderivations,Ê is just an index of the
particularframe,andthereis no constrainton theorderingof thedataacquired.
This meansthat we can take a sequenceof images,scramblethe order of the
frames,andall thealgorithmsdescribedso far would work just aswell. In other
words,the algorithmswe have describedso far do not exploit the fact that in a
videosequenceacquiredfor thepurposeof controlandinteractionthereis anatu-
ral orderingin thedata,which is dueto thefactthatthemotionof objectsfollows
thebasicrulesof Newtonianmechanics,governedby forces,inertias,andother
physicalconstraints.Sincemotion is obtainedby integratingforces,andforces
are necessarilylimited, objectscannot“jump” from one placeto another, and
their motion is naturallysubjectto a certaindegreeof regularity. In this chapter
we show how to developalgorithmsthatexploit thenatural orderingof thedata,
by imposingsomedegreeof smoothnessin the motion estimates.This will be
doneby modelingmotionastheintegralof forcesor accelerations.

If the forcesor accelerationsareknown (or measured),we canusethat infor-
mationin the model.Otherwise,they aretreatedasuncertainty. In this chapter,
we will discussvery simplestatisticalmodelsof uncertainty, with the ideathat
interestedreaders,oncegraspedthesimplemodels,canwork to extendthemto
suit theneedsof their applicationof interest.So,while thegeometryof theprob-
lem is identicalto thatdiscussedin previouschapters,herefor the �rst time we
will needto talk aboutuncertaintyin ourmodel,sincetheforcesaretypically un-
known,or toocomplex to accountfor explicitly. In thischapter, weconcentrateon
a simplemodelthat representsuncertaintyin the forces(or accelerations)asthe
realizationof awhite,zero-meanGaussianrandomvector. Evenfor suchasimple
model,however, theoptimalinferenceof 3-D structureandmotionis elusive.We
will thereforeresortto a local approximationof the optimal �lter to recursively
estimatestructureandmotionimplementedin realtime.

Overview of thischapter

In thenext sectionwe formulatetheproblemof 3-D structureandmotionestima-
tion in thecontext of acausalmodel.As wewill see,by just listing theingredients
of theproblem(rigid-bodymotion,perspectiveprojection,andmotionastheinte-
gralof acceleration),weendupwith adynamicalsystem, whose“state”describes
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the unknown structureandmotion,andwhose“output” describesthe measured
images.Inferring structureandmotion, therefore,canbe formulatedas the es-
timation of the stateof a dynamicalmodelgiven its output, in the presenceof
uncertainty. This problemis known as �ltering . For the simplestcaseof linear
models,thisproblemis solvedoptimallyby theKalman�lter , whichwedescribe
in AppendixB. There,thereaderwhois unfamiliarwith theKalman�lter can�nd
thederivation,adiscussiongearedtowarddevelopingsomeintuition, aswell asa
“recipe” to implementit. Unfortunately, aswe will seeshortly, our modelis not
linear. Therefore,in thesectionsto follow, we discusshow to rephrasetheprob-
lem sothatit canbecastwithin theframework of Kalman�ltering. In Appendix
B, wealsoderiveanextensionof theKalman�lter to nonlinearmodels.

Finally, in therestof thischapter, wedemonstratetheapplicationof thesetech-
niques,aswell astechniquesdevelopedin earlierchapters,on real testbedsfor
automatedvirtual insertion,vehicledriving, andhelicopterlanding.

12.1 Structureandmotionestimationasa �ltering
problem

In this section,we list theingredientsof theproblemof causalstructureandmo-
tion inference,andshow how they naturallyleadto anonlineardynamicalsystem.
The readerwho is not familiar with the basicissuesof Kalman�ltering should
consultAppendixB beforereadingthis section.

Consideran ô -tupleof pointsin three-dimensionalEuclideanspaceandtheir
coordinatesrepresentedasamatrix
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andlet themmoveundertheactionof a rigid-bodymotionbetweentwo adjacent
time instants©
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theroleof velocity(aswehavedescribedin Chapter2, equation(2.20)),which in
turn is theintegral of acceleration
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, which we do not know. We assumethatwe
canmeasurethe(noisy)projection1 of thepoints ê
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By organizingthetime-evolutionof thecon�gurationof pointsandtheir motion,
weendupwith a discrete-time,nonlineardynamicalsystem:
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1Heretheprojection,denotedby � , canbeeitherthecanonicalperspectiveprojectionor aspherical
projection,bothdescribedin Chapter3.
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Here, ê

+

Ê

-

denotesthe coordinatesof the points in the world referenceframe;
sincewe assumethatthesceneis static,thesecoordinatesdo not changein time
(�rst line). The motion of the scenerelative to the camera,on the other hand,
doeschangein time. The secondtwo linesexpressthe fact that the pose©
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Ê

-

is
theintegralof velocity

q

�

+

Ê

-

, whereasvelocity is theintegralof acceleration(third
line). Here oQS

+

–

V

¸

-

indicatesa normaldistributionwith mean– andcovari-
ancematrix ¸ . Our assumptionhereis that

�

, the relative accelerationbetween
theviewerandthescene(or, equivalently, theforceactingon thescene)is white,
zero-meanGaussiannoise.Thischoiceis opportunistic,becauseit will allow usto
�t theproblemof inferringstructureandmotionwithin theframework of Kalman
�ltering. However, thereadershouldbeawarethat if someprior modelinginfor-
mationis available(for instance,whenthecamerais mountedon a vehicleor on
a robotarm),this is theplaceto useit. Otherwise,a statisticalmodelcanbeem-
ployed.In particular, ourformalizationaboveencodesthefactthatnoinformation
is availableonacceleration,andthereforevelocity is aBrownianmotionprocess.
Wewish to emphasizethatthischoiceis notcrucialfor theresultsof thischapter.
Any othermodelwoulddo,aslongascertainmodelingassumptionsaresatis�ed,
whichwe discussin Section12.1.1.

In principleonewouldlike,atleastfor thissimpli�ed formalizationof theprob-
lem,to �nd the“optimal solution,” thatis, thedescriptionof thestateof theabove
system ë…ê

V

©

V

�.ó given a sequenceof output measurements(correspondences)
U

b

+

Ê

-

over an interval of time. Sincethemeasurementsarenoisyandthemodel
is uncertain,thedescriptionof thestateconsistsin its probabilitydensitycondi-
tionedon the measurements.We call an algorithmthat deliversthe conditional
densityof thestateat time Ê causally(i.e. baseduponmeasurementsup to time

Ê ) theoptimal �lter . Unfortunately, no �nite-dimensionaloptimal �lter is known
for this problem.Therefore,in this chapterwe will concentrateon an approxi-
mate�lter thatcanguaranteeaboundedestimationerror. In orderfor any �lter to
work, themodelhasto satisfycertainconditions,which we describein thenext
subsection.

12.1.1 Observability

To what extent can the 3-D structureand motion of a scenebe reconstructed
causallyfrom measurementsof themotionof its projectionontothesensor?We
alreadyknow thatwithout the causalityconstraint,if the camerasarecalibrated
andasuf�cient numberof pointsin generalpositionaregiven,wecanrecoverthe
structureandmotionof thesceneup to anarbitrarychoiceof theEuclideanrefer-
enceframeandascalefactor(seeChapter5). In thissection,wecarryoutasimilar
analysis,undertheconstraintof causalprocessing.We startby establishingsome
notationthatwill beusedthroughouttherestof thechapter.
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Similarity transformation

As usual,let a rigid-body motion ©
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andanactionon "
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Wesaythattwo con�gurationsof points ê and W [^]
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areequivalentif there
existsa similarity transformation©�V thatbringsoneontotheother: W d
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Eachequivalenceclassas in (12.7) canbe representedby any of its elements.
However, in orderto comparetheequivalenceclasses,weneedawayto choosea
representativeelementthatis consistentacrossdifferentclasses.Thiscorresponds
to choosingareferenceframefor thesimilarity group,whichin ourcontext entails
choosinga “minimal” model,in away thatwewill discussshortly.

Observabilityup to a grouptransformation

Considera discrete-timenonlineardynamicalsystemof thegeneralform
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andlet
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indicatethe outputof the systemat time Ê , startingfrom the
initial condition x
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at time Ê
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. We wantto characterizeto whatextentthestatesx

canbereconstructedfrom themeasurements
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. Sucha characterizationdepends
on the structureof the system•
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but not on the measurementnoise,
which is thereforeassumedto be absentfor the purposeof the analysisin this
section.

De�nition 12.1. Consider a systemin the form (12.8) and a point in the
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De�nition 12.2. We say that the system(12.8) is observable up to a group
transformation¹ if
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For a systemthat is observableup to a grouptransformation,thestate-spacecan
berepresentedasa collectionof equivalenceclasses:eachclasscorrespondsto a
setof statesthatareindistinguishable.Clearly, from measurementsof theoutput
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overany periodof time,it is possibleto recoveratmosttheequivalenceclass
wheretheinitial conditionbelongs,thatis, ^
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itself. Theonly case
in which thetrueinitial conditioncanberecoveredis thatin which thesystemis
observableup to the identity transformation,i.e. ¹ d’ë”
�ó . In this casewe have
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Observabilityof structureandmotion

It canbeshown (see[Chiusoet al., 2002]) thatthemodel(12.3)wherethepoints
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Sincetheobservability analysisrefersto themodelwherevelocity is constant,

therelevanceof the statementabovefor thepracticalestimationof structureand
motionis thatonecan,in principle,solvetheproblemusingtheabovemodelonly
when velocity variesslowly comparedto the samplingfrequency. If, however,
someinformationonaccelerationbecomesavailable(asfor instanceif thecamera
is mountedonasupportwith someinertia),thentherestrictiononvelocitycanbe
lifted to a restrictionon acceleration.This framework, however, will not hold if
thedata
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aresnapshotsof ascenetakenfrom sparseviewpoints,ratherthana
sequenceof imagestakenat adjacenttime instantswhile thecamerais moving in
acontinuoustrajectory.

Thearbitrarychoiceof the referenceframeis a nuisancein designinga �lter .
Therefore,oneneedsto �x thearbitrarydegreesof freedomin orderto arrive at
anobservablemodel(i.e.onethatis observableupto theidentity transformation).
Whenweinterpretthestate-spaceasacollectionof equivalenceclassesunderthe
similarity group,�xing thedirectionof threepointsandonedepthscaleidenti�es
arepresentativefor eachequivalenceclass:Withoutlossof generality(i.e.modulo
a reorderingof the states),we will assumethe indicesof suchthreepoints to
be i , j , and “ . We considera point ê asparameterizedby its direction U and
depth

Ú

, so that ê d

Ú

U , in thecontext of calibratedcameras.Then,giventhe
directionof threenon-collinearimagepoints,writtenin homogeneouscoordinates
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This meansthat the remainingpoints U

b

Vsg��

„ andscales
Ú

b

V g��ºj arenot
freeto vary arbitrarily. Theabove fact is just anotherincarnationof thearbitrary
choiceof Euclideanreferenceframeandscalefactor that we have discussedin
Chapter5, exceptthatin our casewe haveto considerthecausalityconstraint.

12.1.2 Realization

Becauseof theuncertainty
�

in themodelandthenoise P in themeasurements,
thestateof themodel(12.3)is describedasarandomprocess.In orderto describe
sucha processbasedon our observationsof the output,we needto specifythe
conditionaldensityof the stateof (12.3) at time Ê , given measurementsof the
outputup to Ê . Sucha densityis a function that, in general,livesin an in�nite-
dimensionalspace.Only in a few fortunatecasesdoesthis function retain its
generalform overtime,sothatonecandescribeits evolutionusinga�nite number
of parameters.For instance,in the Kalman �lter sucha conditionaldensity is
Gaussian,andthereforeonecandescribeit by the evolution of its meanandits
covariancematrix,aswe discussin AppendixB.

In general,however, one cannot describethe evolution of the conditional
densityusing a �nite numberof parameters.Therefore,one hasto resort to a
�nite-dimensionalapproximationto the optimal �lter . The �rst stepin design-
ing suchanapproximationis to have a parameterizedobservablemodel.How to
obtainit is thesubjectof this section.

Local coordinates

Our �rst stepconsistsin characterizingthelocal-coordinaterepresentationof the
model(12.3).To thisend,werepresent¸ÁÀ
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locally in its canonicalexponential
coordinatesasdescribedin Chapter2: Let a be a three-dimensionalreal vector
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Sucha representationhasthe advantageof decomposingthe uncertaintyin the
measureddirections U (low) from theuncertaintyin depth

Ú

(high). The model
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(12.3)in local coordinatesis therefore
#$

$

$

$

$

$

$

$

%

$

$

$

$

$

$

$

$&

³

à

K

?SR BÞÝ1A

¸

³

à

K

?SR¥Aõž¨ä

¸

ÝÑžõÚ�ž�¡�¡C¡�ž

A

ž

³

à

K

?

Ò

A

¸

³

à

K

ž

=

à

?SR BÞÝ1A

¸

=

à

?SRŸAõž ä

¸

ÝXžmÚæžC¡�¡�¡�ž

A

ž =

à

?

Ò

A

¸

=

à

K

ž

�

?SR B}Ý1A

¸

�	g�hO?

¿

œÉ?SRŸAŸA

�

?SRŸA B

L

?SRŸAõž

�

?

Ò

A

¸ �

K

ž

i

?SR�B}Ý1A

¸kj

]Xl�m�n

Ç ´

Ê

ó

�	g�hO?

¿

œ|?SR¥AŸA<�	g�hQ?

¿

i

?SR¥AŸA

ô

ž

i

?

Ò

A

¸

i

K

ž

L

?SR BÞÝ1A

¸ L

?SR¥A B�<AoÏ?SRŸAõž

L

?

Ò

A

¸ L

K

ž

œÉ?SR B}Ý1A

¸

œÉ?SR¥A B÷<

Ÿ

?SR¥Aõž œ�?

Ò

A

¸

œ

K

ž

³

à

?SR¥A

¸

�

*

�	g�hO?

¿

i

?SRŸAŸA

³

à

K

?SR¥A,=

à

?SR¥A B

�

?SR¥A

+

B¯™

à

?SR¥Aõž’ä

¸

ÝÑžmÚ�žC¡�¡�¡�ž

A

¡

(12.12)

The notation p

��qsrut
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standsfor a suchthat
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b

and is computedby
inverting Rodrigues' formula as describedin Chapter2, equations(2.15) and
(2.16).

Minimal realization

In linear time-invariantsystemsonecandecomposethe statespaceinto an ob-
servablesubspaceandits (unobservable)complement.In thecaseof our system,
which is nonlinearandobservableup to a grouptransformation,we canexploit
thestructureof thestate-spaceto realizea similardecomposition:therepresenta-
tiveof eachequivalenceclassis observable,while individualelementsin theclass
arenot.Therefore,in orderto restrictourattentionto theobservablecomponentof
thesystem,weneedonly to choosearepresentativefor eachclass.As wehavean-
ticipatedin theprevioussection,oneway to renderthemodel(12.12)observable
is to eliminatesomestates,in orderto �x thesimilarity transformation.In partic-
ular, the following model,which is obtainedby eliminating U
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Theproblemof estimatingthemotion,velocity, andstructureof thescenes then
equivalentto theproblemof estimatingthestateof themodel(12.13).

To simplify thenotationfor furtherdiscussion,we collectall stateandoutput
variablesin themodel(12.13)into two new variablesx
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Adopting the notationin AppendixB, we use •
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and \
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to denotethe state
andmeasurementmodels,respectively. Then the model (12.13)can be written
conciselyas
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where
É

and l collect the modelerror andmeasurementnoise P

b

, respectively
(seeAppendixB). Thecovarianceof themodelerror, U{z
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, is a designparame-
ter thatis availablefor tuning.ThecovarianceU

Y

+

Ê

-

is usuallyavailablefrom the
analysisof the feature-trackingalgorithm(seeChapter11). We assumethat the
trackingerror is independentfor eachpoint, andthereforeU

Y

+

Ê

-

is block diago-
nal.We chooseeachblock to bethecovarianceof themeasurementU

b

+

Ê

-

(e.g.,1
pixel standarddeviation).

Noticethattheabovemodel(12.14)is observableandalreadyin theform used
to derive the nonlinearextensionof the Kalman�lter in AppendixB. However,
beforewe can implementa �lter for the model (12.13),we have to addressa
numberof issues,the mostcrucial being the fact that pointsappearanddisap-
peardue to occlusions,aswe have seenin Chapter11. In the next section,we
addresstheseimplementationissues,andwe summarizethecompletealgorithm
in Section12.1.4.

In the discussionsthat follow, we usethe “hat” notation,introducedin Ap-
pendixB, to indicateestimatedquantities.For instance,̧x
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Ê

ì
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-

(or simply
¸

x

+
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-

) is
theestimateof x at time Ê , and

¸

x
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ïyi.ì

Ê

-

is theone-steppredictionof x at time Ê .
This“hat” is notto beconfusedwith the“wide hat” operatorthatindicatesaskew-
symmetricmatrix, for instance,

q

a . Whenwriting theestimateof
q

a , however, in
orderto avoid a “doublehat,” we simplywrite

q
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ì
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-

or
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Ê

ï�i.ì
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dependingon
whetherwe areinterestedin thecurrentestimateor theprediction.Therecursion
to updatethestateestimatȩx
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of theestimationerror
­

x

d

x

°

¸

x is givenby theextendedKalman�lter introduced
in AppendixB.

12.1.3 Implementationissues

This sectiondiscussesissuesthat occurwhentrying to implementan extended
Kalman�lter for estimatingstructureandmotion in practice.Thereaderwho is
not interestedin implementationcanskip thissectionwithout lossof continuity.

Occlusionanddrift

Whena featurepoint, say ê

b , becomesoccluded,the correspondingmeasure-
ment U

b

+

Ê

-

becomesunavailable. In order to avoid uselesscomputationand
ill-conditionedinverses,we cansimply eliminatethestatesU

b

ž
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Ê

-

and
Ú

b
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Ê
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alto-
gether, therebyreducingthedimensionof thestate-space.We cando sobecause
of thediagonalstructureof themodel(12.13):ThestatesU

b

ž
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Ê

-

and
Ú

b
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-

arede-
coupledfrom otherstates,andthereforeit is suf�cient to removethemanddelete
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the correspondingrows from the gain matrix of the Kalman�lter andfrom the
covarianceof thenoisefor all Ê pastthedisappearanceof thefeature.

Theonly casein which losinga featureconstitutesa problemoccurswhenthe
featureis usedas referenceto �x the observablecomponentof the state-space
(in our notation, g

d i

V�jTV

“ ).4 The mostobvious choiceconsistsin associating
thereferencewith any othervisible point,saturatingthecorrespondingstate,and
assigningasreferencevaluethecurrentbestestimate.In particular, if featureg is
lostat time | , andwewantto switchthereferenceindex to featurex , weeliminate
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covarianceandthe initial covarianceof thestate
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If
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wereequalto U
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d�U
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, switchingthereferencefeaturewould have
no effect on theotherstates,andthe �lter would evolve on thesameobservable
componentof thestate-spacedeterminedby thereferencefeatureg .

However, in general,the difference
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is a random
variablewith covarianceU~} , which is available from the correspondingdiago-
nal block of
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. Therefore,switchingthe referenceto featurex causesthe
observablecomponentof the state-spaceto move by an amountproportionalto

­

U

r

ž
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. Whenanumberof switcheshaveoccurred,wecanexpect,onaverage,the
state-spaceto moveby anamountproportionalto W

U{}

W multipliedby thenumber
of switches.This is unavoidable.Whatwecandois atmosttry to keepthebiasto
aminimumby switchingthereferenceto thestatethathasthelowestcovariance.5

Of course,shouldtheoriginal referencefeatureg becomeavailableagain,one
canimmediatelyswitchthereferenceto it, andthereforerecovertheoriginalbase
andannihilatethebias[Favaroet al., 2003, Rahimiet al., 2001].

New features

Whena new featurepoint is selected,it is not possibleto simply insert it into
thestateof themodel,sincethe initial conditionis unknown. Any initialization
errorwill disturbthecurrentestimateof theremainingstates,sinceit is fed back
into the updateequationfor the �lter , and generatesa spurioustransient.One
canaddressthis problemby runninga separate�lter in parallel for eachpoint
usingthecurrentestimatesof motionfrom themain �lter , runningwith existing
features,in orderto reconstructthe initial condition.Sucha “sub�lter” is based

4Whenthescalefactoris notdirectlyassociatedwith onefeature,but is associatedwith a function
of a numberof features(for instance,the depthof the centroid,or the averageinversedepth),then
losingany of thesefeaturescausesadrift.

5Justto give the readeran intuitive feelingof the numbersinvolved, we �nd that in practicethe
averagelifetime of a trackedfeatureis around10 to 30frames.Thecovarianceof theestimationerror
for %

à

K

is of order Ð(¨

È

-

units, while the covarianceof
é

à

is of order Ð(¨

È.Î

units for noiselevels
commonlyencounteredwith commercialcameras.
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uponthefollowing model,wherewe assumethat ô

} featuresappearat time | :
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for g
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} , where a
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, andsimilarly a
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arethe bestestimatesof a

and
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d | , bothavailablefrom themain�lter . Notethatthecovarianceof the
modelerrorfor U

b

} is thesameasfor themeasurementU

b

, i.e. thatof thenoiseP .
Severalheuristicscanbeemployedin orderto decidewhenthestateestimate

from thesub�lter is goodenoughfor it to beinsertedinto themainKalman�lter .
A simplecriterion is thecovarianceof theestimationerrorof

Ú

b

} in thesub�lter
beingcomparableto thecovarianceof

Ú

r

ž

for x

w

d

g in themain�lter .

Partial autocalibration

The model (12.13)proposedabove can be extendedto accountfor changesin
calibration.For instance,if we consideranimagingmodelwith focal length •}[

] ,6
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wherethefocal lengthcanchangein time,but noprior knowledgeonhow it does
sois available,onecanmodelits evolutionasarandomwalk
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andinsertit into thestateof themodel(12.13).It canbeshown that theoverall
systemis still observable,andthereforeall theconclusionsreachedin theprevious
sectionswill hold. In otherwords,therealizationremainsminimal if we addinto
themodelthefocal lengthparameter.

12.1.4 Completealgorithm

This sectionsummarizesthe implementationof a nonlinear�lter for motionand
structureestimationbasedon themodel(12.13),or equivalently(12.14).

Main Kalman�lter

We �rst properlyinitialize thestateof themainKalman�lter accordingto Algo-
rithm 12.1.During the�rst transientof the�lter , wedonotallow for new features
to beacquired.Whenafeatureis lost, its stateis simplyremovedfrom themodel.
If thelost featurewasamongoneof thechosenthree,this causesa drift, andone
canproceedasdiscussedin Section12.1.3.Thetransientcanbe testedaseither

6This • is not to beconfusedwith thefunction •¦Æ‘• É in thegenericstateequation(12.14).
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Algorithm 12.1(Structur eand motion �ltering: Initialization).
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For theinitial covariance¤

K

, wechooseit to beblockdiagonalwith positive-de�niteblocks
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 CÍR  correspondingto ³
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, a largepositive number
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(typically 100to
1000units) correspondingto =
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, zeroscorrespondingto �
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K

.7 We alsochoosea
diagonalmatrix with a large positive number

D

ÃãÄ f

for the initial covarianceblocks
correspondingto L

K

and œ

K

.

a thresholdon the innovation,a thresholdon thecovarianceof theestimates,or
a �x ed time interval. We choosea combinationwith the time set to “Ïf frames,
correspondingto onesecondof video.

Oncethe�lter is initializedaccordingto Algorithm 12.1,therecursiveiteration
proceedsasdescribedin Algorithm 12.2.

Algorithm 12.2(Structur eand motion �ltering: Iteration).

Linearization:
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where
“

?SR¥A is thelinearizationof thestatefunction –Q?

p

A andis given in equation(12.24),
and �^?SRŸA is thelinearizationof theoutputfunction šQ?
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A andis givenin equation(12.25).
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To compute
|

+

Ê

-

, the linearizationof thestateequationof themodel(12.13),
we needto computethederivativesof thelogarithmfunctionin ¸jÀ
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“

-

, which is
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the inversefunctionof theexponential.Thederivativescanbereadilycomputed
usingtheinversefunctiontheorem.We shallusethefollowing notation:
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Recallthatthenotation
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î indicatesthata( “ùtü“ ) matrixhasbeenrearrangedby
stackingthecolumnson topof eachother(seeAppendixA).

To compute
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wherethetime argumentÊ hasbeenomittedfor simplicity of notation.It is easy
to checkthat
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Sub�lter

Whenevera featuredisappears,we simply remove it from thestateasduringthe
transient.After thetransient,afeature-selectionmoduleworksin parallelwith the
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�lter to selectnew featuresso asto maintainroughly a constantnumber(equal
to the maximumthat the hardwarecan handlein real time), and to maintaina
distribution as uniform as possibleacrossthe imageplane.We can implement
this by randomlysamplingpointson theplane,searchingthenaroundthatpoint
for a featurewith suf�cient brightnessvariation(using,for instance,the corner
detectorsdescribedin Chapter4).

Basedon themodel(12.16),asub�lter for thenewly acquiredfeaturesis given
in Algorithm 12.3. In practice,rather than initializing

Ú

to i in the sub�lter,

Algorithm 12.3(Structur eand motion �ltering: Sub�lter).
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?SR¥A areobtainedfrom themain�lter , theerrorcovari-
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R B€Ý1A is updatedaccordingto aRiccatiequationsimilar to (12.22),andthe
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?SR�B}Ý1A is updatedaccordingto theusualequation(12.23).

onecancomputea �rst approximationby triangulatingon two adjacentviews,
andcomputethecovarianceof the initialization error from thecovarianceof the
currentestimatesof motion.

After aprobationperiod,whoselengthischosenaccordingto thesamecriterion
adoptedfor thetransientof themain�lter , thenew featureg is insertedbackinto
themain�lter stateusing
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In themain�lter , theinitial covarianceof thestate
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associatedwith
the new feature g canbe set to be the covarianceof the estimationerror of the
sub�lter.
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Tuning

ThemodelerrorcovarianceU~z
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of themodel(12.14)is a designparameterin
theKalman�lter . We chooseit to beblockdiagonal,with theblockscorrespond-
ing to

�

+

Ê

-

and a

+

Ê

-

equalto zero (a deterministicintegrator).We choosethe
remainingparametersusingstandardstatisticaltests,suchasthecumulative pe-
riodogram[Bartlett,1956]. Theideais that theparametersin U z
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arechanged
until theinnovationprocess


+

Ê

-

W

d

y

+

Ê

-;°

\

+

¸

x

+

Ê

-m-

is ascloseaspossibleto being
white. The periodogramis oneof many ways to test the “whiteness”of a ran-
domprocess.In practice,we choosetheblockscorrespondingto U

b

ž

equalto the
covarianceof themeasurements,andtheelementscorrespondingto

Ú

b

all equal
to Ž

À

. We thenchoosetheblockscorrespondingto
�

and X to be diagonalwith
elementŽ

I , andthenwechangeŽ

I relative to Ž

À

dependingonwhetherwewant
to allow for moreor lessregularmotions.Wethenchangeboth,relativeto theco-
varianceof themeasurementnoise,dependingon thelevel of desiredsmoothness
in theestimates.

Tuningnonlinear�lters is anart,andthis is not thepropervenueto discussthis
issue.Suf�ce it to saythatwehaveperformedtheprocedureonly onceandfor all.
We thenkeepthe sametuning parametersno matterwhat the motion,structure,
andnoisein themeasurements.

12.2 Applicationto virtual insertionin live video

TheextendedKalman�lter algorithmdescribedin theprevioussectioncanbeim-
plementedonastandardlaptopPCandrunin realtimefor anumberof featureô

in theorderof 40-50.For instance,wehaveimplementedit ona1GHzlaptopPC,
connectedto a digital cameravia �re wire. This systemcanbemountedonboard
a moving vehicle,for instancea mobilerobot,for ego-motionestimation.In this
section,however, we illustratetheuseof this systemfor thepurposeof real-time
virtual insertioninto live video.Figure12.1shows theinterfaceof a system,that
is usedto superimposea computer-generatedobjectonto live footageof a static
sceneandmake it appearasif it is moving with thescene.

Assumingthatthecamerais moving in front of astaticscene(or thatanobject
is moving relative to thecamera),thealgorithmjustdescribedestimatestheposi-
tion of a numberof point featuresrelative to thereferenceframeof thecameraat
the initial time instant,alongwith thepositionof thecameraat eachsubsequent
time. The estimateis computedin real time (thecurrentimplementationrunsat
30 Hz on a laptopPC).A virtual object(i.e. a computer-generatedobjectwhose
geometryis known) canthenbepositionedon theplaneidenti�ed by threepoint
featuresof choice(selectedby theuserby clicking a locationon the image)and
movedaccordingto theestimatedmotionsothatit appearsto belongto thescene.
Naturally, if thescenechanges,or if thefeaturesassociatedwith thescalefactor
disappear, thevisualizationneedsto bereinitialized.
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Figure12.1.(Top left) Livevideoof a staticscenecanbeusedto infer cameramotionand
thepositionof anumberof point features.Thiscanin turnbeusedto insertavirtual object
andmove it accordingto theestimatedmotion (right), so that it appearsto bepartof the
scene(bottomleft).

Here,the “sensingandaction loop” consistsin the cameracapturingimages
of the scene(sensing),transferringthemto the laptopfor inferenceof structure
andmotion (computation),andmanipulatingthe virtual object for visualization
(control). The systemwas �rst demonstratedby researchersat the University
of California at Los Angelesand WashingtonUniversity at the IEEE Confer-
enceon ComputerVision andPatternRecognitionin 2000.Codeis availablefor
distribution from http://vision.ucla.edu.

12.3 Visualfeedbackfor autonomouscardriving

Figure12.2shows a few imagesof a vision-basedautonomousguidancesystem
developedaspart of theCalifornia PATH program.This systemwasusedin an
experimentaldemonstrationof the NationalAutomatedHighway SystemsCon-
sortium(NAHSC), which took placein August1997in SanDiego. The overall
systemwasdemonstratedbothasa partof themainhighwayscenarioandaspart
of a small public demonstrationof the vision-basedlateral control on a highly
curvedtesttrack(with thecarrunningtypically at œÏf to £ œ milesperhour).

The “sensingandcontrol loop” hereconsistsof pair of camerasin rigid con-
�guration (sensing)that provide synchronizedimagepairs that areusedby the
on-boardcomputerto provide a depthmapandthe locationof the roadmarkers
(computation);theresultingestimatesarethenusedto actuatethesteeringwheel
andthethrottle/brakes(control).In this particularapplication,for thesake of ro-
bustness,varioussensorswere usedin addition to vision. The next subsection
describesthesystemin greaterdetail.
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Figure12.2.Vision-basedhighwayvehiclecontrolsystem.Left: An automatedHondaAc-
cordLX sedandevelopedfor experimentsanddemonstrations.Right:View from insidethe
automatedHondaAccordshowing themountingof thestereocameras.
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Figure12.3.Left: Systemdiagram.Right: Experimentalsetup.

12.3.1 Systemsetupandimplementation

Figure12.3(left) showsthemajorcomponentsof theautonomousvehiclecontrol
system,which is implementedon the HondaAccord LX shown in Figure12.2.
Thissystemtakesinput from arangeof sensors,whichprovideinformationabout
its own motion(speedometer, yaw ratesensor, andaccelerometers),its positionin
the lane(vision systemandmagneticnail sensors),andits positionwith respect
to othervehiclesin theroadway (vision systemandlaserrangesensors).All the
sensorsareinterfacedthroughanIntel-basedindustrialcomputer, which runsthe
QNX real-timeoperatingsystem.All of the control algorithmsandmostof the
sensorprocessingareperformedby thehostcomputer.

In particular, for the vision system,the real-timelaneextractionoperationis
carriedout on a network of TMS320C40digital signalprocessorsthat is hosted
on the bus of the main computer. The experimentalsetupfor the vision-based
trackingandrangeestimationfor longitudinalcontrolis illustratedin Figure12.3
(right). The off-line versionof the trackingalgorithmis typically testedon ap-
proximately20 minutesof synchronizedvideo andlaserradardata.We discuss
below in moredetailthedesignof componentsof thevisionsystem.
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12.3.2 Vision systemdesign

Laneextractionfor lateral control

The lane recognitionand extraction moduleis responsiblefor recovering esti-
matesfor thepositionandorientationof thecar within the lanefrom the image
dataacquiredby thecamera(Figure12.2).Theroadwaycanbemodeledasapla-
narsurface,which implies that thereis a simplehomographybetweentheimage
plane,with coordinatesU d

z

x

V

y

V

i1{

a

, andthe groundplane,with coordinates
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z ä

V"åÉV

i1{
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:
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The “üt^“ homographymatrix



canberecoveredthroughanof�ine calibration
procedure.This modelis adequatefor our imagingcon�gurationwherea camera
with a fairly wide �eld of view (approximately30 degrees)monitorsthe area
immediatelyin front of thevehicle(4 to 25meters).

The �rst stageof the lanerecognitionprocessis responsiblefor detectingand
localizingpossiblelanemarkerson eachrow of an input image.The lanemark-
ersaremodeledaswhite barsof a particularwidth againsta darker background.
Regionsin the imagethat satisfythis intensitypro�le canbe identi�ed through
a template-matchingproceduresimilar to the feature-detectionalgorithmsde-
scribedin Chapter4. It is importantto noticethatthewidth of thelanemarkersin
theimagechangeslinearlyasafunctionof thepixel row. Thismeansthatdifferent
templatesor featuredetectorsmustbeusedfor differentpixel rows.

Oncea setof candidatelanemarkershasbeenextracted,a robust �tting pro-
cedureis usedto �nd the best-�tting straight line throughthesepoints on the
imageplane.A robust�tting strategy is essentialin thisapplicationbecausein real
highwaytraf�c scenes,thefeatureextractionprocesswill almostalwaysgenerate
extraneousfeaturesthat arenot part of the lanestructure.Theseextra features
cancomefrom a varietyof sourcessuchasothervehicleson thehighway, shad-
ows or crackson theroadway, andotherroadmarkings.They canconfusenaive
estimationproceduresthatarebasedonsimpleleast-squarestechniques.8

The laneextractionsystemis able to processimagesfrom the video camera
at a rateof 30 framespersecondwith a latency of 57 milliseconds.This latency
refersto the interval betweenthe instantwhenthe shutterof the cameracloses
andtheinstantwhena new estimatefor thevehiclepositioncomputedfrom that
imageis availableto thecontrolsystem.This systemhasbeenusedsuccessfully
evenin thepresenceof dif�cult lanemarkingslike the“Bott' s dot” re�ectors on
aconcretesurface(seeFigure 12.4).

Oncethe lanemarkersareextractedfrom eachimageframe,the car's states
(position,heading,andvelocityrelativeto thelane)arerecoveredusingaKalman
�lter , as describedin this chapter. To improve the estimation,the Kalman �l-
ter can be designedand implementedin sucha way that the dynamicalmodel

8In thecurrentimplementation,theHoughtransformis usedfor line �tting.
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Figure12.4.Automaticlaneextraction(right) ona typical input image(left). (Courtesyof
C.J.Taylor.)

of the car is also accountedfor. These,however, are application-speci�cde-
tails thatarebeyond the scopeof this book,andinterestedreadersmay refer to
[Kosecḱaet al., 1997]. Therecoveredstateestimatesarethenusedto designstate
feedbacklaws for lateralcontrol.

Stereotrackingandrangeestimationfor longitudinalcontrol

Anothermodality of theautomatedvehicleis a longitudinalcontrol systemthat
combinesbothlaserradarandvision sensors,enablingthrottleandbrakecontrol
to maintainasafedistanceandspeedrelativeto acarin front.To properlyemploy
any longitudinalcontrollers,we needreliableestimatesof therangeof thecar in
front. To achievethis, thevisionsystemneedsto trackfeatureson thecarin front
over an extendedtime periodandsimultaneouslyestimatethe rangeof the car
from stereodisparityin theimagesof thesefeatures(seeFigure12.5).9

1 421...

Figure12.5.Examplestereopairsfrom atrackingsequence.(Courtesyof P. McLauchlan.)

Herewehaveaveryspecialstereoproblemathand:only therearof theleading
vehicle is visible to the camera,typically with little changein orientation(see
Figure12.5).Therefore,the3-D depthrelief in all visible featuresis very small,
andwe canassumethat from the rearof the vehicleto eachimageplaneis an
af�ne projectionof aplanarobject(almostparallelto theimageplane):
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9Althoughwedonot reallyneedstereofor lateralcontrol,stereois usedfor longitudinalcontrol.
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wherefor theleft andright viewsthematrix
Æ

is different,say
Æ

•

and
Æ

û , respec-
tively. Thesmallestrangeweconsiderin ourexperimentsis about10m, sothata
carof size2 m will spananangleof atmost iÑf

£

, furtherjustifying theassumption
of a (planar)af�ne projectionfrom sceneto image.Experimentalresultsareused
to validatethesesimplifying assumptions.

A major issuewith all reconstructiontechniquesis their relianceon high-
quality, essentiallyoutlier-free input data. We thereforeapply the RANSAC
algorithm,describedin Chapter11,to computein eachview alargesubsetof fea-
turematchesconsistentwith a singlesetof theaf�ne transformationparameters
(in theabove equation).Thestereomatchingbetweenthetwo views alsoadopts
a similar robustmatchingtechnique.Givena setof well-trackedor matchedfea-
tures,wecancomputetheircenterof massU

‰ in eachimage,theso-called�xation
point. The�xation point ideally shouldbevery robustto thelossor gainof indi-
vidual features.Therangeof the leadingcarcanberobustly estimatedfrom the
stereodisparityof the two �xation pointsin the two views. Sincefeature-based
robustmatchingis relatively time-consuming,this algorithmis currentlyrunning
at3 to 5 Hz dependingontheactualsizeof theregion(maximum i¤„�fÉt•iXf�f pixels
in our implementation)to whichcornerdetectionis applied.

A frame-rate(30Hz) performanceof theoverall tracker is achievedfrom coor-
dinatingtheabove robust trackingalgorithmwith a separatetrackingalgorithm:
a frame-ratetrackingandmatchingalgorithm,theso-calledcorrelator, basedon
normalizedcross-correlation(NCC)only (seeChapter4).Thetwo algorithmsrun
in parallelonseparateprocessors,andarecoordinatedin sucha way thatthecor-
relatoris alwaysusingan imageregion centeredat the latest�xation point. The
two processescommunicatewhenever the�xation algorithmhasa new outputto
passon.In addition,thelaserradarprovidesthe�xation algorithmwith theinitial
boundingboxesaroundthevehiclein front. Thus,theradarmaybeconsidereda
third layerof the tracker, which providesthesystemwith a greatdealof robust-
ness.If thecorrelatorfails for any reason(usuallydueto not �nding a matching
with ahighenoughcorrelationscore),it simplywaitsfor the�xation algorithmto
provideit with anew template/positionpair. If the�xation algorithmfails, thenit
alsomustwait for thelaserto provide it with a new boundingbox pair.

12.3.3 Systemtestresults

Figure12.5showssomeexampleimages,with thetrackingresultssuperimposed.
Thecornerfeaturesareshown assmallcrosses,whitefor thosematchedovertime
or in stereo,andblackfor unmatchedfeatures.Blackandwhitecircleindicatesthe
positionof the�xation point,whichideallyshouldremainatthesamepointonthe
car throughoutthesequence.White rectangledescribesthe latestestimateof the
boundingboxfor thecar. Images1 and2 show the�rst stereopair in thesequence,
wherethevehicleis close(about17 m) to thecameraandrangeestimatesfrom
stereodisparitymaybeexpectedto beaccurate.By contrastimages421and422
aretakenwhenthecar is about60 m away from thecamera(thelargestdistance
duringthegiventestsequence).We mayexpectthatdepthestimatesfrom stereo
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will beunreliable,sincethedisparityrelative to in�nity is lessthana few pixels
anddif�cult to measurein thepresenceof noise.However, it will still befeasible
to usethechangein apparentsizeto obtainreasonablerangeestimates.

We alsocomputethe rangeandbearingestimatedfrom the laserradarrange
�nder and plot them togetherwith the correspondingdatacollectedfrom the
vision algorithmsin Figures12.6 and12.7.Depth from stereois computedby
inverting the projectionof the �xation point at eachimagepair and�nding the
closestpoint of intersectionof thetwo resultingspacerays.10
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Figure12.6.Comparisonof rangeestimatesfrom laserradarandvision.
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Figure12.7.Comparisonof bearingestimatesfrom laserradarandvision (courtesyof P.
McLauchlan).

12.4 Visualfeedbackfor autonomoushelicopterlanding

In additionto its usein unmannedgroundvehicles(UGVs),vision is alsobecom-
ing a standardsensorin unmannedaerialvehicle(UAV) controlandnavigation,
either replacingor augmentingconventionalnavigation sensorssuchas gyro-
scopes,sonar, electroniccompass,and global positioningsystems(GPS).One

10Onecanalsousea bettertriangulationschemediscussedin Chapter5, at a highercomputational
cost.
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of themostimportantyet challengingtasksfor controllingUAVs is autonomous
landing or takeoff basedon visual guidanceonly. An autonomoushelicopter
shown in Figure 12.8 developedby researchersat the University of California
at Berkeley, theBerkeley Aerial Robot(BEAR) project,hasaccomplishedsuch
tasks.In this sectionwe describeits basiccomponents,systemarchitecture,and
performance.As in theprevioussection,thegoalhereis to providethereaderaba-
sicpictureabouthow to build anautonomoussystemthatutilizesvisualfeedback
in realtime.However, thedifferenceis thatherewegetto designtheenvironment,
i.e. thelandingpad.

Figure 12.8. Berkeley unmannedaerial vehicle test-bedwith on-boardvision system:
YamahaR-50 helicopter (left) with Sony pan/tilt camera(top right) and LittleBoard
computer(bottomright) hoveringabove a landingplatform(left).

12.4.1 Systemsetupandimplementation

Thehelicopteris a YamahaR-50(seeFigure12.8)onwhichwe havemounted:
‘

NavigationComputer: Pentium233MHzAmproLittleBoardrunningQNX
real-timeOS,responsiblefor low-level �ight control;

‘

Inertial Measurement Unit: NovAtel MillenRT2 GPS system (2 cm
accuracy) andBoeingDQI-NP INS/GPSintegrationsystem;

‘

Vision Computer: Pentium233MHz Ampro LittleBoard running Linux,
responsiblefor grabbingimages,visionalgorithmsandcameracontrol;

‘

Camera: Sony EVI-D30 Pan/Tilt/Zoom camera;
‘

Frame-Grabber: ImagenationPXC200for capturing“

j

füt

j

„�f resolution
imagesat 30Hz;

‘

WirelessEthernet: WaveLAN IEEE 802.11bfor communicationsbetween
thehelicopterandthemonitoringbasestation.
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The frame-grabbercapturesimagesat 30 Hz, which setsanupperboundon the
rateof estimatesfrom thevisionsystem.Theinterrelationshipof thishardwareas
it is mountedon theUAV is depictedin Figure12.9(left).
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Figure12.9.Left: Organizationof hardwareon the UAV. Right: Vision systemsoftware
�o w chart:imageprocessingfollowedby poseestimationandsubsequentcontrol.

12.4.2 Vision systemdesign

The vision systemsoftwareconsistsof two main stages:imageprocessingand
poseestimation,eachwith a sequenceof subroutines.Figure12.9(right) shows
a �o wchart of the algorithm. The helicopterposeestimationis a module that
takes as input the featuresextractedfrom the low-level imageprocessingand
returnsasoutputthehelicopterposerelativeto thelandingpad.This is aproblem
thathasbeenextensively discussedbeforein this book.11 We discusshow a cus-
tomizedlow-level imageprocessingmoduleis built in orderto meetthereal-time
requirement.

Thegoalof low-level imageprocessingis to locatethelandingtargetandthen
extractandlabelits featurepoints.Thisprocessis doneusingstandardthreshold-
ing techniques,sincetheshapeandappearanceof thelandingpatternareknown.

11For poseestimationfrom featuresof the landingpad,a Kalman�lter cancertainlybeused,and,
to obtain betterestimates,onecan also incorporatethe coplanarandsymmetryconstraintsamong
featureson thelandingpad.
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(a) landing target design
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Figure12.10.Landingtargetdesignandimageprocessing.Thetargetdesign(a) is made
for simplefeaturematching(b), robust featurepoint extraction(c), andsimpli�ed image
segmentation(d) to (g) (courtesyof Omid Shakernia).

In practice,theimageis thresholded,sothatonly thelight partsof thelandingtar-
getaredetected,andtheresultingmaskis comparedwith thestoredmodelof the
target.In orderto simplify theimageprocessing,thedesignof thelandingtarget
mustmake it easyto identify andsegmentfrom thebackground,providedistinc-
tive featurepoints,simplify featurematching,andallow for algorithmsthat can
operatein realtimeusingoff-the-shelfhardware.Figure12.10(a)showstheland-
ing targetdesign.Figure12.10(b) showsthefeaturepoint labelingonthecorners
of theinteriorwhitesquaresof thelandingtarget.Wechoosecornerdetection(see
Chapter4) over otherformsof feature-point-extractionbecauseit is simpleand
robust,andit providesa high densityof featurepointsper imagepixel area.We
choosesquaresoverother l -sidedpolygonsbecausethey maximizethequalityof
thecornersunderperspective projectionandpixel quantization.12 Moreover, our
particularorganizationof the squaresin the target allows for a straightforward
featurepoint matching,invariant of Euclideanmotion and perspective projec-
tion, aswe discussbelow. Color trackingwasalsoexploredasa cuefor feature

12Squaresalsohavenicesymmetry, whichcanbeusedto improveposeestimationusingtechniques
studiedin Chapter10.
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points;however, it wasfoundto benotrobustbecauseof thevariability of outdoor
lighting conditions.

Cornerdetection

The cornerdetectionproblemwe faceis highly structured:We needto detect
the cornersof four-sidedpolygonsin a binary image.The structurednatureof
theproblemallows us to avoid thecomputationalcostof a general-purposecor-
nerdetector. Thefundamentalinvariantin our customizedcornerdetectoris that
convexity is preserved underperspective projection.This implies that for a line
throughthe interior of a convex polygon,the setof points in the polygonwith
maximaldistancefrom eachsideof the line containat leasttwo distinctcorners
of the polygon.To �nd two arbitrarycornersof a four-sidedpolygon,we com-
putetheperpendiculardistancefrom eachedgepoint to thevertical line passing
throughthecenterof gravity of thepolygon.If thereis morethanonepoint with
maximaldistanceon a sideof the line, we choosethepoint that is farthestfrom
thecenterof gravity. We then�nd thethird cornerasthepoint of maximumdis-
tancefrom the line connectingthe �rst two corners.Finally, we �nd the fourth
cornerasthepoint of thepolygonwith maximumdistanceto thetrianglede�ned
by the�rst threecorners.Figure12.10(c) showstheoutputof thecornerdetection
algorithmona sampleimage.

Featurematching

To speedup thefeature-matchingprocess,we alsoexploit thedesignof theland-
ing pad.The speedupis basedon the fact that, like convexity, the ordering of
angles(not theanglesthemselves)amongimagefeaturesfrom a plane(theland-
ing pad)is alwayspreserved in viewing from onesideof theplane.To be more
speci�c, let Á
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. This propertyguaranteesthatcorrespondencematching
basedon counterclockwiseorderingof featurepointson theplanewill work for
any given imageof thosefeaturepoints.In particular, to identify the cornersof
a square,we calculatethe vectorsbetweenits cornersandthe centerof another
particularsquarein the landing target. Onesuchvectorwill always be �rst on
counterclockwiseordering,andweidentify theassociatedcornerthisway. Wede-
terminethelabelingof theremainingcornersby orderingthemcounterclockwise
from theidenti�ed corner.

12.4.3 Systemperformanceandevaluation

We now show theperformanceof the overall vision-basedlandingsystemfrom
a real �ight test that took placein early 2002: the UAV hoveredautonomously
above a stationarylandingpadwith thevision systemrunningin real time. The
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vision-basedstateestimateswereusedby thesupervisorycontroller(atanupdate
rateof 10 Hz) to commandtheUAV to hoverabove thelandingtarget,makingit
a truly closed-loopvision-controlled�ight experiment.Stateestimatesfrom the
INS/GPSnavigationsystemweresynchronouslygatheredonly for comparison.
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Figure12.11.Comparinga vision-basedmotion estimationalgorithmwith inertial navi-
gationsystemmeasurementsin a real �ight test (courtesyof Omid ShakerniaandReńe
Vidal).

Figure12.11shows the resultsfrom this �ight test,comparingthe outputof
the vision-basedmotion estimationalgorithmwith the measurementsfrom the
INS/GPSnavigationsystemonboard(which areaccurateto within 2 cm). Over-
all, thevision algorithmachievesanestimateof thehelicopter'spositionwith an
error lessthan5 cm andorientationlessthan „ degrees,andits performanceis
still beingimprovedby implementingtheestimationalgorithmswithin a �ltering
framework.

Furtherreadings

TheKalman-Bucy �lter [Kalman,1960, Bucy, 1965] providesanoptimalstatees-
timatorfor linear(stochastic)dynamicalsystems.Its extensionsto nonlinearsys-
temsareoftenreferredto asextendedKalman�lters (EKF). AppendixB givesa
brief review, andwerecommendthebookof [Jazwinski,1970] for moredetailson
thissubject.Therehasbeena longhistoryof usingKalman�lters for solvingmo-
tion estimationproblemsin computervision(see[DickmannsandGraefe,1988b,
BroidaandChellappa,1986a, Matthieset al., 1989, Broidaetal., 1990], or more
recently [Soattoet al., 1996] and referencestherein).The methodpresentedin
this chapteris due to the work of [Chiusoetal., 2002, Favaroetal., 2003], and
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the implementationof the systemis also publicly available at the website:
http://vision.ucla.edu/ .

Theuseof vision-basedsystemsfor driving carsonhighwaysdatesbackto the
1980sin theworkof Dickmannsandhiscoworkers[DickmannsandGraefe,1988a,
DickmannsandGraefe,1988b] and some of their later work in the 1990s
[DickmannsandChristians,1991, DickmannsandMysliwetz,1992]. An exten-
sive survey of their new EMS vision systemfor autonomousvehiclescan be
found in [Gregoret al., 2000, Hofmanet al., 2000]. The approachpresentedin
this chapteris due to the work of [Malik et al., 1998], aspart of the California
PATH program.More recentupdateson this projectcanbefoundat thewebsite:
http://www.path.berkeley.edu/ .

Since the work of [Samsonetal., 1991, Espiauetal., 1992], there has been
a signi�cant increaseof interestin vision-basedcontrol techniquesfrom both
the control and robotics communities.See[Hutchinsonet al., 1996] for a re-
view of the state of the art for vision-basedcontrol as of 1996. In re-
cent years, vision has becomeone of the standardsensorsfor autonomous
groundor aerialvehicles(UGVsor UAVs) [Dickmanns,1992, Dickmanns,2002,
Shakerniaetal., 1999]. The resultspresentedin this chapteron helicopterland-
ing aredueto [Sharpet al., 2001, Shakerniaetal., 2002], aspartof theBerkeley
Aerial Robotproject,startedin 1996.Live demonstrationsof autonomousheli-
copterstakingoff, cooperating,andlandingareavailableat theprojectwebsite:
http://robotics.eecs.berkeley.edu/ bear/ .
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BasicFactsfrom LinearAlgebra

Algebra is verygenerous:sheoftengivesmore thanis askedfor.
– Jeand'Alembert

We assumethat thereaderalreadyhasbasictraining in linearalgebra.1 This ap-
pendixprovidesa brief review of someof theimportantfactsthatareusedin this
book.For a morecompleteintroduction,thereadershouldresortto a booksuch
as[Strang,1988].

In this book,we dealmostlywith �nite-dimensional(typically two-, three-,or
four-dimensional)linear spaces, whicharealsooftencalledlinearvectorspaces.
For generality, we considerthe linearspaceto be l -dimensional.A linearspace
is typically denotedby the letter Ì (for “vectorspace”).Although mostof the
timewewill dealwith vectorsof realnumbers] , occasionally, wewill encounter
vectorsof complex numbers2 Í . For simplicity, our review will beconductedfor
linear spacesover the �eld ] of real numberswith the understandingthat most
de�nitions andresultsgeneralizeto thecomplex casewith little change.

De�nition A.1 (A linear spaceor a vector space). A set(of vectors) Ì is con-
sidered a linear spaceover the �eld ] if its elements,called vectors, are closed
under two basic operations: scalar multiplication and vector summation“ ï .”
That is, givenany two vectors

�

8

V

�

:

[ÎÌ and any two scalars
�

V(?

[)] , the
linear combination

�

d

���

8

ï

?

�

:

is also a vectorin Ì . Furthermore, thead-

1Somefamiliarity with thenumericalsoftwareMatlabis alsoencouraged.
2For instance,theeigenvaluesor eigenvectorsof a realmatrix couldbecomplex.
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dition is commutativeandassociative, it hasan identity f , andeach elementhas
an inverse, “

°&�

,” such that
�

ï

+m°&�.-

dºf . Thescalar multiplication respects
thestructure of ] ; i.e.

��+

?

-g�

d

+ �

?

-6�

, i

�

d

�

and f

�

dÓf . Theadditionand
scalarmultiplicationare relatedby thedistributive laws:

+%�

ï

?

-6�

d

���

ï

?

�

and
��+`�

ï

n>-

d

�'�

ï

��n

.

For example, ]nY is a linear spaceover the �eld of real numbers] . To be
consistent,we alwaysusea columnto representavector:

z

x

8

V

x

:

V4W4WXW1V

x

Y

{

a

d

‰̂

‰

‰

Š

x

8

x

:

...
x

Y

ŒŽ•

•

•

•

[©]

Y

V (A.1)

where
z

x

8

V

x

:

V4W4WXW1V

x

Y

{

a

means“the (row) vector
z

x

8

V

x

:

V4W4WXW1V

x

Y

{ transposed.”
Given two scalars

�

V"?

[ ] and two vectors
�

8

d

z

x

8

V

x

:

VXW4W4W4V

x

Y

{

a

[’]ZY

and
�

:

d

z

y

8

V

y

:

V4W4WXW1V

y

Y

{

a

[ ]nY , their linear combinationis a componentwise
summationweightedby

�

and ? :
�'�

8

ï

?

�

:

d

��z

x
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:

V4WXW4W1V
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�

x

:
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�

x

Y

ï
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a
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A.1 Basicnotionsassociatedwith a linearspace

We will now providea brief review of basicnotionsandfrequentlyusednotation
associatedwith a linearvectorspaceÌ (i.e. ]×Y ).

A.1.1 Linear independenceandchangeof basis

De�nition A.2 (Subspace).A subset
‡

of a linearspaceÌ is calledasubspaceif
thezero vector f is in

‡

and
�

É

8

ï

?

É

:

[

‡

for all
�

V(?

[^] and
É

8

V

É

:

[

‡

.

De�nition A.3 (Spannedsubspace).Givena setof vectors ¸±d ë

�

b

ó

‹

bvä

8

, the
subspacespannedby ¸ is thesetof all �nite linear combinations

r

‹

bcä

8

�

b

�

b

for
all

�

8

V

�

:

V4WXW4W1V

�

‹

[\] . Thissubspaceis usuallydenotedbyspan
+

¸

-

.

For example, the two vectors
�

8

d

z

i

V

f

V

fæ{

a

and
�

:

d

z

i

V

i

V

f�{

a

spana
subspaceof ]

< whosevectorsareof thegeneralform
�

d

z

x

V

y

V

f�{

a

.

De�nition A.4 (Linear independence).A setof vectors ¸yd)ë

�

b

ó

‹

bvä

8

is linearly
independentif theequation

�

8

�

8

ï

�

:

�

:

ïqº2º�ºÑï

�

‹

�

‹

d�f

implies
�

8

d

�

:

d]º�º�º.d

�

Y

d�f

W
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On theotherhand,a setof vectors ë

�

b

ó

‹

bvä

8

is saidto be linearly dependentif
thereexist

�

8

V

�

:

WXW4WXV
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‹

[\] notall zerosuchthat
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�
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ï
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‹
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W

De�nition A.5 (Basis). A setof vectors Ï±d�ë

/

b

ó…Y

bcä

8

of a linear spaceÌ is said
to bea basisif Ï is a linearly independentsetand Ï spanstheentire spaceÌ ;
i.e. Ì�d span

+

Ï

-

.

Fact A.6 (Propertiesof a basis). SupposeÏ and ÏiÜ are two basesfor a linear
spaceÌ . Then:

1. Ï and Ï Ü containexactlythesamenumberof linearly independentvectors.
Thisnumber, say l , is thedimensionof thelinear spaceÌ .

2. Let Ïôd ë

/

b

óÑY

bvä

8

and Ï Ü|d÷ë

/

Ü

b

óÑY

bvä

8

. Theneach basisvectorof Ï canbe
expressedasa linear combinationof thosein Ï

Ü ; i.e.
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Ü
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r

/

Ü
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,

Y
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Ü
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Ü
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V (A.2)

for some
,

b r

[^]

Võg�V

x^d�i

V�jTVXW4W4W4Vml .

3. Any vector
�

[ÐÌ can be written as a linear combinationof vectors in
eitherof thebases:
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Ü
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where the coef�cients ë

x

b

[ ]ÉóÑY

bvä

8

and ë

x

Ü

b

[ ]ÉóÑY

bvä

8

are uniquely
determinedandarecalledthecoordinatesof

�

with respectto each basis.

In particular, if Ï and ÏLÜ aretwo basesfor the linear space]cY , we may put
thebasisvectorsascolumnsof two l

t

l matricesandalsocall them Ï and ÏnÜ ,
respectively:
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Ü
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Thenwe canexpresstherelationshipbetweenthemin thematrix form Ï d]ÏiÜ

Æ

as

z /
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Ü
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Š
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Theroleof the l

t

l matrix
Æ

is to transformonebasis( ÏLÜ ) to theother( Ï ). Since
sucha transformationcango theoppositeway, thematrix

Æ

mustbe invertible.
Sowe canalsowrite ÏLÜOd Ï

Æ

®;8 .
If

�

is a vector in Ì , it canbe expressedin termsof linear combinationsof
eitherbasisas
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Ü
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W (A.6)



444 AppendixA. BasicFactsfrom LinearAlgebra

Thus,we have
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Ü
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Sincethecoordinatesof
�

with respectto ÏLÜ areunique,we obtainthefollowing
transformationof coordinatesof avectorfrom onebasisto theother:
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Let x
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[©]ZY denotethetwo
coordinatevectors.We maysummarizein matrix form therelationshipsbetween
two basesandcoordinateswith respectto thebasesas
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d Ï
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Beawareof thedifferencein transformingbasesfromtransformingcoordinates!

A.1.2 Innerproductandorthogonality

De�nition A.7 (Inner product). A function
Ñ
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ºÓÒç¼Ï]
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½ ]

is an innerproduct3 if
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For each vector
�

, Ô

Ñ �

V

�

Ò is calledits norm.

Theinnerproductis alsocalledametric, sinceit canbeusedto measurelength
andangles.

For simplicity, a standardbasisis oftenchosenfor thevectorspace]
Y asthe

setof vectors
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Thematrix

¢

d

z




8

V




:

VXW4W4W4V




Y

{ with thesevectorsascolumnsis exactly the l

t

l

identitymatrix.

3In someliterature,aninnerproductis alsocalledadotproduct, denotedby +

•`/ . However, in this
book,wewill notusethatname.
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De�nition A.8 (Canonical inner product on ]cY ). Givenany two vectors x
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in ]nY , wede�ne thecanonicalinner
productto be
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Thisinnerproductinducesthestandard2-norm, or Euclideannorm, W�º®W

:

, which
measuresthelengthof each vectoras
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Noticethatif we chooseanotherbasisÏLÜ relatedto theabovestandardbasis
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, thenthecoordinatesof thevectorsx
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We denotethis expressionof theinnerproductwith respectto thenew basisby
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This is calledan inducedinner productfrom thematrix
Æ

. Knowing thematrix
Æ

®

a

Æ

®;8 , wecancomputethecanonicalinnerproductdirectlyusingcoordinates
with respectto thenonstandardbasisÏLÜ .

De�nition A.9 (Orthogonality). Two vectors x

V

y

are said to be orthogonal if
their innerproductis zero:
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Ò|d�f . Thisis oftenindicatedas xØ×

y

.

A.1.3 Kronecker productandstack of matrices

De�nition A.10(Kr onecker product of two matrices). Giventwomatrices
Æ
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If
Æ

and Ï are twovectors, i.e. l

d]Ù;d)i , theproduct
Æ

�

Ï is alsoa vectorbut
of dimension†H¡ .

In Matlab, one can easily compute the Kronecker product by using the
commandC = kron(A,B) .

De�nition A.11 (Stack of a matrix). Givenan †¨t

l matrix
Æ

[ ]

‹Ù~

Y , the
stackof thematrix
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is a vector, denotedby
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î , in ]
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Y obtainedby stacking its
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l columnvectors,say
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As mutually inverse operations,
Æ

î is called
Æ

“stacked,” and
Æ

is called
Æ

î

“unstacked.”

TheKroneckerproductandstackof matricestogetherallow usto rewrite alge-
braic equationsthat involve multiple vectorsandmatricesin many differentbut
equivalentways.For instance,theequation
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for two vectors
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anda matrix
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of properdimensionscanberewrittenas
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The secondequationis particularlyusefulwhen
Æ

is the only unknown in the
equation.

A.2 Lineartransformationsandmatrix groups

Linearalgebrastudiesthepropertiesof thelinear transformations, or linear maps,
betweendifferentlinearspaces.Sincesuchtransformationscanberepresentedas
matrices,linearalgebrato a largeextentstudiesthepropertiesof matrices.

De�nition A.12 (Linear transformation). A lineartransformationfroma linear
(vector)space]
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The g th columnof thematrix
Æ

is thennothingbut theimageof thestandardbasis
vector 
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�eld ] ). That is, matricesin Ú

+

l

-

areclosedunderboth matrix multiplication
andsummation:If
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Ï aretwo l

t

l matrices,soare —�d

Æ

Ï and �÷d

Æ

ï•Ï .
Linear mapsor matricesthat we encounterin computervision often have a

specialalgebraicstructurecalleda group.

De�nition A.13 (Group). A group is a set ¹ with an operation “ Ü ” on the
elementsof ¹ that:‘

is closed: If ©

8

V

©

:

[�¹ , thenalso ©

8

Ü

©

:

[�¹ ;‘

is associative:
+

©

8

Ü

©

:

-

Ü

©

<

d

©

8

Ü

+

©

:

Ü

©

<

-

, for all ©

8

V

©

:

V

©

<

[�¹ ;‘

hasaunit element
 : 
~Ü

©

d

©

ÜM
ùd

© , for all ©

[�¹ ;‘

is invertible: For every element©

[»¹ , there existsan element©

®>8

[»¹

such that ©

Ü

©

®;8

d

©

®>8

Ü

©

dc
 .

De�nition A.14 (The general linear group ¹

5

+

l

-

). Thesetof all l

t

l non-
singular (real) matriceswith matrix multiplication formsa group.Such a group
of matricesis usuallycalledthegeneral linear groupanddenotedby ¹

5

+

l

-

.

De�nition A.15 (Matrix representationof a group). A group ¹ hasa matrix
representationor can be realizedas a matrix group if there exists an injective
map4 Ý

¼�¹ ½Ž¹

5

+

l

-

�

©ßÞ

½

Ý

+

©

-

V

which preservesthegroupstructure5 of ¹ . That is, the inverseandcomposition
of elementsin ¹ arepreservedby themapin thefollowingway:Ý

+




-

d

¢

Y

~

Y

V

Ý

+

©

Ü~\

-

d

Ý

+

©

-

Ý

+

\

-

V u

©

V

\\[�¹

W (A.19)

Below, weidentify afew importantsubsetsof Ú

+

l

-

thathavespecialalgebraic
structures(asexamplesof matrixgroups)andniceproperties.

Thegroup ¹

5

+

l

-

itself canbeidenti�ed asthesetof all invertiblelineartrans-
formationsfrom ]cY to ]ZY in the sensethat for every

Æ

[ ¹

5

+

l

-

, we obtaina
linearmap

5

¼Ï]

Y

½ ]

Y

�

xØÞ

½

Æ

x

W (A.20)

Noticethatif
Æ

[�¹

5

+

l

-

, thensois its inverse:
Æ

®;8

[�¹

5

+

l

-

. Weknow thatan
l

t

l matrix
Æ

is invertibleif andonly if its determinantis nonzero.Therefore,
wehave

�V	��

+

Æ

-

w

d�f

V%u

Æ

[�¹

5

+

l

-

W (A.21)

Thegenerallineargroup,whenmatricesareconsideredto be known only up to
a scalarfactor, ¹

5

+

l

-ÚÙ

] , is referredto asthe projectivetransformationgroup,
whoseelementsarecalledprojectivematricesor homographies.

4A map • Æ‘• É is calledinjectiveif •¦ÆvÿýÉ.à �••¦Æ)�^É aslong as ÿáà �ï� .
5Suchamapis calledagrouphomomorphismin algebra.



448 AppendixA. BasicFactsfrom LinearAlgebra

Matricesin ¹

5

+

l

-

of determinantïñi form asubgroupcalledthespeciallinear
group, denotedby ¸

5

+

l

-

. Thatis, �V	��

+

Æ

-

d�ïñi for all
Æ

[C¸

5

+

l

-

. It is easyto
verify thatif

Æ

[�¸

5

+

l

-

, thensois
Æ

®;8 , since �V	��

+

Æ

®;8

-

dc�V	��

+

Æ

-

®;8 .

De�nition A.16 (The af�ne group
Æ

+

l

-

). An af�ne transformation
5

from ]×Y

to ]ZY is de�nedjointly bya matrix
Æ

[�¹

5

+

l

-

anda vector
/

[\]×Y such that
5

¼�]

Y

½ ]

Y

�

x•Þ

½

Æ

x

ï

/

W (A.22)

Thesetof all such af�ne transformationsis called theaf�ne groupof dimension
l andis denotedby

Æ

+

l

-

.

Notice that the map
5

so-de�nedis not a linear mapfrom ] Y to ] Y unless
/

d�f . Nevertheless,wemay“embed”thismapinto aspaceonedimensionhigher
so that we can still representit by a single matrix. If we identify an element

x

[�]

Y with §

Q

Ý

ª

[©]

Y

ú98 ,6 then
5

becomesa mapfrom ]

Y

ú98 to ]

Y

ú98 in the

following sense:

5

¼�]

Y

ú98

½¨]

Y

ú98

�

§

x

i

ª

Þ

½ §

Æ

/

f i

ª

§

x

i

ª

W (A.23)

Thus,a matrixof theform

§

Æ

/

f i

ª

[^]
­

Y

ú98m¯õ~

­

Y

ú98¥¯

V

Æ

[�¹

5

+

l

-

V

/

[^]

Y

V (A.24)

fully describesan af�ne map,andwe call it an af�ne matrix. This matrix is an
elementin thegenerallineargroup ¹

5

+

l

ï�i

-

. In this way,
Æ

+

l

-

is identi�ed as
a subset(andin facta subgroup)of ¹

5

+

l

ï�i

-

. Themultiplicationof two af�ne
matricesin theset

Æ

+

l

-

is

§

Æ

8

/

8

f i

ª

§

Æ

:

/

:

f i

ª

d §

Æ

8

Æ

:

Æ

8

/

:

ï

/

8

f i

ª

[\]É­

Y

ú98¥¯�~

­

Y

úZ8¥¯

V (A.25)

which is also an af�ne matrix in
Æ

+

l

-

and representsthe compositionof two
af�ne transformations.

Given ]nY andits standardinnerproductstructure,
Ñ

x

V

y

Ò d

x

a

y

V¥u

x

V

y

[}]nY ,
let us considerthe set of linear transformations(or matrices)that preserve the
innerproduct.

De�nition A.17 (The orthogonal group À

+

l

-

). An l

t

l matrix
Æ

(represent-
ing a linear mapfrom ]cY to itself) is called orthogonalif it preservesthe inner
product,i.e.

Ñ

Æ

x

V

Æ

y

Ò|d

Ñ

x

V

y

Ò

Víu

x

V

y

[\]

Y

W (A.26)

Thesetof all l

t

l orthogonalmatricesformstheorthogonalgroupof dimension
l , andit is denotedby À

+

l

-

.

6This is the so-calledhomogeneousrepresentationof ÿ . Notice that this identi�cation doesnot
preserve thevectorstructureof ˜

_

.
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Obviously, À

+

l

-

is a subset(and in fact a subgroup)of ¹

5

+

l

-

. If
�

is an
orthogonalmatrix, we musthave

�

a

�

d

� �

a

d

¢

. Therefore,theorthogonal
group À

+

l

-

canbecharacterizedas

À

+

l

-

dÛë

�

[�¹

5

+

l

-

ì

�

a

�

d

¢

ó

W (A.27)

Thedeterminant�V	��

+

�

-

of anorthogonalmatrix
�

canbeeither ïñi or
°

i . The
subgroupof À

+

l

-

with determinantïñi is called the specialorthogonal group
andis denotedby ¸ÁÀ

+

l

-

. That is, for any
�

[Š¸ÁÀ

+

l

-

, we have �
	��

+

�

-

d ïñi .
Equivalently, onemayde�ne ¸ÁÀ

+

l

-

astheintersectioņjÀ

+

l

-

d•À

+

l

-��

¸

5

+

l

-

.
In thecasel

d “ , thespecialorthogonalmatricesareexactly the “vt€“ rotation
matrices(studiedin Chapter2).

Theaf�ne versionof theorthogonalgroupgivestheEuclidean(transformation)
group:

De�nition A.18 (The Euclidean group º

+

l

-

). A Euclideantransformation
5

from ]nY to ]nY is de�nedjointly bya matrix
�

[÷À

+

l

-

anda vector
�

[©]cY such
that

5

¼Ï]

Y

½ ]

Y

�

xFÞ

½

�

x

ï

�

W (A.28)

Thesetof all such transformationsis calledtheEuclideangroupof dimensionl

andis denotedby º

+

l

-

.

Obviously, º

+

l

-

is a subgroupof
Æ

+

l

-

. Therefore,it canalsobe embedded
into aspaceone-dimensionhigherandhasamatrix representation

§

�

�

f i

ª

[^]
­

Y

ú98m¯õ~

­

Y

ú98¥¯

V

�

[�À

+

l

-

V

�

[©]

Y

W (A.29)

If
�

furtherbelongsto ¸ÁÀ

+

l

-

, suchtransformationsform thespecialEuclidean
group, which is traditionallydenotedby ¸

º

+

l

-

. When l

d “ , ¸

º

+

“

-

represents
theconventionalrigid-bodymotionin ]

< , where
�

is therotationof a rigid body
and

�

is thetranslation(with respectto a chosenreferencecoordinateframe).
Since all the transformationgroups introducedso far have natural matrix

representations,they are matrix groups.7 To summarizetheir relationships,we
have

¸ÁÀ

+

l

-

S À

+

l

-

S ¹

5

+

l

-

V

¸

º

+

l

-

S

º

+

l

-

S

Æ

+

l

-

SÛ¹

5

+

l

ï�i

-

W (A.30)

A.3 Gram-SchmidtandtheQRdecomposition

A matrix in ¹

5

+

l

-

has l independentrows (or columns).A matrix in À

+

l

-

has
orthonormalrows(or columns).TheGram-Schmidtprocedurecanbeviewedasa
mapfrom ¹

5

+

l

-

to À

+

l

-

, for it transformsa nonsingularmatrix into anorthog-
onalone.Call â

ú

+

l

-

thesubsetof ¹

5

+

l

-

consistingof lower triangularmatrices

7Sincethesegroupsthemselvesadmitadifferentialstructure,they belongto theLie groups.
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with positive elementsalong the diagonal.Suchmatricesform a subgroupof
¹

5

+

l

-

.

TheoremA.19 (Gram-Schmidt procedure). For every
Æ

[�¹

5

+

l

-

, thereexists
a lower triangular matrix

5

[}]cY

~

Y andan orthogonalmatrix º

[MÀ

+

l

-

such
that

Æ

d

5

º

W (A.31)

Proof. Contraryto the convention of the book, for simplicity in this proof all
vectorsindicaterow vectors.That is, if

�

is an l -dimensionalrow vector, it is
of the form:

�

d

z �

8

V

�

:

V4WXW4W1V

�

Y

{s[ ]nY . Denotethe g th row vectorof the given
matrix

Æ

by
,

b

for g

d’i

V�jTVXW4W4W4Vml . The proof consistsin constructing
5

and º

iteratively from therow vectors
,

b

:

Ù

8

W

d

,

8

°

½ 


8

W

d Ù

8

Ù

WMÙ

8

W

:

V

Ù

:

W

d

,

:

°fÑ�,

:

V




8

Òg


8

°

½ 


:

W

d Ù

:

Ù

WMÙ

:

W

:

V

...
...

...
...

...
Ù

Y

W

d

,

Y

°

r

Y

®>8

bcä

8

Ñ3,

b

úZ8

V




b

Òg


b

°

½ 


Y

W

d Ù

Y

Ù

WMÙ

Y

W

:

W

Then º

d

z




a

8

V4WXW4WXV




a

Y

{

a

, andthematrix
5

is obtainedas

5

d

‰̂

‰

‰

Š

WdÙ

8

W

:

f

WXW4W

f

Ñ3,

:

V




8

Ò WMÙ

:

W

:

WXW4W

f

...
...

...
...

Ñ3,

:

V




8

Ò º2º�º

Ñ3,

Y

V




Y

®>8

Ò WdÙ

Y

W

:

ŒŽ•

•

•

•

W

By constructionº is orthogonal;i.e. º�º

a

d

º

a

º

d

¢

.

Remark A.20. The Gram-Schmidt's procedure has the peculiarity of being
causal, in the sensethat the g th row of the transformedmatrix º dependsonly
uponrows with index x

«

g of the original matrix
Æ

. The choiceof the name
º for the orthogonal matrix above is not accidental.In fact, we will view the
Kalman�lter (to bereviewedin thenext appendix)asa wayto performa Gram-
Schmidtorthonormalizationin a specialHilbert space, andtheoutcomeº of the
procedure is traditionally calledtheinnovation.

Therearea few usefulvariationsto Gram-Schmidtprocedure.By transposing
Æ

d

5

º , we get
Æ

a

d

º

a

5

a

W

d

!

�

. Notice that
�

d

5

a

is an uppertri-
angularmatrix. Thus,by applyingGram-Schmidtprocedureto the transposeof
a matrix, we canalsodecomposeit into the form

!

�

where
!

is anorthogonal
matrix and

�

anuppertriangularmatrix. Sucha decompositionis calledtheQR
decomposition. In Matlab,this canbedoneby thecommand[Q,R] = qr(A) .
Furthermore,by inverting

Æ

a

d

º

a

5

a

, we get
Æ

®

a

d

5

®

a

º

W

d z

º . Notice
that z d

5

®

a

is still anuppertriangularmatrix. Thus,we canalsodecompose
any matrix into theform of anuppertriangularmatrix followedby anorthogonal
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one.The latter oneis the kind of “QR decomposition”we usein Chapter6 for
cameracalibration.

A.4 Range,null space(kernel),rankandeigenvectors
of a matrix

Let
Æ

bea general†¨t

l matrix thatalsoconvenientlyrepresentsa linearmap
from thevectorspace]cY to ]

‹ .

De�nition A.21 (Range,span, null space,and kernel). De�ne the rangeor
spanof

Æ

, denotedby range
+

Æ

-

or span
+

Æ

-

, to bethesubspaceof ]

‹ such that
y

[ range
+

Æ

-

if andonly if

y

d

Æ

x for somex

[^]cY . De�ne thenull spaceof
Æ

,
denotedbynull

+

Æ

-

, to bethesubspaceof ]×Y such that x

[ null
+

Æ

-

if andonly if
Æ

x

d�f . When
Æ

is viewedasanabstract linear map,null
+

Æ

-

is alsoreferredto
asthekernelof themap,denotedbyker

+

Æ

-

.

Noticethattherangeof amatrix
Æ

is exactly thespanof all its columnvectors;
thenull spaceof a matrix

Æ

is exactly thesetof vectorswhich areorthogonalto
all its row vectors(for a de�nition of orthogonalvectorsseeDe�nition A.9). The
notionof rangeor null spaceis usefulwhenever thesolutionto a linearequation
of theform

Æ

x

d

/

is considered.In termsof rangeandnull space,this equation
will have a solution if

/

[ range
+

Æ

-

and will have a uniquesolution only if
null

+

Æ

-

d]ã (theemptyset).
In Matlab,thenull spaceof amatrix

Æ

canbecomputedusingthecommandZ
= null(A) .

De�nition A.22 (Rank of a matrix). Therankof amatrix is thedimensionof its
range:

rank
+

Æ

-

W

dc�

!

±

+

range
+

Æ

-m-

W (A.32)

Fact A.23 (Propertiesof matrix rank). For an arbitrary †¨t

l matrix
Æ

, its
rankhasthefollowingproperties:

1. rank
+

Æ

-

d

l

°

dim
+

null
+

Æ

-õ-

.

2. f

«

rank
+

Æ

-¬«

±

!$#

ëÑ†

Võl

ó .

3. rank
+

Æ

-

is equalto themaximumnumberof linearly independentcolumn
(or row)vectorsof

Æ

.

4. rank
+

Æ

-

is thehighestorderof a nonzero minor8 of
Æ

.

5. Sylvester's inequality: Let Ï bean l

t9¡ matrix. Then
Æ

Ï is an † t9¡

matrix and

rank
+

Æ

-

ï rank
+

Ï

-R°

l

«

rank
+

Æ

Ï

-¬«

±

!)#

ë rank
+

Æ

-

V rank
+

Ï

-

ó

W (A.33)

8A minorof order § is thedeterminantof a §ÍÌÃ§ submatrixof ä .
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6. For anynonsingularmatrices— [^]

‹•~k‹ and � [^]nY

~

Y , wehave

rank
+

Æ

-

d rank
+

—

Æ

�

-

W (A.34)

In Matlab,therankof amatrix
Æ

is just rank(A) .

De�nition A.24 (Orthogonal complementto a subspace).Givena subspacȩ
of ]ZY , we de�ne its orthogonalcomplementto be the subspacȩË�ùò±]nY such
that x

[÷¸j� if andonly if x

a

y

d�f for all

y

[÷¸ . We write ]nY‘d“¸æåd¸j� .

Thenotionof orthogonalcomplementis usedin thisbookto de�ne the“coim-
age”of animageof apointor a line. Also, with respectto any linearmap

Æ

from
]ZY to ]

‹ , thespace]nY canbedecomposedasadirectsumof two subspaces,

]

Y

d null
+

Æ

-

å null
+

Æ

-

�

V

and ]

‹ canbedecomposedsimilarly as

]

‹

d range
+

Æ

-

å range
+

Æ

-

�

W

We alsohavethefollowing not soobviousrelationships:

TheoremA.25. Let
Æ

bea linear mapfrom ]
Y to ]

‹ . Then:

(a) null
+

Æ

-

�yd range
+

Æ

a

-

,

(b) range
+

Æ

-

�yd null
+

Æ

a

-

,

(c) null
+

Æ

a

-

d null
+

ÆtÆ

a

-

,

(d) range
+

Æ

-

d range
+

ÆtÆ

a

-

.

Proof. To provepart
2

: null
+

ÆtÆ

a

-

d null
+

Æ

a

-

, wehave‘

ÆtÆ

a

x

d f�ç

Ñ

x

V

ÆtÆ

a

x

Ò�d W

Æ

a

x

W

:

d!f�ç

Æ

a

x

d!f , hence
null

+

ÆtÆ

a

-

ò null
+

Æ

a

-

.‘

Æ

a

x

d�f,ç

ÆtÆ

a

x

d�f ; hencenull
+

Æ�Æ

a

-

õ

null
+

Æ

a

-

.

To prove part é , range
+

ÆtÆ

a

-

d range
+

Æ

-

, we �rst needto prove that ]cY is a
directsumof range

+

Æ

a

-

andnull
+

Æ

-

, i.e. part
,

of the theorem.Part
/

canthen
be proved similarly. We prove this by showing that a vector x is in null

+

Æ

-

if
andonly if it is orthogonalto range

+

Æ

a

-

: x

[ null
+

Æ

-

ƒ

Ñ

Æ

x

V

y

Ò d f

VŸu

y

ƒ

Ñ

x

V

Æ

a

y

Ò•dÓf

V¥u

y

. Hencenull
+

Æ

-

is exactly thesubspacethat is theorthogonal
complementto range

+

Æ

a

-

(denotedby range
+

Æ

a

-

� ). Therefore,]cY is a direct
sumof range

+

Æ

a

-

andnull
+

Æ

-

. Now to completeourproofof part é , let Img
Ö

+

¸

-

denotethe imageof a subspacȩ underthemap
Æ

. Thenwe have range
+

Æ

-

d

Img
Ö

+

]ZY

-

d Img
Ö

+

range
+

Æ

a

-m-

d range
+

ÆtÆ

a

-

(in thesecondequalityweused
the fact that ]nY is a direct sumof range

+

Æ

a

-

andnull
+

Æ

-

). Theserelationsare
depictedby FigureA.1.

In fact,thesameresultholdsevenif thedomainof thelinearmap
Æ

is replaced
by anin�nite-dimensionallinearspacewith aninnerproduct(i.e. ]|Y is replaced
by a Hilbert space).In that case,this theoremis also known as the �nite-r ank
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PSfragreplacements

�

�

Æ

Æ

a

]cY

]

‹ range
+

Æ

-

range
+

Æ

a

-

null
+

Æ

-

null
+

Æ

a

-

FigureA.1. Theorthogonaldecompositionof thedomainandcodomainof a linearmap Õ .

operator fundamentallemma[Callier andDesoer, 1991]. We will later usethis
result to prove the singularvaluedecomposition.But alreadyit implies a result
thatis extremelyusefulin thestudyof multiple-view geometry:

Lemma A.26 (Rank reduction lemma). Let
Æ

[ã]
Y

~

Y bea matrix andlet
‡

bea matrix of theform

‡

d
§

– f

Æ

Ï

ÆtÆ

a

ª

[^]É­

‹¬ú

Y

¯õ~

­

ß

ú

Y

¯ (A.35)

for somematrices–![\]

‹•~

ß

and Ï [©]
Y

~

ß

. Then,regardlessof what Ï is, we
alwayshave

rank
+

–

-

d rank
+

‡

-c°

rank
+

Æ

-

W (A.36)

Theproof is easyusingthefact range
+

Æ

Ï

-

ò range
+

Æ

-

d range
+

ÆtÆ

a

-

with
thesecondidentity from theprevioustheorem,andwe leave therestof theproof
to thereaderasanexercise.

A linearmapfrom ]cY to itself is representedby a squarel

t

l matrix
Æ

. For
sucha map,we sometimesareinterestedin subspacesof ]

Y thatare“invariant”
underthemap.9 This notionturnsout to becloselyrelatedto theeigenvectors of
thematrix

Æ

.

De�nition A.27 (Eigenvaluesand eigenvectorsof a matrix). Let
Æ

bean l

t

l

complex matrix10 in Í

Y

~

Y . A nonzero vector
�

[

Í

Y is said to be its (right)
eigenvectorif

Æ

�

d

Ú

�

(A.37)

9More rigorouslyspeaking,asubspaceÎéèe˜

_

is ä -invariantif äjÆSÎ�ÉŠê�Î .
10Although ä will mostly be a real matrix in this book, to talk aboutits eigenvectors,it is more

convenientto think of it asacomplex matrix (with all entriesthathappento bereal).
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for somescalar
Ú

[

Í ;
Ú

is calledaneigenvalueof
Æ

. Similarly, a nonzero row
vector ë

a

[

Í

Y is calleda left eigenvectorof
Æ

if ë

a

Æ

d

Ú

ë

a

for some
Ú

[

Í .

Unlessotherwisestated,an eigenvectorin this book by default meansa right
eigenvector.Thesetof all eigenvaluesof amatrix

Æ

is calledits spectrum, denoted
by Ž

+

Æ

-

. TheMatlabcommand[V,D] = eig(A) producesadiagonalmatrix
� of eigenvaluesanda full-rank matrix Ì whosecolumnsarethecorresponding
eigenvectors,sothat

Æ

Ì�dìÌ�� .
We give the following factsabouteigenvaluesand eigenvectorsof a matrix

withouta proof.

Fact A.28 (Propertiesof eigenvaluesand eigenvectors). Givena matrix
Æ

[

]ZY

~

Y , wehave:

1. If
Æ

�

d

Ú

�

, then for the sameeigenvalue
Ú

, there also exists a left
eigenvector ë

a

such that ë

a

Æ

d

Ú

ë

a

and vice versa. Hence Ž

+

Æ

-

d

Ž

+

Æ

a

-

.

2. The eigenvectors of
Æ

associatedwith different eigenvaluesare linearly
independent.

3. All its eigenvalues Ž

+

Æ

-

are the roots of the (characteristic)polynomial
equation �V	��

+

Ú

¢

°

Æ

-

d’f . Hence �
	��

+

Æ

-

is equal to the productof all
eigenvaluesof

Æ

.

4. If Ï d

E

Æ

E

®;8 for somenonsingularmatrix
E

, then Ž

+

Ï

-

d

Ž

+

Æ

-

.

5. If
Æ

is a realmatrix, then
Ú

[

Í is aneigenvalueimpliesthat its conjugate
o

Ú

is alsoaneigenvalue. Simplyput, Ž

+

Æ

-

d

o

Ž

+

Æ

-

for real matrices.

A.5 Symmetricmatricesandskew-symmetricmatrices

De�nition A.29 (Symmetric matrix). A matrix ¸ [}]×Y

~

Y is calledsymmetric
if ¸

a

d ¸ . A symmetricmatrix ¸ is calledpositive (semi-)de�nite, if x

a

¸

x

_

f

(or x

a

¸

x

�

f ) for all x

[\]nY , denotedby ¸

_

f (or ¸

�

f ).

Fact A.30 (Propertiesof symmetric matrices). If ¸ is a real symmetricmatrix,
then:

1. All eigenvaluesof ¸ mustbereal, i.e. Ž

+

¸

-

S ] .

2. Let
+

Ú

V

�T-

bean eigenvalue-eigenvectorpair. If
Ú

b

w

d

Ú

r

, then
�

b

×

�

r

; i.e.
eigenvectorscorrespondingto distincteigenvaluesareorthogonal.

3. Therealwaysexist l orthonormaleigenvectorsof ¸ , which forma basisfor
]nY .

4. ¸

_

f ( ¸

�

f ) if
Ú

b

_

f (
Ú

b

�

f

-

uMg

d i

V�jkV4W4WXWCVml ; i.e. ¸ is positive
(semi-)de�niteif all eigenvaluesare positive(nonnegative).
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5. If ¸

�

f and
Ú

8

�

Ú

:

�

º2º�º

�

Ú

Y

, then

±îí

L

c

ü

c

x

ä

8

Ñ

x

V

¸

x

Òüd

Ú

8

and
±

!$#

c

ü

c

x

ä

8

Ñ

x

V

¸

x

Ò|d

Ú

Y

W

From point 3, we seethat if Ì d

z �

8

V

�

:

VXW4WXW4V

�

Y

{ü[)]nY

~

Y is the matrix of
all theeigenvectors,and ï�d diagë

Ú

8

V

Ú

:

V4WXW4W1V

Ú

Y

ó is thediagonalmatrix of the
correspondingeigenvalues,thenwe canwrite

¸`dìÌðï�Ì

a

V

where Ì is an orthogonalmatrix. In fact, Ì can be further chosento be in
¸ÁÀ

+

l

-

(i.e. of determinantïñi ) if l is odd,since Ì,ï�Ì

a

d

+m°

Ì

-

ï

+¥°

Ì

-

a

and
�V	��

+¥°

Ì

-

d

+¥°

i

-

YM�V	��

+

Ì

-

.

De�nition A.31 (Induced 2-norm of a matrix). Let
Æ

[`]

‹•~

Y . We de�ne the
induced2-normof

Æ

(asa linear mapfrom ]×Y to ]

‹ ) as

W

Æ

W

:

W

d

±îí

L

c

ü

c

x

ä

8

W

Æ

x

W

:

d

±îí

L

c

ü

c

x

ä

8

Ø

Ñ

x

V

Æ

a

Æ

x

Ò

W

Similarly, other inducedoperatornormson
Æ

can be de�ned starting from
differentnormson thedomainandcodomainspacesonwhich

Æ

operates.
Let

Æ

beasabove.Then
Æ

a

Æ

[^]
Y

~

Y is clearlysymmetricandpositivesemi-
de�nite, so it canbe diagonalizedby a orthogonalmatrix Ì . The eigenvalues,
beingnonnegative,canbe written as Ž

:

b

. By orderingthe columnsof Ì so that
theeigenvaluematrix ï hasdecreasingeigenvaluesonthediagonal,wesee,from
point5 of theprecedingfact,that

Æ

a

Æ

dìÌ diagë

Ž
:

8

V1Ž
:

:

V4W4WXW4V	Ž
:

Y

óZÌ

a

and

W

Æ

W

:

d

Ž

8

W

Theinduced2-normof a matrix
Æ

[‘]

‹•~

Y is differentfrom the“2-norm” of
Æ

viewedasa vectorin ]

‹

Y . To distinguishthem,the latteroneis conventionally

calledtheFrobeniusnormof
Æ

, preciselyde�ned as W

Æ

W

‰

d

Ø

r

b‘ñ r

,

:

b r

. Notice

that
r

b‘ñ r

,

:

b r

is nothingbut thetraceof
Æ

a

Æ

(or
ÆtÆ

a

). Thus,we have

W

Æ

W

‰

W

d

Ø

trace
+

Æ

a

Æ

-

d

Ø

Ž

:

8

ï

Ž

:

:

ï{º�º2ºÑï

Ž

:

Y

W

The inverseproblemof retrieving
Æ

from the symmetricmatrix ¸÷d

Æ

a

Æ

is
usuallysolvedby Cholesky facotorization. For thegiven ¸ , its eigenvaluesmust
be nonnegative.Thus,we have ¸�dòÌáï~Ì

a

d

Æ

a

Æ

for
Æ

d�ï

­

ã

x

¯

Ì

a

, where
ï

­

ã

x

¯

d diagë

Ž

8

V1Ž

:

VXW4W4WXV1Ž

Y

ó is the“squareroot” of thediagonalmatrix ï . Since
�

a

�

d

¢

for any orthogonalmatrix, the solution for
Æ

is not unique:
�

Æ

is
alsoa solution.Cholesky factorizationthenrestrictsthesolutionto bean upper-
triangularmatrix (exactly whatwe needfor cameracalibrationin Chapter6). In
Matlab,theCholesky factorizationis givenby thecommandA = chol(S) .

De�nition A.32 (Skew-symmetric (or antisymmetric) matrix). A matrix
Æ

[

]ZY

~

Y is calledskew-symmetric(or antisymmetric) if
Æ

a

d

°

Æ

.

Fact A.33 (Properties of a skew-symmetric matrix). If
Æ

is a real skew-
symmetricmatrix, then:
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1. All eigenvaluesof
Æ

areeitherzero or purely imaginary, i.e. of theform g

X

for g

d

Õ

°

i andsomeX [^] .

2. There existsanorthogonalmatrix Ì such that
Æ

dìÌðï~Ì

a

V (A.38)

where ï is a block-diagonal matrix ï d diag ë

Æ

8

VXW4W4WXV

Æ

‹

V

f

V4WXW4W1V

fTó ,
where each

Æ

b

is a j

t

j real skew-symmetricmatrixof theform

Æ

b

d¨§

f

,

b

° ,

b

f

ª

[\]

: ~ :

V g

d�i

V�jTV4WXW4WCV

†

W (A.39)

Frompoint2, weconcludethattherankof any skew-symmetricmatrixmustbe
even.A commonlyusedskew-symmetricmatrix in computervision is associated
with a vector

n

[^]

< , denotedby

q

n

d

ˆ

Š

f

°&n

<

n

:

n

<

f

°&n

8

°&n

:

n

8

f

Œ

•

[©]

<�~T<

W (A.40)

Thereasonfor suchade�nition is that
q

n†�

is equalto theconventionalcrossprod-
uct

n

t

�

of two vectorsin ]

< . Thenwe have rank
+

q

n>-

d

j if
n

w

dºf andthe
(left andright) null spaceof

q

n

is exactly spannedby thevector
n

itself. That is,

q

n�n

d#f and
n

a

q

n

d#f . In otherwords,columnsandrows of the matrix
q

n

are
alwaysorthogonalto

n

.
Obviously,

Æ

a

q

n

Æ

is alsoaskew-symmetricmatrix.Then
Æ

a

q

n

Æ

d

q

�

for some
�

[\]

< . We wantto know whattherelationshipbetween
�

and
Æ

V

n

is.

Fact A.34 (Hat operator). If
Æ

is a “ñt‚“ matrixof determinanti , thenwehave
Æ

a

q

n

Æ

d

ï

Æ

®;8

n

W (A.41)

This is an extremelyuseful fact,which will be extensively usedin our book.
Forexample,thispropertyallowsusto “push”amatrixthroughaskew-symmetric
matrix in the following way:

q

n

Æ

d

Æ

®

a

Æ

a

q

n

Æ

d

Æ

®

a

ï

Æ

®>8

n

. We leave to the
readerasanexerciseto think abouthow this resultneedsto bemodi�ed whenthe
determinantof

Æ

is not i , or when
Æ

is noteveninvertible.

A.6 Lyapunov mapandLyapunov equation

An importanttype of linear equationthat we will encounterin our book is of
Lyapunov type:11 Finda matrix

ä

[

Í

Y

~

Y thatsatis�estheequation
Æ

ä

ï

ä

Ï�d�f (A.42)

11It is alsocalledSylvesterequationin someliterature.
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for agivenpairof matrices
Æ

V

Ï [

Í

Y

~

Y . Althoughsolutionsto thistypeof equa-
tion canbedif�cult in general,simplesolutionsexist whenboth

Æ

and Ï have l

independenteigenvectors.Supposeë

n

b

[

Í

Ycó…Y

bcä

8

arethe l right eigenvectorsof
Æ

, and ë

�

r

[

Í

Ycó…Y

r)ä

8

arethe l left eigenvectorsof Ï ; i.e.
Æ

n

b

d

Ú

b

n

b

�

�Oó

r

Ï±d�ë

r

�Oó

r

(A.43)

for eigenvalues
Ú

b

V

ë

r

for each g�V

x . Here
�

ó

meansthe complex-conjugateand
transposeof

�

, since
�

canbecomplex.

Fact A.35 (Lyapunov map). For theabovematrix
Æ

and Ï , the l : eigenvectors
of theLyapunov map

5

¼

ä

Þ

½

Æ

ä

ï

ä

Ï (A.44)

areexactly
ä

b r

d

n

b

�

ó

r

[

Í

Y

~

Y , andthecorrespondingeigenvaluesare
Ú

b

ïðë

r

[

Í

V�g�V

x d)i

V�jTVXW4WXWCVml .

Proof. The l;: matricesë

ä

b r

ó
Y

b�ñ r)ä

8

arelinearly independent,andthey mustbeall
theeigenvectorsof

5

.

Dueto thisfact,any matrix
ä

thatsatis�estheLyapunov equation
Æ

ä

ï

ä

Ï�d

f mustbein thesubspacespannedby eigenvectors
ä

b r

thathavezeroeigenvalues:
Ú

b

ïìë

r

d f . In Matlab, the commandX = lyap(A,B,C) solves the more
generalLyapunov equation

Æ

ä

ï

ä

Ï d

°

— .
In thisbook,weoftenlook for solutions

ä

with extrarequirementsonits struc-
ture.For instance,

ä

needsto berealandsymmetric(Chapter6), or
ä

hasto be
a rotationmatrix (Chapter10). If so,we have only to take theintersectionof the
spaceof solutionsto theLyapunov equationwith thespaceof symmetricmatrices
or rotationmatrices.

A.7 Thesingularvaluedecomposition(SVD)

The singular value decomposition(SVD) is a useful tool to captureessen-
tial featuresof a matrix (that representsa linear map),suchas its rank, range
space,null space,and inducednorm, aswell as to “generalize”the conceptof
“eigenvalue–eigenvector” pair to non-squarematrices.The computationof the
SVD is numerically well conditioned,making it extremely useful for solving
many linear-algebraicproblemssuchasmatrix inversion,calculationof therank,
linear least-squaresestimate,projections,and �x ed-rankapproximations.Since
this bookwill usetheSVD quiteextensively, herewe give a detailedproof of its
properties.

A.7.1 Algebraic derivation

Givena matrix
Æ

[^]

‹•~

Y , we have thefollowing theorem.
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Theorem A.36 (Singular value decompositionof a matrix). Let
Æ

[�]

‹•~

Y

haverank

6

. Furthermore, suppose, withoutlossof generality, that †

�•l . Then‘

Y¯ô [©]

‹Ù~

”

whosecolumnsare orthonormal,‘

YõÌý[©]nY

~

”

whosecolumnsareorthonormal,and‘

Y

U

[y]

”

~

”

VyU

d

éÏg

,

©

ë

Ž

8

V1Ž

:

V

º2º�º

V	Ž

”

ó diagonalwith Ž

8

�ÎŽ

:

�

º2º�º

�

Ž

”

such that
Æ

d]ô

U

Ì

a

.

Proof. We provetheclaimby construction.‘

Compute
Æ

a

Æ

: it is symmetricand positive semi-de�nite of dimension
l

t

l . Thenorderits eigenvaluesin decreasingorderandcall them Ž
:

8

�

º�º2º

�RŽ
:

”

�

º2º�º

Ž
:

Y

�

f . Call the Ž

b

's singularvalues.‘

From an orthonormalset of eigenvectorsof
Æ

a

Æ

createan orthonormal
basisfor ]nY suchthat

spanë

�

8

V

�

:

VXW4W4WXV

�

”

ó d range
+

Æ

a

-

V spanë

�

”

ú98

VXW4W4WXV

�

Y

ó d null
+

Æ

-

W

Note that the latter eigenvectorscorrespondto the zero singularvalues,
sincenull

+

Æ

a

Æ

-

d null
+

Æ

-

(accordingto TheoremA.25).‘

De�ne
n

b

suchthat
Æ

�

b

d

Ž

b

n

b

V¥uQg

d%i

V�jkV4WXW4WCV

6

, and seethat the set
ë

n

b

ó

”

bcä

8

is orthonormal(proof left asexercise).‘

Completethebasisë

n

b

ó

”

bvä

8

, whichspansrange
+

Æ

-

(by construction),to all
]

‹ .‘

Then,

Æ

z �

8

V

�

:

V4WXW4W4V

�

Y

{Md

z n

8

V

n

:

VXW4WXW4V

n

‹

{

‰̂

‰

‰

‰

‰

‰

‰

‰

‰

‰

‰

‰

‰

‰

‰

Š

Ž

8

f º2º�º º2º�º º2º�º f

f

Ž

:

º2º�º º2º�º º2º�º f

...
...

...
...

...
...

...
...

... Ž

”

...
...

...
...

...
...

...
...

f f f

...
... f

Y...
...

...
...

...
...

f f º2º�º º2º�º º2º�ººf

‹

ŒŽ•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

V

whichwe name
Æ

­

Ì�d

­

ô

­

U .‘

Hence,
Æ

d

­

ô

­

U

­

Ì

a

.

Thenthe claim follows by deletingthe columnsof
­

ô andthe rows of
­

Ì

a

that
multiply thezerosingularvalues.
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In Matlab, to computethe SVD of a given †ít

l matrix
Æ

, simply use
thecommand[U,S,V] = svd(A) , which returnsmatricesô

V

¸

V

Ì satisfying
Æ

döô ¸=Ì

a

(where ¸ replacesU ). Notice that in the standardSVD routine,
the orthogonalmatrices ô and Ì do not necessarilyhave determinantïñi . So
thereadershouldexerciseextra cautionwhenusingtheSVD to characterizethe
essentialmatrix in epipolargeometryin this book.

A.7.2 Geometricinterpretation

Notice that in the SVD of a squarematrix
Æ

d÷ô

U

Ì

a

[)]nY

~

Y , columnsof
ô d

z n

8

V

n

:

V4WXW4WXV

n

Y

{ andcolumnsof Ì d

z �

8

V

�

:

VXW4WXW1V

�

Y

{ form orthonormal
basesfor ]cY . TheSVD essentiallystatesthatif

Æ

(asalinearmap)mapsapoint x

to

y

, thencoordinatesof

y

with respectto thebasisô arerelatedto coordinatesof
x with respectto thebasisÌ by thediagonalmatrix U thatscaleseachcoordinate
by thecorrespondingsingularvalue.

Theorem A.37. Let
Æ

[‘]
Y

~

Y
dÎô

U

Ì

a

bea square matrix.Then
Æ

mapsthe
unit sphere øZY

®M8

W

dÓë

x

[`]nY¿¼[W

x

W

:

d iæó to an ellipsoidwith semi-axesŽ

b

n

b

,
where

n

b

is the g th columnof ô .

Proof. let x

V

y

besuchthat
Æ

x

d

y

. Theset ë

�

b

óÑY

bvä

8

is anorthonormalbasisfor
]

Y . With respectto sucha basisx hascoordinates
z �

8

V

�

:

VXW4WXW1V

�

Y

{

a

d

zÃÑ`�

8

V

x

Ò

V

Ñ �

:

V

x

Ò

V4W4WXW4V

Ñ`�

Y

V

x

Ò�{

a

W

Thatis, x

d

r

Y

bcä

8

�

b

�

b

. With respectto thebasisë

n

b

óÑY

bvä

8

,

y

hascoordinates
z

?

8

V"?

:

V4W4WXW4V"?

Y

{

a

d

zÃÑ`n

8

V

y

Ò

V

Ñ n

:

V

y

Ò

VXW4W4W4V

Ñ`n

Y

V

y

ÒŸ{

a

W

We also have

y

d

r

Y

bvä

8

?

b

n

b

d

Æ

x

d

r

Y

bcä

8

Ž

b

n

b

�

a

b

x

d

r

Y

bcä

8

Ž

b

Ñ`�

b

V

x

Ò

n

b

.
Hence Ž

b

�

b

d

?

b

. Now W

x

W

:

:

d

r

bcä

8

�

:

b

d¨i

VÅu

x

[ùøeY

®;8 , andso we have

r

Y

bvä

8

?
:

b

Ù

Ž
:

b

d%i , which implies that the point

y

satis�es the equationof an
ellipsoidwith semi-axesof length Ž

b

. This is illustratedin FigureA.2 for thecase
l

d

j .

A.7.3 Somepropertiesof theSVD

Problemsinvolving orthogonalprojectionsontoinvariantsubspacesof
Æ

, suchas
thelinearleast-squares(LLS) problem,canbeeasilysolvedusingtheSVD.

De�nition A.38 (Generalized(Moore Penrose)inverse). Givena matrix
Æ

[

]

‹•~

Y of rank « with its SVD
Æ

dìô

U

Ì

a

, wethende�ne thegeneralizedinverse
of

Æ

to be

Æ

>

d]Ì

U

>

ô

a

V where U

>

d
§

U

®;8

8

f

f f

ª

Y

~T‹

W

Thegeneralizedinverseis sometimesalsocalledthepseudo-inverse.
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FigureA.2. Theimageof a unit sphereon the left undera nonsingularmap Õ
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 CÍR  is
anellipsoidon theright.

In Matlab, the pseudo-inverseof a matrix is computedby the commandX =
pinv(A) .

Fact A.39 (Propertiesof generalizedinverse).‘
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d
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.

Thegeneralizedinversecanthenbeusedto solve linearequationsin general.

Proposition A.40 (Least-squaressolution of a linear systems).Considerthe
problem

Æ

x

d

/

with
Æ
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Y of rank «
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Æ
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Thefollowing two resultshave somethingto do with thesensitivity of solving
linearequationsof theform

Æ

x

d

/

.

Proposition A.41 (Perturbations). Considera nonsingularmatrix
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Y .
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where Ž

b

denotesthe g th singularvalue.

PropositionA.42 (Condition number). Considertheproblem
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, andcon-
sidera “perturbed” full-rankproblem
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is calledtheconditionnumberof
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if
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is invertible.
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Lastbut nottheleast,oneof themostimportantpropertiesof theSVD is related
to a �x ed-rankapproximationof a givenmatrix. Givena matrix

Æ

of rank « , we
wantto �nd a matrix Ï suchthatit has�x edrank

6

ZR« andtheFrobeniusnorm
of the difference W

Æ

°

ÏïW

‰ is minimal. The solution to this problemis given
simplyby settingall but the�rst

6

singularvaluesto zero

Ï

W

d�ô

U

­

”

¯

Ì

a

V

where U

­

”

¯

denotesthe matrix obtainedfrom U by settingto zero its elements
on the diagonalafter the

6

th entry. The matrix Ï hasexactly the sameinduced
2-normof

Æ

, i.e. Ž

8

+

Æ

-

d

Ž

8

+

Ï

-

, andsatis�estherequirementon therank.

Proposition A.43 (Fixed rank approximation). Let
Æ

V

Ï bede�ned asabove.
Then W

Æ

°

ÏïW

:

‰

d

Ž :

”

ú98

ïcº�º2º�ï

Ž :

û . Furthermore, such a normis theminimum
achievable.

The proof is an easyexercisethat follows directly from the propertiesof
orthogonalprojectionandthepropertiesof theSVD givenabove.



This is page462
Printer:Opaquethis

Ä

" " &ÆÅÈÇÊÉ:Ë ü

Least-VarianceEstimationandFiltering

The theory of probability as a mathematicaldiscipline can and
shouldbedevelopedfromaxiomsin exactlythesamewayasgeome-
try andalgebra.

– Andrey Kolmogorov, Foundationsof theTheoryof Probability

In Chapter12we formulatedtheproblemof estimating3-D structureandmotion
in a causalfashionasa �ltering problem.Sincethemeasurementsarecorrupted
by noise,andthereis uncertaintyin the model,the taskis naturallyformulated
in aprobabilisticframework.Statisticalestimationtheoryis a vastsubject,which
wehavenohopeof coveringto any reasonabledegreehere.Instead,thisappendix
reviewssomeof thebasicconceptsof estimationtheoryasthey pertainto Chapter
12,but in line with thespirit of thebook,we formulatethemin geometricterms,
asorthogonalprojectionsontocertainlinearspaces.

We assumethat the reader is familiar with the basic notions of random
variables,randomvectors,randomprocesses,and(conditional)expectation.How-
ever, sincewe aregoingto rephrasemostresultsin geometricterms,a summary
knowledgesuf�ces. Thereaderinterestedin amorethoroughintroductionto these
topicscanconsult,for instance,[vanTrees,1992, StarkandWoods,2002].

Throughoutthis appendix,x typically indicatestheunknown quantityof inter-
est,whereas

y

indicatesthemeasuredquantity. An estimator, in general,seeksto
infer propertiesof x from measurementsof

y

. For the sake of clarity, we indi-
catevectorquantitiesin boldface,for instance,U , whereasscalarsarein normal
font; for instance,the componentsof ý are

y

b

. A “hat” usuallydenotesan esti-
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matedquantity;1 for instance,̧U indicatestheestimateof U . Let usstartwith the
simplestcaseof least-varianceestimation.

B.1 Least-varianceestimatorsof randomvectors

Let U

Þ

½þý be a mapbetweentwo spacesof randomvectorswith samplesin
]

‹ and ]nY (the “model generatingthedata”).We areinterestedin building an
estimatorfor therandomvector U , givenmeasurementsof samplesof therandom
vector ý . An estimatoris a function2
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½ ]nY
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, thatsolves
anoptimizationproblemof theform
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where� is asuitablychosenclassof functionsand
�

+

º

-

somecostin the U -space
]ZY .

We concentrateon oneof thesimplestpossiblechoices,which correspondsto
af�ne least-varianceestimators,
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wherethe latteroperatortakestheexpectationof thesquaredEuclideannormof
a randomvector. Therefore,weseek
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We set ð

l

W
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z

UZ{ü[ý]nY and U
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d
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UnU
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{v[±]nY

~

Y , and similarly for ý .
First notice that if ð
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d ð��±d f , then ¸
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d f , and the af�ne least-variance
estimatorreducestoalinearone.Now observethat,if wecall thecenteredvectors
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Hence,if we assumefor a momentthatwe have found ¸

Æ

thatsolvestheproblem
(B.4), thentrivially
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d ð

l

°

¸

Æ

ð
� (B.6)

annihilatesthesecondterm of equation(B.5). Therefore,without lossof gener-
ality, we canrestrictour attentionto �nding

Æ

that minimizesthe �rst term of
equation(B.5):
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W (B.7)

1This is not to beconfusedwith thesymbol“wide had”usedto indicateaskew-symmetricmatrix,
for example

&

� .
2This “ � ” is not to beconfusedwith a translationvector.
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Therefore,we will concentrateon thecaseð

l

d�ð � d�f without lossof general-
ity. In otherwords,if weknow how to solvefor thelinear least-varianceestimator,
wealsoknow how to solve for theaf�ne one.

B.1.1 Projectionsontotherangeof a randomvector

Thesetof all randomvariables
z

b

de�nedonthesameprobabilityspace,with zero
meanº

z

z

b

{>d�f and�nite variance U	�

i

Z�
 , is a linear space, andin particular,
it is aHilbert spacewith theinnerproductgivenby
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Therefore,we canexploit everythingwe know aboutvectors,distances,angles,
and orthogonality, as we learnedin Chapter2 and Appendix A. In particular,
in this spacethe notion of orthogonalitycorrespondsto the notion of uncorre-
latedness. The componentsof a randomvector ý d
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de�ne a
subspaceof sucha Hilbert space:
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wherethespanis intendedoverthesetof realnumbers.3 Wesaythatthesubspace
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hasfull rankif U
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ý.ý
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{

_

f .
The structureof a Hilbert spaceallows us to make useof the conceptof or-

thogonalprojectionof a randomvariable,say x

[Þ] , ontothespanof a random
vector, say ý�[y]

‹ . It is the randomvariable
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[y] thatsatis�esthe following
canonicalequations:
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Thenotation
¸

x

+

ý
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d ¸

º

z

x

ì ýe{ is oftenusedfor theprojectionof x over thespanof
ý .4

B.1.2 Solutionfor thelinear (scalar)estimator

Let
¸

x

d

Æ

ý`[©] bea linearestimatorfor therandomvariable x

[^] ;
Æ

[^]

‹ is
a row vector, and ý�[y]

‹ an † -dimensionalcolumnvector. The least-squares5

estimatȩx is givenby thechoiceof
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thatsolvesthefollowing problem:
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3So � Æ�� É is thespaceof randomvariablesthatarelinearcombinationsof �

à , �V�PÐ

0

-

0

©g©(©

0��

©

4Theresemblanceof this notationto thesymbolthatdenotesconditionalexpectationis dueto the
factthatfor Gaussianrandomvectors,suchaprojectionis indeedtheconditionalexpectation.

5Note that now that we have the structureof a Hilbert space,we can talk about least-variance
estimatorsasleast-squaresestimators,sincethey seekto minimize thesquarednorminducedby the
new innerproduct.
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where WsºVW

:
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is thenorminducedby theinnerproduct
Ñ

º

V

ºÓÒ�� . That
is, W

z

W��

W

dÎÔ

Ñ

z

V

z

Ò
� .

Proposition B.1. Thesolution
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ý to theproblem(B.12)exists,is unique,
andcorrespondsto theorthogonalprojectionof x ontothespanof ý :
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Theproofis aneasyexercise.Herewereportanexplicit constructionof thebest
estimator ¸

Æ

. Fromsubstitutingtheexpressionof theestimatorinto thede�nition
of orthogonalprojection(B.11),weget
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which holdsif andonly if º
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which,providedthat
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is of full rank,gives ¸
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B.1.3 Af�ne least-varianceestimator

Supposewe want to computethe bestestimatorof a zero-meanrandomvector
U„[^]nY asa linear mapof thezero-meanrandomvectorý . Wejusthaveto repeat
theconstructionreportedin theprevioussectionfor eachcomponentx
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of U , so
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If now the vectors U and ý are not of zeromean, ð
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transformtheproblemby de�ning
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which is theleast-varianceaf�ne estimator
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where
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It is aneasyexerciseto computethecovarianceof theestimationerror
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If we interpretthecovarianceof U asthe“prior uncertainty,” andthecovariance
of

­

U asthe “posterioruncertainty,” we may interpretthe secondterm (which is
positivesemi-de�nite)of theaboveequationasa “decrease”in theuncertainty.

B.1.4 Propertiesandinterpretationsof theleast-variance
estimator

The covarianceof the estimationerror in equation(B.22) is by constructionthe
smallestthatcanbeachievedwith an af�ne estimator. Of course,if we consider
a broaderclass � of estimators,the estimationerror can be further decreased,
unlessthemodelthatgeneratesthedata
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In suchacase,it iseasytocomputetheexpressionof theoptimal(af�ne) estimator
thatdependsonly upon U

l

V2U � , and
|

,

¸

UÞd

U

l

|

a

+

|

U

l

|

a

ï

U �

-

®>8

ý

V (B.24)

whichachievesacovarianceof theestimationerrorequalto6
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Projectionontoanorthogonalsumof subspaces
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where“ å ” indicatesthedirectsumof subspaces.It is important,for laterdevel-
opments,to understandunderwhatconditionswe candecomposetheprojection
ontothespanof ý asthesumof theprojectionontoits componentsý
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After an easy calculation one can see that the above is true if and only if
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6This expressioncan be manipulatedusing the matrix inversion lemma, which statesthat if
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Changeof basis

Supposethat insteadof measuringthesamplesof a randomvector ý�[y]

‹ , we
measureanotherrandomvector

Ï

[^]

‹ thatis relatedto ý via achangeof basis:
Ï

d

�

ýãì

�

[�¹

5

+

†

-

. If wewrite ¸

º

z

U ì ýe{Md ¸

Æ

ý , thenit is immediateto seethat

¸

º

z

Uƒì

Ï

{pd

U

l

Ñ

U

®;8

Ñ

Ï

d

U

l

�

�

a

+

�

®

a

U

�

�

®>8

-

Ï

d

U

l

�

U

®>8

�

�

®>8

Ï

W (B.29)

Innovation

Thelinearleast-varianceestimatorinvolvesthecomputationof theinverseof the
outputcovariancematrix U

� . It maybe interestingto look for changesof bases
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that transformtheoutput ý into
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Let us pretendfor a momentthat the componentsof the vector ý areinstances
of a randomprocesstakenover time,

y

b

d

y

+

g

-

, andcall ý

·

d

z

y

8

V

y

:

V4W4WXW1V

y

·

{

a
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. Eachcomponent(sample)is anelementof theHilbert space
�

, whichhas
a well-de�ned notion of orthogonality, andwherewe canapply Gram-Schmidt
procedure(Appendix A, TheoremA.19) in order to make the “vectors”7
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(or equivalently, ë
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uncorrelated(random)process).Thisholdsby construction.
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it asa matrix
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then
5

· is lower triangularwith positive diagonal.This follows from the
Gram-Schmidtprocedure.

7Vectorshereis intendedaselementsof a vectorspace,i.e. theHilbert spaceof randomvariables
with zeromeanand�nite variance.Therealization� ÆÃ�6É

ì

˜ , however, is ascalar.
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3. Theprocessë

Œ

ó is equivalentto ëXý×ó in thesensethat they spanthesame
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This propertyfollowsfrom thefactthat
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· is nonsingular.
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asa one-steppredictionerror. Theprocess
Œ

is a scaledversionof
�

suchthatits
covarianceis theidentity.

We may now wonderwhethereachprocessë“ý×ó hasan innovationand,if so,
whetherit is unique.The answeris positive if the covariancematrix U

� canbe
written in the form U

��d

5|5

a

, where
5

that satis�es the conditionsabove is
calledthe Cholesky factor (seeAppendixA, SectionA.5). The Cholesky factor
canbe interpretedas a “whitening �lter ,” in the sensethat it actson the com-
ponentsof thevector ý in a causalfashionto make themuncorrelated.We may
thereforeconsidera two-stepsolutionto theproblemof �nding theleast-squares
�lter: a “whiteningstep”
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where U$#
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, andaprojectiononto
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This procedurewill be useful in the calculationof the Kalmangain in the next
section.

B.2 TheKalman-Bucy �lter

In this sectionwe extendthe ideasof least-varianceestimationto randompro-
cesses,with anexplicit dependenceon time.We startby restrictingour attention
to aspecialclassof processes,for whichwecaneasilyderivetheestimator. Once
we have donethat,beforedelving into the derivationof the Kalman-Bucy �lter
[Kalman,1960, Bucy, 1965], wegivesomeintuition on thestructurebehindit.

B.2.1 LinearGaussiandynamicalmodels

A linear �nite-dimensionalstochasticprocessis de�ned astheoutputof a linear
dynamicalsystemdriven by white Gaussiannoise.Let
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We call ë

x

ó thestateprocess, ë

y

ó theoutput(or measurement)process, and ë

l

ó

theinput (or driving) noise. Thetimeevolutionof thestateprocesscanbewritten
asthe orthogonalsumof the pasthistory (prior to the initial condition)andthe
presenthistory(from theinitial conditionuntil thepresenttime),

x

+

Ê

-

d %

+

ÊCV(Ê

ž

-

x

ž

ï

·

®;8

²

ß

ä

·

Þ

%

+

ÊCV

¡Ùï�i

-

Ï

+

Ê

-

l

+

Ê

-

d ¸

º

z

x

+

Ê

-

ì

�

+

x

·

Þ

-

{3ï¦¸

º

z

x

+

Ê

-

ì

x

+

Ê

ž

-

VXW4W4WXV

x

+

Ê

°

i

-

{

V

where% , thestatetransitionmatrix, denotesafundamentalsetof solutionsof the
differentialequation
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In the caseof a time-invariantsystem
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Remark B.2. Asa consequenceof thede�nitions, theorthogonality9 betweenthe
stateandtheinputnoisepropagatesup to thecurrenttime:
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Moreover, thepasthistoryup to time " is alwayssummarizedby thevalueof the
stateat that time(Markov property):
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Thesepropertieswill turnouttobeveryusefulin thederivationof theequations
of theKalman�lter .

B.2.2 A little intuition

The linear Gaussianmodel(B.36) canbe describedby the �o w chartof Figure
B.1.Theinput noisel

+

Ê

-

, passedthrough Ï

+

Ê

-

, is addedto thestatex

+

Ê

-

, passed

8Fromnow on, for simplicity, we droptheboldfacenotation;all lowercasequantitiesarevectors,
whosedimensionscanbededucedfrom thecontext.

9Orthogonalityis intendedin thesensedescribedin theprevioussection,i.e.uncorrelatedness.



470 AppendixB. Least-VarianceEstimationandFiltering

+ +

PSfragreplacements

Æ

Ï —

�

l

+

Ê

-

y

+

Ê

-

x

+

Ê

-

x

+

Ê

ï�i

- '
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SectionB.2.4 for moredetailson this issue).Now, this is a pictorial description
of an unknown processx , for instancethe 3-D structureandmotion of a scene,
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, for instanceimages.In general,x

is notavailablefor usto measure,sowe haveto infer it from
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on a computer, asshown in FigureB.2. Now, while x is somephysicalquantity
that we do not have accessto,

¸

x is a valuein a registerof our computer, which
we canreadoff. But is it fair to take
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x asan approximationof x ? Evenif noise
wereabsent(so that l
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d f andthe block diagramreducesto the upperpart
of FigureB.2),wewouldhave to initialize ourcomputerprogramwith the“true”
initial condition
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, which we do not know. Furthermore,the model
(B.36) is oftenan idealizationof the truephysicalprocess,10 andthereforethere
is no reasonto believe thatevenif we startedfrom theright initial condition,we
wouldstaycloseto thetruestateastime goesby.
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10For instance,ÿ Æ)(Q89Ð)É �Ðä
ÿ Æ)( É could comefrom the linearizationof a model of the form
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While this naive discussionshouldby no meansconvince the readerthat this
strategy works,thediscussionthat follows will, providedthatcertainconditions
are met. In general,
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is close
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. Additional propertiesof themodelhave to besatis�ed,andin particular
its observability, which we discussin SectionB.2.3,andin Chapter12 (Section
12.1.1)for the particularmodel that relatesto reconstructing3-D structureand
motionfrom sequencesof images.Furthermore,weneedto decidehow to choose
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. This weexplain in thenext section.
Thenicething aboutthederivationthatfollows is thatinsteadof postulatinga

structureof the�lter asa lineargain,aswe guessedjust now in equation(B.41),
this structureis goingto comenaturallyasa consequenceof theassumptionson
themodelthatgeneratesthedata,whichwedescribedin theprevioussubsection.

B.2.3 Observability
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If we write the trajectoryof the output

y

+

Ê

-

d

x

8

+

Ê

-

, we seethat it depends
only on the �rst componentof the state x
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, but not on x
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. Therefore,it is im-
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possibleto recover x

:

from measurementsof

y
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, no matterhow many. This
phenomenonis causedby thefactthatthemodelin equation(B.42)is notobserv-
able, andthereforeapplyingthe Kalman�lter to it is meaningless.Oneshould
thereforeresist the temptationof using the Kalman �lter , which we are about
to derive, as a “recipe”; immediatelyafter writing the equationof the model,
oneshouldtestwhetherit is observable.Intuitively, this meansthat the state x

can be reconstructedfrom measurementsof the output.We refer the readerto
[Callier andDesoer, 1991, Sontag,1992, Isidori, 1989] for a studyof observabil-
ity. There,thereadercanalso�nd additionalconditions,suchasdetectabilityand
stabilizability, that canbe assumedto hold in our context andthereforearenot
discussedhere.Instead,we just reporta simplederivation of the conditionsfor
observability of lineartime-invariantmodels.

Imaginecollectinga numberof measurements
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It is clearthat if thematrix * hasfull rank,thenwe cansolve the linearsystem
of equationsaboveto obtain x

ž

. Oncewehave x
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, all theothervaluesof x
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.
Althoughwe do not show it here(see[Sontag,1992], Theorem16,page200),

the converseis alsotrue; that is, the initial state x

ž

canbe recoveredonly if *

hasfull rank l . In general,as Ê increases,the rank of * increases,andin prin-
ciple, one doesnot know how many time steps Ê are necessaryin order to be
able to observe x . It can be shown easily using the Cayley-Hamilton theorem
(see[Callier andDesoer, 1991]) that the rankdoesnot grow beyond Ê

d

l , and
thereforeif thetestfailsafter l steps,themodelis notobservable.

Note that this is a structuralconditionon the model,which can(andshould)
be testedbeforehand.It is a necessaryconditionfor the Kalman�lter to return
sensibleestimates.If it is not satis�ed, 
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covariancegrows to in�nity . For a moregermanediscussionof thesetopics,we
referthereaderto [Jazwinski,1970]. We now turn to thederivationof the�lter .

B.2.4 Derivationof theKalman�lter

Supposewe are given a linear �nite-dimensionalprocessthat hasa realization
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is a dynamicalmodelthatacceptsasinput theoutputof theprocessrealization,
andreturnsanestimateof its statethathasthepropertyof having the leasterror
covariance[Kalman,1960, Bucy, 1965]. In orderto derive theexpressionfor the
�lter , wewrite thelinearGaussianmodelasfollows:
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We requirethattheinitial condition x
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beuncorrelatedfrom thenoiseprocesses:
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The �rst step is to modify the above model so that the model error
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uncorrelatedfrom themeasurementerror
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wherethe lastequivalenceis dueto thefact that
É

is a white noise.We cannow
usetheresultsfrom SectionB.1 to concludethat
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andsimilarly for thecovariancematrix
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Substitutingtheexpressionof
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where
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Notethatif ¸„d f , then
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Predictionstep

Supposethatat somepoint in time, we aregivena currentestimatefor thestate
¸

x

+

Ê

ì

Ê

-

W

d ¸

º

z

x

+

Ê

-

ì ý

·

{ anda correspondingestimateof thecovarianceof themodel
error

E

+

Ê

ì

Ê

-

d

º

z ­

x

+

Ê

- ­

x

+

Ê

-

a

{ , where
­

x

d

x

°

¸

x . At the initial time Ê

ž

we can
take

¸

x

+

Ê

ž

ì

Ê

ž

-

d

x

ž

with somebona�de covariancematrix
E

+

fOì f

-

. Then it is
immediateto compute

¸

x

+

Ê

ï�i.ì

Ê

-

W

d

º

z

x

+

Ê

ï�i

-

ì ý

·

{

¸

x

+

Ê

ï�iRì

Ê

-

d

|

¸

x

+

Ê

ì

Ê

-

ï‚¸

�

®;8

y

+

Ê

-

ï ¸

º

z ­�Q+

Ê

-

ì

�

·

+

y

-

{

V (B.51)

wherethelasttermis zero,since
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wherethe sum is an orthogonalsum,and thereforeit is trivial to computethe
covarianceas
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Updatestep

Oncea new measurementis acquired,we canupdateour predictionsoasto take
into accountthe new measurement.The updateis de�ned as
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wherethelasttermcanbecomputedusingtheresultsfrom SectionB.1:
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from whichwe seethattheupdateconsistsin a linearcorrectionweightedby the
Kalmangain(comparewith equation(B.41)).
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Computationof thegain

In order to computethe gain
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from which it is immediateto compute

U

ü

�

+

Ê

ï�i

-

d

E

+

Ê

ï�iRì

Ê

-

—

a

W (B.59)

Similarly, we canderivethecovarianceof theinnovation ï
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andthereforetheKalmangainis
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Covarianceupdate

Fromtheupdateof theestimationerror
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we caneasilycomputetheupdatefor thecovariance.We �rst observe that
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The above equationis not convenientfor computationalpurposes,sinceit does
not guaranteethat the updatedcovarianceis a symmetricmatrix. An alternative
form of theabovethatdoesguaranteesymmetryof theresultis
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Predictorequations

It is possibleto combinethe two stepsabove andderive a singlemodel for the
one-steppredictor. We summarizethe resultasfollows (comparewith equation
(B.41)):
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B.3 TheextendedKalman�lter

In this sectionwe derive anapproximationof theoptimal �lter for thecaseof a
nonlinearmodel,known astheextendedKalman�lter (EKF) [Jazwinski,1970].
It is basedon a variationalmodelaboutthe bestcurrenttrajectory. The system
is linearizedat eachsteparoundthecurrentestimatein orderto calculatea cor-
rectinggain;theupdateof thepreviousestimateis thenperformedontheoriginal
(nonlinear)equations.

Themodelweaddressis in thegenericform discussedin Chapter12:wearein-
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henceof theform
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Constructionof thevariationalmodelaboutthereferencetrajectory
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andthelimit implicit in À (which indicatestheorderof theapproximation,not to
beconfusedwith theobservability matrix) is intendedin themean-squaresense.
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Thecovarianceof thepredictionerror Ç
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where
­

!

is the covarianceof
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. The last two equationsrepresentthe prediction
stepfor theestimatorandareequal,asexpected,to thepredictionof theexplicit
EKF [Jazwinski,1970].
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wherethe noiseterm l
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includesboth the original measurementnoiseas
well aslinearizationerrors.This, togetherwith equation(B.67),de�nes a linear
model,for whichwecan�nally write theupdateequationbasedonthetraditional
linearKalman�lter aswehavedonein theprevioussection:
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Thenoise l de�ned in (B.70)hasa covariancethatcanbecomputedempirically
usinga tuning procedure.It is commonto approximate
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with the covariance
of theoriginal noise
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z , with thediagonaltermsin�ated to compensatefor lin-
earizationandothermodelingerrors:theupdateof thecovariance
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is computedfrom thestandardDRE of thelinearKalman�lter (B.64),derivedin
theprevioussection.
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BasicFactsfrom Nonlinear
Optimization

Sincethebuilding of all theuniverseis perfectandis createdby the
wisdomcreator, nothingarisesin theuniversein which onecannot
seethesenseof somemaximumor minimum.

– L. Euler

In AppendixB, wediscussedhow to obtainanoptimalestimateof arandomvari-
able(or process)from its noisy observations.Herewe discussanotherproblem
wherethe notion of optimality also occurs:how to minimize (or maximize)a
givendeterministicfunction •

+

x

-

wherethevariable x belongsto somedomain
� , oftenanopensetin ]

Y . In practice,thefunction •

+

º

-

is oftenreferredto asthe
objectivefunction, andit is usuallyinterpretedasthecost,error, reward,or utility
thatneedsto beoptimized.For instance,to comparedifferent3-D reconstructions
from a given setof 2-D images,an objective function •

+

º

-

canbe contrived to
evaluatethe “goodness”of eachreconstructionx . Sucha function canbe cho-
sento be the error betweenthe true 3-D structureandthat reconstructedor the
error betweentheir reprojectionson all the images.The choiceof this objective
functionis oftendeterminedby a statisticalor geometricmodelusedto quantify
the error measure.In the previous appendixwe have consideredthe particular
costfunction •
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º

-

d

º

z

WMº�W
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{ , which leadsto theleast-varianceestimator. In this
appendixweconsidertheproblemwhere •
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º
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canbegeneral.
For example,the objective function is sometimesa likelihood function or a

geometricdistance.But oncethat step is done,the remainingissueis how to
minimize the resultingobjective function •
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º

-

and�nd the optimal solution x

ó
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We call thisanunconstrainedoptimizationproblem
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In many optimizationproblemsthatweencounterin thisbookthevariablex is
typically not freein a givendomain � but is subjectto somefurtherrestrictions,
called constraints.We often considertwo forms of constraintson x . First, we
sometimesknow that theoptimal x
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, in additionto beingin � , needsto satisfy
certainequations,say \
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TheLagrange multiplier methodis aneffective tool to converta constrainedop-
timizationproblemto anunconstrainedone,which we will review brie�y below.
Second,if thezerolevel setof \

+

x
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is a smoothsectionin � , we oftencall it a
differentiablemanifold, typically denotedby – òù� . In this case,theproblem
becomesanoptimizationona manifold,
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Roughlyspeaking,a differentiablemanifold – is a spacethat only locally re-
sembles]nY but globally exhibits a nonlinearstructure.For instance,a sphere
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< is a 2-D manifold,andtherotationgroup ¸ÁÀ
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is a 3-D manifold.But
neitheris anopensetof ]
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< . If ananalyticaldescriptionof themanifold –

is available,weareableto directlyconductthesearchfor x
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insidethis manifold
without resortingto theouterdomain � . For example,theexplicit parameteriza-
tionsstudiedfor the rotationgroup ¸ÁÀ
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in Chapter2 enableus to reduceany
optimizationproblemon ¸ÁÀ
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“

-

to anunconstrainedproblem.
In the restof this appendix,we provide a brief summaryof standardresults

andalgorithmsfor solvingboth theunconstrainedoptimizationproblemandthe
constrainedoptimizationproblem.Sinceeachproblemdeserves a book of its
own, many detailsaboutthe resultsandalgorithmsto be summarizedherewill
be left out without detailedexplanation.For interestedreaders,nevertheless,we
recommend[Bertsekas,1999].

C.1 Unconstrainedoptimization:gradient-based
methods

In thissubsection,we considertheunconstrainedoptimizationproblem
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for a function •
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¼k]nYŠ½ ] that is at leasttwice continuouslydifferentiablein
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andde�ne its Hessianmatrixat x , denotedby
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Note that the gradientvectoralwayspointsoppositeto the directionof steepest
descent,andtheHessianmatrix is alwaysa symmetricmatrix.

C.1.1 Optimalityconditions

The following resultsfollow from [Bertsekas,1999] andaregiven herewithout
proof.

Proposition C.1 (Necessaryoptimality conditions). If x
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is an unconstrained
local minimumof •
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, then
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Proposition C.2 (Second-ordersuf�cent optimality conditions). If a vector
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[©]nY satis�estheconditions
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then x

ó

is a strict unconstrainedlocal minimumof •

+

º

-

.

So generallyspeaking,at a (local) minimum x

ó

, the gradientvector
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x
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-

mustvanish,andtheHessianmatrix
�

:

•

+

x

ó

-

is typically positivede�nite.
Of course,a local minimum is not necessarilythe global minimum that we

werelooking for in the�rst place.Unfortunately, theconditionsgivenabove are
only local criteria, and hencethey are not able to distinguishlocal and global
minima.In thespecialcasethatthefunction •

+

º

-

is convex, thenthereis only one
minimum,andany (local) minimumthereforemustbetheglobalminimum.

1Conceptually, thegradientof a function is a covectorandhenceshouldberepresentedby a row
vector. However, in thisbook,to beconsistentwith oursimplifying claimthateveryvectoris acolumn
vector, wede�ne thegradientto beits transposedversion.
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C.1.2 Algorithms

The generalidea of minimizing a nonlinearfunction •
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is very simple (un-
less there is somespecialknowledgeabout •
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that we can useto speedup
the search).We start at any initial guess x

d

x
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. Of course,the safestway to ensurea decreasein the value
is to follow the “direction of descent,” which in our casewould be theopposite
directionto thegradientvector. Thisideagivesriseto thesteepestdescentmethod
for searchingfor theminimum. At eachiteration,
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for somescalar
�

b

, calledthestepsize. Thereexist many differentchoicesfor the
stepsize
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b

, andthesimplestoneis of courseto setit to bea smallconstant.We
will discussissuesrelatedto thechoiceof thestepsizeagainlater.

Although the vector
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pointsto the steepestdescentdirectionlocally
aroundx
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, it is notnecessarilythebestchoicefor searchingfor theminimumata
largerscale.A modi�cation to theabovegradientmethodis in theform
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where �

b

[ ]nY

~

Y is a positive de�nite symmetricmatrix to be determinedin
eachparticularalgorithm.The steepestdescentmethodbecomesa specialcase
that �

b

Ë

¢

. In general,�

b

canbeviewedasa weightmatrix thatadjuststhede-
scentdirectionaccordingto moresophisticatedlocal informationabout •

+

º
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than
thegradientalone.A simplechoicefor �

b

wouldbeadiagonalmatrix thatscales
thedescentspeeddifferently in eachaxial direction.Newton's methodbelow is
anotherclassicalexampleof animprovedchoicefor �

b

.

Newton'smethod

The necessaryandsuf�cient optimality conditionssuggestthat arounda (local)
minimum,thefunction •
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approximatelyresemblesa quadraticfunction
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This indicatesthat when x

b

is close to the minimum x

ó

or the function •

+

º

-

is indeeda quadraticfunction, the minimum x

ó

is bestapproximatedby the x

that makes the derivative of the right-handside of the above equationvanish
(accordingto PropositionC.1),i.e.
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ThisgivesNewton'smethod
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A moregeneraliterationuses
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wherea stepsize
�

b

is usedto control thespeedof progress.Notethat theNew-
ton's methodis just a specialcaseof the generaliterationmethod(C.10) with
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Gauss-NewtonmethodandLevenberg-Marquardt method

Computationof the Hessianmatrix
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is often expensive and sometimes
not possible(e.g., the function •
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is not twice differentiable).In suchcases,
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®>8 anduseonly theinformationencodedin the�rst derivativeof •
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.
The Gauss-Newton methodis one suchmethod,which applies,however, only
to the problemof minimizing the sumof squaresof real-valuedfunctions,say

nZ+

x

-

d

z n

8

+

x

-

V

n

:

+

x

-

VXW4WXW4V

n

‹

+

x

-

{

a

. For a vector-valuedfunction
nZ+

º

-

we de�ne
its Jacobianmatrix to be

�

nn+

x

-

W

d

‰̂

‰

‰

‰

Š

Ð10

ã

­

ü

¯

Ð

ü

ã

Ð10

x

­

ü

¯

Ð

ü

ã

º�º2º Ð1032

­

ü

¯

Ð

ü

ã

Ð10

ã

­

ü

¯

Ð

ü

x

Ð10

x

­

ü

¯

Ð

ü

x

º�º2º Ð10

û

­

ü

¯

Ð

ü

x

...
...

...
...

Ð10

ã

­

ü

¯

Ð

ü

û

Ð10

x

­

ü

¯

Ð

ü

û

º�º2º Ð1032

­

ü

¯

Ð

ü

û

ŒŽ•

•

•

•

•

[^]

Y

~T‹

W (C.15)

Typically, †54

l , andtheJacobianmatrix is alwaysof full rank l .
Then,for theobjectivefunction •
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insteadof choosing�
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TheGauss-Newton methodis anapproximationto Newton's method,especially
when the value W
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: is small. Of course,herewe usethe standard2-norm
to measure
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. The methodneedsonly to be slightly changedwhen a dif-
ferentquadraticnorm,say W
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symmetricmatrix
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TheLevenberg-Marquardtmethodis aslightmodi�cation to theGauss-Newton

methodthat has beenwidely usedin the computervision literature. Its only
differencefrom theGauss-Newtonmethodis to set

�

b

d�i anduseinstead

�

b

d
:

Ú

b

¢

ï

�

nn+

x

b

-

�

nZ+

x

b

-

a

<

®;8

[^]

Y

~

Y

V (C.19)

where
Ú

b

_

f is ascalardeterminedby thefollowing rules:it is initially assigned
to somesmallvalue,andthen:

1. If thecurrentvalueof
Ú

resultsin a decreasein theerror, thentheiteration
is acceptedand

Ú

is dividedby 10astheinitial valuefor thenext iteration.
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2. If
Ú

resultsin an increasein theerror, thenit is multiplied by 10, andthe
iteration is tried againuntil a

Ú

is found that resultsin a decreasein the
error.

Dueto thechoiceof �

b

in (C.19),we seethattheLevenberg-Marquardt method
still works even if sometimesthe Jacobianmatrix
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is not of full rank,
which occursoften in practice.Moreover, the algorithmtendsto adaptits step
size (throughcontrolling the value of
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) basedon the history of valuesof the
objective function •
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.

Choiceof thestepsize

In the pure Newton methodand the Levenberg-Marquardt method,we do not
have to specifythe stepsize

�

b

. In othermethods,however, oneneedsto know
how to choose
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A typical choicefor thescalarsis Ž
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C.2 Constrainedoptimization:Lagrangemultiplier
method

In this sectionwe considertheoptimizationproblemwith equalityconstraintson
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arelinearly independent.If so,theconstraintsarecalledregular.
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C.2.1 Optimalityconditions

For simplicity, wealwaysassumethatthefunctions•
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and \
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areatleasttwice
continuouslydifferentiable.Thenthemaintheoremof Lagrangerecites:
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Furthermore, wehave
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andfurthermore, wehave
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C.2.2 Algorithms

Therearetypically two approachestosolvingaconstrainedoptimizationproblem:

1. Try to use necessaryconditions given in PropositionC.3 to solve the
minimum(to someextent).

2. Convert or approximatethe constrainedoptimization problem by an
unconstrainedone.

TheLagrangianfunction

If wede�ne for conveniencetheLagrangianfunction
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thenthenecessaryconditionsin PropositionC.3canbewrittenas
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Theconditions(C.28)givea systemof l

ï„† equationswith l

ïy† unknowns:
theentriesof x
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and
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. If theconstraint\
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dýf is regular, thenin principle,
thissystemof equationsis independent,andweshouldbeableto solvefor x
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from them.Thesolutionswill containall the(local) minima,but it is possible
thatsomeof themneednot beminimaat all. Nevertheless,whetherwe areable
to solve theseequationsor not, they usuallyprovide rich informationaboutthe
minimaof theconstrainedoptimization.

TheaugmentedLagrangianfunction

If we are not able to solve for the minimum from the equationsgiven by the
necessaryconditions,we mustresortto a brute-forcesearchscheme.The basic
idea is try to convert the original constrainedoptimizationto an unconstrained
one by introducingan extra penaltytermsto the objective function. A typical
choiceis theaugmentedLagrangianfunction

5?>

¼Ï]nY

úe‹

½ ] de�ned as
5 >

+

x

V

Ú

-

W

dc•

+

x

-

ï

Ú

a

\

+

x

-

ï

2

j

Wd\

+

x

-

W

:

V (C.30)

where
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f is apositivepenaltyparameter. It is reasonableto expectthatfor very
large
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should be very close to the global minimum of the original constrained
minimization.

Proposition C.5. For ¡!d f
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sionalenEuklidischenRaumesmit einemendlichenFundamentalbereich.Gött. Nachr.,
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[Ma et al., 2000a] Ma, Y., Kosecḱa, J., and Sastry, S. (2000a).Linear differential algo-
rithm for motion recovery: A geometricapproach.Int. Journal of ComputerVision,
36(1):71–89.
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Glossaryof Notation

Frequentlyusedmathematicalsymbolsarede�ned andlisted accordingto the following
categories:

0. Settheoryandlogic symbols

1. Setsandlinearspaces

2. Transformationgroups

3. Vectorandmatrixoperations

4. Geometricprimitivesin space

5. Geometricprimitivesin images

6. Cameramotion

7. Computer-vision-relatedmatrices

Throughoutthebook,every vector is a column vector unlessstatedotherwise!

0. Settheory and logic symbols
F

Ø

•

F

Ø

 

is theintersectionof two sets
G

Ø

•

G

Ø

 

is theunionof two sets
¡

¸ De�nition of a symbol
H H�I

Ã�Ø

žŸ¤ù?

I

A meansthereexistsanelement
I

of set
Ø

suchthat
proposition¤ù?

I

A is true
J J:I

ÃÛØ

žŸ¤ù?

I

A meansfor every element
I

of set
Ø

, proposition
¤ù?

I

A is true

Ã

I

ÃtØ

means
I

is anelementof set
Ø

K

¤

K

' meanspropositions¤ and ' imply eachother

•

¤

•

' meansproposition¤ holdsgiventhecondition '

L

¤

L

' meansproposition¤ impliesproposition'
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Ø

•

:

Ø

 

is thedifferenceof set
Ø

•

minusset
Ø
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Ø

•

M

Ø

 

means
Ø

•

is apropersubsetof
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Õ

I

Ö A setconsistsof elementslike
I

D

–ON—�

D

¾

meansa map – from domain � to range
¾

BD

–PN	Q

BD

T means– mapsan elementQ in the domainto an
elementT in therange

Q

–

Q

­ meanscompositionof map – with map ­

1. Setsand linear spaces
R

Thesetof all complex numbers
R

_

The g -dimensionalcomplex linearspace
S

´

Three-dimensionalEuclideanspace,page16
T

Thesetof all quaternions,seeequation(2.34),page40

8

_

¸

Ä

8

_

The g -dimensionalrealprojective space

Ä

Thesetof all realnumbers

Ä

_

The g -dimensionalreallinearspace

Ä	f

Thesetof all nonnegative realnumbers

h

Thesetof all integers

h�f

Thesetof all nonnegative integers

2. Transformation groups

Õs?6gOA

¸

Õs?6g;ž

Ä

A Therealaf�ne groupon
Ä

_

; anelementin Õû?6gOA is a pair ?`Õsž�BCA

with Õ

Ã

Ò¬œ×?6gOA and B

ÃüÄ

_

andit actson a point ?

ÃüÄ

_

as
Õ�? B€B , page448

Ò¬œ×?6gOA

¸

Ò¬œ×?6g>ž

Ä

A The real generallinear groupon
Ä

_

; it canbe identi�ed asthe
setof g�/ g invertiblerealmatrices,page447

P

?6gOA

¸

P

?6g;ž

Ä

A Therealorthogonalgroupon
Ä

_

; if ø

ÃeP

?6gQA , then ø

Ð

ø„¸

H ,
page448

Ø3Ù

?6gOA

¸

Ø3Ù

?6g>ž

Ä

A The real specialEuclideangroupon
Ä

_

; an elementin
Ø3Ù

?6gOA

is a pair ?

¾

ž

�

A with
¾

ÃCØ_P

?6gOA and �

Ã\Ä

_

andit actson a
point ?

ÃñÄ

_

as
¾

? B

� , page449

Ø

œ×?6gOA

¸

Ø

œ|?6g>ž

Ä

A Therealspeciallineargroupon
Ä

_

; it canbeidenti�ed astheset
of g�/`g realmatricesof determinantÝ , page448

Ø_P

?6gOA

¸

Ø_P

?6g>ž

Ä

A The real specialorthogonalgroupon
Ä

_

; if
¾

ÃŠØ_P

?6gOA , then

¾

Ð

¾

¸

H and ���	�1?

¾

A

¸

Ý , page449

3. Vector spaceoperations

���	�C?

µ

A Thedeterminantof a squarematrix
µ

U

7Ož

LWV

ÃñÄ

Theinnerproductof two vectors:
U

7Qž

LWV;¸

7
Ð

L , page444

ker?

µ

A Thekernel(or null space)of a linearmap,page451
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null ?

µ

A Thenull space(or kernel)of a matrix
µ

, page451

range?

µ

A Therangeor spanof a matrix
µ

, page442

span?

µ

A The subspacespannedby the column vectorsof a matrix
µ

,
page442

trace?

µ

A The traceof a squarematrix
µ

, i.e. the sumof all its diagonal
entries,sometimesshorthandastr ?

µ

A

rank?

µ

A Therankof amatrix
µ

, page451

¿

7

ÃÅÄ

´

Í

´

The ç�/Õç skew-symmetricmatrix associatedwith a vector 7

Ã

Ä

´

, seeequation(2.1),page18
µ ÷

Ã•Ä

¢

_

Stackedversionof amatrix
µ

Ã•Ä

¢ƒÍ

_

obtainedby stackingall
columnsinto onevector,page445

µ

Ð

ÃñÄ

_

Í�¢ Transposeof a matrix
µ

Ã•Ä

¢ƒÍ

_

µ

•�X

µ

 

TheKronecker (tensor)productof two matricesor two vectors,
page445

Ø

�

The orthogonalcomplementof a subspace
Ø

; in the context of
computervision,it is oftenusedto denotethecoimage,page452

Ø

•ZY

Ø

 

Thedirectsumof two linearsubspaces
Ø

•

and
Ø

 

7

�

L Homogeneousequality:two vectorsor matrices7 and L areequal
up to a scalarfactor

7n/

L

ÃñÄ

´

Thecrossproductof two 3-D vectors:7n/

Lù¸

¿

7

L

š

p

š Thestandard2-normof a vector: š

L

š

¸

E

L

Ð

L , alsodenotedby
š

p

š

 

4. Geometricprimiti vesin space

? Coordinates?

¸

Ô |üž�}Zž•~

Ö

Ð

ÃvÄ

´

of a point £ in space,in the
homogeneousrepresentation?

¸

Ô |üž,}9ž•~×žCÝ

Ö

Ð

ÃñÄ

Î , page16

?

á

à

Coordinatesof the å th point with respectto the ä th (camera)
coordinateframe,shorthandfor ?

á

?SR

à

A

?

à Coordinatesof apointwith respectto the ä th (camera)coordinate
frame,shorthandfor ?'?SR

à

A

£

Ã

S

´

A generic(abstract)point in space,page16

œ

M

S

´

A generic(abstract)1-D line in space

¤

M

S

´

A generic(abstract)2-D planein space

5. Geometricprimiti vesin images
³

?6QQžmTRA -coordinatesof theimageof a point in theimageplane,in
homogeneousform: ³

¸

Ô QQž,TTžmU

Ö

Ð

Ã•Ä

´

³

�
Coimageof animagepoint ³ , typically representedby

¿

³
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³

à Coordinatesof the ä th imageof a point,shorthandfor ³

?SR

à

A

³

á

à

Coordinatesof the ä th imageof the å th point,with respectto the
ä th (camera)coordinateframe,shorthandfor ³

á

?SR

à

A

² Coordinatesof thecoimageof a line, typically in homogeneous
form: ²

¸

Ô @TžŸBXžŸD

Ö

Ð

ÃÅÄ

´

; and ²ÑÐ

³

¸`Ò for any (image)point ³

on this line

²¬� Imageof a line, typically representedby
¿

²

²

à Coordinatesof the ä th coimageof a line, shorthandfor ²�?SR

à

A

²

á

à

Coordinatesof the ä th coimageof the å th line, shorthandfor
²

á

?SR

à

A

6. Cameramotion

?)œ|ž

L

A œ

ÃñÄ

´

theangularvelocity; L

ÃÅÄ

´

thelinearvelocity,page32

?

¾

ž

�

A A rigid-body motion:
¾

Ã ØQP

? çÑA the rotation; �

Ã Ä

´

the
translation,page21

?

¾

à

ž

�

à

A Relative motion (rotation and translation)from the ä th camera
frameto the(default) �rst cameraframe: ?

à

¸

¾

à

? B

�

à

?

¾

à

á

ž

�

à

á

A Relative motion (rotation and translation)from the ä th camera
frameto the å th cameraframe: ?

à

¸

¾

à

á

?

á

B

�

à

á

­

ÃnØ3Ù

? çÑA A rigid-body motion or equivalently a specialEuclideantrans-
formation,page20

7. Computer-vision-relatedmatrices

A

ÃÅÄ

´

Í�Î A general ç�/÷I projectionmatrix from
Ä

´

to
Ä

  , but in the
multiple-view caseit mayrepresentacollectionof suchmatrices,
page57

A

K

ÃñÄ

´

Í�Î The standardprojection matrix Ô H.ž

Ò

Ö

from
Ä

´

to
Ä

 
, see

equation(3.6),page53

Ù�Ã•Ä

´

Í

´

Theessentialmatrix,page113
“

Ã•Ä

´

Í

´

Thefundamentalmatrix,seeequation(6.9),page177

� Thehomographymatrix, andit usuallyrepresentsanelementin
Ò¬œ×? ç…A or Ò¬œ×?6I�A

•

ÃÅÄ

´

Í

´

Thecameracalibrationmatrix,alsocalledtheintrinsicparameter
matrix,seeequation(3.13),page55

µ

Themultiple-view matrix,andits dimensiondependson its type
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Index

2-norm
seenorm,445

Absolutequadricconstraint,174,197,
205,225,292,293, 399

Adjoint map,37,40
Af�ne group Õû?6gOA , 448
Af�ne least-varianceestimator, 463
Af�ne matrix,448
Af�ne motionmodel,81,88,255,383
Af�ne projection,74,431
Albedo,67
Algorithm

Basicfeaturetrackingandoptical �o w,
88

Canny edgedetector, 93
Continuouseight-pointalgorithm,150
Continuousfour-point algorithmfor a

planarscene,158
Eight-pointalgorithm,120
Eight-pointalgorithmfor the

fundamentalmatrix,211
Eight-pointalgorithmwith re�nement,

392
Epipolarrecti�cation, 406
Exhaustive featurematching,386

Factorizationalgorithm for
multiple-view reconstruction,280

Four-pointalgorithmfor a planarscene,
139

Harriscornerdetector, 91
Multibody structurefrom motion

algorithm,249
Multiple-view structureandmotion

estimationalgorithm,396
Multiscaleiterative featuretracking,

382
Numberof independentmotionsand

themultibodyfundamentalmatrix,
236

Optimaltriangulation,166
Pointfeaturedetection,379
Projective reconstruction– two views,

394
RANSAC featurematching,388
Recovery of theabsolutequadricand

Euclideanupgrade,401
Structureandmotion�ltering

Initialization,422
Iteration,423
Sub�lter, 425

Angularvelocity, 32
Apertureproblem,78,83,86, 87



514 Index

Armijo rule,484
Autocalibration

seecalibration,174
Autonomouscar, 4, 427–432,438
Autonomoushelicopter, 4, 432–438

Baseline,112, 123,179,380
Basis,42,443

changeof basis,444
monomialbasis,231
standardbasisof

Ä

_

, 444
Bidirectionalre�ectancedistribution

function(BRDF),67
Bilinear constraint,111, 233,234,274,

305–307
invariantproperty, 299
multibody, 233

Blankwall problem,78,83,87
Bodycoordinateframe,21
BRDF, 67

Lambertiansurface,67
Brightnessconstancy constraint,80, 142

continuousversion,85
Brownianmotionprocess,415
Bundleadjustment,128,166,169,397,

402
two-view case,128

Calibration,55,171–227,377
calibrationmatrix • , 55, 171,364,391
calibrationrig, 226
continuousmotion,210,227
critical motions,293
extrinsic calibrationparameters,56
�ltering, 422
focal length,55,422
from orthogonality, 226
from partialsceneknowledge,199
from re�ective symmetry, 365
from rotationalsymmetry, 366
from symmetry, 364
from translationalsymmetry, 365
from vanishingpoints,226
intrinsic parametermatrix • , 55
principalpoint,54
radialdistortion,58
rotatingcamera,196,226
scalingof pixels,54
skew factor, 55

specialmotions,226
stereorig, 227
taxonomyof calibrationprocedures,

172
varyingfocal length,226,400
with a planarpattern,202
with a rig, 201

CaliforniaPATH, 4, 427,438
Camera

anidealcameramodel,52–53
cameracoordinateframe,21,51,53
intrinsic parameters,53
omnidirectional,58
perspective projection,49

planar, 57
spherical,57

pinholecamera,49
frontal,50

Canny edgedetector, 93,105
Canonicaldecomposition

of fundamentalmatrix,181,189,208
Canonicalexponentialcoordinates

rigid-bodymotion,33
rotation,27

Canonicalframe
canonicalretinalframe,53
of a symmetricstructure,343

Canonicalpose,344, 344–356
Cartesiancoordinateframe,16
Catadioptricmodel,58
Causality, 412,415,418,467
Cayley-Hamiltontheorem,472
Changeof basis,24,444,467
Cheiralityconstraint,223,394
Cholesky factorization,183,204,455, 468
Coimage,60, 265,295,320,452

of epipolarlines,112
rankcondition

geometricinterpretationof

D

¶

, 271
geometricinterpretationof

D

·

, 271
of a line, 270
of a point,269

uncalibrated,295
Conditionnumber, 460
Conditionaldensity, 418
Conditionalexpectation,464
Conjugategroup,175,347
Conjugation

of quaternions,40
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Connectedcomponentanalysis,94
Constraint

absolutequadricconstraint,174,197,
292,399

beyondfour views,331
bilinearconstraint,111,274
brightnessconstancy constraint,80,85
cheiralityconstraint,223
continuoushomographyconstraint,155
epipolarconstraint,111,274

continuous,143
multibody, 234

homographyconstraint,134
imagematchingconstraint,79
Kruppa's equation,205
line-point-line,322
line-point-point,322
mixedtrilinearconstraint,288
modulusconstraint,193
nonlinearconstraintsamongmultiple

views,284
point-line-line,322
point-line-plane,323
point-point-line,321
quadrilinearconstraint,315
trilinear constraint,275,284

Continuousepipolarconstraint,143
equivalentforms,143

Continuousessentialmatrix,144
for aircraftkinematics,150
normalized,144
spaceof, 144

Continuoushomography, 154–158
constraint,155
matrix,154

decomposition,157
eigenvalues,156
estimation,155
normalization,156

Coordinateframe
bodycoordinateframe,21
cameracoordinateframe,21,51,53
imagecoordinateframe,51,53
objectcoordinateframe,21
world coordinateframe,51
world referenceframe,21

Coordinatetransformation,34,40,444
rigid-bodymotion,29,34
rotation,24

velocity, 36
Cornerdetection,91,378,435,436

Harriscornerdetector, 91,378
Correspondence,76,380,385

normalizedcross-correlation(NCC),89
of geometricfeatures,76
of line features,93
of point features,76
sumof squareddifferences(SSD),87

Covariance,420,423,425,466,473–476,
478

matrix,415,418,467,468,473
of estimationerror, 421,422,466
of predictionerror, 477
of theinnovation,475
posterioruncertainty, 466
prior uncertainty, 466

Critical motions,293,400
Critical surface,123,162,169

a plane,134
quadraticsurfaces,162
uncalibratedcase,209

Crossproduct,17, 456
Cyclic group Ñ

_

, 343,369

Decomposition
of continuoushomographymatrix,157
of essentialmatrix,115
of fundamentalmatrix,181
of homographymatrix,136
of re�ective homography, 368
of rotationalhomography, 369
of state-space,419
of symmetricepipolarcomponent,147
of translationalhomography, 368
of trifocal tensor, 302
QR decomposition,449
singularvaluedecomposition,457

Densematching,407
Densereconstruction,377
Depthscalevector, 267
Dihedralgroup �

_

, 343
Dot product

seeinnerproduct,444
Drift, 420
Duality, 318,326

betweencoplanarpointsandlines,318
DynamicalscaleODE,153
Dynamicalsystem,413
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discrete-timenonlinear, 416
initial condition,469
input,469
lineardynamicalsystem,468
linearGaussianmodel,469, 473
minimal realization,419
motionandstructureevolution,414
nonlineardynamicalsystem,414,476
observability, 415,471
output,414,469
realization,418
state,413,469
statetransitionmatrix,469

Edgedetection,93
active contourmethods,105
Canny edgedetector, 93,105
constantcurvaturecriterion,105

Eigenvalue,91,94,156,453
Eigenvector, 94,453
Embeddedepipolarline, 244
Embeddedepipole,238, 240
Epipolarconstraint,10, 111, 274,305,

388
continuousepipolarconstraint,143
continuousplanarcase,155
from rankcondition,160
multibody, 230,234
planarcase,134–142,154–158
two-body, 231
uncalibrated,177–181

Epipolargeometry, 110–116,177,229,
252

continuouscase,142–158,169
critical surface,123,162
distanceto anepipolarline, 161
epipolarline, 112, 129,179,242,244,

246,404
embedded,244
multibody, 244
parallel,160

epipolarplane,112, 129,179
epipolartransfer, 178,245,250,252

multibody, 245,252
epipole,112, 179,238,242,245,246,

366,404,405
embedded,238,240
multibody, 245

four solutions,161

from re�ective symmetry, 372
multibody, 229–249
puretranslation,193
uncalibrated,177

Epipolarmatchinglemma,179, 404
Epipolarrecti�cation, 404, 404–407
Equivalenceclass,416,417

undersimilarity group,416
Equivalentviews,340,345, 368
Essentialconstraint

seeepipolarconstraint,111
Essentialmatrix,111, 117

continuousessentialmatrix,144
decomposition,115
estimation,117
from homographymatrix,141
from re�ective symmetry, 351
from rotationalsymmetry, 354,369
normalized,120
of planarmotion,160
recti�ed, 160
spaceof, 113
SVD characterization,114
thetwistedpair solutions,116

Essentialspace,113
Euclideangroup

Ù

?3ÚÑA , 347
Euclideangroup

Ù

? ç…A , 20,342
Euclideangroup

Ù

?6gQA , 449
Euclideannorm

seenorm,445
Eulerangles,41,42

} ~•| Eulerangles,42
~Á}�| Eulerangles,42
~Á} ~ Eulerangles,42

Exponentialcoordinates,27,33,403,418
for rigid-bodymotion,33
for rotationmatrix,27,418

Exponentialmap
of

Ø3Ù

? ç…A , 33
of

Ø_P

? çÑA , 26
Extrinsiccalibrationparameters,56,172

Façade,411
Factorization

Cholesky factorization,455
multibodyfundamentalmatrix,248
multiple-view rankcondition,278
orthographicprojection,11
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polynomialfactorization,231,244,
247,250,256

rank-basedmethods,308,396
uncalibratedmultiple-view, 289

Feature,76,78
correspondence,76,376,380–389
edgefeatures,93
geometricfeatures,77
line features,83,94
matching,79,436
photometricfeatures,77
point features,83,87,90,91
selectionanddetection,90, 376,

378–380
cornerdetection,91
edgedetection,93

tracking,85, 90,105,380–384,420,
421

Fieldof view (FOV), 50, 62
Filter

derivative �lter , 101
Gaussian�lter , 101
reconstruction�lter , 100
separable�lter , 102,104
smoothing�lter , 104
Sobel�lter , 104
syncfunction,100,102

Filtering,414
drift, 420
extendedKalman�lter , 422,476–478
Kalman�lter , 468–478
motionandstructureestimation,414
optimal�lter , 415
sub�lter, 421,425
whitening�lter , 468

Finite-rankoperatorfundamentallemma,
453

Fixationpoint,431
Fixedrankapproximation,209,461
Focallength,48,49, 55,400,422
Focalplane,48
Focus,48
Foreshortening,66
Fouriertransform,100
Frobeniusnorm,119,149,161,455, 461
Fundamentalequationof thethin lens,48
Fundamentalmatrix,177, 252,301,364,

388,392,393
amongthreeviews,300

associatedidentities,208
canonicaldecomposition,189,207,

208,393
decomposition,181
degreesof freedom,289,292
equivalentforms,178
estimation,225
from re�ective symmetry, 365
from rotationalsymmetry, 366
from symmetry, 364
from translationalsymmetry, 365
from trifocal tensor, 302
multibody, 233
nonlinearre�nement,213,392
normalization,220
parameterization,213,392
planarmotion,208
puretranslation,208

Gauss-Newton method,483
Gaussian�lter , 101,103,378
Gaussiannoise,127,415,468,473,476
Gaussianrandomvector, 413
Generallineargroup Ò¬œ|?6gOA , 447
Generalizedinverse

seepseudo-inverse,459
Generalizedprinciplecomponentanalysis,

259
Geometricfeatures,77
Geometricinformationin

µ
¶

, 286
Geometricinformationin

µ‚·

, 274
Globalpositioningsystem(GPS),432
Gradient,481

imagegradient,84,85,90,99
Gram-Schmidtprocedure,450, 467
Group,447

af�ne group Õû?6gOA , 448
circulargroup [9• , 294
conjugategroup,175,347
cyclic group Ñ

_

, 343
diheralgroup �

_

, 343
Euclideangroup

Ù

?3ÚÑA , 347
Euclideangroup

Ù

? ç…A , 20
Euclideangroup

Ù

?6gQA , 449
generallineargroup Ò¬œ×?6gQA , 447
homographygroup,347
matrix groups,446
matrix representation,22,447
orthogonalgroup

P

?6gOA , 448
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permutationgroup \

_

, 234
planarrotationgroup

Ø_P

?3ÚÑA , 28
rigid-bodymotions

Ø3Ù

? ç…A , 22
rotationgroup

Ø_P

? ç…A , 24,38
screw motions

Ø_P

?3ÚÑAÁ/

Ä

, 34
similarity group

Ø3Ù

? ç…A	/

Ä f

, 416
specialEuclideangroup

Ø3Ù

? çÑA , 22
specialEuclideangroup

Ø3Ù

?6gOA , 449
specialorthogonalgroup

Ø_P

? ç…A , 24
specialorthogonalgroup

Ø_P

?6gQA , 449
symmetrygroup,341
unit quaternions[

´

, 41
Groupoid,346,371

Hamiltonian�eld
seequaternion�eld, 41

Harriscornerdetector, 91,378
Hatoperator“ ] ”, 18, 113,456

twist, 32
Hessianmatrix,481
Hilbert space

of randomvariables,464
Hilbert's18thproblem,371
History of a randomprocesŝ ‚

?

p

A , 467
Homogeneouscoordinates,162
Homogeneousequality“ � ”, 58,60,71,

197,199,345,364
Homogeneouspolynomial,245,256

factorization,256
Homogeneousrepresentation,29, 70,264,

448
of a rigid-bodymotion,30
of af�ne transformation,448
of point coordinates,30
of projective space,70

Homography, 132, 131–142,155,182,
318,322,429,447

constraint,134
continuoushomography, 155

matrix,154
four-point algorithm,139
from essentialmatrix,141
from rankcondition,318,322
from re�ective symmetry, 365
from rotationalsymmetry, 369
from translationalsymmetry, 365
homographymatrix,132

decomposition,136
estimation,134,162

normalization,135
matchinghomography, 404,405
of epipolarlines,133,163
purerotationcase,134,196
relfective,347
rotational,347
translational,347
two physicallypossiblesolutions,163
uncalibrated,209,214
w.r.t. thesecondcameraframe,163

Homographygroup,347
Houghtransform,94,105,380,429

Image,46,49, 61,295,320
brightness,47
coimage,60

of a line, 60,265,270
of a point,60,265,269

deformations,78
formationprocess,51
imagemotion,80
intensity, 48,68
irradiance,48,68
localdeformationmodel,80

af�ne model,81
projective model,81
translationalmodel,80

of a line, 60,265
of a point,49,265
of circles,326
preimage,60

from multiple views,266
of a line, 60,265
of a point,60,265

uncalibrated,295
Imagematchingconstraint,79
Imagecropping,63
Imagegradient,84, 85,90,99–104
Imagewarping,381
Incidencerelations,310, 313

associatedrankconditions,330
collinear, 313,331
coplanar, 316
in images,312
in space,310
intersectionat a point,313
of a box,323
with spirals,328

Indistinguishable,417
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In�nite rapport,340
Innerproduct,17,38,174,444

canonicalinnerproduct,17,444
inducedfrom a matrix,445
uncalibrated,174

Innovation,450,467,468
randomprocesses,468

Intel'sOpenCV, 204
Intrinsic parametermatrix • , 55, 171,

364
Irradiance,47,48,66, 69,78,79,87

irradianceequation,69, 79

Jacobianmatrix,240,398,476,483
of Veronesemap,240

Kalman�lter , 414,415,418,420,429,
437,450,468

extendedKalman�lter , 414,476–478
intuition, 469
linearKalman�lter , 472–475
motion andstructureestimation,

422–426
Kalmangain,468,471,474, 475
Kalman-Bucy �lter

seeKalman�lter , 468
Kernel

of Lyapunov map,195,351,354
seenull space,451
symmetricrealkernel,195

Klein'sErlangenprogram,9
Kronecker product,117,118,155,

232–234,445
Kruppa's equation,174,205, 214–225

degeneracy, 220
focal length,209
normalization,219
normalized,205, 219–222,366
numberof constraints,215,220,223
otherforms,209
puretranslation,208
time-varying,208

Lagrangemultiplier method,165,484
Lagrangemultipliers,128,165,485
Lagrangianfunction,165,485

augmented,486
Lambertian,67, 79,375

BRDF, 67

surface,67
surfacealbedo,67

Least-squaresestimator, 86,89,118,127,
153,202,211,464

Least-varianceestimator, 127,463
af�ne, 463,465–468
linear, 463
theaf�ne vectorcase,465
thelinearscalarcase,464

Levenberg-Marquardtmethod,398,483
Lie bracket,28,33
Lie-Cartancoordinates,42
Line at in�nity , 71
Line �tting, 94
Linearindependence,442
Linearspace,441

basis,443
changeof basis,444

Lineartransformation,446
Linearvelocity, 32
Linearization,423,476
LMedS,387,390
Logarithm

of
Ø3Ù

? ç…A , 33
of

Ø_P

? çÑA , 27,419
Lyapunov equation,195,207,346,456

re�ective,351
rotational,354

Lyapunov map,195,206,456

Markov property, 469
Matching

af�ne model,81,386
densematching,407
imagematchingconstraint,79
normalizedcross-correlation,89
point feature,82–92,436
projective model,81
robustmatching,385–390
sumof squareddifferences,87
translationalmodel,80,386

Matrix
af�ne matrix,448
eigenvalues,453
eigenvectors,453
essentialmatrix,111

continuousversion, 144
�x edrankapproximation,461
fundamentalmatrix,177
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multibody, 233
generalizedinverse,459
homographymatrix,132

continuousversion,154
imagematrix,267
minor, 297
multiple-view projectionmatrix,267
null space,451
orthogonalmatrix,23,448

specialorthogonalmatrix,23,449
projectionmatrix,57,266

generalA , 56
standardA

K

, 53
projective matrix,447
pseudo-inverse,459
range,451
rank,451
rotationmatrix,24
skew-symmetricmatrix,455
stackof amatrix,445
symmetricepipolarcomponent,143
symmetricmatrix,454
Vandermondematrix,239,329

Matrix exponential,26,32
Matrix groups,446,449
Matrix inversionlemma,466
Matrix Kruppa's equation

seeKruppa's equation,205
Matrix representationof a group,447
Mattesurface

seeLambertiansurface,67
Maximuma posteriori,127
Maximumlikelihood,126
Metric, 17,175,444

uncalibrated,175
Minimization rule,484
Minor of amatrix,274,275,284,297,308
Modulusconstraint,193,205,209,225
Monomials,231–233,236,253
MoorePenroseinverse

seepseudo-inverse,459
Motion segmentation,248

af�ne �o ws,255
constantvelocity, 254
linearmotions,254
planarmotion,255
two objects,254

Multibody
constantmotions,254

embeddedepipolarline, 244
for two bodies,244

embeddedepipole,238
epipolarconstraint,230,234
epipolargeometry, 123,237–248,252
fundamentalmatrix, 233, 234,235,

237,239,242,244,249,250,252
factorization,248
rank,238,255

linearmotions,254
motionsegmentation,242,248,249
multibodyepipolarline, 244, 246,252

for two bodies,244
multibodyepipole,245, 250,252
numberof motions,235
planarmotions,255
structurefrom motionalgorithm,249
structurefrom motionproblem,230

Multilinear function,233,297
Multiple-view factorization,278–283,

291–292,346
calibratedcamera,279
for coplanarfeatures,330
for symmetricstructure,346
for theline case,304
uncalibratedcamera,291

Multiple-view geometry, 8, 263
Multiple-view matrix, 8, 226,273,

273–289,291,314,316,317,321,
327,346

degeneratecon�gurations,298
equivalentforms,291
for a family of intersectinglines,314
for coplanarpointsandlines,317,323
for intrinsic coplanarcondition,320
for line features,283
for mixedpoint andline features,321
for point features,273
geometricinformationin

µ
¶

, 286
geometricinformationin

µ
·

, 274
geometricinterpretation,322,329
purerotation,298,299
rectilinearmotion,298
symmetric,346
universal,321
variousinstances,321,333–337

Multiple-view projectionmatrix,267

NCC,89, 386–388,407,431
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Newton's method,482
Norm,17,444

2-norm,444
Euclideannorm,445
Frobeniusnorm,455
inducedof amatrix,455

Normaldistribution,127,214,415
Normalization

of continuousessentialmatrix,144
of continuoushomographymatrix,156
of essentialmatrix,120
of fundamentalmatrix,220
of homographymatrix,135,369
of imagecoordinates,212
of Kruppa's equation,219

Normalizedcross-correlation
seeNCC,89

NormalizedKruppa's equation,205
from rotationalsymmetry, 366

Null space,39,327,451
Nyquistfrequency, 100
Nyquistsamplingtheorem,100

Objectcoordinateframe,21
Observability, 415,417,471,472

up to a group,417
up to a similarity transformation,417

Occlusion,82,389,390,398,407,420
OpenCV, 204
Opticalaxis,48
Opticalcenter, 48
Optical�o w, 85, 90,143

af�ne �o ws,255
normal�o w, 85

Optimaltriangulation,127,166
Optimization

constrained,484, 484–486
Gauss-Newton method,483
Lagrangemultiplier method,484
Levenberg-Marquardmethod,483
Newton's method,482
objective function,479
objectivesfor structureandmotion

estimation,125
on a manifold,480
optimality conditions,481,485
steepestdescentmethod,482
unconstrained,480, 480–484

Orbitalmotion,219,294,354,369

Orientation,17,342
orientationpreservation,20

Orthogonal,445
randomvariables,464
vectors,17

Orthogonalcomplement,452
coimage,60,265,321,452

Orthogonalgroup
P

? ç…A , 161,342
Orthogonalgroup

P

?6gQA , 448
Orthogonalmatrix,23,161,448
Orthogonalprojection

of a randomvariable,464
of randomvariables,466
ontoa plane,140

Orthographicprojection,63,64,74
Orthonormalframe,21

Parallax,123
Paraperspective projection,74
Periodogram,426
Permutationgroup \

_

, 234
Perspective projection,8, 49

history, 9
Photomericfeatures,77
Photometry, 65

BRDF, 67
irradiance,66
radiance,66

Photomodeler, 411
Pictorialcues,6

blur, 6
contour, 6
shading,6
texture,6

Pinholecameramodel,49
distortions,73
frontal,50
parameters,53

Planarhomography
seehomography, 131

Planarmotion,160,219,255
essentialmatrix of, 160
fundamentalmatrix of, 208

Planarsymmetry, 346–348
Planeat in�nity , 71,192,224,323,329

from vanishingpoints,192
Platonicsolids,341,368

cube,341,368
dodecahedron,341,368
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icosahedron,341,368
octahedron,341,368
tetrahedron,341

Plenopticsampling,410
Pointat in�nity , 71,298

vanishingpoint,71
Polarizationidentity, 20
Polynomialfactorization,231,244,256

degeneratecases,257
Positivede�nite, 174,204,220,454
Positive depthconstraint,123,136,137,

150,158,161
Positivesemi-de�nite,454, 455
Posteriordensity, 127
Preimage,60, 61,265
Principalpoint,54
Priordensity, 127
Projection

af�ne projection,74,431
orthographicprojection,63,74
paraperspective projection,74
perspective projection,49

planar, 57
spherical,57,73

weak-perspective projection,64
Projectionmatrix,53,56, 71

degreesof freedom,292
multiple-view projectionmatrix,267
standardprojectionmatrix A

K

, 53
Projectiononto

P

? ç…A , 161
a plane,140
essentialspace,118
symmetricepipolarspace,149

Projectivegeometry, 8, 9, 70
Projectivematrix,182,447
Projectivemotionmodel,81
Projective reconstruction,391

from multiple views,394
from two views,391

Projectivespace,70,323
homogeneousrepresentation,70
line at in�nity , 71
planeat in�nity , 71
topologicalmodels,70
vanishingpoint,71

Pseudo-inverse,352,401,459

QRdecomposition,182,183,202,450

Quadrilinearconstraint,307,315
Quasi-af�ne reconstruction,224,394
Quasi-Euclideanreconstruction,226
Quaternions,40,43

quaternion�eld
T

, 41
unit quaternions[

´

, 41

Radialdistortion,58,134
correctionfactor, 58

Radiance,66, 69,79
Radontransform,94,99
Randomprocesses,418,462,467,468

Brownianmotionprocess,415
conditionaldensity, 418
historyup to time R , 467
innovation,468
Markov property, 469
periodogram,426
uncorrelated,467,473
white Gaussiannoise,468
whiteness,426

Randomvariables,462
Gaussianrandomvariable,82,127
normaldistribution,415
Poissonrandomvariable,82

Randomvectors,462,463,467
covariancematrix,415
Gaussianrandomvector, 413

Range,39,451
Rank,451
Rankcondition,8, 226,390,396

beyondfour views,328,331
continuousmotion,304
coplanarpointsandlines,317
featuresin planeat in�nity , 323,329
for epipolarconstraint,160
for incidencerelations,313,330
geometricinterpretation,276,284,322,

333–337
high-dimensionalspaces,330
invariantproperty, 299
multibody fundamentalmatrix, 238,

239,255
multiple imagesof a line, 284
multiple imagesof a point,273
numberof motions,235
numericalsensitivity, 299
on submatrix,331
pointat in�nity , 298
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symmetricmultiple-view matrix,346
T-junction,327
universalmultiple-view matrix,321

Rankreductionlemma,269,453
RANSAC, 387,388,431

featurematching,388
Realization,418

minimal realization,419
Reconstructionup to subgroups,210
Rectilinearmotion,298
Recursive algorithm,413
Re�ection,20,340,342,350
Re�ective homography, 347,352,365,

369
Re�ective symmetry, 340,349,350,352,

368
degeneracy, 369
for cameracalibration,365
planar, 347,352
poseambiguity, 352

Representation
homogeneousrepresentation,29, 70,

264,448
matrix representationof a group,447
matrix representationof rigid-body

motion,30
matrix representationof rotation,23
matrix representationof symmetry

group,343
Reprojectionerror, 127,214,388,392,

397,398,402
Riccatiequation,425,475
Right-handrule,18
Rigid-bodydisplacement,19
Rigid-bodymotion,19,20, 28–34,416,

449
canonicalexponentialcoordinates,33
compositionrules,36
coordinatetransformation,29,34
group

Ø3Ù

? ç…A , 22
homogeneousrepresentation,30
rotation,21
translation,21
velocity transformation,36

Rodrigues'formula,27, 115,403,419
Rotation,21–28,161

aboutthe ~ -axis,24
canonicalexponentialcoordinates,27
eigenvaluesandeigenvectors,39

Eulerangles,41,42
�rst-order approximation,25
group

Ø_P

? ç…A , 24
invariantconic,207
inverseof, 23,24
Lie-Cartancoordinates,41
matrix representation,23
multiple-view matrix for lines,299
multiple-view matrix for points,298
noncommutativity, 39
planarrotationgroup

Ø_P

?3ÚÑA , 28
quaternions,40
topologicalmodelfor

Ø_P

? ç…A , 41
yaw, pitch,androll, 42

Rotationalhomography, 347,369
Rotationalsymmetry, 340,349,353,355,

368,369
degeneracy, 369
for cameracalibration,366
planar, 347
planoticsolids,368
poseambiguity, 355

Sampsondistance,214,388,392
Scale

alignmentof cellsin animage,358
alignmentof cellsin two images,359
dynamicalscaleODE,153
of fundamentalmatrix,219
perspective scaleambiguity, 64
scalingof pixels,54
structuralscalereconstruction,124,152
universalscaleambiguity, 125,154

Screw motion,33, 217,219,355
Segmentation

of 0-D data,253
of af�ne �o ws,255
of multiple rigid motions,248–250

Seven-pointalgorithm,122
fundamentalmatrix,213

Similarity group
Ø;Ù

? çÑA•/

Ä
f

, 416
Similarity transformation,416
Singularvalue,91,92,458
Singularvaluedecomposition

seeSVD, 457
Six-pointalgorithm,122,161

threeview, 307
Skew factor, 55
Skew �eld
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seequaternion�eld, 41
Skew-symmetricmatrix,18,38,159,455
Sobel�lter , 104
Solidangle,66
Spacecarving,411
Span,442

of a matrix,451
SpecialEuclideangroup

Ø3Ù

? ç…A , 29
SpecialEuclideangroup

Ø3Ù

?6gOA , 449
SpecialEuclideantransformation,20,449
Speciallineargroup

Ø

œ|?6gOA , 448
Specialorthogonalgroup

Ø_P

?6gOA , 449
Specialorthogonalmatrix,449
Sphericalperspective projection,57,73,

163
Spiral,328
SSD,87,380
Stackof a matrix,117,148,155,234,445
Statetransitionmatrix,26,469
Steepestdescentmethod,482
Stereorig, 227,428

calibration,227
Stereopsis,45

photometricstereo,372
re�ective stereo,352

Strati�cation, 185–198,225,289–294,
398

af�ne reconstruction,192
Euclideanreconstruction,194
from multiple views,289
from two views,185
projective reconstruction,188
puretranslation,193

Structurefrom motion,8
multibodycase,230

Structuretriangulation,166
Sub�lter, 421
Subpixel accuracy, 99,379
Subspace,442

orthogonalcomplement,452
spannedby vectors,442

Sumof squareddifferences
seeSSD,87

SVD, 114,120,180,202,204,211,393,
395,397,401,457, 457–461

Sylvesterequation
seeLyapunov equation,456

Sylvester's inequality, 316,451
Symmetricepipolarcomponent,143

decomposition,147
spaceof, 144
structureof, 145

Symmetricmatrix,454, 475
positive de�nite, 174,220,454
positive semi-de�nite,197,454, 466

Symmetricmultiple-view matrix,346
Symmetricstructure,341

2-D patterns,369
planar, 346

Symmetry, 122,338–372,377,386
ambiguityin posefrom symmetry, 356
comparisonof 2-D and3-D, 367
for cameracalibration,364
for featurematching,372
in�nite rapport,340
multiple-view reconstruction,357–364
of g -gons,342,370
of a cube,368
of a landingpad,435
of a rectangle,343
of a tiled plane,343
planarstructure,349
re�ective symmetry, 340,352
rotationalsymmetry, 340,355
testing,370
translationalsymmetry, 340,355

Symmetrygroup,341
cyclic group Ñ

_

, 342
dihedralgroup �

_

, 342
homographygroup,347
isometry, 342
matrix representation,343
of g -gons,342
of a rectangle,343
of platonicsolids,368
planarsymmetrygroup,349

T-junction,327,332
Taylorexpansion,84,383
Taylorseries,28
Tensor

trifocal tensor, 289,303
Texturemapping,377,409
Theorem

Characterizationof theessentialmatrix,
114

Characterizationof thesymmetric
epipolarcomponent,145
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Chasles'theorem,34
Constraintamongmultiple imagesof a

line, 284
Critical motionsfor the absolute

quadricconstraints,293
Decompositionof continuous

homographymatrix,157
Decompositionof the planar

homographymatrix,136
Degeneracy of thenormalizedKruppa's

equations,220
Epipolarconstraint,111
Factorizationof the multibody

fundamentalmatrix,248
Gram-Schmidtprocedure,450
Kruppa's equationsandcheirality, 223
Lagrangemultiplier theorem,485
Linear relationshipsamongmultiple

views of a point,275
Logarithmof

Ø3Ù

? ç…A , 33
Logarithmof

Ø_P

? ç…A , 27
Multiple-view rankconditions,321
Normalizationof Kruppa's equations,

219
Normalizationof the fundamental

matrix,220
Poserecovery from theessentialmatrix,

115
Projectionontotheessentialspace,118
Projectionontothesymmetryepipolar

space,149
Projective reconstruction,188
Rankconditionfor thenumberof

independentmotions,235
Rankconditionsfor line features,284
Rankconditionsfor point features,273
Relationshipsbetweenthehomography

andessentialmatrix,140
Rodrigues'formula for a rotation

matrix,27
Singularvaluedecompositionof a

matrix,457
Uniquecanonicalposefrom a

symmetrygroup,349
Uniquenessof thepreimage(line), 287
Uniquenessof thepreimage(point),

278
Velocity recovery from thesymmetry

epipolarcomponent,147

Veronesenull spaceof themultibody
fundamentalmatrix,240

Thin lens,48,69
F-number, 69
fundamentalequation,48

Tiling, 341,343,369
Tracking

af�ne model,88,97,382
contractcompensation,382
iterative,382
largebaseline,88
line feature,92–96
multiscale,99,381,382
point feature,85–90,380–385
smallbaseline,84
stereotracking,430
translationalmodel,84,380

Translation,21
Translationalhomography, 347,365,368
Translationalmotionmodel,80,380
Translationalsymmetry, 340,355,368

for cameracalibration,365
planar, 347,355
poseambiguity, 355

Triangulation,129, 161,166,425,432
lines,297,298
with re�ectivesymmetry, 351

Trifocal tensor, 289,302,303
basicstructure,302
decomposition,302
degreesof freedom,289,292
linearestimation,302
three-view geometry, 303

Trilinear constraint,11, 275,284,288,
305–307

for line feature,284
for mixedfeatures,288
for point feature,275
invariantproperty, 299

Triple product,20, 112
Twist, 32, 414

coordinates,32
Twistedpair, 116,148

UAV, 432,438
UGV, 432,438
Uncorrelated,473

randomprocesses,467,473
randomvariables,464
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randomvectors,467
Universalmultiple-view matrix,320,321
Universalscaleambiguity, 125,154
Unmannedaerialvehicle(UAV), 432
Unmannedgroundvehicle(UGV), 432

Vandermondematrix,239,329
Vanishingpoint, 64,71, 192,199,226,

254,365,370
at in�nity , 72
cameracalibration,192
detectionandcomputation,226,254
from parallellines,72,192,199
from re�ective symmetry, 365
from translationalsymmetry, 365

Variance,468
covariance,466
unit-variancenoise,473

Variationalmodel,476,477
Vector, 16, 441

a boundvector, 16
a freevector, 16

Vectorspace,441

Veeoperator“ _ ”, 19
twist, 32

Velocity, 32,142,152
angularvelocity, 32
coordinatetransformation,36
imagevelocity, 142
linearvelocity, 32
pitch rate, 152
roll rate,152
yaw rate,152

Veronesemap,232, 233,234,238,240,
244

derivatives,239
Jacobianmatrix of, 240

Veronesesurface,233,240
Virtual insertion,5, 426
Vision-basedcontrol,438
Visualfeedback,427,432
Volumepreservation,20

Weak-perspective projection,64
Whitening�lter , 468
World referenceframe,21, 22


