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Preface

Thisbookis intendedo give studentsatthe advancedundegraduateor introduc-
tory graduateevel, andresearcherin computervision, roboticsand computer
graphics,a self-containedntroductionto the geometryof three-dimensiona(3-
D) vision. This is the studyof the reconstructiorof 3-D modelsof objectsfrom
a collection of 2-D images.An essentialprerequisitefor this book is a course
in linear algebraat the advancedundegraduatdevel. Backgroundknowledge
in rigid-body motion, estimationand optimization will certainly improve the
readers appreciatiorof the materialbut is not critical sincethe rst few chapters
andtheappendiceprovide areview andsummaryof basicnotionsandresultson
thesetopics.

Our motivation

Researchmonographsand bookson geometricapproache$o computervision
have beenpublishedrecentlyin two batchesThe rst wasin the mid 1990swith
bookson the geometryof two views, seee.g.[Faugeras1993 Kanatani,1993h
Maybank,1993 Wengetal., 1993. The secondvasmorerecentwith booksfo-
cusingonthegeometryof multiple views, seee.g.[Hartley andZisserman200(
and [FaugerasandLuong,200] as well as a more comprehensie book on
computervision [ForsythandPonce2004. We felt that the time was ripe for
synthesizinghe materialin auni ed framewvork soasto provide a self-contained
expositionof this subject,which canbe usedboth for pedagogicapurposesand
by practitionersinterestedn this eld. Although the approachwe take in this
bookdeviatesfrom several otherclassicalapproacheghetechniquesve useare
mainly linearalgebraandour bookgivesa comprehensie view of whatis known
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to dateonthegeometryof 3-D vision. It alsodevelopshomogeneouterminology
on a solid analyticalfoundationto enablewhat shouldbe a greatdeal of future
researctin thisyoung eld.

Apartfrom a self-containedreatmenbf geometryandalgebraassociatedavith
computewision,thebookcoversrelevantaspect®f theimageformationprocess,
basicimageprocessingandfeatureextractiontechniques- essentiallyall thatone
needsto know in orderto build a systemthat canautomaticallygeneratea 3-D
modelfrom a setof 2-D images.

Organizationof the book

Thisbookis organizedasfollows: Following a brief introduction,Part| provides
backgroundmaterialfor the restof the book. Two fundamentatransformations
in multiple-view geometry namely rigid-body motion and perspectie projec-
tion, are introducedin Chapters2 and 3, respectiely. Featureextraction and
correspondencarediscussedn Chapterd.

Chapters, 6, and7, in Partll, coverthe classictheoryof two-view geometry
basedon the so-calledepipolarconstraint.Theoryandalgorithmsare developed
for both discreteand continuousmotions,both generaland planarscenesboth
calibratedanduncalibrateccameramodels,andboth singleandmultiple moving
objects.

Althoughtheepipolarconstrainhasbeernvery successfuin thetwo-view case,
Partlll shavsthatamorepropertool for studyingthe geometryof multiple views
is theso-calledankconditiononthemultiple-viev matrix (Chapte8), which uni-
es all theconstrainteamongmultiple imagesthatareknown to date. Thetheory
culminatesn Chapterd with auni ed theoremon arankconditionfor arbitrarily
mixed point, line, andplanefeaturesit capturesall possibleconstraintsamong
multipleimagesof thesegeometrigrimitives,andsenesasakey to bothgeomet-
ric analysisandalgorithmicdevelopment Chapterl0 usesthe rank conditionto
reexamineandunify the studyof single-viev andmultiple-viev geometrygiven
sceneknowledgesuchassymmetry

Basedon the theoryand conceptuaklgorithmsdevelopedin the early part of
the book, Chaptersll and 12, in Part IV, demonstratgracticalreconstruction
algorithmsstep-by-stepaswell asdiscusspossibleextensionsof thetheorycov-
eredin this book. An outline of the logical dependeng amongchapterss given
in Figurel.

Curriculumoptions

Draftsof this bookandthe exercisesn it have beenusedto teacha one-semester
courseat the University of California at Berkeley, the University of lllinois
at Urbana-ChampaignjNashingtonUniversity in St. Louis, the Geoge Mason
University and the University of Pennsylania,and a one-quarteicourseat the
University of California at Los Angeles.Thereis apparentlyadequatanaterial
for two semester®r three quartersof lectures.Advancedtopics suggestedn
Part IV or chosenby the instructorcan be addedto the secondhalf of the sec-
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Partl

Partll

Partlll

Figurel. Organizationof the book:logical dependencamongpartsandchapters.

ondsemesteif atwo-semestecourses offered.Below aresomesuggestiongor
coursedevelopmentasedn this book:

1. A one-semesterourse: Appendix A, Chaptersl—6, and part of Chapters
8-10.

2. Atwo-quartercourse:Chapterd—6for the rst quarterandChapters88—10,
12 for the secondquarter

3. Atwo-semestearourse: AppendixA andChapterd —6for the rst semester;
Chapters7—10andthe instructors choice of someadvancedtopicsfrom
Chapterl2 for thesecondsemester

4. Athree-quartersequenceChapterd—6for the rst quarter Chapters/—10
for the secondquarter andthe instructors choiceof advancedtopicsand
projectsfrom Chaptersl1 and12 for thethird quarter

Chapterl1 playsaspecialrole in this book: Its purposes to make it easyfor the
instructorto develop andassignexperimentalexercisesor courseprojectsalong
with otherchaptersdeingtaughtthroughouthe course Relerantcodeis available
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athttp://vision.ucla.edu/MASKS ,fromwhichstudentsnaygethands-
on experiencewith a minimum versionof a working computervision system.
This chaptercan also be usedby practitionerswho are interestedn usingthe
algorithmsdevelopedin this book,without necessarilyelvinginto the detailsof
the mathematicaformulation.Finally, an additionalpurposeof this chapteris to
summarizée'the bookin onechaptef’ which canbeusedin the rst lectureasan
overview of whatis to come.

Exercisesareprovidedattheendof eachchapterThey consistof mainly three
types:

1. drill exercisesthat help studentsunderstandhe theory coveredin each
chapter;

2. advancedxerisesthatguidestudentgo creatvely developa solutionto a
specializectasethatis relatedto but notnecessarilgoveredby thegeneral
theoremsn thebook;

3. programmingexercisesthat help studentgyraspthe algorithmsdeveloped
in eachchapter

Solutionsto selectedexercisesare available,along with software for examples
andalgorithms at http://vision.ucla.edu/MASKS

Yi Ma, Champaignlllinois
StefanoSoattoLos AngelesCalifornia
JanaKosecl, Fairfax, Virginia
ShankaiSastry Berkeley, California
Spring,2003
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Introduction

All humanbeingsby nature desie to know A signof this is our lik-
ing for the sensesfor evenapart fromtheir usefulnessve like them
for themselves especialljthesensef sight,sincewechooseseeing
abovepractically all the others, notonly asan aid to action,but also
whenwe haveno intentionof acting Thereasonis that sight, more
thanany of the other sensesgivesusknowledg of thingsandclari-
es manydifferencesamongthem.

— Aristotle

1.1 Visualperceptiorfrom 2-D imagesto 3-D models

The senseof vision playsanimportantrole in thelife of primatesit allowsthem
to infer spatialpropertiesof theervironmentthatarenecessaryo performcrucial
tasksfor survival. Primateausevisionto explore unfamiliar surroundingsnegoti-
atephysicalspacewith oneanotheydetectandrecognizeprey ata distanceand
fetchit, all with seeminghfittle effort. So,why shouldit be sodif cult to make
acomputer‘see”?First of all, we needto agreeon whatit meansfor acomputer
to seelt is certainlynot assimpleasconnectinga camerdo it. Nowadaysadig-
ital cameracan deliver several “frames” per secondto a computey analogously
to whatthe retinadoeswith the brain. Eachframe, however, is just a collection
of positve numberghat measureghe amountof light incidenton a particularlo-
cation (or “pixel”) on a photosensitie surface(see,for instance,Table 3.1 and

Thisis pagel
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2 Chapterl. Introduction

Figures3.2and3.3in Chapter3). How canwe “interpret” thesepixel valuesand
tell whethemwe arelookingatanapple atree,or ourgrandmothesface?To make
mattersworse,we cantake the sameexactsceneg(saythe apple),andchangethe
viewpoint. All the pixel valueschange put we have no dif culty in interpreting
thesceneasbeingour apple.The samegoesif we changethelighting aroundthe
apple(say if weview it in candlelight or underaneonlamp),or if we coatit with

shiny wax.

A visualsystemjn broadterms,is a collectionof devicesthattransformmea-
surementof light into information about spatial and material propertiesof a
scene Among thesedevices, we needphotosensitie sensorgsay a cameraor
a retina)aswell ascomputationamechanismgsay a computeror a brain) that
allow usto extractinformationfrom the raw sensoryreadingsTo appreciatghe
fact that vision is no easycomputationakask, it is enlighteningto notice that
abouthalf of theentirecerebrakortex in primatess devotedto processingisual
information[FellemanandvanEssen199]. So,evenwhenwe areabsorbedn
profoundthoughtsthemajority of our brainis actuallybusytrying to make sense
of theinformationcomingfrom our eyes.

Whyis visionhard?

Oncewe accepthefactthatvision is notjust transferringdatafrom a camerao
acomputerwe cantry to identify thefactorsthataffect our visualmeasurements.
Certainlythe pixel valuesrecordedwith a camergor the ring actity of retinal
neuronsdependuponthe shapeof objectsin the sceneif we changethe shape,
we noticea changein the image.Therefore jmagesdependon the geometryof
the scene.However, they also dependon its photometry the illumination and
the materialpropertiesof objects:a bronzeapplelooksdifferentthanareal one;
a skyline looks differenton a cloudy day thanin sunshine Finally, as objects
move in the sceneandtheir posechangesso doesourimage.Therefore visual
measurementdependon thedynamicsof the ervironment.ln generalwe do not
know the shapeof the scenewe do not know its materialpropertiesandwe do
not know its motion. Our goalis to infer somerepresentationf the world from
collectionof images.

Now, thecomplexity of thephysicalworldis in nitely superiorto thecomplex-
ity of themeasurementsf its imagest Thereforejn a senseyisionis morethan
dif cult; it isimpossibleWe cannotsimply “invert” theimageformationprocess,
andreconstructhe “true” scenefrom a numberof images.Whatwe canrecon-
structis atbestamodelof theworld, or an“internal representatioh Thisrequires

loneentiredimensionis lostin the projectionfrom the 3-D world to the 2-D image.Moreover,
thegeometryof ascenecanbedescribedy a collectionof surfacesjts photometryby acollectionof
functionsde ned on thesesurfacesthatdescribehow light interactswith the underlyingmaterial;its
dynamicshy differentialequationsAll theseentitieslivein in nite-dimensionalspacesandinferring
themfrom nite-dimensionalimagesis impossiblewithout imposingadditional constraintson the
problem.
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introducingassumptionspr hypothesespn someof the unknavn propertiesof

the ervironment,in orderto infer the others.Thereis no right or wrong way to

do so,andmodelingis aform of engineeringart, which dependaiponthe taskat

hand.Forinstancewhatmodelof the scendo infer depend®nwhethemwe want

to useit to movewithin theervironment to visualizeit from novel viewpoints,or

to recognizeobjectsor materials.In eachcase someof the unknonn properties
areof interest,whereaghe othersare“nuisancefactors”:if we wantto navigate
in anunknowvn ervironmentwe carefor theshapeandmotionof obstaclespotso

muchfor their materialor for theambientlight. Neverthelessthelatterin uence

themeasurementgndhave to be dealtwith somehav.

In thisbook,we aremostlyinterestedn vision asa sensofor arti cial systems
to interactwith their surroundingsTherefore we ervision machinescapableof
inferring the shapeand motion of objectsin a sceneandour bookre ects this
emphasis.

Whynow?

Theideaof endaving machinesith a senseof visionto have theminteractwith
humansandthe ervironmentin a dynamicfashionis not new. In fact, this goal
permeateagoodportionof modernengineeringandmary of theideasdiscussed
above canbefoundin thework of [Wiener 1949 over half a centuryago.So, if
the problemis sohard,andif somucheffort hasgonetowardit unsuccessfully
why shouldwe insist?

First, until justoveradecadeago,therewasno commerciahardwareavailable
to transferafull-resolutionimageinto thememoryof acomputeratframerate(30
Hz), let aloneto processt anddo arything usefulwith it. This stephasnow been
overcomedigital camerasreubiquitous,andsoarepowerful computerghatcan
procesgheir outputin realtime. Secondalthoughmary of the necessaranalyt-
ical toolswerepresenin variousdisciplinesof mathematic$or quite sometime,
only in the pastdecadehasthe geometryof vision beenunderstoodhoroughly
andexplainedsystematicallyFinally, the studyof vision is ultimately driven by
thedemandor its usein applicationghathave the potentialto positively impact
our quality of life.

Whatfor?

Think of spendinga daywith your eyesclosed,andall thethingsthatyouwould
notbeableto do. Arti cial visionoffersthepotentialof relieving humanof tasks
that are dangerousmonotonouspr boring, suchasdriving a car, surveying an
undervaterplatform, detectingintrudersin a building. In addition,they canbe
usedto augmentumancapabilitiesor replacelost skills. Ratherthandiscussing

2After all, we do nothave householdpersonatobotassistants,  yet.
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Scene representation
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Figurel.1.TheVaMP systemdevelopedby E. D. Dickmannsandhis covorkers(courtesy
of E. D. Dickmanns).

thisin the abstractwe would lik e to cite a few recentsuccesstoriesthathint at
thepotentialof vision asa sensor

Startingfrom the late 1970s,E. D. Dickmannsand his coworkershave been
developingvision-basedystemso drive carsautonomouslyn public freeways.
In 1984 ,they demonstrated systemcapableof driving asmalltruck up to speeds
of 90 km/h onanemptyroad.In 1994they tookthisto thenext level, demonstrat-
ing a systemcapableof driving a passengetaron a public freeway with normal
traf c, readingspeedsigns,passingslower cars,etc.,up to a speedof 180km/h
(Figurel.1). Althoughfor legal reasonghis systemhasnot appearedn the pub-
lic market? several componentf it aretrickling into consumerproducts.For
instance similar systemsare usedto monitor the driving behaior of long-haul
trucks and wake up the driver if he or shefalls asleep,and “smart cruise con-
trol” that canmaintaina minimum distancefrom the precedingvehicleis being
introducedinto the market [Hofmanetal., 2000. Along the samelines, the Cal-
ifornia PATH projecthasbeendevelopingautomatedreewnay systemdor quite
sometime now (Figurel.2).Nowadaysyision-guidecdhelicopterr aircraftscan
automaticallytake off, y, or land.Figurel.3shovsoneof suchsystems.

Another application of vision techniquesfor real-time interactionis in the
broadcastingf sportsevents. Americanfootball fanswatchinggameson tele-
vision have recentlynoticedthe additionof ayellow line onthe eld thatmoves
duringthegame(the“ rst down line”). Thisline, alongwith adwertisingbanners
onthesideof the eld andontheline itself, is not presenin thereal stadium but
is insteadoverlaidto live videofor broadcastin orderto make theline appeato

SEvenif an entirely automatedreavay would probablydecrease¢he numberof fatal accidents
dramatically machineerrorscausingfatalitieswould not be acceptablewhereasumanerrorsare.
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Figure 1.3. Berkeley unmannedaerial vehicle (UAV) with on-board vision system:
YamahaR-50 helicopterwith pan/tilt camera(Sory EVI-D30) andcomputerbox (Little-
boards)havering abore a landing platform (courtesyof Intelligent Machines& Robotics
Laboratory University of Californiaat Berkeley).

be attachedo the oor, cameramotion mustbe inferredin real-time,alongwith
amodelof thescenge.g.,the eld plane,Figurel.4).

Vision techniquesare also becomingubiquitousin entertainmentSpecial
effectsmixing real scenesvith computergeneratednesrequireaccurateregis-
trationof the cameramotionin the sceneduringlive action.While, traditionally,
theentertainmenindustryhasresistecautomationthe quantityandquality of re-
sultsenabledby automaticanalysisof imagesequences quickly changingthe
courseof events.Nowadayswith a hand-heldcamcordera personcanrecorda
home-madevideo andinsertvirtual objectsinto it (Figure 1.5). Combinedwith
computemgraphicstechnologyvision systemshave alsobeenusedextensiely to
acquire3-D modelsfor large-scaleurbanareasFor example,Figure 1.6 shovs
a virtual 3-D model of the campusof the University of California at Berkeley
acquiredby onesuchsystem.

Masteringthe materialdescribedn thisbookwill givereaderghefundamental
knowledgenecessaryo implementa completeworking computervision system.
In addition, a solid graspof the underlyingtheorywill allow themto pushthe
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Figurel.4.“First down line” andvirtual adwertisingin sportsevents(courtesyof Princeton
Videolmage,Inc.).

Figure1.5. Softwareis now publicly availableto estimatecameramotionandstructurein
realtime from live video (courtesyof UCLA Vision Lab).

ervelopeof future applicationsThis book aimsto provide the neededyeometric
principlesfor 3-D vision,aspartof theendeaor to establishasolid foundationfor
exploringnew avenuesn boththeoreticadevelopmentsandpracticalapplications
for machinevision.

Whatthis bookdoesnotdo

The considerationsabove should corvince the readerthat the study of vision
is multifaceted.In this book, we do not aim at covering all of its aspectsand
concentraténsteadon the geometryof multiple views.

We do not addresdssuesrelatedto the perceptionof individual images,us-
ing so-calledpictorial cuessuchastexture, shading,blur, and contour(Figure
1.7).Without detractingirom theimportanceof the analysisof the pictorial cues,
we concentrateon the motion and stereocue amongmultiple images,where
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Figure 1.6. Virtual modelsand views of the campusof UC Berkeley (courtesyof Paul
Debevec).

Figure1.7. Some*“pictorial” cuesfor 3-D structure:texture (left), shading(middle), and
contourg(right).

the geometryis well understoodand canbe presentedn a coherentanduni ed
framework.

Whatthis bookdoes

This bookconcentratesn theanalysisof sceneshatcontaina numberof rigidly
moving objectsthathave “benign” photometrigpropertiesWhat“benign” means
will beclearin Chapters3 and4, althoughwe canalreadysaythatthis excludes
shiny andtranslucenmaterials.

Givena numberof two-dimensional2-D) imagesof sceneghat satisfythese
assumptionghisbookseekgo answeithefollowing questions(1) to whatextent
(andhow) canwe estimatethe three-dimensiond[3-D) shapeof eachobject?(2)
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to whatextent canwe recover the motion of eachobjectrelative to the camera?
(3) to whatextentcanwe recover a modelof the geometryof the cameraitself?
Traditionally, thesequestionsare referredto asthe structue from motion prob-
lem. Thisbookdescribeslgorithmsdesignedo addresshesequestionsnamely
to estimate3-D structule, motion,andcamea calibrationfroma collectionof im-
ages.In this sensethis bookteachediow to go from 2-D imagesto 3-D models
of thegeometryof thescene.

While thegoalis easyto state carryingoutthis programis by nomeangrivial,
andanalyticaltools mustbe developedif we wantto appreciateand exploit the
subtletiesof the problem.Thatis why a goodportion of this bookis devotedto
developinganappropriatenathematicaapproach.

1.2 A mathematicadpproach

The problemof inferring 3-D informationof a scenefrom a setof 2-D images
hasa long historyin computervision. By its very nature this problemfalls into

the categyory of so-calledinverseproblemswhich areproneto beill-conditioned
and dif cult to solve in their full generalityunlessadditionalassumptionsare
imposedWhile, in generalthetaskof selectingacorrectmathematicainodelcan
be elusie, simplechoicesof representatiosanbe madeby exploiting geometric
primitivessuchaspoints,lines,curves,surfacesandvolumes.

Sincethesegeometrigorimitiveslive in three-dimensiondtuclidearspacethe
studyof Euclideargeometryandgroupsof transformationshatpresereits prop-
ertiestakesa naturalplacein this book (Chapter2). Perspectie projection,with
its rootstracingbackto ancientGreekphilosopherandRenaissancartists,has
beenwidely studiedin projective geometry(a branchof algebrain mathematics)
and moderncomputergraphics.In this book, we adoptit asanideal modelfor
theimageformationprocesgChapter3). Theblendof perspeciie projectionand
matrix groupsis then at the heartof multiple-viev geometry the study of fun-
damentageometricaws that governthe structurefrom motion problem.In this
book,wewill formally establisithata simple,completeandyetunifying descrip-
tion of thelaws governingmultiple imagesis givenby certainrankconditionson
the so-calledmultiple-viev matrix (Part Ill). Brie y stated,a multiple-vien ma-
trix associateavith a geometricfeature(point, line, or plane)is exactly the 3-D
informationthatis missingin a single 2-D imageof the featurebut encodedn
multiple ones.The rank conditionshenceimposethe incidencerelationthat all
imagesmustcorrespondo the same3-D feature.If thereare multiple features
in 3-D with incidencerelations(e.g.,intersection)amongthemseles, the rank
conditionscanalsouniformly take theminto account.

This simpletheoryessentiallyenableausto carry out globalgeometricanaly-
sisfor multipleimagesandsystematicall\characterizelegenerateon gurations,
without breakingtheimagesequencénto pairsor triplets of views. Sucha uni-
form andglobaltreatmentllowsusto utilize all geometricconstraintshatgovern
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all featuresandall incidencerelationsin all imagessimultaneouslyor a consis-
tentrecovery of motionandstructurefrom multiple views (Chapte). In Chapter
10,we shav how thistheorynaturallyrelategheperspeciie projectionwith prop-
ertiesof 3-D spacethatareinvariantundersymmetrygroups,which allows usto

exploit the symmetricnatureof mary man-madendnaturalobjects.

1.3 A historicalperspectie

Rudimentaryunderstandingf imageformation(suchasthe phenomenomwf pin-
holeimaging)waspresentn ancientivilizationsthroughoutheworld. However,
the rst mathematicaformulation of the notion of projection(aswell asrigid-
body motion) is attributed to Euclid of Alexandriain the fourth centuryB.C.
BrunelleschendLeonBattistaAlberti studiedperspectiein the context of paint-
ing and architecture and Alberti wrote the rst generaltreatiseon the laws of
perspectie, Della Pictura, in 14354 Perspectie projectionhadvery muchcon-
tributedto the inventionof a “new,” non-Greekway of doing geometry called
projectve geometryby the FrenchmathematiciarGirard Desagues,for his fa-
mous*“perspectve theorem”publishedin 1648° Projectve geometrywas later
reinventedandmadepopularby pupilsof anothefrenchmathematicianGGaspard
Monge,in theeighteentlandearlynineteentltentury However, thisdoctrinewas
later challengedby Felix Klein's famous1872 ErlangenProgramwhich essen-
tially established moredemocratidout uni ed platformfor moderngeometryin
termsof grouptheory®

The rise of projective geometrymade sud an overwhelmingim-
pressionon the geometes of the r st half of the nineteenthcentury
that they tried to t all geometricconsideationsinto the projective
scheme Thedictatorial regimeof the projectiveideain geometry
was r stsuccessfullyprokenby the Germanastonomerand geome-
ter Mdbius, but the classicaldocumentof the democatic platform
in geometryestablishingthe group of transformationsas the ruling
principle in any kind of geometryand yielding equal rights to in-
dependentonsideation to ead and any sud group, is F. Klein's
Erlangenprogram.

—HermanWeyl, ClassicalGroups

4Somehistoricalrecordssuggesthatthe Greekmathematiciamnaxagora®f Clazomenaenight
have written atreatiseon perspectie in thefourth centuryB.C, but it did notsurvive.

SThetheorenstateghatif two trianglesarein perspectie, theintersectionsf correspondingides
arecollinear

6Klein's synthesisof geometryis the studyof the propertiesof a spacethatareinvariantundera
givengroupof transformations.
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Furin Krssppua.

Figure1.8.Photograplof Erwin Kruppa(courtesyof A. Kruppa).

The rst work thatis directly relatedto multiple-view geometryis believed
to be a 1913 paperby the GermanmathematiciarKruppa (seeFigure 1.8).” He
provedthattwo views of ve pointsaresufcient to determineboththerelative
transformatiorbetweertheviews andthe 3-D locationof thepointsupto nitely
mary solutions® Kruppa's proof wasdonein thetraditionalprojective geometry
setting[Kruppa,1913.

These earlier theoretical developmentswere embracedby two disciplines
that strove for the developmentof techniquesfor 3-D reconstructionfrom
image data: photogrammetryand computervision. While the rst techniques
for reconstructionin computervision date back to the mid 1970s, the ori-
gin of a more moderntreatmentis traditionally attributedto Longuet-Higgins,
who in 1981 rst proposeda linear algorithm for structureand motion re-
covery from two imagesof a set of points, basedon the so-calledepipolar
constaint [Longuet-Higgins,1981.° This linear algorithm was later modi ed
and polishedby [HuangandFaugeras1989, pioneersof the moderngeomet-
ric approachto computervision. Theseearly works on two-view geometry

7But somework on two-view geometrycan be tracedback to the mid nineteenthcentury; see
[MaybankandFaugeras1992 andreferencesherein.

8Kruppas original claim wasthattherewould be no morethan11 solutions. The proof andresult
werere ned laterby [Demazure 1988 Maybank,199Q HeydenandSparr 1999. It is shavn thatthe
numberof solutionsis 10 (includingcomplex solutions)jnsteadof 11.An in nitesimal versionof this
theoremis provenby [Maybank,1993.

9The epipolarconstraintwhich statesthat two imagerays correspondingo the same3-D point
arecoplanarhadbeenknown in photogrammetrgincethemid nineteenttcentury To the bestof our
knowledge,the epipolarconstraintwas rst formulatedanalyticallyin [Thompson,1959]. At around
thesametime of Longuet-Higgins[TsaiandHuang,1981, TsaiandHuang,1984 studiedthe motion
estimationproblemfrom arigid planarpatch.
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were summarizedin several monographs [Faugeras1993 Kanatani,1993h
Maybank,1993 Wengetal., 1993K. In this book,theseclassicresults,together
with their extensionto the continuousmotion and multiple-body cases,are
presentedn Chapters, 6, and?7.

Extension=of the reconstructiortechniquedrom point featuresto lines initi-
atedthe studyof therelationshipsamongthreeviews, sincein theline casethere
is no effective constrainfor two views thatcanbe usedfor motionandstructure
recovery, aswewill explainin Chapte8. Theso-calledrilinearconstrainemong
three imagesof a line was rst studied by [SpetsakisandAloimonos,1987,
Liu andHuang,1986 Liu etal., 1990. Thisresultwaslateruni ed in thetwo pa-
persof [SpetsakiandAloimonos,1990a SpetsakiandAloimonos,19904 for
both the point and line casestogetherwith uni ed algorithms.An alternatve
derivation of the trilinear constraintfor threeuncalibratedmagesof pointswas
suggesteth [Shashual994 andits equivalenceo theline casewvassoonpointed
out by [Hartley, 1995.

While early studiesin multiple-view geometryoften concentrateen nding
out what the minimum amountof dataneededfor a reconstructions, the ad-
vanceof moderncomputertechnologieshascertainly changedhe focus of the
investigation Giventhat computerdoday caneasily handletensof imageswith
hundredsand even thousandsf featuresat a time, the main problembecomes
how to discover all theinformationthatis availablefrom all theimagesandhow
to ef ciently extractit throughcomputationThe attemptsto develop algorithms
that ef ciently utilize a large numberof imagesare marked by the introduc-
tion of factorizationtechniquegor the simpli ed caseof orthographigrojection
[TomasiandKanade 1997. In spiteof the restrictve assumptioraboutthe pro-
jection model, the practicalimplications of suchfactorizationtechniqueswvere
striking.

Unfortunately suchfactorizationtechniquesannotbe directly generalizedo
the caseof pure perspectie projection.The study of perspectie imageshence
took a differentroute,almostoppositeto the global approachadoptedn the or-
thographiccase Throughouthe1990s researcherim computevisionandimage
processindgocusednthestudyof geometryof two, threeor fourimagesatatime.
Numerousbut equivalentforms of the constraintsamongtwo or threeimagesof
pointsandlineshadbeenreformulatedor variouspurpose®f analysisandappli-
cation.Thisline of work culminatedn the publicationof two recentmanuscripts:
[Hartley andZisserman200Q FaugerasandLuong,2001].

This book will deviate from the projectve geometricdoctrine.We will deal
with multiple-view geometrydirectly in its original settingand male it a self-
containedsubject. Consequentlymost existing resultsand algorithmswill be
reformulatedand simpli ed in our frameawork. Even the classicalepipolarcon-
straintbetweertwo viewswill eventuallybe expressedn a differentform, which
conformsmoreto otherconstraintghat are presentin multiple images(Chapter
8). Thisapproachwill notonly completewith little overheadhetaskof searching
for all intrinsic constraintemongmultiple views, but alsopresenthemultimately
in auni ed form thatis muchmoreaccessibléor geometridnsightandalgorith-
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mic developmen{seeChapte). We believe thatsuchanadjustments necessary
and appropriatefor the developmentof a theoreticand algorithmic framework
suitablefor studyingmultiple imagesof multiple features(of differenttypes),
multipleincidencerelations andmultiple kindsof assumptionsnthe scene.
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Representationf a Three-Dimensional
Moving Scene

I will notde ne time, space placeand motion,as beingwell known
to all.
— IsaacNewton, Principia Mathematica;1687

Thestudyof thegeometriaelationshipbetweera three-dimensiongB-D) scene
andits two-dimensiona(2-D) imagegakenfrom a moving camerds atheartthe
interplay betweentwo fundamentalketsof transformationsEuclideanmotion
also called rigid-body motion, which modelshow the cameramoves, and per
spectiveprojection which describeshe imageformation processLong before
thesetwo transformationsverebroughttogetherin computervision, their theory
hadbeendevelopedndependentlyThe studyof the principlesof motionof ama-
terial bodyhasa long history belongingto the foundationsof mechanicsFor our
purposemorerecentnotavorthy insightsto the understandingf the motion of
rigid objectscamefrom ChaslesandPoinsotin theearly1800s.Their ndings led
to the currenttreatmenbf this subjectwhich hassincebeenwidely adopted.

In this chapter we will startwith an introductionto three-dimensionaEu-
clideanspaceaswell asto rigid-body motions.The next chapterwill thenfocus
on the perspectie projectionmodelof the cameraBoth chaptergequirefamil-
iarity with somebasicnotionsfrom linear algebramary of which arereviewed
in AppendixA attheendof thisbook.
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2.1 Three-dimensiondtuclideanspace

Wewill use to denotethefamiliarthree-dimensiondtuclideanspaceln gen-

eral,a Euclideanspacds a setwhoseelementssatisfythe ve axiomsof Euclid.

Analytically, three-dimensiondtuclidearspacecanberepresentedlobally by a

Cartesiarcoordinateframe: every point canbeidenti ed with apointin
with threecoordinates

Sometimeswe mayalsouse toindicateindividual coordinatesnstead
of . Throughsuchan assignmenbf a Cartesiarframe,oneestab-
lishesa one-to-onecorrespondendeetween and , whichallowsusto safely
talk aboutpointsandtheir coordinatessif they werethe samething.

Cartesiarcoordinatesarethe rst steptoward makingit possiblemeasurelis-
tancesandanglesln ordertodoso, mustbeendavedwith ametric A precise
de nition of metricrelieson thenotionof vector.

De nition 2.1 (Vector). In Euclideanspace a vector is determinedby a pair
of points andis de ned asa directedarrow connecting to , denoted

Thepoint is usuallycalledthe basepoint of the vector . In coordinatesthe
vector is representedly thetriplet , whereeachcoordinatéds
the differencebetweenthe correspondingoordinateof thetwo points:if has
coordinates and hascoordinates ,then hascoordinate$

The precedingde nition of a vectoris referredto asa boundvector Onecan
alsointroducethe conceptof a free vector, a vectorwhosede nition doesnot
dependon its basepoint. If we have two pairs of points and with
coordinatesatisfying , we saythatthey de ne thesamefree
vector Intuitively, thisallows avector to betransportedn parallelanywherein

. In particular without lossof generality onecanassumehatthe basepointis
theorigin of the Cartesiarframe,sothat and . Note,however, that
this notationis confusing: heredenoteghe coordinate®f avectorthathappen
to bethe sameasthe coordinate®f the point  just becausave have choserthe
point to betheorigin. Thereadeishouldkeepin mindthatpointsandvectorsare
differentgeometricobjects.Thiswill beimportant,aswe will seeshortly, sincea
rigid-body motionactsdifferentlyon pointsandvectors.

INotethatwe usethesamesymbol for avectorandits coordinates.
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Thesetof all freevectorsformsa linear vectorspacé (AppendixA), with the
linearcombinationof two vectors de ned by

The Euclideanmetric for is thende ned simply by aninner produc (Ap-
pendix A) on the vectorspace . It canbe shavn that by a proper choice
of Cartesianframe, ary inner productin can be corvertedto the following
canonicaform

2.1)

This inner productis alsoreferredto asthe standardeuclideanmetric. In most
partsof this book (but not everywhere!)we will usethe canonicalinner prod-

uct . Consequentlythe norm (or length) of a vector is
. Whentheinnerproductbetweertwo vectorsis zero,
ie. , they aresaidto be orthogonal

Finally, Euclidearspace canbeformally describechsa spacehat,with re-
specto aCartesiarframe,canbeidenti ed with  andhasametric(onits vector
spacepivenby theaboveinnerproduct.With sucha metric,onecanmeasureot
only distancesetweenpoints or anglesbetweenvectors,but also calculatethe
lengthof acurve® or thevolumeof aregion.

While the inner productof two vectorsis a real scalar the so-calledcross
productof two vectorsis avectorasde ned below.

De nition 2.2(Crossproduct). Giventwovectors , their crossproduct
is a third vectorwith coordinatesgivenby

It is immediatefrom this de nition that the crossproductof two vectorsis
linearin eachof its arguments:
Furthermoreit is immediateto verify that

Therefore the crossproductof two vectorsis orthogonalto eachof its factors,
andthe orderof thefactorsde nes an orientation(if we changethe orderof the
factorsthe crossproductchangesign).

2Notethatthe setof pointsdoesnot.
3In someliterature theinnerproductis alsoreferredto asthe“dot product:
4If thetrajectoryof amoving particle in  is describedy acure

, thenthetotal lengthof thecurwe is givenby

where — is the so-callectangentvectorto thecure.
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If we x , the crossproductcanbe representedby a map from to
Th|s mapis linearin  andthereforecanberepresentetly a matrlx
(Appendix A). We denotethis matrix by , pronounced hat’ It is
immediateto verify by substitutiorthatthis matrix is givenby®

2.2)

Hence we canwrite . Notethat isa skew-symmetricmatrix,
i.e. (seeAppendixA).

Example 2.3 (Right-hand rule). It is immediateto verify thatfor

, we have . Thatis, for a standardCartesian
frame, the crossproductof the principalaxes and givesthe principal axis . The
crossproductthereforeconformsto theright-handrule. SeeFigure2.1. u

\j

Figure2.1.A right-handed coordinateframe.

The crossproduct,therefore naturallyde nes a mapbetweena vector and
a skew-symmetricmatrix . By inspectionthe corverseof this statement
is clearlytrue,sincewe caneasilyidentify a three-dimensionalectorassociated
with every skew-symmetricmatrix (just extract from (2.2)).

Lemma 2.4 (Skew-symmetricmatrix). A matrix is skew-symmetric
if andonly if for some

Thereforethevectorspace andthespaceof all skew-symmetric matri-
cescalled 6 areisomorphid(i.e. thereexistsaone-to-onenapthatpreseres
thevectorspacestructure) Theisomorphisiis the so-calledhat operator

5In someliterature thematrix  is denotecby or
SWe will explainthereasorfor this namelaterin this chapter
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andits inversemap,calledtheveeoperator, which extractsthe componentsf the
vector from askew-symmetricmatrix , is givenby

2.2 Rigid-bodymaotion

Consideran objectmoving in front of a cameraln orderto describeits motion
oneshould,in principle,specifythetrajectoryof every singlepointon theobject,
for instance,by specifyingcoordinatesof a point as a function of time
Fortunatelyfor rigid objectswe do not needto specifythemotionof every point.
As we will seeshortly, it is sufcient to specify the motion of one (insteadof
every) point, andthe motion of threecoordinateaxesattachedo that point. The
reasonis that for every rigid object, the distancebetweenarny two pointson it
doesnot changeovertime asthe objectmoves.SeeFigure2.2.

\

Figure2.2. A motion of arigid body preseresthedistance betweenary pair of points
onit.

Thus,if and arethe coordinatef arny two points and onthe
object,respectiely, thedistancebetweerthemis constant:

constant (2.3)

A rigid-bodymotion(or rigid-bodytransformation)s thena family of mapsthat
describehow the coordinate®f every pointon arigid objectchangen time while
satisfying(2.3). We denotesucha mapby

If insteadof looking at the entire continuouspath of the moving object, we
concentrateon the map betweenits initial and nal con guration, we have a
rigid-bodydisplacementdenotecby

Besidegransforminghecoordinate®f points, alsoinducesatransformatioron
vectors.Supposéhat is avectorde ned by two points and with coordinates
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: then,afterthetransformation , we obtaina new vector

Since preseresthe distancebetweenpoints,we have that for
all freevectors

A mapthatpreseresthe distances calleda Euclideantransformationin the
3-D spacethe setall Euclideantransformationss denotedby . Note that
preservinglistancedbetweernpointsis notsufcient to characterizarigid object
movingin spaceln fact,therearetransformationshatpreseredistancesandyet
they arenot physicallyrealizable For instancethe map

preseresdistancedut not orientationslt correspond#o are ection of pointsin
the  -planeasadouble-sidednirror. To rule outthiskind of maps® we require
thatary rigid-body motion, besidespreservingdistancespreseres orientations
aswell. Thatis, in additionto preservinghenormof vectorsjt mustalsopresere
their crossproduct.The mapor transformatiorinducedby arigid-body motionis
calleda specialEuclideantransformation Theword “special”’ indicatesthefact
thatatransformatioris orientation-preserving.

De nition 2.5 (Rigid-body motion or special Euclidean transformation). A
map is arigid-bodymotionor a specialEuclideartransformatiornif
it preserveshe normandthe crossproductof anytwo vectors,

1. norm: ,
2. crossproduct:
Thecollectionof all sud motionsor transformationss denotedy

In theabovede nition of rigid-bodymotionsit is notimmediatelyobviousthat
theangleshetweenvectorsarepresered.However, theinnerproduct canbe
expressedn termsof thenorm by the polarizationidentity

- (2.4)
and,since , onecanconcludethat,for ary rigid-body
motion

(2.5)

In otherwords,arigid-bodymotioncanalsobede ned asonethatpreseresboth
theinnerproductandthe crossproduct.

“Theuseof  hereis consistentvith the so-calledpush-forwad mapor differential operator of
in differentialgeometrywhich denoteshe actionof a differentiablemapon thetangentspacef its
domains.

8|n ChapterL0, however, wewill studytheimportantroleof re ectionsin multiple-viev geometry
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Example 2.6 (Triple product and volume). Fromthe de nition of a rigid-body motion,
onecanshaw thatit alsopreseresthe so-calledriple productamongthreevectors:

Sincethe triple productcorrespondso the volume of the parallelepipedspannedy the
threevectors rigid-body motionalsopreseresvolumes. ™

How do thesepropertieshelp us describea rigid-body motion concisely?The
factthat distancesand orientationsare presered by a rigid-body motion means
that individual points cannotmove relative to eachother As a consequence
rigid-body motion canbe describedy the motion of a choserpoint on the body
andtherotationof a coordinateframeattachedo that point. In orderto seethis,
werepresenthecon gurationof arigid bodyby attachinga Cartesiarcoordinate
frameto somepoint on therigid body, andwe will keeptrack of the motion of
this coordinatéframerelativeto a x edworld (refeence)frame

To this end,considera coordinatdframe,with its principalaxesgivenby three

orthonormalvectors ; thatis, they satisfy
;g: (2.6)
Thevectorsareorderedsoasto form aright-handedrame: . Then,
afterarigid-bodymotion , we have
(2.7)
Thatis, theresultingthreevectors still form aright-handed

orthonormalframe. Therefore,a rigid object can always be associatedvith a
right-handedorthonormalframe, which we call the object coodinate frameor
thebodycoordinateframe andits rigid-bodymotioncanbe entirely speci ed by
themotionof suchaframe.

In Figure 2.3 we shawv an object,in this casea cameramoving relative to a
world referenceframe selectedn advance.ln orderto specify
the con guration of the camerarelative to the world frame , onemay pick a
x edpoint onthe cameraandattachto it an objectframe,in this casecalled
acameraframe? . Whenthe cameramaoves,the cameraframealso
movesalongwith thecameraThecon gurationof thecameras thendetermined

by two components:

1. the vectorbetweenthe origin  of the world frameandthat of the camera
frame, , calledthe “translational’partanddenotecby ;

2. the relative orientation of the cameraframe , with coordinateaxes
, relative to the x ed world frame with coordinate axes
, calledthe “rotational” partanddenotecby

9Here, to distinguishthe two coordinateframes,we uselower-case for coordinatesn the
camerdrame.
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Figure 2.3. A rigid-body motion betweena cameraframe : and a world
coordinateframe

In the problemswe considerin this book, thereis no obvious choice of the
world referencdrameandits origin . Thereforewe canchooseheworld frame
to be attachedo the cameraandspecifythe translationandrotationof the scene
relative to thatframe (aslong asit is rigid), or we could attachthe world frame
to the sceneandspecifythe motion of the camerarelative to thatframe.All that
matterds therelativemotionbetweerthe sceneandthe camerathe choiceof the
world referencdrameis, from the point of view of geometryarbitrary°

If we canmove arigid object(e.g.,a camera)rom oneplaceto anotherwe
cancertainlyreversethe actionandputit backto its original position.Similarly,
we cancombineseveral motionsto generatea new one.Roughly speakingthis
propertyof invertibility andcompositioncanbe mathematicallycharacterizedyy
the notion of “group” (AppendixA). As we will soonsee,the setof rigid-body
motionsis indeeda group,the so-calledspecialEuclideangroup. However, the
abstracnhotionof groupis notusefuluntil we cangiveit anexplicit representation
anduseit for computationln thenext few sectionswe will focuson studyingin
detail how to representigid-body motionsin termsof matrices'! More specif-
ically, we will shav that ary rigid-body motion canbe representedsa
matrix. For simplicity, we startwith the rotationalcomponentof a rigid-body
motion.

2.3 Rotationalmotionandits representations

2.3.1 Orthogonalmatrix representatiorof rotations

Supposeve have arigid objectrotatingabouta x edpoint . How dowe
describeits orientationrelative to a chosencoordinateframe,say  ? Without
lossof generality we may always assumehat the origin of the world frameis

10The humanvision literature,on the otherhand, debatesvhetherthe primatebrain maintainsa
view-centeredr anobject-centeredepresentationf theworld.
11The notion of matrix representatiofor a groupis introducedn AppendixA.
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the centerof rotation . If thisis not the case simply translatethe origin to the
point . We now attachanothercoordinateframe,say , to therotatingobject,
saya camerawith its origin alsoat . Therelationbetweernthesetwo coordinate
framesis illustratedin Figure2.4.

y

Figure2.4.Rotationof arigid bodyabouta x edpoint andalongtheaxis . Thecoor
dinateframe  (solidline) is x ed,andthecoordinateframe (dashedine) is attached
to therotatingrigid body

Thecon guration (or “orientation”) of theframe relatveto theframe s
determinedy thecoordinate®f thethreeorthonormalectors
relativeto theworld frame , asshowvnin Figure2.4.

The threevectors aresimply the unit vectorsalongthe threeprincipal
axes of theframe , respectiely. The con guration of the rotatingobject
is thencompletelydeterminedy the matrix
with stacled in order asits three columns.Since form an
orthonormaframe,it followsthat

for

for

This canbewrittenin matrixform as

Any matrix thatsatis estheaboveidentity is calledanorthogonalmatrix. It fol-
lows from the above de nition thattheinverseof anorthogonalmatrix is simply
its transpose: . Since form aright-handedrame,we further
have the conditionthat the determinanif mustbe .*? Hence isa
specialorthogonalmatrix, whereasbefore theword “special”’ indicateghatit is

12This caneasilybe seerby computingthe determinanbf the rotationmatrix
, Whichis equalto



24 Chapter2. Representationf a Three-Dimensionalloving Scene

orientation-preserving.hespaceof all suchspecialorthogonamatricesn
is usuallydenotedoy

Traditionally specialorthogonalmatricesare called rotation matricesfor

obviousreasonsilt canbeveri ed that satis esall four axiomsof agroup
(de ned in AppendixA) undermatrix multiplication. We leave the proof to the
readeras an exercise.So the space is alsoreferredto asthe specialor-

thogonalgroupof , or simplytherotationgroup. Directly from thede nition,

onecanshaw thatrotationsindeedpresere boththeinner productandthe cross
productof vectors.

Example 2.7 (A rotation matrix). The matrix thatrepresenta rotationaboutthe -axis
by anangle is

Thereadercansimilarly derive matricedfor rotationaboutthe -axisorthe -axis.Inthe
next sectionwe will studyhow to represenairotationaboutary axis. ™

Going backto Figure 2.4, every rotation matrix representa
possiblecon guration of the objectrotatedaboutthe point . Besidesthis,
takesanotherole asthematrix thatrepresentthe coordinatdransformatiorirom
theframe totheframe . To seethis,supposéahatfor agivenapoint ,
its coordinateswith respectto the frame  are

. Since alsoform a basisfor canbe expressedasa linear
combinationof thesethreevectors,say with
. Obviously, arethe coordinates

of thesamepoint with respecto theframe . Thereforewe have

In this equationthe matrix transformghecoordinates  of apoint rela-
tivetotheframe toitscoordinates relatvetotheframe . Since isa
rotationmatrix, its inverseis simply its transpose,

Thatis, theinversetransformatiorof a rotationis alsoa rotation;we call it ,
following anestablishedonvention,sothat

The con guration of a continuouslyrotating object canthen be describedas a

trajectory in the space . Whenthe startingtime is

not , the relative motion betweentime  andtime  will be denotedas
. Thecompositionlaw of therotationgroup(seeAppendixA) implies
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For a rotating camera,the world coordinates of a x ed 3-D point are
transformedo its coordinateselative to the camerdrame by

Alternatively, if apoint is x edwith respecto thecamerdramehascoordinates
, its world coordinates asafunctionof arethengivenby

2.3.2 Canonicalexponentialcoordinatesfor rotations

Sofar, we have shavn thatarotationalrigid-bodymotionin ~ canberepresented
by a rotationmatrix . In the matrix representatiothatwe have
sofar, eachrotationmatrix is describedby its entries.However,
thesenine entriesarenot free parameterdecausehey mustsatisfythe constraint
. This actuallyimposessix independentonstraintson the nine entries.

Hence,the dimensionof the spaceof rotation matrices shouldbe only
three,andsix parametergut of the nine arein factredundantin this subsection
and Appendix 2.A, we will introducea few explicit parameterizationfor the
spaceof rotationmatrices.

Givenatrajectory that describesa continuousrotational
motion,therotationmustsatisfythefollowing constraint

Computinghederivative of theabove equationwith respecto time andnoticing
thattheright-handsideis a constanmatrix, we obtain

The resultingequationre ects the fact that the matrix isa
skaw-symmetricmatrix. Then,aswe have seenin Lemma2.4,theremustexist a
vector, say , suchthat

Multiplying bothsidesby ontheright yields
(2.8)

Notice that from the above equation jf for , we have
. Hencearoundtheidentity matrix , a skew-symmetricmatrix givesa rst-
orderapproximatiorto a rotationmatrix:

As we have anticipatedthe spaceof all skew-symmetricmatricess denotecdby

(2.9)
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and following the above obsenation, it is also called the tangent spaceat the

identity of therotationgroup 23 f is not at the identity, thetangent
spaceat is simply transportedo by a multiplication by
ontheright: . Thisalsoshaws that, locally, elementsf

depencbn only threeparameters, .

Having understoodts local approximationye will now usethis knowledgeto
obtainausefulrepresentatiofor therotationmatrix. Let usstartby assuminghat
thematrix in (2.8)is constant,

(2.10)
In the above equation, canbe interpretedasthe statetransition matrix for
thefollowing linearordinarydifferentialequation(ODE):

(2.11)
It is thenimmediateto verify thatthe solutionto the abore ODE is givenby

(2.12)
where  isthematrix exponential

 — o (2.13)

Theexponential s alsooftendenotedby . Dueto the uniquenes®f
thesolutionto the ODE (2.11),andassuming is theinitial conditionfor
(2.10),we musthave

(2.14)

To verify thatthe matrix is indeeda rotationmatrix, one candirectly shav
from thede nition of the matrix exponentialtthat

Hence . It remaingto shaov that , andwe leave this
factto thereaderasan exercise(seeExercise2.12). A physicalinterpretationof

equation(2.14)is that if , then is simplya rotation around
theaxis byanangleof radians!*In general, canbeabsorbednto

sowe have for  with arbitrarynorm. So,the matrix exponential(2.13)
indeedde nes a mapfrom the space to , the so-calledexponential
map

Note that we obtainedthe expression(2.14) by assuminghat the in (2.8)
is constant.This is, however, not alwaysthe case.A questionnaturally arises:

13Since is aLie group, is calledits Lie algebra.
1%We canuseeither , where encodesxplicitly the rotationangleand , or more
simply  where encodesherotationangle.
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canevery rotationmatrix be expressedn anexponentialform asin
(2.14)?Theanswelis yes,andthefactis statedasthefollowing theorem.

Theorem 2.8 (Logarithm of ). For any , there existsa (not
necessarilyunique) sud that . We denotetheinverseof the
exponentialmapby

Proof. The proof of thistheoremis by constructionif therotationmatrix
is givenas

thecorresponding is givenby

trace
_ (2.15)
If , then , and— is notdeterminedandthereforecanbe chosen
arbitrarily). O
The signi cance of this theoremis thatary rotationmatrix canbe realizedby
rotatingaroundsome x ed axis by a certainangle . However, the expo-
nentialmapfrom to is not one-to-onesinceary vectorof the form

with  integerwould give riseto thesame . Thiswill becomeclearafter
we have introducedhe so-calledRodrigues'formulafor computing
From the constructve proof of Theorem2.8, we know how to computethe
exponentialcoordinates for a givenrotationmatrix . Ontheother
hand,given , how do we effectively computethe correspondingotationmatrix
?Onecancertainlyusetheserieq2.13)fromthede nition. Thefollowing
theoremhowever, providesa very usefulformulathatsimpli es the computation
signi cantly.

Theorem 2.9 (Rodrigues' formula for a rotation matrix). Given , the
matrix exponential is givenby

— — (2.16)
Proof. Let andrede ne to beof unitlength.Then,it is immediateto

verify thatpowersof canbereducedy thefollowing two formulae

Hencetheexponentialserieg2.13)canbesimpli ed as
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Thetwo setsof parenthesesontainthe Taylor seriesfor and ,

respectrely. Thus,we have . O
Using Rodriguesformula, it is immediateto seethatif , we

have

for all . Hence for a givenrotationmatrix , therearein nitely

mary exponentialcoordinates suchthat . The exponentialmap

is thereforenot one-to-onelt is alsousefulto know that
the exponentialmapis not commutativei.e. for two ,

unless

Remark 2.10. In geneal, the differencebetween and is called the
Lie bracleton , denotecby

Fromthede nition aboveit canbeveri ed that is alsoa skew-symmetric
matrix in . Thelinear structue of togetherwith the Lie bradket form
theLie algebraof the(Lie) group . For more detailsontheLie groupstruc-
ture of , thereadermayreferto [Murrayetal., 1993. Given , the setof
all rotationmatrices is thena one-parametesubgoup of ,1.e
theplanarrotationgroup . Themultiplicationin sud a subgoupis always
commutativesincefor thesame , wehave

Theexponentiakoordinatesntroducedabove provide alocal parameterization
for rotationmatrices Therearealsootherwaysto parameterizeotationmatrices,
eitherglobally or locally, amongwhich quaternionsand Euler angles(or more
formally, Lie-Cartan coordinateg are two popularchoices.We leave more de-
taileddiscussionso Appendix2.A atthe endof this chapterWe useexponential
coordinatedecausehey aresimplerandmoreintuitive.

2.4 Rigid-bodymotionandits representations

In the previoussectionwe studiedpurely rotationalrigid-body motionsandhow
to representand computea rotation matrix. In this section,we will study how
to representa rigid-body motion in general,a motion with both rotation and
translation.

Figure2.5illustratesa moving rigid objectwith a coordinatéframe  attached
to it. To describethe coordinatesf a point  on the objectwith respectto the
world frame , it is clearfrom the gure thatthevector is simply thesumof
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Figure2.5.A rigid-bodymotionbetweera moving frame andaworld frame

thetranslation of theorigin of theframe relative to thatof theframe
andthe vector but expressedelative to the frame . Since arethe
coordinate®f thepoint relatveto theframe , with respecto theworld frame
, it becomes , where is therelative rotationbetweerthe
two frames.Hencethecoordinates  aregivenby

(2.17)

Usually, we denotethe full rigid-body motion by , or simply
if the framesinvolvedareclearfrom the context. Then represents

not only a descriptionof the con guration of the rigid-body objectbut also a

transformatiorof coordinatedetweerthetwo frames.n compacform, we write

Thesetof all possiblecon gurationsof arigid bodycanthenbedescribedy the
spaceof rigid-body motionsor specialEuclideartransformations

Note that is not yet a matrix representatioifior .15 To obtain
sucha representationwe needto introducethe so-calledhomogeneousoordi-
nates.We will introduceonly whatis neededto carry our study of rigid-body
motions.

2.4.1 Homaeneougepresentation

Onemay have alreadynoticedfrom equation(2.17)thatin contrastto the pure
rotation case,the coordinatetransformatiorfor a full rigid-body motion is not

15For this to be the case the compositionof two rigid-body motionsneedsto bethe multiplication
of two matrices SeeAppendixA.
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linearbut af ne .16 Nonethelessye maycorvertsuchanaf ne transformatiorio a
linearoneby usinghomaeneousoordinates Appendinga” " tothecoordinates
of apoint yieldsavectorin , denotedby

In effect, suchanextensionof coordinatehiasembeddedhe Euclideanspace
into ahyperplanén  insteadof . Homogeneousoordinate®f avector

arede ned asthedifferencebetweerhomogeneousoordinate ®f
thetwo pointshenceof theform

Noticethatin , vectorsof theabove form giveriseto a subspaceandall linear
structuref the original vectors areperfectlypreseredby the new rep-
resentationUsingthe new notation the (af ne) transformatior(2.17)canthenbe
rewrittenin a“linear” form

wherethe matrix is calledthe homaeneousepresentatiorof
the rigid-body motion . In generalif ,
thenits homogeneourepresentatiois

(2.18)

Notice that by introducinga little redundang into the notation,we canrepre-
sentarigid-bodytransformatiorof coordinatedy alinearmatrix multiplication.
The homogeneousepresentatiorof in (2.18) givesrise to a natural matrix
representatioof the specialEuclideantransformations

Usingthisrepresentationt is thenstraightforwardto verify thattheset in-
deedsatis esall therequirement®f a group(AppendixA). In particular

18we saythattwo vectors  arerelatedby alinear transformatiorif for somematrix
andby anaf ne transformationf for somematrix andvector . SeeAppendixA.
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and , we have

and

Thus, is indeeda matrix representatiorfor the group of rigid-body motions

accordingo thede nition we mentionedn Section2.2 (but givenformally in Ap-

pendixA). In thehomogeneousepresentatiorthe actionof arigid-body motion
onavector becomes

Thatis, the actionis also simply representedby a matrix multiplication. In the
3-D coordinateswe have , sinceonly rotationalpartaffectsvectors.
The readercan verify that suchan action preseresboth the inner productand
thecrossproduct.As canbeseenrigid motionsact differentlyon points(rotation
andtranslation)thanthey do onvectos (rotationonly).

2.4.2 Canonicalexponentialcoorinatesfor rigid-body motions

In Section2.3.2,we studiedexponentialcoordinatesfor a rotation matrix
. Similar coordinatizatioralso exists for the homogeneousepresentation

of afull rigid-bodymaotion . Fortherestof thissectionwe demonstrate
how to extendthe resultswe have developedfor the rotationalmotion to a full
rigid-bodymotion.Theresultsdevelopedherewill beextensively usedthroughout
thebook. Thederivationparallelsthe caseof a purerotationin Section2.3.2.

Considerthe motion of a continuouslymoving rigid body describedby a
trajectoryon : , or in thehomogeneourepresentation

Fromnow on, for simplicity, whene&erthereis no ambiguity we will removethe
bar* ” toindicateahomogeneougepresentatioandsimply use . We will use
thesamecorventionfor points, for , andfor vectors, for , wheneertheir
correctdimensionis clearfrom the context.

In analogywith the caseof a purerotation,let us rst look at the structureof
the matrix

(2.19)

From our study of the rotation matrix, we know that is a skew-
symmetricmatrix; i.e. thereexists suchthat
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De ne a vector suchthat . Thenthe above
equatiorbecomes
If wefurtherde ne amatrix to be
thenwe have
(2.20)

where canbeviewedasthe“tangentvector”alongthe curve of andcanbe
usedto approximate  locally:

A matrix of theform of is calledatwist Thesetof all twistsis denotedy

The set is calledthe tangentspace(or Lie algebra)of the matrix group
. We alsode ne two operators* ” and“ " to corvert betweena twist
andits twist coordinates asfollows:

In the twist coordinates , we will referto asthelinear velocityand asthe
angular velocity, which indicatesthat they arerelatedto eitherthe translational
or the rotationalpart of the full motion. Let us now considera specialcaseof
equation(2.20)whenthetwist is aconstanmatrix

We have againatime-invariantlinearordinarydifferentialequationwhich canbe
integratedto give

Assumingtheinitial condition , we may concludethat

wherethe twist exponentialis

S S (2.21)
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By Rodrigues'formula (2.16) introducedin the previous sectionand additional
propertieof thematrixexponentialthefollowing relationshipcanbeestablished:

if (2.22)

If , the exponentialis simply . It is clearfrom the above

expressiorthatthe exponentialof is indeeda rigid-body transformatiormatrix
in . Thereforetheexponentiaimapde nesatransformatiorfrom thespace
to ,

andthe twist is alsocalledthe exponentialcoodinatesfor , as
is for .

Caneveryrigid-bodymotion berepresenteth suchanexponential
form? Theansweris yesandis formulatedin thefollowing theorem.

Theorem 2.11 (Logarithm of ). For any , there exist (not
necessarilynique)twistcoordinates sud that .Wedenote
theinverseto theexponentiaimapby

Proof. Theproofis constructve.Suppose .FromTheoren?.8,for the
rotationmatrix wecanalways nd  suchthat Af ,ie.
, from equation(2.22)we cansolve for from thelinearequation

(2.23)

If , then . In this case we maysimply choose .o

As with the exponential coordinatesfor rotation matrices,the exponential
map from to is not one-to-oneThereare usuallyin nitely mary
exponentialcoordinategor twists) thatcorrespondo every

Remark 2.12. Asin therotationcase thelinear structue of , togetherwith
theclosure undertheLie bradket operation

males theLie algebra for . Thetworigid-bodymotions and
commutewith eadh other , if andonlyif

Example 2.13(Screw motions). Scrav motionsareaspeci ¢ classof rigid-bodymotions.
A scrav motion consistsof rotationaboutan axisin spacehroughanangleof radians,
followed by translationalongthe sameaxisby anamount . De ne the pitch of the scrav
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motionto betheratio of translatiorto rotation, (assuming ). If wechoosea
point  ontheaxisand to bea unit vectorspecifyingthedirection,the axisis the
setof points . Thentherigid-body motiongivenby thescrev is

(2.24)

The set of all scrav motions along the sameaxis forms a subgroup of

, which we will encounteioccasionallyin laterchaptersA statementalsoknowvn
asChasles'theoem revealsa ratherremarkablefact that ary rigid-body motion canbe
realizedasarotationarounda particularaxisin spaceandtranslationalongthataxis. m

2.5 Coordinateandvelocity transformations

In this book,we oftenneedto know how the coordinate®f a point andits veloc-
ity changeasthe cameramoves.Thisis becausét is usuallymorecorvenientto
choosdahe camerdrameasthereferencdrameanddescribebothcameramotion
and3-D pointsrelative to it. Sincethe cameramaybe moving, we needto know
how to transformquantitiessuchascoordinatesaandvelocitiesfrom onecamera
frameto anotherIn particular we wantto know how to correctlyexpressthe lo-
cationandvelocity of a pointwith respecto amaoving cameraHerewe introduce
acorventionthatwe will beusingfor therestof this book.

Rulesof coodinatetransformations

Thetime will typically beusedio index cameramotion.Evenin thediscrete
casein which a few snapshotsre given, we will take to be the index of the
cameraposition and the correspondingmage. Therefore,we will use

or

to denotethe relative displacemenbetweensome x edworld frame  andthe
cameraframe  attime . Herewe will ignorethe subscript® " from
the notation aslong asit is clearfrom the context. By default, we assume

,i.e.attime the camerdramecoincideswith theworld frame.So
if the coordinate®f a point relative to theworld frameare ,
its coordinateselative to thecameraattime aregivenby

(2.25)
or in thehomogeneourepresentation,

(2.26)
If the camerais at locations at times , re-

spectvely, thenthecoordinate®f thepoint aregivenas
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, correspondinglyif it is only the position,not thetime, that matters,

we will oftenuse asa shorthandor , andsimilarly  for , for
,and  for . We hencehave
| (2.27)
Whenthe startingtime is not , the relative motion betweenthe camera
attime andtime will be denotedby . Thenwe have the

following relationshipbetweercoordinate®f thesamepoint  atdifferenttimes:

Figure2.6. Compositionof rigid-bodymotions. arethecoordinates
of thepoint with respecto thethreecamerdramesattime , respectiely.
Now considerathird positionof the cameraat , asshawvn in Figure
2.6. The relative motion betweenthe cameraat and is , andthat
between and is . We thenhave thefollowing relationshipamongthe

coordinates:

Comparinghis with thedirectrelationshipbetweerthe coordinatesat and

we seethatthe following compositiorrule for consecutie motionsmusthold:

The compositionrule describeghe coordinates  of thepoint relative to ary
camerapositionif they are known with respectto a particularone. The same
compositiorrule impliestherule of inverse
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since . In casesn whichtime is of no physical
meaning,we oftenuse  asa shorthandfor . The above composition
rulesthenbecomg(in thehomogeneoueepresentation)

(2.28)

Rulesof velocitytransformation

Having understoodhetransformatiorof coordinatesywe now studyhow it affects
velocity. We know that the coordinates of a point relative to a
moving cameraareafunctionof time :

Thenthevelocity of thepoint relative to the (instantaneous)amerdrameis
(2.29)

In orderto express in termsof quantitiesn themoving frame,we substitute
by and,usingthe notionof twist, de ne

(2.30)

whereanexpressiorfor canbefoundin (2.19).Equation(2.29)can
berewrittenas

(2.31)

Since is of theform

we can also write the velocity of the point in 3-D coordinates(instead of
homogeneousoordinatesas

(2.32)

Thephysicalinterpretatiorof thesymbol is thevelocity of theworld frame
moving relative to thecamerdrame,asviewedin the camerdrame,asindicated
by the subscriptand superscripof . Usually, to clearly specifythe physical
meaningof a velocity, we needto specifythe velocity of which frameis moving
relativeto whichframe,andwhich frameit is viewedfrom. If we changeheloca-
tion from whichwe view thevelocity, theexpressiorwill changeaccordingly For
example,supposehata viewer is in anothercoordinateframedisplacedrelative
to thecamerdrameby arigid-bodytransformation . Thenthecoordi-
natesof the samepoint relative to this frameare . We compute
thevelocityin thenew frame,andobtain
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Sothenew velocity (or twist) is

This is the samephysicalquantitybut viewed from a differentvantagepoint. We
seethat the two velocitiesarerelatedthrougha mappingde ned by the relative
motion ; in particular

This is the so-calledadjoint mapon the space . Using this notationin the

previous examplewe have . Note thatthe adjointmaptransforms
velocity from oneframeto another Using the fact that , it is
straightforvardto verify that

Hence canalsobeinterpretedasthe negatedvelocity of the cameramoving
relative to theworld frame,viewedin the (instantaneous)amerarame.

2.6 Summary

We summarizehe propertiesof 3-D rotationsandrigid-body motionsintroduced
in this chapteiin Table2.1.

H Rotation Rigid-bodymotion

Matrix representatior

Coordinateg3-D)

Inverse

Composition

EXxp.representation

Velocity

Adjoint map

Table2.1.Rotationandrigid-body motionin 3-D space.
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2.7 Exercises

Exercise2.1 (Linear vs. nonlinear maps). Suppose . Considerthe
following mapsfrom anddeterminewhetherthey arelinearor not. Give
abrief proofif trueanda counter@ampleif false:

@)

(b)

(©)

(d)
Note:A map ,is calledlinearif
for all and

Exercise2.2 (Inner product). Shav thatfor ary positive de nite symmetricmatrix
,themap de nedas

isavalid innerproducton , accordingo thede nition givenin AppendixA.

Exercise2.3 (Group structur e of ). Prove thatthe space satis esall four
axiomsin thede nition of group(in AppendixA).
Exercise2.4 (Skew-symmetricmatrices).Givenary vector ,we
know thatthematrix is skew-symmetric;i.e. . Now for arny matrix
with determinant , shaw thatthefollowing equationholds:

(2.33)

Then,in particularif  is arotationmatrix, the above equationholds.

Hint: Both and arelinearmapswith  asthevariable.Whatdo you need
in orderto prove thattwo linearmapsarethesame?

Exercise2.5 Shav thatamatrix is skew-symmetricif andonly if
for every
Exercise2.6 Considera matrix

Whatis thedeterminanbf the matrix? Consideranothetransformatiormatrix

Is the matrix orthogonalAVhatis the determinanbf the matrix?1s a 2-D rigid-body
transformation®Whatis thedifferencebetween and ?

Exercise2.7 (Rotation asa rigid-body motion). Given a rotation matrix ,
itsactiononavector isde nedas .Provethatary rotationmatrix mustpresere both
the inner productand crossproductof vectors.Hence,a rotationis indeeda rigid-body
motion.

Exercise2.8 Shaw thatfor ary nonzerovector , therankof thematrix is always
two. Thatis, thethreerow (or column)vectorsspana two-dimensionasubspacef
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Exercise 2.9 (Rangeand null space).Recallthat given a matrix , its null
spaces de nedasasubspacef  consistingof all vectors suchthat Lt
is usuallydenotedby null . Therange of thematrix is de ned asa subspacef

consistingof all vectors suchthatthereexistssome suchthat Lt

isdenotedby range . In mathematicaterms,

null
range
1. Recallthata setof vectors is asubspacéf for all vectors andscalars
, is alsoavectorin . Shav thatbothnull andrange are
indeedsubspaces.
2. Whatarenull andrange for a nonzerovector ? Canyou describe
intuitively thegeometriaelationshigbetweerthesegwo subspacem  ?(Drawing
apicturemighthelp.)

Exercise 2.10 (Noncommutativity of rotation matrices). What is the matrix that
representarotationaboutthe -axisorthe -axisbyanangle ?In additionto that

1. Computethematrix  thatis the combinationof a rotationaboutthe -axis by
followedby arotationaboutthe -axisby . Verify thattheresultingmatrix
is alsoa rotationmatrix.

2. Computethe matrix ~ thatis the combinationof a rotationaboutthe -axis by

followed by a rotationaboutthe -axis by . Are and thesame?
Explainwhy.
Exercise2.11 Let be a rotation matrix generatecy rotating abouta unit
vector by radianghatsatis es . Suppose isgivenas

Use the formulae given in this chapterto computethe rotation axis and the
associate@ngle.

Use Matlab's function eig to compute the eigemvalues and eigervectors of
the above rotation matrix . What is the eigemvector associatedwvith the unit
eigevalue?Give its form andexplainits meaning.

Exercise2.12 (Properties of rotation matrices). Let be a rotation matrix
generatedby rotatingabouta unit vector by radiansThatis,

1. Whataretheeigemwaluesandeigervectorsof ? Youmayuseacomputersoftware
(e.g.,Matlab) andtry someexamplesrst. If you cannotnd a brute-forceway to
doit, canyou useresultsfrom Exercise2.4 to simplify the problem rst (hint: use
therelationshipbetweertrace,determinanaindeigervalues).

2. Shaw thatthe eigervaluesof are , Where " istheimaginary
unit. Whatis the eigervector that correspondso the eigevalue ? This actually
givesanothemprooffor , not
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Exercise 2.13 (Adjoint transformation on twist). Given a rigid-body motion anda
twist

shaw that is still a twist. Describewhat the corresponding and termshave
becomen the new twist. Theadjointmapis sortof a generalizatiorio

Exercise2.14 Supposdhattherearethreecameraframes andthe coordinate
transformatiorfrom frame  to frame s andfrom to is
Whatis therelative coordinatetransformatiorfrom  to  then?Whataboutfrom

to ?(Expresghesedransformationsn termsof and only)

2.A  QuaternionandEulerangledor rotations

For thesale of completenessyeintroduceafew cornventionalschemeso param-
eterizerotationmatricesgitherglobally orlocally, thatareoftenusedn numerical
computationdor rotationmatrices However, we encouragehe readerto usethe
exponentialparameterizationdescribedn this chapter

Quaternions

We know thatthesetof complex numbers canbesimplyde nedas

with . Quaterniongieneraliz&eomplex numbersn asimilar fashion.The
setof quaternionsgenotediy , isde nedas
with and (2.34)

So,anelementof s of theform
(2.35)

For simplicity of notation,in theliterature is sometimesienotecby . In gen-
eral,the multiplication of ary two quaternionss similar to the multiplication of

two complex numbers exceptthat the multiplication of and is anticommu-
tative . We canalsosimilarly de ne the conceptof conjugationfor a

guaternion:

(2.36)
It is immediateto checkthat
(2.37)

Thus, is simply the squareof the norm of asafour-dimensionalvector
in . Foranonzero , i.e. , we canfurtherde ne its inverseto be

— (2.38)
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The multiplication andinverserulesde ned above in factendav the space
with analgebraicstructureof askew eld. In fact is calledaHamiltonian eld,
or quaternioneld .

Oneimportantusageof thequaternioneld is thatwe canin factembedhe
rotationgroup into it. To seethis,let usfocuson aspecialsubgroupf
theunit quaternions

(2.39)

Thesetof all unit quaternionss simply theunit spheredn . To showv that is
indeeda group,we simply needto provethatit is closedunderthe multiplication
andinverseof quaternionsj.e. the multiplication of two unit quaternionss still
aunit quaternionandsois theinverseof a unit quaternionWe leave this simple
factasanexerciseto thereader

Given arotationmatrix with and , We canassociate
with it aunit quaterniorasfollows:

(2.40)

Onemayverify thatthis associatiompreseresthegroupstructurebetween
and

(2.41)

Furtherstudycanshaw thatthis associatioris alsogenuing i.e. for differentro-

tation matricesthe associatedinit quaternionarealsodifferent.In the opposite
direction,givenaunit quaternion , we canusethe
following formulaeto nd thecorrespondingotationmatrix :

(2.42)
However, onemustnoticethataccordingto the above formula, therearetwo unit
guaternionshatcorrespondo thesamerotationmatrix: ,asshavn
in Figure 2.7. Therefore topologically  is a double covering of . So

is topologicallythe sameasa three-dimensiongirojectve plane

Comparedo the exponentialcoordinategor rotationmatricesthatwe studied
in this chapterin usingunit quaternions to representotationmatrices ,
we have lessredundanyg: thereareonly two unit quaternionghat corresponding
to thesamerotationmatrix, while therearein nitely mary for exponentialcoor
dinateqall relatedby periodicity). Furthermoresucharepresentatiofor rotation
matricesis smooth,andthereis no singularity asopposedo the representation
by Euler angles whichwe will now introduce.

Eulerangles

Unit quaternionganbe viewed asa way to globally parameterizeotation ma-
trices:the parameterizatiomvorks for every rotationmatrix practicallythe same
way. Ontheotherhand,the Euleranglesto beintroducedbelaw fall into the cat-
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Figure2.7.Antipodalunit quaternions and  ontheunitsphere correspondo
the samerotationmatrix.

egory of local parameterizationd- his kind of parameterizatiois goodfor only
aportionof , but not for the entirespace.

In the spaceof skew-symmetric matrices , pick a basis ,
i.e. the threevectors are linearly independentDe ne a mapping(a
parameterizationfom  to as

The coordinates are called the Lie-Cartan coodinatesof the r st
kind relative to the basis . Anotherway to parameterizeéhe group
usingthesamebasisis to de ne anothemappingfrom  to by

The coordinates arecalledthe Lie-Cartancoordinatesof the second
kind.

In the specialcasein which we choose to be the principal axes
, respectiely, i.e.

the Lie-Cartancoordinate®f the secondkind thencoincidewith thewell-known
Euler angles parameterizationand are the corresponding
Euleranglescalled“yaw,” “pitch,” and“roll.” Therotationmatrixis de ned by

(2.43)
More precisely is themultiplication of the threerotationmatrices

Similarly, we cande ne the Euleranglesandthe EuleranglesThere
areinstancedor which this representatiobecomessingulay andfor certainro-
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tation matricestheir correspondindculeranglescannotbe uniquelydetermined.

For example,when the Euler anglesbecomesingular The
presencef suchsingularitiesis expectedbecausef the topology of the space
. Globally, islikeaspherdn , asweknow from thequaternions,

andthereforeary attemptto nd aglobal(three-dimensionajoordinatechartis
doomedo failure.

Historicalnotes

The study of rigid-body motion mostly relieson the tools of linear algebra.El-
ementsof scrav theory can be tracked back to the early 1800sin the work
of Chaslesand Poinsot.The use of the exponentialcoordinatedor rigid-body
motions was introducedby [Brockett,1984, and related formulationscan be
found in the classicalwork of [Ball, 190J and others.The useof quaternions
in robot vision was introducedby [BroidaandChellappa1986h Horn,1987.
The presentationof the material in this chapterfollows the developmentin
[Murray etal., 1993. More detailson the study of rigid-body motionsas well
asfurtherreferenceganalsobefoundthere.



ImageFormation

Andsincegeometryis theright foundationof all painting, | havede-
cidedto tead its rudimentsand principlesto all youngstes eager
for art...

— AlbrechtDurer, TheArt of Measuement1525

This chaptelintroducessimple mathematicamodelsof theimageformationpro-
cessln abroad gurative senseyisionis theinverseproblemof imageformation:
thelatterstudieshow objectsgive riseto imageswhile theformerattemptdo use
imagesto recover a descriptionof objectsin space Therefore designingvision
algorithmsrequires rst developinga suitablemodel of imageformation. Suit-
able,in this contet, doesnot necessarilyneanphysicallyaccuratethe level of
abstractiorandcompleity in modelingimageformationmusttradeoff physical
constrainteandmathematicasimplicity in orderto resultin amanageablenodel
(i.e. onethat canbe invertedwith reasonableffort). Physicalmodelsof image
formation easily exceedthe level of compleity necessaryand appropriatefor
this book, and determiningthe right modelfor the problemat handis a form of
engineeringart.

It comesasno surprise then,that the study of imageformation hasfor cen-
turiesbeenin the domainof artisticreproductiorandcompositionmoresothan
of mathematicsand engineering.Rudimentaryunderstandingf the geometry
of image formation, which includesvarious modelsfor projecting the three-
dimensionalworld onto a plane(e.g.,a carvas),is implicit in variousforms of
visual arts. The roots of formulating the geometryof image formation can be
tracedbackto thework of Euclid in thefourth centuryB.C. Exampleof partially

Thisis page44
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Figure 3.1. Frescoedrom the rst centuryB.C. in Pompeii.Partially correctperspectie
projectionis visible in the paintings,althoughnotall parallellinescorvergeto the vanish-
ing point. The skill waslost during the middle ages,andit did not reappeain paintings
until the Renaissancémagecourtesyof C. Taylor).

correctperspectie projectionarevisible in the frescoesandmosaicsof Pompeii
(Figure 3.1) from the rst centuryB.C. Unfortunately theseskills seemto have
beenlostwith thefall of the Romanempire,andit took overathousandearsfor
correctperspectie projectionto emegein paintingsagainin the late fourteenth
century It wasthe early Renaissancpainterswho developedsystematianeth-
odsfor determiningthe perspectie projectionof three-dimensiondandscapes.
The rst treatiseon perspectie, Della Pictura, was publishedby Leon Battista
Alberti, who emphasizedhe “eye's view” of the world capturingcorrectly the
geometryof the projectionprocesslt is no coincidencethat early attemptsto
formalizetherulesof perspectie camefrom artistspro cient in architectureand
engineeringsuchasAlberti andBrunelleschiGeometryhowever, is only a part
of theimageformationprocessin orderto obtainanimage,we needto decide
notonly whereto draw a point, but alsowhatbrightnesssalueto assigrto it. The
interactionof light with matteris atthe coreof the studiesof LeonardoDa Vinci
in the 1500s,and his insightson perspectie, shading,color, and even stereop-
sisarevibrantly expressedn his notes.RenaissancpainterssuchasCarazaggio
andRaphaekxhibitedrathersophisticatedkills in renderingight andcolorthat
remaincompellingto this day.*

In this book, we restrictour attentionto the geometryof the sceneandthere-
fore, we needa simple geometricmodel of image formation, which we derive

1Thereis someevidencethat suggestghat someRenaissancartists secretlyusedcamera-lile
devices(camen obscun) [Hockney, 2001.
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in this chapter More complex photometricmodelsare beyond the scopeof this
book;in thenext two sectionsaswell asin Appendix3.A attheendof this chap-
ter, we will review someof thebasicnotionsof radiometrysothatthereadercan
betterevaluatethe assumptiondy which we areableto reduceimageformation
to apurelygeometrigrocess.

3.1 Representationf images

An image, asfar asthis bookis concerneds atwo-dimensionabrightnessrray?
In otherwords,it isamap , de nedonacompactegion of atwo-dimensional
surface,taking valuesin the positive real numbersFor instancejn the caseof a
camera, Iis aplanar rectangularegion occupiedby the photographianedium
or by theCCD sensarSo is afunction

(3.1)

Suchanimage(function) canbe representedor instance usingthe graphof
asin theexamplein Figure3.2.1n the caseof adigital image,boththe domain
andtherange  arediscretizedFor instance, , and

is approximatedy aninterval of integers . Suchanimagecan
berepresentely anarrayof numbersasin Table3.1.
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Figure3.2.Animage representedsatwo-dimensionaburface thegraphof .

Thevaluesof theimage dependuponphysicalpropertiesof the scenebeing
viewed, suchasits shapejts materialre ectancepropertiesandthe distribution
of the light sourcesDespitethe factthat Figure 3.2 and Table 3.1 do not seem
very indicative of the propertiesof the scenethey portray this is how they are
representedh a computer A differentrepresentatiornf the sameimagethatis

2|f it is acolorimage,its RGB (red,green blue)valuesrepresenthreesucharrays.
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Table3.1.Theimage representedsatwo-dimensionamatrix of integers(subsampled).

bettersuitedfor interpretatiorby the humanvisual systemis obtainedby gener
atingapicture. A picturecanbethoughtof asa scenedifferentfrom thetrue one
thatproduceson theimagingsensofthe eye in this case)the sameimageasthe
trueone.In this sensepicturesare“controlledillusions”: they arescenedglifferent
from the true ones(they are at) thatproducein the eye the sameimageasthe
original scenesA pictureof thesameimage describedn Figure3.2andTable
3.1is shown in Figure3.3. Althoughthe latter seemsmoreinformativeasto the
contentof the scenejt is merelya differentrepresentatiomndcontainsexactly
the sameinformation.

Figure3.3.A “picture” of theimage (comparewith Figure3.2andTable3.1).

3.2 Lenseslight, andbasicphotometry

In orderto describethe imageformation processwe mustspecify the value of
at eachpoint in . Suchavalue is typically calledimage
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intensity or brightness or more formally irradiance It hasthe units of power

per unit area(W/m ) anddescribeghe enepy falling onto a small patchof the
imagingsensarTheirradianceatapointof coordinates is obtainedoy inte-

gratingenegy bothin time (e.g.,theshutterinterval in acamerapr theintegration
timein aCCD array)andin aregionof spaceTheregion of spacehatcontritutes
to theirradianceat dependsiponthe shapeof the object(surface)of inter

est,the opticsof theimagingdevice, andit is by no meanstrivial to determine.
In Appendix3.A attheendof this chapterwe discusssomecommonsimplifying

assumptionso approximatet.

3.2.1 Imagingthroughlenses

A camera(or in generalan optical system)is composef a setof lensesused
to “direct” light. By directinglight we meana controlledchangen the direction
of propagationwhich canbe performedby meansof diffraction, refraction,and
re ection. For the sale of simplicity, we neglect the effects of diffraction and
re ection in alenssystemandwe consideronly refraction.Evenso,acomplete
descriptiorof thefunctioningof a (purelyrefractive) lensis well beyondthescope
of thisbook.Thereforewewill consideronly thesimplestpossiblenodel,thatof
athin lens For amoregermanemodelof light propagationthe interestedeader
is referredto the classictextbook [Born andWolf, 1999.

A thin lens(Figure3.4)is amathematicaimodelde ned by anaxis,calledthe
optical axis anda planeperpendiculato the axis, calledthe focal plang with
acircularaperturecenteredat the optical center i.e. the intersectiorof the focal
planewith theopticalaxis.Thethin lenshastwo parameterdts focallength and
its diameter . Its functionis characterizethy two propertiesThe rst propertyis
thatall raysenteringtheaperturgarallelto theopticalaxisintersecontheoptical
axis at a distance from the optical center The point of intersectionis called
the focusof the lens (Figure 3.4). The secondpropertyis that all raysthrough
the optical centerareunde ected.Considera point not too far from the
optical axis at a distance alongthe optical axis from the optical center Now
draw two raysfrom the point : oneparallelto the optical axis,andonethrough
theopticalcenter(Figure3.4).The rst oneintersectsheopticalaxisatthefocus;
thesecondremainsunde ected(by the de ning propertiesof thethin lens).Call

thepointwherethetwo raysintersectandlet beits distancdrom the optical
center By decomposingry otherrayfrom into acomponentay parallelto the
opticalaxis andonethroughthe optical center we canarguethatall raysfrom
intersectat ontheoppositesideof thelens.In particular aray from parallel
to the optical axis, mustgo through . Using similar triangles,from Figure 3.4,
we obtainthefollowing fundamentaéquationof the thin lens
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Figure3.4.Theimageof thepoint isthepoint attheintersectiorof raysgoingparallel
to the opticalaxisandtheray throughthe optical center

Thepoint will becalledtheimage® of thepoint . Thereforeundertheassump-
tion of a thin lens,the irradiance atthepoint with coordinates on
theimageplaneis obtainedby integratingall the enegy emittedfrom theregion
of spacecontainedin the conedeterminedby the geometryof the lens,aswe
describdan Appendix3.A.

3.2.2 Imagingthrougha pinhole

If we let the apertureof a thin lensdecreasédo zero, all rays are forcedto go
throughtheopticalcenter , andthereforehey remainunde ected.Consequently
the apertureof the conedecreaset zero,andthe only pointsthat contribtute to
theirradianceattheimagepoint areonaline throughthecenter of
thelens.If apoint hascoordinates relativeto areferencdrame
centeredattheopticalcenter , with its -axisbeingthe opticalaxis (of thelens),
thenit isimmediateto seefrom similartrianglesin Figure3.5thatthecoordinates
of anditsimage arerelatedby theso-calleddeal perspectiveprojection

— — (3.2)

where is referredto as the focal length Sometimeswe simply write the
projectionasamap :

(3.3)
We alsooftenwrite . Notethatary otherpointontheline through and
projectsonto the samecoordinates . Thisimagingmodelis called

anideal pinholecamern model.It is anidealizationof the thin lensmodel,since

SHeretheword “image” is to be distinguishedrom theirradianceéimage introducedbefore.
Whether‘image” indicates or will be madeclearby the contet.
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/\ image plane

Figure3.5.Pinholeimagingmodel: Theimageof thepoint isthepoint attheintersec-
tion of theray goingthroughthe opticalcenter andanimageplaneatadistance away
from the opticalcenter

whenthe aperturedecreasediffraction effectsbecomedominant,andtherefore
the (purelyrefractive) thin lensmodeldoesnot hold [Born andWolf, 1999. Fur-
thermore,asthe aperturedecrease$o zero, the enegy going throughthe lens
alsobecomegero.Althoughit is possibleto actuallybuild devicesthatapproxi-
matepinholecamerasfrom our perspectie the pinholemodelwill bejustagood
geometricapproximatiorof awell-focusedmagingsystem.

Noticethatthereis anegative signin eachof theformulae(3.2). Thismakesthe
imageof anobjectappearto be upsidedown on the imageplane(or theretina).
To eliminatethis effect, we cansimply ip theimage: . This
correspondso placingtheimageplane in front of the optical center
instead . In thisbookwe will adoptthis morecorvenient‘frontal” pin-
hole cameramodel,illustratedin Figure3.6. In this casetheimage
of thepoint is givenby

— — (3.4)

We often usethe samesymbol, , to denotethe homogeneousepresentation
, aslong asthe dimensionis clearfrom the context.*
In practice thesizeof theimageplaneis usuallylimited, hencenotevery point
in spacewill generatanimage insidetheimageplane.We de ne the eld of
view (FOV) to be the anglesubtendedby the spatialextent of the sensorasseen
fromtheopticalcenterlf  isthelargestspatialextensionof thesensore.g.,the

4In the homogeneousepresentatiorit is only the directionof the vector  thatis important.|t

is not crucial to normalizethe lastentry to 1 (seeAppendix3.B). In fact, canbe representedy

for ary nonzero aslong aswe remembethat ary suchvectoruniquelydetermineghe
intersectiorof theimageray andthe actualimageplane,in this case
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Figure3.6.Frontalpinholeimagingmodel:theimageof a3-D point isthepoint atthe
intersectiorof theray goingthroughthe opticalcenter andtheimageplaneatadistance
in front of the optical center

sideof the CCD),thenthe eld of view is . Noticethatif a at
planeis usedastheimageplane,theangle is alwayslessthan S

In Appendix3.A we give a concisedescriptionof a simpli ed modelto de-
terminethe intensity value of the imageat the position . This depends
upontheambientlight distribution, the materialpropertiesof thevisible surfaces
and, their geometry Therewe also shav underwhat conditionsthis model can
bereducedo a purely geometricone,wherethe intensitymeasuredt a pixel is
identicalto the amountof enepgy radiatedat the correspondingpoint in space,
independentf the vantagepoint, e.g.,a Lambertiansurface.Underthesecondi-
tions,theimageformationprocessanbereducedo tracingraysfrom surfacesn
spaceo pointson theimageplane.How to do sois explainedin the next section.

3.3 A geometriomodelof imageformation

As we have mentionedin the previous sectionand we elaboratefurtherin Ap-

pendix3.A, underthe assumption®f a pinhole cameramodeland Lambertian
surfacespnecanessentiallyeduceheprocesof imageformationto tracingrays
from pointson objectsto pixels. Thatis, knowing which pointin spaceprojects
ontowhich pointon theimageplaneallows oneto directly associatéheradiance
atthepointto theirradianceof its image;seeequation(3.36)in Appendix3.A. In

orderto establisha precisecorrespondendeetweemointsin 3-D spacgwith re-

spectto a x edglobalreferencdrame)andtheir projectedmagesn a2-D image
plane(with respecto a local coordinateframe),a mathematicamodelfor this

processnustaccountfor threetypesof transformations:

5In caseof a sphericalor ellipsoidalimaging surface,commonin omnidirectionalcamerasthe
eld of view canoftenexceed
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1. coordinatdransformationbetweerthecamerdrameandtheworld frame;
2. projectionof 3-D coordinate®nto 2-D imagecoordinates;

3. coordinatetransformationbetweenpossiblechoicesof image coordinate
frame.

In this sectionwe will describesucha (simpli ed) imageformationprocessasa
seriesof transformationsf coordinateslnvertingsucha chainof transformations
is generallyreferredto as“cameracalibration’; whichis the subjectof Chapteré
andalsoa key stepto 3-D reconstruction.

3.3.1 Anideal perspectivecamen

Let us considera genericpoint , with coordinates

relative to the world referenceframe® As we know from Chapter2, the coordi-
nates of thesamepoint relative to the camerdramearegiven
by arigid-bodytransformation of

Adopting the frontal pinhole cameramodel introducedin the previous section
(Figure 3.6), we seethatthe point  is projectedonto the image planeat the
point

In homogeneousoordinatesthis relationshipcanbewritten as

(3.5)

We canrewrite the above equatiorequivalentlyas

(3.6)

where and arenow in homogeneouszpresen-
tation. Sincethe coordinate (or the depthof the point ) is usuallyunknown,
we may simply write it asanarbitrarypositive scalar . Noticethatin the

6We oftenindicatewith thecoordinate®f thepointrelative to theinitial positionof amoving
camerdrame.
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above equationwe candecompos¢he matrix into

De ne two matrices
(3.7)

Thematrix  is oftenreferredto asthe standad (or “canonical”) projection
matrix. Fromthe coordinateéransformatiorwe have for ,

(3.8)

To summarize using the above notation,the overall geometricmodelfor an
ideal camer canbedescribedas

or in matrix form,
(3.9

If the focal length is known and hencecan be normalizedto 1, this model
reducesto a Euclideantransformation followed by a standardprojection
ie.

| (3.10)

3.3.2 Cameanwith intrinsic parametes

Theidealmodelof equation(3.9) is speci edrelative to a very particularchoice
of referencerame, the “canonicalretinal frame’ centeredat the optical center
with oneaxisalignedwith the opticalaxis.In practice whenonecapturesmages
with a digital camerathe measurementare obtainedin termsof pixels ,
with the origin of the imagecoordinateframetypically in the upperleft corner
of theimage.In orderto renderthe model (3.9) usable we needto specifythe
relationshipbetweertheretinal planecoordinateframeandthe pixel array

The rst stepconsistsn specifyingtheunitsalongthe -and -axes:if
arespeci ed in termsof metric units (e.g., millimeters),and arescaled
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(0,0) -

L1 '[ normalized coordinates

pixel coordinates

Figure3.7. Transformatiorfrom normalizedcoordinatedo coordinatesn pixels.

versionsthat correspondo coordinatef the pixel, thenthe transformatiorcan
be describedy a scalingmatrix

(3.11)

thatdepend®n thesizeof thepixel (in metricunits)alongthe and directions
(Figure3.7).When , eachpixelis squareln generalthey canbedifferent,
andthenthe pixel is rectangularHowever, here and arestill speci edrela-
tive to the principal point (wherethe -axisintersectgheimageplane),whereas
the pixel index is corventionallyspeci ed relative to the upperleft corner
andis indicatedby positive numbersThereforewe needto translateheorigin of
thereferencdrameto this corner(asshowvn in Figure3.7),

where are the coordinategin pixels) of the principal point relative to
the image referenceframe. So the actualimage coordinatesare given by the
vector insteadof the ideal imagecoordinates

Theabove stepsof coordinateransformatiorcanbewritten in the homogeneous
representations

(3.12)

where and areactualimagecoordinatesn pixels.Thisisillustratedin Figure
3.7. In casethe pixels are not rectangulara more generalform of the scaling
matrix canbe considered,
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where s calledaskew factorandis proportionalto ,where istheangle
betweertheimageaxes and .’ Thetransformatiomatrixin (3.12)thentakes
thegeneraform

(3.13)

In mary practicalapplicationst is commonto assumethat

Now, combining the projection model from the previous sectionwith the
scaling and translationyields a more realistic model of a transformationbe-
tweenhomogeneousoordinate®f a 3-D point relative to the cameraframeand
homogeneousoordinate®f its imageexpressedn termsof pixels,

Notice thatin the above equation the effect of a real camerais in fact carried
throughtwo stages:

The rst stageis a standardperspectie projectionwith respectto a nor-
malizedcoorinate system(as if the focal length were ). This'is
characterizethy the standardgrojectionmatrix

Thesecondstages anadditionaltransformatior{onthe obtainedmage )
that dependson parameter®f the camerasuchasthe focal length , the
scalingfactors ,and , andthecenteroffsets

The secondransformatioris obviously characterizedby the combinationof the
two matrices  and

(3.14)

The coupling of and allows us to write the projectionequationin the
following way:

(3.15)

The constant matrix  representshe perspectie projection. The upper
triangular matrix  collectsall parameterghatare“intrinsic” to aparticular
cameraandis thereforecalledthe intrinsic parametermatrix, or the calibration

"Typically, theangle is very closeto ,andhence s verycloseto zero.
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matrix of the cameraThe entriesof the matrix  have the following geometric
interpretation;

-coordinateof the principalpointin pixels,
-coordinateof the principalpointin pixels,
: sizeof unit lengthin horizontalpixels,
: sizeof unit lengthin verticalpixels,
: aspectatio
: skew of the pixel, oftencloseto zero.

Notethatthe heightof thepixelis not necessarilydenticalto its width unlessthe
aspectatio isequalto .

Whenthe calibrationmatrix  is known, the calibratedcoordinates canbe
obtainedrom thepixel coordinates by a simpleinversionof

(3.16)

Theinformationaboutthematrix ~ canbeobtainedthroughthe procesof cam-
eracalibrationto be describedn Chapter6. With the effectof  compensated
for, equation(3.16),expressedn the normalizedcoordinatesystem corresponds
to the ideal pinhole cameramodelwith the imageplanelocatedin front of the
centerof projectionandthefocal length equalto 1.

To summarize,the geometricrelationship betweena point of coordinates

relative to the world frameandits correspondingmage

coordinates (in pixels)depend®ntherigid-bodymotion
betweerthe world frameandthe cameradrame(sometimegeferredto asthe ex-
trinsic calibration parametes), anideal projection , andthe cameraintrinsic
parameters . The overall modelfor imageformationis thereforecapturedby
thefollowing equation:

In matrix form, we write

(3.17)
or equialently,

(3.18)
Often,for corveniencewe call the matrix a(general)

projectionmatrix , to bedistinguishedrom the standardprojectionmatrix
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Hence theabove equationcanbe simply written as

| | (3.19)

Comparedo theidealcameramodel(3.10),the only changehereis the standard
projectionmatrix  beingreplacedoy agenerabne

At this stage,in orderto explicitly seethe nonlinearnatureof the perspectie
projectionequationwe candivide equation(3.19)by the scale andobtainthe
following expressiondor theimagecoordinates ,

S S (3.20)

where arethethreerows of the projectionmatrix

Example 3.1 (Spherical perspectie projection). Theperspectie pinholecameramodel
outlinedabove considersplanarimaging surfaces.An alternatve imaging surfacethatis
alsocommonlyusedis thatof a sphereshavn in Figure3.8.

image sphere

Figure3.8.Sphericaperspectie projectionmodel:theimageof a 3-D point is thepoint
attheintersectiorof theray goingthroughthe opticalcenter anda sphereof radius
aroundthe opticalcenter Typically is choserto bel.

Thischoiceis partlymotivatedby retinashape®ftenencountereih biologicalsystems.
For sphericalprojection,we simply choosegheimagingsurfaceto betheunit sphere
. Then,the sphericalprojectionis de ned by themap  from
to

As in the caseof planarperspectie projection,therelationshipbetweerpixel coordinates
of apointandtheir 3-D metriccounterpartanbe expressedis

(3.21)

wherethescales givenby in thecaseof sphericaprojectionwhile

in thecaseof planarprojection.Thereforemathematicallysphericabprojectionand
planarprojectioncanbedescribedy the samesetof equationsTheonly differenceis that
theunknawn (depth)scale takesdifferentvalues. ™



58 Chapter3. ImageFormation

For corveniencewe oftenwrite for two (homogeneous)ectors and
equalup to a scalarfactor(seeAppendix3.B for moredetail). Fromthe above
example ,we seethatfor any perspectie projectionwe have

(3.22)

andthe shapeof the imaging surfacechosendoesnot matter The imaging sur

facecanbeary (regular)surfaceaslongasarny ray  intersectswith thesurface
at one point at most. For example,an entire classof ellipsoidal surfacescanbe
used,which leadsto the so-calledcatadioptric modelpopularin mary omnidi-

rectionalcamerasin principle,all imageshusobtainedcontainexactly thesame
information.

3.3.3 Radialdistortion

In additionto linear distortionsdescribedby the parametersn |, if a camera
with a wide eld of view is used,one can often obsene signi cant distortion
alongradialdirections.The simplesteffective modelfor sucha distortionis:

where are coordinateof the distortedpoints, and

are additional cameraparameterghat model the amountof distortion. Several
algorithmsandsoftwarepackagesgreavailablefor compensatingadialdistortion
via calibrationproceduresin particular a commonlyusedapproachis that of
[Tsai, 19864, if acalibrationrig is available(seeChapter6 for moredetails).

In casethe calibration rig is not available, the radial distortion param-
eters can be estimateddirectly from images. A simple method suggested
by [DevernayandFaugeras1999 assumesa more general model of radial
distortion:

where are the distorted image coordinates,
, is the centerof the distortion, not necessarilycoincident
with the centerof the image,and is the distortion correctionfactor The

method assumesa set of straightlines in the world and computesthe best
parametersof the radial distortion model which would transformthe curved
imagesof the lines into straight segments.One can use this model to trans-
form Figure 3.9 (left) into 3.9 (right) via preprocessinglgorithmsdescribedn
[DevernayandFaugeras1995. Therefore,in the restof this book we assume
thatradialdistortionhasbeencompensatetbr, anda cameras describedsimply
by the parametematrix . The interestedreadermay consultclassicalrefer
encessuchas [Tsai, 1986a Tsai, 1987 Tsai,1989 Zhang,1998H, which are
available as software packagesSomeauthorshave shovn that radial distortion
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Figure3.9. Left: imagetaken by a camerawith a shortfocal length;notethatthe straight
lines in the scenebecomecurved on the image. Right: image with radial distortion
compensatetbr.

canberecoveredfrom multiple correspondingmages:a simultaneougstimation
of 3-D geometryandradial distortion canbe found in the morerecentwork of

[Zhang,1996 Stein,1997 Fitzgibbon,200]. For more sophisticatedens aber

rationmodelsthereadercanreferto classicaleferencefn geometricopticsgiven
attheendof this chapter

3.3.4 Image, preimage, and coimage of pointsandlines

The precedingsectionshave formally establishedhe notion of a perspectie
imageof a point. In principle, this allows us to de ne an image of any other
geometricentity in 3-D that canbe de ned asa setof points(e.g.,aline or a
plane).Neverthelessaswe have seenfrom the exampleof sphericalprojection,
evenfor a point, thereexist seeminglydifferentrepresentationfor its image:two
vectors and may representhe sameimagepoint aslong asthey
arerelatedby anonzercscalarfactor;i.e. (asaresultof differentchoicesn
theimagingsurface).To avoid possibleconfusionthatcanbe causedy suchdif-
ferentrepresentation®r the samegeometricentity, we introducea few abstract
notionsrelatedto theimageof apointor aline.

Considerthe perspectie projectionof a straightline in 3-D onto the 2-D
imageplane(Figure 3.10). To specifyaline in 3-D, we cantypically specifya
point , calledthebasepoint,ontheline andspecifyavector thatindicateghe
directionof the line. Supposehat arethe homogeneous
coordinatesof the basepoint  and is the homo-
geneougepresentatiof , relative to the cameracoordinateframe. Thenthe
(homogeneous)oordinate®f ary pointontheline canbeexpresseds
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image plane

Figure3.10.Perspectie imageof aline in 3-D. The collectionof imagesof pointson
theline formsaplane . Intersectiorof this planeandtheimageplanegivesa straightline
whichis theimageof theline.

Then, the imageof theline is given by the collection of image points with
homogeneousoordinategjivenby

It is easyto seethatthis collectionof points |, treatedasvectorswith origin at
, Spana2-D subspace , shavnin Figure3.10.Theintersectiorof thissubspace
with the imageplanegivesrise to a straightline in the 2-D image plane,also
shavn in Figure3.10.Thisline is thenthe (physical)imageof theline
Now the questionis how to ef ciently representheimageof theline. For this
purposewe rst introducethenotionof preimage:

De nition 3.2 (Preimage). A preimage of a pointor a line in theimage planeis
thesetof 3-D pointsthat giverise to animage equalto thegivenpointor line.

Note that the given imageis constrainedo lie in the imageplane,whereas
the preimagelies in 3-D spaceln the caseof a point on theimageplane,its
preimagés a one-dimensionadubspacespannedy thevectorjoining the point

to thecameracenter . In thecaseof aline, the preimageds aplane through

(henceasubspaceasshavn in Figure3.10,whoseintersectiorwith theimage
planeis exactly the givenimageline. Sucha planecanberepresentedsthe span
of ary two linearlyindependentectorsin the samesubspaceThusthe preimage
is reallythelargestsetof 3-D pointsor linesthatgivesriseto thesameamage.The
de nition of apreimagecanbegivennotonly for pointsor linesin theimageplane
but alsofor curves or other more complicatedgeometricentitiesin the image
planeaswell. However, whenthe imageis a point or a line, the preimageis a
subspaceand we may also representhis subspacey its (unique)orthogonal
complementin . For instancea planecanberepresentedy its normalvector
This leadsto thefollowing notionof coimage:

De nition 3.3 (Coimage). Thecoimage of a point or a line is de nedto bethe
subspacén  thatis the (unique)orthogonalcomplemenof its preimage.



3.3. A geometrianodelof imageformation 61

Thereademustbeawarethattheimage preimageandcoimageareequivalent
representationsjncethey uniquelydetermineoneanother:

image preimage imageplane preimage spanimage
preimage coimage coimage preimage

Sincethe preimageof aline is a two-dimensionakubspaceits coimageis
representedsthe spanof the normalvectorto the subspaceThenotationwe use
for thisis (Figure3.10).If istheimageof apoint onthis
line, thenit satis esthe orthogonalityequation

(3.23)
Recallthatweuse to denoteheskew-symmetrionatrixassociatedith
avector . Its columnvectorsspanthe subspacerthogonato thevector .

Thusthe columnvectorsof thematrix spanthe planethatis orthogonalto ;i.e.
they spanthepreimageof theline . In Figure3.10,thismeanghat span
Similarly, if  is theimageof apoint , its coimageis the planeorthogonalto
given by the spanof the columnvectorsof the matrix . Thus,in principle, we
shouldusethe notationin Table3.2to representheimage,preimagepr coimage
of apointandaline.

Notation Image Preimage Coimage
Point | span imageplane | span span
Line span imageplane | span span

Table3.2. Theimage,preimageandcoimageof apointandaline.

Althoughthe (physical)imageof a pointor aline, strictly speakingjs anotion
thatdepend®on a particularchoiceof imagingsurface,mathematicallyit is more
corvenientto useits preimageor coimageto representt. For instance we will
usethevector , de ned up to a scalarfactor, to representhe preimage(hence
theimage)of a point; andthe vector , de ned up to a scalarfactor, to represent
thecoimage(hencetheimage)of aline. Therelationshipbetweerpreimageand
coimageof pointsandlinescanbe expressedn termsof thevectors as

Often, for a simplerlanguagewe may referto eitherthe preimageor coimage
of pointsandlinesasthe“image” if its actualmeanings clearfrom the context.
For instancejn Figure3.10,we will, in future chapterspftenmarkin theimage
planetheimageof theline bythesamesymbol asthevectortypically usedto
denoteits coimage.
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3.4 Summary

In this chaptey perspeciie projectionis introducedasa modelof the imagefor-
mationfor a pinholecameraln the ideal case(e.g.,whenthe calibrationmatrix

is theidentity), homogeneousoordinate®f animagepointarerelatedto their
3-D counterpartdy anunknown (depth)scale ,

If  is nottheidentity, the standardoerspectie projectionis augmentedy an
additionallineartransformation ontheimageplane

This yields the following relationshipbetweencoordinatesof an (uncalibrated)
imageandtheir 3-D counterparts:

As equivalent representation$or an image of a point or a line, we intro-
ducedthe notionsof image, preimage and coimage,whoserelationshipswere
summarizedn Table3.2.

3.5 Exercises

Exercise3.1 Shav thatary pointontheline through and projectsontothesamemage
coordinatesis .

Exercise 3.2 Considera thin lensimaging a plane parallel to the lens at a distance
from the focal plane.Determinethe region of this planethat contritutesto the image
atthe point . (Hint: consider rst a one-dimensionaimaging model,then extendto a
two-dimensionalmage.)

Exercise3.3 (Field of view). An importantparameteof theimagingsystemis the eld of

view (FOV). The eld of view is twice theanglebetweerthe optical axis( -axis)andthe

endof theretinal plane(CCD array).Imaginehaving a camerasystemwith focal length

24 mm, andretinal plane(CCD array)(16 mm 12 mm) andthatyour digitizer samples
yourimagingsurfaceat pixelsin the horizontalandvertical directions.

1. Computethe FOV.

2. Write down therelationshipbetweertheimagecoordinateandapointin 3-D space
expressedn thecameracoordinatesystem.

3. Describehow the sizeof the FOV is relatedto the focal lengthandhow it affects
theresolutionin theimage.

4. Write asoftwareprogram(in Matlab)thatsimulategshe geometryof the projection
processgiven the coordinateof an objectwith respectto the calibratedcamera
frame,createanimageof thatobject.Experimentwith changingthe parametersf
theimagingsystem.
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Exercise3.4 Underthestandargperspectie projection(i.e. ):
1. Whatis theimageof asphere?

2. Characterizehe objectsfor which the imageof the centroidis the centroidof the
image.

Exercise3.5 (Calibration matrix). Computethecalibrationmatrix thatrepresentshe
transformatiorfrom image to asshown in Figure3.11.Notethatfrom the de nition
of the calibrationmatrix, you needto use homogeneousoordinatedo represenimage
points.Supposdhattheresultingimage is furtherdigitizedinto anarrayof
pixelsandtheintensityvalueof eachpixel is quantizedo anintegerin . Thenhow
mary differentdigitizedimagescanonepossiblygetfrom sucha process?

(0,0

(-1-1

—
(0,0

Ly

(640,480)

Figure3.11.Transformatiorof a normalizedmageinto pixel coordinates.

Exercise 3.6 (Image cropping). In this exercise,we examinethe effect of croppingan
image from a changeof coordinateviewpoint. Computethe coordinatetransformation
betweenpixels (of samepoints) betweenthe two imagesin Figure 3.12. Representhis
transformatiorin homogeneousoordinates.

(0,0) ‘ (0,0) -
| Y
(0,240)f - -~~~ -~~~ ‘ —_—
(640,480) (640,480)
Figure3.12.An imageof size pixelsis croppedby half andthentheresulting
imageis up-sampledindrestoredasa -pixel image.

Exercise3.7 (Approximate cameramodels). The mostcommonlyusedapproximation
to the perspectie projectionmodelis orthographic projection The light raysin the or-
thographicmodeltravel alonglines parallelto the optical axis. The relationshipbetween
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imagepointsand3-D pointsin this caseis particularlysimple: ; . So,the
geometrianodelfor orthographigrojectioncanbe expresseds

(3.24)
or simply in matrix form

(3.25)
where . A scaledversionof the orthographionodelleadsto the
so-calledweak-pespectivemodel

(3.26)

where isaconstanscalaindependentf thepoint . Shav how the(scaled)rthographic
projectionapproximategperspectie projectionwhenthe sceneoccupiesa volumewhose
diameter(or depthvariationof thescene)s smallcomparedo its distancérom thecamera.
Characterizet leastonemore conditionunderwhich the two projectionmodelsproduce
similar results(equalin thelimit).

Exercise3.8 (Scaleambiguity). It is commonsensehatwith a perspectie camerapne
cannottell anobjectfrom anotherbjectthatis exactly twiceasbig but twiceasfar. Thisis
a classicambiguityintroducedby the perspectie projection.Usetheideal cameramodel
to explainwhy thisis true.ls the samealsotruefor the orthographigrojection?Explain.

Exercise 3.9 (Image of lines and their intersection). Considerthe imageof a line
(Figure3.10).

1. Show thatthereexistsavectorin , callit , suchthat

for theimage of every pointontheline . Whatis thegeometricmeaningof the
vector ?(Notethatthevector is de nedonly upto anarbitraryscalarfactor)

2. If theimagesof two pointsontheline aregiven,say , expressthevector
intermsof  and

3. Now supposegouaregiventwo imagesof two lines,in theabove vectorform
If istheintersectiorof thesetwo imagelines,express in termsof

Exercise 3.10 (Vanishing points). A straightline on the 3-D world is projectedonto a
straightline in theimageplane.The projectionsof two parallellinesintersecin theimage
planeatthevanishingpoint

1. Show thatprojectionsof parallellinesin 3-D spacentersectta pointontheimage.

2. Computefor agivenfamily of parallellines,wherein theimagethevanishingpoint
will be.

3. Whendoesthevanishingpointof thelinesin theimageplanelie atin nity (i.e.they
donotintersect)?

Thereademay referto Appendix3.B for a moreformal treatmenbf vanishingpointsas
well astheir mathematicainterpretation.
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3.A Basicphotometrywith light sourcesandsurfaces

In this sectionwe give a concisedescriptionof a basicradiometricimageforma-
tion model,andshowv thatsomesimpli cations arenecessaryn orderto reduce
the modelto a purely geometricone,asdescribedn this chapter The ideais to
describehow the intensity at a pixel on the imageis generatedUnder suitable
assumptionsye shav thatsuchintensitydependsnly on the amountof enegy
radiatedfrom visible surfacesin spaceandnot on thevantagepoint.

Let beasmoothvisible surfacein spacewe denotethetangentplaneto the
surfaceat a point by andits outward unit normalvectorby . At each
point we canconstructa local coordinateframewith its origin at , its -
axisparallelto thenormalvector , andits -planeparallelto (seeFigure
3.13).Let beasmoothsurfacethatis irradiatinglight, which we call thelight
souice For simplicity, we mayassumehat is theonly sourceof light in space.
At a point , we denotewith and thetangentplaneandthe outward
unitnormalof |, respectiely, asshavn in Figure3.13.

Figure3.13.Generatie model.

The changeof coordinatesbetweenthe local coordinateframe at  andthe
camerdrame,which we assumeoincideswith the world frame,is indicatedby
arigid-body transformation ; then mapscoordinatesn the local coordinate
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frameat intothosein thecamerdrame,andary vector inthelocal coordinate
frameto a vector in thecamerarame®

Foreshorteningandsolid angle

Whenconsideringnteractionshetweera light sourceanda surface,we needto
introducethe notion of foreshorteningand that of solid angle Foreshortening
encodesow thelight distribution on a surfacechangegswe changethe surface
orientationwith respecto the sourceof illumination. In formulas,if is the
areaelementn ,and istheunitvectorthatindicateshedirectionfrom to
(seeFigure3.13),thenthecorrespondindoreshortenedreaasseenfrom is

where is the angle betweenthe direction  and the normal vector ; i.e.

. A solid angleis de ned to be the areaof a conecut out on
a unit sphereThen,thein nitesimal solid angle seenfrom a point of the
in nitesimal area is

(3.27)

where is thedistancebetween and .

Radianceandirr adiance

In radiometry radianceis de ned to be the amountof enegy emittedalonga
certaindirection, per unit areaperpendicularto the direction of emission(the
foreshorteningeffect), perunit of solid angle,andper unit of time, following the
de nition in [Sillion, 1994. Accordingto our notation,if we denotetheradiance
atthepoint in thedirectionof by , the enegy emittedby thelight
atapoint toward on is

(3.28)

where is the foreshortenedreaof seenfrom the direction of
, and is the solid anglegivenin equation(3.27),asshavn in Figure3.13.

Noticethatthepoint ontheleft handsideof theequationabose andthe point

ontheright handsidearerelatedby thedirection of thevectorconnecting to

While theradiancds usedfor enepgy thatis emitted the quantitythatdescribes
incomingenenpy is calledirr adiance Theirradianceis de ned asthe amountof
enegy recevedalonga certaindirection,perunit areaandper unit time. Notice
thatin the caseof theirradiancewe do not foreshorterthe surfaceareaasin the
caseof the radiance Denotethe irradianceat recevedin the direction by

8Werecallfrom thepreviouschaptethatif werepresenthechangeof coordinates with arotation
matrix and a translationvector , thenthe actionof on a point of coordinates
is givenby , while theactionof onavectorof coordinates is given

by
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. By enepgy preseration,we have . Then
theradiance atapoint thatilluminatesthe surface alongthe direction
with asolidangle andtheirradiance measurectthe samesurface
recevedfrom this directionarerelatedby

(3.29)

where _— is thesolid angleof seerfrom

Bidirectionalre ectancedistribution function

For mary commonmaterials,the portion of enegy comingfrom a direction
thatis re ected onto a direction  (i.e. the direction of the vantagepoint) by

thesurface , is describedy , thebidirectionalre ectancedistribution
function(BRDF).Hereboth and arevectorsexpressedn local coordinates
at . More precisely if is the radianceemittedin the direction
from theirradiance , the BRDF is givenby theratio

(3.30)

To obtainthetotal radianceat a point in the outgoingdirection , we need
to integrate the BRDF againstall the incomingirradiancedirections in the
hemisphere at :

(3.31)

Lambertiansurfaces

The abore modelcanbe considerablysimpli ed if we restrictour attentionto a
classof materials,called Lambertian thatdo not changeappearancéepending
on the viewing direction. For example,mattesurfacesareto a large extent well
approximatedy the Lambertianmodel,sincethey diffuselight almostuniformly
in all directions Metal, mirrors,andothershiny surfaceshowever, donot. Figure
3.14illustratesa few commonsurfaceproperties.

For a perfectLambertiansurface,its radiance only dependon how
the surfacefacesthe light source,but not on the direction  from which it is
viewed. Therefore, is actuallyindependentf , andwe canthink of

theradiancefunctionasbeing“glued;’ or “painted” on the surface , sothatat
eachpoint theradiance dependonly on the surface.Hence,the perceved
irradiancewill depenconly onwhich pointonthesurfaceis seennotonin which
directionit is seenMore preciselyfor Lambertiansurfaceswe have

where is a scalarfunction. In this case we caneasilycompute
thesurfacealbedo , whichis thepercentag®f incidentirradiancere ectedin
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Figure 3.14. This gure demonstrateslifferent surface propertieswidely usedin com-
putergraphicgo modelsurfacesf naturalobjectsi ambertiangiffuse,re ective,specular
(highlight),transparentvith refraction,andtextured.Only the (woodtextured)pyramidex-
hibits Lambertianre ection. Theball ontheright is partly ambient diffuse,re ective and
specularThecheclerboard oor is partly ambientdiffuseandre ective. Theglassball on
theleft is bothre ective andrefractie.

ary direction,as

where ,asshavnin Figure3.13,isthein nitesimal solidanglein theoutgoing
direction, which can be parameterizedbyy the spaceangles as
. Hencetheradiancdrom thepoint onalambertiansurface is

- (3.32)

This equationis known asLambertiancosinelaw. Therefore for a Lambertian
surface,theradiance dependonly onthesurface , describedy its generic
point , andonthelight source , describedy its radiance

Image intensityfor a Lambertiansurface

In orderto expressthedirection  in the camerarame,we considerthe change

of coordinatedrom thelocal coordinatdrameatthepoint to thecamerdrame:
and , Wwherewe notethat is arotation? Thereader

shouldbe aware that the transformation itself dependson local shapeof the

9The symbol indicatesequialenceup to a scalarfactor Strictly speaking, and
do not representhe samevector but only the samedirection (they have oppositesign anddifferent
lengths).To obtainarigorousexpressionwe would have to write . However, these
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surfaceat , in particularits tangentplane andits normal atthepoint .
We now canrewrite theexpression(3.31)for theradiancean termsof thecamera
coordinatesndobtain

(3.33)
If thesurfaceis Lambertianthe above expressiorsimpli es to
(3.34)

Supposehatourimagingsensois well modeledby athin lens.Then,by mea-
suring the amountof enegy receved alongthe direction , the irradiance(or
imageintensity) at canbe expressedasa function of the radiancefrom the
point :

- - (3.35)

where isthelensdiameter isthefocallength,and istheanglebetweerthe
opticalaxis(i.e.the -axis)andtheimagepoint , asshowvnin Figure3.13.The
guantity — is calledthe F-numberof thelens.A detailedderivation of the above
formulacanbe foundin [Horn, 1986 (page208). For a Lambertiansurface,we
have

where istheimageof thepoint takenatthevantagepoint . Noticethatin the
above expressionpnly theangle dependn the vantagepoint. In general for
athin lenswith asmall eld of view, is approximatelyconstantThereforejn
ouridealpin-holemodel,we mayassumehattheimageintensity(i.e. irradiance)
is relatedto the surfaceradianceby theirr adianceequation

— 630

where - - is aconstanfactorthatis independentf thevantage
point.

In all subsequenthaptersve will adoptthis simplemodel. The fact thatthe
irradiance doesnotchangewith the vantagepointfor Lambertiansurfacescon-
stitutesa fundamentakonditionthat allows to establishcorrespondencacross
multiple imagesof the sameobject. This conditionandits implicationswill be
studiedin moredetailin the next chapter

two vectorsdo representhe sameray throughthe cameracenter andthereforewe will regardthem
asthesame.
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3.B Imageformationin thelanguageof projective
geometry

The perspectie pinholecameramodeldescribedy (3.18)or (3.19) hasretained
the physicalmeaningof all parametersnvolved. In particular the last entry of

both and isnormalizedo sothattheotherentriesmaycorrespondo actual
2-D and 3-D coordinateqwith respectto the metric unit chosenfor respectie

coordinateframes).However, sucha normalizationis not always necessaryas
longaswe know thatit is thedirectionof thosehomogeneousgectorshatmatters.
For instancethetwo vectors

(3.37)

canbeusedto representhe samepointin . Similarly, we canuse

to represent point on the 2-D imageplaneaslong as and
. However, we may run into troubleif thelastentry or hap-

pensto be . To resole this problem,we needto generalizehe interpretatiorof

homogeneousoordinatesntroducedn the previouschapter

De nition 3.4 (Projective spaceand its homogeneouscoordinates). An -
dimensionaprojectvespace isthesetof one-dimensionadubspace§.e. lines

throughtheorigin) of thevectorspace .Apoint in canthenbeassigned
homogeneousoordinates amongwhich at leastone
is nonzeo. For anynonzeo thecoorinates

representhe samepoint in . Wesaythat and areequivalentdenoted
by

Example 3.5 (Topological modelsfor the projective space ). Figure 3.15demon-
strategwo equialentgeometridnterpretation®f the 2-D projective space . According

Figure3.15.Topologicalmodelsfor
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to thede nition, it is simply afamily of 1-D lines in  throughapoint (typically
choserto betheorigin of thecoordinatéframe).Hence, canbeviewedasa?2-D sphere
with ary pair of antipodalpoints(e.g., and inthe gure) identi ed asonepointin
. On theright-handside of Figure3.15, linesthroughthe center in generalintersect
with theplane atauniquepointexceptwhenthey lie ontheplane . Lines
in the plane simply form the 1-D projectve space (whichis in facta circle).
Hence, canbeviewedasa2-D plane (i.e. ) with acircle  attachedIf
we adoptthe view thatlinesin the plane intersectthe plane in nitely
far, thiscircle  thenrepresents line at in nity . Homogeneousoordinategor a point
onthiscircle thentake theform ; ontheotherhand,all regularpointsin =~ have
coordinates . In generalary projectve space canbevisualizedin a similar
way: isthen with aplane attachedatin nity; and is  with attached
atin nity , whichis, however, harderto illustrateon a pieceof paper ™

Using this de nition, with its homogeneousepresentatiortan then be
identi ed asa subsetof  thatincludesexactly thosepointswith coordinates
where . Therefore,we can always nor-
malizethe lastentry to 1 by dividing by if we sowish. Then,in the
pinhole cameramodeldescribedby (3.18) or (3.19), and now represent
the sameprojective pointin  andthereforethe same2-D point in the image
plane.Supposeghatthe projectionmatrixis

(3.38)

Thenthe cameramodelsimply reducedo a projectionfrom a three-dimensional
projectvespace toatwo-dimensionaprojectvespace

(3.39)

where is omittedhere sincetheequivalence’ " is de nedin thehomogeneous
senseij.e. upto anonzercscalarfactor
Intuitively, theremainingpointsin  with thefourth coordinate canbe

interpretedaspointsthatare“in nitely farawayfrom theorigin.” Thisis because
for avery smallvalue , if we normalizethe last entry of to

, it givesriseto apointin  with 3-D coordinates . The
smaller is, thefartheraway is the point from the origin. In fact,all pointswith
coordinates form atwo-dimensionaplanedescribedy theequation

10 This planeis calledplaneat in nity . We usuallydenotethis

planeby . Thatis,

Thenthe above imaging model (3.39) is well-de ned on the entire projective
space includingpointsin thisplaneatin nity . Thisslightgeneralizatiorallows
usto talk aboutimagesof pointsthatarein nitely farawayfromthecamera.

101t is two-dimensionabecause arenot totally free: the coordinatesare determineconly
upto ascalarfactor
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Example 3.6 (Image of points at in nity and “vanishing points”). Two parallellines
in do not intersect.However, we canview themasintersectingat in nity . Let

be a (homogeneousyectorindicatingthe directionof two parallel
lines , . Let and be two base
pointsonthetwo lines,respectiely. Then(homogeneousjoordinate®f pointson  can
beexpressedis

and similarly for pointson . Thenthe two lines can be viewed as intersectingat a
pointatin nity with coordinates . The“image” of this intersectiontraditionally called
avanishingpoint, is simply givenby

This can be shavn by consideringimagesof points on the lines and letting

asymptoticallylf theimagesof thesewo linesaregiven,theimageof thisintersectiorcan
be easilycomputedor measuredFigure 3.16 shaws the intersectionof imagesof parallel
linesatthevanishingpoint, a conceptwell knowvn to Renaissancartists. u

Figure3.16.“The Schoolof Athens”by Raphael(1518),a ne exampleof architectural
perspectie with a centralvanishingpoint, markingthe end of the classicalRenaissance
(courtesyof C. Taylor).

Example 3.7 (Image “outside” the image plane). Considerthe standardperspectie
projectionof a pair of parallellines asin the previous example.We further assumethat
they arealsoparallelto theimageplane,i.e.the -plane.In this casewe have

and

Hence the“image” of theintersectioris givenin homogeneousoordinatesas
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This doesnot correspondo ary physical point on the 2-D image plane (whosepoints
supposedijhave homogeneousoordinate®f theform ). Itis, in fact,avanishing
pointatin nity . Neverthelesswe canstill treatit asavalid imagepoint. Onewayis to view
it astheimageof a pointwith zerodepth(i.e. with the -coordinatezero).Sucha problem
will automaticallygo away if we choosetheimagingsurfaceto beanentiresphererather
thana at plane.Thisis illustratedin Figure3.17. u

image sphere image plane

Figure3.17.Perspectie imagesof two parallellinesthatarealsoparallelto the2-D image
plane.In this casethey areparallelto the -axis.Thetwo imagelinesontheimageplane
arealsoparallel,andhencethey do notintersect.On animagesphere hovever, the two
imagecircles and dointersectatthepoint . Clearly is thedirectionof the two
imagelines.

Furtherreadings

Deviationsfromthepinholemodel

As we mentionecearlierin this chapterthe analyticalstudyof pinholeperspec-
tiveimagingdatesbackto the Renaissancé\everthelessthe pinholeperspectie
modelis aratherideal approximatiorto actualCCD photosensorsr Im-based
camerasBefore the pinhole model can be appliedto suchcamerasa correc-
tion is typically neededto corvert them to an exact perspectie device; see
[Branketal., 1993 andreferencesherein.

In generalthe pinhole perspectie modelis not adequatdor modelingcom-
plex optical systemghatinvolve azoomlensor multiple lensesFor a systematic
introductionto photographicoptics and lens systemswe recommendhe clas-
sic books[Stroebel, 1999 Born andWolf, 1999. For a moredetailedaccountof
modelsfor azoomlens,thereademayreferto [Horn, 1986 Lavestetal., 1993
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and referencestherein. Other approachessuch as using a two-plane model
[Wei andMa, 1997 have alsobeenproposedo overcomethe limitations of the
pinholemodel.

Othersimplecamern models

In thecomputewvision literature besideghe pinholeperspectie model,thereex-
ist mary othertypesof simple cameramodelsthat are often usedfor modeling
variousimagingsystemaunderdifferentpracticalconditions.This bookwill not
coverthesecasesTheinterestedeademayreferto [TomasiandKanade 1999
for thestudyof theorthographigrojection to [Ohtaetal., 1981, Aloimonos,199Q
PoelmarandKanade 1997 Basri, 1994 for thestudyof theparaperspeate pro-
jection, to [KonderinkandvanDoorn,1991 Mundy andZisserman1997, and
[QuanandKanade 1996 Quan,199q for the studyof the af ne cameramodel,
andto [GeyerandDaniilidis, 200]] andreferenceshereinfor catadioptrianodels
oftenusedfor omnidirectionacameras.



ImagePrimitivesandCorrespondence

Everythingshouldbe madeas simpleas possiblg but not simpler
— Albert Einstein

In previous chaptersve have seenhow geometricprimitives,suchaspointsand
linesin space,canbe transformedso that one can computethe coordinatesof
their “image; i.e. their projectiononto the imageplane.In practice,however,
imagesarearraysof positive numbershat measurghe amountof light incident
onasensomta particularlocation(seeSections3.1and3.2,andAppendix3.A).
So,how do we reconcilea geometricimageformationmodel (Section3.3) with
the fact that what we measurewith a camerais not points and lines, but light
intensity?n otherwords,how dowe go from measurementsf light (photometry)
to geometry?This is the subjectof this chapter:we will shov how geometric
primitivescanbe extractedfrom photometricmeasurementandmatchedacross
differentviews, sothattherestof thebook canconcentrat@n geometry
Thereadershouldbeawarethatalthoughextractinggeometrigrimitivesatthe
outsetis widely acceptedndpracticedthis approachaslimitations. For one,in
theprocesave throw away almostall theinformation(geometricprimitivesarea
setof measureeroin theimage).Moreover, aswe will see geometrigprimitives
areextractedandmatchedy local analysisof theimage,andarethereforeprone
to ambiguitiesandfalsematchesNeverthelessglobal analysisof imagego infer
scenephotometryas well as geometrywould be computationallychallenging,
andit is not even clearthatit would be meaningful.In fact, if we consideran
objectwith arbitrarygeometryandarbitraryphotometryonecanalwaysconstruct
(in nitely mary) objectswith differentgeometryand differentphotometrythat

Thisis page75
Printer:Opaquehis
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give rise to the sameimages.One exampleis the imageitself: It is an object
differentfrom thetruescend(it is at) thatgivesriseto thesamemage(itself).

Thereforejn whatfollows we will rely on assumption®n the photometryof
thescendn orderto beableto establistcorrespondencbetweergeometrigrim-
itivesin differentviews. Suchassumptionsvill allow usto usemeasurementsf
light in orderto discernhow pointsandlinesare“moving” in theimage.Under
suchassumptionsthe “image motion” is relatedto the three-dimensionadtruc-
ture of thesceneandits motionrelative to the cameran waysthatwe will exploit
in laterchaptersn orderto reconstructhe geometryof the scene.

4.1 Correspondencef geometrideatures

Supposewe have availabletwo imagesof a scenetaken from differentvantage
points, for instancethosein Figure 4.1. Considerthe coordinatesof a speci c
point in the left image,for instancethe one indicatedby a white square.lt is
immediatefor a humanobsenrer to establishwhat the “corresponding”point on
theright imageis. Thetwo pointscorrespondn the sensehat, presumablythey
aretheprojectionof thesamepointin spaceNaturally, we cannotexpectthepixel
coordinate®f thepointontheleft to beidenticalto thoseof the pointontheright.
Thereforethe“corr espondencproblem” consistdn establishingvhich pointin
oneimage corresponddo which pointin anotherin the senseof beingtheimage
of the samepointin space

Figure4.1.“Correspondingpoints”in two views areprojectionsof thesamepointin space.

Thefactthathumanssolve the correspondencproblemso effortlesslyshould
notleadusto think thatthis problemis trivial. On the contrary humanssxploit a
remarkableamountof informationin orderto arrive at successfullydeclaringcor
respondencéncludinganalyzingcontext andneighboringstructuresn theimage
andprior informationon the contentof the scenelf we wereaskedto establish
correspondenchy justlooking at the smallregionsof theimageenclosedn the
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circle andsquareon theleft, thingswould getmuchharder:which of theregions
in Figure4.2is theright match?Hardto tell. Thetaskis no easierfor acomputer

Figure4.2. Which of thesecircular or squareregionson the right matchthe oneson the
left? Correspondencbasedon local photometricinformationis proneto ambiguity The
imageontheright shawvs the correspondingositionson theimage.Notethatsomepoints
do nothave acorresponderdt all, for instancedueto occlusions.

4.1.1 Fromphotometrideaturesto geometricprimitives

Let us begin with a naive experiment.Supposeve wantto establishcorrespon-
dencefor a pixel in position  in theleft imagein Figure4.1. Thevalueof the
imageat is , sowe maybetemptedo look for aposition in theright
imagethathasthe samebrightness, , which canbethoughtof as
a“label” or “signature’. Basedon the discussiorabove, it shouldbe obviousto
the readerthatthis approachis doomedto failure. First, thereare pixel
locationsin theright image( ), eachtakinga valuebetween and
(threefor red, greenandblueif in color). Thereforewe canexpectto nd mary
pixellocationsin  matchingthevalue . Moreover, theactualcorrespond-
ing point may not even be one of them, sincemeasurindight intensity consists
in countingphotonsa processntrinsically subjectto uncertaintyOnewayto x
this is to comparenot the brightnessof individual pixels, but the brightnessof
eachpixelin asmallwindow aroundthepointof interest(seeFigure4.2).We can

think of this asattachingo eachpixel, insteadof a scalarabel denotingthe
brightnesf thatpixel, anaugmentediectorlabelthatcontainghe brightnesf
eachpixelin thewindow: , where isawindow

around . Now matchingpointsis carriedout by matchingwindows, underthe
assumptiorthat eachpoint in the window moveswith the samemotion (Figure
4.3). Again, dueto noisewe cannotexpectan exact matchingof labels,so we
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canlook for thewindowsthatminimize somediscrepang measurédetweertheir
labels.

This discussiorcanbe generalizedeachpoint hasassociateavith itself a sup-
port window andthe value of the imageat eachpoint in the window. Both the
window shapeandthe imagevaluesundego transformationsaasa consequence
of thechangan viewpoint(e.g.,thewindow translatesandtheimageintensityis
corruptedby additive noise),andwe look for the transformatiorthat minimizes
somediscrepang measureWe carry out this programin the next section(Sec-
tion 4.1.2).Beforedoingso, however, we point out thatthis doesnot solve all of
our problems Consideyfor instancejn Figure4.2therectangularegionsonthe
checlerboard.The value of the imageat eachpixel in theseregionsis constant,
andthereforeit is not possibleto tell exactly which oneis the correspondinge-
gion; it couldbeary regionthat ts insidethehomogeneoupatchof theimage.
Thisis justonemanifestatiorof theblankwall or aperture problem whichoccurs
whenthe brightnesgpro le within a selectedegion is not rich enoughto allow
usto recover the chosentransformatioruniquely(Section4.3.1).1t will bewise,
then, to restrictour attentiononly to thoseregionsfor which the correspondence
problemcanbesolved.Thosewill becalled“features, andthey establistthelink
betweerphotometrioneasurement@ndgeometricprimitives.

4.1.2 Localvs.globalimage deformations

In thediscussiorabore, onecaninterpretmatchingwindows, ratherthanpoints,
asthe local integration of intensity information, which is known to have ben-
e cial (averaging)effectsin counteractinghe effects of noise.Why not, then,
take this to the extreme,integrateintensity information over the entire image?
After all, Chapters?2 and 3 tell us preciselyhow to computethe coordinatesof
correspondingpoints.Of course the deformationundegoneby the entireimage
cannotbe capturedby a simple displacementaswe will soonsee.Therefore,
onecanervision two oppositestratgies:oneis to choosea complex transforma-
tion that captureghe changesindegoneby the entireimage,or onecanpick a
simpletransformationandthenrestrictthe attentionto only thoseregionsin the
imagewhosemotion canbe capturedwithin reasonabléounds,by the chosen
transformation.

As we have seenin Chapter3, animage,for instance , canbe represented
asa function de ned on a compacttwo-dimensionategion takingirradiance
valuesin the positive reals,

Underthe simplifying assumptionin Appendix3.A, theirradiance is ob-
tainedby integratingthe radiantenegy in spacealongthe ray 2

1We remind the readerthat we do not differentiatein our notationan imagepoint ~ from its
homogeneourepresentatiofwith a“1” appended).
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If the scenecontainsonly opaqueobjects,thenonly onepoint, say , alongthe

projectionray contributesto theirradiance With respecto the camerareference

frame let this pointhave coordinates , correspondingo aparticularvalue

of determinedythe rst intersectiorof theraywith avisible surface:

Let betheradianceistribution of thevisible surfaceandits value
at , i.e.the“color” of the sceneat the point .2 Accordingto Appendix

3.A, we have theirr adianceequation

(4.1)

Now supposehat a differentimage of the samescenebecomesavailable,
for instanceonetaken from a differentvantagepoint. Naturally, we getanother
function

However, will in generalbe differentfrom at the sameimageloca-
tion . The rst stepin establishingcorrespondencis to understandhow sucha
differenceoccurs.

Letusnow usethebackgroundievelopedn Chapter® and3. Assumefor now
thatwe areimagingemptyspaceexceptfor a point with coordinates
thatemitslight with the sameenenpy in all directions(i.e. the visible “surface’,
apoint,is Lambertian seeAppendix3.A). This is a simplifying assumptiorthat
we will relaxin thenext sectionIlf and areimagesof the samescenethey
mustsatisfythe sameirradianceequation(4.1). Therefore if and arethe
two imagesof the samepoint in thetwo views, respectiely, we musthave

(4.2)

Undertheseadmittedlyrestrictve assumptionghecorrespondenc@r matching)
problemconsistsn establishingherelationshipbetween and ,i.e.verifying
thatthetwo points and areindeedimagesof the same3-D point. Suppose
thatthe displacemenbetweerthe two cameraviewpointsis a rigid-body motion

. Fromthe projectionequationsntroducedin Chapter3, the point  in
image corresponds$othepoint  inimage if

— (4.3)

wherewe have emphasizethefactthatthe scales dependonthe 3-
D coordinates of the pointwith respecto the camerdrameattheirrespectie
viewpoints. Therefore,a modelfor the deformationbetweentwo imagesof the
samescends givenby animagematchingconstraint

(4.4)

2|n the caseof gray-scalémages:color” is oftenusedinappropriatelyto denoteintensity
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This equationis sometimecalled the brightnessconstancyconstiaint, since
it expresseghe fact that given a point on an image, there exists a different
(transformedpointin anotheimagethathasthe samebrightness.

Thefunction describeshetransformatiorof thedomain,or “imagemotion;
that we have describednformally in the beginning of this chapter In orderto
male it moresuggestie of the motionof individual pixels,we couldwrite as

(4.5)
wherethefactthat dependsnthe shapeof the scenes madeexplicitly in the
term . Intuitively, is the displacemenbf the imageof the same
point from oneview to another: .3 Note thatthe dependeng of

onthepositionof thepoint  comeghroughthescales ,i.e.thedepth

of visible surfacesIn generaltherefore, isafunctionin anin nite-dimensional
spaceg(the spaceof all surfacesin 3-D), andsolvingfor imagecorrespondencis
asdif cult asestimatingthe shapeof visible objects.

If the sceneis not Lambertian? we cannotcount on equation(4.4) being
satis ed at all. Therefore,aswe suggestedn the beginning of this subsection,
modelingthe transformatiorundegoneby the entireimageis anextremelyhard
proposition.

4.2 Localdeformatiormodels

The problemwith a globalmodel,asdescribedn the previoussection,is thatthe
transformatiorundegoneby theentireimageis, in generaljn nite-dimensional,
and nding it amountdo inferringtheentire3-D structureof thesceneTherefore,
in what follows we concentrateon choosinga classof simple transformations,
andthenrestrictour attentionto “regions” of theimagethatcanbe modeledas
undepgoing suchtransformationsSuchtransformationsccurin the domainof
theimage,sayawindow around , andin theintensityvalues

. We examinethesetwo instancesn the next two subsections.

4.2.1 Transformation®ftheimage domain

Here we considerthree casesof increasinglyrich local deformationmodels,
startingfrom the simplest.

Translationalmotionmodel

The simplesttransformationone can conceve of is onein which eachpoint in
the window undegoesthe sameexact motion, i.e. , ho longer

3A preciseanalyticalexpressiorfor will begivenin thenext chapter

4As we explainin Appendix3.A, a Lambertiansurfaceis onewhoseappearancdoesnot depend
ontheviewing direction.In otherwords,theradianceof the surfaceat ary given pointis the samein
all directions.
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/ -
Figure4.3. Two basictypesof local domain deformationLeft: translationalright:
afne.
dependingon , or , where . This

modelis valid only for portionsof the scenghatare at andparallelto theimage
plane,andmaving parallelto it. While onecouldin principleapproximatesmooth
portionsof the sceneasa collectionof suchplanarpatchestheir motionwill in
generahotsatisfythemodel. The modelis thereforeonly a crudeapproximation,
validlocally in spacgsmallwindows)andin time (adjacentimeinstantspr small
cameranotion).

Althoughcoarsethis modelis at the coreof mostfeaturematchingor tracking
algorithmsdueto its simplicity andtheef ciency of theresultingimplementation,
whichwe presenin Section4.3.1.

Af ne motionmodel

In theaf ne motionmodel,pointsin thewindow donotundegothesame
motion but, instead,the motion of eachpoint dependdinearly on its location
plus a constanbffset. More precisely we have ,
where and . This modelis a good approximationfor smal
planarpatchegarallelto theimageplaneundegoinganarbitrarytranslationrand
rotationaboutthe opticalaxis,andmodestotationaboutanaxisorthogonato it.
This modelrepresents corvenienttradeof betweersimplicity and e xibility, as
wewill seein Sectiond.3.2.Theaf ne andtranslationamodelsareillustratedin
Figure4.3.

Projectivemotionmodel

An additionalgeneralizatiorof the af ne modeloccurswhenwe considertrans-
formationsthat are linear in the homogeneougoordinates,so that

, where is de ned up to ascalarfactor This model,
aswe will seein Section5.3, capturesan arbitraryrigid-body motion of a pla-
nar patchin the scene Sinceary smoothsurfacecanbe approximatedrbitrarily
well by acollectionof planesthis modelis appropriateeverywherein theimage,
exceptatdiscontinuitiesandoccludingboundaries.

Whatever the transformation one choosesjn orderto establishcorrespon-
dencejt seemghatonehasto nd thatsolvesequation(4.4). It turnsout that
theequality(4.4)is waytoomuchto ask,aswedescriban thenext sectionThere-
fore,in Sectiord.3wewill describavaysto rephrasenatchingasanoptimization
problem,which lendsitself to thederivationof effective algorithms.
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4.2.2 Transformation®f theintensityvalue

Thebasicassumptiounderlyingthederivationin the previoussectionis thateach
pointwith coordinates resultsin thesamemeasuredrradiancein bothimages,
asin equation(4.4). In practice,this assumptioris unrealisticdue to a variety
of factors.As a rst approximation,one could lump all sourcesof uncertainty
into anadditive noiseterm .> Therefore gquation(4.4) mustbemodi ed to take
into accountchangesn theintensityvalue,in additionto the deformationof the
domain

(4.6)

More fundamentaldeparturesrom the model (4.4) occur when one considers
that pointsthat are visible from one vantagepoint may becomeoccludedfrom
another Occlusionscould be representedy a factor multiplying  that de-
pendsuponthe shapeof the surface( ) beingimagedand the viewpoint ( ):
For instancefor the casewhereonly
onepointonthesurfaceis emittinglight, whenthepointis visible,
and whennot. This equationshouldmake very clearthe factthat
associatinghelabel  with the point  is not a goodidea,sincethe value of
dependsiponthenoise andtheshapeof the surfacesin space , whichwe
cannotcontrol.

Thereis more:in mostnaturalscenespbjectsdo not emit light of their own;
rather they re ect ambientlight in away thatdependsiponthe propertiesof the
material.Evenin theabsenc®f occlusionsdifferentmaterialsnay scatteror re-
ect light by differentamountsin differentdirections,violating the Lambertian
assumptiordiscussedn Appendix3.A. In general few materialsexhibit perfect
Lambertianre ection, andfar morecomplec re ection models,suchastranslu-
centor anisotropicmaterialsarecommonplacén naturalandman-madescenes
(seeFigure3.14).

4.3 Matchingpointfeatures

From the discussionabove one can concludethat point correspondenceannot
be establishedor scenewith arbitraryre ectancepropertiesEvenfor relatively
simplesceneswhoseappearanceoesnot dependon the viewpoint, one cannot
establishcorrespondencamongpointsdueto the apertureproblem.So how do
we proceed?As we have hinted several times already we proceedby integrat-
ing local photometrianformation.Insteadof consideringequation(4.2) in terms
of points on animage,we can considerit de ning correspondence termsof
regions This canbe doneby integrating eachside on a window around

5This noiseis oftendescribedtatisticallyasa Poissorrandomvariable(in emphasizinghe nature
of the countingprocessandenforcingthe nonngatvity constrainton irradiance),or asa Gaussian
randomvariable(in emphasizinghe concurrencef multiple independensourcef uncertainty).
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eachpoint , and usingthe equationto characterizehe correspondencat
Dueto the presencef uncertainty noise,deviationsfrom Lambertianre ection,
occlusionsgetc.we canexpectthatequation(4.4) will be satis ed only upto un-
certainty asin (4.6). Therefore we formulatecorrespondencasthe solution of
anoptimizationproblem.We choosea classof transformationsandwe look for
the particulartransformation thatminimizesthe effectsof noise(measuredec-
cordingto somecriterion)® subjectto equation(4.6), integratedover a window.
For instanceye couldhave subjecto (4.6)or,
writing  explicitly,

(4.7)

if we chooseasa discrepang measureghe normof the additive error. In the next
subsectionsve explore a few choicesof discrepang criteria, which includethe
sum of squareddifferencesand normalizedcross-correlationBefore doing so,
however, let uspausefor amomentto considemwhetherthe optimizationproblem
justde nedis well posed.

Considerequation(4.7), wherethe point happengo fall within a region of
constanintensity Then for all . The sameis true
for  andtherefore the norm beingminimizeddoesnot dependon , andary
choiceof would solve the equation.This is the “blank wall” effect, a manifes-
tationof theso-calledaperturgoroblem.Thereforejt appearshatin orderfor the
problem(4.7) to be well posedthe intensityvaluesinsidea window have to be

“rich enough.

Having this importantfactin mind, we choosea classof transformations, ,
thatdepend®on asetof parameters . For instance, for thetranslational
model,and for theaf ne motion model. With an akuseof notation
we indicatethe dependengof onthe parametergs . We canthende ne
apixel tobeapointfeaturif thereexistsa neighborhood suchthatthe
equations

(4.8)

uniquely determinethe parameters . From the exampleof the blank wall, it is
intuitive that suchconditionswould requirethat and atleasthave nonzero
gradient.In the sectionsto follow we will derive preciselywhat the conditions
arefor thetranslationamodel.Similarly, onemay de ne aline featue asaline
segmentwith a supportregion anda collectionof labelssuchthatthe orientation
andnormaldisplacementf thetransformedine canbeuniquelydeterminedrom
theequationabove.

In the next sectionswve will seehow to ef ciently solve the problemabove for
the casein whichthe aretranslationalor af ne parametersWe rst describe

SHerethe“hat” symbol, , indicatesanestimatedjuantity(seeAppendixB), notto be confused
with the“wide hat; , usedto indicatea skew-symmetricmatrix.
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how to computethe velocity eitherof a moving point (featuretracking)or at a
x edlocationonthepixel grid (optical o w), andthengive aneffective algorithm
to detectpoint featureghatcanbeeasilytracked.

The de nition of featurepoints and lines allows us to move our discussion
from pixels andimagesto geometricentitiessuchaspointsandlines. However,
aswewill discussn laterchaptersthis separatioris moreconceptuathanfactual.
Indeed all theconstrainteamonggeometricentitiesthatwe will derivein chapters
of Partll andPartlll canberephrasedn termsof constraintson the irradiance
valueson collectionsof imagesundertheassumptiorof rigidity of Chapter2 and
Lambertiarre ection of Chapter3.

4.3.1 Smallbaseline:feature tracking andoptical ow
Considetthe translationamodeldescribedn the previoussectionswhere
(4.9)

If we considerthe two imagesasbeingtakenfrom in nitesimally closevantage
points, we canwrite a continuousversionof the above constraint.In orderto
male the notationmoresuggestie, we call thetime atwhichthe rst imageis

taken,i.e. and thetime whenthesecondmageis taken,
ie. . The notation* " suggestsan in nitesimal
incrementof time (and hencemotion). Also to associatghe displacement
with the notion of velocityin the in nitesimal case we write for a
(velocity) vector . Thus, . With this
notation,equation(4.9) canberewrittenas

(4.10)
Applying Taylor series expansion around to the right-hand side and
neglectinghigherordertermswe obtain

(4.11)
where

B — (4.12)

where and arethespatialandtemporalderivativesof , respectiely.

The spatial derivative is often called the image gradient” We will discuss
how to computethesederivativesfrom discretizedmagesn Appendix4.A of this
chapter If is the trajectoryof the imageof a point moving
acrosgheimageplaneastime changes, shouldremainconstantThus,

"Be awarethat,strictly speakingthegradientof afunctionis acovectorandshouldberepresented
asarow vector But in thisbookwe de ne it to bea columnvector(seeAppendixC), to be consistent
with all theothervectors.
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anotherway of deriving the above equationis in termsof the total derivative of
with respecto time,

(4.13)

whichyields

S — (4.14)

This equationis identical to (4.11) once we notice that

— — . We alsocall this equatiorthe brightnessconstancyconstaint. It
is thecontinuousrersionof (4.4)for thesimplestiranslationamodel.Depending
on wherethe constraintis evaluated this equationcanbe usedto computewhat
is calledoptical ow, or to track photometricfeaturesin a sequencef moving
images.

Whenwe x our attentionat a particularimagelocation anduse(4.14)to
computethe velocity of “particles o wing” throughthat pixel, is called
optical o w. Whentheattentionis ona particularparticle insteadand(4.14)
is computedat the location asit movesthroughthe imagedomain,we re-
fer to the computatiorof asfeature tracking. Optical o w andfeature
trackingareohviouslyrelatedoby . Theonly differ-
ence at the conceptualevel, is wherethe vector is computedin optical
ow it iscomputedata x edlocationin theimage ,whereasn featuretrackingit
is computedat the point

Beforewe delve into the studyof optical o w andfeaturetracking,noticethat
(4.11),if computedat eachpoint, providesonly oneequationfor two unknovns
( ). Thisis theaperturgroblemwe have hintedat earlier

Theapertuie problem

We startby rewriting equation(4.11)in amorecompactform as

| (4.15)

For simplicity we omit “ ” from in and write only
, or

The brightnesonstang constraintcaptureghe relationshipbetweerthe im-
agevelocity of animagepoint andspatialandtemporalderivatives ,
whicharedirectlymeasurablromimagesAs we have alreadynoticed theequa-
tion providesa single constraintfor two unknavnsin . Fromthe
linearalgebraicpoint of view therearein nitely mary solutions that satisfy
this equation All we cancomputeis the projectionof theactualoptical o w vec-
tor in thedirectionof theimagegradient . This components alsoreferredto
asnormal ow andcanbethoughtof asa minimum normvector that
satis esthebrightnessonstanyg constraintlt is givenby a projectionof thetrue
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Figure4.4.In spiteof thefactthatthe squaremovesdiagonallybetweentwo consecutie
frames,only horizontalmotioncanbe obsenedthroughthe aperture.

motionvector ontothegradientdirectionandis givenby

(4.16)

This obsenationis a consequencef the apertuie problemand canbe easilyvi-
sualized For example,considewiewing the squaren Figure4.4througha small
apertureln spite of the fact that the squaremoves diagonallybetweenthe two
consecutreframesonly horizontalmotioncanbe obseredthroughtheaperture,
andnothingcanbe saidaboutmotionalongthedirectionof theedge.

It is only whenthe brightnessconstang constraintis appliedto eachpoint
in aregion thatcontains‘suf cient texture) andthemotion is assumed
to be constanin theregion, thatthe equationgrovide enoughconstrainton
This constang assumptiorenablesisto integratethe constraintgor all pointsin
the region and seekthe bestimagevelocity consistentwith all the point
constraintsin orderto accountfor the effect of noisein the model(4.6), optical
0 w computatioris oftenformulatedasa minimizationof thefollowing quadratic
errorfunctionbasednthegradientconstraint:

(4.17)

wherethe subscript* ” indicatesbrightnessconstanyg. To obtaina linear least-
square®stimateof at eachimagelocation,we computethe derivative with
respecto of theerrorfunction

For thatminimizes it is necessaryhat . Thisyields

(4.18)
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or, in matrix form,
(4.19)

Solvingthisequation(if  isinvertible)givestheleast-squaresstimateof image

velocity
I (320

Note,however, thatthematrix  is notguaranteetb beinvertible.If theintensity
variationin alocal imagewindow variesonly alongonedimension(e.g.,

or ) orvanisheg and ), then isnotinvertible. Thesesingu-
larities have beenpreviously mentionedasthe aperture andblankwall problem
respectiely. Basedon theseobsenationswe seethatit is the local propertiesof
imageirradiancein thewindow thatdeterminewhetherthe problemis ill
posed.

Sinceit seemghatthecorrespondenageroblemcanbesolved,underthebright-
nessconstang assumptionfor points  where is invertible,it is corvenient
to de ne suchpointsas “feature points” at leastaccordingto the quadraticcri-
terionabove. As we will seeshortly, this de nition is alsoconsistenwith other
criteria.

The“sum of squaeddifferences”(SSD)criterion

Let usnow go backto the simplesttranslationadeformationmodel

(4.21)
In orderto tracka featurepoint by computingits imagedisplacement , we
canseekthelocation ontheimageattime whosewindow is “most
similar” to thewindow . A commorway of measuringimilarity is by using
the “sum of squaredlifferences”(SSD) criterion. The SSD approachconsiders
animagewindow  centeredat a location attime andothercandidate
locations in theimageattime , Wherethepointcouldhave
movedbetweenwo frames.Thegoalisto nd adisplacement at
alocationin theimage thatminimizesthe SSDcriterion

(4.22)

wherethesubscript' ” indicateghetranslationatieformatiormodel.Comparing
this with the error function (4.17), an advantageof the SSD criterionis thatin

principlewe nolongerneedto computederivativesof , althoughonecan
easilyshow that is the rst-order approximatiorof the dis-
placement . Weleavethisasanexerciseto thereadel(seeExercise

4.4).0nealternative for computingthedisplacemenis to evaluatethefunctionat
eachlocationandchoosehe onethatgivesthe minimumerror. This formulation
is dueto [LucasandKanade 1981 andwasoriginally proposedn the context of
sterecalgorithmsandwaslaterre ned by [TomasiandKanade 1999 in amore
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generaleature-trackingontext.

In Algorithm 4.1we summarizea basicalgorithmfor featuretrackingor optical
o w; a more effective versionof this algorithmthatinvolvesa multi-resolution
representatiorand subpixel re nementis describedin Chapter11 (Algorithm
11.2).

Algorithm 4.1 (Basicfeaturetracking and optical o w).

Given an image at time , seta window of x ed size, usethe lters given
in Appendix 4.A to compute the image gradient , and compute

atevery pixel . Then,either
(featuretracking) selecta numberof point featuresby choosing such
that isinvertible,or
(optical ow) select tobeona x edgrid.

An invertibility testof  thatis morerobustto the effects of noisewill be describedn
Algorithm 4.2.

Compute
If is invertible (which is guaranteedor point features),computethe dis-
placement from equation(4.20).If is notinvertible,return

Thedisplacemenof thepixel attime isthereforegivenby

wherever isinvertible.
(Featurdracking)attime , repeathe operationat
(Optical ow) attime , repeatheoperationat .

4.3.2 Largebaseline:af ne modelandnormalized
cross-corelation

The small-baselindracking algorithm presentedn the previous sectionresults
in very efcient andfastimplementationsHowever, whenfeaturesare tracked
over an extendedtime period,the estimationerror resultingfrom matchingtem-
platesbetweerntwo adjacenframesaccumulaten time. This leadsto eventually
losingtrack of the originally selectedeatures.To avoid this problem,insteadof
matchingimageregionsbetweeradjacenframes onecouldmatchimageregions
betweertheinitial frame,say , andthecurrentframe,say .Ontheotherhand,
thedeformatiorof theimageregionsbetweerthe rst frameandthecurrentframe
canno longerbe modeledby a simpletranslationamodel.Instead a commonly
adoptedmodelis that of af ne deformationof imageregionsthat supportpoint
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features, , Wwherethefunction hastheform
(4.23)

As in the puretranslatiormodel(4.9), we canformulatethe brightnessonstang
constraintwith this moregenerakix-parameteaf ne modelfor thetwo images:

(4.24)

Enforcingthe abore assumptiorover a region of the image,we canestimatethe
unknowvn af ne parameters and by integratingthe above constrainfor all the
pointsin theregion ,

(4.25)

wherethesubscript’ ” indicategheaf ne deformatiormodel.By approximating
thefunction to rst orderaroundthe point ,

theabove minimizationproblemcanbesolvedusinglinearleast-squareyijelding
estimateof the unknowvn parameters and directly from mea-
surementsf spatialandtemporalgradientof theimage.ln Exercise4.5we walk
the readerthroughthe stepsnecessaryo implementsucha trackingalgorithm.
In Chapterll, we will combinethis af ne modelwith contrastcompensationo
derive apracticalfeature-trackinglgorithmthatworksfor amoderatéaseline.

Normalizedcross-corelation (NCC)criterion

In the previous sectionswe usedthe SSDasa costfunctionfor templatematch-
ing. Althoughthe SSDallowsfor alinearleast-squaresolutionin theunknowns,
therearealsosomedravbacksto this choice.For example the SSDis notinvari-
antto scalingsandshiftsin imageintensitiesoften causediy changingighting
conditionsover time. For the purposeof templatematching,a betterchoiceis
normalizedcross-corelation Giventwo nonuniformimageregions and

, with and (the numberof pixels in the
window), the normalizedcross-correlatiofNCC) is de ned as

NCC (4.26)

where arethe meanintensities:

The normalizedcross-correlatiowvaluealwaysrangesbetween and , irre-
spectve of thesizeof thewindow. Whenthenormalizedcross-correlatiors |, the
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two imageregionsmatchperfectly In particular in the caseof the af ne model
thenormalizedcross-correlatiomecomes

NCC (4.27)

So,we look for NCC . In Chapterl1, we will com-
bine NCCwith robuststatisticgechniqueso derive a practicalalgorithmthatcan
matchfeaturesetweertwo imageswith alargebaseline.

4.3.3 Point featule selection

In previous sectionawve have seenhow to computethe translationabr af ne de-
formationof a photometrideature andwe have distinguishedhe casewherethe
computationis performedat a x ed setof locations(optical o w) from the case
wherepoint featuresaretracked over time (featuretracking).Oneissuewe have
notaddresseth thisseconcdtaseas how to initially selecthepointsto betracked.
However, we have hinted on variousoccasionsat the possibility of selectingas
“featurepoints” thelocationsthatallow usto solve the correspondencproblem
easily In this sectionwe make this morepreciseby giving a numericalalgorithm
to selectsuchfeatures.

As thereademay have noticed,the descriptionof ary of thosefeaturepoints
relieson knowing the gradientof theimage.Hence beforewe cangive any nu-
mericalalgorithmfor featureselectionthereademeedgo know how to compute
theimagegradient in anaccurateandrobustway. Thedescription
of how to computethe gradientof a discretizedmageis in Appendix4.A.

The solutionto the tracking or correspondencproblemfor the caseof pure
translationrelied on invertingthe matrix ~madeof the spatialgradientsof the
image(4.20).For  to be invertible, the region musthave nontrivial gradients
alongtwo independentirections,resemblingthereforea “corner” structure,as
shavn in Figure4.5. Alternatively, if we regardthe cornerasthe “intersection”

Figure4.5.A cornerfeature is thevirtual intersectiorof local edgeqwithin awindow).

of all the edgesinsidethe window, thenthe existenceof at leasta cornerpoint
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meanghatover the window , thefollowing minimizationhas

asolution:
(4.28)
where is thegradientcalculatecht . It istheneasyto

checkthatthe existenceof a local minimum for this errorfunctionis equivalent
to the summatiorof the outerproductof thegradientsij.e.

(4.29)

beingnonsingularlf , the smallestsingularvalueof , is above a speci ed
threshold , then is invertible,(4.20)canbe solved,andtherefore we saythat
thepoint is a featurepoint. If bothsingularvaluesof arecloseto zero,the
featurewindow hasalmostconstanbrightnesslf only oneof thesingularvalues
is closeto zero, the brightnessvaries mostly along a single direction. In both
casesthe point cannotbelocalizedor matchedn anotheimage.This leadsto a
simplealgorithmto extractpoint (or corner)featuresseeAlgorithm 4.2.

Algorithm 4.2 (Corner detector).

Givenanimage , follow the stepsto detectwhethera given pixel isacorner
feature:
seta threshold and a window of x ed size,and computethe image
gradient usingthe Iters givenin Appendix4.A;
atall pixelsin thewindow  around computethe matrix
(4.30)
if the smallestsingularvalue is biggerthanthe pre xed threshold , then

markthe pixel asafeature(or corner)point.

Although we have usedthe word “corner” the readershouldobsene thatthe
testabove guaranteesnly thattheirradiancefunction is “changingenough”in
two independentlirectionswithin thewindow of interest. Anotherway in which
this canhappens for thewindow to contain“suf cient texture; causingenough
variationalongat leasttwo independendlirections.

A variationto the above algorithmis the well-known Harris cornerdetector
[HarrisandStephens]198§. Themainideais to thresholdhe quantity

trace (4.31)

where is a (usually small) scalar and differentchoicesof may result
in favoring gradientvariationin oneor morethanonedirection,or maybeboth.
To seethis, let thetwo eigervalues(which in this casecoincidewith the singular
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Figure4.6.An exampleof theresponsef theHarrisfeaturedetectomusing integration
windows and parameter . Someapparentcornersaroundthe boundaryof the
imagearenot detectedlueto the sizeof window chosen.

values)of  be . Then
(4.32)

Note that if  is large and either one of the eigervaluesis large, so will be

. Thatis, featureswith signi cant gradientvariationin at leastonedirec-
tion will likely passa threshold.If is small, then both eigervaluesneedto
be big enoughto make passthe threshold.In this case,only the corner
featureis favored. Simple thresholdingoperationsoften do not yield satisac-
tory results,which leadto a detectionof too mary corners,which are not well
localized.Partial improvementscan be obtainedby searchingor the local min-
ima in the regions, where the responseof the detectoris high. Alternatively,
more sophisticatedechniquescan be used,which utilize contour(or edge)de-
tectiontechniquesndindeedsearchor the high curvaturepointsof thedetected
contourgWuescheandBoyer, 1991. In Chapterl1 we will explore furtherde-
tails thatarecrucialin implementingan effective featuredetectionandselection
algorithm.

4.4 Trackingline features

As we will seein future chapterspesidegoint featuresline (or edge)features,
which typically correspondo boundarief homogeneougegions,alsoprovide
importantgeometricinformationaboutthe 3-D structureof objectsin the scene.
In this sectionwe studyhow to extractandtracksuchfeatures.
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4.4.1 Edgefeaturesandedge detection

As mentionedabove,whenthematrix in (4.29)hasbothsingularvaluescloseto
zero,it correspondso atextureless’blank wall.” Whenoneof thesingularvalues
is largeandtheotheroneis closeto zero,thebrightneswariesmostlyalongasin-
gle direction.But thatdoesnotimply a sudderchangeof brightnessraluein the
directionof the gradient.For example,animageof a shadednarblespheredoes
vary in brightnessput the variationis smooth,and thereforethe entire surface
is betterinterpretedasonesmoothregion insteadof onewith edgeseverywhere.
Thus, by “an edge”in animage,we typically referto a placewherethereis a
distinctive “peak” in the gradient.Of course the notion of a “peak” dependsn
the resolutionof the imageandthe size of the window chosenWhatappearsas
smoothshadingonasmallpatchin ahigh-resolutioimagemayappearasasharp
discontinuityon a large patchin a subsampledmage.

We thereforelabel a pixel asan“edgefeature”only if the gradientnorm

reaches local maximumcomparedo its neighboringpixels. This simple

idearesultsin thewell-known Canry edge-detectioalgorithm[Canry, 1984.

Algorithm 4.3 (Canny edgedetector).

Givenanimage , follow the stepsto detectwhethera given pixel isonan
edge

setathreshold andstandarddeviation for the Gaussiarfunction
usedto derive the lter (seeAppendix4.A for details);

computethe gradientvector (seeAppendix4.A);

if is alocal maximumalongthe gradientandlargerthan
thepre xedthreshold , thenmarkit asanedgepixel.

Figure4.7 demonstratesdgesdetectedy the Canry edgedetectoron a gray-
levelimage.

Figure4.7. Original image,gradientmagnitude and detectededgepixels of animageof
Einstein.
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4.4.2 Compositiorof edge elementsline tting

In orderto compensatéor theeffectsof digitizationandthresholdinghatdestry
the continuity of the gradientmagnitudeunction , theedge-detectiostage
is oftenfollowed by a connecteccomponenanalysis which enablesusto group
neighboringpixels with commongradientorientationto form a connectec:on-
tour or morespeci cally acandidatdine . The connectedcomponenglgorithm
canbefoundin mostimageprocessingr computenision textbooks,andwe re-
ferthereaderto [GonzalezandWoods,1997. Usingresultsfrom the connected
componenfanalysis,the line tting stage typically involvesthe computationof
the Hough or Radontransform,followed by a peakdetectionin the parameter
spaceBoth of thesetechniquesarewell establishedn imageprocessingandthe
algorithmsare available as a part of standardmage processingoolboxes (see
Exercise4.9).

Alternatively, aconceptuallysimplerwayto obtainline featurecandidatess by
directly tting linesto the segmentsobtainedby connecteccomponenfinalysis.
Eachconnecteccomponent s alist of edgepixels , Which are
connecte@ndgroupedbasedntheir gradientorientation forming aline support
region, say . Theline parameterganthenbe directly computedfrom the
eigervalues andeigervectors of the matrix associateavith the
line supportregion:

(4.33)

where and arethemean-correctedixel coordinate®f every
pixel in the connecteccomponentand - and -

arethemeansin the caseof anidealline, oneof the eigervaluesshouldbe zero.
The quality of theline t is characterizedby the ratio of the two eigervalues—

(with ) of
Onthe2-D imageplane,ary point on aline mustsatisfyanequationof
theform

(4.34)

Geometrically is the angle betweenthe line andthe -axis,and is the
distancefrom the origin to the line  (Figure 4.8). In this notation, the unit
eigervector  (correspondingo the larger eigervalue ) is of the form

. Then,parametersf theline aredeterminedrom
as
(4.35)
(4.36)
where is themidpointof theline sggment.We leave the derivationof these

formulaeto thereaderasanexercise(seeExercised.7).
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Figure4.8.Parameterizatioof aline in 2-D.

Figure4.9.Edgedetectiorandline tting results.

4.4.3 Tradkingandmatdingline sggments

Thetechniquedor associatindine featuresacrosamultiple framesdependasin
the point featurecase,on the baselinebetweenthe views. The simplestimage-
basedline tracking techniquestartswith associatinga window supportregion
, containingthe edgepixels forming a line supportregion® The selected
window is rst transformedo a canonicalimagecoordinateframe, makingthe
line orientationvertical. At samplepoints alongthe line supportregion,
thedisplacement in the directionperpendiculato theline is computedOnce
this hasbeendonefor somenumberof samplepoints,the parametersf the new
line sggmentcanbe obtained giving riseto the changeof the line orientationby
. Theremainingpointscanthenbe updatedusingthe computedbarameters

8The size of the region canvary dependingon whetherextendedlines are beingtracked or just
smallpiecesof connectedontours.
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and in thefollowing way:

(4.37)
(4.38)
(4.39)

Notethatthismethodsuffersfrom thepreviously discusse@perturgproblem.Un-

lessadditionalconstraintsare presentthe displacemenalongthe edgedirection
cannotbe measuredDuring the tracking processthe more costly line detection
is doneonly in theinitialization stage.
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Figure 4.10. Edgetracking by computingthe normal displacemenbf the edgebetween
adjacenframes.

In caseof line matchingacrossvide baselinesthe supportregions asso-
ciatedwith the candidatdine featuressubtendhe entire extent of theline. Due
to thefactthattheline supportregionsautomaticallycontainorientationinforma-
tion, standardvindow matchingcriteria (suchas SSDandNCC), introducedin
Section4.3,canbeused.

4.5 Summary

This chaptedescribeshecrucialstepof goingfrom measurementsf light inten-
sity to geometrigprimitives.The notionsof “point feature”andline feature”are
introduced andbasicalgorithmsfor featuredetectiontracking,andmatchingare
describedFurtherre nementsof thesealgorithms,e.g.,af ne tracking,subpbel
iterations,andmultiscaleimplementationareexploredin the exercisespractical
issuesassociatedvith theirimplementatiorwill bediscussedn Chapterl1l.
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4.6 Exercises

Exercise4.1 (Motion model). Considermmeasuringmagemotion andnoticingthat

; i.e. eachpoint on theimagetranslatesy the sameamount

. Whatparticularmotion and3-Dstructure mustthescenaindegoto satisfy
thismodel?

Exercise4.2 Repeatheexerciseabove for anaf ne motionmodel,

Exercise4.3 Repeathe exerciseabove for a generalinear motion model, ,
in homogeneousoordinates.

Exercise4.4 (LLS approximation of translational o w). Considerthe problemof nd-

ing a displacement at a locationin the image that minimizesthe SSD
criterion

SSD
If we approximatehe function up to the rst ordertermof its

Taylor expansion,

we can nd asolutionto theabove minimizationproblem.Explainunderwhatconditions
a uniquesolutionto exists. Comparethe solution to the optical o w solution

Exercise4.5 (LLS approximation of af ne o w). To obtainanapproximatesolutionto
thatminimizesthefunction

(4.40)
follow the stepsoutlinedbelow:

Approximatethefunction to rst orderas
Considerthe matrix andvector asnew unknawvns.
Collecttheunknavns into the vector and
set
Computethe derivative of the objective function with respecto theun-
knowns andsetit to zero.Shav thattheresultingestimateof is equivalent

to the solutionof the following systemsf linearequations,

where

,and are
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Write down thelinearleast-squaresstimateof anddiscussunderwhatcondition
thesolutionis well-de ned.

Exercise 4.6 (Eigervalues of the sum of outer products). Given a set of vectors
, prove thatall eigervaluesof the matrix

(4.42)

arenonngative. This shavs thatthe eigevaluesof — arethe sameasthe singularvalues
of . (Note:youmaytake it for grantedthatall the eigevaluesarereal,since is areal
symmetricmatrix.)

Exercise4.7 Suppose arecoordinateof samplepointsfrom a straight
linein . Show thatthe matrix  de ned in (4.33) hasrank 1. Whatis the geometric
interpretatiorof thetwo eigervectors of intermsof theline? Sinceeveryline in

canbe expressedn termsof an equation, , derive anexpressiorfor
theparameters intermsof and

Exercise 4.8 (Programming: implementation of the corner detector). Implementa
versionof thecornerdetectousingMatlah Mark themostdistinctive, say20to 50, feature
pointsin agivenimage.

After you aredone,you maytry to play with it. Herearesomesuggestions:

Identify andcomparepracticalmethodso choosethethreshold or otherparame-
ters.Evaluatethechoiceby alteringthelevelsof brightnesssaturationandcontrast
in theimage.

In practice,you maywantto selectonly onepixel arounda cornerfeature Devise
amethodto choosethe“best” pixel (or subpixel location)within awindow, instead
of every pixel abore thethreshold.

Devise somequality measurefor featurepoints and sort them accordingto that
measureNote thatthe thresholdhasonly “soft” control on the numberof features
selectedWith sucha quality measurehowever, you can specify ary numberof

featuresyou want.

Exercise4.9 (Programming: implementation of the line feature detector). Implement
aversionof theline featuredetectorusingMatlah Selecttheline sggmentswhoselength
exceedgheprede nedthreshold . Herearesomeguidelineson how to proceed:

1. Runtheedge-detectioalgorithmimplementedy thefunction
in Matlah

Experimentwith differentchoicesof thresholdsAlternatively, you canim-

plementindividual stepsof the Canry edgedetectorVisualizeboth gradient
magnitude andgradientorientation atan2

Run the connectedcomponentalgorithm in Matlab and
groupthepixelswith similargradientrientationsasdescribedn Sectiord.4.
Estimate the line parametersof each linear connectedgroup basedon

equationg4.35)and(4.36),andvisualizetheresults.
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2. Onthesaméamage experimentwith thefunction andsuggeshow
to usethefunctionto detectline sggmentsin theimage.Discussheadwantagesand
disadwantage®f thesetwo methods.

Exercise4.10 (Programming: subpixel iteration). Both thelinearandthe af ne model
for pointfeaturetrackingcanbere ned by subpiel iterationsaswell asby usingmultiscale
deformationmodelsthatallow handlinglargerdeformationsin orderto achieve subpiel
accuray, implementthefollowing iteration:

wherewe de ne following quantitiesbasedn equation(4.19),

At eachstep, is in generalhotonthepixel grid, soit is necessaryo interpolatethe
brightnessraluesto obtainimageintensityat thatlocation.

Exercise4.11 (Programming: multiscale implementation). One problemcommonto
all differentialtechniquess thatthey fail if the displacemenacrossramesis biggerthan
a few pixels. Onepossibleway to overcomethis incorvenienceis to usea coarse-to- ne
strateyy:

Build a pyramid of imagesby smoothingandsubsamplingheoriginalimages(see,
for instance[Burt andAdelson,1983).

Selectfeaturesatthedesiredevel of de nition andthenpropagatehe selectionup
the pyramid.

Trackthefeaturesatthe coarsetevel.

Propagatethe displacemento ner resolutionsand usethat displacements an
initial stepfor the subpiel iterationdescribedn the previous section.

4.A Computingimagegradients

Let usneglectfor themomentthediscretenatureof digital images Conceptually
theimagegradient is de ned by avector
whoseindividual componentsiregivenby thetwo partialderivatives

— — (4.42)
In orderto simplify the notation,we will omit the argument and simply
write . While the notion of derivative is well de ned for smooth

functions,additionalstepsneedto betakenin computingthederivativesof digital
images.
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Samplingof a continuoussignal

Thestartingpoint of this developmentiesin therelationshipbetweercontinuous
and sampled discrete signals and the theory of sampling and reconstruc-
tion [Oppenheiretal., 1999. Let usassumehatwe have a sampledrersionof a
continuoussignal , denotedby

(4.43)

where is thevalueof the continuoudunction sampledatintegervalues
of with beingthe samplingperiodof the signal(Figure4.11).We will adopt
thenotationof discretelysampledsignalswith theargumentin squarebraclets.

il

Figure4.11.Continuoussignal andits discretesampledversion

Considera continuoussignal andits Fouriertransform . Thewell-
known Nyquistsamplingtheoemstateghatif thecontinuoussignal is band-
limited, i.e. for all , it canbe reconstructeaxactly from a
setof discretesamplesprovided that the samplingfrequeng ; is
calledthe Nyquistfrequeng. The relationshipbetweenthe samplingperiodand
the samplingfrequeng is —. Oncethe above relationshipis satis ed, the
original signal canbereconstructedy multiplication of its sampledsignal

in thefrequeny domainwith anidealreconstructionlter , denotecby ,
whoseFouriertransform is 1 betweerthefrequencies and ,and
0 elsavhere.Thatis, thereconstructionlter is asyncfunction:

(4.44)

A multiplication in the frequeng domaincorrespondg4o a corvolution in the
spatialdomain.Therefore,

(4.45)

aslongas —.
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Derivativeof a sampledsignal

Knowing the relationshipbetweenthe sampledfunction andits continuous
version , Onecanapproaclthe computatiorof the derivative of the sampled
functionby rst computingthe derivative of the continuousfunction and

then samplingthe result. We will outline this processfor 1-D signalsandthen

describénow to carryoutthecomputatiorfor 2-D imagesApplying thederivative

operatorto bothsidesof equation(4.45)yields

(4.46)

Expressingthe right handsidein termsof the cornvolution, and using the fact
thatboththe derivative andthe corvolution arelinear operatorsyve canbring the
derivative operatorinsideof the corvolution andwrite

Notice thatthe derivative operationis beingappliedonly to continuousentities.
Oncethederivative of the continuougunctionhasbeencomputedall we needto
dois to sampletheresult.Denotingthe samplingoperatoras and

as we have

(4.47)

Hencein anidealsituationthederivative of thesampledunctioncanbecomputed
asacorvolutionof thesampledsignalwith thesampledierivative of anidealsync
(Figure4.12),where

Notethatin generalthe valueof the function recevescontribution from
all sampleof . However, sincetheextentof isin nite andthefunctions
falls off very slowly far away from the origin, the convolution is not practically
feasibleand simple truncatingwould yield undesirableartifacts.In practicethe
computatiorof derivativesis accomplishedby convolving the signalwith a nite
Iter . In caseof 1-D signals,a commonlyusedapproximationto the ideal sync
andits derivative is a Gaussiarandits derivative, respectiely, de ned as

— - — (4.48)
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Figure4.12.ldealsyncfunctionandits derivative.

Note thatthe Gaussianlik e the sync, extendsto in nity , andthereforeit needs
to betruncatec® The derivative of a 1-D signalcanthenbe simply computedoy
convolutionwith a nite-size lter, whichis obtainedby samplingandtruncating
the continuousderivative of the GaussianThe numberof samples neededs
typically relatedto the variance . An adequateelationshipbetweerthe two is

, imposingthe factthatthe window subtends of theareaunder
thecurve. In sucha casethe corvolutionbecomes

(4.49)

Examplesof the Gaussianlter andits derivative areshovnin Figure4.13.

Image gradient

In orderto computethe derivative of a 2-D signalde ned by equation(4.42)we
have to revisit the relationshipbetweenthe continuousand sampledversionsof
thesignal

(4.50)

where

(4.51)

is a 2-D ideal sync. Notice that this function is separablepamely
. Without loss of generalityconsiderthe derivative with respectto
Applying againthe derivative operatorto bothsideswe obtain

(4.52)

9Neverthelessthevalueof a Gaussiariunctiondropsto zeroexponentiallyandmuchfasterthana
sync,althoughits Fouriertransform,alsoa Gaussiarfunction,is notanidealband-pasdter like the
sync.
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Figure 4.13. Examplesof a 1-D ve-tap Gaussian Iter and its derivative, sam-

pled from a continuousGaussianfunction with a variance . The numerical

values of the samplesare , and
, respectiely.

Sinceanidealsyncis separableve canwrite
(4.53)

At lastsamplingtheresultwe obtaintheexpressiorfor ~ componenof theimage
gradient

Similarly thepartialderivative  is givenby
(4.54)

Note thatwhencomputingthe partialimagederiatives,the imageis corvolved
in onedirectionwith the derivative Iter andin the otherdirectionwith the in-
terpolation Iter . By the sameargumentasin the 1-D case we approximatethe
ideal syncfunctionwith a Gaussiarfunction,which falls off faster andwe sam-
ple from it andtruncateit to obtaina nite-size lter. The computatiorof image
derivativesis then accomplishedas a pair of 1-D corvolutionswith Iters ob-
tainedby samplingthe continuousGaussiarfunctionandits derivative,asshovn
in Figure4.13.Theimagegradientatthe pixel is thengivenby

Recall that our choice is only an approximationto the ideal dervative I-
ter. More systematicmeansof designingsuch approximationss a subjectof
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optimal Iter designandis in the contet of derivative lters, as described
in [Farid andSimoncelli,1997. Alternative choiceshave beenexploitedin image
processingndcomputervision. Onecommonlyusedapproximatiorcomesrom
numericalanalysiswherethe derivative is approximatedy nite differencesin
sucha casethe derivative lter is of the simpleform - , andthe
interpolation Iter is simply - . Anothercommonlyusedderiative
operatoris the so-calledSobelderivative Iter wherethe pair of Iters have the
following form B ~ and . Notethatin
bothcaseghe lters areseparable.

For theimageshavn in Figure4.14,the and componentf its gradi-
ent  werecomputedvia convolutionwith a ve-tapGaussiarderivative Iter
shavnin Figure4.13.

Figure4.14.Left: originalimage.Middle andright: Horizontalcomponent andvertical
component of theimagegradient

Image smoothing

In mary instanceglueto the presencef noisein the imageformationprocess,
it is oftendesirableto smooththeimagein orderto suppresshe high frequengy
componentFor this purposehe Gaussianlter is againsuitablechoice.Theim-
agesmoothingis then simply accomplishedy two 1-D corvolutionswith the
GaussianCorvolution with the Gaussiarcanbe doneef ciently dueto the fact
thatthe Gaussians againseparableThe smoothedmagethenbecomes

(4.55)

The sameexpressionwritten in termsof cornvolutionwith the Iter size is

(4.56)

Figure4.15demonstratethe effect of smoothinga noisy imagevia corvolution
with a Gaussian.
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Figure4.15.Left: theimage“Lena” corruptedby white noise.Right: the corruptedmage
smoothedy convolution with a 2-D Gaussian.

Furtherreadings

Extractionof cornelis, edges,and contouss

Gradient-base@dgedetectordik e the Canry edgedetector[Canry, 1989 and
the Harris cornerdetectorfHarris and Stephens] 989 introducedin this chapter
are widely available publicly, for instance,[MeerandGeogescuwww]. Fur

ther studieson the extraction of edge elementscan be found in the work of

[CasadeandMitter, 1998 ParentandZucker, 1989 Medionietal.,2007. Since
linesarespecialcurveswith a constanturvaturezero,they canalsobe extracted
using curve extraction techniquesbasedon the constantcurvatue criterion

[WuescheandBoyer, 199]. Besidesgradient-baseddge detection methods,
edgesas boundariesof homogeneougegions can also be extracted using
the active contourmethodgKassetal., 1987 Cohen,1991 Menetetal., 1990.

One adwantage of active contour is its robustnessin generatingcontinu-
ous boundaries,but it typically involves solving partial differential equa-
tions; see [Kichenassamytal., 1996 Sapiro,200], OsherandSethian,1989,

and[ChanandVese1999. In time-critical applications,suchas robot naviga-
tion, the gradient-baseédgedetectionmethodsare more commonlyused.The
Houghtransformatioris anothermpopulartool, which in principle enablesoneto

extract ary type of geometricprimitives, including corners,edges,and curves.
But its limitation is that one usually needsto specifythe size of the primitive a
priori.

Featuretracking andoptical ow

Image motion (either featuretracking or optical o w) refersto the motion of
brightnesgatternson theimage.lIt is only underrestrictve assumption®n the
photometryof the scenewhich we discussedn Appendix3.A, thatsuchimage
motionis actuallyrelatedto the motion of the scene For instancepnecanimag-
ine a paintedmarblesphereotatingin spaceanda staticsphericalmirror where
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theambientlight is movedto matchtheimagemotionof the rst sphereThedis-
tinction betweermotion eld (the motionof the projectionof pointsin the scene
ontotheimage)andoptical o w (themotionof brightnespatternsontheimage)
hasbeenelucidatedby [Verri andPoggio,1989.

The feature-trackingschemegyiven in this chaptermainly follow the work
of [LucasandKanade 1981, TomasiandKanade 1994. The afne ow track-
ing methodwasdueto [Shi andTomasi,1994. Multiscaleestimatiormethodsof
globalafne ow elds have beenintroducedby [Bergenetal.,1993. The use
robustestimatiortechniquesn thecontext of optical o w computatiorhave been
proposedy [Black andAnandan1993. Featureextractingandtracking,aswe
have describedt, is anintrinsically local operationin spaceandtime. Therefore,
it is extremelydif cult to maintaintracking of a featureover extendedlengths
of time. Typically, a featurepoint becomesccludedor changests appearance
up to the point of not passingthe SSDtest. This doesnot meanthat we cannot
integratemotioninformationovertime. In fact,it is possiblethatevenif individ-
ual featuresappearand disappeartheir motion is consistentwith a global 3-D
interpretation,as we will seein later partsof the book. Alternative to feature
tracking include deformablecontours [Blake andisard,19994, learning-based
approache$YacoobandDavis, 1999 andoptical o w [VerriandPoggio,1989
Weickertetal., 1998 Nagel,1987. Computatiorof qualitatve ego-motionfrom
normal o w wasaddresseth [Fermiiller andAloimonos,1995.
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Reconstructioirom Two Calibrated
Views

We seebecausave move; we move becausave see
—Jamesl. Gibson,ThePerceptionof the Visual World

In this chaptemve begin unveiling thebasicgeometnithatrelatesmagesof points
to their 3-D position. We start with the simplestcaseof two calibratedcam-
eras,anddescribean algorithm, rst proposedy the British psychologistH.C.
Longuet-Higginsin 1981,to reconstructhe relative pose(i.e. positionand ori-
entation)of the camerasaswell asthelocationsof the pointsin spacefrom their
projectionontothetwo images.

It hasbeenlong known in photogrammetryhatthe coordinatef the projec-
tion of a pointandthe two cameraoptical centersform atriangle (Figure5.1),a
factthatcanbewritten asanalgebraicconstraininvolving the camergposesand
imagecoordinatesut not the 3-D position of the points. Given enoughpoints,
therefore this constraintcan be usedto solve for the cameraposes Oncethose
are known, the 3-D position of the points can be obtainedeasily by triangula-
tion. The interestingfeatureof the constraintis that althoughit is nonlinearin
the unknovn camergposesjt canbe solved by two linear stepsin closedform.
Therefore,in the absenceof arny noiseor uncertainty given two imagestaken
from calibratedcameraspne canin principle recorer cameraposeand position
of thepointsin spacewith afew stepsof simplelinearalgebra.

While we have not yetindicatedhow to calibratethe cameragwhich we will
doin Chapter6), this chaptersenesto introducethe basicbuilding blocksof the
geometryof two views, known as“epipolargeometry The simplealgorithmsto
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110 Chapters. Reconstructiofirom Two CalibratedViews

beintroducedn this chapteyalthoughmerelyconceptual, allow usto introduce
the basicideasthatwill berevisitedin later chaptersof the bookto derive more
powerful algorithmsthat candealwith uncertaintyin the measurementaswell

aswith uncalibrateccameras.

5.1 Epipolargeometry

Considetwo imagesof the samescendakenfrom two distinctvantagepoints.If

weassumeéhatthecamerds calibrated asdescribedn Chaptei3 (thecalibration
matrix  is theidentity), the homogeneousnagecoordinates andthe spatial
coordinates of apoint , with respecto the camerarame,arerelatedby?

(5.1)
where . Thatis, theimage differsfrom the actual3-D coordinates
of thepointby anunknown (depth)scale . For simplicity, we will assume

thatthescenas static(thatis, therearenomoving objects)andthatthe positionof
correspondindeaturepointsacrossmagess available,for instancefrom one of
thealgorithmsdescribedn Chapter. If we call thecorrespondingpoints
in two views,they will thenberelatedby a precisegeometriaelationshighatwe
describdn this section.

5.1.1 Theepipolarconstaint andthe essentiamatrix

Following Chapter3, an orthonormalreferenceframe is associatedvith each
camerawith its origin  atthe optical centerandthe -axisalignedwith the op-
tical axis. Therelationshipbetweerthe 3-D coordinate®f a pointin theinertial
“world” coordinatdrameandthe camerdramecanbeexpressedy arigid-body
transformationWithout lossof generality we canassumehe world frameto be
oneof the cameraswhile the otheris positionedandorientedaccordingto a Eu-
clideantransformation . If we call the 3-D coordinatef
apoint relative to the two cameraframes and , they are
relatedby arigid-bodytransformatiorin the following way:

Now let be the homogeneousoordinatesf the projectionof the
samepoint in thetwo imageplanes.Since , this equation

1They arenot suitablefor realimageswhich aretypically corruptedby noise.In Section5.2.30f
this chapterwe shav how to modify themsoasto minimizethe effect of noiseandobtainanoptimal
solution.
2We remindthereadetthatwe do notdistinguishbetweerordinaryandhomogeneousoordinates;
in theformercase , Wwhereasn thelatter with thelastcomponenbeing . Similarly,
or dependonwhetherordinaryor homogeneousoordinatesareused.
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canbewrittenin termsof theimagecoordinates andthedepths as

In orderto eliminatethe depths in the precedingequation,premultiply both
sidesby to obtain

Sincethe vector is perpendiculato the vector , the inner
product is zero.Premultiplyingthe previous equationby
yields that the quantity is zero.Since , we have proven
thefollowing result;
Theorem 5.1 (Epipolar constraint). Considertwo images of the same
point fromtwo camen positionswith relativepose , whee
is therelativeorientationand is therelativeposition.Then satisfy
(5.2)
The matrix

in the epipolarconstraintequation(5.2)is calledthe essentiamatrix. It encodes
the relative posebetweerthe two camerasThe epipolarconstraint(5.2) is also
calledthe essentiatonstaint. Sincethe epipolarconstraintis bilinearin eachof
itsaguments and , it is alsocalledthe bilinear constaint. We will revisit
thisbilinearnaturein laterchapters.

In additionto the precedingalgebraicderivation, this constraintfollows im-
mediatelyfrom geometricconsiderationsasillustratedin Figure5.1. Thevector
connectingthe rst cameracenter andthe point , the vectorconnecting

2 [\

\/

Figure5.1. Two projections of a3-D point from two vantagepoints.The

Euclideantransformationbetweenthe two camerasds given by . The

intersectionof theline with eachimageplanearecalledepipolesanddenotediy

and .Thelines arecalledepipolarlines which aretheintersectiorof theplane
with thetwo imageplanes.
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and , andthe vectorconnectinghetwo opticalcenters and clearlyforma
triangle. Therefore thethreevectorslie onthe sameplane.Their triple product?
which measurethevolumeof the parallelepipedleterminedy thethreevectors,
is thereforezero.This is true for the coordinatef the points as
well asfor the homogeneousoordinatesf their projection since
and (asvectors)differ only be a scalarfactor The constraint(5.2) is just

thetriple productwritten in the secondcamerarame; is simply the direc-
tion of thevector ,and isthevector with respecto thesecondccamera
frame.Thetranslation betweerthetwo cameracenters and is alsocalled
thebaseline

Associatedwith this picture,we de ne thefollowing setof geometricentities,
whichwill facilitateour future study:

De nition 5.2 (Epipolar geometricentities).

1. The plane determinedby the two centes of projection
and the point is called an epipolar plane associatedwith the camera
con gurationandpoint . Theris oneepipolarplanefor eact point .

2. The projection of one camea centeronto the image plane of the
othercamean frameis calledanepipole Notethattheprojectionmayoccur
outsidethe physicalboundaryof theimaging sensor

3. Theintersectionof the epipolar planeof with oneimage planeis a line
, which is called the epipolarline of . We usuallyusethe normal
vector to the epipolarplaneto denotethis line.*

From the de nitions, we immediately have the following relationsamong
epipolesgpipolarlines,andimagepoints:

Proposition5.3 (Propertiesof epipolesand epipolar lines). Givenanessential
matrix thatde nesan epipolarrelationbetweertwo images ,we
have:

1. Thetwo epipoles , with respecto the r standsecondccamen
framesyrespectivelyare theleft andright null spaceof |, respectively:

(5.3)

Thatis, and .Werecallthat indicatesequalityupto
a scalarfactor.

2. The(coimagesof) epipolarlines associateavith thetwoimage
points canbeexpresseds

(5.4)

3As we have seenin Chapter2, thetriple productof threevectorsis theinnerproductof onewith
the crossproductof the othertwo.
4Hencethevector is in factthe coimageof the epipolarline.
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whee arein factthenormalvectoss to the epipolar planeexpressed
with respecto thetwo camer framesyespectively

3. In eacthimage, boththeimage pointandtheepipolelie ontheepipolarline
(5.5)

The proofis simple,andwe leave it to thereaderasan exercise Figure5.2il-
lustrategherelationshipsamong3-D points,imagesgpipolarlines,andepipoles.

A&/A\
\/’

\/v

Figure5.2. Left: the essentiaimatrix ~ associatedvith the epipolarconstraintmapsan
imagepoint  in the rst imageto anepipolarline in the secondmage;the
preciseocationof its correspondingmage( or ) depend®nwherethe 3-D point (
or ) liesontheray ; Right: When and aretwo different
planesthey intersectat the two imageplanesat two pairsof epipolarlines and
, respectrely, andtheseepipolarlines always passthroughthe pair of epipoles

5.1.2 Elementarypropertiesof the essentiamatrix

The matrix in equation(5.2) containsinformationaboutthe
relative position andorientation betweerthetwo camerasMatrices
of this form belongto a very specialsetof matricesin calledthe essential
spaceanddenotedby

Beforewe studythe structureof essentiamatriceswe introducea usefullemma
from linearalgebra.

Lemma 5.4 (The hat operator). For avector anda matrix ,
if and , then
Proof. Since both and are linear maps from to

one may directly verify that thesetwo linear mapsagreeon the basisvectors
, and (usingthefactthatdet ). O
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Thefollowing theoremdueto [HuangandFaugeras1989, captureshealge-
braicstructureof essentiainatricesn termsof their singularvaluedecomposition
(seeAppendixA for areview onthe SVD):

Theorem5.5(Characterization of the essentiaimatrix). A nonzeo matrix
is an essentiamatrix if andonly if  hasa singularvaluedecomposition
(SVD) with

diag
for some and

Proof. We rst prove the necessityBy de nition, for ary essentialmatrix

thereexists (at leastone pair) , suchthat

For , thereexistsarotationmatrix  suchthat . De ne
. Since , we know that from Lemma

5.4.Then . It is immediateto verify

that

So, the singularvaluesof the essentiamatrix are . How-
ever, in the standardSVD of , and areonly orthonormal,and
their determinantsanbe .5 We still needto prove that (i.e.
they have determinant ) to establisithetheoremWe alreadyhave

. Let be the matrix thatrepresents rotationaroundthe -axis
by anangleof radiansj.e. with . Then

Then - - — diag . Therefore,
— diag

So,in the SVD of , we may choose - and
. Sincewe have constructedoth and asproductsof matricesn ,
they arein , too; thatis, both and arerotationmatrices.
We now prove sufciency. If agivenmatrix hasSVvD
with and diag , de ne and
to be

(5.6)

SInterestedeadersanverify this usingthe Matlabroutine:SVD
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It is now easyto verify that . Thus, is anessentiamatrix.
O

Given a rotation matrix and a translationvector , it is
immediateto constructan essentiamatrix . Theinverseproblem,that

is how to retrieve  and from a given essentiaimatrix , is lessobvious.In

the sufciency proof for the abose theoremwe have usedthe SVD to construct
two solutionsfor . Are thesetheonly solutionsBeforewe cananswetthis

guestionn theupcomingTheoremb.7,we needthe following lemma.

Lemma 5.6. Consideran arbitrary nonzeo skew-symmetrianatrix
with . If for a rotation matrix , is alsoa skew-symmetric
matrix, then or , Whee —. Further,

Proof. Withoutlossof generalitywe assumeéhat is of unit length.Since

is alsoa skew-symmetricmatrix, . Thisequationgives
(5.7)
Since is a rotation matrix, there exist , and such
that f the lemmais proved. Henceconsiderthe case
Then,(5.7) is rewritten as . Applying this equationto , we get
. Since , We obtain . Since is the
only eigervectorassociateavith the eigervalue of thematrix  , and is
orthogonato hasto bezero.Thus, isequalto either— or —; i.e.

.Then hastheform ,whichcommutesvith . Thusfrom (5.7),we
get

(5.8)
Accordingto Rodriguesformula(2.16)from Chapter2, we have

and(5.8)yields

Since and arelinearly independentwe leave this as an exerciseto the

reader),we have . Thatis, is equalto or

, . Therefore, isequalto or . Now if —, then
it is directfrom the geometriomeaningof therotation that .On
theotherhand,if —, thenit followsthat . Thus,in ary
casethe conclusion®f thelemmafollow. O

Thefollowing theoremshaws exactly how mary rotationandtranslationpairs
one can extract from an essentiaimatrix, andthe solutionsare given in
closedform by equation(5.9).
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Theorem5.7 (Poserecovery fromthe essentiaimatrix). Thele existexactlytwo

relativeposes with and correspondingo a nonzeo
essentiamatrix
Proof. Assumethat and arebothsolutions
for the equation . Thenwe have . This yields
. Since arebothskew-symmetricmatricesand is arotation
matrix, from the precedingemma,we have that either or
with . Therefore given an essential
matrix thereareexactly two pairsof suchthat . Further if
hasthe SVD: with , thefollowing formulaegive the
two distinctsolutions(recallthat with )
B - (5.9)
O

Example 5.8 (Two solutions to an essentialmatrix). It is immediateto verify that
- — , since

Thesewo solutionstogethemreusuallyreferredio asa“twisted pair,” dueto themanneiin
which thetwo solutionsarerelatedgeometricallyasillustratedin Figure5.3.A physically
correctsolutioncanbe chosenby enforcingthat the reconstructegboints be visible, i.e.
they have positive depth.We discusshis issuefurtherin Exercise5.11. ™

image plane image plane

image plane
frame 2' frame 1 frame 2
Figure5.3. Two pairsof camerdramesii.e. and , generatéhe sameessential
matrix. Theframe andframe differ by atranslatioranda rotation(atwist) around
the -axis,andthetwo posepairsgive riseto the sameimagecoordinatesFor the same
setof imagepairs and , therecoveredstructures and might bedifferent.

Noticethatwith respecto thecamerdramel, thepoint hasanegative depth.
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5.2 Basicreconstructioralgorithms

In the previous section,we have seenthatimagesof correspondingoints are
relatedby the epipolarconstraintwhich involvesthe unknawn relative posebe-
tweenthe camerasTherefore givena numberof correspondingpoints,we could
usetheepipolarconstraintgo try to recorer camergoseIn this sectionwe shov
asimpleclosed-formsolutionto this problem.It consistof two stepsFirstama-
trix  isrecoveredfrom anumberof epipolarconstraintsthenrelative translation
andorientationareextractedfrom . However, sincethematrix recoveredus-
ing correspondencaatain the epipolarconstrainimaynotbe anessentiamatrix,
it needgo be projectedinto the spaceof essentiamatricesprior to extractionof
therelative poseof the camerasisingequation(5.9).

Although the linear algorithm that we proposehereis suboptimalwhenthe
measurementgrecorruptedoy noise,it isimportantfor illustratingthegeometric
structureof the spaceof essentiaimatrices.We leave the more practicalissues
with noiseandoptimality to Section5.2.3.

5.2.1 Theeight-pointlinear algorithm

Let betheessentiamatrix associateavith the epipolarconstraint(5.2).
Theentriesof this matrix aredenotedby

(5.10)

andstacledinto a vector , Which is typically referredto asthe stadced
versionof thematrix  (AppendixA.1.3):

Theinverseoperationfrom  to its matrix versionis thencalledunsta&ing. We
furtherdenotetheKroneder product (alsoseeAppendixA.1.3) of two vectors
and by

(5.11)
Or, morespeci cally, if and ,
then

(5.12)
Sincethe epipolarconstraint is linearin theentriesof , usingthe

above notationwe canrewrite it astheinnerproductof and

]

This is just anotherway of writing equation(5.2) thatemphasizeghe linear de-
pendencef the epipolarconstrainton the elementof the essentiamatrix. Now,
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given a setof correspondingmage points , dene a
matrix associateavith thesemeasurement® be

(5.13)
wherethe throw istheKroneclerproductof eachpair using(5.12).
In theabsencef noise thevector  satis es

(5.14)
This linearequationmaynow be solvedfor thevector . For the solutionto be
unique(up to a scalarfactor, ruling out the trivial solution ), therank of
the matrix needsto be exactly eight. This shouldbe the casegiven

“ideal” correspondingpoints,asshawn in Figure5.4.1n generalhowever,
sincecorrespondencenaybeproneto errors,theremaybeno solutionto (5.14).
In suchacasepnecanchoosghe thatminimizestheleast-squaresrrorfunc-
tion . Thisis achieszedby choosing  to betheeigervectorof that
correspondso its smallesteigervalue,aswe shav in AppendixA. We would also
like to draw attentionto the casewhentherank of s lessthaneightevenfor
numberof pointsgreaterthannine. In this instancethereare multiple solutions
to (5.14).This happensvhenthe featurepointsarenotin “generalposition; for
examplewhenthey all lie on a plane.We will speci cally dealwith the planar
casein thenext section.

Figure5.4.Eight pairsof correspondingmagepointsin two views of the Tai-Hepalacein
the ForbiddenCity, Beijing, China(photoscourtesyof Jie Zhang).

However, evenin the absenceof noise,for avector  to be the solution of
our problem,it is not sufcient thatit bein the null spaceof . In fact,it has
to satisfy an additional constraint,that its matrix form  belongto the space
of essentialmatrices.Enforcing this structurein the determinationof the null
spaceof s dif cult. Therefore,asa rst cut, we estimatethe null spaceof
ignoringtheinternal structuie of essentiamatrix, obtainingamatrix,say , that
probablydoesnotbelongto theessentiaspace , andthen“orthogonally” project
the matrix thus obtainedonto the essentiakpace.This processs illustratedin
Figure5.5. Thefollowing theoremsayspreciselywhatthis projectionis.
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Figure5.5.Amongall pointsin theessentiaspace , hastheshortesFrobenius
distanceto . However, the least-squarerror may not be the smallestfor so-obtained
amongall pointsin

Theorem 5.9 (Projection onto the essentialspace). Givena real matrix

with SVD diag with , ,
thenthe essentiamatrix that minimizesthe error is givenby
diag with . Thesubscript® ” indicatesthe

Frobeniusnorm of a matrix. Thisis the squae normof the sumof the squaesof
all the entriesof the matrix (seeAppendixA).

Proof. For ary x ed matrix diag , we de ne a subset  of
the essentialspace to be the set of all essentialmatriceswith SVD of
the form , . To simplify the notation, de ne
diag . We now provethetheoremn two steps:

Stepl: We provethatfora x ed , theessentiamatrix thatminimizes
the error hasa solution (not necessarilyunique).Since

hastheform , we get
De ne , which have theform
(5.15)
Then
trace trace trace

Expandingthe seconderm,using diag andthenotation for
the entriesof , we have

trace
Since arerotationmatrices, and

Since are x edand , theerror is minimizedwhen
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. Thiscanbeachiezedwhen areof

thegeneraform
Obviously, is oneof thesolutions.Thatimplies

Step2: From Step 1, we needto minimize the error function only over the
matricesof the form , where mayvary. Theminimizationproblem

is thencorvertedto oneof minimizing the errorfunction

Clearly, the thatminimizesthiserrorfunctionis givenby . g

As we have alreadypointedout, theepipolarconstraintllows usto recoverthe
essentiamatrix only up to a scalarfactor (sincethe epipolarconstraint(5.2) is
homogeneoum |, it is notmodi ed by multiplying it by any nonzeroconstant).
A typicalchoiceto x thisambiguityis to assumeunittranslationthatis,

. We call theresultingessentiamatrix normalized

Remark 5.10. Thereadermay havenoticedthat the above theoemrelies on
a specialassumptiorthatin the SVDof bothmatrices and are rotation
matricesin . Thisis not alwaystrue when is estimatedromnoisydata.
In fact, standad SVDroutinesdo notguaranteethatthecomputed and have
positivedeterminant.The problemcan be easilyresolvedonceone noticesthat
thesignoftheessentiamatrix is alsoarbitrary (evenafternormalization).The
above projection can operate either on or . We leaveit as an exercise
to thereaderthat oneof the (noisy)matrices  will alwayshavean SVDthat
satis esthe conditionsof Theoem5.9.

Accordingto Theoremb.7,eachnormalizedessentiamatrix — givestwo pos-
sible poses . Sofrom , we canrecover the poseup to four solutions.
In fact, threeof the solutionscan be eliminatedby imposingthe positive depth
constraintWe leave the detailsto thereaderasan exercise(seeExercises.11).

The overall algorithm,which is dueto [Longuet-Higgins, 1981, canthenbe
summarizecsAlgorithm 5.1.

To accountfor the possiblesignchange , in thelaststepof the algorithm,
the" "and“ " signsintheequationdor and shouldbearbitrarilycombined
sothatall four solutionscanbe obtained.

Example 5.11(A numerical example).Supposehat
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Algorithm 5.1 (The eight-point algorithm).

For a given set of image correspondences ( ), this
algorithmrecovers , which satisfy

1. Computea rst approximation of the essentialmatrix
Construct from correspondences and asin
(5.12),namely

Find the vector of unit lengthsuchthat is minimizedasfollows:
computethe SVD of andde ne  to betheninth columnof
Unstackthe nine elementwof into a square matrix asin (5.10).Note

thatthis matrixwill in generahotbein the essentiakpace.

2. Projectonto the essentialspace
Computethe singularvaluedecompositiorof thematrix  recoveredfrom datato

be

diag
where and . In general;since  maynotbe
an essentiamatrix, and . But its projectiononto the normalized
essentiabpacds , Where diag

3. Recover the displacementfrom the essentialmatrix
Wenow needonly and toextract and fromtheessentiamatrixas

where -

Thenthe essentiamatrix is

Since , the obtainedhereis not normalizedt is alsoeasyto seethis from its
SVD,

wherethe nonzerosingularvaluesare insteadof . Normalizing is equivalentto
replacingtheabore by

diag
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It is theneasyto computethe four possibledecompositions for
Clearly, thethird solutionis exactly the original motion exceptthatthetranslation
is recoveredup to ascalarfactor(i.e. it is normalizedo unit norm). ™

Despiteits simplicity, the above algorithm,whenusedin practice suffersfrom
someshortcomingghatarediscussedbelow.

Numberof points

Thenumberof points,eight,assumedy thealgorithm,is mostlyfor corvenience
andsimplicity of presentationin fact,thematrix (asafunctionof ) has
only atotal of ve degreesof freedom:threefor rotationandtwo for translation
(upto ascalarfactor).By utilizing someadditionalalgebraigpropertiesof , we
may reducethe necessaryumberof points.For instanceknowing ,

we may relax the conditionrank to rank , andgettwo solutions
and fromthenull spaceof . Neverthelessthereis usuallyonly one
suchthat

Therefore seven pointsis all we needto have a relatively simpleralgorithm.As

shawvn in Exercise5.13,in fact, a linear algorithm exists for only six pointsif

morecomplicatedalgebraicpropertiesof the essentiamatrix areused.Hence, it

shouldnot be a surprise,asshavn by [Kruppa,1913, thatoneneedsonly ve
pointsin generalpositionto recover . It canbe shawvn thatthereareup to

ten(possiblycomple) solutionsthoughthe solutionsarenot obtainablén closed
form. Furthermorefor mary specialmotions,oneneedsnly upto four pointsto

determingheassociate@ssentiamatrix. For instanceplanarmotions(Exercise
5.6) andmotionsinducedfrom symmetry(Chapterl0) have this nice property
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Numberof solutionsand positivedepthconstaint

Sinceboth and satisfythe samesetof epipolarconstraintsthey in general
giveriseto possiblesolutionsfor . However, this doesnot pose
aproblem,becaus®nly oneof the solutionsguaranteethatthe depthsof all the
3-D pointsreconstructedrepositivewith respecto bothcamerdrames.Thatis,

in generalthreeout of thefour solutionswill bephysicallyimpossibleandhence
maybediscardedqseeExercise5.11).

Structue requirement:geneil position

In orderfor the above algorithmto work properly the conditionthat the given

eightpointsbein “generalposition”is veryimportant.It canbeeasilyshovn that

if thesepointsform certaindegenerateon gurations,calledcritical surfacesthe

algorithmwill fail (seeExerciseb.14).A caseof somepracticalimportanceoccurs
whenall the pointshappento lie on the same2-D planein . We will discuss
the geometryfor the planarcasein Section5.3,andalsolaterwithin the context

of multiple-view geometry(Chapte).

Motion requirement:sufcient parallax

In thederivationof theepipolarconstraintive haveimplicitly assumedhat ,
which allowed us to derive the eight-pointalgorithmwherethe essentiamatrix

is normalizedto . Due to the structureof the essentiaimatrix,
. Therefore the eight-pointalgorithm requiresthat the translation
(or baseline) . Thetranslation inducesparallaxin the imageplane.In

practice dueto noise thealgorithmwill likely returnananswerevenwhenthere
is no translation However, in this casethe estimatediirectionof translationwill
bemeaninglessThereforepneneedgo exercisecautionto make surethatthereis
“suf cient parallax”for thealgorithmto bewell conditionedIt hasbeenobsened
experimentallythatevenfor purelyrotationalmotion,i.e. , the “spurious”
translationcreatedoy noisein theimagemeasurements sufcient for theeight-
pointalgorithmto returna correctestimateof

In nitesimal viewpointchange

It is oftenthe casein applicationghatthetwo views describedn this chapterare
taken by a moving cameraratherthan by two staticcamerasThe derivation of

the epipolarconstraintandthe associate@ight-pointalgorithmdoesnot change,
aslong asthetwo vantagepointsaredistinct.In thelimit thatthe two viewpoints
comein nitesimally close,the epipolarconstrainttakes a relatedbut different
form called the continuousepipolarconstraint,which we will studyin Section
5.4.Thecontinuougasss typically of moresigni cancefor applicationsn robot
vision,whereoneis ofteninterestedn recoveringthelinearandangulawelocities
of thecamera.
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Multiple motionhypotheses

In the caseof multiple moving objectsin the scenejmagepointsmay no longer
satisfythe sameepipolarconstraint.For example,if we know thattherearetwo

independenimoving objectswith motions,say and , thenthe
twoimages of apoint ononeof theseobjectsshouldsatisfyinsteadhe
equation

(5.16)

correspondindo thefactthatthe point movesaccordingto eithermotion1 or
motion2.Here and .Aswewill seefromthisequatiorit
is still possibleorecover and  if enoughpointsarevisible on eitherobject.
Generalizingo morethantwo independeninotionsrequiressomeattention;we
will studythe multiple-motionproblemin Chapter7.

5.2.2 Euclideanconstaintsandstructure reconstruction

Theeight-pointalgorithmjustdescribedisesasinputa setof eightor morepoint
correspondenceandreturnsthe relative pose(rotationandtranslation)between
thetwo camerasip to anarbitraryscale . Without lossof generality we
may assumehis scaleto be , Which is equivalentto scalingtranslationto
unit length.Relative poseandpoint correspondencesanthenbe usedto retrieve
thepositionof the pointsin 3-D by recoveringtheir depthsrelative to eachcamera
frame.

Considetthebasicrigid-bodyequationwherethe pose hasbeenrecor-
ered,with thetranslation de ned upto thescale . In termsof theimagesand
thedepthsit is givenby

(5.17)

Notice that since areknown, the equationggiven by (5.17) arelinearin
boththe structuralscale 's andthe motionscale 's, andthereforethey canbe
easily solved. For eachpoint, areits depthswith respectto the rst and
secondcameraframes,respectrely. One of themis thereforeredundantfor in-
stanceif isknown, issimplyafunctionof . Hencewe caneliminate,
say fromtheabove equationby multiplying bothsidesby , whichyields

(5.18)
Thisis equivalentto solvingthelinearequation

(5.19)
where and , for

. In orderto have a unique solution, the matrix needsto be of
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rank . Thisis notthe caseonly when , i.e.whenthepoint liesonthe
line connectinghetwo opticalcenters and
Notice that all the equationsaborve sharethe same ; we de ne a vector
anda matrix as

(5.20)

Thentheequation
(5.21)

determinesll theunknown depthaupto a singleuniversal scale Thelinearleast-
squaresestimateof is simply the eigervectorof thatcorrespondso its
smallesteigervalue.Note thatthis scaleambiguityis intrinsic, sincewithout ary
prior knowledgeaboutthe sceneand cameramotion, one cannotdisambiguate
whethethecameramovedtwice thedistancevhile looking atascendwicelarger
but two timesfurtheraway.

5.2.3 Optimalposeandstructuie

The eight-pointalgorithmgivenin the previous sectionassumeshat exact point
correspondenceare given. In the presenceof noisein imagecorrespondences,
we have suggesteghossiblewaysof estimatingthe essentiamatrix by solvinga
least-squareproblemfollowed by a projectiononto the essentiakpace But in
practice thiswill notbesatisfyingin atleasttwo respects:

1. Thereis noguarante¢hattheestimategose , isascloseaspossible
to thetruesolution.

2. Evenif wewereto accepsuchan , anoisyimagepair, say ,
would notnecessarilgiveriseto aconsisten8-D reconstructionasshovn
in Figure5.6.

At this stageof developmentwe do notwantto bringin all the technicaldetails
associateavith optimalestimationsincethey would bury thegeometridntuition.
We will thereforediscussonly the key ideas,and leave the technicaldetailsto
Appendix5.A aswell asChapterl1,wherewe will addressnorepracticalissues.

Choiceof optimizationobjectives

Recallfrom Chapter3 thata calibratedcameracanbe describedasa planeper
pendicularto the -axisatadistance from theorigin;thereforethecoordinates
ofimagepoints and areof theform . In practice we cannot
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Figure5.6. Raysextendedfrom a noisy imagepair do notintersectat ary
point in 3-D if they do not satisfythe epipolarconstraintrecisely

measurdhe actualcoordinategut only their noisyversionssay
(5.22)

where and denotehe“ideal” imagecoordinatesand

and arelocalizationerrorsin the correspondencéNotice
thatit is the (unknowvn) idealimagecoordinates thatsatisfythe epipolar
constraint , andnotthe(measuredhoisyones . Onecould
think of the ideal coordinatesasa “model;” and  asthe discrepang between
themodelandthe measurements: . Thereforejn generalwe seek
the parameters that minimize the discrepang betweenthe modeland
thedata,i.e. . In orderto do so,we rst needto decidehow to evaluatethe
discrepang, which determineshe choiceof optimizationobjective.

Unfortunately thereis no “correct; uncontraversial,universallyacceptedb-
jective function, and the choice of discrepang measureis part of the design
processsinceit dependson what assumptionsare madeon the residuals
Differentassumptionsesultin differentchoicesof discrepang measuresyhich
eventuallyresultin different“optimal” solutions .

For instance pnemay assumehat aresampledrom adistribution
thatdepend®n the unknavn parametes , which areconsideredieter
ministic but unknown. In this case basedon the modelgeneratinghe data,one
canderive an expressionof the likelihood function and chooseto
maximizeit (or, more corveniently its logarithm)with respectto the unknovn
parametersThenthe “optimal solution; in the senseof maximumlikelihood is
givenby

Naturally, differentlikelihoodfunctionscanresultin very differentoptimal so-
lutions. Indeed,thereis no guaranteghat the maximumis unique,since can
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be multimodal, and thereforethere may be several choicesof parameterghat
achieve the maximum. Constructingthe likelihood function for the location of
point featuresfrom rst principles,startingfrom the noisecharacteristicef the
photosensitie elementf the sensoris dif cult becausef the mary nonlinear
stepsinvolvedin featuredetectionandtracking. Therefore,it is commonto as-
sumethatthelik elihoodbelonggo afamily of densityfunctions the mostpopular
choicebeingthe normal(or Gaussianilistribution.

Sometimeshowever, one may have reasongo believe that arenot
justunknavn parametershat cantake ary value.Instead evenbeforeary mea-
surements gatheredpnecansaythatsomevaluesaremoreprobablethanothers,
a fact that can be describedby a joint a priori probability density (or prior)

. Forinstancefor arobotnavigatingona at surfacerotationaboutthe
horizontalaxis may be very improbable,aswould translationalongthe vertical
axis. Whencombinedwith the likelihood function, the prior canbe usedto de-
terminethe a posterioridensity, or posterior usingBayesrule.
In this case one may seekthe maximumof the posteriorgiventhe value of the
measurementd.his is the maximuma posterioriestimate

Although this choice has sereral advantagesjn our caseit requiresde ning a
probability densityon the spaceof camergposes , which hasa non-
trivial geometricstructure Thisis well beyondthescopeof thisbook,andwe will
thereforenot discusghis criterionfurtherhere.

In whatfollows, we will take a moreminimalisticapproacho optimality, and
simply assumethat are unknown values(“errors; or “residuals”) whose
normsneedto be minimized. In this case we do not postulateany probabilistic
descriptionandwe simply seek , Where is,
for instancethe squared®-norm:

This correspondso a least-squagsestimator Since and  aretherecos-
ered3-D pointsprojectedbackontotheimageplanestheabove criterionis often
calledthe“reprojectionerror”

However, theunknavnsfor theabore minimizationproblemarenotcompletely
free; for example,they needto satisfy the epipolarconstraint
Hence with the choiceof theleast-squaresriterion,we canposetheproblemof
reconstructiorasa constrainedptimization:given ,
minimize

(5.23)

subjectto
(5.24)
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Using Lagrangemultipliers (Appendix C), we can corvert this constrainedp-
timization problemto an unconstrainedne. Details on how to carry out the
optimizationareoutlinedin Appendix5.A.

Remark 5.12 (Equivalenceto bundle adjustment). Thereadermayhaveno-
ticed that the depth parametes , despitebeing unknown,are missingfrom
the optimizationproblem of equation(5.24). This is not an oversight: indeed,
the depth parametes play the role of Lagrange multipliers in the constained
optimizationproblem describedabove, and therefore they enter the optimiza-
tion problemindirectly Alternatively onecanwrite the optimizationproblemin
unconstainedform:

(5.25)

whee and denotethe projectionof a point  in spaceontothe r stand
secondmages,respectivelylf wechoosethe r stcamen frameastherefeence
thenthe above expressioncanbe simpli ed to®

(5.26)

Minimizing the above expressionwith respectto the unknowns

is knownin the literature as bundle adjustment Bundle adjustmentand the
constained optimizationdescribedabove are simply two different waysto pa-
rameterizehe sameoptimizationobjective Aswe will seein Appendix5.A,the
constained form better highlights the geometricstructue of the problem,and
servesasa guideto developeffectiveapproximations.

In the remainderof this section,we limit ourselesto describinga simpli ed
costfunctionalthat approximateghe reprojectionerror resultingin simplerop-
timization algorithms,while retaininga stronggeometricinterpretation.n this
approximationthe unknovn is approximatedy the measured , sothatthe
costfunction depend®nly oncamergose (seeAppendix5.A for more
details):

(5.27)

Geometrically this expressioncan be interpretedas distancesrom the image
points and tocorrespondingpipolarlinesin thetwo imageplanesyespec-
tively, asshawn in Figure5.7.For instancethe readercanverify asanexercise

SHerewe use to denotethe standarcplanarprojectionintroducedin Chapter3:
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Figure5.7. Two noisy imagepoints . Here is anepipolarline thatis the
intersectiorof thesecondmageplanewith theepipolarplane.Thedistance isthegeo-
metric distancebetweerthe secondmagepoint  andthe epipolarline. Symmetrically
onecande ne asimilargeometricdistance in the rst imageplane.

(Exerciseb.12)thatfollowing the notationin the gure, we have

In the presencef noise,minimizingtheabove objective function,althoughmore
dif cult, improvestheresultsof thelineareight-pointalgorithm.

Example 5.13(Comparisonwith the linear algorithm). Figure5.8 demonstratethe ef-
fect of the optimization: numericalsimulationswere run for both the linear eight-point
algorithmandthe nonlinearoptimization.Valuesof the objective function atdif-
ferent areplotted(with  x edatthegroundtruth); “+” denoteghetruetranslation ,
“ "istheestimated from thelineareight-pointalgorithm,and“ ” istheestimated by
upgradinghelinearalgorithmresultwith the optimization. ™

Structue triangulation

If we were given the optimal estimateof camerapose , obtained,for
instance,from Algorithm 5.5 in Appendix 5.A, we can nd a pair of images
that satisfy the epipolar constraint and minimize the

(reprojection)error
(5.28)

This is calledthe triangulation problem The key to its solutionis to nd what
exactlythereprojectiorerrordepend®n, which canbemoreeasilyexplainedge-
ometricallyby Figure5.9.As we seefrom the gure, thevalueof thereprojection
errordepend®nly onthe positionof the epipolarplane : whentheplane ro-
tatesaroundthe baseline , theimagepair , Which minimizesthe
distance , changesiccordinglyandsodoestheerror. To
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noise level:6.4 pixels on each image

15

elevation (radian)

azimuth (radian)

Figure5.8. Improvementby nonlinearoptimization.A two-dimensionaprojectionof the

ve-dimensionakesidualfunction is shawvn in greyscale.The residualcorre-
spondgo the two-dimensionafunction with rotation x edatthetruevalue.The
locationof the solutionfound by thelinear algorithmis shavn as“ " andit canbe seen
thatit is quitefar from thetrueminimum (darkestpointin the centerof theimage marked
by “+”).The solutionobtainedby nonlinearoptimizationis markedby “ ,” which shavs a
signi cantimprovement.

Figure5.9. For a x edepipolarplane , the pair of images that minimize the
reprojectionerror mustbe pointson the two epipolarlinesandclosesto ,
respectrely. Hencethereprojectiorerroris afunctiononly of the positionof the epipolar
plane

parameterizéhe positionof the epipolarplane,let be anorthonor
mal basisin theseconccamerdrame.Then is determinedy its normalvector

(with respecto the secondcamerdrame),whichin turnis determinecby the
angle between and (Figure5.9).Hencethereprojectiorerror shouldbe
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afunctionthatdependsnly on . Thereis typically only one  thatminimizes
theerror . Onceit is found, the correspondingmagepair and3-D
point aredeterminedDetailsof therelatedalgorithmcanbefoundin Appendix
5.A.

5.3 Planarsceneandhomograph

In orderfor theeight-pointalgorithmto give a uniquesolution(up to ascalarfac-
tor) for thecameramotion, it is crucialthatthefeaturepointsin 3-D bein general
position.Whenthe pointshappento form certaindegenerateon gurations,the
solutionmight no longer be unique.Exercise5.14 explainswhy this may occur
whenall the featurepointshappento lie on certain2-D surfaces calledcritical
surfaces’ Many of thesecritical surfacesoccurrarely in practice,andtheir im-
portanceis limited. However, 2-D planeswhich happento be a specialcaseof
critical surfacesareubiquitousin man-madervironmentsandin aerialimaging.

Thereforejf oneappliesthe eight-pointalgorithmto imagesof pointsall lying
onthesame2-D plane thealgorithmwill fail to provide a uniquesolution(aswe
will soonseewhy). Ontheotherhand,n mary applicationsasceneanindeedbe
approximatelyplanar(e.g.,the landingpadfor a helicopter)or piecavise planar
(e.g.,the corridorsinside a building). We thereforedevote this sectionto this
specialbut importantcase.

5.3.1 Planarhomaraphy

Let usconsidentwo imagesof points ona2-D plane in 3-D spaceFor sim-
plicity, wewill assuméhroughouthesectionthattheopticalcenterof thecamera
never passeshroughthe plane.

Now supposéehattwo images aregivenfor apoint with respect
to two camerdrames Let the coordinateransformatiorbetweerthetwo frames
be

(5.29)
where arethecoordinate®f relativeto camerdramesl and2, respec-
tively. As we have alreadyseenthe two images of satisfythe epipolar

constraint

However, for points on the sameplane , their imageswill sharean extra
constrainthatmakesthe epipolarconstraintaloneno longersufcient.

“In general suchcritical surfacescanbe describecby certainquadraticequationsn the
coordinate®f the point, henceareoftenreferredto asquadraticsurfaces.
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Let be the unit normalvectorof the plane  with
respecto the rst camerdrame,andlet denotethedistancerom theplane
to theoptical centerof the rst cameraThenwe have

- (5.30)

Substitutingequation(5.30)into equation(5.29)gives
- - (5.31)

We call the matrix
- (5.32)
the (planar) homaraphy matrix, sinceit denotesa linear transformationfrom
to as

Notethatthe matrix ~ depend®n the motion parameters aswell asthe
structureparameters of theplane . Dueto theinherentscaleambiguity

in theterm - in equation(5.32),onecanat mostexpectto recoverfrom  the
ratio of thetranslation scaledby thedistance . From

(5.33)
we have
(5.34)

wherewerecallthat indicatesequalityupto ascalarfactor Often,theequation

[ ] (5.35)

itself is referredto asa (planar) homaraphy mappinginducedby a plane
Despitethe scaleambiguity asillustratedin Figure5.10, introducesa special
map betweenpointsin the rst imageandthosein the secondin the following
sense:

1. For ary point  in the rst imagethatis theimageof somepoint, say
ontheplane |, its correspondingecondmage is uniquelydetermined
as , sincefor ary otherpoint,say , onthesameepipolarline

, theray will intersectheray atapoint out
of theplane.

2. Ontheotherhand,if  istheimageof somepoint,say ,notontheplane
, then is only a point thatis on the sameepipolarline
asits actualcorrespondingmage . Thatis,

We hencehave thefollowing result:
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Figure5.10.Two images of a3-D point onaplane . They arerelatedby
ahomography thatis inducedby theplane.

Proposition 5.14 (Homography for epipolar lines). Givena homayraphy
(inducedby plane in 3-D) betweertwo images,for any pair of corresponding
images of a 3-D point that is not necessarilyon , the associated
epipolarlinesare

(5.36)

Proof. If isnoton ,the rst equationis truefrom point2 in abovediscussion.

Notethatfor pointsontheplane implies , andthe rst
equationis still trueaslong aswe adopttheconventionthat .The
seconcdequationis easilyprovenusingthede nition of aline . O

This propertyof thehomographyallows oneto computeepipolarlineswithout
knowing the essentiamatrix. We will explore further the relationshipsetween
theessentiamatrix andthe planarhomographyn Section5.3.4.

In addition to the fact that the homographymatrix  encodesnformation
aboutthe cameramotion andthe scenestructure knowing it directly facilitates
establishingcorrespondencbetweenpointsin the rst andthe secondimages.
As we will seesoon, canbe computedin generalfrom a small numberof
correspondingmagepairs.Once is known, correspondencbetweenimages
of other points on the sameplanecanthenbe fully establishedsincethe cor-
respondingocation  for animagepoint  is simply . Proposition5.14
suggestshatcorrespondencketweerimagesof pointsnot on the planecanalso
beestablishedsince containanformationaboutthe epipolarlines.
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5.3.2 Estimatingthe planar homagraphymatrix

In orderto further eliminatethe unknown scalein equation(5.35), multiplying
bothsidesby the skew-symmetricmatrix , We obtainthe equation

[ ] (537)

We call this equationthe planar epipolar constaint, or also the (planar)
homaraphyconstaint.

Remark 5.15(Planeasa critical surface). In theplanarcase since ,

for anyvector , we havethat is orthogonalto . Hence
wehave

Thatis, for a family of matrices besidesthe
essentiaimatrix . Thisexplainswhy the eight-pointalgorithm doesnot

applyto feature pointsfroma planar scene

Example 5.16 (Homography from a pure rotation). The homographiaelation

alsoshavs up whenthe camerais purely rotating, i.e. . In this case,
the homographymatrix ~ becomes , since . Consequentlywe have the
constraint

Onemay view this asa specialplanarscenecase sincewithout translation,information
aboutthedepthof thesceneas completelylostin theimagesandonemightaswell interpret
thescendo beplanar(e.g.,all thepointslie onaplanein nitely faraway).As thedistance
of theplane goestoin nity, .

Thehomographyfrom purelyrotationalmotioncanbeusedto construcimagemosaics
of thetypeshawvn in Figure5.11.For additionalreference®n how to construcipanoramic
mosaicsthe readercan refer to [SzeliskiandShum,1997 Savhney andKumar 1999,
wherethelatterincludescompensatioffior radialdistortion. u

Figure5.11.Mosaicfrom therotationalhomography

Sinceequation(5.37)is linearin , by stackingtheentriesof —asavector
(5.38)
we may rewrite equation(5.37)as
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wherethe matrix is the Kronecler productof  and

(seeAppendixA.1.3).
Sincethematrix  isonly of rank2, soisthematrix . Thus,eventhoughthe

equation hasthreerows, it only imposeswo independentonstraints
on . With this notation,given pairsof images from pointson
thesameplane , by de ning , we maycombine

all theequationg5.37)for all theimagepairsandrewrite themas
(5.39)

In orderto solve uniquely(upto ascalarfactor)for  , we musthave rank

. Sinceeachpair of imagepointsgivestwo constraintswe expectthat at least
four point correspondencesould be necessaryor a uniqueestimateof . We
leave the proof of the following statemenasanexerciseto thereader

Proposition5.17 (Four-point homography). We have if andonly
if there existsa setof four points (out of the ) sud that no three of themare
collinear;i.e. they are in a geneaml con gurationin theplane

Thus,if therearemorethanfour imagecorrespondencesf which no threein
eachimageare collinear we may apply standardinear least-squaresstimation
to nd to recover  upto a scalarfactor Thatis, we areableto
recover of theform

- (5.40)

for some(unknown) scalarfactor .
Knowing , thenext thingis obviously to determinethe scalarfactor by
takinginto accounthe structureof

Lemma 5.18 (Normalization of the planar homography). For a matrix of the
form - , wehave

(5.41)
whele is thesecondargestsingularvalueof
Proof. Let - . Thenwe have
Obviously, thevector , Whichis orthogonato both and ,is
aneigervectorand .Hence isasingularvalueof
We only have to shaw thatit is the secondargest.Let
. We have

Thematrix hasa positive, a nggative, anda zeroeigervalue,exceptthatwhen
,  will havetwo repeatederoeigervalueslin ary case, has as
its second-lagesteigervalue. O
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Then,if arethesingularvaluesof recoveredfrom linearleast-
squaregstimationwe setanew

Thisrecovers  upto theform - . To getthe correctsign,
we may use andthefactthat to imposethe positive
depthconstraint

Thus, if the points arein generalcon guration on the plane,thenthe
matrix - canbeuniquelydeterminedrom theimagepair.

5.3.3 Decomposinghe planar homa@raphymatrix

After we haverecovered  of theform - , We now studyhow
to decomposesucha matrix into its motion and structureparametersnamely

Theorem 5.19 (Decompositionof the planar homography matrix). Givena
matrix - , there are at mosttwo physicallypossiblesolutions
for a decompositiofnto parametes - givenin Table5.1.

Proof. Firstnoticethat preseresthelengthof any vectororthogonato ,i.e.
if for some , we have . Also, if we know
theplanespannedy thevectorsthatareorthogonato , wethenknow itself.
Letus rst recoverthevector basecdn this knowledge.

The symmetricmatrix will have threeeigervalues ,
andfrom Lemmab.18we know that . Since is symmetricjt canbe
diagonalizey anorthogonamatrix suchthat

(5.42)
where diag Af arethethreecolumnvectorsof ,we
have

(5.43)

Hence is orthogonalto both and , andits lengthis presered underthe
map . Also, it is easyto checkthatthelengthof two otherunit-lengthvectors
de nedas

S _ (5.44)

is also presered underthe map . Furthermorejt is easyto verify that
preseresthelengthof ary vectorsinsideeachof thetwo subspaces

span span (5.45)
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Since isorthogonato and , is aunit normalvectorto , and

aunit normalvectorto . Then and form two sets
of orthonormabasedor . Noticethatwe have

if  isthenormalto the subspace , asshavn in Figure5.12.

Figure5.12.In termsof singularvectors( ) andsingularvalues( ) of the
matrix , therearetwo candidatesubspaces and on which the vectors'lengthis
preseredby the homographymatrix

De ne thematrices

Wethenhave

This suggestshateachsubspace ,or maygiveriseto a solutionto the de-
compositionBy takinginto accountheextra signambiguityin theterm - ,
we thenobtainfour solutionsfor decomposing - to -

They aregivenin Table5.1.

Solutionl = Solution3 =

Solution2 = Solution4 =

Table 5.1. Four solutionsfor the planarhomographydecompositionpnly two of which
satisfythe positive depthconstraint.

In orderto reducethenumberof physicallypossiblesolutionswe mayimpose
thepositive depthconstrain{Exercise5.11);sincethecameracanseeonly points
thatarein front of it, we musthave . Supposehat solution1



138 Chapters. Reconstructiofirom Two CalibratedViews

is the true one;this constraintwill theneliminatesolution3 asbeingphysically
impossible Similarly, oneof solutions2 or 4 will be eliminated For the casethat

, we have in theabove proof. Hence , andsolutionsl and
2 areequivalent.Imposingthe positive depthconstrainfeadsto a uniquesolution
for all motionandstructureparameters. O

Example 5.20(A numerical example).Supposehat

and . Here,we deliberatelychoose , andwe will seehow this will
affect the decompositionThenthe homographymatrix is

Thessingularvaluesof are . Themiddleoneis exactly the scale
. Hencefor the normalizedhomographymatrix , the matrix hasthe
SvD?

Thenthetwo vectors and aregivenby

Thefour solutionsto the decompositiorare

Obviously, the fourth solutionis the correctone: The original ,and isre-
coveredup to a scalarfactor (with its lengthnormalizedto 1), andhencein the solution
we shouldexpect - —— . Noticethatthe rst solutionalsosatis es ,

8The MatlabroutineSVD doesnot awaysguaranteg¢hat . Whenusingtheroutine,if
one nds that , replaceboth 'sbhy
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which indicatesa planein front of the cameraHenceit corresponds$o anothemphysically
possiblesolution(from thedecomposition). u

We will investigatethe geometricrelation betweenthe remainingtwo phys-
ically possiblesolutionsin the exercises(seeExercise5.19). We concludethis
sectionby presentinghe following four-point Algorithm 5.2 for motion estima-
tion from a planarscene Examplesof useof this algorithmon realimagesare
shavn in Figure5.13.

Algorithm 5.2 (The four-point algorithm for a planar scene).

For a given setof imagepairs ( ), of pointson a plane
, thisalgorithm nds - thatsolves

1. Computea rst approximation of the homography matrix

Construct from correspondences and
where . Find thevector of unitlengththatsolves
asfollows: computethe SVD of andde ne to be the ninth
columnof . Unstackthe nineelementof into asquare matrix

2. Normalization of the homography matrix
Computethe singularvalues of thematrix andnormalizeit as
Correctthesignof  accordingto sign for

3. Decompositionof the homography matrix
Computethe singularvaluedecompositiorof

and computethe four solutionsfor a decomposition - asin the proof
of Theoremb.19. Selectthe two physicallypossibleonesby imposingthe positive
depthconstraint

5.3.4 Relationshipdpetweerthe homaraphyandtheessential
matrix

In practice especiallywhenthe scends piecavise planar we oftenneedto com-
putethe essentiamatrix ~ with a given homography computedfrom some
four pointsknown to be planar;or in the oppositesituation,the essentiamatrix
may have beenalreadyestimatedisingpointsin generalposition,andwe then
wantto computehehomographyor a particular(usuallysmaller)setof coplanar
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Figure5.13.Homographybetweertheleft andmiddleimagess determinedy thebuilding
facadeonthetop,andthegroundplaneonthebottom.Therightimageis thewarpedmage
overlayedonthe rst imagebasedntheestimatechomography . Notethatall pointson
thereferenceplanearealigned,whereagointsoutsidethereferenceplaneareoffsetby an
amountthatis proportionalto their distancerom thereferenceplane.

points.We henceneedto understandherelationshipbetweerthe essentiamatrix
andthehomography .

Theorem5.21(Relationshipsbetweenthe homography and essentiaimatrix).

For a matrix and a matrix for somenonsingular
, , With , wehave:
1. ;
2. ;
3. for some
Proof. Theproofofitem1iseasysince . Foritem 2, noticethat

is a skew-symmetricmatrix, and hence
. Foritem 3, noticethat

since representsn orthogonalprojectionof  onto the

subspacéaplane)orthogonato (seeExercise5.3).Therefore,
. Thatis, all the columnsof areparallelto , andhencewe have
for some . O

Notice that neitherthe statemennor the proof of the theoremassumeshat
is arotationmatrix. Hence theresultswill alsobeapplicableto the casein which
thecameras notcalibratedwhich will bediscussedn thenext chapter
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This theoremdirectly implies two useful corollariesstatedbelow that allow
usto easilycompute from aswellas from  with minimum extrain-
formationfrom images’ The rst corollaryis a directconsequencef the above
theoremandPropositions.14:

Corollary 5.22(From homography to the essentialmatrix). Givena homay-
raphy andtwopairsofimages , oftwo pointsnotontheplane
fromwhich isinducedwehave

(5.46)
whele and
Proof. Accordingto Proposition5.14, is theepipolarline
. Both epipolarlines passthroughthe epipole . This canbe
illustratedby Figure5.14. O

Figure5.14.A homography transferstwo points and in the rst imageto two
points and onthesameepipolarlinesastherespectre trueimages and
if thecorrespondin@-D points and arenotontheplane fromwhich isinduced.

Now considetthe oppositesituationthatanessentiamatrix  is givenandwe
wantto computethehomographyor a setof coplanampoints.Notethatonce is
known, thevector is alsoknown (up to a scalarfactor)astheleft null spaceof

. We maytypically choose to beof unitlength.

9Althoughin principle,to compute from , onedoesnot needary extra informationbut only
hastodecompose andnd and usingTheoremb.19,thecorollarywill allow usto bypasshat
by muchsimplertechniqueswhich, unlike Theorem5.19,will alsobe applicableto theuncalibrated
case.
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Corollary 5.23 (From essentialmatrix to homography). Givenan essential
matrix  andthreepairs of images , of threepointsin 3-D,
thehomaraphy inducedby the planespeci edby the threepointsthenis

(5.47)

whee solvesthe systenof threelinear equations

(5.48)

Proof. We leave theproofto thereaderasanexercise. O

5.4 Continuousmotioncasé®

As we pointedout in Section5.1, the limit casewherethe two viewpointsare
in nitesimally closerequiresextra attention.From the practicalstandpointthis
caseis relevant to the analysisof a video streamwherethe cameramotion is
slow relative to the samplingfrequeng. In this section,we follow the stepsof
the previous sectionby giving a parallelderivation of the geometryof pointsin
spaceas seenfrom a moving camera,and deriving a conceptuaklgorithm for
reconstructingcameramotion and scenestructure.ln light of the fact that the
cameramotionis slow relative to thesamplingfrequeng, we will treatthemotion
of the cameraas continuous While the derivationsproceedn parallel,we will

highlight somesubtlebut signi cant differences.

5.4.1 Continuousepipolarconstaint andthe continuous
essentiamatrix

Let us assumethat cameramotion is describedby a smooth(i.e. continuously
differentiable)trajectory with body velocities

asde nedin Chapter2. For apoint , its coordinates
asafunctionof time satisfy

(5.49)

The image of the point  taken by the camerais the vector that satis es
. Fromnow on, for corveniencewe will dropthetime depen-
deng fromthenotation.Denotethevelocity of theimagepoint by
Thevelocity is alsocalledimage motion eld, which underthe brightnesson-
stany assumptiondiscussedn Chapter4 can be approximatedoy the optical

10This sectioncan be skippedwithout loss of continuity if the readeris not interestedin the
continuous-motiorcase.
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ow . To obtainanexplicit expressiorfor , we noticethat

Substitutingthis into equation(5.49),we obtain

- (5.50)

Thentheimagevelocity dependsiot only on the cameramotionbut also
on the depthscale of the point. For the planarperspectie projectionandthe
sphericalperspeciie projection,the expressionfor  will be slightly different.
We leave the detailto thereaderasanexercise(seeExercise5.20).

To eliminatethedepthscale , considemow theinnerproductof thevectorsin
(5.50)with thevector . We obtain

We canrewrite theabove equationin anequialentway:

(5.51)

This constraintplaysthe samerole for the caseof continuous-timemagesasthe
epipolarconstraintfor two discreteimage,in the sensethatit doesnot depend
on the position of the pointin space but only on its projectionandthe motion
parametersiVe call it the continuousepipolarconstaint.

Beforeproceedingwith ananalysisof equation(5.51),we statea lemmathat
will becomeusefulin theremaindeof this section.

Lemma5.24. Considerthematrices . Then
for all if andonlyif is a skew-symmetrienatrix,i.e.

We leave the proof of thislemmaasanexercise Following thelemma,for ary
skew-symmetricmatrix , . Since- is a skew-
symmetricmatrix, - . If we de ne the symmetricepipolar
componento bethe matrix

thenwe have that

sothatthe continuousepipolarconstrainimay berewritten as
(5.52)

This equationshaws thatfor the matrix , only its symmetriccomponent
- canbe recoveredfrom the epipolarequation(5.51) or equivalently
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(5.52)1 This structureis substantiallydifferentfrom that of the discretecase,

andit cannotbe derived by a rst-order approximationof the essentiaimatrix
. In fact,a naive discretizatiorof the discreteepipolarequationrmay leadto a

constraininvolving only a matrix of theform , whereasn thetrue continuous

casewe have to dealwith only its symmetriccomponent - plus
anotherterm as given in (5.52). The setof matricesof interestin the caseof
continuougmotionsis thusthe spaceof matricesof theform

which we call the continuousessentiakpace A matrix in this spaceis calleda

continuousessentiaimatrix. Note that the continuousepipolarconstraint(5.52)

is homogeneous the linear velocity . Thus may berecoseredonly up to a

constantscalarfactor Consequentlyin motion recovery, we will concernour-

seleswith matricesbelongingto the normalizedcontinuousessentiabpacewith
scaledto unit norm:

5.4.2 Propertiesof the continuousessentiamatrix

The skew-symmetricpartof a continuousessentiamatrix simply correspondso
thevelocity . The characterizatiowf the (normalized)essentiamatrix focuses
only onthe symmetricmatrix part - . We call the spaceof all the
matricesof this form the symmetricepipolarspace

Themotion estimationproblemis now reducedo thatof recoveringthevelocity

with and froma givensymmetricepipolarcomponent.

The characterizatiof symmetricepipolarcomponentsiependsn a charac-
terizationof matricesof the form , which is givenin the following
lemma.Of usein thelemmais thematrix de nedto betherotationaround
the -axisbyanangle ,i.e. with
Lemma 5.25. A matrix hastheform with if
andonlyif

diag (5.53)

11This redundany is the reasonwhy different forms of the continuousepipolar constraintex-
istin theliterature[ZhuangandHaralick,1984 PonceandGenc,1998 Vieville andFaugeras1995
Maybank,1993 Brooksetal., 1997], and accordingly various approache$iave beenproposedto
recover and (see[Tianetal., 1994).
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for somerotation matrix , thepositivescalar ,and

Proof. We rst prove the necessity The proof follows from the geometric
meaningof  multiplied by any vector

Let betheunit vectorperpendiculato both and . Thatis, e
(If , is notuniquelyde ned. In this case, areparallel,andthe
restof the proof follows if onepicksary vector orthogonatto and .) Then
(accordingo thisde nition, istheanglebetween and , and

). It is easyto checkthatif thematrix is de nedto be

then hasthegivenform (5.53).

We now prove the sufciency. Givenamatrix thatcanbe decomposeihto
the form (5.53), de ne the orthogonalmatrix . (Recall
that representshe spaceof all orthogonamatricesof determinant  .) Let
thetwo skew-symmetricmatrices and begivenby

- - (5.54)

where diag and diag . Then

diag
(5.55)

Since and haveto be,respectiely, theleft andtheright zeroeigervectorsof
, thereconstructiorgivenin (5.54)is uniqueup to a sign. O

Basedon the above lemma,the following theoremrevealsthe structureof the
symmetricepipolarcomponent.

Theorem 5.26 (Characterization of the symmetric epipolar component). A

real symmetrianatrix is a symmetrieepipolarcomponenif andonly if
canbediagonalizedas with and
diag
with ,and

Proof. We rst prove the necessitySuppose is a symmetricepipolarcompo-
nent. Thus there exist suchthat - . Since
is a symmetricmatrix, it is diagonalizableall its eigervaluesarereal, and all
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the eigervectorsare orthogonalto eachother It thensufces to checkthat its
eigervaluessatisfythegivenconditions.

Lettheunitvector , therotationmatrix , ,and bethesameasin theproof
of Lemmab.25.Accordingto thelemma,we have

diag
Since , we have
- diag diag
De ne the matrix to be
diag diag
Directly calculatingits eigervaluesand eigervectors,we obtainthat is
equalto
— diag S
(5.56)
Thus - haseigervalues
- - (5.57)
which satisfythe givenconditions.
We now prove the sufciency. Given diag with
, , and , thesethreeeigervaluesuniquely
determine suchthatthe 'shavetheform givenin (5.57):
De ne a matrix to be - — . Then
- . Accordingto Lemmab.25,thereexist vectors and
suchthat
diag
Therefore,- - . O

Figure 5.15 gives a geometricinterpretationof the three eigervectorsof the
symmetricepipolarcomponent for thecasdan whichboth areof unitlength.
The constructve proof givenabove is importantsinceit givesanexplicit decom-
position of the symmetricepipolarcomponent , which will be studiedin more
detailnext.
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Figure5.15.Vectors arethe threeeigervectorsof a symmetricepipolarcompo-
nent- .In particular isthenormalvectorto theplanespannedy and ,and

arebothin thisplane.Thevector istheaverageof and ,and isorthogonal
to both and

Following the proof of Theorem5.26,if we alreadyknow the eigervectorde-
compositionof a symmetricepipolarcomponent , we certainlycan nd atleast
onesolution suchthat - . We now discussuniqueness,e.
how mary solutionsexist for -

Theorem 5.27 (Velocity recovery from the symmetric epipolar component).
There exist exactly four 3-D velocities with and
correspondingo a nonzeo

Proof. Suppose and are both solutionsfor -
Thenwe have
(5.58)
FromLemmab.25,we maywrite
g:zg (5.59)
Let . Thenfrom (5.58),
(5.60)

Sincebothsidesof (5.60)havethesameeigervaluesaccordingo (5.56),we have

We canthendenoteboth and by . It isimmediateto checkthatthe only
possiblerotationmatrix  thatsatis es(5.60)is givenby ,

or

Fromthegeometricmeaningof and , all thecasegive either
or . Thus,accordingto the proof of Lemma5.25, if is one
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solutionand diag , thenall the solutionsaregivenby
- - (5.61)
where diag and diag . O
Given a nonzerocontinuousessentiamatrix , accordingto (5.61),its

symmetriccomponengivesfour possiblesolutionsfor the 3-D velocity
However, in general,only one of them hasthe samelinear velocity asthe
skew-symmetricpartof . Hencecomparedo thediscretecasewherethereare
two 3-D motions associatedavith an essentiamatrix, the velocity
correspondindo a continuousessentiamatrix is unique.This is becausén the
continuouscase,the twisted-pairambiguity which occursin the discretecase
andis causedy a rotationof the cameraaroundthe translationdirection,
seeExample5.8,is now avoided.

5.4.3 Theeight-pointlinear algorithm

Basedon the precedingstudy of the continuousessentialmatrix, this section
describesan algorithmto recover the 3-D velocity of the camerafrom a set of
(possiblynoisy)optical o w measurements.

Let with - bethe essentiamatrix associated

with the continuousepipolarconstraint(5.52). Sincethe submatrix is skew-
symmetricand is symmetric they have thefollowing form

(5.62)
De ne thecontinuousversionof the“stacked” vector to be

(5.63)
De ne a vector associatedvith the optical ow with

to be'®

(5.64)
The continuousepipolarconstraint(5.52) canbethenrewritten as
Given a setof (possiblynoisy) optical o w vectors ,
generatedy the samemotion, de ne a matrix associateavith these

15For a planar perspectie projection, and ; thus the expressionfor  canbe

simpli ed.
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measurement® be

(5.65)
where arede ned for eachpair using(5.64).In theabsencef noise,
thevector  hasto satisfy

(5.66)

In orderfor this equationto have auniguesolutionfor  , therankof the matrix
hasto beeight. Thus,for thisalgorithm,theoptical ow vectosof at leasteight
pointsare neededo recover the 3-D velocity i.e. , althoughthe minimum
numberof optical o w vectorsneededor a nite numberof solutionsis actually
ve,asdiscussedby [Maybank,1993.
When the measurementare noisy, there may be no solution to
As in the discretecase,one may approximatethe solution by minimizing the
least-squaresrrorfunction
Sincethevector is recoveredfrom noisymeasurementshe symmetricpart
of  directly recoveredfrom unstacking is not necessarilya symmetric
epipolarcomponentThusone cannotdirectly usethe previously derivedresults
for symmetricepipolarcomponentso recoverthe 3-D velocity. In analogyto the
discretecasewe canprojectthesymmetricmatrix ontothespaceof symmetric
epipolarcomponents.

Theorem 5.28(Projection onto the symmetric epipolar space). If a real sym-

metric matrix is diagonalizedas diag with
, , and , then the symmetric
epipolar component that minimizesthe error is given by
diag with
(5.67)

Proof. Dene  tobethesubspacef whoseeclementhavethesameeigerval-

ues diag . Thusevery matrix hastheform
for some . To simplify the notation,de ne diag
We now prove this theoremin two steps.
Stepl: We prove thatthe matrix thatminimizesthe error
is givenby . Since hastheform , we get
De ne anddenoteits entriesby

(5.68)
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Then
trace trace trace (5.69)
Substituting(5.68)into theseconderm,andusingthefactthat and
is arotationmatrix, we get
trace
Minimizing is equivalentto maximizingtrace . Fromthe
above equation trace is maximizedif andonly if ,
, ,and . Since is arotationmatrix, we alsohave
, and . All possible give a uniquematrix in that
minimizes : .
Step2: Fromstepone,we needonly to minimizetheerrorfunctionoverthema-
tricesthathavetheform . Theoptimizationproblemis thencorverted

to oneof minimizing the errorfunction

subjectto the constraint

The formulae (5.67) for are directly obtained from solving this
minimizationproblem. O

Remark 5.29. In the precedingheoem,for a symmetrianatrix thatdoesnot
satisfythe conditions and , onechooses and
prior to applyingthe abovetheoem.

Finally, we outlineaneigervalue-decompositioalgorithm,Algorithm 5.3, for
estimating3-D velocity from optical o ws of eight points, which senesas a
continuouscounterparbf the eight-pointalgorithmgivenin Section5.2.

Remark 5.30. Sinceboth satisfythe samesetof continuousepipo-
lar constaints, both are possiblesolutionsfor the givensetof optical

ow vectos. However, asin the discrete case onecangetrid of the ambiguous
solutionby enforcing the positivedepthconstaint (Exercise5.11).

In situationswherethe motion of the camerds partially constrainedtheabove
linearalgorithmcanbefurthersimpli ed. Thefollowing exampleillustratessuch
ascenario.

Example 5.31 (Constrained motion estimation). This exampleshavs how to utilize
constraintson motionto be estimatedn orderto simplify the proposedinear motion es-
timation algorithmin the continuouscase Let representhe positionand
orientationof anaircraftrelative to the spatialframe;theinputs standfor
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Algorithm 5.3 (The continuouseight-point algorithm).

For agivensetof imagesandoptical o w vectors , thisalgorithm
nds thatsolves

1. Estimate the essentialvector
De ne a matrix whose th row is constructedrom and asin
(5.64).UsetheSVDto nd thevector suchthat
and . Recwer the vector from the rst threeentriesof
and a symmetricmatrix from the remainingsix entriesasin (5.63).
Multiply  with ascalarsuchthatthevector become®f unit norm.

2. Recover the symmetric epipolar component
Find the eigervaluedecompositiorof the symmetricmatrix :

diag

with . Projectthe symmetricmatrix  ontothe symmetricepipolar
space . Wethenhavethenew diag with

3. Recover the velocity fr om the symmetric epipolar component
De ne

Let - - and . Thenthe four
possible3-D velocitiescorrespondingo thematrix aregivenby

where diag and diag

4. Recover velocity from the continuous essentialmatrix
From the four velocitiesrecorered from the matrix  in step3, choosethe pair
thatsatis es

Thentheestimated-D velocity with and is givenby

theratesof therotationaboutthe axesof theaircraft,and is thevelocity of theair-
craft. Usingthe standarchomogeneousepresentatiofor  (seeChapter2), thekinematic
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equationf theaircraftmotionaregiven by

where  standdor pitchrate, for roll rate, for yaw rate,and for thevelocity of

the aircraft. Thenthe 3-D velocity in the continuousepipolarconstraint(5.52) has
theform For Algorithm 5.3, we have extra constraints
on the symmetricmatrix - and . Thenthereare
only four differentessentiaparametereft to determineandwe canrede ne the motion
parametewrector to be . Thenthe measuremeniector
is given by . The continuousepipolar

constraintcanthenberewritten as

If wede ne thematrix from asin (5.65),the matrix isa matrix ratherthan
a . For estimatingthe velocity , thedimensionof the problemis thenreduced
from nineto four. In this specialcase the minimumnumberof optical o w measurements
neededo guarantee uniquesolution of is reducedto four insteadof eight. Further
more,the symmetricmatrix recoveredfrom is automaticallyin the space , andthe
remainingstepsof the algorithmcanthusbe dramaticallysimpli ed. Fromthis simpli ed
algorithm,theangularvelocity canbefully recoreredfrom theimages.
Thevelocity informationcanthenbeusedfor controllingtheaircraft. ™

Asinthediscretecasethelinearalgorithmproposedaboveis notoptimal,since
it doesnot enforcethe structureof the parametespaceduring the minimization.
Therefore,the recoveredvelocity doesnot necessarilyminimize the originally
chosererrorfunction onthespace

Additionally, asin the discretecase we have to assumehattranslationis not
zero.If themotionis purelyrotational thenonecanprovethattherearein nitely
mary solutionsto the epipolarconstraint-relate@quationsWe leave this asan
exerciseto thereader

5.4.4 Euclideanconstaintsandstructure reconstruction

As in the discretecase the purposeof exploiting Euclideanconstraintss to re-

constructhescalesof themotionandstructure Fromtheabove linearalgorithm,

we know thatwe canrecover the linearvelocity only up to anarbitraryscalar
factor Without lossof generalitywe may assumehatthe velocity of thecamera
motionto be with and . By now, only thescalefactor is

unknown. Substituting into theequation

we obtainfor theimage of eachpoint ,

(5.70)
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As onemay expect,in thecontinuouscasethe scaleinformationis thenencoded

in for the location of the 3-D point, and for the linear velocity
Knowing ,and , we seethattheseconstraintsareall linearin
,and . Also, if arelinearlyindependentf ,i.e.thefeature

pointsdo not line up with the directionof translationjt canbe shaovn thatthese
linear constraintsare not degeneratehencethe unknavn scalesare determined
up to auniversalscalarfactor We maythenarrangeall the unknowvn scalardnto
asinglevector :

For optical ow vectors, isa -dimensionalector (5.70) gives
(scalar)linear equationsThe problemof solving from (5.70)is usually over
determinedlt is easyto checkthatin the absencef noisethe setof equations
givenby (5.70)uniquelydetermines if the con gurationis noncritical.We can
thereforewrite all the equationsn the matrix form

with a matrix dependingon , and . Then,

in the presenceof noise,the linear least-squaregstimateof  is simply the
eigervectorof correspondingo the smallesteigervalue.

Notice that the time derivative of the scales canalso be estimated.
Supposeve have donethe above recovery for atime interval, say . Then
we have the estimate asa function of time . But at eachtime is
determinedonly up to an arbitrary scalarfactor Hence is alsoa valid
estimationfor ary positive function de nedon . However, since
is multiplied by both and , theirratio

is independendf the choiceof . Notice that — . Let thelog-
arithm of the structuralscale be . Thena time-consistenestimation

needsto satisfythe following ordinary differentialequation which we call
thedynamicalscaleODE

Given , we solvethis ODE andobtain for
Thenwe canrecoveraconsistenscale givenby

Hence(structureandmotion) scalesestimatedat differenttime instancesow are
all relative to thesamescaleattime . Thereforejn the continuouscasewe are
also ableto recover all the scalesas functionsof time up to a universalscalar
factor The readermustbe aware that the abose schemeis only conceptual In
reality, the ratio function would never be availablefor everytime instantin
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Universal scaleambiguity

In boththediscreteandcontinuouscasesin principle,the proposedchemegan
reconstrucboththeEuclidearstructureandmotionupto auniversalscalarfactor

Thisambiguityis intrinsic, sinceonecanscaletheentireworld up or down with a
scalingfactorwhile all theimagesobtainedremainthesameln all thealgorithms
proposedabove, this factoris x ed (ratherarbitrarily, in fact) by imposingthe
translationscaleto be . In practice this scaleandits unit canalsobe choserto

bedirectly relatedto someknown length,size,distance pr motionof anobjectin

space.

5.4.5 Continuoushomaraphyfor a planar scene

In this sectionwe consideithecontinuousrersionof thecasethatwe have studied
in Section5.3, whereall the featurepoints of interestare lying on a plane
Planarscenesarea degeneratecasefor the discreteepipolarconstraintandalso
for the continuouscase Recallthatin the continuousscenariojnsteadof having
imagepairs,we measurehe imagepoint andits optical ow . Other
assumptiongrethe sameasin Section5.3.

Supposehe cameraundegoesarigid-body motionwith bodyangularandlin-
earvelocities . Thenthetime derivative of coordinates of a point
(with respecto the camerarame)satis es'

(5.71)
Let bethesurfacenormalto  (with respecto thecamerdrame)attime
. Then,if is the distancefrom the optical centerof the camerato the
plane attime ,then
- (5.72)
Substitutingequation(5.72)into equation(5.71)yieldstherelation
- - (5.73)
As in thediscretecasewe call the matrix
- (5.74)

the continuoushomayraphy matrix. For simplicity, herewe usethe samesym-
bol to denoteit, andit really is a continuous(or in nitesimal) versionof the
(discretelhomographymatrix - studiedin Section5.3.

19Here, asin previous caseswe assumeamplicitly thattime dependencof  on is smoothso
thatwe cantake derivatives wheneer necessaryHowever, for simplicity, we dropthe dependencof
on inthenotation
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Note thatthe matrix ~ dependsbhoth on the continuousmotion parameters
andstructureparameters thatwewishto recover. As in thediscrete
casethereis aninherentscaleambiguityin theterm - in equation(5.74).Thus,
in generalknowing , onecanrecoveronly theratio of the cameraranslational
velocity scaledby thedistanceo theplane.
Fromtherelation

(5.75)

we have

- (5.76)

Thisis indeedthe continuousrersionof the planarhomography

5.4.6 Estimatingthe continuoushoma@raphymatrix

In orderto furthereliminatethedepthscale in equation5.76),multiplying both
sidesby the skew-symmetricmatrix , we obtainthe equation

[ ] (5.77)

We may call this the continuoushomayraphyconstaint or the continuouglanar
epipolarconstaint asa continuousrersionof the discretecase.
Sincethis constraints linearin , by stackingtheentriesof as

we mayrewrite (5.77)as

where is the Kronecler product . However, sincethe skew-
symmetricmatrix is only of rank 2, the equationmposesonly two constraints
ontheentriesof .Givenasetof imagepointandvelocitypairs

of points on the plane, we may stack all equations
, into asingleequation

(5.78)

where and
In order to solve uniquely (up to a scalarfactor) for , we must have
rank . Sinceeachpair of image pointsgivestwo constraintswe expect

thatatleastfour optical o w pairswould benecessarfor a uniqueestimateof
(up to a scalarfactor).In analogywith the discretecase we have the following
statementthe proof of which we leave to thereaderasa linearalgebraexercise.
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Proposition’5.32(Four-point continuoushomography). Wehave
if andonly if there existsa setof four points(out of the ) sud thatanythreeof
themare not collinear; i.e. they are in generl con gurationin theplane

Then,if optical o w at morethanfour pointsin generalcon gurationin the
planeis given,usinglinearleast-squaretechniquesequation(5.78)canbe used
torecover  uptoonedimensionsince hasaone-dimensionalull spaceThat

is, we canrecover ,where correspond#o theminimum-norm
linearleast-squaresstimateof ~ solving ,and corresponds
toavectorinnull  and is anunknawn scalarfactor
By inspectiorof equation(5.77)onecanseethat , since
. Thenwe have
(5.79)

Thus,in orderto recorer , we needonly to identify theunknavn . Sofar, we
have not consideredhe specialstructureof the matrix . Next, we give con-
straintsimposedby the structureof  thatwill allow usto identify , andthus
uniquelyrecover

Lemma 5.33. Suppose , and Lf , the matrix
has eigervalues , Whee , and

f ,thematrix haseigervalues
Proof. Let f , we have . We cansolve the

eigervaluesandeigervectorsof by

Clearly, and . It is easyto checkthe conditions
on when . O

Lemma 5.34 (Normalization of the continuous homography matrix). Given
the  partofacontinuouplanarhomaraphymatrix of theform ,
wehave

- (5.80)

whele is thesecond-lagesteigenvalueof

Proof. In this proof,we will work with sortedeigervaluesithatis, if
areeigervaluesof somematrix, then . If thepointsarenotin gen-
eralcon guration,thenrank , andthe problemis underconstrainedNow
supposéhe pointsarein generakon guration. Thenby least-squaresstimation
we may recover for someunknown . By Lemmabs.33,
- - has eigervalues , Where ,
,and . Socomputethe eigervaluesof anddenotethem
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by . Sincewe have , then , for .
Sincewe musthave , we have - . O

Therefore,knowing , we can fully recover the continuoushomography
matrix as -

5.4.7 Decomposinghe continuoushomaraphymatrix

We now addresghetaskof decomposingherecovered - into its
motionandstructureparameters - . Thefollowing constructve proofpro-
videsanalgebraicechniquefor therecovery of motionandstructureparameters.

Theorem 5.35 (Decompositionof continuous homography matrix). Givena
matrix in the form - , onecanrecover the motionand
structue parametes - up to at mosttwo physicallypossiblesolutions.
Thereis a uniguesolutionif , ,or ,whee

is theoptical axis.

Proof. Computethe eigervalue/eigemectorpairs of and denotethem

by , f for , thenwe have and

. In this casewe cannotrecover the normal of the plane . Otherwise,

if and , thenwe have . Let , let

~and ~ ,andlet . Accordingto Lemma5.33,the
eigervalue/eigemectorpairsof aregivenby

(5.81)

Then - . It is easyto checkthat
. Togethemwith (5.81),we havetwo solutions(dueto thetwo possiblesigns
for ):

In the presenceof noise,the estimateof is not necessarilyan
elementn . In algorithms,onemaytake its skew-symmetricpart,

Thereis anothersign ambiguity since . This sign am-
biguity leadsto a total of four possiblesolutionsfor decomposing backto
- givenin Table5.2.
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Solution1 = — Solution3 =

Solution2 = — Solution4 =

Table 5.2. Four solutionsfor continuousplanarhomographydecompositionHere is
computedasheforeas -

In orderto reducethe numberof physicallypossiblesolutions,we imposethe
positive depthconstraint:sincethe cameracanonly seepointsthat arein front
of it, we musthave . Therefore,if solutionl is the correctone,this
constraintwill eliminatesolution3 asbeingphysicallyimpossible If ,
oneof solutions2 or 4 will be eliminated,whereasf , both solutions
2 and4 will be eliminated.For the casethat , it is easyto seethat
solutionsl and?2 areequivalent,andthatimposingthe positive depthconstraint
leadsto a uniquesolution. O

Despitethefactthatasin thediscretecasethereis acloserelationshipgbetween
the continuousepipolarconstraintand continuoushomographywe will not de-
velopthe detailshere.Basicintuition andnecessaryechnicaltools have already
beerestablishedh this chapterandatthis pointinterestedeadersnay nish that
partof thestorywith easepr morebroadly applythesetechniquego solve other
specialproblemgthatonemayencountein real-world applications.

We summarizeSections.4.6and5.4.7by presentinghecontinuougour-point
Algorithm 5.4 for motionestimationfrom a planarscene.

5.5 Summary
Givencorrespondingointsin two images of apoint , or, in continuous
time, optical ow , we summarizeheconstraintandrelationsbetweerthe

imagedataandthe unknavn motionparametergn Table5.3.

Despitethe similarity betweerthe discreteandthe continuouscase one must
be aware that there are indeedimportantsubtle differencesbetweenthesetwo
casessincethedifferentiationwith respectotime changeshealgebraiaelation
betweerimagedataandunknonvn motionparameters.

In the presenceof noise,the motion recovery problemin generalbecomesa
problemof minimizing a costfunction associatedvith statisticaloptimality or
geometricerror criteriasubjectto theabove constraintsOncethe cameramotion
is recovered,an overall 3-D reconstructiorof boththe cameramotionandscene
structurecanbeobtainedup to a globalscalingfactor
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Algorithm 5.4 (The continuousfour-point algorithm for a planar scene).

For a given setof optical o w vectors ( ), of pointson a
plane , thisalgorithm nds - thatsolves

1. Computea rst approximation of the continuoushomography matrix
Construct the matrix

from the optical ow , Where
and . Find the vector
as
where is the pseudo-imerseof . Unstack  to obtainthe
matrix

2. Normalization of the continuoushomography matrix
Computetheeigervaluevalues of thematrix andnormalize
it as

3. Decompositionof the continuoushomography matrix
Computethe eigervaluedecompositiorof

andcomputethe four solutionsfor adecomposition - asin the proof of
Theorem5.35. Selectthe two physically possibleonesby imposingthe positive
depthconstraint

5.6 Exercises

Exercise5.1 (Linear equation). Solve from thelinearequation

where and . In termsof conditionson the matrix andvector |,
describewhena solutionexists andwhenit is unique.In casethe solutionis not unique,
describeheentiresolutionset.

Exercise5.2 (Propertiesof skew-symmetricmatrices).
1. Prove Lemma5.4.

2. ProveLemmab.24.

Exercise 5.3 (Skew-symmetric matrix continued). Given a vector with unit
length,i.e. , Shaw that:
1. Theidentity holds: (notethatthe superscript stands

for matrix transpose).
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H Epipolarconstraint‘ (Planar)homography

Discretemotion -

Matrices -

Relation

Continuousmotion -

Matrices -
Linearalgorithms 8 points 4 points
Decomposition 1 solution 2 solutions

Table5.3.Herethenumberof pointsis requiredby correspondinginearalgorithmsandwe
countonly thenumberof physicallypossiblesolutionsfrom correspondinglecomposition
algorithmsafter applyingthe positive depthconstraint.

2. Explainthe effect of multiplying a vector by the matrix
Shaow that for ary integer .
3. Shaw that . Explaingeometricallywhy thisis true.

4. How do the abore statementsieedto be changedif the vector is not of unit
length?

Exercise5.4 (A rank condition for the epipolar constraint). Shav that
if andonly if

rank

Exercise5.5 (Parallel epipolar lines). Explainunderwhatconditionsthefamily of epipo-
lar linesin at leastone of the imageplaneswill be parallelto eachother Whereis the
correspondingpipole(in termsof its homogeneousoordinates)?

Exercise5.6 (Essentialmatrix for planar motion). Supposewve know thatthe camera
alwaysmovesonaplane,saythe plane.Shav that:

1. Theessentiamatrix is of the specialform

(5.82)

2. Without using the SVD-baseddecompositionintroducedin this chapter nd a
solutionto in termsof

Exercise5.7 (Recti ed essentialmatrix). Supposehatusingthe linear algorithm,you
obtainanessentiamatrix  of theform

(5.83)
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Whattype of motion doesthecameraundego?How mary solutionsexist exactly?

Exercise5.8 (Triangulation). Giventwo image of apoint togetherwith the
relative cameramotion , :

1. expresshedepthof with respectothe rst image,.e. intermsof ,and

2. expressthedepthof with respecto thesecondmage,i.e. in termsof ,
and

Exercise 5.9 (Rotational motion). Assumethat the cameraundegoespure rotational
motion;i.e. it rotatesaroundits center Let betherotationof thecameraand
betheangularvelocity. Shaw thatin this casewe have:

1. discretecase: ;

2. continuouscase:

Exercise 5.10 (Projection onto ). Given an arbitrary matrix
with positive singularvalues, nd the orthogonalmatrix suchthatthe error
is minimized.ls the solutionunique?Note: Herewe allow

Exercise5.11 (Four motions relatedto an epipolar constraint). Suppose is
a solutionto the epipolarconstraint . Then is alsoan essentiamatrix,
which obviously satis esthe sameepipolarconstraint(for givencorrespondingmages).

1. Explain geometricallyhow thesefour motionsarerelated.[Hint: Considera pure
translationcaself isarotationabout byanangle ,then , whichis
in factthetwistedpair ambiguity]

2. Shaw thatin general,for threeout of the four solutions,the equation
will yield eithernegative  or negatve  or both.Henceonly one
solutionsatis esthe positive depthconstraint.

Exercise5.12 (Geometric distanceto an epipolar line). Giventwo imagepoints
with respecto cameraframeswith their relative motion , shaw thatthe geometric
distance de nedin Figure5.7is givenby theformula

where

Exercise5.13 (A six-point algorithm). In this exercise,we shav how to usesomeof
the (algebraic)structureof the essentiamatrix to reducethe numberof matchedpairsof
pointsfrom 8to 6.

1. Show thatif amatrix is anessentiamatrix, thenit satis estheidentity
—trace

2. Shaw that the dimensionof the spaceof matrices that satisfy the
epipolarconstraints
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is three.Hencethe essentiamatrix  canbe expressedas a linear combination
for somelinearly independentnatrices that
satisfythe abose equations.

3. To furtherdeterminethe coefcients , shaw thattheidentity in (a) gives
nine scalarequationdinearly in the nine unknavns , ,
. (Why nine?)Hence theessentiamatrix canbedeterminedrom

six pairsof matchedpoints.

Exercise5.14 (Critical surfaces).To have a uniquesolution(up to a scalarfactor),it is
veryimportantfor thepointsconsideredn the abore six-pointor eight-pointalgorithmsto
bein generalposition.If a (dense)setof pointswhoseimagesallow at leasttwo distinct

essentiamatrices we saythatthey are“critical,” Let be coordinateof sucha
pointand bethemotionof acameralet and betwo
imagesof thepoint.
1. Shaw thatif
then
2. Shaw thatfor points thatsatisfythe equation ,
theirhomogeneousoordinates satisfythe quadraticequation
This quadraticsurfaceis denotedoy andis calleda critical surface Sono

matterhow mary pointsonechoose®n suchasurface theirtwo correspondingm-
agesalwayssatisfyepipolarconstraintgor atleasttwo differentessentiamatrices.

3. Symmetrically pointsde ned by the equation will have
similar propertiesThis givesanothemuadraticsurface,

Argue that a setof pointson the surface  obsenred from two vantagepoints
relatedby couldbeinterpretedhsacorrespondingetof pointsonthesurface
obsered from two vantagepointsrelatedby

Exercise5.15 (Estimation of the homography). We saythattwo imagesarerelatedby

a homaraphyif the homogeneousoordinatesf the two images of every point
satisfy
for somenonsingulamatrix . Shaw thatin generalone needsfour pairs of

to determinghematrix  (upto ascalarfactor).
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Exercise’5.16 Undera homography from to , astandardunit square
with thehomogeneousoordinatedor thefour corners

is mappedo

respectiely. Determinethematrix ~ with its lastentry normalizedto 1.

Exercise5.17 (Epipolar line homography from an essentiaimatrix). Fromthegeomet-
ric interpretationof epipolarlinesin Figure5.2, we know thatthereis a one-to-onemap
betweerthefamily of epipolarlines in the rst imageplane(throughtheepipole )
andthe family of epipolarlines in the second Supposehat the essentiamatrix

is known. Shav thatthis mapis in facta homographyThatis, thereexists a nonsingular
matrix suchthat

for ary pair of correspondingpipolarlines . Find anexplicit formfor  in terms
of

Exercise5.18 (Homography with respectto the secondcameraframe). In thechapter
we have learnedthat for a transformation on a plane

(expressedn the rst cameraframe),we have a homography suchthat

relateshetwo imagesof theplane.
1. Now switchrolesof the rst andthe secondcamerdramesandshaw thatthe new
homographymatrix becomes

(5.84)

2. Whatis therelationshipbetween and ?Provide aformal proofto youranswer
Explainwhy this shouldbe expected.

Exercise5.19 (Two physically possiblesolutionsfor the homography decomposition).
Let us studyin the natureof the two physically possiblesolutionsfor the homography
decompositionWithout loss of generality supposethat the true homographymatrix is

with
1. Shaw that is arotationmatrix.
2. Shaw that is equalto
3. Since , concludethatboth and are

solutionsfrom the homographydecompositiorof

4. Arguethat,undercertainconditionsontherelationshipbetween and , thesecond
solutionis alsophysicallypossible.

5. Whatis the geometricrelationshipbetweenthesetwo solutions?Draw a gure to
illustrateyour answer

Exercise 5.20 (Various expressionsfor the image motion eld). In the continuous-
motion case,supposethat the cameramotion is , and is the velocity of
theimage of apoint in spaceShaw that:



164 Chapters. Reconstructiofirom Two CalibratedViews
1. For asphericabperspectie projection;i.e. , we have
- (5.85)
2. Foraplanarperspectie projection;i.e. , we have
- (5.86)
or in coordinates,
- (5.87)
3. Shaw thatin theplanarperspectie case gquation(5.76)is equivalentto
(5.88)

From this equation,discussunderwhat conditionsthe motion eld for a planar
scends anafne functionof theimagecoordinatesi.e.

(5.89)

where is aconstant afne matrix thatdoesnot dependon theimagepoint

Exercise 5.21 (Programming: implementation of (discrete) eight-point algorithm).
Implementa version of the three-steppose estimationalgorithm for two views. Your
Matlabcodeshouldberesponsibldor

Initialization: Generatea setof () 3-D points;generatea rigid-body motion

betweerntwo camerdramesandproject(the coordinateof) the points(rel-
ative to the cameraframe) onto the image planecorrectly Hereyou may assume
thatthe focal lengthis . This stepwill give you correspondingmagesasinputto
thealgorithm.

Motion Recwery: usingthe correspondingmagesand the algorithmto compute
themotion andcomparet to thegroundtruth

After you getthe correctanswerfrom the above stepsherearea few suggestion$or you
to try with thealgorithm(or improve it):

A morerealisticway to generatehese3-D pointsis to malke surethatthey areall
indeed'in front of” theimageplanebeforeandafterthe cameramoves.

Systematicallyadd somenoiseto the projectedmagesand seehow the algorithm
respondsTry differentcameranotionsanddifferentlayoutsof the pointsin 3-D.

Finally, to make thealgorithmfail, take all the 3-D pointsfrom someplanein front
of the cameraRunthe programandseewhatyou get (especiallywith somenoise
ontheimages).

Exercise 5.22 (Programming: implementation of the continuous eight-point algo-
rithm). Implementa versionof the four-stepvelocity estimationalgorithm for optical

ow.



5.A. Optimizationsubjectto theepipolarconstraint 165

Initialization: Chooseasetof () 3-D pointsandarigid-bodyvelocity

Correctlyobtaintheimage andcomputetheimagevelocity . You needto
gure out how to compute from and . Hereyou mayassumehatthe
focallengthis . This stepwill give youimagesandtheir velocitiesasinputto the
algorithm.

Motion Recoery: Usethe algorithmto computethe motion andcompareit
to thegroundtruth

5.A Optimizationsubjectto the epipolarconstraint

In this appendixwe will studythe problemof minimizing the reprojectionerror

(5.23)subjectto the factthat the underlyingunknovns mustsatisfythe epipolar
constraintThisyieldsanoptimalestimatein thesensef least-squaresf camera
motionbetweerthetwo views.

Constaint eliminationby Lagrange multipliers

Ourgoalhereis, given ,to nd
subjectto

(5.90)
Using Lagrangemultipliers (Appendix C) , We can corvert the above

minimization problemto an unconstrainedminimization problem over
, , . Considerthe Lagrangianfunctionassociated
with this constraineaptimizationproblem

(5.91)
A necessarygonditionfor the existenceof a minimum is , wherethe
derivativeis takenwith respecto . Settingthederivative with re-
specto theLagrangemultipliers to zeroreturngheequalityconstraints,

andsettingthe derivative with respecto to zeroyields

Simplifying theseequationdy premultiplyingbothby thematrix , We obtain

(5.92)
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Togetherwith , we may solwve for the Lagrangemultipliers  in
differentexpressiong?

(5.93)

or

(5.94)

Substituting(5.92) and (5.93) into the least-squaresost function of equation
(5.91),we obtain

(5.95)

If oneusesnstead5.92)and(5.94),0negets

(5.96)

Theseexpressiondor can nally be minimizedwith respecto aswell
as . In doing so, however, onehasto make surethatthe unknovnsare
constrainedsothat and areexplicitly enforcedIn Appendix
C we discussmethodsfor minimizing a function with unknovnsin spacedike
, thatcanbe usedto minimize once is known. Since

is notknown, onecansetup analternatingminimizationschemewhele aninitial
approximationof is usedto estimatean approximationof , Whichis used,
in turn, to updatethe estimatesof . It canbe shavn that eachsuchiteration
decreaseshe cost function, and thereforecorvergenceto a local extremumis
guaranteedsincethe costfunctionis boundedelow by zero.Theoverall process
is describedn Algorithm 5.5. As we mentionedbefore,this is equivalentto the
so-callecbundleadjustmenfor thetwo-view casethatis thedirectminimization
of thereprojectiorerrorwith respecto all unknovns.Equivalenceis intendedn
the sensehat,atthe optimum,thetwo solutionscoincide.

Structue triangulation

In step3 of Algorithm 5.5, for eachpair of images anda x ed ,

and canbecomputedby minimizing the samereprojectionerrorfunction

for eachpair of imagepoints.Assumingthat

thenotationis thesameasin Figure5.9,let bethenormalvector(of unit
length)to the epipolarplanespannedy 2 Givensuchan , and

22sincewe have multiple equationsto solve for oneunknavn , the redundang givesrise to
differentexpressionglependingon which equationin (5.92)is used.

23 canalsobeinterpretecasthe coimageof theepipolarline in the secondmage but herewe do
notusethatinterpretation.
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Algorithm 5.5 (Optimal triangulation).

1. Initialization
Initialize and as and ,respectiely. Alsoinitialize with thepose
initialized by the solutionfrom the eight-pointlinearalgorithm.

2. Poseestimation
For and computedrom thepreviousstep,update by minimizing the
reprojectiorerror givenin its unconstrainedorm (5.95)or (5.96).

3. Structur etriangulation
Foreachimagepair and computedrom thepreviousstep,solve for
and thatminimizethereprojectionerror

4. Returnto step2 until thedecremenin thevalueof is belon athreshold.

aredeterminedy

where . Thenthedistancecanbeexplicitly expresseds

where arede ned asfunctionsof

(5.97)

Thenthe problemof nding theoptimal and becomes problemof nd-
ing the normalvector  that minimizesthe function of a sumof two singular
Rayleighquotients

(5.98)

This is an optimization problem on the unit circle in the plane orthogo-
nal to the (epipole)vector 240t are vectorssuchthat
form anorthonormabasisof  in the secondcameraframe,then

with . We needonlyto nd  thatminimizes

thefunction . Fromthe geometridnterpretatiorof the optimalsolution,
we alsoknow thattheglobalminimum  shouldlie betweertwo values: and
suchthat and correspondo normalvectorsof the two planes

24Therefore geometricallymotion andstructurerecavery from  pairsof imagecorrespondences
is really an optimizationproblemon the space ,where isan -torus,i.e.an
-fold productof
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spannedy and , respectiely.?® The problemnow becomes
simpleboundedminimizationproblemfor a scalarfunction(in ) andcanbeef-
ciently solvedusingstandardptimizationroutines(suchas“fmin " in Matlab
or Newton's algorithm,describedn AppendixC).

Historicalnotes

Theoriginsof epipolargeometrycanbe datedbackasearlyasthe mid nineteenth
centuryand appearedn the work of Hesseon studyingthe two-view geometry
using seven points (see[MaybankandFaugeras1997 andreferencegherein).
Kruppaprovedin 1913that ve pointsin generalpositionareall one needsto
solve the two-view problemup to a nite numberof solutions[Kruppa,1913.
Kruppa's proof waslaterimproved in the work of [Demazure1989 wherethe
actual numberof solutionswas proven, with a simpler proof given later by
[HeydenandSparr 1999. A constructve proof can be found in [Philip, 1994,
andin particular a linear algorithmis providedif thereare six matchedpoints,
from which Exercise5.13 was constructed A more efcient ve-point algo-
rithm that enablegreal-timeimplementatiorhasbeenrecentlyimplementedby
[Nistér, 2003.

Theeight-pointandfour-point algorithms

To our knowledge, the epipolarconstraint rst appearedn [Thompson,1959.
The (discrete)eight-pointlinear algorithmintroducedin this chapteris due to
the work of [Longuet-Higgins1981 and [HuangandFaugeras1989, which
sparled a wide interestin the structurefrom motion problem in computer
vision and led to the developmentof numerouslinear and nonlinear algo-
rithms for motion estimationfrom two views. Early work on thesesubjects
canbe foundin the booksor manuscriptof [Faugeras1993 Kanatani,1993h
Maybank,1993 Wengetal., 19938. An improvementof the eight-pointalgo-
rithm basedn normalizingimagecoordinatesvaslatergivenby [Hartley, 1997.
[Soattoetal., 1999 studiedfurther the dynamicalaspectof epipolargeometry
anddesigneda Kalman Iter onthe manifold of essentiamatricesfor dynamical
motionestimation We will studyKalman- Iter-basedapproaches Chapterl?2.
The homography(discreteor continuous)betweentwo imagesof a planar
scenehasbeenextensiely studiedand usedin the computervision literature.
Early resultson this subjectcan be found in [SubbaracandWaxman,1985
WaxmanandUIllman, 1985 Kanatani, 1985 Longuet-Higgins,1984. The four-
pointalgorithmbasedn decomposinghe homographymatrixwas rst givenby
[FaugerasandLustman,1988. A thoroughdiscussionon the homographyand
therelationshipetweerthe two physically possiblesolutionsin Theorem5.19
canbefoundin [Wengetal., 1993 andreferencesherein.Thischapteiis avery

25 alreadysatisfythe epipolarconstraintthesetwo planescoincide.



5.A. Optimizationsubjectto theepipolarconstraint 169

concisesummaryand supplemento theseearly resultsin computervision. In
Chapte® wewill seehow theepipolarconstrainndhomographyanbeuni ed
into a singletype of constraint.

Critical surfaces

Regardingthe criticality or ambiguity of the two-view geometrymentionedbe-
fore (suchasthe critical surfaces)theinterestedeademay nd moredetailsin
[Adiv, 1985 Longuet-Higgins1988 Maybank,1993 SoattoandBrockett, 1998
or the book of [FaugerasndLuong,200]]. More discussion®n the criticality
and degenerag in cameracalibrationand multiple-vien reconstructioncan be
foundin laterchapters.

Obijectivefunctionsfor estimatingepipolargeometry

Many objective functions have beenusedin the computervision literature
for estimatingthe two-view epipolar geometry such as “epipolar improve-
ment’[Wengetal., 19933, “normalizedepipolarconstraintWengetal., 1993a
LuongandFaugeras1996 Zhang,19984, “minimizing the reprojectionerror”
[Wengetal., 19933, and“triangulation” [Hartley andSturm,1997. The method
presentedh this chapterfollows thatof [Ma etal., 20014.

As discussedn Section5.A, thereis no closed-formsolutionto an optimal
motion and structurerecovery problemif the reprojectionerror is chosento be
the objective since the probleminvolves solving algebraicequationsof order
six [Hartley andSturm,1997, Ma etal.,2001H. The solutionis typically found
throughiterative numericalschemesuchastheonesdescribedn AppendixC. It
has,however, beenshavn by [Oliensis,200] thatif one choosego minimize
the angle (not distance)betweenthe measured and recovered , a closed-
form solutionis available.Hence,solvability of a reconstructiorproblemdoes
dependon the choice of objective function. In the multiple-view setting, min-
imizing reprojectionerror correspond€o a nonlinear optimization procedure
[SpetsakisandAloimonos, 1984, oftenreferrecto as“bundleadjustment,which
wewill discusdn Chapterl1.

Thecontinuousmotioncase

The searchfor the continuouscounterpartof the eight-point algorithm has
producedmary different versionsin the computervision literature due to its
subtledifferencefrom the discretecase.To our knowledge,the rst algorithm
was proposedin 1984 by [ZhuangandHaralick,1984 with a simpli ed ver-
sion given in [Zhuangetal.,1988; and a rst-order algorithm was given by
[Waxmanetal.,1987. Otheralgorithmssolved for rotationandtranslationsep-
arately using either numericaloptimization techniquegBrussandHorn, 1983
or linearsubspacenethodgHeegerandJepson1992 JepsorandHeeager, 1993.
[Kanatani, 19934 proposed linear algorithmreformulatingZhuangs approach
in terms of essentialparametersand twisted ow. See[Tianetal.,1994 for
someexperimentalcomparison®f thesemethodswhile analyticalresultson the
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sensitvity of two-view geometrycan be found in [Daniilidis andNagel,199Q

Spetsakis1994 Daniilidis andSpetsakis1997 andestimationbiasstudyin the
work of [HeegerandJepson1992 Kanatani,1993. [Fermiller etal., 1997 has
further shavn thatthe distortioninducedon the structurefrom errorsin the mo-

tion estimatess governedby the so-calledCremonaransformationThe parallel
developmenbf thecontinuousight-pointalgorithmpresentedh this chapteffol-

lows thatof [Ma etal., 20004, wherethe interestedeademmayalso nd a more
detailedaccountof relatedbibliographyandhistory. Besideshe linear methods,
a study of the (nonlinear)optimal solutionsto the continuousmotion casewas
givenin [Chiusoetal., 2000.



Reconstructioirom Two Uncalibrated
Views

Thereal voyage of discovery consistanotin seekinghew landscapes,
but in havingnew eyes.
— MarcelProust

In Chapter3 we have seenthat the projectionof a point in spacewith coordi-
nates ontotheimageplanehas(homogeneousjoordinates thatsatisfythe
equation(3.19)

(6.1)

where , and is the poseof the camerain the
(chosen)world referencdrame.In the equationabove, thematrix , whichwas
de nedin equation(3.14)as

(6.2)

describes'intrinsic” propertiesof the camera,suchas the position of the op-
tical center , the size of the pixel , its skew factor , andthe
focallength . Thematrix is calledthe intrinsic parametermatrix, or simply
calibration matrix, and it mapsmetric coordinates(units of meters)into im-
agecoordinatequnits of pixels). In what follows, we denotepixel coordinates
with a prime superscript , whereagnetric coordinatesareindicatedsimply by
, following thecorventionusedn Chaptef3. Therigid-bodymotion
representshe “extrinsic” propertiesof the camerapamely its posi-

Thisis pagel71
Printer:Opaquehis
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tion andorientationrelative to achosenworld referencdrame.The parameters
arethereforecalledextrinsic calibration parametes.

In Chapter5 we have seenthatin the calibratedcase the intrinsic calibration
matrix is theidentity, , andtwo views of a sufcient numberof pointsare
enoughto recoverthe camergposeandthe positionof the pointsin spaceupto a
globalscalefactor If theintrinsic calibrationmatrixis nottheidentity; i.e. ,
but it is neverthelesknown, the problemcanbe easilyrephrasedo that results
for thecalibratedcasecanstill beapplied.In fact,just multiply equation(6.1) on
both sidesby (from equation(6.2) noticethat  is alwaysinvertible),and
let . Thenwe getbackto thecalibratedcase . Hencethe
knowledgeof matrix s crucialfor recovery of thetrue 3-D Euclidearstructure
of thescene.

Unfortunately the intrinsic calibrationmatrix  is usually not known. This
chapterexploresdifferentoptionsavailablefor estimatingthe calibrationmatrix

, or recovering spatialpropertiesof the scenedespitethe lack of knowledgeof

Taxonomyof calibration or uncalibratedreconstructiorprocedues

The procedureof inferring the calibrationmatrix  is called(intrinsic) camen
calibration. If theuserhasaccesso thecamerandhasaknown objectavailable,
this procedures conceptuallysimple,and several calibrationsoftware distribu-
tions are available. Most of them require the known objectto have a regular
appearancand a simple geometry e.g., a planarcheclerboardpattern.in this
case the known objectis often calleda calibration rig. However, the calibration
procedurecan be appliedto mostobjectsthat have a numberof distinct points
with known positionrelative to somereferencdrame.We addresgwo suchstan-
dardproceduresn Section6.5.2for a 3-D patternservingasa calibrationrig and
Section6.5.3for a planarpattern respectiely.

In mary practical situationsone doesnot have accesdo the camera,and a
collectionof imagesis all thatis available.In this case calibrationwith arig is
obviously notpossible However, onemaystill have partialinformationavailable,
eitheron the sceneor on the cameraFor instancemary man-madebjectscon-
tain planarsurfaces parallellines, right angles andsymmetricstructuresyhich
provide strongconstrainton . In Section6.5.1we will shav how onecanper
form calibrationin the presencef partial sceneknowled@. Naturally, onehasto
be awarethat enforcingsuchknowledgecanleadto grosserrorsif the assump-
tions arenot satis ed. For instancejf onewereto assumehatthe edgesof the
building in Figure6.1wereparallel theresultingerrorsin calibrationwould affect
thereconstruction.

In additionto prior assumptionsn the scenepnemay have partialknowledge
availableaboutthe cameraFor instancepnemayknow thateachimagehasbeen
takenwith thesamecameraandthereforethe calibrationmatrix ~ for eachview
is the same. Anothercommonscenarias onewherethe camerais available for
precalibrationput someof the camergparametersnay changeduringthe shoot-



Chapter6. Reconstructiorirom Two Uncalibratedviews 173

Figure6.1.FrankO. Gehrys“GingerandFred”building in PraguePhotocourtesyof Don
Barker.

ing of a particularsequencefor instancethefocal lengthcanchangeasa result
of zoomingor focusing,while the otherparameterssuchasthe skew factoror
the sizeof the pixel, remainconstanandknown. In sucha caseonecanobtain
constraintson  andthe imagesthat undersuitableassumptionsllow the re-
covery of the calibrationmatrix. In the presenceof partial camea knowledg,
givenanumberof views, onecanrecoverthe calibrationmatrix andthereforethe
Euclidean3-D scenestructureand cameramotion. Sincethesetechniquegdypi-
cally involve morethantwo views, they will be studiedin Chapter8. However,
in Section6.4.5we will preview the basicideasasthey pertainto uncalibrated
reconstruction.

The least-constrainedcenariooccurswhen one hasimagesof a scenetaken
with differentunknovn camerasandno knowledgeof the sceneis available.In
this case,one cannotrecover the cameracalibrationand the physically correct
metric 3-D modelof the sceneHowever, onecanstill recorer someinformation
of the scenepamely a distortedversionof the original Euclidean3-D structure,
alsocalledprojectivereconstructionWe will discusghisin detailin Section6.3.

Organizationof this chapter

The taxonomyof calibrationproceduresiescribedabove goesfrom full knowl-
edgeof the scengcalibrationwith arig) to a completelack of knowledgeabout
the sceneand arbitrary cameragqprojective reconstruction)In this chapter we
will follow thereverseorderanddescriberst the geometryof two uncalibrated
views in the absenceof ary prior knowledge.In Sections6.3 and 6.4 we will
discusshow to resole the projective ambiguity and upgradethe distorted3-D
structureto Euclidean.In Section6.4.5,we preview how to recover calibration
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given projection matricesup to a projective transformationusing the absolute
guadricconstaints which readily connectsawo-view geometryto multiple-view
geometry(to be studiedin Chapter8). In Section6.5, we describesomesim-
ple procedureso calibratea camerawith a known object.Finally, in Section6.6
we study a direct approachto cameraautocalibrationbasedon the pairwise
relationshipdetweenviews capturedoy Kruppa's equations

Beforewe begin this program,at the beginning of the chapterwe point out a
usefulanalogyby shaoving thatanuncalibratedcameramoving in Euclidearspace
is equivalentto a calibratedcameramoving in a “distorted” spacegovernedby a
differentway of measuringlistancesandangles(Section6.1),andwe shav how
theframawork of epipolargeometrystudiedin thelastchapteris modi ed in the
presencef uncalibrateccameragSection6.2).

6.1 Uncalibrateccamereor distortedspace?

In the standardEuclideanspace the canonicalinner productbetweentwo vec-
torsis givenby .1 We will shav thatworking with anuncalibrated
camerain a Euclideanspaceis equivalentto working with a calibratedcamera
in a “distorted” space,wherethe inner productbetweentwo vectorsis given
by for somesymmetricand positive de nite matrix . As a
consequencall reconstructioralgorithmsdescribedn the previous chapterfor
the calibratedcase,if rewritten in termsof this new inner product,yield a re-
constructionof cameraposeand scenestructurein the distortedspace.Only
in the particular casewhere is the reconstructionphysically correct,
correspondingo thetrue Euclideanstructure.

To understandhe geometryassociatedvith an uncalibrateccameragconsider
alinearmap , representetly amatrix thattransformsspatialcoordinates
asfollows

For instancejn ourcase, canbethe calibrationmatrix thatmapsmetriccoor
dinatesinto pixels. Themap inducesa transformatiorof the inner productas
follows

(6.3)

Thereforejf onewantsto write the inner productbetweentwo vectors,but only
their pixel coordinates  areavailable,onehasto weightheinnerproductby a
matrix asindicatedin equation(6.3):

(6.4)

1De nitions andpropertiesof innerproductscanbefoundin AppendixA.
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Figure6.2.Effectof thematrix asamap , wherepointsonthesphere
aremappedo pointsonanellipsoid (a“unit sphere’underthemetric
). Theprincipalaxesof the ellipsoidarethe eigervaluesof

This is the inner productbetweentwo vectors,but expressedn termsof their
pixel coordinatesThematrix is calledthemetricof thespaceThedistortionof
thespacanducedby altersboththelengthof the vectorsaswell astheangles
betweenthemaccordingto the modi ed de nition of the inner product.Hence,
underthis metric, the length of a vector is measuredas .
Figure6.2 illustratesthe effect of  onthe spaceA unit spheren the distorted
spacelooks like an ellipsoid. Oncetransformedbackto the Euclideanspaceit
lookslik e thefamiliar sphereln orderto completethe picture,however, we need
to understandhow a cameramovesin thedistortedspace.
Rigid-bodymotions,aswe know from Chapter2, mustpresere distancesand
anglesBut anglesarenow expressedn termsof thenew metric . Sowhatdoes
arigid motionlook like in thedistortedspace?he Euclideancoordinates of a
moving point attime aregivenby thefamiliar Euclideartransformation

(6.5)

Thecoordinateransformatiorin theuncalibrateccameracoordinates  is then
givenby

(6.6)

where and . Thereforethetransformatiormapping  to
canbewrittenin homogeneousoordinate®s

(6.7)

Thesetransformationdorm a matrix group (Appendix A), which is calledthe
conjugateof the Euclideangroup . Therelationbetweera Euclidean
motion andits conjugate s illustratedin Figure 6.3. Applying this to the
imageformationmodel(6.1), we get

Note that the above relationshipis similar to the calibratedcase,but it relates
uncalibratedquantitiesirom thedistortedspace via the conjugatemotion
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Figure 6.3. A rigid-body motion of a Euclideancoordinateframe is given by
. With respecto theuncalibrateccoordinateframe , the

transformations

Figure6.4.Equivalencebetweeranuncalibratedcameraviewing anobjectin theEuclidean
spaceanda calibratedcameraviewing a correspondingbjectin thedistortedspace.

. Henceone canseethat an uncalibrateccameramoving in a calibratedspace
( ) is equivalentto a calibratedcameramoving in a distorted
space( ). This is illustratedin Figure 6.4. We summarizethese
obsenationsin thefollowing remark.

Remark 6.1 (Uncalibrated cameraand distorted space).Anuncalibratedcam-
era with calibration matrix ~ viewing pointsin a calibrated (Euclidean)world

moving with is equivalentto a calibrated cames viewing pointsin a
distorted spacegovernedby an inner product , moving with
. Furthermoe,

In thecaseof arow vector say ,themap will transformit to anotherow
vector . Correspondinglythis inducesan inner producton row

vectors
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Theabove apparenthyinnocuousemarkwill bethekey to understandinghe ge-
ometryof uncalibratedsiews, andto deriving methodsfor cameracalibrationin
later sections Sincethe standardnner product is a fundamental
invariantunderEuclideantransformationst will beinvarianttooin thedistorted
spacebput now written in termsof the new innerproductof eithercolumnvectors
or row vectors.As we will soonseein this chapterall constraintghatwill allow
usto derive informationaboutthe cameracalibration(i.e. the matrix , , or,
) will be essentiallyin theform of thenew innerproduct.

6.2 Uncalibratecepipolargeometry

In this sectionwe study epipolargeometryfor uncalibratedcamerasor, equi-
alently, two-view geometryin distortedspacesin particular we will derive the
epipolarconstraintin termsof uncalibratedmagecoordinatesandwe will see
how the structureof the essentiaimatrix is modi ed by the calibrationmatrix.
For simplicity, we will assuméehatthesamecamerehascapturedothimagesso
that . Extensionto differentcamerass straightforward, although
it involvesmoreelaboratenotation.

6.2.1 Thefundamentamatrix

The epipolarconstraint(5.2) derivedin Section5.1.1for calibratedcamerasan

be extendedto uncalibrateccamerasn a straightforvard manner The constraint
expresseghe factthatthe volumeidenti ed by the threevectors , and

is zero,or in otherwords,the threevectorsarecoplanar Sucha volumeis given

by the triple productof the threevectors,written relative to the samereference
frame.Thetriple productof threevectoris theinnerproductof onewith thecross
productof the othertwo (seeChapter2). In the “distortedspace, whichwe have

describedn the previous section,the threevectorsare given by
and , andtheir triple productis

(6.8)

asthereadercaneasily verify. Equation(6.8) is the uncalibratedversionof the
epipolarconstraintstudiedin Chapters.

An alternative way of deriving theepipolarconstrainfor uncalibrateccameras
is by directsubstitutionof into the epipolarconstraint

(6.9)

Thematrix de nedin theequationaboveis calledthe fundamentamatrix

(6.10)
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When , thefundamentamatrix is identicalto the essentiamatrix
thatwe studiedin Chapters.
Yetanotherderivation canbe obtainedby following the samealgebraicproce-
durewe proposedor thecalibratedcasej.e. by directeliminationof theunknown

depthscales from therigid-body motionequation

where . Multiplying bothsidesby thecalibrationmatrix , we seethat
(6.11)

where and . In orderto eliminatethe unknonvn depth,we

multiply bothsidesof (6.11)by . Thisyieldsthe sameconstraint

asequation(6.8).
At this point the questionarisesas to the relationshipbetweenthe different
versionf theepipolarconstraintsn equationg6.8)and(6.9).To reconcilethese

two expressionsye recallthatfor andanonsingulamatrix , Lemma
5.4 stateghat if . Underthesameconditionwe
have that We collect

theseequalitiesas

(6.12)
if .In case , onecansimply scaleall the matricesby
afactor In ary casewe have . Thus,withoutloss
of generality we will alwaysassume . Note thatif desired,onecan

alwaysdivide by its lastentry to cornvert it backto the form (6.2) that
carriesthe physicalinterpretationof  in termsof optical center focal length,
andskew factorof the pixels. We will seein later sectionghatthe secondform
of in equation(6.12)is morecorvenientto usefor cameracalibration.Before
gettingfurtherinto the theoryof calibration,we take a closerlook at someof the
propertieof the fundamentamatrix.

6.2.2 Propertiesof the fundamentamatrix

The fundamentaimatrix maps,or “transfers; a point  in the rst view to a
vector in thesecondview via

In fact,thevector (in the coordinateframe of the secondcamera)ye nesim-
plicitly aline in theimageplaneasthecollectionof imagepoints thatsatisfy
theequation

Strictly speakingthevector shouldbecalledthe“coimage”of theline (Section
3.3.4).By aluseof notation,we will referto thisvectorasrepresentingheline it-
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2

X
Figure6.5. Two projections of a3-D point from two vantagepoints, and
. Thetransformatiorbetweerthe two vantagepointsis given by . The

epipolesarethe projectionsof the centerof onecameraontotheimageplaneof the other
andtheepipolarlinescorrespondingo eachpointaredeterminedy theintersectiorof the
imageplanewith theepipolarplane formedby the pointitself andthetwo cameracenters.

self. Similarly, we mayinterpretthe equation as transferring
apointin the secondmageto aline in the rst. Theselinesarecalledepipolar
lines, illustratedin Figure6.5. Geometricallyeachimagepoint, togethemwith the
two cameracentersjdenti es the epipolar plane this planeintersectshe other
imageplanein theepipolarline. So,eachpointin oneimageplanedeterminesn
epipolarline in the otherimageplaneon which its correspondingpoint mustlie,

andvice versa.

Lemma 6.2 (Epipolar matching lemma). Two image points correspond
to a singlepointin spaceif andonlyif  is ontheepipolarline or
equivalently isontheepipolarline

Despiteits simplicity, this lemmais ratherusefulin establishingcorrespon-
denceacrossimages.In fact, knowing the fundamentaimatrix  allows usto
restrictthe searchfor correspondingpointson the epipolarline only, ratherthan
on the entireimage,as shovn in Figure 6.7 for someof the pointsdetectedn
Figure6.6. Thisfactwill befurtherexploitedin Chapterl1 for featurematching.

Theepipole,denotedby |, is the pointwherethe baseline(theline joining the
two cameracenters ) intersectghe imageplanein eachview, asshavn in
Figure6.5.1t canbe computedasthe null spaceof thefundamentamatrix  (or

). Let , be the epipolewith respecto the rst andsecond
views respectrely (asshavn in Figure6.5). Onecanverify that

andtherefore and . We leave it asan exercisefor
thereaderto verify thatall epipolarlinesde ned asabove mustpassthroughthe
epipolein eachimage.For instancewe musthave regardlesof which
pointin the rst imageis transferredo
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Figure6.6.Pair of views anddetectedtcornerpoints.

Figure 6.7. Epipolar geometrybetweentwo views of the scene Note the corresponding
pointsin two views lie ontheassociate@pipolarlines. The epipolesfor this pair of views
lie outsideof theimageplane.

Sincethe fundamentalmatrix  is the productof a skew-symmetricmatrix

of rank 2 and a matrix of rank 3, it musthave rank 2.

Hence canbecharacterizeth termsof thesingularvaluedecompositioffSVD)
, With

diag (6.13)

for some . In contrasto thecaseof anessentiamatrix, wherethetwo
nonzerosingularvalueswere equal,herewe have . Indeed,any matrix
of rank2 canbe a fundamentamatrix, in the senseghatonecanalways nd two
projectionmatricesvhoseepipolargeometryis governedby the givenmatrix.
The fundamentamatrix canbe estimatedrom a collectionof eightor more
correspondingpoints in two images.The algorithm, which we outline in Ap-
pendix6.A, is essentiallyidenticalto the eight-pointalgorithmwe describedor
thecalibratedcase However, while in thecalibratedcasetheessentiamatrix pro-
videdall theinformationnecessaryo recover camergposeandhenceenabledhe
recovery of the 3-D Euclideanstructuren the uncalibrateccasewe cannotsim-
ply “unravel” and from thefundamentamatrix. A simpleway to seethisis
by usingacountingagument: hasatmosteightfree parametergnineelements
de ned upto ascalefactor),but it is composeaf productsof thematrix ( ve
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degreesof freedom)thematrix  (threedegreesof freedom)and  (two degrees
of freedomthreeelementsie ned upto ascalarfactor).Thereforefrom theeight
degreesof freedomin  we cannotpossiblyrecover the ten degreesof freedom
in , ,and

Thus,we cannotjust “extract” the relative camerapose from

(6.14)

Notethattherearein factin nitely mary matrices thatcorrespondo thesame
. This canbe obsereddirectly from the epipolarconstrainty noticingthat

(6.15)
for anarbitraryvector , since .
Henceif onewereableto untanglethe uncalibratedcameraposefrom a fun-
damentalmatrix , the resultwould, in general,be given by
(6.16)
for somevalueof 3 . Notethatthis four-parameter

family of ambiguousiecompositionsvasnot presentn thecalibratedcase since
thematrix  therehadto be a rotation. This ambiguity will play an essential
role in the strati ed reconstructiorapproacho be introducedin Section6.4.In
particularin Section6.4.2we will shav how to extracta “canonical”choiceof
from afundamentamatrix

6.3 Ambiguitiesandconstraintsn imageformation

Thegeometrianodelof imageformation(6.1)is composeaf threematrix prod-

ucts,involving theunknowvn extrinsic parameters, the projectionmatrix  , and

theunknownnintrinsicparametematrix . Eachmultiplicationof unknovnscon-

cealsa potentialambiguity sincethe productcanbeinterleavredby multiplication

by aninvertiblematrix andits inverse For instanceif is anequalitybe-

tweenmatricesof suitabledimensionsthen

for ary invertiblematrix , andtherefore pnecannotdistinguishthe pair

from from measurementsf . However, if the factorsare constrained
to have a particular structure,then one may be able to recover the “true” un-

knowns and . Forinstancejf werequirethat beuppertriangularand be

2Here we againassumewithout loss of generalitythat the rst cameraframeis chosenas the
referencej.e. .

SThepresencef is necessarpecauséhe true scaleof thevector  in is
unknavn. Whenwe computea normalizedeft zeroeigewectorof , we oftenchoose
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arotationmatrix,then and canberecovereduniquelyfrom  (viatheQR
decompositionseeAppendixA).
In the speci ¢ caseof image formation, the productinvolves four matrices

(6.17)
If we write eachpotentialambiguityexplicitly, we have

(6.18)
for some , and . Here is a general

linear transformatiorof the homogeneousoordinates ; sucha matrix, which
is introducedn AppendixA, is calleda projectivematrix, or homaraphy.*

In this sectionwe will shav that ambiguitiesin and carry no conse-
guencejn thesensdhatthey canbe x edby theuserwith anarbitrarychoiceof
Euclideancoordinateframes.On the otherhand,the ambiguityin the projection
matrix , causeddy thematrix , leadsto a “distortion” of the spacewhere
lives,and henceof the reconstructionThe processof “rectifying” the spaceis
equivalentto identifying the metric of the space(Section6.1), which in turn is
equivalentto calibratingthe camera.

6.3.1 Structue of theintrinsic parametematrix

In Chapte3wehavederivedthecalibrationmatrix  from averysimplegeomet-
ric modelof imageformation,andwe have concludedhat is uppertriangular
andgiven by equation(6.2). However, in principle,  could be an arbitraryin-
vertible matrix (thattransformsthe Euclideanspaceto the “distorted” space)ln
this sectionwe show thatthereis nolossof generalityin assuminghat  is upper
triangular andthereforewe give a geometrigjusti cation for this choice,which
alsohighlightsthe structureof the ambiguity
So,letusassuméhat isagenerainvertible matrix. Sinceit is subjecto
anarbitraryscalarfactor we cannormalizeit by imposingthatits determinanbe
. Invertible matriceswith determinant  constitutethe speciallinear group,

. Thereforewewill assuméhat . If weconsiderequation(6.1),
(6.19)

it is clearthatfor to be a rotationmatrix, we musthave
and . Thereforewe concludethatfrom measurementsf  wecannot
distinguish ~ from and from (see
“Noticethat  hereis a nonsingulamatrix. It is in fact an elementin the generallinear
group , alsocalleda 3-D homographyhencetheletter” " is usedto represenit. In Chapter

5, for the caseof planarscenesye have encountered 2-D homographymatrix  thatis a
matrix. This shouldgenerateno confusion,sincethe dimensionof ~ will alwaysbe clearfrom the
context.
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Figure 6.8. The effect of is bestviewed by xing the cameraand assuminghatthe

world is moving (relative to the camera) For the choiceof , theworld, includ-

ing the moving object,is simply rotatedby ~ aroundthe cameracenter , aconjugation
of arigid-bodymotion in termsof the 3-D coordinatesilt is thusessentially
impossibleto distinguishthe two setsof imagesobtainedby a camerawith calibration
matrix ~andonewith

Figure6.8). We now shaow thatinvertible matriceswith determinant , de ned
up to anarbitraryrotation,arean equivalenceclass,andthatwe canchooseasa
representatie elementfor eachequivalenceclassanuppertriangularmatrix.

In fact,let usconsidermnarbitrarymatrix . Thematrix hasaQR
decomposition , where is uppertriangularand is arotationmatrix
(seeAppendixA). Thereforethe setof nonsingulamatrices de nedupto an
arbitraryrotation is equivalentto the setof uppertriangularmatriceswith unit
determinant.

To summarizehis discussionwithout knowing the cameramotion andscene
structure the cameracalibrationmatrix canbe recoveredonly up
to an equivalenceclas$ . Notice that if , then

. Thatis, and inducethesameinnerproductonthe
uncalibratedspacewhich shouldbe comfortingin light of the claim we madein
Section6.1 that recovering the calibrationmatrix  is equivalentto recovering

the metric , andthereforewe would not want a differentchoice
for to alterthemetric.
To completethe picture, we note that the equation givesa

nite-to-one correspondencletweeruppertriangularmatricesandthe setof all
symmetricmatriceswith determinant  accordingto the Cholesky factor-
izationof the matrix  (AppendixA). Usually only oneof the uppertriangular
matricescorrespondingo agiven hasthephysicalinterpretatiorastheintrinsic
parametersf acamerge.g.,all its diagonalentriesneedto be positive). Thus,if

5If morethantwo views are consideredthe derivation is moreinvolved, but the structureof the
ambiguityremainshesame.
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thecalibrationmatrix ~ doeshave theform givenby (6.2), the calibrationprob-
lem is equivalentto the problemof recovering the matrix , the metric of the
uncalibratedspace.

Thepracticalconsequencef all of this discussioris thatif we restrict to be
uppertriangularwith the structuregivenin equation(6.2), thereis essentiallyno
extraambiguityintroducedby choosinga differentlocal coordinateramefor the
cameraThis doesnot, however, meanthat canalwaysberecovered!Whether
thisis possibledepend®n mary conditions(e.g.,how muchdata is available,
how it hasbeengenerated)aswe will explainin Section6.4.

6.3.2 Structue of theextrinsic parametes

Thecoordinates areexpressedelative to somereferencdrame,whichwe call
the“world” referencdrame; transformghemtothecameraoordinatevia
However, changingthe world referencdrame,andmodifying the transformation
to thecamerdrameaccordingly hasno effect on theimagepoints:

(6.20)
for ary . Sincetheworld referencdrameis arbitrary we canchoose
it atwill. A commonchoiceis to havetheworld referencecoincidewith oneof the
camerassothat , theidentity transformationln any casetherecovered

will differ from the original coordinates by a Euclideantransformation
, asillustratedin Figure6.9.

Figure6.9. Theeffectof s asif theworld, includingthe objectandthe camerawere
transformedi.e. rotatedandtranslatedy a Euclidearntransformationlt is impossibleto
distinguishthetwo setsof imagesobtainedunderthesetwo scenarios.

6.3.3 Structue of the projectionmatrix

If we collecttheintrinsic andextrinsic parameterinto the projectionmatrix
, we canrewrite theimageformationprocessas

(6.21)
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for any nonsingular matrix . Thereforepnecannotdistinguishthecamera

imagingtherealworld  fromthecamera imaginga “distorted” world

This statementhowever, is not entirelyaccuratebecausehe matrix , in this
specialcontext, cannotbe arbitrary We know at leastthatfor it to correspondo
avalid imagingprocess, = musthave the samestructureas , namely its left

block hasto bethe productof anuppertriangularmatrix andarotation.As

we will seein Section6.4, this structurewill provide usefulconstraintgo infer
theintrinsic parameters . If we furtherassumehatthe rst camerdrameis the
referencetheambiguityassociateavith  will beresohed,andthe choicewill
yield additionalconstraintson the form of

6.4 Strati ed reconstruction

Reconstructinghe full cameracalibrationand the Euclideanrepresentatiorof
the 3-D scenefrom uncalibratedviews is a complex processwhosesuccesse-
lies on the solution of dif cult nonlinearequationsaswell ason otherfactors
overwhichthe useroftenhaslittle control. As describedn the previoussection,
the ambiguitiesassociatedvith  and  areratherharmlessandcanbe x ed
easily In the following we will focusour attentionon the ambiguity character
izedby thetransformation anddiscussa stratgy on how to resoleit. It turns
out that evenin the presenceof the ambiguity it is relatively simpleto ob-
tain “some” 3-D reconstructionnot the true (Euclidean)reconstructionbut one
thatdiffersfrom it by a geometrictransformationThe richer the classof trans-
formationstheeasietthereconstructionthe largertheambiguity This motivates
dividing theapproachnto stepswherethereconstructions rst computedupto
agenerakransformationandthensuccessiely re ned until onepossiblyobtains
a EuclideanreconstructionThis procedures appealingoecauseén someappli-
cationsa full- edged Euclideanreconstructioris not necessaryfor instancein
visualsenoing or in image-basedenderingandthereforeonecanforgothelater
andmorecomplex stagef reconstructionlf, however, Euclidearreconstruction
is the nal goal,oneshouldbe awarethat computingit in onefell swoop gives
betterresults We will outlinesuchatechniquan Section6.4.5.

We start by describingthe hierarchyof transformationsrom projectie, to
af ne to Euclideanandthenillustratehow to computethereconstructiorateach
level of the hierarchy(seeAppendix A for detailsaboutEuclidean,af ne, and
projective transformations)This processs illustratedin Figure6.10.

6.4.1 Geometricstrati cation
Let usgo backto equation(6.1), written for two views:
(6.22)

To explicitly distinguishthe Euclidearstructure  from structurego bede ned
for otherstagesn the strati cation hierarchywe usethe subscript’ ” to indicate
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Figure6.10.lllustrationof thestrati ed approachprojectve structure , af ne structure
,andEuclideanstructure  obtainedn differentstagef reconstruction.

“Euclidean”; denoteghe (Euclidean)poseof the th camerarame

relative to the world referenceframe. For generality we allow the calibration

matrix  to bedifferentin eachview, sowehave and . Thecorresponding
projectionmatrix thenis

From Section6.3.2we know that the choiceof the world referenceframeis
arbitrary Thereforewe choosdt in awaythatallows  to acquireaparticularly
simple form in one of the views. For instance we can requirethat be the
identity , sothatequation(6.22)for the rst camerébecomes

(6.23)

This correspondgo choosingthe world frame to coincide with the Euclidean
referencdramewhoseorigin is the sameasthe rst cameracenter In particular

Evenafterwe do so,however, therearestill ambiguitiesin the previousequa-
tion. In fact,aswe have seenin Section6.3.3,0necanalwayschooseanarbitrary

invertiblematrix suchthat
(6.24)
andsimilarly for thesecondcamerawhere
and (6.25)

Since indicatesanarbitrarylineartransformatiorof the homogeneousoordi-
natesgcalleda projective transformationye usethe subscript’ ” to indicatethat
thereconstructions up to a “projective” transformation.

Again,amongall possible , we chooseonethatmakesthe projectionmodel
simple.For instancewe canrequirethat beequalto , which cor
respondso settingtheprojectivereferencdrameto the rst view. Notethatunless

, In generalwe cannot nd a Euclideantransformation  to make
equalto the standarccameraHowever, we canalways nd a generalinvertible
matrix thatachievesthis goal.
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If we decompose into blocks , Where
, and , then
yields and . Thereforewe have eliminatedsomeof thedegrees

of freedomin , andwe areleft with anarbitrarytransformatiorof the general
form

(6.26)
For readersfamiliar with the terminology of projectve geometry  corre-
spondsto a choiceof projective basisin the rst view. The matrix canbe
decomposeithto the productof two invertiblematrices,

(6.27)
wherethe rst matrix ontheright-handsideis in factanaf ne transformatiorof
the coordinateqsinceits lastrow is ), while the secondmatrix still
represents projective transformation.

With thesewo choicesof referencdrames theimageformationmodelfor two
views becomes

where

(6.28)

Here, representshe “true” 3-D structure,  differsfrom it by a Euclidean

transformatior(arigid motion) , differsfrom it by amoregen-
eralaf ne transformation ,and nally, differsfrom it by ageneralinear
(projective) transformation . Correspondinglyfor we de ne

projectionmatricesassociatedvith
a Euclidean(calibrated)camera: ,
anafne (weaklycalibrated)amera: ,
aprojective (uncalibratedramera:

Thisis summarizedn Table6.1, wherefor simplicity, we have assumedhatthe
cameraparameterare not changing;i.e. and .
Noticethatin thetable,theprojectvecamera  is of thesameform asobtained
from the decompositiorof a fundamentamatrix in equation(6.16). Also, it is
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| | Camergorojection 3-D structure

Euclid.

Af ne

Project.
Table6.1.Relationshipbetweerthreetypesof reconstructiorfassuming ).
For bothaf ne andprojective casesthe projectionmatrix with respecto the rst view is
thesame , dueto choiceof the (projective) coordinatedrame.
usefulto noticethatboth  and areof thesameform: their rst threerows
are

In the next three subsectionsve will shov how to obtain a projective re-
constructionandhow to updatethat rst to afne, and nally to a full- edged
EuclideanreconstructionSincethis chaptercoversonly the two-view case,we
do not give an exhaustve accountof all the possibletechniquedor reconstruc-
tion. Insteadwe reportafew exampleshere andreferthereadeto Partlll, where
we treatthe moregeneraimultiple-view case.

6.4.2 Projectivereconstruction

In this sectionwe addresghe problemof reconstructinghe projectie structure
andtheprojectvecameras  givenanumberof point correspondencese-

tweentwo views . Therationaleis simple:from pointcorrespondences
weretrievethefundamentamatrix , from thefundamentaimatrix weretrieve
theprojectvecamera  (since already)and nally , wetriangulate

to obtainthe projective structure

From the propertiesstudiedin Section6.2.2,the decompositiorof a funda-
mental matrix into the calibration and cameraposeis not unique. Indeed, it
correspondso a particularchoiceof the free parameters and  (6.16).Fortu-
nately thesearethe only possibleambiguities Thefollowing theoremguarantees
thatall projectionmatrices  thatgiveriseto thesamdgundamentaimatrixmust
berelatedby atransformatiorof theform

Theorem 6.3 (Projective reconstruction). and are two
pairs of projectionmatricesthatyield the samefundamentamatrix  if andonly
if there existsa nonsingulartransformatiomrmatrix ~ sudthat ,

or equivalently

Proof. Recallthat is x edby the choiceof the projective reference
frame.Set with , andsimilarly, set
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Sincethey both give rise to the samefundamentamatrix (whichis de ned upto
ascalarfactor),we have

(6.29)

Since and spanthe left null spaceof the left-handside and the right-hand
siderespectiely, they arelinearly dependent: . Consequentlywe have
for some . Hencewe have

(6.30)
and for an of theform de ned above. O

The next stepwill be to choosea particular set of camerasfor a given
fundamentamatrix. Finally, we will beableto recoserthe projectve structure.

Canonicaldecompositiomf the fundamentamatrix

The previous discussiorshows that thereis a four-parametefamily of transfor
mations  parameterizedy and thatgivesriseto exactly
the samerelationshipamongpairs of views. While ary choiceof will result
in the samefundamentaimatrix, differentchoicesof will resultin different
reconstruction®f the 3-D coordinates , which presentsa problem.In other
words,while the map from two projectionmatricesto a fundamentaimatrix is
determinedy

(6.31)

theinversemapfrom a fundamentamatrix to two projectionmatricesis one-to-
mary, becausef the freedomin the choiceof , aswe have seenin the proof
of Theorem6.3.

Oneway to resohe this problemis to x a particularchoiceof , sothat
each mapsto only oneparticularpair . For this choiceto be called
canonical mustdependonly on  andnoton .Aswe
have seenin Exercise5.3, if , we have the identity .
Therefore the following choiceof projectionmatrices resultsin the
fundamentamatrix

(6.32)
for and . Note thatthe projectionmatricesde ned abore

dependonly on , sincethevector , the epipolein the secondview, canbe
directly computedas the left null spaceof . Hence,this decompositioncan
be obtaineddirectly from the fundamentamatrix. This is called the canonical
decompositiorf afundamentamatrix into two camergprojectionmatrices.
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Example 6.4 (A numerical example).Supposéghat

Then the fundamentalmatrix is , and the (normalized)epipole is

Thecanonicadecompositiorof  gives ,and

By direct computationwe cancheckthatthis pair of projectionmatricesgivesthe same
fundamentamatrix

However, we know thatanotherpair of projectionmatrices and

alsogivesthesamegundamentaimatrix . Thereforewe shouldhave
for some . Onemayeasilyverify thatindeed,

sincethe right-handsidemultiplied by is exactly the left-handside.From
this example,we noticethatnumerically the entriesof areratherunbalanceddiffer-
ing by ordersof magnitudeTherefore numericalaccurag mayhave asigni cant effectin
computingthe uncalibratecepipolargeometryandthe subsequenteconstructionln prac-
tice, this could severely degradethe quality of reconstructionWe will shav in Appendix
6.A how to resole the numericalissueby properlynormalizingtheimagecoordinates.m

Sincethe rst threecolumns of in the canonicaldecomposi-
tion form a singularmatrix, this choicewill alwaysdiffer from in the
afne , which we know to be nonsingularin practice,if partial knowledge
of or the calibration is available, one shouldnot choosethe
canonicadecompositionsinceabetterdecompositioomaybecomeavailable(see
Exercise6.10).
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Projectivereconstructiorwith respecto the canonicaldecomposition

The canonicabprojectionmatrices now relatethe givenpair of uncal-
ibratedimages and  to the unknown structure , which is relatedto the
true Euclidearstructureby a projective transformation:

(6.33)

This equationis linearin all the unknavns. Therefore,it enablesus to recover
in a straightforvard manner Eliminating the unknovn scales and by

multiplying bothsidesof equatiorby and  in (6.33)we obtain

which givesthreescalarequationgperimage,only two of which are
linearly independentThus,two correspondingmagepoints of the form

and yield four linearly independentonstrainton

where and arethe projectionmatrices
written in termsof their threerow vectors.The projectie structurecanthenbe
recoveredastheleast-squaresolutionof a systemof linearequations

This canbedone for instanceusingthe SVD (AppendixA). As in thecalibrated
casethislinearreconstructioris suboptimalin the presencef noise.

Figure 6.11. The true Euclideanstructure of the sceneand the projective structure
obtainedby thealgorithmdescribedabove.

In orderto “upgrade”the projective structure  to the Euclideanstructure
, we have to recover the unknown transformation ,
suchthat

(6.34)
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This canbedonein two steps:rst recovertheafne structure by identifying
the matrix , andthenrecoverthe Euclideanstructure by identifying the

matrix (orequialently ).%

6.4.3 Afne reconstruction

As we outlinedin the previous section,in caseof generalmotionandin the ab-
senceof ary knowledgeon the sceneor the camerall we cancomputeis the
fundamentamatrix andthe correspondingrojective structure . In orderto
upgradethe projective structureto af ne, we needto nd thetransformation

(6.35)
suchthat and . Notethat hasthespe-
cial propertyof mappingall points  thatsatisfythe equation
to pointswith homogeneousoordinates , with thelastcoor

dinateequalto . Suchpointsin theaf ne spacecorrespondo pointsin nitely far
away from the centerof thechoserworld coordinateframe(for theaf ne space).
The locus of suchpoints is calledthe plane at in nity in the projective
spacedenotedoy (seeAppendix3.B). It is characterizedby the vector

as if andonly if . Note thatsuch is de ned only up
to an arbitrary scalarfactor’ Hence,what really mattersis the ratio between
and . A standardhoicefor is simply when 81n ary case,
nding thisplaneis equivalentto nding thevector and ,andhencesquivalent
to nding theprojectve-to-afne upgradematrix (or ).Belowwegiveas
examplesa few casesn which theupgradecantake place.

Example 6.5 (Exploiting vanishing points). While pointson theplaneatin nity donot
correspondo ary physicalpointin theEuclidearspace , dueto theeffectsof perspectie
projection,the image of the intersectionof parallel lines may give rise to valid points
on the imageplane,calledvanishingpoints (seeFigure 6.12). In this example,we shav
how theinformationaboutthe planeatin nity canberecoseredfrom suchpoints.Given

the projective coordinatef at leastthreevanishingpoints obtainedin the
projective reconstructiorstep,we know that a correct will mapthesepoints back
into pointsatin nity (in theafne space)Sincethelastrow vector of

correspondso a planein the projective spacewhereall pointsatin nity lie, thevanishing

8Thereadeishouldbeawarethatthis separatioris only for corvenienceif thematrix
or canbe estimateddirectly aswe will seein somemethodsgiven later thesetwo stepscanbe
bypassed.

“Any othervector differing from by a nonzeroscalarfactorwould de ne exactly the same
planeas

8In our applications, is never zero,sincethe world origin is the rst cameracenter which is
alwaysa physicalpointat nite distance.



6.4. Strati ed reconstruction 193

Figure6.12.An exampleof parallellinesandthe associatedanishingpoints.

pointsmustsatisfy

Thenthreevanishingpointsin generakresufcient to determinehevector
(upto scale) Oncethis vectorhasbeendeterminedthe projective upgrade isde ned,
andtheprojectve structure  canbeupgradedo theafne structure

(6.36)

Thereforetheprojective upgradecanbe computedvhenimagesof atleastthreevanishing
pointsareavailable. ™

Example 6.6 (Directaf ne reconstructionfrom pure translation). For simplicity, let
usassume in this example.Thentwo views relatedby a puretranslation
canbedescribedas

or in pixel coordinates
(6.37)

where and . We noticethatthe vector  canbe computeddirectly
from the epipolarconstraint

Once is computedthe unknavn scalescanbe computeddirectly from equation(6.37)
as

Onecaneasilyverify thatthestructure obtainedn thismanneiis indeedrelated
tothe Euclideanstructure by anunknavn af ne transformatiorof theform

(6.38)

Thereforejn the caseof puretranslation the stepof recovering a projective structurecan
be easilybypassedandwe maydirectly obtainanaf ne reconstructiorfrom two views. m
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Example 6.7 (The equal modulus constraint). Supposehat no informationaboutthe
scenestructureor thecameramotionis available.Neverthelesstherearesomeconstraints
that the unknavn parametersnust satisfy which provide additional equationsthat can
be usedin upgradinga projective solutionto an afne one.Had we found the correct

, afterapplyingit to the projective structure , we would get or,
equialently, , which arerelatedto theimages by
Withoutlossof generalitywe assume (otherwisesimplydivide by ). Thenthe
rst threecolumnsof the secondprojectionmatrix become . If we
know that is constantthe matrix mustberelatedto the
matrix by
Hencethe matrix musthave eigervaluesof theform

Sincethe eigevalueshave equal modulus,it is easyto verify that coefcients of the
characteristipolynomialof ,

(6.39)
mustsatisfy

(6.40)
Notethat areall linearfunctionsof theentriesof theunknavn vector . Showv-

ing thisis left asanexerciseto thereader(seeExercise6.13). This equationis calledthe
modulusconstaint. Note thatthis constraintdependnly on theimagesandhenceit is
intrinsic. But this constraingivesonly one(fourth orderpolynomial)equationin thethree
unknavns in . Soin generalfrom only two imagest is impossibleto uniquely
determine andobtainanafne reconstructionynlessmoreimagesareavailableor some
extrainformationaboutthe cameracalibrationis known. For instancepnecanassumehat
theopticalcenteris known andthattheskew factoris zero.In Section6.4.5andChaptei8,
we will introduceadditionalintrinsic constraintfor multiple views andshawv thatin that
caseafull reconstructiorof the Euclideanstructurebecomegpossible. ™

6.4.4 Euclideanreconstruction

For simplicity, in this subsectionwe assumehat is constantThe
upgraddromtheafne structure  to Euclidean requiresknowledgeof the
metric (or equivalently, ) of theuncalibratedspace.

Supposeave have two views of anaf ne structureobtainedby oneof themethods
in the previoussection,
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Hencethe rst submatrixof the projection matrix must be
9 Sinceour ultimategoal is to recover , thengiven we
canaskhow muchinformationit revealsabout . It is easyto verify thatthe

relationshipbetweerthetwo is
(6.41)

This is a specialtype of equation calleda Lyapuna equation In orderfor
to be a solutionof the above matrix equation,it hasto bein the symmetricreal
kernell® denotecby SRler, of the Lyapuna map

(6.42)

Lemma 6.8 (Kernel of a Lyapunov map). Given a rotation matrix  not
of the form for some and some of unit length, the
symmetricreal kernel associatedwith the Lyapunoy map , SRler , is two-
dimensionalOtherwise the symmetriaeal kernelis four-dimensionalf is odd
andsix-dimensionalf is even.

The proof of this lemmafollows directly from the propertiesof Lyapunw
mapsand can be found in AppendixA. Interestedreaderscan prove it as part
of Exercises6.1and6.2. As for how mary matricesof the form
with canuniquelydeterminethe metric , we have the following
theoremasaresultof Lemma6.8:

Theorem 6.9 (Calibration from two rotational motions). Giventwo matrices

, Whee with and

'snot equalto , thenSRler SRler is one-dimensionaif
andonlyif and arelinearly independent.

Proof. Necessityis straightforvard:if two rotationmatrices and havethe
sameaxis, they have the sameeigervectorshenceSRler SRker ,
where . We now only needto prove suf-
ciency. We may assumeghat and  arethe two rotation axes of and
, respectiely, and are linearly independen(i.e. distinct). Sincethe rotation
anglesof both and arenot , bothSRker and SRlker aretwo-
dimensionahccordingto Lemma6.8.Since and  arelinearly independent,

the matrices and are linearly independentand are in
SRler andSRlker , respectiely. ThusSRler is not fully contained
in SRler becausét alreadycontainsboth and and
couldnot possiblycontainanotherindependent . Hence theintersec-
tion SRker SRker is of dimensionat most1. Then is the
only solutionin theintersection. O

9The rst threecolumnsof might differ by a scalarfactor from , but this is no
problem,sincewe know thatthe determinanof hastobe .

10Thatis, is a real and symmetricmatrix that solves equation(6.41). The de nition of the

kernelof alinearmapcanbefoundin AppendixA.
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Accordingto this theoremwe needtwo matricesof the form

with independentotations in orderto determineuniquelythe matrix
, andhencethe cameracalibrationmatrix . Thus,if only a pair of af ne

projectionmatricesis given, we can recover the calibrationonly up to a one-
parametefamily, correspondingdo the two-dimensionakernelof oneLyapunw
map. If two pairs of af ne projectionmatricesare given andif the associated
rotationsare arounddifferentaxes,we canin generalfully calibratethe camera
andhenceupgradeheaf ne structureto a Euclideanone.

The previous lemmarevealsthat information aboutthe cameracalibration
is encodedonly in the rotationalpart of the motion and capturedin the matrix

. This obsenation canbe exploited for the purposeof calibration

usingpurelyrotationalmotions.

Example 6.10 (Dir ect calibration from pure rotation). In casetwo imagesarerelated
by a purerotation,the correspondingmagepairs satisfy

(6.43)
for somescalars . Thenthetwo imagesarerelatedby ahomography
(6.44)

Fromthelastlinearequationjn generalfour pairsof correspondingmagepointsuniquely
determinghematrix . By rotatingthecameraaboutadifferentaxis,
we obtainanothematrix of the sameform, andtogetherthe cameracalibration canbe
uniquelydeterminedThis methodwasproposedy [Hartley, 199414, andfurtheranalysis
of thistechniquecanbefoundin [de Agapitoetal., 1999. ™

6.4.5 Directstrati cation frommultiple views (preview)

In generalevenif a numberof views of the samesceneare given, but the cali-
brationof the camerachangesn eachview, it is impossibleto recoverthe correct
(Euclidean)structureof the scene cameramotion, and cameracalibrationalto-
getherIn theabsencef additionalinformation,a projective reconstructioris all
we cando.

Whenthe cameradoesnot changebetweenviews or only someof the param-
eterschange(asit is oftenthe case),given sufciently mary views taken from
sufciently differentvantagepoints,the Euclideanstructureandthe cameramo-
tion canberecoveredtogethewith the cameracalibration.Moreover, thereexist
methodsthat allow usto directly solve for the matrix without go-
ing throughall the strati cation stepsHerewe give only a brief preview of such
methodssincewe will addresshemagainin Chapter8.

To this end, considerthe structureof the projection matrix highlightedin
Section6.4.1:

(6.45)

for some . Thetechniquegor obtainingthe projective reconstruction
consistentvith all theviews andthe associategrojectionmatrices
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will beexplainedin full detailin Chapter8 (Section8.5), whencertainrank
conditionsassociateavith multiple imagesareintroduced Here,we assumehat
and are alreadyavailable.By choosingthe rst frameasthe reference
and in orderfor the transformation (de ned up

to a scalarfactor)to presere this choiceof referencdrame,it hasto assumehe
generalform of (6.26) introducedin the earliersection.Therefore,if we de ne

to be the blocks of , andtake into account
thefactthatequation(6.45)hasto besatis edfor all , we have .
Isolatingtheleft block of thisequationwe obtainthehomogeneousquality

(upto ascalarfactor)

(6.46)
wherewe have usedthefactthat . Multiplying eachside of
theequationabove by its transposeandrecallingthat , we get

(6.47)

Notethatin case is known, the above equationprovidesa similar type of con-
straintas equation(6.41). In orderto relatemore explicitly the unknowvns

and , we canrewrite (6.47)in termsof homogeneousoordinateandobtainthe
following relationshipin termsof the projectionmatrices

(6.48)

where

(6.49)

is a symmetricpositive semi-de nite matrix of rank 3. Equation(6.48)is
calledthe absolutequadric constaint.*! If the calibrationmatrix is the samein
all views, , after eliminatingthe unknonvn scaleandtaking
into accountthe symmetryof the matrices the above equationin generalgives

ve third-orderpolynomialequationsn the unknowns and . Iterative non-
linear minimizationtechniquesare typically employedin orderto solwe for the
eightunknowns (six for the symmetricmatrix up to a scalarfactorand
threefor thevector ).

Although equationg(6.47) and (6.48) are exactly the same,the secondform
is particularly usefulwhen somepartial knowledgeof the intrinsic camerapa-
rameters is available;for instance the cameraskew factor is zeroor the
coordinatesof the principal point are known. The mostcommonlyen-
counteredassumptionsabout the intrinsic cameraparametersand the type of

11The namefor theseconstraintscomesfrom projectize-geometridinterpretationof the matrices
and asquadraticconicsin theprojectve spaces and |, respectiely.
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constraintghey yield on

(6.50)

aresummarizedn Table6.2. Theutility of someof theseconstraintsn scenarios

Partial cameraknowledge Constrainton typeof constraints*;
zeroskew quadratic
principal pointknovn linear
zeroskew andprincipal pointknovn linear

known aspectatio —, ,

o ) linear
zeroskew, principal point known

Table 6.2. Commonlyencountereégssumptiongboutthe intrinsic cameraparameters
andthe constraintghey yield on , in additionto the absolutequadricconstraints.

commonlyencountereth practicewill be coveredin moredetailin Chapterl 1.
Alternatively, if all ‘s areidentical,givena sufcient numberof views,
and canbesolvedsimultaneouslyaslongasthemotionof thecamerds “rich
enough’'? Sincethe numberof views neededfor this methodis often greater
thantwo, we will revisit this formulationin Chapter8 for the generalcaself all
camerasare different,one can never garnerenoughdatato solve for all 's

from equation(6.48).

6.5 Calibrationwith scene&knowledge

In this section,we discussadditionaltechniquesfor cameracalibrationby ex-
ploiting sceneknowledge. We rst discuss,in Section6.5.1, how to exploit
orthogonalityand parallelismconstraintshetweenvectors.In Section6.5.2,we
discusshow to usecomplete(Euclidean)knowledgeof an objectin the scenef
available.More completeexpositionof the constraintgrovided by partial scene
knowledgefollows more naturally from a multiple-view formulation® and will
be coveredin Chapterl0.

12For mary restricted cameramotion sequencesthe cameraparameterstypically cannot be
uniquelydeterminedy ary autocalibratiorschemesseeExercise6.16andSection8.5.
13Evenfor asingleimage.



6.5. Calibrationwith sceneknovledge 199

6.5.1 Partial scen&knowledg

In man-madeervironments,information suchas orthogonality and parallelism
amongline featureqe.g.,edgef buildings, streets)anbe safelyassumedFor
instanceFigure6.13shonsthreesetsof linesthatareimageof linesin spacahat
arelikely pairwiseparallel,with eachsetorthogonato the othertwo.

Figure6.13.Threesetsof parallellines: solid, dashedanddotted.Thesesetsaremutually
orthogonalo eachother Imagesize: pixels.

We say “lik ely” becausehereis no way to verify, basedon imagesalone,
whethersuchinformationis true or not. The readershouldbe aware that from
imageswe canonly assumehatlines are parallelor perpendiculgrandprovide
algorithmsthat exploit suchassumptionslf the assumptiongurn out to be vio-
lated(asfor instanceFigure6.1),theresultingcalibrationwill bewrong,andwe
have no way of verifying that.We now demonstratéow suchassumptionsyhen
satis ed, canbe usedto calibratethe cameraA setof parallellinesintersectat
the samepointin nitely far. The projectionof this point ontotheimageplaneis
calleda vanishingpoint. If thetwo vectors representhe (co)images
of thetwo parallellines}* thenthe correspondinganishingpointis givenby

(6.51)

where indicateshomogeneousqualityupto ascalarfactor Sincefor animage
suchasthatin Figure6.14thethreesetsof linesaremutuallyorthogonalwe may
assumehat,by aproperchoiceof theworld coordinatdrame,their3-D directions
coincidewith thethreeprincipaldirections: , ,

. In theimage,the vanishingpoints correspondindo the threesetsof
parallellinesarerespectiely

14We recall thatwe usethe corventionof usingsuperscriptgo enumeratalifferentfeaturesn the
sceneandsubscriptdo enumeratealifferentimagesof the samefeature.
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Figure6.14.An exampleof two vanishingpointsassociatedavith two out of thethreesets
of parallellinesin Figure6.13.

Note that the coordinatesof the vanishingpoints dependonly on rotation and
internalparametersf the cameraput not on translation. The orthogonalityrela-
tionsamong readily provide constraintonthe calibrationmatrix . In
particular we have

where again is the symmetric matrix associatedwith the
uncalibrateccamera

When three vanishing points are detected,they provide three independent
constrainton the matrix

In general,the symmetricmatrix has ve degreesof freedom.Without ad-
ditional constraintswe canrecover  only up to a two-parameterfamily of
solutionsfrom thethreelinearequationgbove. With theassumptiorof zeroskew
( ) andknown aspectatio ( ), onemayobtaina uniquesolution
for  from asingleimageasabove. As an example,the cameracalibrationfor
theimagein Figure6.13is

(6.52)

A moredetailedstudyof thedegeneracies exploiting thesetypesof constraints
canbefoundin [Liebowitz andZisserman1999.
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6.5.2 Calibrationwith arig

Calibrationwith arig is the methodof choicefor cameracalibrationwhenone
hasaccesgo the cameraandcanplaceaknown objectin thescene.

Undertheseconditions,onecanuseanobjectwith a distinctnumberof points,
whosecoordinategelative to somereferenceframe are known with high accu-
ragy, asa calibration rig. Notice thata calibrationrig could be an actualobject
manuficturedprimarily for the purposeof cameracalibration(Figure 6.15), or
simply anobjectin the scenewith known geometryfor instancea golf ball with
dotspaintedonit, or therim of acarwheelwhosealignmentheedgo becomputed
from a collectionof cameras.

Figure6.15. An exampleof a calibrationrig for laboratoryuse:a checlerboard-tetured
cube.

Let be the coordinatesf a point on therig. Its image
hasthe pixel coordinates that satisfy equation(6.1). If we let
be the threerow vectorsof the projectionmatrix
, thenequation(6.1) canbewritten for eachpoint  ontherig as

(6.53)

From the third row we get . Hencefor eachpoint we obtain the
following two equations

Unlike previousformulations here and areknown,andsoare
We canthereforestackall theunknawvn entriesof  into avectorandrewrite the
equationsabove asa systemof linearequations
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where isastacledprojectionmatrix

androwsof  arefunctionsof and . A linear(suboptimal)
estimateof ~ canthenbeobtainedby minimizing theleast-squaresriterion
subjectto (6.54)

without takinginto accounthe structureof the unknovn vector . This canbe
accomplishedas usual,usingthe SVD. If we denotethe (nonlinear)projection
mapfrom to by

where , thentheestimatecanbefurtherre ned by anonlinear
minimizationof the objective function

After obtaininganestimateof the projectionmatrix

we canfactorthe rst submatrixinto the calibrationmatrix (in
its uppertriangularform) and rotation matrix usinga routine QR
decomposition

which yields an estimateof the intrinsic parametersn the calibration matrix
andthat of the rotationalcomponenbf the extrinsic parametersEstimating
translationcompleteghe calibrationprocedure:

This procedurerequiresthat the pointsin spacehave known coordinates ,
andthatthey bein geneal position i.e. thatthey do notlie on a setof measure
zero, for instancea plane.However, the simplestand mostcommoncalibration
rigs available areindeedplanarcheclerboardpatterns!Therefore we studythe
caseof aplanarcalibrationrig in detailbelow.

6.5.3 Calibrationwith a planar pattern

Althoughthe approachust describedequiresonly oneimageof a known object,
it doesnot return a unique and well-conditionedestimateof the calibrationif
the objectis planar Sincenonplanaircalibrationrigs arenot easyto manufcture,
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a more commonly adoptedapproachconsistsin capturingseveral imagesof a
known planarobject,suchasa checlerboardik e the oneshovn in Figure6.16.

Figure6.16.Two imagesof the checlerboardfor cameracalibration. Theresolutionof the
imagess

Sincewe arefree to choosethe world referenceframe, we chooseit aligned
with the boardso that points on it have coordinatesof the specialform
. Noticethatthe centerof theworld frameneedso be on the board,
andthe -axisof theworld frameis the normalvector Then,with respecto the
cameracoordinateframe,theimage  of a point  on the boardis given by
equation(6.1),whichfor the givenchoiceof coordinateframessimpli es to

(6.55)

where arethe rst andsecondcolumnsof the rotation matrix
Noticethatthe matrix

(6.56)

is a linear transformatiorof the homogeneousoordinates to the ho-
mogeneougoordinates ; i.e. it is a homographybetweenthe
checlerboardplaneandtheimageplane.

Applying the commontrick of multiplying both sidesby the skew-symmetric

matrix  in orderto eliminate (recallthat ) yields

(6.57)
Notice thatin the abose equationwe know both  (measuredrom theimage)
and (given from knowledgeof the checlerboard).Hence canbe

solved (up to a scalarfactor)linearly from suchequationsf sufciently mary
pointson the checlerboardaregiven.We know from the previous chapterthatat
leastfour imagesof suchpointsareneededn orderto solve for thehomography
upto ascalarfactor
Oncewe know , we obsenethatits rst two columnsaresimply
. This is equvalent to . Since are or-
thonormalvectors,we obtaintwo equationsthat the calibrationmatrix  has
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to satisfy:

(6.58)
Theseequationsare quadraticin the entriesof . However, if we arewilling to
neglectthe structureof , we canjust recoverit linearly

from the equationsabove, asusual,usingthe SVD. Once is known, canbe
retrieved,in principle > usingthe Cholesly factorization(seeAppendixA).

From eachimage,we obtaintwo such(linear) equationsn .
Thecalibrationmatrix has veunknowns ; sodoes . We
thenneedat leastthreeimagesto determinethem, since eachimage produces
two equationsHowever, oftenthe skew term is smallcomparedo the other
parametersandthereforemay be assumedo be zero.In thatcase ponehasonly
four parameterésn  (or ) to determine: . Anotherway to see
thisis thatin the zero-slkew casethereis anextralinearconstrainthatthe matrix

needdo satisfy:

As an example,for the two imagesgivenin Figure 6.16, the calibrationresult
givenby the abore schemas

Themethodwe have outlinedaboveis merelyconceptualin the sensehatit will
not performsatishctorily in the presencef noisein themeasurementsf  and

. In practice,somere nementof the solutionbasedon nonlinearoptimization
techniquess necessaryandif neededsuchtechniquesanalsosimultaneously
estimateradialdistortion.

Several free software packagesare publicly available that perform camera
calibrationusing a planarrig. For instance,Intel's OpenCV software library
(http://sourceforge.net/projects/ openc vlibra ry/ ) provides
codethatis easyto use,accurateandwell documented.

6.6 Dinnerwith Kruppa

This lastsectionis dedicatedo exploring intrinsic constraintsamongcalibration
parameterghatdatebackto thework of Kruppain 1913.While thesewerehistor
ically the rst constraintgo beexploitedfor autocalibrationtheir usehashecome
lesswidespreadiueto the dif culty in solvingthe stronglynonlinearequations.
In this sectionwe will derive the equationsandoutlinetheir basicpropertiesWe

15We say“in principle” becauseén practice,noisemay preventthe matrix  recaveredfrom data
from beingpositive de nite.
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will explorefurtherpropertiesandexamplesin the appendixandin the exercises
attheendof thechapter

In Section6.2.1weintroducedhefundamentammatrix ,Which
is the uncalibratedcounterpartof the essentialmatrix from Chapter5. Since
we areinterestedn the recovery of the unknovn matrix , let us seewhether
thereareadditionalrelationshipsetween and thatcanbeexploitedfor that
purposewithoutany additionalknowledgeof thescene.

In Section6.1,we anticipatedhatall constraintonthe cameracalibrationare
relatedto the new innerproductin the distortedspace,

(6.59)

for columnvectorsand row vectors,respectiely. We have seenthat this is in-

deedthe casewith the calibration methodsusing the Lyapuna equation,the

absolutequadricconstraintthe vanishingpoint, andthe planarrig. Thereis an-

otherimportantequalitythatcanbederivedfrom thisfact:thefundamentaiatrix
and satisfythefollowing equation:

(6.60)

whichis obviously in the form of theinner productfor row vectors.We call this

equationthe normalizedmatrix Kruppa's equation In generalhowever, thefun-

damentalmatrix  is determinedonly up to a scalarfactor So, thereis a scale

factor to be taken into account,i.e. if we assume
. We thenhave the matrix Kruppa's equation

(6.61)

It seemsthat this matrix equationgives nine scalarconstraintsin termsof the
unknovns and . However, sinceboth sidesof the equationare symmetric
matricesand have someadditionalspecialstructure after is eliminatedfrom
the equationspnly two of themimposealgebraicallyindependentonstrainton

, which we prove in Proposition6.11in Appendix 6.B. Theseconstraints

are of ordertwo in the unknavn entriesof . A detailedstudy of additional
algebraicpropertiesof Kruppa's equationsaregivenin Appendix6.B atthe end
of this chapter

Kruppa's equationsare not the only intrinsic constraintghatwill allow usto
recover information aboutthe cameracalibrationand hencethe true Euclidean
metric from uncalibratedimages.It can be shovn that there exist ambiguous
solutionsfor  that satisfy Kruppa's equationsbut do not give rise to a valid
EuclidearreconstructiorfAppendix6.B.2). Thus,to obtaina completepictureof
cameracalibration,we must study carefully, during eachstageof the inversion
of the imageformation processwhat ambiguoussolutionscould be introduced
andhow to eliminatethem. As we have seenbefore,both the absolutequadric
constraintandthe modulusconstraintsene the samepurposeWe concludethis
chapteby comparinghemwith Kruppa's equationsn Table6.3.
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Kruppas equation:{;ModulusconstrainiAbsolutequadricconstraini

Known

Unknowns and
# of equationg 2 1 5
Orders nd order th order rd order

Table 6.3. Threetypesof intrinsic constraintsfrom a pair of images,assumingthat the
calibrationmatrix , hence , is constant.The numberof equationsare
countedundergenericconditions.

6.7 Summary

In this chapteme have studiedthe geometryof pairsof imageswhenthecalibra-
tion matrix of thecamerds unknonn. Theepipolargeometrithatwe have studied
for the calibratedcasein the previouschaptercanbe extendedo theuncalibrated
caseandTable6.4 givesa brief comparison.

‘ ‘ Calibratedcase ‘ Uncalibrateccase

Imagepoint
Cameramotion)
Epipolarconstraint

Fundamentainatrix
Epipoles
Epipolarlines

Decomposition
Reconstruction Euclidean: Projectve:

Table 6.4. Comparisorof calibratedand uncalibratedwo-view geometry(assuminghat
the calibrationmatrix is thesamefor bothimages).

The ultimatetaskconfrontingusin the uncalibrateccaseis to retrieve the un-
known cameracalibration,the three-dimensionastructure,and cameramotion.
Therearemary differenttypesof informationthat canbe exploited to this end.
Table6.5 summarizeandcompareshe methodsntroducedin this chapterand
furtherdiscussedh laterchaptersn a multiple-view setting.

6.8 Exercises

Exercise6.1 (Lyapunov maps).Let be the (distinct) eigevaluesof the matrix
.Findall the eigewaluesandeigemvectorsof thefollowing linearmaps:
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Euclidean Af ne Projective

Structure

Transformatior|

Projection

3-stepupgrade

Planeatin nity

Info. needed Calibration Fundamentamatrix
Lyapune eqn. Vanishingpoints

Methods Purerotation Puretranslation | Canonicaldecompositior
Kruppas eqn. Modulusconstrain

2-stepupgrade

Info. needed Calibration and Multiple-view matrix

Methods Absolutequadricconstraint Rankconditions

1-stepupgrade

Info. needed Calibration

Methods Orthogonality& parallelismsymmetry or calibrationrig

Table 6.5. Summaryof methodsfor reconstructionunder an uncalibratedcamera.( :
Topicsto bestudiedsystematicallyn Chaptersof Partlll.)

1.

2.
(Hint: constructthe eigervectorsof  and  from left eigervectors andright
eigervectors of )

Exercise6.2 (Lyapunov equations).Usingresultsfrom theabove exercise shawv thatthe
setof thatsatis estheequations

where (6.62)
and

where (6.63)
is atwo-dimensionasubspacéor general and

Exercise6.3 (Invariant conic under arotation). For theequation

prove Lemmas6.8 for the casein which the rotationangleis between and . Whatare
thetwo typical solutionsfor  in termsof eigervectorsof the rotationmatrix ? Sincea
symmetricrealmatrix is usuallyusedto represeng conic ,an thatsatis es
theabove equationohbviously givesa conicthatis invariantundertherotation
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Exercise 6.4 (Canonical decomposition of the fundamental matrix). Given a fun-
damentalmatrix , shaw that the coordinatetransformation
alsogivesriseto the samefundamentamatrix.

Exercise6.5 Constructa rotationmatrix suchthat for

agivenunit vector .Issuch unique?How mary canyou nd? Using

thisfact,shaw thatfor ary , We canalways nd suchthat
(6.64)

Exercise6.6 (A few identities associatedwvith a fundamental matrix). Givena funda-
mentalmatrix with , and

of unit length,besideghe well-known Kruppa’s equationg6.61), we have the following
identities:

1.
2. for some
(Notethatthe rst identity is usedin the proof of Theorem6.15.)

Exercise6.7 (Planar motion). First corvince yourselfthatfor a fundamentamatrix
in generalwe have rank . However, shaw thatif  is afundamentamatrix
associateavith aplanarmotion , then

rank (6.65)

Exercise 6.8 (Pure translational motion). Derive the fundamentamatrix and the as-
sociatedKruppa’s equationassociatedvith a puretranslationaimotion. Canyou extract
informationaboutthe cameracalibrationfrom suchmotions?Explainwhy.

Exercise6.9 (Time-varying calibration matrix). Derive thefundamentamatrix and

theassociatedruppa's equationfor the casen which the calibrationmatricesfor the rst

andsecondviews aredifferent,say and . Whataretheleft andright null spacef
(i.e.theepipoles)?

Exercise6.10 (Impr ovementof the canonicaldecomposition).Evenif thefundamental

matrix happengo beanessentiamatrix with , thecanonicadecompo-
sition doesnot give the correctdecompositiorio the pair . Insteadwe have
with from the canonicaldecomposition.
Knowing thatthereexistsavector suchthat allowsusto upgrade
to by furtherimposingthefactthat needso be arotationmatrix.
1. Usingthefactthat for ary rotationmatrix , shaw thatto recover the
correct , wein generahneedto solve anequationof theform
(6.66)
with the vector andtherank-2matrix known. Whatare and

intermsof and ?

2. Findasolutionto theabove problem.Thesolutionyou nd isthenasecondsolution
to the problemof decomposin@n essentiamatrix (differentfrom the onegivenin
thepreviouschapter).
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3. In practice, couldbe only approximatelyan essentiamatrix, which is oftenthe
casewhenwe have a goodguesson the cameracalibration.Thenthe abore prob-
lem becomedow to nd theoptimal suchthat is
minimized,where isnotnecessarilyarank-2matrix. Find asolutionto this prob-
lem. (Hint: usethe SVD of thematrix =~ andapplythe x edrankapproximation
theoremin AppendixA.)

Theresultingdecomposition canbe considerednimproved versionof the
canonicadecompositiorfor the samefundamentamatrix

Exercise6.11 (Critical surface continued). Analogouslyto the calibratedcase(seeEx-
ercise5.14), derive the expressionfor a (critical) surface that allows two fundamental
matricesIn particular shav thatplanesarecritical surfacesin this sense.

Exercise6.12 (Uncalibrated planar homography and the fundamental matrix). In this
exercise we generalizehe studyin Section5.3 on planarscenego theuncalibrateccase.

1. Show thattwo uncalibratedmagesof featurepointson a 3-D plane
satisfythehomography

where - (6.67)

2. Generalizethe resultsin Theorem5.21 and Corollaries 5.22 and 5.23 to re-
lationshipsbetweenthe (uncalibrated)homographymatrix and the fundamental

matrix.
Exercise6.13 Shaw thatif is thecharacteristipolynomial
of a matrix for , thenthe coefcients areall

linearfunctionsin . This factwasusedin characterizinghe modulusconstraintin this
chapter

Exercise6.14 (Autocalibration for focallength). Supposehe calibrationmatrix  is of
thediagonalform

(6.68)

This correspondgo a practicalsituationwhenthe centerof the imageis knovn andthe
skew factoris zero.

1. Write down Kruppas equationdor this specialcase.

2. Discusswhena uniquesolutionfor and  canbe obtainedfrom suchequa-
tions (i.e. what is the minimum numberof image pairs neededand what are the
requirementgor therelative motion?).

Exercise6.15 (Other forms of Kruppa' s equations).Givena fundamentamatrix
with and :

1. Show that . Now de ne the vector
andconcludethatit canbedirectly computedrom the given

2. Shaw thatthefollowing equatiorfor musthold:

(6.69)
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3. Notice that this is a constrainton , unlike Kruppas equationswhich are con-
straintson . Combining equation(6.69) with Kruppas equationsgiven in
(6.90),we have

(6.70)

Is thelastequatioralgebraicallyindependentf thetwo Kruppa's equations¥erify
this numerically(e.g.,in Matlab)or symbolically(e.g.,in Mathematica).

Exercise6.16 (Reconstructionup to subgroups). Assumethat neitherthe cameracali-
bration northe scenestructure  is known, but we do know thatthe camera
motionis subjectto:

1. A planarmotion ; i.e.thecameraalwaysmovesonaplane;
2. A freerotation ; i.e.thecameraotatesonly aroundits center;
3. A freetranslation

Describethe extent to which we are ableto recover the scenestructureandthe camera
calibrationfor eachtype of motion(subgroup).

Exercise6.17 (Autocalibration from continuous motion). The continuous-motiortase
of cameraautocalibratioris quite differentfrom the discretecase andthis exerciseshavs
haw.

1. Provethatin theuncalibratedasejf thelinearvelocity isnhonzerothecontinuous
epipolarconstraintis

(6.71)
2. Shaw thatthe aborve equationis equivalentto
- (6.72)
for
3. Usingtheabove equationconcludethatonly the eigervaluesof ,i.e.
thesingularvaluesof , canberecoreredfrom the continuousepipolarconstraint.
4. However, shav that if and thereis only rotational motion, the epipolar
constraintbecomes
(6.73)
From this equation,shav that, asin the discretecase,two linearly independent

rotations canuniquelydeterminegthe cameracalibration

Exercise 6.18 (Programming: camera calibration with a known object). Generate3-
D coordinates of pointsin the world coordinateframe and their projectionsin the
rst cameraramein termsof pixel coordinates . Whengenerating assumearelative
displacemenbetweertheworld coordinatérameandthe camerdrame
andacalibrationmatrix  having thefollowing form
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Write aMatlabfunction[R,T,K] = calibration2Dto3D(X,x) thatcomputeshe
relative displacement andthe intrinsic cameraparametematrix
usedto generate .

Exercise6.19 (Programming: projective reconstruction). Generate3-D coordinates
of pointsin the coordinatedrameof the rst cameraandsecondcameraandtheirimage
projections and in thetwo views. Assumea generaldisplacemenbetweerthe two
views andtheintrinsic calibrationmatrix  isthesameasin theexercise
above.

1. Write a Matlab function F = points2F(x1, x2) for computingthe funda-
mentalmatrix  relatingthetwo views.

2. Computethe canonicaldecomposition of andthe associategrojective
structure . The function shouldbe called[Xp] = points2Xp(x1, X2,
Rc, Tc).

6.A Fromimagedso fundamentamatrices

As in the calibratedcase,the fundamentalmatrix can be recoveredfrom the
measurementssinglineartechniqueskor any fundamentamatrix ~ with entries

(6.74)

we stackit into avector aswe did for the essentiamatrix,

Sincethe epipolarconstraint is linearin the entriesof , we can
rewrite it as

(6.75)
where is givenexplicitly by
(6.76)

Given a setof correspondingpoints, form the matrix of measurements
; can be obtainedas the minimizing solution of the
least-squaresbjective function Such a solution correspondgo the
eigervectorassociatewith thesmalleseigervalueof , andcanbefoundcon-
venientlyusingthe SVD (justcomputegheSVD of andchoose tobetheright
singularvectorassociateavith the smallestsingularvalue,i.e. thelastcolumnof
, asin AppendixA). Therecovery of thefundamentamatrix is summarizedn
Algorithm 6.1.
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Algorithm 6.1 (The eight-point algorithm for the fundamental matrix).

For agivensetof imagecorrespondences ( ), this algo-
rithm nds thefundamentamatrix thatminimizesin aleast-squaresensethe epipolar
constraint

1. Computea rst approximation of the fundamental matrix
Constructthe from transformedcorrespondences and asin
(6.76),namely

Find the vector of unit lengthsuchthat is minimizedasfollows:
Computethe SVD of andde ne  to betheninth columnof
Unstackthenineelementof  into asquare matrix . Notethatthis matrix
will in generahotbeafundamentamatrix.

2. Imposethe rank constraint and recover the fundamental matrix
Compute the singular value decomposition of the matrix
diag . Impose the rank-2 constraintby setting and
setthefundamentammatrix to be

diag

Normalizationof image coordinates

Sinceimagecoordinates and aremeasuredn pixels,theindividual entries
of thematrix canvary by two ordersof magnitude(e.g.,between0 and512),
which affectsthe conditioningof the matrix  (seeAppendixA). Errorsin the
values and will introduceunevenerrorsin therecoveredentriesof  and
hence . Sincewe know how to handlelinear transformationsn the epipolar
framawork, we canusethatto our advantageandchoosethe transformatiorthat
“balances”the coordinatesThis canbe done,for instance by transformingthe
points by an af ne matrix so that the resulting points

have zero meanand unit variance.This can be accomplishedy
transformingthe pixel coordinates into the“normalized”coordinates via

(6.77)

where istheaverage(ormean)and isthestandardieviation of the setof
-coordinates in the thimage ,

- - (6.78)
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and and  arede ned similarly. After the transformationthe normalized
coordinatesire and , andtheepipolarconstrainbecomes

(6.79)

Now onecanusethe above eight-pointlinearalgorithmwith the new imagepairs
to estimatethe matrix rst andthenrecover as

Noticethatthisnormalizatiorhaslittle effectin thecalibratedcasesincemetric
coordinatesreexpressedelative to theopticalcenterwhichis oftencloseto the
centerof theimage.

Numberof points

Thenumberof points(eightor more)assumedo begivenin thealgorithmabove
is mostly for convenienceTechnically by utilizing additionalalgebraicproper
tiesof , we mayreducethe numberof pointsnecessaryor instance knowing

, we may relax the conditionrank to rank , andget
two solutions  and from the 2-D null spaceof . Neverthelessthere
is usuallyonly one suchthat
Once isfoundfrom solvingtheabove equationpnehas . There-

fore, sevenpointsareall thatoneneedgo have a relatively simplealgorithmfor
estimatinghe fundamentamatrix

The constrainhasalsobeenusedin explicit parametrizatioof the
fundamentamatrix assuminghat oneof the columnscanbe written asa linear
combinationof the othertwo

(6.80)

By assuminghat one of the columnscanbe written asa linear combinationof
theothertwo, we have introduceda singularity whenthetwo columnswe choose
asa basisarelinearly dependentGeometricallythis correspondso the second
epipolebeingat in nity . In fact, in the parametrizatiorabove, the coefcients

are relatedto the homogeneousoordinatesof the epipolein the second
view , since . This singularity can be detectedand
eliminatedby choosingan alternatve basis.Additional symmetricparametriza-
tions of the fundamentaimatrix in termsof both epipoleshasbeensuggested
by [Luong andVieville, 1994, andwill beillustratedin sectionl1.3.1in Chapter
11.

Improvemenby nonlinearoptimization

Similarly asin the calibratedcase the eight-pointalgorithmis suboptimaiin the
presenceof noisein image correspondencesdeally, underthe sameassump-
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tionsasin Chapters, the optimal estimateof the fundamentamatrix  andthe
associategrojectie structurecan be obtainedby minimizing the reprojection
error

(6.81)

where arenoisy measurementsnd aretheidealcorresponding
pointsthatsatisfythe epipolarconstraint

To obtainanapproximatiorof the reprOjectlonerror we assumehe samedis-
crepany modelbetweenthe ideal correspondenceandthe measurementasin

the calibratedcase(Chapters), , with and of i.i.d. nor
mal distribution . Substitutingthis modelinto the epipolarconstraint,
we obtain

(6.82)

Sincetheimagecoordinates and  areusuallyof magnituddargerthan
and thelasttermin the equationabose canbe omitted. An approximatecost
functionthatonly takesinto accounthe rst-order effectsof thenoiseis givenby

(6.83)

whichis the uncalibratecapproximatiorto the expression5.95)derivedin Sec-
tion 5.A. This simpli ed costfunctionhasbeenshovn in [Sampson1987 to be
a rst orderapproximatiorof thereprojectiorerror, calledthe Sampsomlistance
The solutionto the minimization of calls for nonlinearoptimizationtech-
niguesdiscussedn AppendixC. More detaileddiscussioron differentchoicesof
objectve functionsandparametrizationsf the fundamentamatrix canbefound
in [TorrandMurray, 1997, Torr andZisserman200d.

The above simpli ed objective functionis alsocommonlyusedin the context
of linear, iteratively reweightedmethodfor estimationof the fundamentaima-
trix [TorrandMurray, 1997. In suchcasethe denominatotis consideredo be
a weightin the weightedlinear leastsquaresestimationproblem.In the weight
computatiorstagethevalueof  from the previousiterationis used.

Uncalibratedhomaraphyfor a planar scene

Justasin the calibratedcase the epipolarconstraintwill not be sufcient to de-
scriberelationshipshetweentwo imagesof a planarscene(Section5.3), dueto

thefactthataplaneis acritical surfacefor theepipolarconstrain{ Exercise5.14).
Neverthelessit is straightforvardto generalizeéheresultsn Sections.3onplanar
homographyto the uncalibratedcase We leave this to the readerasan exercise
(Exercise6.12).



6.B. Propertieof Kruppas equations 215

6.B Propertieof Kruppa's equations

In thisappendixwe studythepropertieof Kruppa'sequationsntroducedn Sec-
tion 6.6. Historically, Kruppa's equationsvereintroducedo the computervision
communityfor cameraautocalibratior{or self-calibration) Despiteinterestingal-
gebraicpropertiescalibrationalgorithmsbasedon Kruppa's equationsare often
ill-conditioned.Thedetailedstudyprovidedbelowv will helpthereademunderstand
thereasonfor this dif culty . To completethe picture,throughSection6.B.2,we
alsohopeto revealthe connectiorbetweerKruppa's equationsaandthe strati ed
reconstructiorapproactintroducedn the chapter

Proposition 6.11 (Kruppa' s equationsfrom the fundamental matrix). After
eliminating from the matrix Kruppa's equation

one obtainsat mosttwo algebraically independentquationsin the unknown
entriesof

Proof. Sincethe fundamentamatrix canberecoveredonly up
to a scalarfactor, let us assumefor the moment,that . Let
bearotationmatrix suchthat
(6.84)
where . Sucha matrix alwaysexists, since preseresthe
norm of vectors.Indeed,therearein nitely mary that satisfythis equation.
Considemow the matrix . A corvenientexpressiorfor it is givenby
(6.85)

Thezeroin thelastrow comesfrom our choiceof asfollows:

Now we seethatsince isin the(left) null spaceof |, itslastrow mustbezero.
Theremainingtwo rows aregivenby

(6.86)

Now the crucialobsenationcomesfrom thefactthattherow vectors and
areobtainedfrom therow vectors

respectiely, throughatransformation , Whichis nothingbut arotation
expressedn the distortedspace Sinceinner productis presered underrotation
in a Euclideanspacetheinnerproducton therow vectors
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(6.87)
mustbe preseredunderrotationin thedistortedspace:

(6.88)
Sofar, we havereliedontheassumptiorthat . In generalthatis notthe
caseThus,from thede nition (6.85)of thematrix , its row vectors must

be scaledaccordinglyby thenormof . Takingthis into accountwe canwrite
theconserationof theinnerproductas

(6.89)
where . In orderto eliminatethe dependeng on , we canconsider
ratiosof inner products We obtain,thereforetwo independentonstrainton the
six independentomponent®f the symmetricmatrix , which are
traditionally calledKruppa's equations

(6.90)
In generalthesetwo equationsarealgebraicallyindependent. O

Remark 6.12. Onemustbe aware that solving Kruppa's equationsfor camega
calibration is not equivalentto the camer autocalibration problemin the sense
that there may exist solutionsof Kruppa's equationsthat are not solutionsof a
“valid” calibration. It is possiblethatevenif a sufcient setof imagesis given1®
the associatedKruppa's equationsdo not give enoughconstaints to solvefor
the calibration matrix . SeeSection6.B.2for a more detailedaccountof these
issues.

Given a sufcient numberof images,we cantake pairs of views and obtain
Kruppa's equationsas aborve. Eachpair supposedlygivestwo equationshence,
in principle, at leastthreeimages(hencethree pairs of images)are neededn
orderto solve for all the ve unknovn parametersn the calibrationmatrix
Unfortunately thereis no closed-formsolution known for Kruppa's equations,
so numericalmethodsmustbe deployedto look for ananswerIn generalhow-
ever, sinceKruppa's equationg6.90) are nonlinearin , humericalsolutions

18Herewe aredeliberatelyagueon the word “suf cient,” which simply suggestshatinformation
aboutthe calibrationmatrixis fully encodedn theimages.
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are often problematic[Bougnoux,1998 LuongandFaugeras1997. Neverthe-
less,undermary specialcameramotions,Kruppa'sequationcanbecorvertedto

linearequationghataremucheasietto solve. In thenext sectionwe explorethese
specialbut importantcases.

6.B.1 LinearlyindependenKruppa's equationsunderspecial
motions

Notethatthe useof Kruppa's equationdor a particularcameramotion assumes
that one hasaccesdo the cameraand canmove it at will (or that oneis guar
anteedthat the motion satis esthe requirements)This is tantamounto having
controlovertheimagingprocessat which pointonemight aswell employ a cal-
ibrationrig andfollow the proceduresutlinedin Section6.5.2.In otherwords,
thetechniquesve describdn this sectioncannotbeappliedwhenonly imagesare
given,with no additionalinformationon the cameramotion. Neverthelessthere
arepracticalsituationswheretheseechniquesomeof use.For instancepurero-
tationaboutthe opticalcentercanbe approximatedvhenthe cameraundegoesa
pan-tiltmotionandobjectsin the sceneare“f ar awvay enough. Thescrav motion
(whenthe axis of rotationandthe directionof translationareparallel,de ned in
Chapter2) andmotionson a plane(whenthe axis of rotationis perpendiculato
thedirectionof translationjarealsoimportantcasego be coveredin this section,
especiallythelatter, sincemostautonomousobotsmove on aplane.

Given a fundamentalmatrix with of unit length, the
normalizedmatrix Kruppa's equation(6.60)canberewrittenas

(6.91)
Accordingto this form, if we de ne andtwo linearmaps,a Lya-
puno/ map , and anotherlinear map

, thenthe solution of equation(6.91)is
exactly the (symmetricandreal) kernelof the compositiormap

(6.92)

i.e.the symmetricandreal solutionof . We call the compositemap

, andits symmetricrealkernelSRker . Thisinterpretatiorof Kruppa's equa-
tionsdecomposethe effectsof rotationandtranslationif thereis notranslation,
ie. , thenthemap is theidentity; if thetranslationis nonzerothekernel
is enlageddueto the compositionwith themap . In generalthekernelof is
only two-dimensionalfollowing Lemma6.8.

Pure rotation

As we have discussedisan examplein Section6.4.4,a simpleway to calibrate
a camerais to rotateit abouttwo differentaxes.For eachrotation,we cangeta
matrix of the form , andhence is a solutionto the
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Lyapunw equation
(6.93)

This matrix equationin generalgivesthreelinearly independenéquationsn the
(unknown) entriesof . Thustheautocalibratiorproblemin this casebecomes
linear, and a unique solutionis usually guaranteedf the two rotation axesare
different(Theorem6.9). However, in practice oneusuallydoesnot know exactly
wherethe centerof a camerais, and “rotating” the cameradoesnot necessar
ily guaranteghattherotationis aboutthe exactoptical center In a generalcase
with translationamotion,however, the symmetricrealkernelof the composition
map is usuallythree-dimensionahencethe conditionsfor a unique
calibrationaremuchmorecomplicated Furthermoreaswe will seesoon,thedi-
mensionof the kernelis notalwaysthree.In mary casef practicalimportance,
this kernelmay becomefour-dimensionainstead,which in fact correspondso
certaindegenerayg of Kruppa's equationsSolutionsfor Kruppa's equationsare
even more complicateddue to the unknovn scale . Neverthelessthe follow-
ing lemmashaws thatthe conditionson uniquenessiependonly on the camera
motion,whichwill to someextentsimplify our analysis.

Lemma 6.13. Givena fundamentamatrix with ,a
symmetrianatrix is a solutionof if andonly if
is a solutionof with

The proof of this lemma consistsin simple algebraicmanipulations.More
important, however, is its interpretation:given a set of fundamentalmatrices

with , thereis a one-to-one
correspondendeetweerthe setof solutionsof theequations

andthe setof solutionsof the equations

where are essentiamatricesassociatedvith the given fundamental
matrices Notethattheseessentiamatricesaredeterminednly by the motion of
the cameraThereforewe conclude:

Conditionsfor the uniquenes®f the solutionof Kruppa's equations
depencdbnly onthe camera motion.

Our next taskis thento studyhowthe solutionsof Kruppa's equationglepencon
thecameramotionandunderwhatconditionsthe solutionscanbe simpli ed.

Translationperpendicularor parallel to therotationaxis

From the derivation of Kruppa's equationg6.90) or (6.61), we obsene thatthe
reasornwhy they are nonlinearis that we do not usuallyknow the scale . It is
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thenhelpfulto know underwhatconditionsthescalefactorcanbeinferredeasily
Herewe will studytwo specialcasesor which we areableto derive directly
from . Thefundamentamatrix canthenbe normalized andwe cantherefore
solve for the cameracalibrationparameter§rom the normalizedmatrix Kruppa's
equationswhich arelinear! Thesetwo casesarethosein which the rotationaxis
is parallel or perpendicularto the directionof translation.Thatis, if the motion
is representedby and the unit vector is the axis of
, thetwo casesre:

1. isparallelto (i.e.thescrav motion),and
2. isperpendiculato (e.g.,theplanarmotion).

As we will seebelow, thesetwo casesare of greattheoreticalimportance:not
only doesthe algorithm becomedinear, but it alsorevealscertainsubtletiesin
Kruppa's equationsand explains whenthe nonlinearKruppa's equationamight
becomaéll-conditioned.

Althoughmotionswith translatiorparallelor perpendiculato rotationareonly
a zero-measursubsef , they arevery commonlyencounteredn appli-
cations:mary imagesequencearetakenby moving the cameraaroundan object
with anorbital motionasshawn in Figure6.17,in which casethe rotationaxis
andtranslationdirectionareperpendiculato eachother

Figure 6.17. Two consecutie orbital motions with independentotations:the camera
opticalaxisis alwayspointingto the centerof the globe,wherethe objectresides.

Theorem6.14(Normalization of Kruppa' sequations). Consideranunnormal-

izedfundamentamatrix , Wwhee , , andthe
axis is parallel or perpendiculaito . Let .
Thenif and a positive de nite matrix  are a solution to the matrix

Kruppa'sequation , wemusthave
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Proof. Lemma6.13impliesthatwe needo proveonly theessentiataseif
and a positive de nite matrix is a solutionto the matrix Kruppa's equation:
associateavith theessentiamatrix ~ , thenwe must

have . In otherwords, is automaticallya solution of the normalized
matrix Kruppa's equation .
Without lossof generality we assume . For the parallelcase et
be a vectorof unit lengthin the planespannedy the columnvectorsof
All such lie on a unit circle. There exists on the circle suchthat
is maximum Wethenhave ,andhence
Similarly, if wepick  suchthat isminimum,we have . Therefore,

. For theperpendiculacase sincethecolumnsof ~ spanthesubspacé¢hat
is perpendiculato thevector ,theeigervector of isin thissubspaceThus
we have Hence if s
positive de nite. O

This theoremclaimsthatfor thetwo typesof specialmotionsconsideredere,
thereis no solutionfor  in Kruppa's equation(6.61) besideshe true scaleof
thefundamentaimatrix. Therefore we candecomposéheprobleminto nding

rst andthensolvingfor or . The following theoremallows usto directly
computethescale in thetwo specialcasedor a givenfundamentamatrix.

Theorem 6.15 (Normalization of the fundamental matrix). Givenan unnor
malizedfundamentamatrix with , if is

parallel to theaxisof ,then s , andif is perpendicularto the
axisof ,then isoneofthetwononzeo eigervaluesof

Proof. Note thatsince is a projectionmatrix onto the planespanneddy
thecolumnvectorsof , we have theidentity . Firstwe provethe
parallelcase.t canbe veri ed thatin general, . Sincethe
axisof isparallelto , wehave , hence . For the
perpendiculacase et betheaxisof . By assumption, is
perpendiculato . Thenthereexists suchthat . It is then
straightforvardto checkthat  istheeigervectorof correspondingo the
eigervalue . O

Thenfor thesetwo typesof specialmotions,the associatedundamentaima-
trix can be immediatelynormalizedby beingdivided by the scale . Oncethe
fundamentamatricesarenormalizedthe problemof nding the calibrationma-
trix from thenormalizedmatrix Kruppa'sequationg6.60)becomes simple
linear one.A normalizedmatrix Kruppa's equationin generaimposeghreelin-
earlyindependentonstrainton the unknown calibrationmatrix givenby (6.88).
However, thisis nolongerthecasegor thespecialmotionsthatwe areconsidering
here.

Theorem6.16(Degeneracyof the normalized Kruppa' sequations). Consider
a camen motion , whee hasthe angle
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If the axis is parallel or perpendicularto , thenthe normalizedmatrix
Kruppa'sequation impose®onlytwolinearly independent
constaintson the symmetrianatrix

Proof. For the parallel case,by restricting to the planespannedy the col-

umnvectorsof , it yieldsa symmetricmatrix in . The rotationmatrix
restrictedto this planeis arotation . Thenormalizedma-

trix Kruppa's equationis thenequialentto . Since
this equationimposesexactly two constrainton the three- dlmen5|onaetpaceof
symmetricreal matrices.The identity is the only solution. Hence,

thenormalizedKruppa's equationmposesxactly two linearly independenton-
straintson . For the perpendiculacasesince is in the planespannedy the
columnvectorsof , thereexists suchthat form an orthonormal
basisof the plane.Thenthe normalizedmatrix Kruppa's equationis equivalentto

Since , theabove matrix equationis equivalentto thetwo equations
(6.94)

Theseare the only two constraintson  imposedby the normalizedKruppa's
equation. O

Accordingto thistheoremalthoughwe cannormalizethe fundamentamatrix
whenthe rotationaxis andthe directionof translationare parallelor perpendic-
ular, we get only two independentonstraintsfrom the resulting (hormalized)
Kruppa's equationsj.e. one of the threelinear equationsn (6.88) dependson
the othertwo. So, degenerag doesoccurwith normalizedKruppa's equations.
Hence for thesemotions,we still needat leastthreesuchfundamentamatrices
to uniquelydeterminehe unknawn calibration.

Example 6.17 (A numerical example).Supposehat

Notice that here the translationand the rotation axes are orthogonal( ). Then
the (normalized) epipole is , and supposethat the
(unnormalizedfundamentamatrixis

Notethatthescaledifferencebetween  andthenormalizedepipole is
. The eigevaluesof the matrix are . Themiddle oneis exactly the
missingscale.lt is theneasyto verify that is a solutionto the normalized
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Kruppa’s equationsbecause

Denotethe entriesof the symmetricmatrix by

The (unnormalizedKruppa's equation givesriseto
We know herethat from the eigevaluesof . Substitutingit in the abore
equationsyve only gettwo linearlyindependenéquationsn , since

Therefore,after normalization,we only get two linearly independentonstraintson the
entriesof . Thisis consistentvith Theorem6.16. n

Under these special motions, what happensto the unnormalizedKruppa's
equations™ we donotnormalizethefundamentaimatrixanddirectly usetheun-
normalizedKruppa's equationg6.90)to solve for calibration,the two nonlinear
equationsn (6.90)alsomight still be algebraicallyindependenbut numerically
ill conditioneddueto the linear dependeng aroundthe true solution (i.e. when

is aroundthe true scale).Hence,normalizingKruppa's equationsundersuch
specialmotionsbecomegrucial for obtainingnumericallyreliable solutionsto
the camerecalibration.

Remark 6.18(Rotation by ). Theoem6.16doesnotcoverthecasein which
therotationangle is radians(i.e. ). However, if oneallowstherotationto
be , the solutionsof the normalizedKruppa's equationsare evenmote trouble-
someFor example if isofunitlengthandparallelto .Thelefore,
if , the correspondingKruppa's equationsare completelydegeneiate,
andthey imposeno constaintson the calibration matrix.

Remark 6.19(Number of solutionsfor the perpendicular case).AlthoughThe-
orem 6.15 claimsthat for the perpendicularcase is one of the two nonzeo
eigenvaluesof , unfortunatelythereis nowayto tell which oneis thecorrect
one Simulationsshowthatit couldbeeitherthelarger or smallerone Theefore,
in a numericalalgorithm, for givenfundamentamatrices,oneneedgo
considerall possible combinationsAccoidingto Theoem®6.14,in thenoise-
freecase only oneof the solutionscanbe positivede nite, which correspondgo
thetrue calibration.
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We summarizein Table 6.6 facts aboutthe specialmotions studiedin this
subsection.

‘ Cases‘ Typeof constraints ‘ # of constrainton

Lyapuna equation(linear)

NormalizedKruppa(linear)
NormalizedKruppa(linear)

‘ Others‘ Unnormalized<ruppa(non|inear)‘

Table6.6. Maximum numbersof independentonstrainton the cameracalibration.Here
we assuméhattherotationangle satis es

6.B.2 Cheirality constaints

SolutionsthatsatisfyKruppa'sequationglo notnecessarilgiveriseto physically
viablereconstructionin thesensehatall thereconstructegointsshouldbeat -
nite depth(in front of the camera)andthat certainorderingconstraintsamong
points shouldbe presered (i.e. which pointsarein front of which others).As
wewill shav in this subsectiontheseambiguoussolutionsto Kruppa'sequations
arecloselyrelatedto the strati ed reconstructiorapproactthroughthe notion of
planeat in nity . Suchorderingconstraintswhich are not presentin Kruppa's
equations,are called cheirality constaints, namedby [Hartley, 19984. The
following theoremrevealsinterestingrelationshipsamongKruppa's equations,
Lyapuna equationsplaneatin nity , andcheirality.

Theorem 6.20 (Kruppa' s equationsand cheirality). Considera camen with

calibration matrix and motion f , amongall the solutions
of Kruppa's equation associatedwith
, only thosethat guaranteethat provide a valid
Euclideanreconstructiorof bothcamern motionandscenestructue in the sense
that any other solutionpushesomeplane toin nity, andfeature points
ondifferentsidesof theplane havedifferentsignsof recovereddepth.
Proof. The images of ary point satisfy the coordinate
transformation
If thereexists suchthat for some ,
thenthe matrix is alsoanessentiamatrix with
; thatis, thereexists suchthat . Underthe new

calibration , thecoordinateransformations
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Since , wehave for some
Thentheabove equatiorbecomes
Let . We canfurtherrewrite theequationas

(6.95)

Neverthelessyith respecto thesolution , thereconstructeimages
and mustalsosatisfy

(6.96)

for somescalefactors . Now we prove by contradictionthat

cannotoccurin a valid EuclideanreconstructionSupposethat , andwe
de ne theplane . Thenfor ary ,
wehave .Hencefrom (6.95), and satisfy .
Since and alsosatisfy(6.96)and ,both and in(6.96)must
be . Thatis, theplane is“pushed”toin nity by thesolution . For points
notontheplane ,wehave . Comparingthetwo equationg6.95)and
(6.96),we get . Then,for apointonthefar sideof the
plane ,i.e. , therecovereddepthscale is negative;for apointonthe
nearsideof ,i.e. , therecovereddepthscale is positive. Thus,we
musthave that . O

For the matrix to be arotationmatrix, it mustsatisfythe Lya-
punos equation . It is known from Theorem6.9thatin general,
two suchLyapunw equationsuniquelydetermine . Thus,asa consequence
of Theorem6.20,

Acamea calibrationcanbeuniquelydeterminedytwoindependent
rotationsregardlessof translationif the image of every point in the
world is available

An intuitive reasonfor this is providedin Figure6.18.The theoremabove then
resolesthe apparentiscrepang betweerKruppa's equationsaandthe necessary
andsufcient conditionfor a uniquecalibration:Kruppa's equationsdo not pro-
vide sufcient conditionsfor a valid calibration,i.e. onesthat resultin a valid
Euclidearreconstructiomf boththecameranotionandscenestructure However,
theresultsgivenin Theorem6.20aresomeavhatdif cult to harnessn algorithms.
For example,in orderto excludeinvalid solutions,oneneedseaturepointson or
beyondtheplane , whichin theorycouldbearywherein .17

Remark 6.21(Quasi-af ne reconstruction). Accodingto theabovetheoem.,if
only nitely manyfeature pointsare measued,a solutionof thecalibrationmatrix

that mayallow a valid Euclideanreconstructiorshouldinducea plane not
cutting through the corvex hull spannedby all the feature points and camen
centes. Sud a reconstructioris calledquasi-afne in [Hartley, 19984.

17Basically such constraintsgive inequality (rather than equality) constraintson the possible
solutionsof camerecalibration.
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.

i

Figure6.18.A cameraundegoestwo motions and observingarig con-
sistingof threestraightlines . Thencameracalibrationis uniquelydetermined
aslongas and haveindependentotationaxesandrotationanglesin , regard-
lessof . This is becausdor ary invalid solution , the associategplane must
intersectthe threelines at somepoint, say (seethe proof of Theorem6.20). Thenthe

reconstructedlepth of point with respecto the solution  would bein nite (points
beyond the plane  would have negative recovered depth). This gives us a criterion to

excludesuchinvalid solutions.

Historicalnotes

The original formulation of Kruppa's equationsfor cameraautocalibrationvas
dueto [MaybankandFaugeras1997. Basedon that, mary cameracalibration
algorithms were developed [Faugera®tal., 1992 LuongandFaugeras1996

ZellerandFaugeras1996 Ponceetal., 1994, aswere mary algorithmsfor ro-

bustlyandaccuratelestimatingundamentaiatricegBoufamaandMohr, 1995
ChaiandMa, 1998 Zhangetal.,1995 Torr andMurray, 1997, Zhang,1998a
Zhang,1998¢ Tangetal.,1999. A generaldiscussioron estimationin the pres-
enceof bilinear constraintscan be found in [KonderinkandvanDoorn,1997.

However, the numericalstability and algebraicdegenerag of Kruppa's equa-
tion limits its use in camera calibration in mary practical situations, as
pointed out in [Bougnoux,1998 Maetal.,20008d. Many recentautocalibra-
tion techniquesare basedon other intrinsic constraints:the absolutequadric
constraint§HeydenandAstrom, 1996 Triggs,1997 or the modulusconstraints
[PollefeysandGool, 1999.

Strati cation

Following thework of KoenderinkandVVanDoornon af ne projectionin 1980s,
[QuanandMohr, 1997 shoved how to obtain a projective shape(from some
referencepoints), and the idea of afne strati cation was initially formulated.
[Faugeras1992 Hartley etal., 1999 formally shovedthat,withoutknowing the
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cameracalibration,onecanat leastobtaina reconstructiorup to an (unknawn)
projective transformatiorfrom two uncalibratedviews, characterizedy the
matrix introducedearlier A comparatie study of suchreconstructiormethods
canbefoundin [Rothwelletal.,1997. In Partlll, we will establisithatthisfact
follows from the rank condition of the so-calledmultiple-view matrix. Starting
with a projective reconstructionthe projectve, af ne, and Euclideanstrati -
cation schemeswere rst proposedby [Quan,1993 LuongandVieville, 1994
and later formulatedas a formal mathematicaframework for 3-D reconstruc-
tion by [Faugeras1995. However, a Euclideanreconstructionis not always
viable through such a strati cation. Intrinsic ambiguitiesin 3-D reconstruc-
tion associatedwith all types of critical cameramotions were studied by
[Sturm,1997, Sturm,1999 Zissermaretal., 1998 Kahl, 1999 Torr etal., 1999
Maetal., 1999, which we will revisit in Chapter8 in the context of multiple
images.

Camen knowledg

Autocalibration with time-varying cameraintrinsic parameterswere studied
by [HeydenandAstrom, 1997, EncisoandVieville, 1997, Pollefeysetal., 1999.
[Pollefeysetal., 1996 gave a simplersolutionto the casein which only the fo-
callengthis varying,whichis alsothe casestudiedby [RousscandShilat,199§.
In practice,oneoftenhascertainknowledgeon the cameracalibration.Different
situationsthenleadto mary differentcalibrationor autocalibratiortechniques.
For instance,with a reasonableguesson the cameracalibration and motion,
[Beardslg etal., 1997 shavedthatonecanactuallydo betterthana projective
reconstructionvith theso-calledquasi-EuclideaneconstructionCameracalibra-
tion undervariousspecialmotions(e.g., rotation,scrav motion, planarmotion)
wasstudiedby [Hartley, 1994k Ma etal., 20004. [SeoandHong,1999 studied
furthera hybrid casewith arotatingandzoomingcamera.

Scen&knowled@

As we have seenin this chapter (partial) knowledgeof the sceneenablessim-

pler calibrationschemegor the camerasuchasa calibrationrig [Tsai, 19863, a

planarcalibrationrig [Zhang,1998H, planarscene$Triggs,1999, orthogonality
[Svedbeg andCarlsson1999, and parallelism,i.e. vanishingpoints. Although

we did not mentionin the chapterhow to detectand computevanishingpoints
automaticallyfrom imagestherearenumerousnaturetechniqueso performthis

task: [QuanandMohr, 1989 CollinsandWeiss,199Q CaprileandTorre,199Q

Luttonetal., 1994 Shufelt,1999 KoseclkandZhang,2003. A simple algo-
rithm basedn polynomialfactorizatiorwill be givenin the exercisesf Chapter
7. Later, in Chapterl0, we will give auni ed studyof all typesof sceneknowl-

edgebasednthemoregenerahotionof “symmetry’ Althoughsuchknowledge
typically enablesalibrationfrom asingleview, aprincipledexplanatiorhasto be
postponedintil we have understoodhoroughlythe geometryof multiple views.
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Steeorigs

Although the two-view geometrystudiedin this chapterand the previous one
governsthat of a stereorig, the latter setupoften resultsin specialand sim-
pler calibration and reconstructiontechniquesthat we do not cover in detail
in this book. Early work on the geometryof stereorigs can be found in

[Yakimovsky andCunningham1978 Wengetal., 1992a Zissermaretal., 1995

DevernayandFaugeras199q and[Zhangetal., 1996. More detailedstudy on

stereaigs canbefoundin [HoraudandCsurka,1998 Csurkaetal., 1999. Auto-

calibrationof astereaig undermplanamotioncanbefoundin [Brooksetal., 1994,
puretranslationin [Ruf etal., 199§, purerotationin [Ruf andHoraud,19994,

andarticulatedmotionin [Ruf andHoraud,19994.

Thecontinuous-motiolase

In the continuous-motioncase, in contrastto the discrete case, only two
cameraparametersan be recovered from the continuousepipolar constraint
(see Exercise 6.17). The interestedreadermay refer to [Brooksetal., 1997,
Brodsky etal., 1999 for possiblewaysof conductingcalibrationin this case.
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Estimationof Multiple Motionsfrom
Two Views

The eleganceof a mathematicatheoemis directly proportional to
the numberof independenideasonecan seein thetheoemandin-
verselyproportionalto theeffort it takesto seethem.

— GeogePolya, MathematicaDiscovery, 1981

Sofarwe have beenconcernedvith singlerigid-bodymotions.Consequentlythe
algorithmsdescribedcanbe appliedto a cameramoving within a staticscenepr
to a singlerigid objectmoving relative to a cameraln practice this assumption
is ratherrestrictive: interactionwith real-world scenegequiresnegotiatingphys-
ical spacewith multiple objects.In this chapterwe considerthe caseof scenes
populatedwith multiple rigid objectsmoving independently

For simplicity, we restrictour attentionto two views, leaving the multiple-vien
caseo Partlll. Also, in theinterestof generalitywe will assumehatcameracal-
ibrationis not available,andthereforewe dealwith fundamentamatricesrather
thanessentiamatrices However, the resultswe obtaincanbe easilyspecialized
to the caseof calibratedcameras.

Given a numberof independentlymoving objects,our goal in this chapteris
threefold.We wantto study(a) how mary objectsarein thescene(b) themotion
and shapeof eachobject,and (c) which point belongsto which object. As we
will see,muchof whatwe have learnedso far canbe generalizedo the caseof
multiplerigid bodies.
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7.1 Multibody epipolarconstraintandthe fundamental
matrix

From previous chaptersye know thattwo (homogeneousjmages
of apoint in 3-D spaceundegoinga rigid-body motion (with )
satisfytheepipolarconstaint

(7.1)

where is the fundamentamatrix (or the essentiamatrix in the
calibratedcase): For a simplernotation,in this chapterwe will dropthe prime
superscript " fromtheimage evenif it is uncalibratedThiswill notcauseary
confusionsincewe arenot studyingcalibrationhere ,andall resultswill bebased
on the epipolarconstraintonly, which doesnot discriminatebetweencalibrated
anduncalibrateccameras.

To generalizethis notion of epipolarconstrainffor a singlemotionto multiple
motions,let us rst take alook atasimpleexample:

Figure7.1.Two views of two independentlynoving objects.

Example 7.1 (Two rigid-body motions).Imaginethe simplestscenarian whichthereare
two independentlymoving objectsin the sceneasshavn in Figure 7.1. Eachimagepair
or satis estheequation

for and . Thisequationis no longerbilinearbut ratherbiquadratic
inthetwoimages and of ary point ononeof theseobjectsHowever, we canstill
imaginethatif enoughimagepairs aregiven,without our knowving which object
or motion eachpair belongsto, someinformationaboutthe two fundamentamatrices
and canstill befoundfrom suchequations. ™

In general,given animagepair of a point on the th moving object
(saythereare of them),theimagepair andthe fundamentamatrix

1In the uncalibrateccase simply replace by and by . Sucha
changeof symbols,however, carriesno signi cancefor therestof this chaptersincewe will mostly
work atthelevel of thefundamentamatrix.
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associatedavith the th motionsatisfythe epipolarconstraint

(7.2)
Evenif we do not know which objector motiontheimagepair belongs
to, the equation holds for some (unknonvn) fundamentalmatrix

. Thus, the following constraintmustbe satis ed by arny imagepair
, regardlessof the objectthat the 3-D point associatedvith the image
pair belongsto

(7.3)

We call this constraintthe multibody epipolar constaint, sinceit is a natural
generalizatiorof the epipolarconstraintvalid for . Themaindifferenceis

that the multibody epipolarconstraintis de ned for an arbitrary numberof ob-

jects,whichis typically unknavn. Furthermoreevenif  is known, thealgebraic
structureof the constraintis neitherbilinearin theimagepointsnor linearin the
fundamentamatricesasillustratedin the above examplefor the case

Remark 7.2 (Nonzero translation assumption). We explicitly assumethat
translationof noneof the motionsconsideedis zeo. This rules out the caseof
pure rotation. However, in practice this is a reasonablessumptionsince when
a xed camen observesnultiple moving objects,for a motionof any objectto
be equivalentto a rotation of the camea, the objectmustbe on an exactorbital
motionaroundthecamea.

Ourgoalin this chapteris to tacklethefollowing problem:

Problem 7.1 (Multibody structur e fr om motion).

Givenacollectionof imagepairs correspondingo anunknavn numberof
independenandrigidly moving objects,estimatethe numberof independeninotions
thefundamentamatrices , andtheobjectto which eachimagepair belongs.

Beforewe delve into analyzingthis problem,let us rst try to understandhe
dif culties associateavith this problem:

1. Number of motions. We know only that satis es the equation
for some . We typically do not evenknow what
the numberof independenmotions,is. All we know hereis the type of
equationghat suchimagepairssatisfy which is the only informationthat
canbeusedto determine , aswe will shav in the next section.

2. Feature association.If we know which imagepairs belongto the same
motion, thenfor eachmotion the problemreducesto a classictwo-view
casethatwe have studiedextensively in Chapterss and6. But herewe do
notknow suchanassociationn the rst place.
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3. Nonlinearity. Evenif is known and a sufcient number of image
pairsis given,immediatelyestimating from the equation
is a dif cult nonlinearproblem.As we will discuss
in moredetail belovr, whatwe canestimatdinearly arethe coefcients of
treatedasahomogeneoupgolynomialof degree in six variables
: theentriesof , respectiely.

4. Polynomial factorization. Oncewe have obtainedhehomogeneoupoly-
nomial of degree , the remainingquestionis how to useit
to groupimagepairs accordingto their motionsor, equialently, retrieve
eachindividual fundamentalmatrix . This often requiresfactoringthe
polynomial , whichis typically nota simplealgebraigroblem.

In this chapterWe will seekalinearsolutionto this problemthathasaseemingly
nonlinearnature.A standardechniquein algebrato rendera nonlinearproblem
linearis to “embed”it into ahigherdimensionakpaceBut to dothis properly we

must rst understandvhattype of algebraicequation is. Again,

let usstartwith the simplestcasetwo imagesof two motions:

Example 7.3 (Two-body epipolar constraint). Fromthe previousexample,we know that

thepolynomial in thecaseof is simply
(7.4)
Then can be viewed as a homogeneougolynomial of degree 4 in the entries
of andthe entries of . However, dueto the repetitionof

and ,thereareonly monomials in thataregeneratedy the six variables.
Thatis, canbewrittenasalinearcombination

wherethe 's are coefcients (dependenbn the entriesof and ), and are
monomialssortedin the dggree-leicographic order:

(7.5)

Onemayview these monomialsasa“basis”in thespace . Givenrandomlychosen
valuesfor , thevector will spanthe
entirespacaunlessthesevaluescomefrom correspondingmagepairs,in which casethey

satisfytheequation

(7.6)

In otherwords,the vector liesin a -dimensionalsubspaceandits normalis given
by the vector . Hencewe may expectthatgivensufciently
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mary imagepairs,we may solwe linearly for the coefcients  from the above equation.
Informationabout and isthenencodednotsotrivially) in thesecoefcients. u

To formalizetheideain theabose example we needto introducetwo mapsthat
will helpussystematicallyembed”our probleminto higherdimensionakpaces
andhencerenderit linear.

De nition 7.4(Veronesemap). Forany and ,wede netheVeronesanapof
degree

(7.7)

whee rangesoverall monomialsof degree
in thevariables , sortedin the degree-lexicographicorder.

We leave it asan exerciseto thereaderto shav thatthe numberof monomials
of degree in variableds the binomialcoefcient

In this chapterwe will repeatedlydealwith the case , andtherefore for
corveniencewe de ne thenumber

(7.8)
Example 7.5 TheVeronesenapof degree for animage is thevector
(7.9)
In thecase , we have
(7.10)
[ |
Example 7.6 The Veronesenapof degree2 for is
[ |

For any two vectorsof dimension and , respectiely, we cande ne their
Kroneclerproduct(AppendixA) as

(7.11)

wherethe coordinatesn thetargetspace rangeover all pairwiseproductsof
coordinates and in thelexicographicorder

Example 7.7 Given and , we have

We leave to thereaderto compute andhenceverify that . ™
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Example7.8 Giventwoimages and ,theKronecler
productof their Veronesemaps and is avectorin whose
entriesareexactly themonomialsgivenin (7.5). Thatis,

(7.12)
wherethe 'saremonomialsgivenin the degree-licographicorderasin (7.5). u

Usingthenotationintroducedwe thencanrewrite the multibodyepipolarcon-
straint in aform thatis bettersuitedfor further
computation.

Lemma 7.9 (Bilinear form and multibody fundamental matrix). Using the
\eronesanap,themultibodyepipolarconstaint
canberewrittenasa bilinear form:

(7.13)

whee isan matrix asa symmetridunctionof .Wecall
it themultibodyfundamentamatrix.

/ =

Verones Lift Veronese

Figure7.2.If a pair of images in satisfy an epipolarconstraintfor one of
the or , thentheirimagesunderthe Veronesenap mustsatisfya bilinear
multibody epipolarconstraintin . Notethat is a (three-dimensionaBurface,
theso-calledveronesesurface,in thespace

Proof. Let , for , betheepipolarlinesof  as-
sociatedwvith the motions.Thenthe multibodyepipolarconstraint
is ahomogeneoupolynomialof degree in ;l.e.

where is the vectorof coefcients. Fromthe propertiesof polynomial
multiplication,each is asymmetricmultilinearfunctionof ,l.e.
it is linearin each and for all
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, where is the permutationgroup of elementsSinceeach s
linearin , each isindeeda homogeneougolynomialof degree in
ie. , whereeachentry of is a symmetricmultilinear
functionof theentriesof the 's.Letting

we obtain

This processs illustratedin Figure7.2. O

Equation(7.13) resembleghe bilinear form of the epipolarconstraintfor a
single rigid-body motion studiedin Chapter5. For that reason,we will inter
changeablyrefer to both equations(7.3) and (7.13) as the multibody epipolar
constaint. A generalizechotion of the “epipole” will beintroducedater, when
we studyhow informationon the epipoleassociateavith eachfundamentama-
trix  is encodedn the multibody fundamentaimatrix . For now, let us rst
studyhow to obtainthe matrix

7.2 A rankconditionfor the numberof motions

Noticethat,by de nition, themultibodyfundamentaimatrix dependxplicitly
on the numberof independenmotions . Therefore eventhoughthe multibody
epipolarconstraint(7.13)is linear in , we cannotuseit to estimate without
knowing in advance.lt turnsout thatone canusethe multibody epipolarcon-
straintto derive a rank constrainton the imagemeasurementthat allows oneto
compute explicitly. Once is known, the estimationof = becomes linear
problem.

To estimatehe multibodyfundamentaimatrix , in analogyto the eight-point
algorithm, we may rewrite the above bilinear form in a linear form using the
Kroneclerproductas

(7.14)

where is the stacled versionof the matrix

Remark 7.10(A differ ent embedding). Reades mayhavenoticedthatthereis
anotherwayto “convert” the multibodyepipolarequationinto a linear form by
switching the order of the \eronesemapand the Kroneder productin theabove
process:

(7.15)
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whee isavectordependentn . However, since ,

it seemshat produces termsof monomialsin geneal,

Nevertheless,one may easily verify from the simple case that the

monomialsgenemted from are not all indepen-

dent.In fact there are only of them,which are the sameonesgivenby
.Hencenotall coefcientsof  canbeestimatedndependently

Now if multiple,say , imagepairs aregivenfor pointsonthe
rigid bodies, mustsatisfythe systemof linearequations , where
(7.16)

In otherwords,thevector isin the(right) null spaceof thematrix . In order
to determine  uniquely (up to a scalarfactor),the matrix musthave rank
exactly

rank (7.17)
For thisto betrue, the conditionsof the following lemmamusthold.

Lemma 7.11. The number of image pairs neededto solve linearly the
multibodyfundamentamatrix fromtheaboveequationss

(7.18)

Theaboverankconditiononthematrix  in factgivesusaneffectivecriterion
to determinethe numberof independenmotions from the given setof image
pairs.

Theorem 7.12(Rank condition for the number of independentmotions). Let
bea collectionofimage pairscorrespondindo 3-D pointsin geneal
con guration and undegoing an unknownnumber  of distinctrigid-body mo-
tionswith nonzeo translation.Let bethe matrixde nedin (7.16),
but computedusingthe Veronesemap  of degree . Then,if the number
of image pairs is big enough( when is known)and at leasteight
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pointscorrespondo eat motion,wehave

rank if (7.19)

Therefore, thenumberof independeninotions is givenby

rank (7.20)

Proof. Since each fundamentalmatrix has rank 2, the polynomial
is irreducibleoverthereal eld . Let bethe setof that
satisfy . Thendueto the irreducibility of , any polynomial in
and thatvanisheontheentireset mustbeof theform , Where
is somepolynomial. Henceif are distinct, a polynomial that
vanisheson the set mustbe of the form for some .

Therefore the only polynomialof minimal degreethatvanisheson the sameset
is

(7.21)

Sincetheentriesof areexactly theindependentonomialsof
(aswewill shawv below), thisimpliesthatif thenumberof datapointspermotion
is atleasteightand , then:

1. Thereis no polynomialof degree whosecoefcients arein the null
spaceof ,i.e.rank for ;

2. Thereis a uniquepolynomialof degree , namely , with coefcients in
thenull spaceof ,i.e.rank ;

3. Thereis morethanonepolynomialof degree (onefor eachindepen-
dentchoiceof the -degreepolynomial ) with coefcients in thenull
spaceof ,i.e.rank for

Therestof the proof consistan shaving thatthe entriesof
are exactly the independenmonomialsin the polynomial , which we do by

induction. Sincethe claim is obvious for , we assumethat it is true for
and prove it for . Let and . Then
the entriesof areof theform with
, while theentriesof areof theform

with . Thusabasisfor the

productof thesemonomialds givenby theentriesof .o

The signi cance of this theoremis that the numberof independenmotions
cannow be determinedncrementallyusing Algorithm 7.1. Oncethe number
of motionsis found, the multibody fundamentamatrix  is simply the 1-D null
spaceof the correspondingnatrix . Neverthelessin orderfor Algorithm 7.1
to work properly thenumberof imagepairsneedednustbeatleast
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Algorithm 7.1 (The number of independent motions and the multibody
fundamental matrix).

Given a collection of pairs of points undegoing an unknavn numberof
differentrigid-bodymotions,

1. Set

2. Computethe matrix

(7.22)

3. If rank — ,thenset andgo backto step?2.

4. Now we have rank . Thenumber of independeninotionsis then
the current , andthe only eigervectorcorrespondingo the zeroeigervalue of the
currentmatrix  givesthestacledversion  of themultibodyfundamentaiatrix

For ,theminimum is 8,35,99,225,respectiely. When islarge,

grows approximatelyin the orderof , apriceto payfor trying to solve
the Problem7.1 linearly. Neverthelessye will discussmary variationsof this
generalschemadn later sectionsor in exerciseghatwill dramaticallyreducethe
numberof imagepointsrequired(especiallyfor large ) andrenderthe scheme
muchmaorepractical.

7.3 Geometrigoropertiesof the multibodyfundamental
matrix

In this section,we study the relationshipshetweenthe multibody fundamental
matrix andtheepipoles associatedavith the fundamentamatri-
ces . Therelationshipdetweerepipolesandepipolarlineswill be
studiedin the next sectionwherewe will shov how they canbe computedrom
themultibodyfundamentamatrix

Firstof all, recallthattheepipole associatedith the thmotionin thesecond
imageis de ned astheleft null spaceof the rank-2fundamentamatrix , that
is,

(7.23)
Hence thefollowing polynomial(in ) is zerofor every ,
(7.24)



238 Chapter7. Estimationof Multiple Motionsfrom Two Views

We call the vector theembedde@pipole associatedvith the th motion.
Since asa vectorspansgthe entirespace when rangesover  (or
),2 we have

(7.25)

Therefore,the embeddecdepipoles lie in the left null spaceof
while the epipoles lie in the left null spaceof . Hence,the
rank of  is bounded,dependingon the numberof distinct (pairwiselinearly
independentgpipolesasstatedn Lemmas7.13and7.14.

Lemma 7.13 (Null space of when the epipoles are distinct). Let
be the multibody fundamentalmatrix geneited by the fundamentalmatrices

with pairwiselinearly independengpipoles . Then
the (left) null spaceof containsat leastthe linearly independent
vectos
(7.26)

Theefore, therankof the multibodyfundamentamatrix  is boundedby

‘ rank (7.27)

/ —————— \.
:

Veronese embedding

Figure7.3.If two epipoles aredistinct, thentheirimagesunderthe Veronese
mapmustbelinearly independenin

Proof. We needto shav only thatif the 's aredistinct,thenthe 'sare
linearly independentif we let , thenwe needto

2Thisis simplybecaus¢he ~ monomialsin arelinearly independent.
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prove only thattherankof the matrix

(7.28)

is exactly . Sincethe 'saredistinct,we canassumaevithoutlossof generality

that arealreadydistinctandthat 3 Then,afterdividing the th
rowof by andletting , we canextractthefollowing Vandermonde
submatrixof
(7.29)
Since , the Vandermondenatrix  hasrank if and
only if are distinct. Hencerank rank Figure 7.3
illustratestheintuition for distinctepipoles. O
Eventhoughwe know thatthe linearly independentectors 'slie in the
left null spaceof , wedonotknow whetherthe -dimensionasubspacspanned
by themwill be exactly the left null spaceof ; i.e. we do not know whether
rank . Simulationscon rm thatthisis truewhenall theepipolesare

distinctbut arigorousproof remainsanopenproblem(seeExercise7.11).

Now, if one of the epipolesis repeatedthen one would expectthat the di-
mensionof thenull spaceof  decreased-dowever, thisis not the casethe null
spaceof s actuallyenlagedby higherorderderivativesof the Veronesenap,
asstatedn thefollowing lemma.

Lemma 7.14 (Null space of when one epipole is repeated). Let
be the multibody fundamentalmatrix geneited by the fundamentalmatrices
with epipoles . Let  berepeated times,i.e.
, and let the other epipolesbe distinct. Thenthe
rankof the multibodyfundamentamatrix  is boundedy

rank (7.30)

3This assumptioris notalwayssatis ed, e.g.,for motionswith epipolesalongthe -axis,
-axis,and -axis, respectiely. However, aslong asthe 's aredistinct,one canalways nd a
nonsingulatineartransformation on thatmakestheassumptiortrue.Furthermorethis
lineartransformatiorinducesa linear transformatioron the lifted space thatpreserestherank
of thematrix
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Proof. When , is a repeatedoot of asa polynomial
(matrix)in . Hencewe have

Notice thatthe Jacobiarmatrix of the Veronesemap is of full rankfor
all , because

wheretheinequalityis in thesenseof positive semide nitenessThus,thevectors
arelinearly independenthecausehey arethe columns

of , and . In addition,their spancontains , because
(7.31)
Hencerank . Now if , one
shouldconsiderthe th orderpartial derivativesof evaluatedat
Thereis atotal of suchpartialderivatives,which giveriseto linearly
independentectorsin the (left) null spaceof . Similarto the case , one
canshawv thatthe embeddecpipole is in the spanof thesehigherorder
partialderivatives. O

Example 7.15 (Two repeatedepipoles).In the two-body problem, if and have
the same(left) epipole,i.e. and , thenthe rank of the two-body
fundamentamatrix is insteadof . n

Sincethenull spaceof isenlagedby higherorderderivativesof theVeronese
map evaluatedat repeatecepipoles,in orderto identify the embeddedpipoles
from theleft null spaceof we will needto exploit the algebraicstruc-
ture of the Veronesamap. Let us denotethe image of the real projective space
underthe Veronesenapof degree by 4 Thefollowing theoremes-
tablishesa key relationshipbetweerthenull spaceof andtheepipolesof each
fundamentamatrix.

Theorem 7.16 (Veronesenull spaceof the multibody fundamental matrix).
The intersectionof the left null spaceof the multibodyfundamentamatrix

null , with the Veronesesurface is exactly

null (7.32)
Proof. Let beavectorwhoseVeronesenapis in theleft null spaceof
Wethenhave

(7.33)

4Thisis the so-called(real) Veroneseurfacein algebraiacyeometry[Harris, 1993.



7.3. Geometrigpropertieof the multibody fundamentamatrix 241

Since is amultibodyfundamentamatrix,

This meanghatfor this ,

(7.34)
If for all , thenthesetof thatsatisfytheabove equa-
tion is simply theunionof two-dimensionabubspaces , whichwill never
Il theentirespace .Hencewe musthave for some . Therefore,
is oneof theepipoles. O

The signi cance of Theorem7.16 is that in spite of the fact that repeated
epipolesmay enlagethe null spaceof , andthatwe do not know whetherthe
dimensionof the null spaceequals for distinctepipoles,one may always nd
the epipolesexactly by intersectingthe left null spaceof  with the Veronese
surface , asillustratedin Figure7.4.

:

Veronese embedding

Figure 7.4. The intersectionof andnull is exactly pointsrepresentinghe
Veronesenapof the epipolesrepeatedr not.

Example 7.17 (Representationof a Veronesesurface). Considerthe Veronesenap
. Given the imageof the coordinates

, thena point is in the imageof the

Veronesenapif andonly if
rank (7.35)
Hencethe Veronesesurface , for instance canbe representea@lsoasthe locusof

minorsof theabore matrix. ™
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The questionnow is how to computetheintersectionof null with

in practice.One possibleapproachis to determinea vector suchthat
,where is amatrixwhosecolumnsform abasisfor the (left) null

spaceof . Finding , hencetheepipolesjs equivalentto solvingfor therootsof
polynomialsof degree in variables Althoughthisis feasiblefor ,
it is computationallyformidablefor

In thenext sectionwe introducea moresystemati@pproacthatcombineghe
multibody epipolargeometrydevelopedso far with a polynomial factorization
techniquegivenin Appendix7.A attheendthis chapterin essenceye will shav
thatthe epipoleg(andalsothe epipolarlines) canbe computedy solvingfor the
roots of a polynomial of degree in onevariableplus one linear systemin
variablesGiventheepipolesandtheepipolarlines,the computatiorof individual
fundamentamatricesbecomesa linear problem.Therefore,we will be ableto
reachthe conclusionthat there exists a closed-formsolutionto Problem7.1 if
andonly if ; andif , onehasonly to solve numericallya univariate
polynomialequatiorof degree .

7.4 Multibody motionestimationandsegmentation

The multibody fundamentalmatrix  is a somavhat complicatedmixture of
the fundamentamatrices . Neverthelessit in fact containsall
the informationabout . In otherwords, the mixture doesnot lose
ary information and shouldbe reversible.In essencethe purposeof this sec-
tion is to shov how to recover all theseindividual fundamentamatricesfrom the
(estimated)multibodyfundamentamatrix

(7.36)

Noticethatsincethepolynomialson bothsidesshouldbethe sameone,theabove
equalityholdsevenif arenot a correspondingmagepair. Unfortunately
thereis no known numericalalgorithmthat can effectively factora polynomial
suchasthe oneon the left-handsideinto the oneon the right-handside.In this
book,we will henceadopta moregeometricapproacho solve this problem.

In general,if thereare independentlymoving objectsin front of a camera,
theirimagepairswill generatesayin thesecondmageplane, groupsof epipo-
lar lines , e that intersectrespectiely at  distinct epipoles

, asshown in Figure 7.5. Therefore,in orderto determinewhich
imagepair belongsto which rigid-body motion,we may decomposéhe problem
into two steps:

1. usethe multibody fundamentamatrix  to computefor eachimagepair
its epipolarline (in thesecondmageplane);
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2. usethe multibodyfundamentaimatrix andall the epipolarlinesto compute
the epipolesofthe motions(in thesecondmageplane).

Onceall theepipolesarefound,groupingeachimagepair to anobjectis doneby
checkingfor which epipole theepipolarline of thisimagepair satis es

K

Figure7.5.When objectsmove independentlyn front of a x ed cameragpipolarlines
associateavith imagepairsfrom the objectsintersectrespectrely at  distinctepipoles.
Again, epipolarlinesandepipolesarein thesecondmage.

Let beanimagepair associateavith the th motion. The correspond-
ing epipolarline in the secondmageis then . Obviously, from
and we havetherelations
(7.37)

Neverthelessherethe multibodyfundamentamatrix ~doesnotdirectly givethe
correspondingpipolarline for eachpointin the rst image,northe epipoles

. Toretrieveindividual epipolesrom a multibodyfundamentama-
trix , we needto exploit therelationshipbetweerthe original epipoles 'sand
othergeometricentitiesthat can be generatedrom the multibody fundamental
matrix

7.4.1 Estimationof epipolarlinesandepipoles

Givenapoint in the rst imageframe,the epipolarlines associatedvith it

arede ned as , . From the epipolarconstraint,
we know that one of theselines passeghroughthe correspondingpoint in the
secondrame ; i.e.thereexists suchthat .Let  bethemultibody

fundamentamatrix. We have that

(7.38)
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from which we concludethat the vector representshe
coefcients of thehomogeneoupolynomialin

(7.39)

We call thevector the multibodyepipolarline associateavith . Notice that
is a vectorrepresentatiomf the symmetrictensorproductof all the epipolar

lines , andit is in generalnot the embeddedthroughthe Veronese
map) of ary particularepipolarline . From , wecan
computetheindividual epipolarlines associatedvith ary imagepoint

usingthe polynomialfactorizationtechniquegivenin Appendix7.A.

Example 7.18(Embeddedepipolar lines and multibody epipolar line). Beforewe pro-
ceedary further, let ustry to understandhe relation betweenembeddedepipolarlines
anda multibody epipolarline for the simplecase . Now, the two-bodyfundamental
matrix is a matrix. For a given , is thena six-dimensional
vectorwith entries,say . Now denotethetwo epipolarlines

by
(7.40)
Thenthefollowing two homogeneoupolynomials(in ) areequal:
(7.41)

Sincethe 'saregivenby , onewould expectto be ableto retrieve

and from this identity. We leave the detail to the readeras an exercise(see
Exercise7.3). But thereadershouldnoticethatthe multibody epipolarline andthetwo
embeddemnes and arethreedifferentvectorsin . ™

Comment7.19(Polynomial factorization). Mathematicallyfactoringthepoly-
nomial in (7.39) is a mud simpler problemthan directly factoring the
original polynomial asin (7.36).Ther is yetno knownalgorithm for
the latter problemexceptfor somespecialcases(e.g., ). But a geneal
algorithmcanbefoundfor theformerproblem.SeeAppendix7.A.

Example 7.20 Givenahomogeneoupolynomialof degree2 in two variables
, to factorit into the form ,

we may divide by andlet andobtain .
Solving the roots of this quadraticequationgives . Since
, multiplyingit nov by , weget .Aswe
seethefactorizationis in generahot unique:both and aredetermined
up to anarbitraryscalarfactor A generalalgorithmfor factoringa polynomialwith three
variablesandof higherdegreecanbe foundin Appendix7.A. u

In essenceghemultibodyfundamentamatrix — allows usto “transfer”apoint
in the rst imageto a setof epipolarlinesin thesecondmage.Thisis exactly
themultibodyversionof the corventional‘epipolartransfer’thatmapsapointin
the rst imageto anepipolarline in the secondmage.The multibodyepipolar
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transfer procesanbe describedy the sequencef maps

whichis illustratedgeometricallyin Figure7.6.

Figure7.6.Themultibodyfundamentainatrix mapseachpoint inthe rst imageto
epipolarlines thatpassthroughthe epipoles , respectiely.
Furthermorepneof theseepipolarlinespasseshrough

Given a setof epipolarlines, we now describehow to computethe epipoles.
Recallthatthe(left) epipoleassociatedvith eachrank-2fundamentaimatrix
is de ned asthevector lying in the (left) null spaceof ; thatis,
satis es . Now let be an arbitraryepipolarline associated
with someimagepointin the rst frame.Thenthereexistsan suchthat
Thereforegvery epipolarline hasto satisfythe polynomialconstraint

(7.42)

regardlesof the motionwith whichit is associatedWe call the vector

the multibody epipole associatedvith the motions. As before, is a vec-

tor representatiorof the symmetrictensorproduct of the individual epipoles
, andit is in generaldifferentfrom ary of the embeddecpipoles

Example 7.21 (Continued from Example 7.18.) Denotethe two epipoles of
, respectiely, by

(7.43)
andlet . Thenequation(7.42)impliesthatary epipolarine (e.g.,
or ) retrieved asdescribedabove satis estheequation

(7.44)
In otherwords,

(7.45)
As one may see,the information aboutthe epipoles and is thenencodedn the
coefcients of theabose homogeneoupolynomial(in ), i.e.themultibodyepipole

(7.46)
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which canbelinearly solvedfrom (7.45)if sufciently mary epipolarlinesaregiven. m

We summarizethe relationship between (multibody) epipolar lines and
epipolesstudiedsofarin Table7.1.

[ (Singlebody) | (Multibody) |

Epipolarline

Epipole

Table7.1.Multibody epipolarline andepipole.

Now, givena collection of epipolarlines (which canbe
computedrom the multibody epipolartransferdescribedefore),we canobtain
themultibodyepipole asthesolutionof thelinearsystem

(7.47)

In orderfor equation(7.47)to have a uniquesolution (up to a scalarfactor),
we will needto replace by the numberof distinctepipoles , asstatedby the
following proposition:

Proposition 7.22 (Number of distinct epipoles). Assumehat we are givena

collectionof epipolarlines correspondingo 3-D pointsin geneil con-
gur ation undegoing  distinct rigid-body motionswith nonzeo translation.
Then,if thenumberof epipolarlines s atleast , wehave
if
rank if (7.48)
if
Therefore, the numberof distinctepipoles is givenby
rank (7.49)
Proof. Similarto the proof of Theorem7.12. O

Oncethe numberof distinctepipoles, , hasbeencomputedthe vector
canbeobtainedrom thelinearsystem . Notethat,typically, only
epipolarlinesareneededo estimatehe multibodyepipole , anumber
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much lessthan the total number of image pairs neededto estimate
the multibody fundamentamatrix . Once hasbeencomputedtheindividual
epipoles canbe computedfrom  usingthe factorizationtechniqueof
Appendix7.A.

7.4.2 Recweryofindividualfundamentamatrices

Given the epipolarlines and the epipoles,we now shav how to recover each
fundamentamatrix . To avoid degeneratecaseswe assumehatall the
epipolesaredistinct,i.e.

Let be the fundamentaimatrix associatedvith
motion , with columns . We know from Section7.4.1thatgiven
, the vector representshe coefcients

of thefollowing homogeneoupolynomialin

Therefore,given the multibody fundamentamatrix , one canestimateary
linear combinationof the columnsof the fundamentaimatrix  up to a scalar
factor i.e. we canobtainvectors satisfying

Thesevectorsare nothing but the epipolarlines associatedvith the multibody

epipolarline , which canbe computedusingthe polynomialfactoriza-

tion techniqueof Appendix7.A. Noticethatin particularwe canobtainthethree

columnsof  up to scaleby choosing , , and
. However:

1. We do not know the fundamentakmatrix to which the recoveredepipolar
linesbelong;

2. Therecoveredepipolarines,hencehecolumnsof each , areobtainedup
to a scalarfactoronly. Hence,we do not know the relative scalesbetween
the columnsof the samefundamentamatrix.

The rst problemis easilysolvable:if arecoveredepipolarline corre-
spondsto a linear combinationof columnsof the fundamentamatrix , then
it mustbe perpendiculato the previously computedepipole ; i.e. we must
have . As for the secondproblem,for each let bethe epipolarline
associatedvith that is perpendiculato , for . Sincethe

's can be chosenarbitrarily, we choosethe rst threeto be ,

, and to form a simple basis.Then for every
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, thereexist unknown scales suchthat

Multiplying bothsidesby , we obtain

(7.50)
where aretheonly unknonvns.Thereforethefundamentamatricesare
givenby

(7.51)
where , and canbeobtainedasthesolutionto thelinearsystem

(7.52)
We have givena constructve proof for thefollowing statement.

Theorem 7.23(Factorization of the multibody fundamental matrix).
Let be the multibodyfundamentalmatrix associatedwith funda-
mentalmatrices .If the epipolesare distinct,thenthematrices

canbeuniquelydeterminedupto a scalarfactor).

7.4.3 3-D motionsggmentation

The3-D motionsegmentatiorproblemrefersto theproblemof assigningeachm-

agepair tothemotionit correspondsThis canbeeasilydonefrom
eitherthe epipoles andepipolarlines , or from the fundamental
matrices , asfollows.

1. Motion s@gmentatiorfromthe epipolesandepipolarlines Givenanimage
pair , thefactorizationof gives epipolarlines.One
of thesdines,say , passeshrough ;i.e. . Thepair is
assignedo the th motionif

2. Motion segmentationfrom the fundamentalmatrices The image pair
is assignedo the th motionif

Figure7.7illustrateshow a particularimagepair, say , thatbelonggothe
th motion, , is successfullysggmented.
In the presencef noise, is assignedo the motion that minimizes

or . In the schemallustratedby the gure, the epipolarlines
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th motion
Segmentation or
Epipolar constraint \ /
Polynomial factorization T
Epipolar transfer T
Veronese map T

Figure 7.7. Transformationdiagramassociatedvith the segmentationof an image pair
in thepresencef motions.

computedrom polynomialfactorizatiorfor all givenimagepairscanbeused
for threepurposes:

1. Estimationof epipoles ;
2. Retrieval of individual fundamentamatrices ;

3. Sgmentatiorof imagepairshasedn

7.5 Multibody structurefrom motion

Algorithm 7.2presents.completealgorithmfor multibodymotionestimatiorand
segmentatiorfrom two perspectie views.

Oneof themaindravbacksof Algorithm 7.2is thatit needsnary imagecorre-
spondences orderto computethe multibody fundamentamatrix, which often
malesit impracticalfor large (seeRemark7.24below). In practiceonecansig-
ni cantly reducethe datarequirementdy incorporatingpartialknowledgeabout
themotionor sgmentatiorof the objectswith minor changeso thegeneraklgo-
rithm. We discussafew suchvariationsto Algorithm 7.2,assumindinearmotions
andconstant-elocity motionsin Exercises7.6and7.8.
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Algorithm 7.2 (Multibody structur e fr om motion algorithm).

Givena collection of imagepairs of pointsundegoing differ-
entmotions,recover the numberof independentotions andthe fundamental
matrix ~ associateavith motion asfollows:

1. Number of motions. Computethe number of independentmotions
from the rank constraintin (7.20), using the Veronesemap of degree
appliedto theimagepoints

2. Multibody fundamental matrix. Computethe multibody fundamental
matrix asthesolutionof thelinearsystem , usingtheVeronese
mapof degree .

3. Epipolar transfer. Pick vectors , with
, and , andcomputetheircor
respondingpipolarlines usingthefactorizatioralgorithmof

Appendix7.A appliedto the multibody epipolarlines

4. Multibody epipole. Use the epipolarlines to estimatethe
multibody epipole ascoefcients of the polynomial in (7.42) by
solvingthesystem in (7.47).

5. Individual epipoles.Use the polynomial factorizationalgorithm of Ap-
pendix7.A to computetheindividual epipoles from themultibody
epipole

6. Individual fundamental matrices. For each , choose such that

; i.e. assigneachepipolarline to its motion. Thenuseequa-
tions (7.51) and (7.52) to obtain eachfundamentalmatrix ~ from the
epipolarlinesassignedo epipole .

7. Feature segmentationby motion. Assignimagepair to motion
if orif
The only stepof Algorithm 7.2 that requires image pairsis the esti-

mationof the multibody fundamentamatrix . Step2 requiresa large number

of datapoints,because is estimatedinearly without taking into accountthe

rich internal(algebraic)structureof  (e.g.,rank ). Thereforepne

shouldexpectto be ableto reducethe numberof image pairs neededby con-

sideringconstraintsamongentriesof , in the samespirit that the eight-point

algorithmfor can be reducedto seven pointsif the algebraicproperty
is used.

Remark 7.24(Issuesr elatedto the algorithm). Despiteits algebraic simplicity,
there are manyimportantandsubtleissuegelatedto Algorithm 7.2 thatwe have
notaddressed:
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1. Speciamotionsandrepeate@pipolesAlgorithm7.2worksfor distinctmo-
tions with nonzeo translation.It doesnot work for somespecialmotions,
e.g., pure rotation or repeatecepipolesf two individual fundamentama-
trices shale the same(left) epipoleswe cannotseggmentthe epipolarlines
asdescribedn step6 of Algorithm7.2.In this case onemayconsiderthe
right epipoles(in the r stimage frame)instead,sinceit is extremelyrare
that two motionsgiverise to the sameeft andright epipoles>

2. Algebraic solvability. The only nonlinear part of Algorithm 7.2 is to fac-
tor homaeneougpolynomialsof degree in step3 andstep5. Theefore,
the multibodystructuie from motionproblemis algebraically solvable(i.e.
there is a closed-formsolution)if and only if the numberof motionsis

. When , theabovealgorithmmustrely ona numericalsolution
for therootsof thosepolynomials SeeProposition7.30in Appendix7.A.

3. Computationatompleity. In termsof data, Algorithm7.2requires
image pairs to estimatethe multibodyfundamentaimatrix  associated
with the motions.In termsof numericalcomputationjt needsto factor
polynomial§ and hencesolvefor therootsof univariatepoly-
nomialsof degree 7. Asfor theremainingcomputationyhich canbewell
approximatedoy themostcostlystepl andstep2, thecompleity is

4. Statisticaloptimality. Algorithm7.2 givesa purely algebraic solutionto the
multibodystructue from motionproblem.Sincethe polynomialfactoriza-
tionin step3 andstep5 is veryrobustto noise oneshouldpayattentionto
step2, which is sensitiveto noise becauseét doesnot exploit the algebraic
structuie of the multibodyfundamentamatrix . For nonlinear optimal
solutions pleasereferto [Vidal and Sastry 2003.

Example 7.25 (A simple demonstration). The proposedalgorithm s testedbelov by
segmentinga realimagesequencevith moving objects:atruck, a car, anda box.
Figure7.8 shavs two framesof the sequenceavith the tracked featuressuperimposedie
track a total of point featuresacrosghetwo views: 44 for the truck, 48 for the
car, and 81 for the box. Figure 7.9 plots the segmentationof the imagepoints obtained
usingAlgorithm 7.2. Noticethatthe obtainedsegmentatiorhasno mismatches.

5This happensnly whenthe rotationaxesof thetwo motionsareequalto eachotherandparallel
to thetranslation.

60ne needsabout epipolarlines to computethe epipolesand fundamental
matrices,which canbe obtainedfrom polynomialfactorizations sinceeachone generates
epipolarlines.Henceit is notnecessaryo computethe epipolarlinesfor all
imagepairsin step3.

“The numericalcompleity of solvingfor therootsfor an th-orderpolynomialin onevariableis
polynomialin  for agivenerrorbound;see[Smale,1997.
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Figure7.8.A motionsequencevith atruck, a car, andabox. Tracked featuresaremarked
asfollows:“ " for thetruck,“ " for thecar and“ ” for thebox.
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Figure 7.9. Motion seggmentatiorresults.Eachimagepair is assignedo the fundamental
matrix for which the algebraicerroris minimized. The rst 44 pointscorrespondo the
truck,thenext 48to thecar, andthelast81to thebox. Thecorrectsegmentations obtained.

7.6 Summary

In this chapterwe have shavn how to solve the reconstructiorproblemwhen
thereare multiple independentlymoving objectsin the scene.The solutionis a
generalizatiorof the single-motioncaseby the useof the Veronesanap, which
rendersa multilinear problemlinear Table 7.2 gives a comparisonof geomet-
ric entitiesassociatedvith two views of 1 rigid-body motionand rigid-body
motions.So far, in the threechaptery5, 6, and 7) of Part Il, we have studied
two-view geometryfor bothdiscreteandcontinuousmotions,bothcalibratedand
uncalibrateccamerashoth genericand planarscenesandboth single-bodyand
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Comparisorof || two views of 1 body two viewsof bodies

An imagepair
Epipolarconstraint
fundamentamatrix

Linear recovery from
imagepairs

Epipole
Epipolartransfer
Epipolarline & point
Epipolarline & epipole

Table 7.2. Comparisorbetweenthe geometryfor two views of 1 rigid-body motion and
thatfor rigid-bodymotions.

multibodymotions.In thechapterf Partlll, wewill seehow to generalizahese
resultsto the multiple-view setting.

7.7 Exercises

Exercise 7.1 (0-D data segmentation).Given a setof points dravn from
( ) differentunknavn values in ,theneach satis esthepolynomial
equation

(7.53)
Shaw that:

1. We have thattherankof the matrix

(7.54)

is if andonlyif . Thisrankconditiondetermineshenumber of different
values.

2. The coefcients of the polynomial aresimply the only vector (up to a scalar
factor)in thenull spaceof . How doesonerecover from ?

Exercise7.2 (Monomials). Shawv thatthenumberof monomialsof degree in  variables
is thebinomial coefcient
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Exercise7.3 If youaretold thata second-dgreehomogeneoupolynomial
(7.55)

is factorizablento two linearfactorsas , nd a
solutionto , in termsof . Find anexampleof asecond
homogeneoupolynomialthatis, howvever, not factorizablen this fashion.

Exercise7.4 Shaw that:
1. Thesetof vectors spangheentirespace ;

2. Thesetof vectors spangheentirespace

Thatis, if arenot two correspondindmages.they do not necessariljlie ina -
dimensionakubspac¢hatis orthogonako

Exercise7.5 (Two moving objects).In casethatthereare moving objectswith
fundamentamatrices , write down entriesof the associatediwo-bodyfun-
damentalmatrix in termsof entriesof and . Do you seeary olvious
solutionfor recovering  and  from entriesof ?

Exercise7.6(Multiple linearly moving objects). In mary practicalsituationsthemotion
of the objectscan be well approximatedby a linear motion; i.e. thereis only transla-
tion but no rotation. In this case,the epipolar constraintreducesto or

, Where representghe epipole associatedvith the th motion
, . Therefore,the vector is an epipolarline
satisfyingtheequation

(7.56)

Therefore given a setof imagepairs of pointsundegoing distinctlin-

earmotions , onecanusethe setof epipolarlines

, to estimatethe epipoles  usingstep4 andstep5 of Algorithm 7.2. Notice
thatthe epipolesarerecorereddirectly usingpolynomialfactorizationwithout estimating
the multibody fundamentamatrix ~ rst. Whatis the minimal numberof imagecorre-
spondencereededo solwe the generalproblemof linearly moving objectsundegoing
independentnotions?

Exercise 7.7 (Estimation of vanishing points). We know from the previous chapters
thatimages  of parallellinesin spaceintersectat the so-calledvanishingpoints; see
Figure 6.13. Supposethat thereare in total three setsof parallel lines, and denotethe
threeassociatedanishingpointsby . Theneachimageline satis esthe
equation

Basedon this fact and the methodintroducedin this chapter designan algorithm to
estimate from all theimagelines(e.g.,edgegletectedn Figure6.13).

Exercise 7.8 (Constant-velocity motions). In casethe motion of the objectsin the scene
changeslowly relative to the samplingrate,we may assumehat for a numberof image
framessay ,themotionof eachobjectbetweerconsecutie pairsof imagess thesame.
Henceall thefeaturepointscorrespondingo the imagepairsin betweercanbeused
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to estimatethe samemultibody fundamentamatrix. Suppose andthe numberof
independenmotionsis . How mary featurepointsdo we needto track betweerthe
consecutie imagepairsin orderto effectively segmentthe objectsbasedn their motion?

Exercise7.9 (Segmentingplanar motions). We know from Exercise5.6thatanessential
matrix for aplanarmotionis of theform

(7.57)

Giventhe specialstructureof  (i.e. mary zerosin it), derive a simpli ed algorithmfor
segmentingtwo planarmotions(with two differentessentiaimatrices and ) from
two calibratedmagesTry to generalizeyour methodto thecaseof motions.

Exercise7.10 (Segmentingaf ne o ws). Althoughthe practicalityof thegeneraimotion
segmentatiommethodgivenin this chaptelis questionablesinceit requiresalargenumber
of featurepointsfrom bothviews, the methodcanbemademuchmoreusefulif we applyit

to morerestrictedsituationdik e thetranslationabndplanarmotioncasesin this exercise,
we exploreanothermpossibility

From Chapter4, we know thatthe optical o w satis esthe brightness
constang constraint for . We further assumethat the optical
o w generatedy differentmotionsis piecevise af ne; thatis, for someaf ne

matrix
(7.58)

Thus, we have the following equationfor every imagepoint andits imageintensity
gradient :

(7.59)

for someunknavn af ne matrix .

Unlike the fundamentamatrix , anafne matrix is alwaysof rank3. But hasa
specialstructure:its lastrow is always . Using this fact, derive a similar scheme
to the fundamental-matribxmultibody segmentationfor segmentingmultiple afne o ws.
Justify why this is more feasibleand practicalthan the feature-basednethodusing the
fundamentamatrix.

Exercise7.11 (An openproblem). Underthe sameconditionsof Lemma7.13,prove or
disprove

rank (7.60)

underappropriateconditions.
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7.A Homogeneoupolynomialfactorization

Let be a collection of  distinct vectorsin and let be the
homogeneoupolynomialof degree in givenby

(7.61)
where is thevectorof coefcients of thepolynomial

Remark 7.26 (Symmetric multilinear tensor). Mathematicallythe vector
is a vectorrepresentatiorfor the symmetridensorproductof all thevectos

Sym (7.62)
whele is the permutationgroup of elementsand representgshe tensor
productof vectos.

Giventhevectorof coefcients of the polynomial , we would
like to computethe setof vectors up to a scalarfactor In our special
contet, onemayview astheepipolarlines,and canthenbeinterpreted

asthe multibody epipolarline . Our goal hereis to computethese(individual)
epipolarlinesfrom themultibodyone:

(7.63)
To this end,we considerthe last coefcients of , which de ne the
following homogeneoupolynomialof degree in  and :

(7.64)
Letting , we have that
andhencethe rootsof theunivariatepolynomial

(7.65)
are exactly , for . Therefore after dividing by

(if nonzero)we obtainthelasttwo entriesof each as

(7.66)
If for some , thensomeof the leadingcoefcients of arezero,
andwe cannotproceedas before,because hasfewer than roots.More
speci cally, assumehatthe rst coefcients of arezeroanddivide

by the stcoefcient. In this casewe canchoose , for
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, andobtain from the rootsof by
usingequation(7.66). Finally, if all the coefcients of areequalto zero,
we set , for alll 8

Remark 7.27 (Solvability of rootsof a univariate polynomial). It is a known
factin abstact algebra that there is no closed-forrmsolutionfor the rootsof uni-
variate polynomialsof degree [Abel, 1828 Galois,1931]. Hence there
is no closed-formsolutionto homaeneougpolynomialfactorizationfor

either Sinceonecanalways nd therootsof a univariatepolynomialnumerically
using efcient polynomial-timealgorithms[Smalg 1997, we will considerthis
problemassolved.

We areleft with the computationof the coefcients of thevariable of each

factor of , i.e. . For that, we considerthe coefcients
of . We noticethatthesecoefcients arelinear functionsof the unknavns
, giventhatwe alreadyknow . Thereforewe cansolve for

from thelinearsystem

(7.67)
where arethe coefcients of thefollowing homogeneoupolynomialof
degree in and :

(7.68)

In order for the linear systemin (7.67) to have a unique solution, the col-
umn vectors (in the matrix on the left-hand side) must be
linearlyindependentWe leave to thereaderasanexerciseto prove thefollowing
proposition:

Proposition 7.28. The vectos are linearly independentf and
onlyif the vectos are pairwiselinearly independent.

This latter condition is always satis ed, except for some degeneratecases
describedn Example7.29below.

Example 7.29 (Somedegeneratecases).Thereare essentiallythreecasesn which the

vectors arenot pairwiselinearly independent:
1. The original polynomial is suchthat the polynomial hasrepeated
roots,e.g.,
8Underthe assumptiorthat hasdistinct factors,this occursonly when for

some
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2. The polynomial associatedvith somefactorizable , €.0.,
asapolynomialin , hasmorethanonezeroleadingcoefcient. In
this casewe have for morethanone .
3. Theoriginalpolynomial is notfactorizableThis happensfor example when
thevectorof coefcients is corruptedoy noise.In this casethepolynomial
mayhave comple roots,e.g., , andonecould“project”

thesecomple roots onto their real parts. This typically introducesrepeatedeal
roots in the resulting polynomial; e.g., after “projection; the abose polynomial
is effectively corvertedto -

]
In thosedegeneratecases,as long as the original polynomial has

distinctfactors,onecanalwaysperformaninvertiblelineartransformation
(7.69)

thatinducesa linear transformationon the vector of coefcients , for

some , suchthatthenew vectors arepairwiselinearly

independentA typical choicefor such is of theform

where canalwaysbe chosenso thatthe newv polynomial in (7.65)

hasdistinctroots.Underthis transformationthe polynomial becomes

Therefore,the polynomial associatedvith and will have distinct roots for
all , exceptfor the 's, which are roots of the following second-order
polynomial;

(7.70)

for some , . Sincethereareatotal of suchpolyno-
mials, eachof themhaving at mosttwo roots,we canchoose arbitrarily, except
for values.Thenthe new polynomial satis esthe condition of
Proposition7.28andcanbefactorizedby the methodgivenabove. Therecovered
vectorsare

(7.71)

whichdirectly givesthe original vectors for
We have thusprovedthefollowing proposition.
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Proposition7.30. Factorizationof a (factorizable) th-orderhomaeneougpoly-
nomialis algebraically equivalentio solvingtherootsof a univariatepolynomial
ofdggree plusthesolutionto a linear systemn  variables.Hencethe problem
is algebraically solvableif andonly if

The factorizationtechniquediscussechere has beenusedrepeatedlyin this
chapterfor the computatiorof the epipolesandepipolarlinesassociateavith the
multibody structurefrom motionproblem.

Furtherreadings

The problemof motion segmentationfalls into a more generalclassof multi-
modal patternrecognitionproblems.The algebraicgeometrictreatmentadopted
by this chapterfor this classof problemsfollows the so-calledgenerlized
principal componenanalysis[Vidal etal., 2003.

The problem of multiple-motion estimationwas rst addressedn the work
of [ShizavaandMase,199] for the casein which therearetransparenbbjects
in the scene.The problemof two perspectie views of two motionswas stud-
ied by [Wolf andShashua20018. Thefeasibility of a systematicsolutionto the
mostgeneralproblem( motions)was only recentlyaddressedby the work of
[Vidal etal., 2002h Vidal etal., 20024, which led to the material presentedn
this chapter Regardingstatisticaloptimality, nonlinearoptimal algorithmshave
beendevelopedrecently andthey, asexpected have superiorperformanceover
thelinearalgorithmgivenin this chapterbut atthe price of highercomputational
cost[Vidal andSastry2003.

Variousmotionsegmentatiortechniques

Variationsto the approachpresentedn this chapterfor differentcameramod-
els and special motions that are not covered in this book can be found in
[DemirdjianandHoraud, 1992 CosteiraandKanade 1995 Xu andTsuji, 1994,
[Torr, 1998 AvidanandShashua200Q HanandKanade200Q Kanatani, 2001,
ShashuandLevin, 2001].

Linked (articulated)rigid-body motions

Themethodgivenin this chaptethave their limitations, especiallywhenthe mo-
tion of multiple objectsarenotindependent-or instancejn the caseof ahuman
movement,the motionsof differentlimbs andjoints arerelatedin a systematic
way, alsoreferredto as articulatedmotions. Given the fundamentaimatrix as-
sociatedwith one motion, anotheroneis very likely determinedup to a one-
or two-parametefamily. Furthermorethe natureof available datain this case
is alsofundamentallydifferent: typically, thereare not so mary distinctive fea-
tureson eachlimb, andusuallyonly the joints canbe reliably distinguishedand
tracked. That preventsus from using the algorithmsgivenin this chapter The
readercan consultthe work of [SinclairandZesar1996 Sinclairetal., 1997,
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RufandHoraud,1999 and [Sidenbladhetal., 2000 BreglerandMalik, 1999
for the studyof linkedrigid bodies.However, multiple-viev geometryof linked
rigid bodiesremaindargely anopentopic.
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Part Il

Geometry of Multiple Views



Thisis page262
Printer:Opaquehis



Multiple-View Geometryof Pointsand
Lines

Anideawhich canbeusedonceis atrick. If it canbeusedmore than
onceit becomes method.
— GeogePolyaandGaborSzeayo

In this chapternwe study how the framework of epipolargeometryintroducedin
Part Il generalizedo the caseof multiple views. As we shall see,this entails
studyingconstraintghat correspondingointsin differentviews mustsatisfy if
they are the projection of the samepoint in space.Not only is this develop-
ment crucial for understandinghe geometryof multiple views but, asin the
two-view case,theseconstraintsmay be usedto derive algorithmsfor recon-
structing cameracon guration and, ultimately, the 3-D position of geometric
primitives. The searchfor the -view analogueof the epipolarconstrainthas
beenan active researchareafor almosttwo decadeslt was realizedearly on
in [Liu andHuang,1986 Spetsaki@ndAloimonos,1987 that the relationship
betweerthreeviews of the samepoint or line canbe characterizedby the trilin-
ear constaints. Consequentlythe studyof multiple-view geometryhasinvolved
multidimensionalinear operatorsalsocalledtensors.

This chapterand the next will, however, take a different technicalapproach
thatinvolvesonly matrix linearalgebraln essenceye shalldemonstrat¢hatall
the constraintsbetweencorrespondingointsor linesin  views, including the
epipolarconstraintstudiedbefore,can be written as simple rank conditionson
the multiple-viev matrices In orderto put this approachinto a historical con-
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264 Chapter8. Multiple-View Geometryof PointsandLines

text, in this chaptemwe shallalsoexplore relationshipsetweensuchmatrix rank
conditionsandmultilineartensors.

A conceptuaimultiple-view factorizationalgorithmwill be derived from the
matrixrankconditions This algorithmdemonstratethe possibilityof performing
3-D reconstructiorby simultaneouslyutilizing all availableviews andfeatures.
In this chapterwe restrictour attentionto individual point andline featureslIn
the next chapter we will shov how to extendthe samerank techniqueto study
multiple imagesof points, lines, planes,as well as incidencerelationsamong
them.We leave issuegelatedto theimplementatiorof thealgorithmsto Part V.

8.1 Basicnotationfor the (pre)imageandcoimageof
pointsandlines

To setthe stagewe recallthe notationfrom Chapter3 (Section3.3.4).Consider
a genericpoint in Euclideanspace .The homogeneousoordinatesof
relative to a x edworld coordinateframe are denotedby

. Thenthe (perspectie) image of ,takenby
amoving cameraattime! , satis estherelationship

(8.1)

where is the (unknown) depthof the point  relative to the camera
frame,and is the cameracalibration matrix. Here we allow the
intrinsic calibrationparameterso changefrom frameto frame,sinceit involves
noadditionaltechnicalif culty atthisstageof analysisMoreover,

is the standard(perspectie) projectionmatrix, and is the
coordinateransformatiorfrom theworld frameto the camerdrameattime . In
equation(8.1), , and areall in the hom@eneougepresentationSuppose
thetransformation is speci ed by its rotation andtranslation

. Thenthehomogeneourepresentationf is simply

(8.2)

Noticethatequation(8.1)is equivalentto
(8.3)
Now considera point lying on a straightline , asshawn in Fig-

ure8.1. Theline canbede ned by a collectionof pointsin  describedin
homogeneousoordinatesas

(8.4)

1We remindthereaderthat is justanindex of the view, anddoesnot necessarilymply anorder
in whichtheviews arecapturedj.e. doesnotnecessariljhave to beinterpretecas“time.”



8.1. Basicnotationfor the (pre)imageandcoimageof pointsandlines 265

Figure8.1.Imagesof apoint onaline : Thepreimages of thetwo imagelines
shouldintersectat the line  in space;the preimagesof the two image points
shouldintersectat the point in space Normal vectors to the planesindicatethe

two coimageof theline.

where are the coordinatesof a “basepoint”
on this line, and is a nonzerovectorindicatingthe
“direction” of theline.

Thentheimageof theline attime is simply the setof images of
all points . It is clearthatall such lie on the intersectionof the

plane in  passinghroughthe centerof projectionwith theimageplane,as
shavn in Figure8.1.Recallfrom Section3.3.4thatwe canusethe normalvector
of this planeto denotethe coimageof theline

If is theimageof apoint onthisline, then satis esthe orthogonality
equation

(8.5)
Thenthe plane span is the preimageof theline , de ned in Section

3.3.4.This is illustratedin Figure8.1. Similarly, if is theimageof a point ,
its coimageis the planeorthogonato givenby the spanof the columnvectors
of thematrix . Recallfrom Section3.3.4thatwe have introducedthe notation
in Table8.1to representheimage,preimage and coimageof pointsandlines.
For simplicity, we will oftenusethevector andthematrix , determinedipto
a scalarfactor, to representhe preimageof a pointanda line, respectiely; and
thematrix andthevector , upto ascalarfactor to representhe coimageof a
pointandaline, respectiely. Usingthis notation,for aline anda point ,
therelationbetweertheir (pre)imageand coimagecanbe expressedn termsof
thevectors as
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Notation Image Preimage Coimage
A point | span imageplane | span span
Aline | span imageplane | span span

Table8.1.Image preimageandcoimageof a pointandaline.

Having distinguishedhenotionsof image,coimage andpreimageye oftensim-
ply referto the“image” of aline by the vector , insteadof the morecubersome

Supposehatwe obtain multiple imagesof a point , oraline at
timeinstants . We denotethemby
(8.6)
Theprojectionmatrix  isthena matrixthatrelateghe thimageof apoint
to its world coordinates by
(8.7)
andthe th coimageof aline toits world coordinates by
(8.8)
for . For corvenienceby aluseof notation,we often use
to denotethe rst threecolumnsof the projectionmatrix , and
for thelastcolumn.Thatis,
(8.9)
Be aware that do not necessarilyrepresentthe actual camea rotation
andtranslationunlessthe camen is fully calibrated,i.e. .In ary case,

thematrix  isofrank andspeci eshow to projectthe (world) coordinates
of apoint ontotheimageplane(with respecto thelocal camerarame).

Recallthatin Section3.3.4,we have formally de ned a preimageasthe setof
pointsin  thatgive riseto the sameimageof a pointor aline. This notioncan
be easilygeneralizedo the multiple-view setting.

De nition 8.1 (Preimagefr om multiple views). A preimage of multipleimages
of a pointor a line is the (largest)setof 3-D pointsthat giverise to the sameset
of multipleimagesof the pointor theline.

For example,in Figure 8.1, the preimageof the two imagelines must
betheintersectiorof the preimageof eachimageline, i.e. the intersectiorof the
plane andtheplane . Obviously, fromthe gure, . Hence the

line in spaceis exactly the preimageof its two images.Equivalently, given
multiple imagesof a point or a line, we can de ne their preimageto be the
intersection

preimage preimage preimage

preimage preimage preimage
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By thisde nition, we cancomputein principlethe preimagefor ary setof image
pointsor lines. For instancethe preimageof multiple imagelines canbe either
anemptyset,a point, aline, or a plane,dependingon whetheror not they come
from thesamdine in space.

8.2 Preliminaryrankconditionsof multiple images

We rst obserethatin equationg8.7) and(8.8) theunknowvns, , ,and
, which encodethe informationaboutthe locationof the point  or theline

arenot directly availablefrom imagemeasurement#s in the two-view case,jn
orderto obtainintrinsic relationshipdetween , and only, i.e. betweerthe
imagemeasurementandthe cameracon guration, we needto eliminatethese
unknowns. Thereare mary differentbut algebraicallyequivalentwaysfor elim-
inating theseunknawns, which resultin differentkinds of constraintshat have
beenstudiedin the computervision literature.Here we will shav a systematic
way of eliminatingtheabove unknonvnsthatresultsin acompletesetof conditions
andprovidesa cleargeometriccharacterizationof all the constraints.

8.2.1 Pointfeatures

Considerimagesof a 3-D point seenin multiple views. We can rewrite
equation(8.7)in matrix formin thefollowing way

(8.10)
Thisequationafterde ning

(8.11)
canbewrittenas

(8.12)
We call the depthscalevector, and the multiple-view pro-
jectionmatrix associatedavith theimage matrix . Notethatwith the

exceptionof , everythingelsein this equationis unknownn. Solvingfor the depth
scalesandthe projectionmatricesdirectly from theseequationds by no means
straightforvard.Hence,asin the two-view casewe decoupletherecovery of the
cameralisplacements from therecovery of scenestructure, , and
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Notethatevery columnof the matrix in equation(8.11)liesin a
four-dimensionakpacespannedy columnsof the matrix . Hencein
orderfor equation(8.12)to be satis ed, it is necessaryor the columnsof and

to belinearly dependentin otherwords,the matrix

(8.13)

musthave a nontrivial right null spacethatis to say its columnsaredependent
(notethatfor ), andhence

‘ rank (8.14)

In fact, from equation (8.12) it is immediateto see that the vector
isin theright null spaceof thematrix , since

Remark 8.2 (Positive depth). Evenif rank , thereis noguarantee
that in (8.10)will havepositiveentries? In practice if thepointbeingobserved
is alwaysin frontof thecamer,then , and in (8.10)will be sud thatthe
entriesof areall positive Sincethesolutionto is uniqueif rank

and is a solution,thenthelast entriesof haveto be
of the samesign.

Theaboverankconstrainttanbe expressedn amorecompactvay in termsof
thecoimageof thepoint. Let usde ne amatrixthat“annihilates” ,

(8.15)
Since , we have

(8.16)
Therefore premultiplyingbothsidesof equation(8.12)by  , weget

(8.17)

2|In a homogeneousensethis is not a problem,sinceall points on the sameline throughthe
cameracenterare equialent. But it doesmatterif we wantto chooseappropriatereferenceframes
suchthatthe depthfor therecarered3-D pointis physicallymeaningful,i.e. positive.



8.2. Preliminaryrankconditionsof multipleimages 269

Thismeanghatthevector s in thenull spaceof the matrix

(8.18)

andsincethenull spaceof is atleastone-dimensionalye have
rank (8.19)

If all theimages areindeedfrom a singlepoint (with coordinates ), the

matrix shouldhave only a one-dimensionahull space Null spacesf both

and thencorrespondo pointsthat may have givenrise to the sameset

of imagesNotethatindividual rows of the matrix cansimply be obtainedby
eliminatingtheunknovn scales from

(8.20)

We employed this style of eliminationin deriving the epipolarconstraintin the
two-view case Statingthe rank conditionsmore preciselywe have the following
result:

Lemma 8.3 (Imagesand coimagesof a point). Given images
,ofapoint withrespecto camerframegle nedbytheprojection
matrices , wemusthave

‘ rank rank ‘ (8.21)

Proof. Notethatthematrix

hasfull rank . Multiplying it ontheleft by thematrix ~ doesnotchangehe
rank of

Sincethe submatrix hasfull rank , therankof the overall matrix on the

right-handside( rank ) is equalto rank . Since , we
concludethat

rank rank (8.22)

O

This proof illustratesa useful algebraictechnique(called the rank reduction
lemmain AppendixA) for eliminatingredundantows andcolumnsin a matrix,
whichwe will useextensvely in therestof thebook.
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8.2.2 Linefeatues

Considemnow imagesof asingle3-D line seenin multipleviews. A rankcondition
similar to the caseof a point canbe derived in termsof the coimages . From
equation(8.8),the matrix

(8.23)

mustsatisfytherankcondition

o0

The null spaceof is at leasttwo-dimensionabecausdrom (8.8) the vectors

and arebothin the null spaceof thematrix . In fact,ary in
thenull spaceof  representthehomogeneousoordinate®f somepointlying
ontheline , andvice versalForthesale of completenessye canalsointroduce
thecounterparbf  for line featuresas

(8.25)

We leave to the readeras an exercise(seeExercise8.4) to prove the following
lemma.

Lemma 8.4 (Imagesand coimagesof a line). Given coimajes ofa
line withrespecto camer frames(or projectionmatrices) ,
wemusthave

‘ rank rank ‘ (8.26)

Thenext threeexamplesllustratethegeometrianeaningof therankconditions
associateavith the matrix

Example 8.5 (Homogeneoug epresentationof hyperplanesin ). To describea hy-

perplane ,aconventionalwayis to giveavector suchthatapoint
with homogeneousoordinates is ontheplaneif andonly if
(8.27)

In generalwe know thattwo planesintersectataline andthreeinterseciatapoint. Hence
thenull space®f thematrices

(8.28)
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represent line anda pointin  , respectiely (if rank andrank ).
Thisis illustratedin Figure8.2. Therefore boththematrices and  arenothingbut
representationsf a pointandaline in termsof a family of hyperplanepassinghrough
them.Eachrow of and represents hyperplaneary pointin their null spaceis
simply a pointin the intersectionof all the hyperplanesrom the rows. The null spaceof
and isnothingbut thepreimageof all theimagesof thepointor theline (expressed
in homogeneousoordinatesvith respecto the rst camerdrame). ™

=

Figure8.2.0nehomogeneousgector determines hyperplane ; two hyperplanes
in generadeterminealine ; threedetermineapoint .

Example 8.6 (Geometricinter pretation of for two views). Considertherows of the
matrix . rows aretrivially redundantdueto the rank de ciency of
andtheremaining  rows eachrepresent hyperplanén space Since ,all
the planesmustintersectat the samepoint  (with coordinates ) in spaceFor to be
theonly intersectionwe requirerank . For views, this putsan effective
constrainton the four (independentjows involved. This is illustratedin Figure8.3. The
readermay try to nd out what happensf rank (althoughan answerwill be
givenin thenext section). ™

Figure8.3.Thetwo independentow vectorsof representwo planesntersectingat
theline ;togethemwith thetwo planesrom , thesefour planesintersectata point
in spacevhosehomogeneousoordinatevector  is in thenull spaceof the matrix
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Example 8.7 (Geometricinterpretationof  for two views).For two (co)images
of aline ,therankcondition(8.24)for thematrix = becomes

rank rank (8.29)

Here isa matrix, that automaticallyhasrank lessthanor equalto two. Soin
generalthe preimageof two imagelines alwayscontainsa line in spaceandhencethere
is essentiallyno intrinsic constrainton two imagesof a line2 This is consistenwith the
geometridntuition illustratedin Figure8.4. This factalsoexplainswhy thereareno line-
basedwo-view motionrecovery techniquesn Partll. A naturalquestionhowever, arises:
arethereary nontrivial constraintfor imagef aline in morethantwo views?Theanswer
is yes,aswe will soonshav in Section8.4. ™

N

SN

y

Figure8.4. Theplaneextendedfrom ary line (  or ) inthesecondmagewill intersect
atoneline ( or ) in spacewith theplane extendedfrom ary line ( ) in the rst
image.

The above rank conditionson , ,and arethe startingpoint for
studyingtherelationshipsamongpoint andline featuresn multiple views. How-
ever, therank conditionsin their currentform still containsomeredundang and
areratherdif cult to exploit computationallysincethelowerboundontheirrank
is notyet clear, andthe dimensionof thesematricesis high. In thefollowing two
sectionswe will shav how to further reducethesematricesto a more compact
form. As we will seethereductionwill simplify the studyof the constraintghat
suchmatrix rank conditionsimposeuponmultiple correspondingiews, andwill
alsoleadto a usefulalgorithmfor 3-D reconstruction.

SHowever, thisis nolongerthe caseif thelinesareseggments See[Zhang,1995.
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8.3 Geometryof pointfeatures

We startthis sectionwith the caseof pointfeaturesandleave theline featurecase
to the next section.

8.3.1 Themultiple-viev matrix of a pointandits rank

Without loss of generality we may assumethat the rst (uncalibratedcamera
frameis chosento be the referenceframe. That gives the projection matrices

, theform

(8.30)

whereasbefore? , collectsthe rst threecolumnsof
, (thereforeijt is not necessarilya rotationmatrix unlesshe camerahappengo

be calibrated)and , is thefourth columnof . Using
this notation, the rank of the matrix will not changeif we multiply it by a
full-rank matrix of thefollowing form:
Hence rank if andonly if for the submatrix

(8.31)
of the above matrix hasrank . We call the multiple-viev matrix
associatedavith a pointfeature . Noticethat  involvesboththeimage and
thecoimages of thepoint .

Theaboverankconditiononthematrix ~ canalsobederivedby manipulating
thematrix . We leave this asan exerciseto the reader(Exercise8.6). Using
the factstatedin Lemma8.3 andthe obsenationsabove, we cansummarizehe

relationshipbetweertheranksof , ,and inthefollowing theorem.
Theorem 8.8 (Rank conditions for point features). For multiple imagesof a
point,thematrices , ,and  satisfy

‘ rank rank rank ‘ (8.32)

4Recallthathere  is notnecessarilya rotationmatrix unlessthe cameras calibrated.
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Comment 8.9 (Geometricinformation in ). Noticethat is the normal

vectorto the epipolar planeformedbetweerframesl and , andsois thevector
. We further have , which yields

(8.33)

Sothe coefcient that relatesthe two columnsof is simplythe depthof the
point in spacewith respectothecenterofthe r stcamernframe(therefeience).
Hence the multiple-viev matrix captutes exactly the information about a
point in spacethatis missingfroma singleimage () but encodedn multiple
images.Thisis shownin Figure 8.5.

Figure8.5.Geometridnformationin  : distanceto thepoint .

Duetotherankequality(8.32), , ,and all giveequivalentonstraints
thatmayariseamongthe viewsof apoint. Thematrix  is obviouslythemost
compactepresentationf theseconstraintsNoticethatfor tobeofrank1, it
is necessarfor thepairof vectors tobelinearlydependenfor each

. This is exactly equivalentto the well-known bilinear epipolar
constraints

(8.34)

betweerthe th andthe rst views (aswe know from Exercise5.4).
In orderto seewhatextra constraintghis rank conditionimplies, we needthe
following lemma.

Lemma 8.10. Givenanynonzerovectors , the matrix

(8.35)

is rank-de cientif andonly if for all

The lemmais simply a vectorversionof the factthat the determinaniof ary
minor of the given rank-de cient matrix is zero. The proof is left to the
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readeiin ExcerciseB.9. Applying thislemmafromthematrix  thatrelateshe
rst, th,and thviews,we obtainthefollowing equation:

(8.36)
Noticethatsince , theabove equationyieldsthetrilinear constaint

(8.37)

The above equationis a matrix equation,and it gives a total of
scalar(trilinear) equationsput of which onecanshow thatonly four arelinearly
independentExercise8.24).

The bilinear andtrilinear equationsarerelated.As long asthe corresponding
entriesin and arenonzerogachcolumnof the abore matrix equa-
tion implies that the two vectors and mustbe linearly dependent.
Trilinear constraintg8.37)hencemply bilinearconstraintg8.34),exceptfor the
specialcasein which for someview . This casecorre-
spondgo araredegenerateon gurationin whichthe3-D point  liesontheline
throughthe opticalcenters , whichwe will discussgn moredetaillater.

Sincerank is equivalentto all the minorsof having zero
determinanandall minorsof involving upto threeimagesonly, we can
concludethat thereare no additional linearly independentelationshipsamong
four views. Althoughwe only provedit for the specialcasewith , the
generakasediffersonly by a choiceof referencdrame.

Sofar, we have essentiallygiven a proof for the following factsregardingthe
constraintamongmultiple imagesof a pointfeature.

Theorem8.11(Linear relationshipsamongmultiple viewsof a point). For any
given imagesof a point relativeto camen framesrank
yieldsthefollowing:

1. Anyalgebraic constaintamongthe imagescanbereducedo onlythose
involving two and threeimagesat a time Formulaeof thesebilinear and
trilinear constrints are givenby (8.34)and (8.37),respectivelyTheee is
no otherirr educiblerelationshipamongpoint featuesinvolvingmore than
threeviews.

2. Given imagesof a point, all trilinear constaints betweeranytriplet of
views algebraically imply all bilinear constaints betweerpairs of views,
exceptfor the degenemte casein which the point lies ontheline through
theoptical centes for some.

From the discussionabove, we seethat the bilinear (epipolar)and trilinear
constraintsare certainly necessaryor the rank of the matrix to be 1. But
rigorouslyspeakingthey arenot sufcient. Accordingto Lemma8.10,for them
to beequialentto therankcondition,thevectorsinvolvedin the matrix need
to benonzeroThisis not alwaystrue for certaindegenerate&casesasmentioned
above.
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8.3.2 Geometridnterpretationof therankcondition

This sectionexploresmore closely the relationshipsbetweenthe bilinear con-
straints thetrilinear constraintsthe rank conditions andtheirimplicationfor the
uniquenessf thepreimage.

Given threevectors , if they areindeedimagesof some3-
D point with respecto the threecameraframes,asshowvn in Figure 8.6, they
shouldautomaticallysatisfyboththebilinearandtrilinear constraintsj.e.

bilinear:
trilinear:

Now considerthe inverseproblem:If the threevectors satisfythe bi-
linear or trilinear constraintsare they necessarilyimagesof somesingle point
in spacef so,we referto this singlepoint (if it exists)asthe preimage of the
images ,and .Theabove questionis answeredy thefollowing lemma.

Figure8.6. Threeraysextendedfrom the threeimages intersectat onepoint
in spacethe preimageof

Lemma 8.12 (Properties of bilinear and trilinear constraints). Giventhree
vectos , andthreecamen frameswith distinctoptical centes, if
thethreeimagessatisfythe epipolarconstaint betweeread pair®

a unigue preimage  is determinedexceptfor the casewhee the three lines
associatedo image points , arecoplanar

SHerewe usesubscripts to indicatethatthetransformations fromthe thtothe thframe.This
corventionwill beusedthroughtherestof this chapter
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If thesevectos satisfyall trilinear constaints’

thenthey determinea uniquepreimage exceptfor whenthe threelines
associatedvith thethreeimages , arecollinear
Proof. A detailedprooffor thislemmacanbefoundin Appendix8.A. O

Herewebrie y summarizéhegeometridntuition behindthelemma.Geomet-
rically, thethreeepipolarconstraintsimply imply thatany pair of thethreelines
arecoplanarlf all threelinesarenot coplanaythe intersectioris uniquelydeter
mined,andsois the preimagelf all the lines do lie on the sameplane,sucha
uniqueintersectionis not always guaranteedAs shawn in Figure 8.7, this may
occurwhenthe lines determinedy the imageslie on the planespannedy the
threeoptical centers , thetrifocal plang or whenthethreeoptical cen-
terslie on a straightline regardlessof the imagepoints,the rectilinear motion

Figure8.7.Two instancesvhenthethreelinesdeterminedy thethreeimages
lie onthe sameplane,in which casethey maynot necessarilyntersectatauniquepoint .

Figure8.8.If thethreeimagesandthethreeopticalcenterdie on astraightline, any point
onthisline is avalid preimagethatsatis esall the constraints.

Thesecondcasas moreimportantandoccursfrequentlyin practicalapplications
(e.g.,acarmoving onthe highway).In suchacaseregardles®f what3-D feature
pointonechoosesepipolarconstraintsalonedo not provide sufcient constraints
to determinea uniquepreimagepoint from ary giventhreeimages Fortunately
the 3-D preimageis uniquely determinedf the threeimagessatisfy the trilin-

ear constraint,exceptfor one rare degeneratecon guration in which the point

6Although thereseemto be total of nine possible , therearein factonly threedifferent
trilinear constraintgdueto the symmetryin thetrilinear constrainiequation.
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in questionlies on the line betweencollinearoptical centers.This situationis
demonstrateth Figure8.8.

For morethanthreeviews, in orderto checkthe uniquenes®f the preimage,
one needsto apply Lemma8.12to every pair or triplet of views. The possible
numberof combinationsof degeneratecasesoften makesit very hardto draw
ary consistentonclusionHowever, the two possiblevaluesfor the rank of
classifygeometriacon gurationsof thepointrelatvetothe camerdramesinto
two andonly two categories.If therankis 1, thentherelative locationof thepoint

is uniquelydeterminedIf therankis 0, i.e. , then
for . Theonly solutionto theabove equationss thatall thecamera
centers lie onaline andthepoint canbeanywhereon thisline.

Hence,in termsof the rank conditionon the multiple-view matrix, Lemma8.12
canbegeneralizedo multiple views in aconciseanduni ed way.

Theorem8.13(Uniquenessof the preimage). Given  vectosrepresentinghe

imagesof a pointin  views, they correspondto the samepoint in the 3-D
spaceif therankof the matrix relativeto any of the camen framesis one If
therankis zeo, the point is determinedup to the line on which all the camen
centes mustlie.

Summarizingthesealgebraicfacts,for a multiple-view matrix associated
to a setof pointfeatureswe have

rank no point correspondencandpreimagas empty;
rank pointcorrespondencandpreimagds unique;
rank point correspondencandpreimagés not unique.

Notethatonecanpotentiallyusetheaboverankconditionfor matchingfeaturesor
rejectingdegenerateand mismatchedeaturesduring the processof establishing
correspondencamongimagepointsacrosamultiple views.

8.3.3 Multiple-view factorizationof pointfeatures

As we have demonstratedn the previous section, the rank condition of the
multiple-view matrix capturesall the constraintsamongmultiple imagessi-
multaneouslywithout specifyinga particularset of pairs or triplets of frames.
Ideally, onewould lik e to formulatethe entireproblemof reconstructin@-D mo-
tion andstructureasthe maximizationof someglobal objectie function subject
to therankcondition.However, suchanapproachwould rely on solvinga costly
nonlinearoptimizationproblem.Instead herewe divide the overall probleminto
(linear) subproblemsand shav how the rank condition can be instrumentalfor
estimatingmotion assumingknown matchedpoint featuresand estimating3-D
point coordinategyiven known motion. The completeconceptuahlgorithmthat
interleavesthesestepswill begivenattheendof this section.

Supposehat images of points , are
given,andwe wantto usethemto estimatethe unknovn projectionmatrix
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This canbedonein two steps.Therankconditionof the matrix simply states
thatits two columnsarelinearly dependentywhich canbewrittenfor the th point
in theform

(8.38)
for proper . Note that the individual rows of equation
(8.38)canbeobtainedfrom multiplying bothsidesby

(8.39)
Therefore, can be interpretedas the inverseof the depthof point

with respectto the rst frame.Note thatif we know , equation(8.39)is

linearin  and .Theestimationof cameranotionis thenequivalentto nding

the (stacled) vectors and
, , suchthat

(8.40)

where is the Kroneder product betweenmatrices(Appendix A). It canbe
shown thatif the 'sareknown, the matrix is of rank if more
than pointsin generalpositionaregiven.In thatcasethe null spaceof

is uniqueupto a scalefactor andsois the projectionmatrix

Reconstructiofiroma calibratedcamern

To demonstratéhe key ideasof the algorithm, we assumethat the camerais

calibratedj.e. . We leave the uncalibrateccaseto Section8.5. Thenin
theprojectionmatrix , isarotationmatrixin ,and isatranslation
vectorin . Let and bethe (unique)solutionof (8.40).In the

presencef noisein featuremeasurements, typically hasranklargerthan ;
namelyit is of rank12.In suchacasethesolutionis obtainedasthe eigervector
of  associatedvith the smallestsingularvalue.In orderto guaranteghat is
indeedn , we needto projectandscaletheobtainedsolutionappropriately
Let betheSVDof . Thenthesolutionof (8.40)in
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is givenby

sign (8.41)

Sign - (8.42)

The motion estimationstep assumeghat the initial ~ 's are known. These
initial estimatescan be obtainedfrom the rst two images,using the eight-
point algorithm for estimatingthe displacement and
(seeChapters), followed by estimationof the unknavn scalars 's. Giventhe
known motion, the equationgiven by the rst row of equation(8.38) implies

. The least-squaresolutionfor the unknovn scalefactors
is givenby

(8.43)

Theseinitial valuesof ~ canthereforebe usedin equation(8.40)for recovery of
and for . Recallthat is recoveredup to a scalarfactor
from theeight-pointalgorithm.We canthenrecoverall the unknavnsfrom (8.40)
upto asinglescalesincethe 'swerecomputedupto thesamescaleof
In the presencef noise,solving for the 'susingonly the rst two frames
may not necessarilype the bestthing to do. Neverthelessthis arbitrarychoiceof
'sallows usto computeall themotions , . Givenall the
motions,theleast-squaresolutionfor the 'sfrom (8.38)is givenby

(8.44)

Notethatthesescalars arethesameasthosein (8.43)if . Onecanthen
recomputehe motiongiventhesenew  's anditeratethesetwo stepsuntil the
differencebetweerthereprojectedmagepoints andthegivenones |, the
so-calledreprojectiorerror, is smallenough.

Theseobsenationssuggest naturaliterative linearalgorithm,Algorithm 8.1,
for multiple-view motionandstructureestimation.

The cameramotion is then , andthe structureof the
points (with respectto the rst cameraframe)is given by the corvergeddepth
scalar . The reasonto set isto x the

universalscale.lt is equivalentto settingthe distanceof the rst pointto bethe
unit of measuremeni herearea few notesfor the proposedilgorithm:

1. Theiterationfrom step4 is unnecessarif thedatais perfect,i.e. noiseless.
In this case stepsl to 3 giveanexact -view reconstructiorbasecdonthe
initialization from two views.
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Algorithm 8.1 (Factorization algorithm for multiple-view reconstruction).

Given images of points , , estimatethe projection
matrix , andthe 3-D structureasfollows:

1. Initialization:

(@) Compute usingtheeight-pointalgorithmfor the rst two views;
(b) Compute from (8.43);
(c) Normalize for
2. Compute from (8.40) as the eigevector associatedwvith the smallest
singularvalueof
3. In thecalibratedcase compute from (8.41)and(8.42);in theuncalibrated
casesimplylet , for .
4. Computethe new from (8.44) for . Normalize so that
and . Usethe newly recorered 'sand 's

to computethereprojectedmages for eachpointin all views.

5. If , for aspeci ed , then andgoto 2, elsestop.

2. Thealgorithmmakesuseof all constraintsimultaneoushfor motionand
structureestimation While the 's seemto be estimatedusingpairs
of views only, this is not exactly the case.The computationof the matrix

depend®nall the 's,eachof whichis in turnestimatedrom the
matrix involving all views.

3. Thealgorithmcanbe usedeitherin batchor in arecursve fashion:initial-
ize with two views, recursvely estimatecameramotion,andautomatically
updatescenestructurewhenanew view becomesvailable.

4. In casea pointis occludedin a particularimage,the correspondingyroup
of threerowsinthe  matrix canbesimply droppedwithoutaffectingthe
conditiononits rank.

The above algorithmis only conceptualandthereforenaive in mary ways).
Thereare mary possiblewaysto imposethe rank condition,and eachof them,
althoughalgebraicallyequivalent,canhave signi cantly differentnumericalsta-
bility ” andstatisticalpropertiesTo make thesituationevenworse underdifferent
conditions(e.g.,long baselineor shortbaseline)correctlyimposingsucha rank
conditionrequiresdifferentnumericaltechniquesThis is eventrue for the stan-
dard eight-pointalgorithmin the two-view case(aswe sawv in Chapter5). We
will leave someof thesepracticalissuego Part IV, andbelon we shov a simple
experimentdemonstratinghe peculiaritiesof the givenalgorithm.

Example 8.14 (Reconstructionfrom imagesof a cube). Figure 8.9 shaws four images
of acube(onwhichthe correspondindeaturesareestablisheananually),andFigure8.10

7See for example Exercise8.17.
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Figure8.9. Fourimagesof the cubeandcorrespondindeaturesThe camerais calibrated
usingtechniquesiescribedn Chapter6.

o
&

Figure8.10.Reconstructe@-D featuresviewedfrom novel vantagepoints.

shaws the resultof 3-D structurereconstructedrom theseimagesusing Algorithm 8.1.
The camerais roughly calibrated,andthe errorin the reconstructedight anglesaround
eachcorneris within . The choiceof animageto be thereferenceview doesnot affect

thereconstructiomuality signi cantly. ™
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8.4 Geometryof line features
The previous section focused on multiple-view relationshipsamong point

featuresln this sectionwe follow a similar derivationfor line features.

8.4.1 Themultiple-viev matrix of a line andits rank

Accordingto Lemma8.4,the matrix

(8.45)
associateavith  imagesof aline in spacesatis estherankcondition
rank (8.46)
Withoutlossof generalitywe mayassumehatthe rst camerdrameis chosen
to bethereferencdrame,i.e. . Giventhischoice thematrix  andits
associatedank conditioncanbe expressedn a morecompactform. Multiplying
ontheright by thefull-rank matrix doesnot changats rank:

(8.47)

Thisyieldsa new matrix

(8.48)

Since s of full rank , therankof is thesameasthatof
rank rank

For the matrix to beof rank , the submatrix

(8.49)
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of musthave rank of no morethanone.We call the matrix ~ the multiple-
view matrix associatedvith aline feature . Togethemwith Lemma8.4,we have
proventhefollowing theorem.

Theorem 8.15 (Rank conditions for line features). For the two matrices
and associatedvith -viewsof aline, thefollowing relationshipholds:

‘ rank rank rank ‘ (8.50)
Therefore, rank is either2 or 1, dependingon whetherrank islorO.
For rank , it is necessaryor every pair of row vectorsof to be
linearly dependentFocusingon the rst threecolumnsof , thelineardepen-
deng impliesthat forall . Thisrelationis equivalentto a

trilinear equation
(8.51)

Notice that this constraintinvolvesonly the cameraorientation . Now, taking
into accountthe fourth columnand consideringthe linear dependeng between
the thand th rows givesusanothettypeof trilinear constraint,

(8.52)

thatrelateghe rst, thand thimagesFromExample8.7,weknow thatnontriv-
ial constraintonlinesmustinvolve atleastthreeviews. Theabove two equations
con rm this fact.

Although the trilinear constrainty(8.52) above are necessanyffor the rank of
thematrix  to bel, they arenot sufcient. For equation(8.52)to be sufcient

andimply (8.51),it is requiredthatthescalar in benonzeroThisis not
truefor certaindegenerateasesuchastheline  beingcoplanarto the baseline
. Butin ary case rank if andonly if all its minorshave zero

determinantSinceall suchminorsinvolve only threeimagesat a time, we can
concludethatany constrainton linesis dependenbn thoseinvolving only three
imagesatatime.

Hence we have essentiallyproventhefollowing theorem.

Theorem 8.16(Constraints amongmultiple imagesof aline). Given views
ofaline in in camerframestherankconditiononthematrix  implies
thatanyalgebraic constaintsamonghese imagescanbereducedo onlythose
involvingthreeimagesat a time Theseconstaintsinclude(8.51)andthetrilinear
constaint (8.52).

8.4.2 Geometridnterpretationof therankcondition

Fromthe above derivation,we know thatgiventhreevectors that
areimagesof thesameline in spaceasshavn in Figure8.11,they satisfythe
trilinear constraints
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Figure8.11.Threeplanesextendedrom thethreeimages intersectin oneline
in spacethe preimageof

As in the point case,we now ask the oppositequestion:If the three vectors
satisfythe trilinear constraintsarethey necessarilymagesof a single
line in spaceTheanswetis givenby thefollowing lemma.

Lemma8.17(Propertiesof trilinear constraintsfor lines). Giventhreecamera
frameswith distinct optical centes and any three vectos that
representhreeimagelines,if thethreeimagelinessatisfythetrilinear constaints

thentheir preimage  is uniquelydeterminedexceptfor the casein which the
preimage of every is thesameplanein space Thisis theonly degeneiatecase
andin thiscasethematrix ~ becomegenp.

Proof. As shavnin Figure8.12,we denotethe planesformedby theopticalcen-
ter ofthe thframeandtheimageline by ,and is alsothenormal
vectorto . Denotethe intersectionline between and by
andtheintersectiorline between and by . Geometrically

is thedistancfrom  totheplane ,and is the unit normal
vectorof  expressedn the rst frame.Furthermore, is avectorpar
allelto  with length , Where is the anglebetweerthe planes

and . Therefore,in the generalcase the trilinear constraint rst

impliesthat  is parallelto , since and arelinearly
dependentSecondlythetwo termsin thetrilinear constraintsnusthave the same
norm,which gives . Since and are
thedistancedrom to and respectiely,then  mustcoincidewith
orin otherwords,theline in spaces uniquelydetermined.
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Figure8.12. Threeplanesextendedfrom the threeimages intersectat lines
and , whichshouldactuallycoincide.

The casein which  coincideswith only  oronly = needssomeatten-
tion. For example, if coincideswith but notwith , then and
. In this casethe preimage is still uniquelydeterminedas
theintersectiorline betweerthetwo planes and
The only degenerag occurswhen  coincideswith both  and . In that

case, and . Thereis anin nite
numberof linesin thatgenerate¢hesamesetof images , ,and
, asshavnin Figure8.13. O

Comment8.18(Geometricinformation in ). First,recallthat
is the 3-D directionof the line. Without loss of geneality, we assume
Noticefromthe proof of Lemma8.17,thatif rank , the r stthreeentries
in eac row are exactly , which is parallel to the directionof the line
in space(with respectto the r st view). If we normalizeead row of by
thenormofthe r stthreeentries,i.e. divideby , eachrowbecomes ,
whele isthedistancefrom  totheline
Hence containsexactlytheinformationof thatis missingin the r stimage
. Togetherwith , and determinghe3-D locationof ,asshownin Figure
8.14.

For morethanthreeviews, in orderto checkthe uniquenes®f the preimage
of the givenimagelines, one needsto apply the above lemmato every triplet
of views. Sincethereare mary possiblecombinationsof degeneratecasesit is
very hardto draw ary consistentconclusionusingtrilinear relationshipsonly.
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Figure8.13.If thethreeimagesandthethreeopticalcenterdie onaplane , ary line on
this planecanbeavalid preimageof thatsatis esall theconstraints.

Figure8.14.Geometridnformationin amatrix  : directionof anddistanceo theline

However, the previous lemmacanbe generalizedo multiple views in termsof
therankconditiononthe multiple-view matrix.

Theorem 8.19 (Unigquenessof the preimage). Given vectos in repre-
sentingimagesof lines  with respecto  camea framesthey correspondo
the sameline in spaceif therankof thematrix  relativeto any of the camean
frameds 1. If itsrankis O (i.e. thematrix  is zeo), thentheline is determined
upto a planeonwhich all the camer centes mustlie, asshownin Figure 8.13.

The prooffollows directly from Theorem8.15,andthedegenerateasecanbe
easilyderived from solving the equation . The casein which theline in
spaceshareshesameplaneasall the centersof thecameras the only degenerate
casein which onewill notbeableto determinethe exact3-D locationof theline
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from its multiple images:

rank no line correspondence;
rank line correspondencandthe preimagds unique;
rank line correspondencandthe preimagds notunique.

8.4.3 Trilinear relationshipsamongpointsandlines

Although the two typesof trilinear constraints(8.37) and (8.52) are expressed
in termsof pointsandlines, respectiely, they in fact describethe sametype of
relationshipamongthreeviews of a pointandtwo linesin spacelt is easyto see
thatcolumns(or rows) of arecoimagef linespassinghroughthe point, and
columns(or rows) of areimagesof pointslying ontheline (seeExercise8.1).
Hence,eachscalarequationfrom (8.37) and (8.52) falls into the sametype of
equation

(8.53)

where arerespectiely the coimagef two linespassinghroughthe same
point whoseimagein the rst view is . However, for this equationto hold, it

isnotnecessarthat and correspondo coimageof the sameline in space.
They canbe imagesof ary two lines passingthroughthe samepoint , which

is illustratedin Figure 8.15. So, the above trilinear equation(8.53) imposesa
restrictionontheimages in thatthey shouldsatisfy

preimage apoint (8.54)

L//—V

Figure8.15.Imagesof two lines intersectingata point . Planesxtendedrom the
imagelinesmightnotintersectatthesamdine in spaceBut satisfythetrilinear

relationship.
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Example 8.20(Tensorialrepresentationof the trilinear constraint). Theabovetrilinear
relationship(8.53) playsa similar role for three-viev geometryto thatof theepipolarcon-
straintfor two-view geometryHerethefundamentamatrix is replacedoy thenotionof

trifocal tensor traditionallydenotedby . Likethefundamentaiatrix, thetrifocal tensor
dependgnonlinearly)onthe motionparameters and . Theabove trilinear relationcan
thenbe written formally asthe interior product(or contraction)of thetensor with the
threevectors

(8.55)

Intuitively, thetensor consistof entries,sincethe abore trilinear relation
hasasmary coefcients to be determinedLik e the fundamentamatrix, which hasonly
seven free parameter§, therearein fact only 18 free parametersn . We will give a
formal proof for this in Section8.5.2(Proposition8.21).Nonethelessf oneis interested
only in recovering linearly from threeviews aswe did for thefundamentamatrix from

two views, the internal dependenc amongthe coefcients 's can be ignored.
The 27 coefcients canbe recoveredup to a scalarfactorfrom 26 linearequationof the
above type (8.53). We henceneedat least 26 triplets with correspondence

relationshipspeci ed by Figure8.15.We leave asanexercisefor thereaderto determine
hov mary correspondenceacrossthree views are neededin orderto have 26 linearly
independenéquationdor solving (seeExercise8.24).Lik e thefundamentamatrix, the
trifocal tensor  alsohasa rich algebraicand geometricstructure.ln Exercise8.23,we
introducea way of book-keepingits  entriesthatpreseresnicegeometricandalgebraic
properties Sincethetrilinear constraintsn mostcasesmply the epipolarconstraintswe
shouldexpectthatthe fundamentamatrix canberecoseredfrom thetrifocal tensor .

Thisis indeedtrue. A step-by-stemlevelopmentfor this factis givenin the exercisegsee
Exercise8.25). ™

8.5 Uncalibratedactorizatiomandstrati cation

We have studiedin Chaptet6 how to achieve 3-D reconstructionn the caseof an
uncalibrateccamerarom two images.n this sectionwe will studyuncalibrated
reconstructiorin the generalmulti-view settingbasedon the rank condition. In
particular we will shov how the rank condition naturally revealsthe relation-
shipsamongprojective (uncalibrated)af ne (weakly calibrated),andEuclidean
(calibrated)camerasndreconstructionsto clearlycompareghesecasesyve will
adoptthe notationintroducedin Chapter6: we use  now for the ( th) uncali-
bratedimage to bedistinguishedrom the calibratedone . They arerelatedby
theequation

8Recallthatthe fundamentamatrix is de ned only up to a scalarfactorandit further
satis es
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8.5.1 Equivalentmultiple-viev matrices

Recall that the relationship betweenan uncalibratedimage  and its 3-D
counterpartn theuncalibratedsettingis

(8.56)

where,asde nedin Chapters,

aretheEuclideanaf ne, andprojective projectionmatriceswith respecto the
views, respectiely. For generality assumehatthe cameracalibrationmatrix
canbedifferentfor eachview (in practice only someof theentriesof ~ vary).To
bemoreprecisea Euclideanstructure  , anafne structure , andaprojec-
tivestructure  generateghesamesetof imagesby projectingthemthrough
thefollowing (multiple-view) projectionmatrices ,and ,respectiely:

Recallfrom Chapter6 thattherelationshipsamongthesematricesare

and

In the equationabove, the matrix
(8.57)

is the only type of linear transformationthat preseres our choice of the rst
(af ne or projectve) camerdrameto bethereferencdrame;i.e.

(8.58)

Sincewith ,both - and  now conformto the choice
for theprojectionmatricesin (8.30),they giveriseto two multiple-view matrices
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with equalrank

Notice thatthe columnsof the secondmatrix are simply linear combinationsof

thoseof the rst matrix, andvice versa.Thesetwo matricesmusthave the same
rank (seeExercise8.20).However, the null space®f thesetwo matricesareusu-
ally different(Exercise8.19). Similar resultshold for the caseof line features.

Thus, for the samesetof uncalibratedmages , the projectionmatrix
thatallows rank is not unique.The remainingquestionis whetherthe
projectionmatrices or  (differing by achoicein ) aretheonly ones,or
whetherthereexist otherprojectionmatricesthat alsosatisfythe rank condition
for the samesetof images.

8.5.2 Rank-basedncalibratedfactorization

In the rst stepof Algorithm 8.1,oneneeddo initialize with  from ary two
views. Without calibration,the relationshipbetweensay the rst two views is

characterizedy the fundamentamatrix . The dif culty
with the uncalibratedcaseis that the fundamentamatrix ~ cannotbe directly
decomposednto the (afne) form . Thus, as we have con-

tendedin Section6.4.2,we may rst choosethe canonicaldecompositiorof
andrecover a projective solutionof theform

(8.59)

Although givesrise to the sameepipolarrelationshipbetweerthe rst two
views, the recovered3-D structuredependson the actualchoiceof and

. Differentchoicesyield differentvaluesof , or equivalently,  (see
Exercise8.19).

But once a decompositionof  is chosenfor , all the other projec-
tion matrices areuniquelydeterminedup to a scalefactor)
from equation(8.40). Only in the projective casecanwe no longer normaliz€
therecovered  's using . That is, the projection matrix

directly recoveredfrom the rst two stepsof Algorithm 8.1

9We needto determinethe projectionmatricesonly up to ascalarfactor say . However, one
mustbeawarethat,oncethescalesontheimagecoordinatesnd3-D coordinatesreset,e.g.,thelast
entryof or issetto 1,thescaleof eachprojectionmatrixis in factabsorbednto  with respect
to eachview. It is easierto seethisfrom thematrix ~ : althougheachrow canbe arbitrarily scaled,
its null spacedoesnotchangehencepreseresthe samehomogeneousoordinate®f a 3-D point.
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in theuncalibratedcasemustbe of thefollowing generaform

(8.60)

for someunknavn ,and . Thereforeamonghe
total of parametersf the matrices ,
only canbedeterminediueto thearbitrarychoiceof
and (whichhave four parametersandthe scalars .To
summarizeheabove discussionye have in factproventhefollowing statement.

Proposition8.21(Total number of degreesof freedom). From imagesalone
(in the absenceof any extra information about calibration or motion), we can

recover at most freeparametes for therelativecon guration of the
camea frames.

This in fact also explainswhy the fundamentaimatrix for two views should
dependnonly parameter? andthetrifocal tensorfor threeviews
shoulddependn parameterdn particularthethreefundamental
matricesfor threepairsof views, say , togethershouldalso

haveonly  degreesof freedomWe alreadyknow thateachhasserendegreesof
freedom.Hencethe threefundamentamatricesmustbe related,i.e. they should
satisfyat leastthreemorealgebraicallyindependenequations\We will leave the
developmenbf theseequationgo thereaderasanexercise(seeExercise8.21).

8.5.3 Directstrati cation bytheabsolutequadricconstrint

Sofar, we have studiedthetype of solutionsofferedby thefactorizatioralgorithm
in the uncalibratedcase.Thatis, in the absenceof any extra informationabout
cameraalibrationor motion,usingtheimagemeasurementnly, we candirectly
recoveraprojectionmatrix ~ with

and its associategrojective structure . In orderto obtain a Euclideanre-
construction , we needto further eliminatethe ambiguity introducedby the
transformation , the scale , andthe cameracalibration . We may achiere
this by accomplishinghefollowing upgradeof the projectionmatrix,

19Thenineentriesof  only have sevendegreesof freedombecause is determinedupto ascalar
factorand is of rank2,implying
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since as we leave to the readerto verify, the Euclideanstructure canbe
obtainedasthe null spaceof the matrix

(8.61)
To achievetheupgradewe needto nd thetransformatiommatrix

(8.62)
thatrelatesthe two matricesin thefollowing way:
In orderto establis,someadditionalconstraintson , letus rst have alook
attherows associatedvith the projectionmatrices
for . Evidently eachpair of matricesarerelatedby

(8.63)
Now, asin Chapter6, de ne amatrix to be

(8.64)

In generalwe know only that is arank-3positive semi-de nitesymmetricma-
trix. Since and , we directly have
thefollowing relationship:

(8.65)

Theseconstraintaretheabsolutequadricconstaintsthatwe have seenin Chap-
ter 6. Note thatthe  's can be obtaineddirectly from the factorization,but

and areunknovn matrices,and are unknown
scalarsAs we have anticipatedn Chaptel6 (e.g.,Exercise6.16),evenin thecase
in which the cameracalibrationis constant , We cannot
alwaysexpectto nd auniguesolutionfrom suchconstraintaunlessthe camera
motionsare rich enough.We call a sequencef motions critical if
it leadsto multiple solutionsin the cameracalibration from its associated
absolutequadricconstraints.
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Theorem 8.22(Critical motionsfor the absolutequadric constraints). A mo-
tion sequencer setis critical for camea calibrationif and only if it belongsto
oneof thefollowing four casest!

1. A motionsequencavhoserelative rotationsbetweerviews are generated
by arbitrary rotationsarounda xed axis(Figure 8.16 ). Formally, thisis
a motionsubgoup

2. Anorbital motionsequencéFigure 8.16 ), i.e. thecircular group

3. Eight camen posesthat respecthe symmetryof some(3-D) rectangular
parallelepiped(Figure 8.16 ).

4. Four camean positionsthat respecthe symmetryof some(2-D) rectangle
and at eadh positionthe camea mayrotatearoundtheline connectinghe
centes of thecamen andtherectangle(Figure 8.16 ).

Thesecasesareillustratedin Figure 8.16.
e e

Figure8.16.Four casef critical motionsequences.

Proof. A completeproof consistsof a carefulclassi cation of all possiblerela-
tionshipsbetweerthe quadricgivenby  andthe conic by . Theinterested
readercansee[Sturm,1997 for thedetails. O

Note that solving the absolutequadricconstraintessentiallyprovidesa solu-
tion to the problemof cameracalibration,anticipatedin Chapter6. Additional
partial knowledgeof the cameracalibration,motion, andstructuremay give rise
to alternatve techniquegor computingthe cameracalibrationandthe Euclidean
structure Discussionof suchpracticalissueswill be givenin Chaptersl0 and
11.

8.6 Summary

The intrinsic constraintsamongmultiple imagesof a point or a line canbe ex-
pressedn termsof rank conditionsonthematrix , ,or . Therelationship

11Here, for simplicity, we ignorethatsometrivial rotationsby canbeaddedo eachcase.
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amongtheserank conditionsis summarizedn Table 8.2. Theserank conditions
capturethe relationshipsamongcorrespondingyeometricprimitivesin multiple
images.They give rise to naturalfactorization-basedlgorithmsfor multiview
recovery of 3-D structureandcameramotion.

Rankconditions | (Pre)image Coimage Jointly
Point rank rank rank
Line rank rank rank

Table8.2. Equivalentrank conditionson matricesin image,in coimageandin imageand
coimagejointly.

Given images of a point and  coimages
of aline with respectto  cameraframesspeci ed by
, We summarizen

Table8.3theresultsof this chapteron the comparisorbetweerpointsandlines.

8.7 Exercises

Exercise8.1 (Image and coimageof points and lines). Suppose aretwo pointson
theline ,and aretwo linesintersectingatthepoint . Let betheimages
of thepoints , respectiely, andlet bethecoimagef thelines ,
respectiely.

1. Show that

2. Shaw thatfor some ,

3. Draw apictureandcorvinceyourselfof theabove relationships.
Exercise 8.2 (Uncalibrated coimageand image). We know thatan uncalibratedmage
of apoint isrelatedto its calibratedcounterparby

1. Derive the relationshipbetweenthe uncalibratedcoimageof andits calibrated
coimage.

2. Derive the relationshipbetweenan uncalibratedcoimageof a line  and its
calibratedcounterpart.

3. Derive the relationshipbetweenan uncalibrated(pre)imageof a line  andits
calibratedcounterpart.

Notice the differencein the effect of the calibrationmatrix ~ on a (pre)imageandon a
coimage.
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Pointfeature Line feature

rank rank

rank rank
all images are colinear

all images are coplanar

Constraintfrom rank Constraint§rom rank

3-D informationencodedn 3-D informationencodedn

Table8.3. Comparisorbetweermultiple imagesof a pointandaline.

Exercise8.3 (A planein ). Otherthanthe homogeneousepresentatiogivenin this
chapter describea planein in termsof a basepoint (on it) and vectorsthatindicate
its span Findtherelationshipbetweersucharepresentatioandthe homogeneousnefor

thesameplane.
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Exercise8.4 (Relationshipbetweentheranksof  and ). ProveLemma8.4,relating
therankof thematrix ~ tothatof thematrix by

rank rank
Characterizé¢henull spaceof thematrix ~ givenrank

Exercise8.5 (Two-view geometryfrom ). Giventwo images with respecto
two camerdramesspeci ed by , then:

1. Derive theepipolarconstrainfrom therankcondition
rank rank
2. Assumingthatthetranslatiorbetweerthe rst andseconccamerdrameis nonzero,
shaw that
rank

exceptfor aspecialkcaseWhatis this speciacase This propertymeanghatthe (ho-

mogeneousgoordinate®f the 3-D pointareuniquelydeterminedy thenull space
of whentranslationis present(Hint: to simplify the proof,onecanconsidetthe

rst camerdrameto bethereferencdrame.)

This canbe consideredsatriangulationprocedurdor lines.

Exercise8.6 (Three-viewgeometryfrom ). Giventhreeimages with re-
spectto threecameraframesspeci ed by (with the rst cameraframebeing
thereference)shaw that

rank rank
Exercise8.7 (Multilinear function). A function is calledbilinear
if is linearin if is x ed,andvice versa.Thatis,
for ary and . Shaw thatary bilinear function
canbewrittenas
for somematrix . Noticethatin the epipolarconstraintequation
the left-hand side is a bilinear form in . Hence,the epipolar constraint

is also referredto as the bilinear constaint. Similarly, we can de ne the trilinear or
quadrilinear functions. In the most generalcase,we can de ne a multilinear function

thatis linear in each if all other 'swith are
x ed. Sucha functionis called -linear. Anothernamefor sucha multilinear objectis
tensor A two-tensor(i.e. a bilinearfunction) canbe representetby a matrix. How cana
higherordertensorberepresented?
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Exercise8.8 (Minors of a matrix). Suppose isan matrix with . Then

is a“rectangular’matrixwith rowsand columnsWe canpick (say , , ,

) arbitrarydistinctrowsof ~ andform an submatrixof . If we denotesuchan
submatrixby , its determinant is calledaminor of

Prove thatthe columnvectorsarelinearly dependenif andonly if all the minorsof
areidenticallyzero,i.e.

How mary differentminorscanyou possiblyobtain?

Exercise 8.9 (Linear dependencyof two vectors). Given ary four nonzeo vectors
, thematrix

(8.66)

is rank-de cientif andonly if for all . Explainwhat
happensf someof thevectorsarezero.

Exercise8.10 (Rectilinear motion and points). Usetherankconditionof the matrix
to shaw thatif thecamerds calibratedandonly translatingon astraightline, thentherela-
tive translationakcalebetweerframescannotberecoveredfrom bilinearconstraintsbut it
canberecoveredfrom trilinear constraints(Hint: use to simplify theconstraints.)

Exercise8.11 (Pure rotational motion and points). The rank conditionon the matrix

is so fundamentathatit works for the purerotationalmotion casetoo. Shav that if
thereis no translation the rank conditionon the matrix is equivalentto the constraint
thatwe maygetin the caseof purerotationalmotion,

(8.67)
(Hint: youneedo corvinceyourselfthatin thiscaseherankof ~ isnomorethan J)

Exercise8.12 (Points on the plane at in nity). Shawv thatthe multiple-view matrix
associateadvith  imagesof apoint ontheplaneatin nity satis estherankcondition
rank . (Hint: thehomogeneousoordinategor apoint atin nity areof theform

)

Exercise8.13 (Degeneratecon gurations). Shaw thatthe only solutioncorresponding
to theequation

rank

is thatall thecameracenters lie onaline andthepoint canbearywhere
onthisline.

Exercise8.14 (Triangulation for line features).Giventwo (co)imagef aline
andtherelative motion of the camerabetweerthe two vantagepoints,whatis
the3-D locationof theline with respecto eachcamerdrame?Expresshedirectionof the
line andits distanceo the centerof the cameran termsof ,and . Underwhat
conditionsaresucha distanceanddirectionnot uniquelydetermined?
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Exercise8.15 (Rectilinear motion and lines). Supposehe camergcenter)is moving on

astraightline . Whatis themultiple-view matrix  associateavith imagesof ary line
thatis coplanarto  ? Describethe setof all suchlines . Whatinformationabout

thecameramotion arewe ableto getfrom imagesof suchlines?Explainwhy.

Exercise8.16 (Purely rotational motion and lines). Derive the constraintamongmul-
tiple imagesof aline taken by a camerahatrotatesaroundits center How mary lines(in
generaposition)areneededo determindinearly the rotationfrom two views?Explain.

Exercise8.17 (Numerical sensitvity of the rank condition). Althoughtherankcondi-
tion is awell-de ned algebraiccriterion,onemustbe cautiousaboutusingit in numerical
algorithms.A matrix rankis invariantunderarbitrary scalingof its rows or columns,but
scalingdoesaffect the sensitvity of the matrix to perturbation.Considerthe two rank-1
matrices

where is a small positve number Perturbboth by addinga vector to their rst

rows. Computethe angleshetweerthetwo row vectorsof eachmatrix beforeandafterthe
perturbation Explainwhy for degeneratecon gurations(i.e. ), therankcondition
might berathersensitve to noise.

Exercise8.18 (Invariant property of bilinear and trilinear relationships).Supposéwo
setsof projectionmatrices

arerelatedby acommontransformation  of theform

Thatis, areequalupto scale.Show that
1. and givethesamefundamentamatricegup to ascalefactor).
2. and (givethesametrifocal tensor(upto ascalefactor).

(Hint: Onecan rst shav thatthe above claimsaretrue whenthe equality
is exact. Thenamuethatthe sametwo or three-viev relationshipsiold evenif one
scalesachprojectionmatrix  arbitrarily.)

Exercise8.19 (Changeof depth). Let two images of a pointwith respecto two
camerdramesbegiven. Theprojectionmatrixis .Hence for
adepthscale . Now supposeve have recoreredthe fundamentamatrix

Sincewe do notknow the calibrationof the camerawe mayrecover the projectionmatrix
only up to thedecomposition

Find the correspondinddepth”  for the image pair with respectto the new
projectionmatrix.
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Exercise8.20 (Invariant property of the rank condition). We shav thatthe rank con-
ditionsdevelopedin this chapterareinvariantunderanarbitrarytransformation  of the
form

1. Firstderive therankconditionrank fromrank
2. Suppose
(8.68)
andlet
Shaw that
rank rank

3. Basedontheresultsfrom thepreviousexercise explainhow thenull space®f these
two multiple-viev matricesarerelated.

Exercise 8.21 (Fundamental matrices among thr ee views). Denoteby the
relative coordinateransformatiorfrom the th view to the th suchthat

Thenthe associatedundamentamatrix is denotedoy . Now considerthe
threefundamentamatrices ,and
1. Denotetheimageof the th cameracenter in the th view by . Shaw
that

whereequalityis in thehomogeneousenseThisiis illustratedin Figure8.17.

2. Find therelationshipbetween  and andconcludethatthereare essentially
three“independent’fundamentamatricesas listed above. Verify thatit is trivial
that

3. Further verify thenontrivial relation

Concludethatthethreefundamentaimatricedistedabove arefurtherrelatedvia the
threeequations
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Figure8.17.Imagesof cameracenterg(i.e. epipoles)amongthreeviews: theimageof the
th cameracenterin the thview is denotecby . Therearethereforesix in all.

Since and are essentiallythe (left) null spaceof and ,theabore
relationin factimposeshreealgebraicallyindependentonstraintamongthethree
matrices ,and

Exercise 8.22 (Three-viewgeometry from fundamental matrices between pairs).
Supposewe are given the threefundamentamatrices , and betweenthree
uncalibrated? views, and we want to recover a “consistent”set of projection matrices

suchthatthey give backthe samefundamentamatrices Without lossof gen-
erality we may assume , and needto be determinedThe following
stepsprovide guidelineson how to achieve this goal:

1. Computethe epipoles as the (normalized)left zero eigervectors of
, respectiely. However, verify (analytically or by simulation) that in
generathestraightforvard canonicadecomposition

doesnotnecessarilgive the samefundamentamatrix betweerthesecondand
third views.

2. Hencejnsteadof choosinghe canonicablecompositionwe needto modify atleast
oneof theprojectionmatrices say

where needsto be determinedsuchthat  togetherwith givesthe correct

fundamentamatrix . Denotethepseudo-imerseof by suchthat
. Verify that
for some .Whatis ?Findits expressiorin termsof the givendata.
3. Now let .Hence hasto bechoserin suchaway that

12The calibratedcasefollows easilydueto therelatively simplestructureof the essentiamatrix.
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where equality is in the homogeneoussense.In general, this equality gives
sufciently mary equationdo solwe for

Exercise 8.23 (Basic structur e of the trif ocal tensor). Supposewne know the trifocal
tensor

1. Wede ne amatrix function

Shaw thatif , then

2. Similarly, write down the correspondingnatrix formsfor

and

Exercise8.24 (Linear estimation of the trif ocal tensor). In this exercisewe shav how
to computethetrifocal tensor :

1. Show thatfrom equation(8.37),threeimages of apoint in spacegive
riseto four linearly independentonstraintsf thetype (8.55).

2. Shaw thatfrom equation(8.52),threecoimages of aline in spacegive
riseto two linearly independentonstraintof thetype (8.55).

3. Concludethatin generaloneneeds pointsand linesacrossthreeviews with
to recover thetrifocal tensor  linearly upto a scalefactor

Exercise8.25 (Fundamental matrices from a trif ocal tensor). Accordingto its de ni-
tion, the trifocal tensor is simply a array of numberswhose“contraction”
(multiplication by a vector)with atriplet of correspondingpointandlines ,as
shavn in Figure8.15,is equalto

Follow the stepsto shaw thatthe fundamentamatrix and can
berecoreredfrom decomposinghe 27 entriesof

1. If wecontract with only avector ,wegeta matrix

Shaw that:

(@) Theleft null spaceof is
(b) Theright null spaceof is

2. Note that is orthogonalto . Recallthat standfor the
standardasisvectorsascolumnsof theidentity matrix . Shaw that
. Similarly, shav that . Note that the
recovered may not be of the samescaleas originally usedin the
de nition of . Concludethattheepipoles and canbedeterminedrom the
trifocal tensor
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3. Now shaw that

4. Wethencan nally concludethat and canbedetermined
(upto ascalefactor)as
where arecomputedrom thesecondstep.
In fact, alsoimpliesthe third fundamentalmatrix  , but it is not easyto expressit

explicitly. To prove this is true, we will, however, explore an alternatve approachn the
next exercise.

Exercise8.26 (Thr ee-viewgeometryfromtrif ocaltensors).Consideithreeuncalibrated
views Underthe sameconditionsas Exercise8.25 above, supposave have obtainedthe
trifocaltensor as

Our goal hereis to recover a setof projectionmatrices thatwould give back
thesametrifocal tensor Follow thestepsbelow to achieve this goal.First, supposeve have
followed the stepsin Exercise8.25 and computedthe epipoles

from B
1. Shaw thatfor thematrix de nedin Exercise8.25,
we have
2. In generalwe chooseboth . Supposene de ne a new trifocal
tensorusing and computedabore:
Thenwhatis the expressionfor in termsof

andthe 's?Is thesame(up to ascalefactor)as in general?

3. Verify thatin generalwe do not have thatfor some

theequality
for

holdsupto ascalarfactor (A numericalcounter&amplewill do.)

18Herewe use to explicitly denotethe possiblescaledifferencebetweertherecorered 's
andtheoriginal 's,althoughthey areequalin thehomogeneousense.
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4. Now de ne . Shaw thatthereis atransformation asabove such
that

with equality up to a scalefactor (Hint: Notice that when

, andconsiderin the matrix to choose . You needto

gure outwhat needsgo be.)

5. Now verify thattheresultingprojectionmatricesdo give the sametrifocal tensor
(upto ascalefactor).(Hint: No computationis actuallyneeded.)

Exercise 8.27 (Continuous-motion rank condition). Supposethe camerais moving
continuouslyand the projection matrix is . We assume
at time . For simplicity, we may further assumethat the camera

is calibrated,hence . Thenthe image of a point satis es
, Where givesthe (homogeneousjoordinate®of .

1. Shawv thatattime , we have

rank

where aretheangularvelocity andaccelerationtespectrely, and
arethelinearones.

2. Derive from thelinear dependenc of the rst threerows of the abore matrix the
continuous-timeepipolarconstrainthatwe studiedin Chapters:

3. Whatis thenull spaceof the abore two-columnmatrix?More speci cally, suppose
is in thenull spaceof theabove matrix. Whatis theratio ?

Exercise8.28 (A simulation exercisefor the rank condition: point case).This exer
cise gives you hands-orexperiencewith the reconstructioralgorithm basedon the rank
condition:

1. In Matlab,generatesay veimagesof apointwith respecto vecamergositions
of your choice.Verify therankof theassociateanatrices andthemultiple-
view matrix . Perturboneof theimagesandchecktherankof again.Verify
in simulationthe conditionwhenthe rank of the matrix goesto zero.

2. Now take theimagesfor six points(in generalposition)andverify the rank of the
matrix  de ned in Section8.3.3.Find a casein which for six (different)points,
therankof thematrix  islessthan1l.

3. Combinedwith the eight-pointalgorithmyou codedbefore verify in simulationthe
multiple-view algorithmgivenin this chapter(in the noise-freecase).

Exercise8.29 (Multiple-view factorization for the line case).Follow a similar devel-
opmentof Section8.3.3andconstructa multiple-view factorizationalgorithmfor theline
caseusingtherankconditionon . In particular answetthefollowing questions:
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1. How mary lines(in generalposition)areneeded?
2. How is thealgorithminitialized?

3. How is structuralinformation,i.e. the distanceandorientationof a line, updatedn
eachiteration?

Theoverall structureof theresultingalgorithmshouldbe exactly thesameasthealgorithm
givenfor the point case althoughthe pureline caseis rarelyusedin practice.

8.A Prooffor the propertiesof bilinearandtrilinear
constraints

Lemma 8.12 (Properties of bilinear and trilinear constraints). Giventhree
vectos , andthreecamen frameswith distinctoptical centes, if
thethreeimagessatisfyepipolarconstaintsbetweereverypair,

a uniquepreimage is determinedexceptwhenthethreevectors associatedvith
image points , arecoplanar
If thesevectors satisfyall trilinear constaints

then they determinea unique preimage exceptwhenthe three lines
associatedvith thethreeimages , arecollinear

Proof. (Sketch)Let us rst studywhetherbilinear constraintsare sufcient to
determinea unigue preimagein space.For the given threevectors ,
supposehatthey satisfythreeepipolarconstraints

(8.69)

with thefundamentamatrix betweerthe thand thimagesNote
that eachimage (as a point on the imageplane)andthe correspondingptical
centeruniquelydeterminealine in spacethatpasseshroughthem.This givesus
atotal of threelines. Geometricallythe threeepipolarconstraintssimply imply
thateachpair of the threelines arecoplanar Sowhendo threepairsof coplanar
linesintersectat exactly onepointin space?f thesethreelinesarenot coplanar
theintersections uniquelydeterminedandsois the preimagelf all of themdo
lie on the sameplane,sucha uniqueintersectionis not always guaranteedAs
shawvn in Figure8.7,this may occurwhenthelines determinedy theimagedlie
onthe planespannedy the threeoptical centers , the so-calledtrifocal
plane or whenthe threeoptical centerslie on a straightline regardlessof the
images.

The rst caseis of lesspracticalimportancesince3-D pointsgenericallydo
not lie on the trifocal plane.The secondcaseis more important: regardlessof
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what 3-D featurepoints one choosesgpipolarconstraintsalonedo not provide

sufcient constraintso determineaunique3-D pointfrom ary giventhreeimage

vectorsln suchacasegxtraconstraint;ieedto beimposednthethreeimagesn

orderto obtaina uniquepreimage Would trilinear constraintsufce to sahage

the situation?The answeris yes,andlet us shov why. Given ary threevectors
, supposéhey satisfythetrilinear constraintequation

In orderto detetmine  uniquely (up to a scalefactor) from this equation,we
needthe matrix

to beof rank 1. Theonly casein which  is undetermineds thatin which this
matrixis of rank0; thatis,

Thatis,
range span (8.70)

If and arelinearly independentthen (8.70) holdsif andonly if the
vectors are linearly dependentThis condition simply meansthat
theline associateavith the rst image coincideswith thebaselinedetermined
by the optical centers M and arelinearly dependent, is de-
termined,since lies on the line determinedby the optical centers
Hencewehaveshovnthat  cannotbeuniquelydeterminedrom by the
trilinear constraintif andonly if

and (8.71)

Due to the symmetryof the trilinear constraintequation, is not uniquely
determinedrom by thetrilinear constraintf andonly if

and (8.72)

We still needto shav thatthesethreeimagesindeeddeterminea uniquepreim-
agein spaceif eitherone of the imagescanbe determinedrom the othertwo
by thetrilinear constraintWithout lossof generalitysupposeét is  thatcanbe
uniquelydeterminedrom  and . Simply take the intersection of
thetwo linesassociatedvith the rst two imagesandprojectit backto thethird
imageplane;suchanintersectiorexists, sincethetwo imagessatisfythe epipolar
constraint.If thesetwo lines are parallel, we take the intersectionto be on the
planeatin nity . Call thisimage .Then automaticallysatis esthetrilinear
constraintHence, dueto its uniquenessTherefore, isthe3-D point

14In otherwords, the preimagepoint lies on the baselinebetweernthe rst andsecondcamera
frames.
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whereall thethreelinesintersecin the rst place.As we have arguedbefore the
trilinear constraint(8.37) actually implies the bilinear constraint(8.34). There-
fore, the 3-D preimage is uniquelydeterminedf either  canbe determined

from , or  canbe determinedrom . Figure 8.8 shows the only
casein whichthetrilinear constraintmay becomedegenerate. O
Furtherreferences

Multilinear constrints

After a greatdeal of work on the epipolar geometryof points, describedin
earlier chaptersthe trilinear relationshipswere extendedto the calibratedand
uncalibratedcasegradually and mostly independentlyfor imagesof lines and
later for points in mary different forms. The relationshipsamong three im-
agesof line featureswere rst pointedout by [SpetsakisandAloimonos,1987,
Liu andHuang,1984. Thetrilinear constraintamongthreeimagesof pointsand
lineswerealsostudiedin [SpetsakisandAloimonos, 19904 accompaniedy al-
gorithms. Theserelationshipsamongthreeimagesof points were reformulated
in theuncalibratedsettingby [Shashual994; [Hartley, 19944 soonpointedout
its equivalenceto the line case.[Quan,1994 Quan,1995 gave a closed-form
solutionto the six-pointthree-viav (projective) reconstructiorproblemusingthe
trifocal tensors[Triggs, 1993 formulatedbilinear, trilinear, andquadrilineaicon-
straints(whichwill beintroducedn the next chapterjamongtwo, three ,andfour
images,respectiely, using a tensorialnotation.[FaugerasndMourrain, 1995
proved the dependenceof the quadrilinear constraintson the trilinear and
bilinear ones. A formal study of the relationshipsamong these constraints
basedon polynomial rings can be found in [HeydenandAstrom,1997. This
line of work is now summarizedin the books [Hartley andZisserman200Q
FaugerasndLuong,2001].

Thereis a vast amountof literature studying the propertiesof the trilin-
ear and quadrilinearconstraintsas well as associatedestimation,calibration,
and reconstructionalgorithms. For three-viav-basedmethods,pleaserefer to
[Hartley, 19943 Quan,1995 Armstrongetal., 1996 Torr andZisserman1997,
FaugerasndPapadopoulos] 998 Papadopoul@ndFaugeras199g, andthatof
[AvidanandShashual998 Canterakis200d. For four-view basednethodssee
[EncisoandVieville, 1997, Heyden,1995 Heyden,1998 Hartley, 19984, and
[ShashuandWolf, 200Q.

Rankconditions

Previousderivationsof the multilinear constraintavere mostly basedon the ma-
trix or the matrix . For instance the derivation given in [Triggs,1995
HeydenandAstrom, 1997 wasbasedn therankconstraintank ,
from which multilinear constraintscorrespondto mi-
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norsof . Algebraic geometrictools mustbe appliedto eliminateredundant
constraintsand establishthe relationshipamongthem using algebraicvarieties
andideals. The derivation in [FaugeragndMourrain,1993 was basedon the
rank condition rank , from which multilinear constraintsare
minors of . GrassmarnCayley algebras[FaugerasndPapadopoulos]995
FaugerasndLuong,200]] andthe doublealgebra[Carlsson,1994 were also
usedto establishalgebraiaelationshipsamongthe obtainedconstraints.

Matrix rank-basedmethodswere mostly used in the study of approxi-
matedcameramodelssuch as orthographic[TomasiandKanade 1993, afne
[QuanandKanade 1996 QuanandKanade 1997 Kahl andHeyden,1999, para-
perspectie [PoelmanandKanade 1997 Basri, 1996, and weakly-perspectie
[Irani, 1999, evenfor nonrigid motions[Torresanketal., 2001]. For the perspec-
tive projectioncase therank-base@pproactpresentedh this chapteiwasbased
on[Ma etal.,2001a Ma etal.,2003. As wewill shav in theupcomingchapters,
this approacheasily generalizedo incidencerelationsamongdifferenttypesof
featuregChapte9) aswell asto incorporationof sceneknowledge(Chapterl0).

Absolutequadricconstaintsandcritical motions

In the uncalibratedcase,the rank condition leadsto an effortlessproof of the
fact that we can obtain a consistentreconstructiorup to a single transforma-
tion (capturedby the  matrix) from all the views. This makesthe useof the
absolutequadricnatural. The absolutequadricconstraintrst shoved up in the
work [HeydenandAstrom, 1994. The relatedcritical motion sequencesvere
catgyorized by [Sturm,1997. Criticality and degenerag in multiple-view re-
constructionwere also reportedin the work of [Kahl, 1999 Torr etal., 1999.

A completeclassi cation of multiple-view critical con gurationsfor projective
reconstructiortanbefoundin [Hartley andKahl, 2003.

Reconstructiomlgorithms

Besidesthe algorithm given in this chapter[Ma etal.,2003, there exist nu-
merous multiple-view structure and motion reconstructionalgorithms based
on different technicaland practical conditions,e.g., matchingand reconstruc-
tion [Tsai, 19861, relative 3-D reconstructiorfMohr etal., 1993, fundamental
matrices[FaugerasndLaveau,1994, parallax [Anandanetal.,1994, canon-
ical representatiorjLuongandVieville, 1994, projective-duality basedmeth-
ods [CarlssorandWeinshall, 199§, sequentiaupdategBeardslg etal.,1997,
smallbaseline$Oliensis, 1999, varyingfocallength[Pollefeysetal., 1994, iter-
ative [ChenandMedioni, 1999 Li andBrooks,1999 ChristyandHoraud, 1996
UeshibaandTomita, 1994, normalizedepipolarconstraint[Vidal etal., 20023,
andotherrank-basedactorizatiormethod§SturmandTriggs, 1996 Triggs, 1996
Morris andKanade 1999.

For algorithms that use both points and lines, see [Faugeragtal., 1987,
Hartley, 1995. Thereare also reconstructioralgorithmsdesignedfor line fea-
turesonly [Wengetal.,1992h TaylorandKriegman,1995. Although thereis
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no effective constraintfor line featuresbetweentwo views, it was shavn by
[Zzhang,199] that for line segmentstwo views are sufcient to recover both
cameramotionandscenestructure.
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Extensionto Generalncidence
Relations

Mathematicgs theart of giving the samenameto differentthings.
—HenriPoincaé

This chaptet extendsdevelopmenin the previouschaptetto thestudyof all inci-
dencerelationsamongdifferentgeometrigorimitivesin 3-D spaceandin multiple
images(e.g.,intersectionand coplanarity).We will demonstratdow incidence
relationsamongmultiple points, lines, and planesin spacecan be encodedin
multiple imagesthroughthe samematrix rank conditions.Sucha generalization
revealsadditionalinstanceghat give rise to somenontrivial constraintsamong
featuresn multiple views. Thisrevelationwill in turnleadto amoregeneraklass
of techniquedor structureandmotion recovery that canusea multitude of geo-
metric featuressimultaneouslyand exploit arbitrary incidencerelationsamong
them.

9.1 Incidencerelationsamongpoints,lines,andplanes

9.1.1 Incidencerelationsin 3-D space

Examplesof nontrivial incidencerelationsamonggeometricprimitives— points,
lines, and planes— in 3-D are illustrated in Figures9.1, 9.2, and 9.3. By

1This chaptercanbe skippedata rst readingwithoutlossof continuity
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Figure9.1.  Two or moreplanesarecoplanar; threeor moreplanesintersectatthe
sameline;  four or moreplanesinterseciat the samepoint.

Figure9.2. Two or morelines belongto the sameplane(coplanar);  four or more
pointsbelongto the sameplane(coplanar).

Figure9.3. Two or morelines intersectat the samepoint; threeor more points
belongto, or areincludedby, the sameline (collinear).
“nontrivial” we meanotherthanthe usualhierarchyof inclusion:

apoint aline aplane. (9.2)

Nontrivial incidencerelationsusuallyrequiresomeminimal numberof primitives
in orderto be effective. For instancewe know thattwo planesalwaysintersect
at a line,2 but threeplanesin generaldo not intersectat the sameline. Hence,

2We view two parallelplanesasintersectingataline atin nity .
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requiringthreeplanego intersectatthe sameline imposesa nontrivial constraint
on the possiblerelative con guration amongthesethreeplanes asillustratedin
Figure9.1

The incidencerelationslisted in these gures are not totally independenbf
eachother For example,two lines intersectat a point if andonly if they are
coplanar Hence,Figure 9.3 and Figure 9.2 expressthe samerelations
betweentwo lines andthe only differenceis that the third primitive involvedis
eithera point or a plane.Similarly, the relationthattwo linesintersectat a point
illustratedin Figure9.3  canalsobeinterpretedasfour planesintersectingat
thesamepoint, whichidenti es it with therelationin Figure9.1

9.1.2 Incidencerelationsin 2-D images

Geometricrelationshipsamongmultiple 2-D imagesaretypically a re ection of
incidencerelationsin 3-D space Neverthelessin every 2-D image,meaningful
incidencerelationsare betweenonly pointsandlines andare essentiallyof two

types:
1. Two or morelinesintersectata point;
2. Two or morepointslie onthe sameine.

Theserelationscanbe easilydescribedn termsof homogeneousepresentation
of pointsandlinesin theimage.Let bea setof imagepoints
(in a singleview). Supposedhey all belongto the same(coimage)line

Thenwe simply have

(9.2)
If we wantto computethe line to which commonlybelong,we
have
(9.3)
Alternatively, the vector canbe computedasthe left null spaceof the matrix
. Similarly, let be a setof coimage
lines. Supposehatthey all intersectat the sameimagepoint . We simply
have
(9.4)
To computethe pointthat havein commonwe canuse
(9.5)

Alternatively, thevector canbedeterminedastheleft null spaceof the matrix
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9.2 Rankconditionsfor incidencerelations

As we have seenin the previous chapterincidencerelationsamongmultiple im-
agesof apointor aline in spacearegovernedby certainmatrix rank conditions.
For example aswe have mentionedn Examples8.5and8.6 of Chaptei8, to test
whetherafamily of  planessatisfyoneof therelationsin Figure9.1, we need
to checktherankof the matrix

(9.6)
whereeachrow vector represents hyperplandn spaceThenthecases
, ,and correspondo rank , and , respectiely. Hence,the

rank conditionson and (andcorrespondinghthoseon and ) that
we have studiedin the previous chapterare nothing but the incidencerelations
in Figure9.1at play. Theinterestedeademay seeAppendix9.A for acomplete
match-upbetweerrankconditionsstudiedsofarandtheincidencerelationsgiven
in theabove gures.

In this section,we will shav that remainingincidencerelations,namely in-
tersectionat a point (Figure9.3 ) andrestrictionto a plane(Figure9.2), can
alsobe describedy rank conditions(on extendedmultiple-viewv matrices).The
situationwith the collinearcase(Figure9.3 ) is morecomplicatedbut of less
practicalimportance We leave the discussiorto Appendix9.B andto the exer
cises(Exercises9.6 and9.7). Sincetheserelationshipscan eitherbe veri ed in
eachimageor begivena priori in practice suchknowledgecanbeandshouldbe
exploitedif a consistenB-D reconstructiorfrom multiple imagess sought.

9.2.1 Intersectionof a family of lines

We rst considerthe casethat a family of lines, say , intersect
atasinglepoint,say , in 3-D spaceasshawn in Figure9.4. This type of inci-

dencerelationis very commonin practice for instancethreeedgesntersecting
at the cornerof a building. Now suppose are imagesof the
point and are coimagesof thoselines. Here remembetthat
thesecoimagegdo not have to correspondo thesameline in 3-D, contraryto the
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Figure9.4.Imagesof a family of lines intersectata point . (Preimage)
planes extendedfrom theimagelinesmight notintersectat the sameline
in 3-D. But all the planesmustintersectatthe samepoint.

situationdescribedn Chapter8. Note thatsinceeachrow of the matrices

and

representsa 3-D planethat passeghroughthe samepoint , naturally these
matricessatisfytherank condition

rank rank rank (9.7)

Therank conditiononthelastmatrix ~ impliesthatary matrix with rows ob-
tainedfrom mixing thoseof either  or  wouldbeboundedy the samerank
condition.

From the previous chapteywe know thattheserank conditionson  leadto
moreconciseelationshipsf we usethemultiple-viev matrix  insteadSuppose
we take only theimagesof thelines andconstructa matrix thatis similar to
de nedin thepreviouschapter:

(9.8)

SHereagainwe adoptthe corventionfrom the previous chapterandchoosethe rst camerarame
to bethereference.
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Notice thateach chosenin the th view canbe the coimageof any line that
passeshroughthe point . Applying the samerankreductiontechniqueusedto
prove TheoremB.15,onecanshaw still rank rank . Thisgivesus
thefollowing statement.

Lemma 9.1 (An intersecting family of lines). Given imagesof a family of
linesintersectingat a 3-D point ,thematrix  de nedabovesatis es

‘ rank rank ‘ (9.9

Furthermoe, we haverank if andonlyif all thelinesin spacecoincide

Thereadeshouldbeawareof thereasorfor thedifferencebetweerthislemma
andTheorem8.15: Here do not have to be the coimagef a sin-
gle line in space but insteadeachof them may correspondo ary line in the
intersectingamily (Figure9.4).

Sincerank , the rst threecolumnsof thematrix ~ have at mostrank
2. Soin generaltherankof thematrix ~ doesnot exceed3. With no surprise
at all, eachrank value of correspondso a (qualitatively different) cateyory
of con gurationsfor the imagelines:rank meanghatthe images
comefrom a generaketof 3-D lines; rank meanghatthey comefrom
asetof intersecting3-D lines; rank meanghatthey comefrom asingle
3-D linge; rank meanshe degenerateasein which thetheline andall
the cameracentersarecoplanarWe leave the detailedveri cation asanexercise
to thereader(seeExercise9.1).

Algebraically the rank conditionrank is equivalentto every
submatrixof having determinantzero.Note that any suchdeterminanmust
involve threerows of and image quantitiesfrom at leastfour views. This
type of equationis beyond the previously studiedmultilinear relationshipsbe-
tweentwo or threeviews. In someliterature thisis referredto asthequadrilinear
constaints

Out of pure mathematicaturiosity, then,we canaskwhetherthereexist irre-
duciblerelationshipsheyond four images.The answeris yes, largely dueto the
incidencerelationin Figure9.3 . Buttheresultingrelationshipsaredif cult to
harnessor practicalpurposeswye leave the discussiorto Appendix9.B.

Beforewe leave this sectionwe studytwo usefulexampleghatarealsorelated
to afamily of intersectindinesshavn in Figure9.4. The rst exampleis adirect
implication of the rank of the matrix, and the secondexampleis of some
practicalimportance.

Example 9.2 (A line-point-point con guration). Considerthe situationof Figure 9.4.
Supposehatin the referenceview we do not obsere the point  but only animage
of a line that passeghroughthe point, andin the remainingviews we do have images
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of thepoint. We canalsode ne the matrix

(9.10)

calledthe multiple-viev matrix for a line-point-pointcon guration. Notice that eachrow
of canbeinterpretedasa coimage of someline that passeghroughthe point, i.e.

. Eachrow of is thenof the form , which conformsto the
rows in the matrix de ned in (9.8). Therefore rank . Furthermoredueto
Sylvestersinequality(AppendixA), sincerank , we have

‘ rank (9.11)
Thecaserank occursif andonly if all the cameracentersareonthesameplane
asthe preimageof , andthe preimagesof areparallel (seeAppendix
9.C.2). ™

Example 9.3 (A point-line-line con guration). Consideithesituationof Figure9.4.Sup-
posethatyou have theimage  of apoint in thereferenceview, but in the remaining
viewsit is occludedandyouobsenre only theimagelines thatpasghrough
thepoint. We cande ne the matrix

(9.12)

calledthemultiple-viev matrixfor a point-line-linecon guration.lt is easyto seethatrows
of this matrix aresimply linear combinationf the rows of the multiple-view matrix
associateavith thepoint . Since hasranklessthanl, we have

rank (9.13)

It is worth notingthatfor therankconditionto betrue,thefollowing constraintsnusthold
amongarbitrarytripletsof givenimages:

(9.14)

Theseare the so-calledpoint-line-line relationshipsamongthreeviews. Note, however,
thathere and do not have to be coimagesof the sameline in 3-D. This relaxesthe
notionof “corresponding’line featuresvhenwe usethis type of constrainin practice. m

9.2.2 Restrictionto a plane

Anotherincidencerelation commonly encounteredn practiceinvolvesfeature
pointsandlines lying on a commonplane,say , in 3-D (seeFigure9.2). We
have studiedsucha coplanarityconstraintin the two-view settingin Section5.3
throughthe notionof homographyWe hereextendthe studyto the multiple-view
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setting.In particular afundamentatonnectiorbetweerthe homographyandthe
multiple-view rank conditionwill berevealed.

In general,a 3-D planecanbe describedby a vector
suchthatthehomogeneousoordinates of ary point onthis planesatisfythe
equation

(9.15)

Although we assumesucha constrainton the coordinates of , we do not
assumehatweknow . Similarly, consideraline
. Thislineis ontheplane if andonly if

(9.16)

For corveniencegivena plane , we de ne

and A It turnsout that in orderto take into accountthe planar
restriction,we needonly to slightly modify the de nition of eachmultiple-view
matrix, andall the rank conditionsremainexactly the same.This is becausen
orderto apply the rank conditions(8.21) and (8.26) with the planarconstraints
(9.15)and(9.16),we needonly to changethe de nition of matrices  and

to

and

Suchmodi cations do not changethe ranksof and atall: we still have
rank andrank , sincetheir null spacewill bethe pointand
theline, respectiely. Thenonecaneasilyfollow previousproofsfor all therank
conditionsby carryingthis extrarow of (planar)constraintwith the matricesand
the rank conditionson the resultingmultiple-viev matrices  and  remain
the sameasbefore.We leave this asan exercisefor thereadernseeExercise9.2).
We summarizeheresultsasthefollowing statement.

Corollary 9.4 (Rank conditions for coplanar features). Givena point and
aline lying ona plane specied by the vector , appendthe row

to the matrices ; alternatively appendthe row to the
matrices . Thentherankconditionson thenew matrices and  remain
the sameasin Theoems8.8,8.15,or Lemma9.1 for a family of coplanarlines
intersectingat a point.

41t will becomeclearlaterthatthesubscript  indicatesthe partthatplaysa similar role asthatof
in , similarly for thesubscript . But is notto beconfusedwith | whichis thetranspose
of .
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Homagraphybetweerpairs of views of coplanarfeatuies

As examplesfor the above corollary, the multiple-view matrices and  for
coplanamointor line featuresare

(9.17)

Therankconditionrank implies not only the multilinear constraintsas
before but alsothefollowing constraintgby consideringhesubmatrixconsisting
of the th groupof threerows of andits lastrow):

(9.18)

Whentheplane doesnotpassthroughthecameracenter ,i.e. , these
equationgive exactly the homographythatwe have studiedin Section5.3.1for
two views of a planarscene

— (9.19)
herebetweerthe rst andthe th views. The matrix
— (9.20)

in the above equationrepresentshe homaraphybetweenthe two views. From
equation(9.19),the vector is obviously in the null spaceof the matrix
henceit is proportionalto . In thehomogeneousepresentatiorthey bothrep-
resenthe samepointin theimageplane.Thereforetherelationcanberewritten
as

(9.21)

Fromtherank conditionon , we canalternatvely obtainthe homographyin
termsof line features

— (9.22)

betweerthe rst andthe thviews. Or equivalently,

(9.23)

Rankduality betweercoplanarpointandline featues

We know thaton aplane , any two pointsdeterminea line andary two lines
determinea point. This dualrelationships inheritedin thefollowing relationship
betweertherankconditionson and de nedabore.
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Corollary 9.5(Duality betweencoplanar points and lines). If the ~ matrices
of two distinctpointson a planeare of ranklessthanor equalto , thenthe
matrix associatedvith theline determinedy the two pointsis of ranklessthan
or equalto . On the other hand,if the matricesof two distinct lineson a
planeare of ranklessthanor equalto 1, thenthe matrix associatedvith the
intersectionof thetwo linesis of ranklessthanor equalto

Theproofis left asExercise9.3. An immediateimplication of this corollaryis
that given a setof featurepointssharingthe same3-D plane(seeFigure9.5); it
really doesnot mattertoo muchwhetheroneusesthe matrix of the pointsor
thematrix  of thelinesfrom pairsof points.They essentiallygive the sameset
of constraints.

Figure 9.5. Duality betweena set of three points and three lines on a plane : the
rank conditionsassociatedvith areexactly equivalentto thoseassociatedvith

Example 9.6 (Intrinsic rank condition for coplanar features).The above approactfor
expressingaplanarrestrictionreliesexplicitly ontheparameters of theunderlyingplane

, which leadsto the homographyThereis, however, anotherintrinsic (but equivalent)
way to expresgtheplanarrestriction,by usingcombinationf therank conditionsthatwe
have sofar for pointandline featuresSincethreepointsarealwayscoplanaratleastfour
pointsareneededo male ary planarrestrictionnontrivial (asshavn in Figure9.2 ).

Supposédour featurepoints areknown to becoplanamsshovn in Figure9.6,
andtheirimagesaredenotedby . The (virtual) coimages of thetwo
lines andthe(virtual)image of theirintersection canbeuniquelydetermined
by as

(9.24)
Then,thecoplanaiconstrainfor canbeexpressedn termsof theintersection
relation between ,and if weuse to denotethe th imageof theline , for

,and ,and isde nedsimilarly.
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Figure 9.6. are four points on the sameplane if andonly if the two
associatedvirtual) lines and interseciata (virtual) point

Applying the point-line-linecon guration studiedin Section9.2.1for the virtual point
andlines, the coplanarconditionrequiresthatthe matrix

(9.25)

to be of ranklessthanor equalto one:
rank

Any othercoplanarelationsamongpointsandlines canbe expressedn a similar fashion
that doesnot explicitly dependon the planeparameter or on the homography . For
instancetwo pointsanda line, or two lines, are coplanar We leave thesecasesto the
readerasanexercise(seeExercise9.4). ™

Finally, the samerank techniqueappliesto the casein which multiple points
arerestrictedto aline in 3-D (Figure9.3 ). Sincethatcaseis of lesspractical
merit, we leave it to Appendix9.B andExercise9.6.

9.3 Universalrankconditionsonthe multiple-view
matrix

In this section,we summarizeall rank conditions studied so far as special
instance®f auni ed rankconditionon a universalmultiple-view matrix.
For images of apoint onaline withits coimages
, we de ne thefollowing two symbols:

Image: or
Coimage: or
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Then,dependingon whetherthe available (or chosenmeasuremerftom the th

imageis apointfeature oraline feature , (or ) isassignedhecorre-

spondingvalue. Thatchoiceis completelyindependenof theother  (or )

for . canbeviewedasthe orthogonalcomplemento  andit always

represents coimageof a point or aline.> Usingthe above de nition of  and
, we now formally de ne a universal multiple-viev matrix

(9.26)

Dependingon the particularchoicefor each or , the dimensionof the
matrix  mayvary. But no matterwhatthechoicefor eachindividual or
is, will alwaysbeavalid multiple-vien matrix of a certaindimension.

Theorem 9.7 (Multiple-view rank conditions). Considera point lying on

a line . Giventhe images of the point and coimages
, oftheline relativeto  camean framesspeci edby
for , then, for any choice of and in thede nition of the

generl multiple-viev matrix , therank of theresulting  belongsto one of
thefollowing two cases:

1. 0f and for some , then

‘ rank ‘ (9.27)
2. Otherwise

‘ rank ‘ (9.28)

The matrix takes the lower-bound rank valuesif and only if degeneate
con gurationsoccur

A completeproof of this theoremis a straightforward combinationandexten-
sionof Theorems3.8,8.15,andLemma9.1.Essentiallythe abore theoremgives
a universaldescriptionof the incidencerelation betweena point and a line in
termsof their imagesseenfrom  vantagepoints.

In thefollowing exampleswe demonstratéow to obtainmary moretypesof
multiple-view matricesby instantiating

Example 9.8 (Point-point-line constraints). Let us choose
. We getamultiple-viev matrix

(9.29)

5|n fact, therearemary equivalentmatrix representationfor and .Wechoose and
herebecausehey arethe simplestformsrepresentingheorthogonakubspacesf —and andalso
they arelinearin  and , respectiely.
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Then,rank gives
(9.30)
]
Example 9.9 (Line-point-line constraints).Let uschoose
. We geta multiple-view matrix
(9.31)
Then,rank (whichis adegenerateankvaluefor theso-de ned ) gives
(9.32)
]
Example 9.10 (Point-line-line constraints). Let uschoose
. We geta multiple-view matrix
(9.33)
Thenrank gives
(9.34)
]
Example 9.11 (Line-point-point constraints). Let us choose
. We geta multiple-view matrix
(9.35)
Then,theconditionrank impliesthatall submatricesf havedeterminant
equalto zero. u

Sincetherearepracticallyin nitely mary possibleinstancegor the multiple-
view matrix, it is impossibleto provide a geometricdescriptionfor eachone of
them.In Appendix9.C of this chapterwe studya few representatie caseshat
will givethereaderaclearideaabouthow therankconditionof themultiple-view
matrix  worksgeometricallyUnderstandingheserepresentatie casewill be
sufcient for thereadetto carryoutasimilar analysisto any otherinstancege.g.,
seeExercise9.10).

Aswe have demonstrateih theprevioussection potherincidencerelationssuch
asall featuresbelongingto aplane canalsobeexpressedn termsof the same
typeof rankconditions.

Corollary 9.12 (Planar featuresand homography). Supposdhat all features
are in a plane and the coodinates  of any point on it satisfythe equation
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for somevector . Let , with
Thensimplyappendhe matrix

(9.36)

to thematrix  in its formal de nition (9.26). Therank condition on the new
planar multiple-viev matrix ~ remainsexactlythe sameasin Theoem9.7.

The rank conditionon the new (planar)multiple-view matrix  thenimplies
all constraintsamongmultiple imagesof thesecoplanarfeatures,ncluding the
homographyOf course the above representatiois not intrinsic; it dependson
parameters thatdescribehe 3-D locationof the plane.Following the procedure
givenin Section9.2.2,the above corollary canbe reducedo rank conditionson
matricesof thetypein (9.25).

Example 9.13 (Point-line-plane constraints). Let us choose . We
getaplanarmultiple-viev matrix

(9.37)

Thenrank gives
(9.38)
[ |
Example 9.14 (Featuresat in nity). In Theorem9.7,if thepoint andtheline areon
theplaneatin nity (seeAppendix3.B), the rank conditionon the associ-
atedmultiple-viev matrix ~ remainsthe same Therefore the rank conditionextendsto

featuresn theentireprojectve space , andit doesnotdiscriminatebetweerEuclidean,
afne, or projective spacesWe leave the detailsasanexercise(seeExercise9.9). u

Example 9.15(Incidencerelationsfor a box). Figure9.7 shavs a box. Let the corner

Figure 9.7. A commonbox. The threeedges intersectat the corner . The
coordinatéframesindicatethat imagesaretakenatthesevantagepoints.
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betheintersectiorof thethreeedges , ,and .From imagesofthecubewehave
themultiple-view matrix ~ associateavith thepoint :

(9.39)

where is theimageof the cornerin the th view and is the coimageof
the thedgein the thview. Theoremd.7 saysthatrank . Onecanverify that
isin thenull spaceof . In additionto themultipleimages
of the corner itself, the extra rows associatedvith theline features
, alsohelpto determinghedepthscale . ™

Fromthe abose example,we canalreadyseeoneadwantageof therank condi-
tion: It cansimultaneoushhandlemultiple incidenceconditionsassociateavith
the samefeature® Sincesuchincidencerelationsamongpoints, linesandplanes
occurfrequentlyin practice,the useof the multiple-view matrix for mixed fea-
turesis going to improve the quality of the overall reconstructiorby explicitly
andsimultaneouslyakinginto accountall incidencerelationsamongall features
in all imagesFurthermorethe multiple-view factorizatioralgorithmgivenin the
previous chaptercanbe easily generalizedo performthis task. An exampleof
reconstructiorirom mixed pointsandlinesis shavn in Figures9.8and9.9.

Besidedncidencerelations extra sceneknowledgesuchassymmetry(includ-
ing parallelismandorthogonality)canalsobe naturallyaccountedor usingthe
multiple-view-matrix-basedechniquesin the next chaptey we will shov why
thisis thecase.

9.4 Summary

Most of the relationshipsamongmultiple imagescanbe summarizedn termsof
therankconditionsin Table9.1 below.

8In fact, ary algorithm extracting point featuresessentiallyrelies on exploiting local incidence
conditionson multiple edgefeaturesnsidea neighborhoodf a point (seeChapter4). The structure
ofthe  matrixsimply revealsa similar factwithin alargerscale.
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Figure 9.8. Four views from an eight-framesequencef a deskwith correspondindine
andpoint features.

Figure9.9. Recwered3-D structureof the sceneandmotion of the cameraj.e. the eight
cameraoordinatédrames.Thedirectionof theopticalaxisis indicatedby theblackarrows.

All rank conditionscanbe expressediniformly in termsof a formal multiple-
view matrix
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Matrix Matrix Multiple-view incidencerelations
rank rank and coplanar

rank rank and collinear

rank rank preimage®f linesinterseciataline
rank rank preimage®f pointsinterseciata point
rank rank preimage®f linesintersectata point

Table9.1.Rankconditionsfor variousincidencerelationsamongmultipleimagesof points
andlines.

suchthatrank is either3, 2, 1, or 0. Theserankconditionscaneitherbeused
to testwhetherparticularincidencerelationsin 3-D spacearevalid, or be usedfor
reconstructioroncesuchrelationsareenforced.

9.5 Exercises

Exercise9.1 (A family of lines).
1. Show thattherankof thematrix  is alwaysboundedy 3.
2. Prove Lemma9.1. (Hint: usetherankreductiontechniquerom previouschapters.)

3. Draw the con guration of imageslines and their preimagesfor each case:
rank ,or .

Exercise9.2 (Rank conditionsfor coplanar features).Prove Corollary9.4.

Exercise9.3 (Rank duality betweencoplanar point and line features).Usingresultsin
Chapter8, prove Corollary9.5.

Exercise9.4 (Intrinsic rank conditions for coplanar features).Find anintrinsic rank
condition(i.e. no useof homographynda 3-D parameterizatioof the plane)for multiple
imagesof two pointsanda line onaplane in 3-D. Do the samefor two coplanardines
anddiscusswvhathappensvhenthetwo linesareparallel.

Exercise9.5 (Multiple calibrated imagesof circles).Considermultiple calibratedim-
agesof acirclein 3-D, asshavn in Figure9.10.Suppose correspondso the shortest
chordof the th imageof thecircle. Whattype of rankconditionsdo they satisfy?Reason
why we no longerhave thisif thecameras not calibrated.

Exercise9.6 (Rank conditions for a point moving on a straight line). In this exercise
we explorehow to derive arank conditionamongimagesof a point moving freely alonga
straightline in spaceasshavnin Figure9.13.Let  beabasepointontheline andlet

bethedirectionvectorof theline. Suppose imagesof apointmaoving ontheline are
taken.We have

(9.40)

where is thecamergose.



9.5. Exercises 327

Figure9.10.Multiple views of acircle.

1. Shaw thatthe matrix

(9.41)
satis esrank
2. If wechoosehe rst camerdrameto bethereferencdrame;i.e. ,
shawv thatthe matrix
(9.42)
satis esrank
3. Show that
(9.43)
for some , aretwo linearly independentectorsin the two-dimensionahull
spaceof

4. Concludethatary nontrivial constrainamongthese imagesnvolvesatleast ve
views.

Exercise9.7 (Rank conditions for a T-junction). A T-junction, generatedy oneedge

occludinganothey can be viewed as the intermediatecasebetweena x ed point anda

point which canmove freely alonga straightline, asshavn in Figure9.11. Supposehat
imagesof sucha T-junctionaretaken. We have

(9.44)
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Figure9.11.Left: A point  astheintersectionof two lines. Middle: A T-junctionfrom
two lines.Right: A pointthatmovesononeline.

where and representhebasepointandthedirectionof thetwo lines
involved,respectiely.

1. Show thatfor thematrix de nedin the previousexercise we have
rank

2. If wechoosehe rst camerdrameto bethereferenceshaw thatfor thematrix
de nedin thepreviousexercise we have

rank

3. Shaw thatthefollowing threevectors
(9.45)

for some scalars , are linearly independentand span the three-
dimensionahull spaceof

4. Whatis thenull spaceof whenthetwo linesactuallyintersectatthesamepoint,
asin the rst caseshawvn in Figure9.11?Shaw thatin this case:

(@) Wehaverank .
(b) Furthermore,this rank condition is equialent to the multiple-viev rank
conditionfor theintersectiorpoint;i.e. rank

Exercise9.8 (Irr educibleconstraintsamong imagesfrom spirals). Consideraclass
of (spiral)curvesspeci ed by the coordinates

Youmayassumehat aregivenand x ed,but for the coefcients
could vary amongthe class.Considermultiple images whoserays are
tangento thesupportingeylinder andwhoseintersectiorwith sucha

spiralaregivenat differentviews, asshavn in Figure9.12.You shouldcorvince yourself

thatsuchpointsareeasyto identify in imagesof the spiral. You caneven assumehatthe

imagesareorderedn away thattheirindicesgrov monotonicallyin andtheincreasen
betweerconsecutie indicesis lessthan . Shaw that:

1. Any suchimages(rays)tangentto the cylinder belongto
some(in fact,in nitely mary) spiral(s).



9.5. Exercises 329

2. It takesat least suchimages(rays)in generalpositionto determineall the
coefcients  uniquely (Hint: Youmayneedo know thattheVandermondenatrix

is nonsingulaif aredistinct.)

3. Concludethatirreducible constraintsamongsuchimagesare up to
views atleast.Increasinghe degreeof the polynomial , suchconstraints
canbeamongary numberof views.

o

Figure9.12.Imagesof pointsonaspiralcurne aretakenatdifferentvantagegpoints.Also,
we supposehattheimageraysaretangento the supportingcylinder of thecurnwe.

Exercise9.9 (Featureson the plane at in nity). Show thatthe samerank conditionsin
Theorem9.7 hold for multiple imagesof a feature(pointor line) on the planeat in nity .
Note the specialstructureof the multiple-viev matricesassociatedvith suchfeatures.
(Note: Homogeneousoordinatef a point on the planeatin nity have the form

. Itsimage is given by the sameequation asfor
regularpoints.)

Exercise 9.10 (Geometry of the multiple-view matrix). Identify the con guration of
features(relative to the cameraframes)involved in eachof the multiple-viev matrices
belov anddraw anillustrative picture:

rank rank

(Hint: Appendix9.C.)
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Exercise9.11 (Multiple-view factorization for coplanar points). Follow a similar de-
velopmentin Section8.3.3 and, usingthe rank conditionon the coplanarmultiple-view
matrix givenin Section9.2.2, constructa multiple-vien factorizationalgorithm for
coplanampointfeaturesln particular answerthefollowing questions:

1. How mary points(in generaposition)areneeded?
2. How doesoneinitialize thealgorithm?

3. How doesonesupdatethe structuralinformation,i.e. the depthof the pointsandthe
parametersf theplanein eachiteration?

Theoverall structureof theresultingalgorithmshouldresemblehealgorithmfor thepoint
casegivenin the previous chapter

Exercise9.12 (Multiple-view rank conditionsin high-dimensionalspaces)Generalize
theuniversalrankconditionto perspectie projectionfrom an -dimensionakpaceoa -
dimensionaimageplane(with ). Studyhow to expressvariousincidencerelations
amonghyperplanegwith differentdimensionsn ) in termsof correspondingnultiple-
view rankconditions.

9.A Incidencerelationsandrankconditions

Therankconditionson the multiple-view matrix or canbeclassiedinto
threecateyoriesin termsof the rank valuesof corresponding or
andthe correspondingncidencerelations:

1. rank andnull is aplane(Figure9.1 ):
rank rank

This is the degeneratecasein which all cameracentersandthe 3-D line
arecoplanartheline canbe anywhereon this plane.Sincerank
always,this casedoesnot applyto a pointfeature.

2. rank andnull isaline (Figure9.1 ):
rank rank
rank rank

For a line feature,this is the genericcase sincethe preimage(asthe null
space)is supposedo be a line; for a point feature,this is the degenerate
casesinceall cameracentersandthe point arecollinear;the point canbe
anywhereonthisline.

3. rank andnull is apoint(Figure9.1 ):

rank rank
rank rank
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For aline feature thisis the caseof a family of linesintersectingata point
(Figure9.4);for a pointfeature thisis the genericcase sincethe preimage
(asthenull space)s supposedo be a point.

We have alsoseenin Section9.2.2theincidencerelationsin Figure9.2in play.

Thenwhatabouttheremainingcasan Figure9.3  ?Doesthisincidenceelation
give useful 3-D informationin a multiple-view setting,andhow? Canit alsobe
expressedn termsof somekind of rank conditions?The next appendixattempts
to give ananswetrto thesequestions.

9.B Beyondconstraintamongfour views

From the previous appendix,we know that all valuesof rank lessthan 3
correspondo 3-D incidencerelationsgivenin the beginning of this chapterBut
it leavesusoneunattendedasethecollinearincidencerelationshavn in Figure
9.3 . Butthis casecouldnotcorrespondo ary rank-de cientmatrix , since
thenull spaceof  cannever be a setof collinearpoints. This leavesusto the
lastpossiblerankvaluefor

rank (9.46)

At rst sight, this catggory seemsto be meaninglessWeatherrank
or rank malkeslittle senseNothing canbe in their null spacehence
featuresnvolvedin the rows of eachmatrix do not even correspondo onean-
other Neverthelessit merelyimpliesthat,in this scenariothe useof therank of
is no longeran effective way to imposeconstraintsamongmultiple

imageslt by nomeanssuggestshatmeaningfulanduseful(intrinsic) constraints
cannotbe imposedon the matrix ~ and consequentlyn the multiple images,
since effective constraintscan still be imposedthroughrank conditionson its
submatricesHerewe shav how to usethis type of submatrixrank conditionto
takeinto accounthecollinearincidencerelation.As wewill see thiswill, in fact,
leadto nontrivial intrinsic constraintsacrossatleast veimages.

Considerthe scenariovherea point is moving on a straightline andmultiple
imagesof this point are taken from different vantagepoints. SeeFigure 9.13.

Supposethe line is describedby the matrix ; its null space

containghe pointsontheline. It is easyto seethatthe matrix

in generahas

rank
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Figure9.13.Imagesof pointson a straightline  aretakenfrom differentvantagepoints.
In fact, thereis alwaysat leastoneline acrossary givenfour lines.Hencea fth imageis
neededo imposenontrivial constraints.

Neverthelessits submatricesatisfy

rank (9.47)

sincetheray from theimagepoint andthe line intersectin space This condition
in factimposesontrivial constraintamongthe multiple images
andthe cameracon guration . After the extrinsic parametersf
theline areeliminatedwe in factwill getanotherank-de cientmatrix of higher
dimension.It will thenbe easyto seethat nontrivial constraintswill be among
veviewsinsteadof two, three,or four. We leave the detailsasanexerciseto the
readern(seeExercise9.6). This new type of rank conditionshelp characterizéhe
multiple-view geometryof T-junctions(Exercise9.7), whichis of greatpractical
importance.

Notice thatthe above rank-3conditionon the submatrice®f  is justoneof
mary waysin which new relationshipsamongmultiple views canbe introduced.
In principle,therearepracticallyin nitely mary waysin which nontrivial (andir-
reducible)algebrai@andgeometricconstraint€anbeimposedamonganynumber
of views” It all dependn whattype of geometricobjectsor primitiveswe con-
siderandhow muchknowledgewe (assumeo) know aboutthem.For instanceif
we considerthe primitivesto be certainclasse®of 3-D curves,intrinsic relation-
shipsmay exist amongarbitrarily mary views in the samespirit asthe oneswe
have seensofar (e.g.,seeExercise9.8), althoughtheir practicalityis debatable.

"It is standardeliefthatintrinsic constraintonly exist amongup to four images This s trueonly
for purepointandline featureswithout consideringsituationdike Figure9.13.
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9.C Examplesf geometrianterpretatiorof therank
conditions

In thisappendixwe illustratein moredetailthegeometridnterpretatiorof afew
instance®f the multiple-view matrix ~ in Theoremd.7.

9.C.1 Case2: rank

Letus rst considethemoregenerakasen which rank ,l.e.case?
in Theorem9.7. Thereareonly two subcasegjependingn thevalueof therank
of

rank and rank (9.48)

Subcase . Whentherankof s 1, it correspondgo the genericcase:all
imagepoints (if at leasttwo arepresentn ) comefrom a uniquepoint in
spaceall imagelines (if atleastthreearepresenin ) comefrom auniqueline

in spaceandif bothpointandline featuresarepresenin , thepoint then
mustlie ontheline in spaceThisis illustratedin Figure9.14.

Figure9.14.Genericcon guration for the caserank . preimageplanesextended
from the (co)images intersectat oneline in spacepreimagelines extended
from theimages intersectatonepoint in spacenhich mustlie on

What happensf thereare not enoughimage points or lines presentin ~ ?

For example,thereis only one (referenceimagepoint  presentn (see
Example9.3). Thenthe rank of beingl impliesthattheline is uniquely
determinedby preimageof . Hence the point is determinedoy

both and .Ontheotherhand,if thereis only oneimageline presenin some
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of thistype, canbeafamily of lineslying onthe preimageplaneof theline
andall passinghroughthepoint determinedy the preimage®f pointsin
Subcase . Whentherankof is 0, it impliesthatall the entriesof  are
zero.lt is easyto verify thatthis correspond$o a setof degenerateasesn which
the 3-D locationof the pointor theline cannotbe uniquelydeterminedrom their
multiple (pre)imagegno matterhow mary). In thesecasesthe bestonecando
is:

Whenthereare morethantwo imagepointspresentn , preimagesof
thesepointsarecollinear;

Whenthereare morethanthreeimagelines presentin  , preimagesof
thesdinesarecoplanar;

Whenboth pointsandlinesarepresenin , the preimagef the points
arecollinearandcoplanamith the preimage®f thelines.

Let usdemonstrat¢his lastcasewith a concreteexample.Supposeéhenumber
of viewsis andwe choosghematrix  tobe

(9.49)

which correspondgo a point-line-line-line-point-pmt con guration. The geo-
metriccon guration of the pointandline featurescorrespondingo the condition
rank is illustratedin Figure9.15.

Figure9.15.A deggeneratecon guration for the caserank . Fromthe givenrank
condition,theline  could be anywhereon the planespannedy all the cameracenters;
thepoint couldbearnywhereontheline through
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9.C.2 Casel: rank

We now discusscasel in Theorem9.7,i.e. rank . In this case the
matrix ~ mustcontainatleastonesubmatrixof the type

(9.50)
for some . It is easyto verify thatsucha submatrixcannever bezero;hence
theonly possiblevaluesfor therankof  are

rank and rank (9.51)

Subcase . Whenthe rank of is 2, it correspondgo the genericcase.A
representatie examplehereis the matrix givenin (9.10).If rank ,
it canbe showvn thatthe point mustlie on the preimageplaneof , andit is
alsothe preimageof all theimagepoints . Theline , however, is
determinednly upto this plane,andthepoint doesnot haveto beonthisline.
Thisis illustratedin Figure9.16.

Figure9.16.Genericcon gurationfor the caserank

Beyond , if therearemorethantwo imagelinespresenin some  of this
type, the preimage(plane)of eachline mustpassthroughthe point . Hence
mustbe on theintersectiorof theseplanesNotice thatin this case,addingmore
rows of line featuresto  will not be usefulto determine in space.This is
becausehe incidenceconditionfor multiple line featuresrequiresthat the rank
of theassociatednatrix ~ bel not 2. If we only requirerank 2 for the overall
matrix , we canat bestdeterminethelinesup to afamily of linesintersecting
at .
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Subcase .Whentherankof is1,it correspondso asetof degenerateases.

For example, it is straightforvardto showv that is of rank 1 if andonly if
all the vectors are parallelto eachotherandthey are all orthogonalto
, andall are orthogonalto . That meansthat all

thecameracenterdie onthesameplanespeci edby and andall theimages

(transformedo thereferenc&eamerdrame)lie onthesameplane
andareparallelto eachother For example,supposehat andchoose to
be

(9.52)

The geometriccon guration of the point andline featurescorrespondindo the

conditionrank isillustratedin Figure9.17.

Figure 9.17. A degenerate con guration for the case rank ©oa
line-point-point-point-linescenario.

Notice that sincethe rank conditionrank is the genericcasefor line
features preimagesf lines intersectat a uniqueline . But preimagesf the
pointsare parallel,and one canview themasif they intersectedat a point at
in nity . In generalthepoint doesnothaveto lie ontheline , unlesshoththe
point andline areontheplaneatin nity inthe rst place.
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Furtherreadings

Points, lines,andplanes

The constraintsamongmultiple imagesof point and line featureshave beento

a large extent studiedseparatelyexcept for the work of [Faugeragtal., 1987,

SpetsakigndAloimonos,1990h Hartley, 19944 Vieville etal., 1994, andmore
recently[Morris andKanade 1999. Planeswere studiedalmostexclusively us-
ing two-view homographybut usuallytreateddifferently from pointsandlines;
see[Hartley andZisserman200Q FaugerasandlLuong,200]. The rst uni ed

studyof therelationshipdetweertherankconditionsandtheincidencerelations
amongpoints, lines,andplaneswvasgivenby [Ma etal.,2001a Ma etal., 2003,

onwhichthis chaptelis based.

Curvesandsurfaces

Study on incidencerelationswith linear and conic trajectoriescan be found in

[AvidanandShashual999 AvidanandShashua?200d, andtheirrelationsto the
rank-base@pproachasshownn in this chapterwasgivenin [Huangetal., 2003.

Matchingcurveswasstudiedby [SchmidtandZisserman200d. Effectiverecon-
structionschemesor 3-D curveswerealsodevelopedby [Berthilssonetal., 1999.
Generalizatiorof multiple-view geometry(especiallythe two-view geometry)}o
curvedsurfacescanbefoundin [Cipolla etal., 1995 Astrometal., 1999.

High-dimensionaindnon-Euclidearspaces

[Wolf andShashua20014 shovedthatmary interestingdynamicsceneganbe
embeddedisa multiple-view geometrigoroblemin higherdimensionakpacesA

systematigyeneralizatiorof the rank-conditionapproachto dynamicscenesand
higherdimensionaspacesvasgivenby [Huangetal.,2003. A furtherextension
of multiple-view geometryto space®f constanturvature(Euclideanhyperbolic,
andspherical)canbefoundin [Ma, 2003.
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GeometryandReconstructiorfirom
Symmetry

Sotheir (the ve platonic solids)combinationswith themselvesnd
with eac othergiverise to endlescompleities, which anyonewho
is to givea likely accountof reality mustsurvey.

— Plato, TheTimaeusfourth centuryB.C.

In Chapter6 we have illustratedhow prior assumption®n the scenecanbe ex-
ploited to simplify, or in somecaseenable,the reconstructiorof camerapose
and calibration. For instance the presenceof parallellines and right anglesin
the sceneallows oneto upgradethe projective reconstructiorto af ne andeven
Euclidean.In this chaptey we generalizetheseconceptsto the casewherethe
scenecontainsobjectsthat are symmetric While we will make this notion pre-
ciseshortly, theintuitive termsof “regular structures, (deterministic)‘patterns,
“tiles,” etc.canall beunderstoodn termsof symmetriegFigure10.1).

Thereasorfor introducingthis chaptematthis late staggasopposedo present-
ing this materialin Chapter6) is becauseaswe will see,symmetryconstraints
on perspectre imagescanbe enforcedvery naturallywithin the context of rank
conditionsfor multiple-view geometry which we have studiedin the previous
chapters.

10.1 Symmetryandmultiple-vien geometry

Beforewe proceedformally, rst let us pauseand examinethe imagesgivenin
Figure 10.1 below. It is not hardto corvince oursehesthat even from a single
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Figure 10.1. Man-madeand naturalsymmetry (Polyhedronimage courtesyof Viadimir
Bulatov, PhysicsDepartmentQregon StateUniversity)

image,we canperceve the 3-D structureand pose(orientationandlocation) of
the objects.The goal of this chapteiis to provide a computationaframework for
exploiting symmetriesn thesceneThereadershouldbe aware,however, thatwe
aremakingastrongassumptioronthescenelf thisassumptioris violated,asfor
instancethe caseshown in Figure10.2,or Figure 6.1 that we have seenearliet
ourreconstructiorwill necessarileincorrectandleadto illusions.

Figure10.2.Makingassumptionsnthesceneesultsin grossperceptuaerrorswhensuch
assumptionsre violated. The photographabove could comefrom an ordinaryroomin-
habitedby peopleof improbablestature or from animprobableroomwith nonrectangular
oors andwindaws that,whenviewedfrom aparticularvantageooint, give theimpression
of symmetry The Amesroomis namedafterits designerAdelbertAmes.(Courtesyof (c)
Exploratorium www.exploratorium.edu )

10.1.1 Equivalentviewsof symmetricstructues

Symmetricstructuresarecharacterizethy the factthatthereexist severalvantage
pointsfrom which they appearidentical. This notionis capturedoy the concept
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of equivalentviews. Beforewe formulatethis conceptmoreformally laterin this
sectionweillustratethe basicideawith afew examples.

N
N
i

—

1

t\‘; .

Figure10.3. Left: a checlerboardexhibits differenttypesof symmetriesjncluding rota-
tionsabout by andre ectionsalongthe -and -axes. istherelative posebetween
the boardand our vantagepoint. Right: animage takenatlocation . Noticethatthe
imagewould beidenticalif it wastakenat instead( ).

Example 10.1(Rotational symmetry). Considera checlerboardasshavn in Figure10.3.
Thereareatleastfour equivalentvantaggpointsfrom whichwe would seeexactlythesame
image.Theseare obtainedby rotatingthe boardaboutits normal. The only differencein
animageseenfrom anequialentvantagepointis which featuresn theimagecorrespond
to thoseon the board.In this sensesuchanimageis in fact differentfrom the original
one.For simplicity, we call all suchimagesequivalentviews. For instancejn Figure10.3,
we labelthe correspondingornersfor oneof the equivalentviews, to comparet with the
originalimage. u

Example 10.2 (Re ective symmetry). In addition to rotationalsymmetry Figure 10.3
alsoexhibits (bilateral)re ective symmetryThis givesrise to additionalequivalentviews
shavn in Figure 10.4. Notice that in the gure, the two equivalentviews with the four
cornerdabeledby numbersn parenthesesannotbeanimageof the sameboardfrom ary
(physicallyviable) vantagepoint! Onemay arguethatthey areimagestaken from behind
theboard.Thisis trueif theboardis “transparent. If the symmetricobjectis a 3-D object
ratherthana 2-D plane,suchan agumentwill fall apart.Neverthelessaswe will see
belaw, just like the rotationalsymmetry this type of equivalentviews alsoencodegich
3-D geometridnformationaboutthe object. ™

Example 10.3(Translational symmetry). Anothertype of symmetryasshavn in Figure
10.5,is dueto abasicelement(in this casea squareyepeatingtself inde nitely alongone
or moredirections calledin nite rapport Althoughequivalentimagesall appeaidentical,
featureqe.g.,points,lines)in theseémagescorrespondo differentphysicalfeaturesn the
world. Therefore animagelik e the third onein Figure10.1givesriseto mary equivalent
views. ™
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Figurel0.4. :Correspondendeetweertheoriginalimageof theboardandanequialent

imagewith theboardre ectedaboutthe -axisby ; : Correspondencieetweerthe

original image of the boardand an equivalentimagewith the boardre ected aboutthe
-axisby
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[ [ [

Figure10.5. The squareis repeatednde nitely alongthe -axis.Imagestaken at ,
and appeato beidentical.

Fromtheabove examplespnemayanticipatethatit is therelationshipsamong
all the equivalentviews associatedvith a single image of a symmetricstruc-
ture that encode3-D information. The chapteraimsto provide a theoreticaland
computationabasisfor this obsenation.

10.1.2 Symmetricstructure andsymmetrygroup

Discussioron how mary differenttypesof 2-D or 3-D symmetricstructuresnay
existhasbeendocumenteéh theantiquity. ForinstanceEgyptianscertainlyknew
aboutall 17 possibleways of tiling the plane(we will seea few of themin Ex-
ercise10.10); Pythagoraknew aboutthe ve platonic solids,shavn in Figure
10.6. Thesesolids are the onesthat admit the only threefundamentatypes of
(discrete)3-D rotationalsymmetry(seeExercisel10.3),in additionto the planar
ones(seeExamplel0.5). Theseobsenations,however, werenot formalizeduntil
thenineteenttcentury[Fedoros, 1885 Fedorar, 1971]. In our applicationshow-
ever, it sufces to know that rotational,re ective, andtranslationalsymmetries
aretheonly isometricsymmetriesn Euclideanspaceary othersymmetryis just
acombinatiorof thesethree[Weyl, 1953. More formally, we have thefollowing
de nition:
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Figure10.6.The ve platonicsolids.

De nition 10.4(Symmetric structur e and its group action). A set(of geomet-

ric primitives) is calleda symmetricstructureif there existsa nontrivial
subgoup  of the Euclideangroup* underthe action of which  is in-
variant. Thatis, for any element , it de nesa one-to-onemapfrom to
itself:

In particular, we have for any . Sometimesve say

that hasasymmetngroup ,orthat isagroupofsymmetriesf

Mathematically symmetricstructuresandgroupsare equivalentwaysto cap-
ture symmetry: ary symmetric structureis invariant under the action of its
symmetrygroup; and ary group (hereas a subgroupof ) de nes a class
of (3-D) structureghatareinvariantunderthis groupaction.Herewe emphasize
that isin generala subgroupof the Euclideangroup , andtherefore we
consideronly isometricsymmetrygroups.The readershouldbe awarethat  is
in generalnot a subgroupof . This is becausenary symmetricstructures
thatwe aregoingto considerareinvariantunderre ection, which is anelement
in but not 2 For simplicity, in this chapteywewill considemprimarily
discretesymmetrygroups.

Example10.5 (Symmetry groupsof -gons).An -gonisanequilaterabndequal-angle
-sided (planar) polygon (e.g.,a squareis a -gon). Figure 10.7 shavs a few common
-gonsfor . Each -gonallows a nite rotation group that containsa

primitive rotation  aroundits centerby — andits iteration

1The Euclideangroup includesrigid-body motionsandre ections, which do not presere

theorientation.
2Here denoteghegroupof orthogonakmatricesincludingbothrotations( ) and
re ections, with determinant



10.1. Symmetryandmultiple-view geometry 343

Yield

Figure10.7.Equilateraltriangle,square pentagonhexagon,andoctagon.

identity. Thisrotationalsubgrougs calledthecyclicgroupof order , denotedody . The
-gonalsoadmitsatotalof re ectionsin linesforming anglesof - . Thus,thereare
atotalof  elementdn the symmetrygroupthatan -gonadmits.Thisis the so-called
dihedml groupof order , denotechy . ™

Using the homogeneousepresentatiomf , ary element in canbe
representedsa matrix of theform

(10.1)

where is anorthogonamatrix (* " standgor bothrotationandre ec-
tion) and isavector(* " for translation) Notethatin orderto represent

, aworld coordinatédramemustbe chosenlinterestinglyfor asymmetricstruc-
ture, thereis typically a naturalchoicefor this frame, calleda canonicalframe
For instance,f the symmetryis rotational,it is naturalto choosethe origin of
the world frame to be the centerof rotation and one of the coordinateaxes,
saythe -axis,to betherotationalaxis. Often, sucha choiceresultsin a simple
representatioof the symmetry

Example 10.6 (Homogeneous epresentationfor the symmetry group of arectangle).
Rectanglesare arguably the most ubiquitous symmetricobjectsin man-madeerviron-
ments.Choosean objectcoordinateframein arectanglein thefollowing way: the - and

-axescorrespondo thetwo axesof re ection andthe -axisis thenormaltotherectangle.
With respecto this coordinateéframe,thefour elementsn thesymmetrygroup admitted
by therectanglecanbe expressedn homogeneourepresentatioas

Fromleft toright, thesefour matricescorrespondo theidentity transformationgdenotedy

, re ection alongthe -axis,denotedby |, re ection alongthe -axis,denotecby

androtationby aroundthe -axis,denotecby . Obviously, elementsn the group
satisfytherelations:

Notethatthe symmetryof arectanglehasno translationapart (with respecto thechosen
frame);i.e. in all . ™

Example 10.7 (Symmetry of atiled plane). For a 2-D planetiled with congruentectan-
gles,asshavnin Figure10.8,its symmetrygroup consistof notonly all thesymmetries
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Figure10.8.A 2-D planetiled by congruentectangles.

of therectanglegivenin theabove examplebut alsothetranslationasymmetries:

where canbethecoordinate®f ary latticepointin thegrid. Clearly, the setof all
suchtranslationdormsagroup. ™

10.1.3 Symmetrianultiple-viev matrix andrankcondition

Now supposehat an imageof a symmetricstructure is taken at the vantage
point ; we call it the canonicalposeof the structure
relativeto theviewer or cameraHere , thoughunknawn,is assumedo berep-
resentedvith respecto the samecanonicalcoordinateframe. As we will soon
see thisrelative pose from the structureto the viewer canbe uniquelydeter
minedfrom a singleimageaslong asthe symmetryadmittedby the structure(or
theobject)is “rich” enough.

A (calibrated)perspectieimageof is simply a setof imagepoints ,

and,in homogeneousoordinateseachimagepoint satis es

(10.2)
where representshe homogeneousoordinatesf a point . Now
since for all , wehave . For example,in Figure10.3,if
is arotationof aroundthe centerof theboard,we have . Although,

afterapplyingthe transformation to in spacetheimage of a point

will becomea differentpoint,say , ontheimageplane, mustcoincidewith

oneof theimagepointsin (takenfrom the original vantagepoint ). Thatis,
, andwe denote . Thus,thegroup doesnothingbut permute

imagepointsin , whichis anactioninducedfrom its actionon in space.
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We canalsointerpretthe above obsenationin a slightly differentway: After
applyingthe symmetry , equation(10.2)yields

(10.3)

The secondequalityexpresseshe factthatthe imageof the structure remains
thesameif takenfrom avantagepoint differentfrom the original oneby
Thetransformation is exactlytheactionof on expressedvith respect
to the cameracoordinateframe. This relationshipcanbe conciselydescribedy
thefollowing commutatve diagram:

(10.4)

Thereforegivenonly oneimage , if weknow thetypeof symmetry in advance
andhow its elementsactonpointsin , theset canbeinterpreted
asthesetof differentimagesof thesamepoint  seeratdifferentvantagepoints.
In thisway, we effectively obtainasmary as  equivalenviewsof thesame3-D
structure .3
We remindthereaderthathere is nottherelative motion betweendifferent
vantagepointshbut the relative posefrom the structureto the viewer. As we will
soonsee symmetryin generakncodestrong3-D informationandoftenallowsus
to determine . Of coursealsobecausef symmetrythereis no uniquesolution
to theinitial pose , since for all 2 Thatis, theimage
point mightaswell betheimageof thepoint seerfrom thevantagepoint
.Hencejn principle, isrecoverableonly upto theform for anarbitrary
.5 Sincein mostcasesve will bedealingwith a nite group , determining
up to sucha form will give usall the informationwe needaboutthe relative
poseof the symmetricstructure.
Let be differentelementsn . Then,oneimage
of asymmetricstructurewith the symmetry is equivalentto atleast
equialentviews thatsatisfythe following equations:

SHereweuse to denotethecardinalityof . In particularwhen is nite, is thenumber
of elementsn

4Recallthatwe usethe symbol  to denoteequalityup to a scalarfactor

5 is calleda left cosetof
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Notice that playsthe role of the relative transformatiorbetween
the original imageandthe th equialentview. From previous chaptersthese
equivalentviews mustberelatedby the multiple-view rankcondition.Thatis, the
symmetricmultiple-view matrix

(10.5)

with and
(10.6)

satis estherankcondition
rank ‘ (20.7)

Notethatthis rank conditionis independenbf ary particularorderof the group
elements , and it capturesthe only fundamentalinvariantthat a
perspectie image of a symmetricstructureadmits® We call it the symmetric
multiple-viev rank condition Note that if (i.e. for all ), the
expressiorfor  is simplied to

(10.8)

To summarizepneimageof a symmetricstructure with its symmetrygroup

is equivalentto imageof featurepoints’ Thereconstruction
of andthe 3-D structureof — canbe easilysolvedby the multiple-
view factorizatioralgorithmgivenin the previouschaptersNeverthelessin order
to solve for theinitial canonicalpose , we needto furthersolve a
systemof Lyapuna typeequations

(10.9)

with  and known. Theuniquenessf thesolutionfor ~ depends
onthegroup |, theconditionsfor whichwill becomeclearlater.

10.1.4 Homayraphygroupfor a planar symmetricstructure

According to the previous chaptery if the symmetricstructure is planar the
multiple-view rank conditionsassociateavith its equivalentviews reduceto the

SHere“only” is in the senseof sufciency: If a setof featuressatis esthe rank condition, it can
alwaysbeinterpretedasavalid imageof anobjectwith thesymmetry .

It is possiblethatboth and arein nite. In practice,onecancorvenientlychoosea nite
subsethatis limited to the eld of view. In this case, in factbecomes “groupoid” insteadof a
“group”; see[Weinstein,1996].
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so-callechomographyconstraintHerewe shov how the homographyhelpssim-
plifying the studyof planarsymmetry Supposehatthe supportingplane of

is de ned by theequation for any point on inthecamera
frame.Geometrically is theunit normalvectorof theplane,and

is its distanceo the cameracenter As we know from Chapters, thehomography
matrix , where arethe rst two
columnsof , directly mapstheplane totheimageplane .

Since isnow planarits symmetrygroup canberepresentedsasubgroup
of the planarEuclideangroup , andeachelementin  canbe represented
asa matrix® Dueto the symmetryof , we have andtherefore

. For aparticularpoint , we have

(10.10)

Thereforejn theplanarcasethediagram(10.4)simpli es to

(10.11)

Thegroupactionof ontheplane in spaceis thennaturallyrepresentedy
its conjugategroup actingon theimageplane.Or, equivalently,
ary element representshe homographytransformation
betweertwo equivalentviews. Dependingpnthetype of symmetrythe matrix
mayrepreseneitherarotational, re ective, or translationalhomography Figure
10.9shaws a re ective homographyinducedfrom the symmetryof a rectangle.

We call thegroup thehomayraphygroup.
2 3
.—<——>—>—P
1 “ 4

,,,,,,,,,,,,

Figure 10.9. Homographybetweenequialentimagesof a rectangle beforeand after a
re ection . Left: frontal view; right: top view.  is the planeof re ection and is its
(unit) normalvector

8Sinceall the symmetrytransformationsare restrictedto the  -plane,the -coordinatecanbe
simply droppedrom therepresentation.
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Example 10.8 (The homography group for an image of a rectangle).For animageof
arectanglewhosesymmetrywasstudiedin Example10.6,the homographygroup
is givenby

andits elementssatisfythe samesetof relationsas in Examplel0.6:

Oneof theelements of isillustratedin Figure10.9. u
To computethe homography fromtheimagelet
bethe (homogeneousjnageof thepoint ;i.e. .Let bethe
imageof its symmetricpoint . From(10.10)we get
(10.12)

With four correspondingpointsbetweenrary pair of equivalentviews, suchasthe
four cornerfeaturesof the rectanglein Figure 10.9,the homographymatrix
canbe linearly recoveredfrom equation(10.12),using the techniqueggiven in
Chapters. We candecompos¢herecovered  into

to obtainthe relative pose betweerthe two equivalentviews (Exercises
10.6and10.7).The 3-D structureof ~ canthenbedeterminedy atriangulation
betweerthetwo views. Furthermorewe canuse to recoverinfor-
mationaboutthe homographymatrix . The matrix
obviously satis esthefollowing setof Lyapunw typelinearequations

| (10.13)

with both  and now known. The uniquenes®f the solutionfor depends
onthegroup , whichwe studyin thenext section.

10.2 Symmetry-base8-D reconstruction

Fromthe above discussionwe now understandhatin additionto the multiple-
view rank conditions or homographygroups associatedvith an image of a
symmetricstructure,we also have the Lyapunw equations(10.9) and (10.13),
which give ussomeextra informationaboutthe camerainitial pose relatveto
the canonicaframe (centeredat the object).In Section10.2.1we give necessary
andsufcient conditionsunderwhich the pose is uniquelyrecoverable;then
we study in Section10.2.2,whatcanberecoveredif suchconditionsarenot sat-
is ed, and nally, we shawv in Section10.2.3how symmetrycanfacilitate 3-D
reconstructiorirom multiple images.
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10.2.1 Canonicalposerecoreryfor symmetricstructure

Proposition 10.9 (Rotational and re ective symmetry). Givena (discrete)
subgoup  of , arotation is uniquelydeterminedrom the pair of sets
if andonlyif theonly xed pointof actingon istheorigin.

Proof. If are not sufcient to determine , thenthereexists at
leastone other suchthat for all . Let
. Then, for all .Hence commuteswith all

elementsn . If isarotation,all in musthavethe samerotationaxisas

; if is are ection, musthave its axisnormalto the planethat X €s.

Thisis impossiblefor agroup that x esonly the origin. On the otherhand,if

is sufcient to determine , thenthegroup cannotx ary axis

(or a plane).Otherwise,simply choose  to be a rotationwith the sameaxis
(or anaxisnormalto the plane).Thenit commuteswvith . The solutionfor

cannotbeunique. O

Once s determinedit is notdif cult to shav thatwith respecto the same
group , canbeuniquelydeterminedromthesecondequatiorin (10.6).Thus,
asaconsequencef theabove propositionwe have thefollowing theorem.

Theorem 10.10(Unique canonical posefrom a symmetry group). Suppose
that a symmetricstructue  admitsa symmetrygroup  that containsa rota-
tional or re ective subgoupthat xes only theorigin of . Thenthe canonical
pose canalwaysbeuniquelydeterminedromoneimage of

Notethatthegroup doesnothaveto betheonly symmetrythat admits;as
longassucha existsasasubgroupof thetotal symmetrygroupof , onemay
claimuniqueness$or therecovery of

The above statementhowever, appliesonly to 3-D structures.The symme-
try groupof any 2-D (planar)symmetricstructure,as a special3-D symmetric
group,doesnot satisfythe condition of the theorem.Sinceary planarstructure

is “symmetric” with respecto there ection in its own supportingplane,we
wonderwhetherthis re ection canbe addedto the overall symmetrygroup
The problemis that,evenif we couldaddthis re ection, say , into thesymme-
try group , it is not possibleto recover its correspondingelement in

, sincefeatureson the planecorrespondo themselesunderthis re ec-
tion, andno otherfeaturepoint outsidethe planeis available (by our own planar
assumption)Thus,only elementsn theplanarsymmetrygroupcanberecovered
from homographiebetweerthe equivalentviews of the planarstructure.

In orderto give a correctstatemenfor the planarcasefor are ection  with
respecto aplane,we call the normalvectorto this planeof re ection the axis of
re ection.® Usingthis notionandby restrictingthe argumentof the propositionto
theplanarorthogonalgroup , onecanreachthefollowing conclusion.

9Therole of the axis of are ection is very similar to thatof the axis of a rotationoncewe notice
thatfor ary re ection , is arotationof angle aboutthe sameaxis.
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Corollary 10.11(Canonical posefrom a planar symmetry group). If a pla-
nar symmetricstructue  allows a rotational or re ective symmetrysubgoup

(without the re ection with respectto the supportingplane of itself) with
two independentotation or re ection axes,the canonicalpose can always
be uniquelydeterminedromoneimage of  (with the canonicalframeorigin
restrictedin theplaneandthe -axischosenastheplanenormal).

As a consequencéo have a uniquesolutionfor , a planarsymmetricstruc-
ture mustadmitatleasttwo re ectionswith independenéxes,or onere ection
andonerotation(automaticallywith independenaxesfor a planarstructure).

10.2.2 Poseambiguityfromthreetypesof symmetry

In this section,we study ambiguitiesin recovering  from a singlere ective,
rotational,or translationakymmetry Theresultswill give the readera clearun-
derstandingof the extentto which  canbe recoveredif the conditionsof the
abovetheoremandcorollaryarenot met.

Re ectivesymmetry

Many man-madeobjects,for examplea building or a car, are symmetricwith
respecto a centralplane(the planeor mirror of re ection). Thatis, the overall
structureis invariantunderare ection with respecto this plane.Without lossof
generality supposehis planeis the -planeof a selectectanonicalcoordinate
frame.For instancein Figure10.3,theboardis obviously symmetricwith respect
tothe -planeif the -axisis the normalto theboard.Thenare ection in this

planecanbedescribedy a motion , Where

(10.14)
is an elementin andit has . Noticethata re ection always
x estheplaneof re ection. If onere ection is theonly symmetrythata structure
admits,thenits symmetrygroup consistsof only two elements , Where

is theidentity map1©
If oneimageof sucha symmetricobjectis taken at , thenwe

have the following two equationgor eachimagepoint on this structure:

(10.15)
where . To simplify thenotation,de ne and

. Thenthe symmetricmultiple-view rank condition,in the two-view

case reducedo the well-known epipolarconstraint . In fact, if
we normalizethelengthof  to bel, onecanshav that and

10In otherwords,  is isomorphicto thegroup
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therefore . We leave the proofasanexerciseto thereadei(seeExercise
10.7).Theepipolarconstraininducedfrom are ective symmetrybecomes
(10.16)

sothat canberecoveredfrom two pairs of symmetricpoints,asopposedo
eightpointsin thegenerakase(in Chapters).

Example 10.12(Triangulation with the re ective symmetry). For eachpair of (re ec-
tively) symmetricimagepoints , their 3-D depthscanbe uniguelydeterminedrom
theequation

(10.17)

where is theunit normalvectorof theplaneof re ection ,and isthedistance
from thecameracenter to  (seeFigure10.9)! n

Once is obtainedweneedtouse and tosolvefor .The
associatedlyapunw equationcanberewritten as

(10.18)
with  and known.

Lemma 10.13(Re ective Lyapunov equation). Let
betheLyapunw mapassociatedvith theabove equationwith  a

re ectionand bothknown.Thekernelker  of ,whichisde ned
asthe set , iIsin geneml ve-dimensional.Neverthelessfor or-
thogonalsolutionsof |, theintersectiorker isonlyaone-paameter

family that correspondgo an arbitrary rotationin the planeofre ection.

Usingthe propertyof Lyapuna mapsthe proofis notdif cult. We leaveit to
thereaderasan exercise(seeExercisel0.4).But herewe give out explicitly this
one-parametdiamily solutionsof

where arethree(real) eigervectorsof  thatcorrespondo the
eigervalues , ,and , respectiely, and is an arbitrary angle!?
Geometrically the threecolumnsof ~ canbe interpretedas the three axes of
the canonicalcoordinateframethat we attachto the structure. The ambiguityin

then correspondgo an arbitrary rotationof the  -planearoundthe -axis
(the re ection axis). If the structurefurther admitsa re ection with respectto
anothemplane,saythe -planeasin the caseof the checlerboard(Figure10.3),
this one-parametdiamily ambiguitycanbe eliminated.

11As long asthecameracenter  is notontheplaneof re ection , we cannormalize
12Here,the* " signin frontof  is dueto thefactthata particularchoiceof signsandordersfor
may notresultin arotationmatrix ~ with . But oneof thechoicesis the
correctone.Thesamecorventionwill beadoptedn therestof this chapter
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After  isrecovered, isrecoveredupto thefollowingform:

null (10.19)

where is the pseudo-inersé? of and null
span , sinceboth and arein thenull spaceof the matrix
. Suchambiguitiesin therecovered areexactly what

we shouldhave expected:With are ection with respecto the -plane,we can
determinghe -axisand -axis(includingtheorigin) of thecanonicakoordinate
frameonly up to ary orthonormalframe within the  -plane,which obviously
hasthreedegreesof freedom parameterizetly (where istheanglein

the one-parametdiamily solutionsof , and is the positionof theframe
origininthe -plane).

Example 10.14 (Planar case:re ective homography). In the casein which the struc-

ture is planar by choosinga particularcanonicalcoordinateframe,we canbypasshe

computationof the relative posefrom the kernel of the Lyapun@ map and determine

the pose directly. By decomposinghe associatede ective homographymatrix
- (seeExercisel0.7),we obtain

- (10.20)

If we setthe -axisto betheaxisof re ection andthe -axisto betheplanenormal ,we
getasolutionfor

where areeigervectorsof  asbefore.We may further choosethe origin of
the objectframeto bein the plane.Thus,we canreducethe overall ambiguityin ~ to
a one-parametefamily: only theorigin - may now translatefreely alongthe -axis,the
intersectiorof theplane where residesandtheplaneof re ection . ™

To concludeour discussion®nthere ective symmetrywe have thefollowing
result:

Proposition 10.15(Canonical posefrom are ective symmetry). Givenanim-
ageof astructue with are ective symmetrywith respecto a planein 3-D, the
canonicalpose canbedeterminedipto anarbitrary choiceof anorthonormal
framein this plane which is a three-paameterfamily of ambiguitieq(i.e. ).
However, if itselfis in a (different) plane  is determinedup to an arbitrary
translationof theframealongtheintersectionline of thetwo planes(i.e. ).

Example 10.16 Figure 10.10demonstratean experimentwith the re ective symmetry
Thecheclerboards aplanarstructurethatis symmetricwith respecto acentralaxis. m

Example 10.17 (Re ective stereofor the human face). Thehumanface,atleastata rst
approximationjs re ectively symmetricwith respectts centralplane.Hence the abore

135eeAppendixA.
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Figure10.10.Top: An imageof are ectively symmetriccheclerboard We draw two iden-
tical imageshereto illustrate the correspondencenore clearly. Pointsin the left image
correspondo pointsin the right image by a re ective symmetry Bottom: The recon-
structionresultfrom there ective symmetry Therecoveredstructureis representech the
canonicalworld coordinateframe.From our discussiorabove, the origin  of the world
coordinateframe may translatefreely alongthe -axis. The smallercoordinateframeis
the cameracoordinateframe. The longestaxis is the -axis of the cameraframe, which
representthe optical axis of thecamera.

techniqueallows usto recover a 3-D modelof humanfacefrom a singleview (seeFigure
10.17). n

Rotationalsymmetry

Now supposéhatwe replacethere ection above by a properrotation.For in-

stancejn Figure 10.3,the patternis symmetricwith respecto ary rotationby a
multiple of around inthe -plane.Onecanshaow thatfor arotationalsym-
metry, the motionbetweerequialentviews is alwaysanorbital motion (Exercise
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Figure10.11.Left: symmetricfeaturepointsmarked on animageof a humanface;Right:
recovered3-D positionsof thefeaturepoints(photocourtesyof Jie Zhang).

10.8).Thereforejikethere ective casepneonly needsour pointsto recoverthe
essentiamatrix (Exerciseb.6).
Now the questionbecomesknowing therotation andits conjugation
, to what extent can we determine  from the Lyapunw equation
? Without lossof generality we assumehat is of the form
with and ; henceit hasthreedistincteigervalues

Lemma 10.18(Rotational Lyapunov equation). Let
bethelLyapuna mapassociateavith theabove Lyapunw equation,

with  arotationand bothknown.Thekernelker  of thisLya-
punor mapis in geneal three-dimensionaNeverthelessfor orthogonalsolutions
of ,theintersectionker is a one-paameterfamily corresponding

to anarbitrary rotation(of radians)abouttherotationaxis of

We alsoleave the proof to the readeras an exercise(seeExercise10.5). We
giveonly thesolutionsto  here:

Im Re Re Im
where arethreeeigervectorsof  thatcorrespondo the eigen-
values , and , respectiely, and is an arbitraryangle.The

ambiguityin ~ thencorrespondso anarbitraryrotationof the  -planearound
the -axis(therotationaxis ).

This lemmaassumeshat f , hastworepeated eigen-
values,andthe lemmaandabove formulafor no longerapply. Nevertheless,
we notice that is exactly a re ection with two eigervalues,with a re-

ection planeorthogonalto therotationaxisof . Thus,this caseis essentially
the sameasthe re ective casestatedin Lemma10.13.Although the associated
Lyapunw mapnow hasa ve-dimensionakernel, its intersectionwith

is the sameasary otherrotation:a one-parametefiamily that correspondso an
arbitraryrotationaroundthe -axis.
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It canbeveri ed directlythatthenull spaceof thematrix is always
one-dimensiongffor ) and . Thus,thetranslation
is recoveredupto theform

null (10.21)

wherenull span . Togethemwith theambiguityin , is
determinedip to aso-calledscrew motion(seeChapter2) abouttherotationaxis

Theplanarcasecanbedealtwith in a similarwayto there ectivehomography
in Example10.14,exceptthatonly the -axiscanbe x edto betherotationaxis
andthe -and -axesarestill free.

Proposition 10.19(Canonical posefr om rotational symmetry). Givenanim-
age of a structue  with a rotational symmetrywith respecto an axis ,
the canonicalpose is determinedup to an arbitrary choiceof a screw motion
alongthis axis, which is a two-paameterfamily of ambiguity(i.e. ).
However, if itselfis in a plane is determinedup to an arbitrary rotation
aroundtheaxis(i.e. ).

Example 10.20 Figure 10.12demonstratean experimentwith the rotationalsymmetry
Eachfaceof the cubeis a planarstructurethatis identicalto anotherfaceby a rotation
aboutthelongestdiagonalof the cubeby . u

Translationalsymmetry

In the caseof translationasymmetry since and , equation(10.6)is
reducedo thefollowing equations:

(10.22)

Obviously, the rst equationdoesnotgive ary informationon  (sincetheasso-
ciatedLyapunw mapis trivial), noron . Fromthe secondequationhowever,
sinceboth and areknown (upto ascalarfactor), canbedeterminedup
to a one-parameteiamily of rotations!* Thus,the choiceof the canonicaframe
(including ) is upto afour-parametefamily.

Furthermoreijf is planar whichis oftenthe casefor translationabymmetry
theorigin  of the world frame canbe chosenin the supportingplane,the plane
normalasthe -axis,and asthe -axis.Thus

whereboth and canberecoveredby decomposinghetranslationahomog-
raphy - (Exercisel0.6).We endup with atwo-parametefamily
of ambiguitiesin determining : translating arbitrarily inside the plane(i.e.

141t consistsof all rotations suchthat
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Figure 10.12.Top: An imageof a cubethat is rotationally symmetricaboutits longest
diagonalaxis. The symmetryis representedy somecorrespondingoints. Pointsin the
left imagescorrespondo pointsin the right image by a rotational symmetry Bottom:
Reconstructiomesultfrom therotationalsymmetry Therecoveredstructures represented
in the canonicalworld coordinateframe. From our discussiorabove, the origin ~ of the
world coordinatemay translatefreely alongthe -axis,andthe -axis can be rotated
within the  -planefreely. The smallercoordinateframeis the cameracoordinateframe.
Thelongestaxisis the -axisof thecamerdrame,which representshe opticalaxisof the
camera.

). An extra translationalsymmetryalong a differentdirection doesnot help
reducetheambiguities.

Example 10.21 Figure 10.13demonstratean experimentwith translationalsymmetry
A mosaic oor is a planarstructurethatis invariantwith respecto the translationalong
properdirections. u

We summarizan Table 10.1the ambiguitiesin determiningthe pose  from
eachof thethreetypesof symmetryfor bothgenericandplanarscenes.
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Figure 10.13.Top: An imageof a mosaic oor thatadmitstranslationalsymmetry The
symmetryis representetly somecorrespondingoints.Wedraw two identicalimageshere
to representhe correspondencmoreclearly: Pointsshavn in the left imagescorrespond
to pointsshawvn in the right imageby a translationalsymmetry Bottom: Reconstruction
resultfor the translationaymmetry The structureis representedh the canonicalworld
coordinateframe. From our discussiorabove, the origin  of the world coordinatemay
translatdreelywithin the -plane.Thesmallercoordinaterameis thecameracoordinate
frame.Thelongestaxisisthe -axisof thecamerdrame,whichrepresenttheopticalaxis
of thecamera.

10.2.3 Structue reconstructiorbasedon symmetry

In this sectionwe give exampleson how to exploit symmetricstructuredor re-
constructiorfrom multipleimagesIn particular we userectanglessanexample,
andwe referto afundamentatectangularegionasa“cell.” Cellswill now bethe
basicunit in thereconstructiorof a 3-D modelfor symmetricobjects.

From every image of every rectangularcell in the scene,we can determine
up to scaleits 3-D structureand 3-D pose.Knowing the pose  allows usto
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Ambiguity || ker ‘ (generatscene)‘ (planarscene)‘
Re ective 5-dimensional
Rotational 3-dimensional
Translational|| 9-dimensional

Table10.1.Ambiguity in determiningcanonicabose from onesymmetryof eachtype.

represengll the 3-D informationwith respectto the canonicalframe admitted
by the symmetrycell. Sincethe reconstructiordoesnot involve ary multiple-
view constraintfrom previous chaptersthe algorithmswill be independenbf
thelengthof the baselinebetweerdifferentcamergpositions.Furthermoresince
full 3-D informationabouteachcell is available,matchingcells acrossmultiple
imagesnow canandshouldtake placein 3-D, insteadof onthe2-D images.

Alignmentof two cellsin a singleimage

Figure10.14.Two canonicalcoordinateframesdeterminedusingre ective symmetryof
rectangledor window cells and do not necessarilyconformto their true relative
depth.

As showvn in Figure10.14,for animagewith multiple rectangularcellsin sight,
the camerapose with respecto the th cell frame calculatedfrom the
symmetry-basedlgorithm might have adopteda differentscalefor each  (if
thedistance toevery wasnormalizedo inthealgorithm).Becausef that,
asshawn in Figure 10.14,the intersectionof the two planesin 3-D, theline ,
doesnot necessarilgorrespondo theimageline . Thus,we mustdeterminehe
correctratiobetweerdistance®f theplanego theopticalcenter A simpleideais
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to usethepointsontheintersectiorof thetwo planesFor everypoint ontheline
, its depthwith respecto the cameraramecanbe calculatedusing —_—

By setting , We canobtaintheratio betweerthetruedistances:

— — (10.23)
If we keepdistance to  to bel, then ,and  shouldbe scaled
accordingly:

Alignmentof two imagesthroughthe samesymmetnycell
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Figure 10.15.The canonicalcoordinateframesdeterminedusing re ective symmetryof
thesamewindow complein twoviews and donotnecessarilysethesamescale.

We are now readyto shav how symmetrycan help us align two (or multiple)
imagesof the samesymmetrycell from differentviewpoints.In Figure10.15,by
picking the samerectangulacell, its pose with respecto the th camera
( ) canbe determinedseparatelyHowever, asbefore,the reconstructions
might have useddifferentscales We needto determinethesescalesin orderto
properlyaligntherelative posebetweerthetwo views.

ForinstanceFigurel10.16shovsthetwo 3-D structuresf thesamerectangular
cell (windows) reconstructedrom the previous two images.Orientationof the
recoveredcellsis alreadyaligned(whichis easyfor rectangles)Supposéehefour
cornersof the cell recoreredfrom the rst imagehave coordinates and
thosefrom the secondmagehave coordinates , . Dueto the
differencen scalesusedtherecoveredcoordinate®f correspondingointsdiffer
by the sameratio. Sincethe correspondingointsareessentiallythe samepoints,
we needto nd outtheratio of scales.
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Figure 10.16. Scaledifferencein the samesymmetrycell reconstructedrom the two
imagesin Figure10.15.

To x thescaleasimpleway is to setoneof thecellsto bethereferenceSay
if we wantto matchthe secondmagewith the rst one,we needonly to nd a
scale suchthat

(10.24)
where is the mean - andsimilarly for . Theseequationsare
linearin the unknowvn , which canbe easily computedusing leastsquaresas

describedn AppendixA.
Thus, to seta correctrelative scalefor the secondimage, the relative pose
from the cameraframeto the canonicalframe (of the cell) becomes
, andthe distancefrom the cameracenterto the supportingplaneis

Alignmentof coodinateframesfrom multipleimages

The readershould be aware that we deliberatelyavoid using the homography
betweerthecells and inthetwoimagegFigurel0.15)becaus¢hathomog-
raphy unlike the re ective homographyactually used,dependn the baseline
betweerthetwo views. Symmetryallows usto nd outtherelative posesof the
camerawith respecto differentsymmetrycells (henceplanes)in eachimageor
thesamesymmetrycell (henceplane)in differentimageswithoutusingmultiple-
view geometricconstraintsbetweendifferentimagesat all.'®> The method,as
mentionedbefore,is indeedindependentf the baselinebetweerdifferentviews.
Sinceour nal goalis to build aglobalgeometrionodelof the object,knowing
the canonicalframesandthe poseof the camerarelative to theseframesis suf-
cient for usto arbitrarily transformcoordinatesamongdifferentviews. Figure
10.17shaws a possibleschemefor reconstructinghreesides of ary

15We used‘multiple-view” geometricconstraintonly betweerthe equivalentimages.
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T

Figure10.17.Alignmentof multiple imageshasedn symmetrycells.

box-like structurefrom asfew asthreeimages.Using properlychoserrectangu-
lar cells,we caneasilyrecover the relative posesof the cameraswith respecto
ary planein ary view. Noticethatcellssuchas and onthesameplanewill
alwayssharethesamecanonicateferencdrame(only theorigin of theframecan
betranslatedn theplane,accordingto the centerof eachcell).

Example 10.22(Symmetry cell extraction, matching, and reconstruction).To automat-
ically extractsymmetrycells, onecanapply corventionalimagesegmentatiortechniques
andverify whethereachpolygonalregion passeshetestastheimageof asymmetricstruc-
turein space(Exercisel10.12).Figure10.18shaws a possiblepipelinefor symmetrycell
extraction.

Figure10.18.Left: originalimage Middle: imagesegmentatiorandpolygon tting. Right:
cells that passthe symmetryveri cation. An objectframeis attachedio eachdetected
symmetrycell.

Oncesymmetrycellsareextractedfrom eachimage we canmatchthemacrossmultiple
imagesin termsof their shapeandcolor. Figure10.19shavs thattwo symmetrycellsare
extractedandmatchedacrosshreeimagesof anindoor sceneWith respecto this pair of
matchectells,Figure10.20shavs therecoreredcamergosesDueto alot of symmetryin
thescenethepoint-basednatchingmethoddntroducedn Chapted would have dif culty
with theseimagesbecausesimilar cornersleadto mary mis-matchesandoutliers.Notice
thatthereis only avery largerotationbetweerthe rst andsecondviews but avery large
translationbetweerthe third view andthe rst two views. Featuretrackingis impossible
for suchlarge motionsand robust matchingtechniquegto be introducedin Chapterl1)
basedon epipolargeometrywould also fail sincethe nearzero translationbetweenthe
rst two views makesthe estimationof thefundamentamatrix ill-conditioned.In fact,the
translationestimatedrom differentsetsof point correspondences the rst two images
coulddiffer by upto
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Figure10.19.Two symmetrycellsautomaticallymatchedn threeimages.

Figure10.20.Camergposesandcell structureautomaticallyrecoreredfrom the matched
cells.Fromleft to right: top, side,andfrontal views of the cellsandcamergposes.

As we see,by using symmetrycells ratherthan points, the above dif culties canbe
effectively resohed. The groundtruth for thelengthratiosof thewhite boardandtableare
1.51and1.00,andtherecoreredlengthratiosare 1.506and 1.003,respectiely. Errorin

all theright anglesis lessthan . u

Example 10.23 (Step-by-step3-D reconstruction). In this example,we shav how to
semiautomaticallyuild a 3-D modelfrom the ve photosgivenin Figure10.21basedn
thetechniquesntroducedn this chapter

Figure10.21.Imagesusedfor reconstructiomf the building (CoordinatedScience.abora-
tory, UIUC) from multiple views. The fth imageis usedonly to getthe correctgeometry
of theroof (from its re ective symmetry)but not usedto renderthe nal 3-D model.
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1. Recwery of 3-D canonicalframes.Figure 10.22shaws the resultsfor recovery of the
canonicalframesof two differentrectangulacells on two planes(in the secondmagein
Figure10.21).The “images” of the canonicalframesare dravn on the imageaccording
to the correctperspectie basedon recoreredposes.To recover the correctrelative depth
ratio of the supportingplanesof the two cells, we use (10.23)to obtain the ratio

— andrescaleall scale-relate@ntitiesassociateavith the secondcell sothat
everythingis with respecto asinglecanonicaframe(of the rst cell). We pointoutthatthe
anglebetweerrecorerednormalvectors(the -axesof bothframes)of thetwo supposedly
orthogonabplaness , within  errorto

Figure10.22.Recwery of thecanonicaframeaxesassociateavith symmetrycellsontwo
planes Solid arrons represenhormalvectorsof the planes.

2. Alignmentof differentimages.Figure10.23shavs thealignmentof the rst two images
in Figure10.21througha commonsymmetrycell (Figure10.15).The correctcross-viev

scaleratio computedrom (10.24)is . Figure10.15shaws how thefront side
of thebuilding in eachview is warpedby therecorered3-D transformatiorontothe other
one.As we seethe entirefront sideof the building is re-generateéh this way. Partsthat
arenotonthefront sidearenotcorrectlymappedhowever, they canbecorrecteddy stereo
matchingoncethe camergposeis known).

Figure 10.23. Alignment of two imagesbasedon re ective homographyand alignment
of symmetrycell. Notice thatthe chimng/s are misaligned sincethey arenot partof the
symmetricstructureof thescene.

3.Reconstructionf geometrionodelofthebuilding. Equippedwith theaboretechniques,
one cannow easily obtaina full 3-D model of the building from the rst four images
in Figure 10.21taken aroundthe building. The useronly needsto point out which cells
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Figure10.24.Top: Thefour coordinateéramesshawv therecoreredcamergoosesrom the
four images Arrows that point towardsthe building arethe cameraoptical axes.Bottom:
Reconstructe8-D modelrenderedvith theoriginal setof fourimages.

correspondo which in theimagesanda consistensetof camergposedrom thematched
cellscanbeobtainedasFigure10.24top shavs. Basedontherecoreredcamergosesthe
subsequer-D structurereconstructions shavn in Figure10.24bottom.The 3-D model
is renderedaspiecaviseplanarwith partsonthebuilding manuallyspeci edin theimages.
Theoriginal color of theimagess keptto shav from whichimageeachpatchonthemodel
is renderedThe fth imagein Figure10.21is usedonly to getthe geometryof the roof
from its re ective symmetryandis not usedfor rendering.The chimney-lik e structureon
theroof is missing,sincewe do not have enoughinformationaboutits geometryfrom the
photos. ™

10.3 Camerecalibrationfrom symmetry

Resultsgivenin the precedingsectionsareall basedon the assumptiorthatthe
camerahasbeencalibrated.In this section,we studythe effect of symmetryon
cameracalibration.

If thecamerds uncalibratedandits intrinsic parametematrix, say ,
is unknowvn, the equation(10.2) becomes

From the epipolarconstraintsbetweenpairs of equivalentviews, insteadof the
essentiamatrix , we canrecover only thefundamentamatrix

(10.25)
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where asbefore, and

Noticethathere is automaticallythe samefor the original imageandall the
equivalentones.

10.3.1 Calibrationfromtranslationalsymmetry

In thetranslationasymmetrycase we have and . Giventhree
mutually orthogonaltranslations underwhich the structureis
invariant,from the fundamentamatrix we
getvectors

(10.26)
Thatis, is equalto up to an (unknawn) scale.Since are
assumedo be mutually orthogonalwe have

(10.27)
We get threelinear equationson entriesof the matrix . If thereare

fewerthanthreeunknavn parametersn  ,*®thecalibration canbedetermined
from thesethreelinearequationgall from a singleimage).Thereadershouldbe
awarethatthesethreeorthogonaltranslationscorrespondgreciselyto the notion
of vanishingpoint, exploitedfor calibrationin Chapter6.

Example 10.24 (“V anishing point” from translational homography). Notice that if
the structureis planar insteadof the fundamentalmatrix, we get the (uncalibrated)
translationahomographymatrix

- - (10.28)
Again, the vector can be recovered up to scale from decomposingthe
homographymatrix . ™

10.3.2 Calibrationfromre ective symmetry

In the re ective symmetrycase,if is a re ection, we have

and . Thus, . Then is of the sameform
as a fundamentaimatrix for the translationalcase.Thus, if we have re ective
symmetryalongmutually orthogonaldirections the cameracalibration canbe
recoveredsimilarly to thetranslationatase.

Example 10.25(*V anishing point” from the re ective homography). If thestructureis
planar in theuncalibratedcameracasewe gettheuncalibratedrersion  of there ective
homography in Examplel0.14:

18For example pixelsaresquare.
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Since and , it is straightforvard to checkthat ,
or equialently, for . Furthermore, is the only eigervector that
correspondso theeigervalue  of .**
If the objectis a rectangle,admittingtwo re ections, we then get two vectors
, for . They obviously satisfytheequation .

10.3.3 Calibrationfromrotationalsymmetry

A lesstrivial casewheresymmetrymay help with self-calibrationis that of ro-
tationalsymmetry In this case|t is easyto shav thatthe axis of therotation

is always perpendiculato the translation  (seeExercise10.8). Accordingto
Chaptei6 (Appendix6.B), thefundamentamatrix mustbeof theform

(10.29)
where of unit lengthis the (left) epipoleof , andthe scalar is one
of thetwo nonzerceigervaluesof the matrix (seeTheorem6.15). Thenthe

calibrationmatrix  satis esthe so-callednormalizedKruppa's equation

(10.30)
with known andonly unknown. This equationasshowvn in Chap-
ter 6 (Theorem6.16), givestwo linearly independentonstraintson . For

instanceijf only thecamerdocallength is unknavn, we mayrewrite theabove
equationas

(10.31)

whichis alinearequationin . It isthereforepossibleto recoverthefocallength
from a singleimage(of someobjectwith rotationalsymmetry).

Example 10.26(Focallength from rotational symmetry: a numerical example).For a
rotationalsymmetrylet

"Theothertwo eigevaluesare . Also noticethatif  is recoreredupto anarbitraryscalefrom
thehomography(10.12),it canbe normalizedusingthefact
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Notethattherotation by correspondgo therotationalsymmetrythatacubeadmits.
Thenwe have
and (with the othereigemvalue of rejected) Thenthe equation

(10.31)givesalinearequationn

This gives , whichis, within the numericalaccurag, thefocal lengthgiven by
thematrix inthe rst place. ™

In theplanarcasewe knew from Examplel0.5thatary rotationallysymmetric
structurein factadmitsa dihedralgroup  thatincludestherotations asa
subgroup'® Thereforejn principle,any informationaboutcalibrationthatonecan
extractfrom the rotationalhomographycanalsobe extractedfrom there ective
ones.

10.4 Summary

Any single image of a symmetricobjectis equialentto multiple equivalent
imagesthat are subjectto multiple-view rank conditionsor homographycon-
straints.In general,we only needfour pointsto recover the essentiaimatrix or

homographymatrix betweerary two equivalentviews. This allows usto recover
the 3-D structureand canonicalposeof the objectfrom a singleimage.There
are three fundamentaltypes of isometric 3-D symmetry:re ective, rotational,

andtranslational which ary isometricsymmetryis composedf. A comparison
of ambiguitiesassociatedvith thesethreetypesof symmetryin recovering the
canonicalposebetweenthe objectand the camerawas givenin Table 10.1. A

comparisorbetween3-D and2-D symmetricstructuress summarizedn Table
10.2.

3-D symmetry 2-D symmetry
Symmetrygroup
Initial pose
Equivalentviews
Lyapunw equation
Unique recovery two independentotationsor re ectionsin

Table10.2.ComparisorbetweerB-D and2-D symmetryunderperspectie imaging.

18In fact,in  eachrotationcanbedecomposeihto two re ections; seeExercise10.9.
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If multipleimagesaregiven,the presencef symmetricstructuresnay signif-
icantly simplify andimprove the 2-D matchingand 3-D reconstructionin case
thecamerds not calibrated symmetryalsofacilitatesautomaticaretrieval of such
informationdirectly from theimages.

10.5 Exercises
Exercise 10.1 What type(s)of symmetriesdo you identify from eachimagein Figure
10.1?
Exercise10.2 Exactlyhow mary differentequivalentviews canonegetfrom
1. theimageof the checlerboardshavn in Figure10.3?

2. agenericimageof the cubeshavn in Figure 10.25,assuminghat the cubeis
opaqueand transparent?

Figure10.25.A cubeconsistf 8 vertices, 12 edgesand6 faces.

Exercise10.3 (Nonplanar 3-D rotational symmetry). Shav thatamongthe ve platonic
solidsin Figure 10.6, the cube and the octahedrorsharethe samerotationalsymmetry
group, and the icosahedrorand the dodecahedrorsharethe samerotational symmetry
group.

Exercise10.4 Prove Lemmal0.13.
Exercise10.5 Prove Lemmal0.18.

Exercise10.6 (Translational homography). Givenahomographymatrix  of theform

, thetypeof homographynatrix thatoneexpectsto getfrom atranslational
homographywithout usingthe decompositioralgorithmgivenin Chapters, nd a more
efcient waytoretrieve and from

Exercise10.7 (Relative cameraposefrom re ective symmetry). Givena re ection

andcamergose , therelative posebetweera givenimageandanequivalentone
is and

1. Shaw that and

2. Let . Shaw that

3. Explain how this may simplify the decompositionof a re ective homography
matrix, de nedin Examplel0.14.



10.5. Exercises 369

Exercise 10.8 (Relative cameraposefrom rotational symmetry). Given a rotation

(from arotationalsymmetry)andcamergpose , therelative posebetweera given
imageandanequialentoneis and
1. Show thatif is therotationalaxisof ,i.e. , we have
2. Therefore, is an orbital motion. Whatis the form for the essentiamatrix
?

3. Explaingeometricallywhattherelationshipbetween and is. (Hint: proofsfor
1 and2 becomesimpleif you canvisualizetherelationship.)

Exercise10.9 (Rotational homography). Considerahomographymatrix  of theform
, thetype of homographymatrix onegetsfrom arotationalhomography

1. Whataretherelationshipdhetween ,and ?

2. Shaw that for some , whichis afactorof theorder of thecyclic group
associatedvith therotationalsymmetry

3. If anuncalibratedversion is recoveredup to scale,shav thatthe
above facthelpsnormalize to beequalto

4. Shav that canalwaysbedecomposeéhto two matrices , where
and eachcorrespondo are ective homographyf the same(planar)symmetric
object.

Exercise10.10 (2-D symmetric patterns). For the 2-D patternsshawn in Figure10.26,
what is the symmetrygroup associatedvith eachpattern?Give a matrix representation
of the group. Discusswhat the most pertinentsymmetry-baseelgorithmwould be for
recovering the structureand poseof a planetextured with sucha pattern.What is the
minimum numberof features(points or lines) you need?(Note: It hasbeenshavn that
thereareessentiallyonly 17 different2-D symmetricpatternghatcantile the entireplane
with nooverlapsandgaps.Thereasorwhy they aredifferentis exactly becausehey admit
differentsymmetrygroups;see[Weyl, 1957).

Figure10.26.Symmetricpatternghatadmitdifferentsymmetrygroups.

Exercise 10.11 (Degeneratecasesfor re ective and rotational homography) There
are somedegeneratecasesassociatedvith the homographyinducedfrom the re ective
symmetryor the rotationalsymmetry To clarify this, answerthefollowing questions:

1. Whatis theform of are ective homographyif the cameracenteris in the planeof
re ection? Explainhow thereconstructiorprocesshouldbe adjustedn this case.
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2. Whatis the form of a rotationalhomographyif the cameracenteris on the axis of
rotation?Explainhow thereconstructiorprocesshouldbe adjustedn this case.

Exercise10.12(Symmetry testing). To testwhethera setof point or line featurescanbe
interpretecasa calibratedmageof thatof a symmetricobject,shav thefollowing facts:

1. Any four-sidepolygoncanbetheimageof a parallelogramn space.

2. Let and betheintersection®f thetwo pairsof oppositeedgesf afour-sided
polygonin theimageplane,respectiely. If , thenthe polygoncanbethe
image of a rectanglein space.Furthermore, are the two vanishingpoints
associatedvith therectangle.

3. Arguehow to testif an -sidepolygoncanbetheimageof a (standard) -gon.

Exercise10.13(A calibrated image of a circle). Givenonecalibratedperspectie image
of acircle,amuethatyou areableto completelyrecoverits 3-D poseandstructurerelative
to your viewpoint. Designa step-by-steprocedureto accomplishthis taskbasedon our
knowledge on the re ective symmetry;you needto clarify to what “features”from the
circle you applythe re ective symmetry Arguewhy this no longerworksif theimageis
uncalibrated[Note: the circle admitsa continuoussymmetrygroup . However, by
usingonly one elementfrom this group, a re ection, we are ableto recover its full 3-D
informationfrom a singleimage.]

Exercise 10.14 (Pose recovery with partial knowledge in the structure and ).
Consideracamerawith calibrationmatrix

wherethe only unknavn parameteis the focal length . Supposethat you have a sin-
gle view of a rectangularstructure,whosefour cornersin the world coordinateframe
have coordinates , , ,

, whereoneof thedimensions andtheratio betweerthetwo dimensions
of therectangleareunknawn.

1. Write down theprojectionequatiorfor thisspecialcaserelatingthe 3-D coordinates
of pointsontherectangleo theirimageprojections.

2. Shaw thattheimagecoordinates andthe 3-D coordinate®f pointson the world
planearein factrelatedby a homographymatrix of the following form

Write down theexplicit formof  in termsof camergose andtheunknavn
focallength of thecamera.

3. Once isrecoveredupto ascalefactor say , describehestepshatwould
enableyouto decomposé andrecovertheunknavn focallength androtation
Alsorecoverthetranslation andratio upto auniversalscalefactor

Exercise10.15(Programming exercise).Implement(e.g.,in Matlab) the reconstruction
schemalescribedn Section10.2.3.Furtherintegrateinto your systemthefollowing extra
features:
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1. Translationasymmetry
2. Rotationalsymmetry

3. A combinationof the three fundamentaltypes of symmetry like the relation
betweercell andcell inFigurel0.14.

4. Take a few photosof your favorite building or houseand reconstructa full 3-D
modelof it.

5. Calibrateyour camerausingsymmetryin the sceneandcomparetheresultsto the
groundtruth.

Furtherreadings

Symmetngroups

The mathematicalstudy of possible symmetric patternsin an arbitrary -

dimensionakpacas known asHilbert's 18thproblem. Answersto thespecial-D

and3-D casesweregivenby Fedorw in the nineteenthcentury[Fedoror, 1977

and proven independentlyby Geoge Polya in 1924. A completeanswerto

Hilbert's problemfor high-dimensionaspacesvasgivenby [Bieberbach1910Q.

A good generalintroductionto this subjectis [Weyl, 1957 or, for a stronger
mathematicala vor, [GrinbaumandShephard1987 Goodman2003. A good
suney on a generalizatiorto the notion of symmetrygroups,i.e. the so-called
groupoidsjs [Weinstein,1994.

Symmetnandvision

Symmetry as a useful visual cue for extracting 3-D information from images,
hasbeenextensiely discussedn psychologyMarr, 1982 Palmer, 1999. Its ad-
vantagesn computationalvision were rst exploredin the statisticalcontext,

suchasthe study of isotropic texture (e.g.,for the third image of Figure 10.1
top) [Gibson,195Q Witkin, 1988 Malik andRosenholtz1997. It wasthe work
of [Garding,1992 Garding,1993 Malik andRosenholtz1997 that provided a
wide rangeof ef cient algorithmsfor recoveringthe shapq(i.e. the slantandtilt)

of atexturedplanebasedon theassumptiorof isotropy or weakisotropy.

On the geometricside,[Mitsumotoetal., 199 wereamongthe rst to study
how to reconstrucia 3-D objectusingre ective symmetryinducedby a mirror.
[Zabrodsk andWeinshall, 1997 used(bilateral)re ective symmetryto improve
3-D reconstructiorfrom imagesequencesShapefrom symmetryfor af ne im-
ageswasstudiedby [Mukherjeeetal., 1995. [Zabrodsly etal., 1995 provideda
goodsuney on studiesof re ective symmetryandrotationalsymmetryin com-
putervision at the time. For objectandposerecognition,[Rothwell etal., 1993
pointedout thattheassumptiorof re ective symmetrycouldalsobeusefulin the
constructionof projective invariants.Certaininvariantscan also be formulated
in tensorialtermsusingthe doublealgebra,as pointedout by [Carlsson,199§.
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More recently [Huynh, 1999 shaved how to obtain an af ne reconstruction
from a single view in the presenceof symmetry Basedon re ective epipolar
geometry [Franmis etal.,2003 demonstratechow to recover 3-D symmetric
objects(e.g.,a face)from a singleview. Bilateral re ective symmetryhasalso

beenexploited in the context of photometricstereoor shape-from-shadingy

[Shimoshonietal., 2000 ZhaoandChellappa2001].

The uni cation betweensymmetryand multiple-viev geometrywas donein
[Hongetal., 2003, andits implicationin multiple-view reconstructiorwassoon
pointedout by [Huangetal., 2003, uponwhich this chapteris based As an ef-
fort to automaticallyextractandmatchsymmetricobjectsacrosanultipleimages,
[Yangetal., 2003 Huangetal.,2003 have shavn that extractingand matching
a group of featureswith symmetryis possibleand often is much bettercondi-
tioned than matchingindividual point and line featuresusing epipolaror other
multilinear constraints.

Othersceneknowled@

It haslong beenknown in computervision thatwith extra sceneknowledge.,it is

possibleto recover 3-D structurefrom asingleview [Kanade, 1981, Sparr 1997.

As we have seenin this chaptey symmetry clearly reveals the reasonwhy
vanishingpoints (often causedby re ective and translationalsymmetries)are
importantfor both cameracalibrationand scenereconstructionLike symme-
try, othersceneknowledgesuchasorthogonality[Svedbeg andCarlsson,1999

can be very usefulin recovering calibration, pose,and structurefrom a single
view. [Liebowitz andZisserman1998 Criminisietal.,1999 Criminisi, 200Q

have shavn that sceneknowledgesuchas lengthratio and vanishingline also
allows accuratereconstructiorof 3-D structuralmetric and cameraposefrom

singleor multiple views. [Jelinekand Taylor, 1999 showvedthatit is possibleto
reconstrucaclassof linearly parameterizechodelsfrom a singleview despitean
unknown focal length.
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Part IV

Applications
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Step-by-Ste@Building of a 3-D Model
from Images

In respectof military method,we have r stly, Measuement;sec-
ondly, Estimationof quantity; thirdly, Calculation;fourthly, Balanc-
ing of chances; fthly, Victory.

—SunTzu, Art of War, fourth centuryB.C.

This chaptersenesa dual purposeFor thosewho have beenfollowing the book
up to this point, it provides hands-onexperienceby guiding them throughthe
applicationof variousalgorithmson concreteexamples.

For practitionersvho areinterestedn building a systemto reconstructnodels
from imageswithout necessarilyvantingto delve into the materialof this book,
this chapterprovidesa step-by-steglescriptionof several algorithms.Together
with the software distribution at http://vision.ucla.edu/MASKS , and
referenceo speci ¢ materialin previouschaptersthis senesasa “recipe book”
to build a completef rudimentarysoftwaresystem.

Naturally, the problem of building geometricmodelsfrom imagesis multi-
facetedthe algorithmsto be implementeddependon whetherone hasaccesgo
the cameraanda calibrationrig, whetherthe sceneis Lambertianwhetherthere
are multiple moving objects,whetherone canafford to processdatain a batch,
whethertheinterframemotionis small,etc. Oneshouldnot expectonesetof al-
gorithmsor systemto work satishctorily in all possiblepracticalconditionsor
scenariosatleastnotyet. Theparticularsystempipelinepresentedh this chapter
is only oneof mary possibleimplementationsmplied by the generaltheoryde-
velopedin earlierchaptersThereforewe alsoprovide adiscussiorof thedomain
of applicabilityof eachalgorithm,aswell asreferencedo previouschapterof the
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376 Chapterll. Step-by-Steuilding of a3-D Modelfrom Images

book or the literaturewhere more detailedexplanationsand derivationscan be
found.

Agendafor this chapter

Supposehatwe aregivena sequencef imagesof thetypeshovnin Figure11.1,
andwe areasledto reconstruct geometricmodelof the scenetogethemwith a
texture mapthatcanbe usedto renderthe scenegrom novel viewpoints.

Figure 11.1. Sampleimagesfrom video sequencesisedin this chapterto illustrate the
reconstructiorof 3-D structureandmotion.We will alternateamongthesetwo sequences
to highlightfeaturesanddif culties of eachalgorithm.

Figure11.2outlinesa possiblesystempipelinefor achieving suchatask?! For
eachcomponentn the pipeline,we give a brief descriptiorbelow:

Feature selection: Automatically detectgeometricfeaturesin eachindividual
image(Section11.1).

Feature correspondence:Establishthe correspondencef featuresacrossdif-
ferentimages(Section11.2). The algorithmto be employed dependson
whetherthe interframemotion (“baseline”) is small (Section11.2.1) or
large (Section11.2.2).

Projectivereconstruction: Retrieve the cameramotionand3-D positionof the
matchedfeaturepoints up to a projective transformation(Section11.3).
Lacking additionalinformationon the cameraor the scenethis is the best
onecando.

Euclideanreconstructionwith partial cameraknowledge: Assumehatall im-
agesaretaken by the samecameraor someof the cameraparametersire

1“possible”in the sensethat, when practicalconditionschange someof the componentsn the
pipelinecouldbemodi ed, simpli ed, or evenbypassed.
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Feature selectio . o e e Feature selectio
11.1 111

Feature correspondence
11.2

Camera calibration Epipolar rectification
Chapter 6 11.5.1

[ Projective reconstructio]‘u
11
Partial scene knowledg Dense corresponden
Chapter 10 11.5.2

Euclidean reconstruction Texture mapping
11.4 11.5.3

Figure 11.2. Organizationof the reconstructionprocedureand correspondingsections
whereeachcomponents described.

known, andrecoverthe Euclidearstructureof thescengSection11.4).As
asidebene t, alsoretrieve the calibrationof the camera.

Cameracalibration: Assumethatonehasfull accesgo the cameraanda cali-
brationrig. Sinceseveral calibrationtechniquesverediscussedn Chapter
6, we referthe readerto that chapterfor detailsandreferencedo existing
softwarepackagege.g.,Section6.5.2andSection6.5.3).

Reconstructionwith partial sceneknowledge: Assumethatcertainknowledge
aboutthe scene,such as symmetry is available a priori. Then, feature
correspondencesameracalibration,and scenestructurerecovery can be
signi cantly simpli ed. Sincethistopicwasaddressedxtensivelyin Chap-
ter10,wereferthereadetto thatchaptefor exampleqe.g.thosein Section
10.2.2,Section10.2.3,andSection10.3).

Visualization: Oncethe correspondencef a handful of featuresis available,
rectify the epipolargeometryso that epipolarlines correspondo image
scanlines(Section11.5.1).Thisfacilitatesestablishingcorrespondencir
mary if not mostpixelsin eachimagefor which the 3-D positioncanbe
recovered(Sectionl11.5.2).Thisyieldsa densehighly irregular polygonal
meshmodelof thesceneStandardnesh-manipulatiotoolsfrom computer
graphicscanbe usedto simplify andsmooththe mesh,yielding a surface
modelof the sceneGiventhe surfacemodel,texture-mapthe imagesonto
it soasto generate view of the scenerom novel vantagepoints(Section
11.5.3).
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Thenext sectiondollow the programabove, with aneye towardimplementation.
Forthesale of completenesshedescriptiorof someof thealgorithmsis repeated
from previouschapters.

11.1 Featureselection

Givena collectionof images for instancea video sequenceapturedby a hand-
held camcorderthe rst stepconsistsof selectingcandidatefeaturesin one or
moreimagesijn preparatiorfor trackingor matchingthemacrosdlifferentviews.
For simplicity we concentrat®n the caseof point featuresanddiscusghe case
of linesonly brie y (thereadercanreferto Chapted for moredetails).

The quality of a pointwith coordinates asa candidatdeaturecan
bemeasuredby Harris' criterion,

trace (11.2)

de nedin Chapter, equation(4.31),computecnaregion , for instancea
rectangulawindow centerecht , of sizebetween and pixels;we
use in thisexample.In theabove expression, is aconstanto bechoserby
thedesignef and isa matrix thatdepend®on , givenby

where arethegradientobtainedy corvolvingtheimage with thederiva-
tivesof a pair of Gaussianlters (Section4.A). A point feature is selectedf
exceedsa certainthreshold . Selectionbasedn a singleglobalthreshold,
however, is nota goodidea,becaus®neregion of theimagemay containobjects
with strongtexture, whereasanotheregion may appeamorehomogeneouand
thereforeit maynottriggerary selection(seeFigurel1.3).Thereforewe recom-
mendpartitioningtheimageinto tiles (e.g., regionsof pixelseach,
fora image),sortingthefeaturesaccordingo theirquality in each
region, andthenselectingasmary featuresasdesired providedthatthey exceed
aminimumthreshold(to avoid forcibly selectingfeaturesvheretherearenone).
For instancewe typically startwith selectingabout  to pointfeatures.

In addition,to avoid associatingnultiple featureswith the samepoint, we also
imposea minimumsepaation betweerfeatures Considey for instance a white
patchwith ablackdotin themiddle.Everywindow of size,say , centered
atapointwithin pixelsof theblackdot, will satisfytherequirementabove and
passhethreshold However, we wantto selectonly onepoint featurefor this dot.
Thereforepncethebestpointfeatureis selectedaccordingo thecriterion ,
we needto “suppress’featureselectionin its neighborhood.

2A valuethatis oftenusedis , Whichis empiricallyveri ed to yield goodresults.
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Figure11.3.Examplesof detectedeatureqleft) andquality criterion (right). Asit

canbe seencertainregionsof the image“attract” morefeatureshanothers.To promote
uniform selectionwe divide the imageinto tiles andselecta numberof point featuresn
eachtile, aslong asthey exceeda minimumthreshold.

Thechoiceof quality criterion,window size,thresholdtile size,andminimum
separatiorare all part of the designprocessThereis no right or wrong choice
at this stage,and one shouldexperimentwith variouschoicesto obtainthe best
resultsonthe dataathand.The overallfeatureselectiorprocesss summarizedn
Algorithm 11.1.

Algorithm 11.1(Point feature detection).

1. Computeimagegradient asin Section4.A.

2. Chooseasizeof thewindow (e.q., ). Computethe quality of eachpixel
location , usingthequality measure de nedin equation(11.1).

3. Chooseathreshold ; sortall locations thatexceedthe threshold ,in

decreasingrderof

4. Chooseatile size(e.g., ). Partition the imageinto tiles. Within eachtile,
choosea minimum separatiorspace(e.g.,  pixels) andthe maximumnumberof
featuresto be selectedwithin eachtile (e.g., ). Selectthe highest-scorindeature
andstoreits location.Go throughthelist of featuresn decreasingrderof quality;
if the featuredoesnot fall within the minimum separatiorspaceof ary previously
selectedeaturesthenselectit. Otherwisediscardit.

5. Stopwhenthenumberof selectedeatureshasexceededhe maximum,or whenall
thefeaturesexceedingthe thresholdhave beendiscarded.

Furtherissues

In orderto further improve featurelocalization one can interpolatethe func-
tion betweenpixels for instanceusing quadraticpolynomial functions,
and choosethe point  that maximizesit. In generalthe location of the max-
imum will not be exactly on the pixel grid, thus yielding subpixelaccuracy
in featurelocalization, at the expenseof additionalcomputation.In particular
the approximationof  via a quadraticpolynomial can be written as
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for all . As longasthewindow chosen
is of sizegreaterthan , we can nd the minimum of in with
respecto and usinglinear least-squareasdescribedn Appendix

A.

A similar procedurecanbefollowedto detectline segments The Houghtrans-
form is often usedto map line seggmentsto pointsin the transformedspace.
More details can be found in standardimage processingtextbooks such as
[GonzalezandWoods,1999. Onceline sgmentsaredetectedthey canbeclus-
teredinto longerline sgmentghatcanthenbeusedfor matching Sincematching
line sgmentds computationallymoreinvolved,we do notemphasizét hereand
referthereaderto [SchmidtandZisserman200( instead.

11.2 Featurecorrespondence

Once candidatepoint featuresare selectedthe goal is to track or matchthem
acrosdlifferentimagesWe rst addresshecaseof smallbaselinde.g.,whenthe
sequencés taken from a moving video camera)andthenthe caseof moderate
baselinde.g.,.whenthesequencés acollectionof snapshotsakenfrom disparate
vantagepoints).

11.2.1 Featuetradking

We rst describehesimplestfeature-trackinglgorithmfor smallinterframemo-
tion basedn a purelytranslationamodel.We thendescribea moreelaborateout
effective tracker thatalsocompensatefor contrastandbrightnesschanges.

Translationalmotionmodel:the basictracker

Thedisplacement of afeaturepoint of coordinates betweercon-
secutve framescanbe computedby minimizing the sumof squaredifferences
(SSD)betweerthetwo images and in asmallwindow
aroundthe featurepoint . For the caseof two views, and , we
canlook for the displacement that solvesthe following minimizationproblem
(for multiple views taken by a moving camerawe will considercorrespondence
of two views atatime)

(11.2)

As we have seenin Chapter4, the closed-formsolutionto this problemis given
by

(11.3)
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where

and is an approximatiorof the temporalderivative,> computedas
a rst-order differencebetweentwo views. Noticethat  is the samematrix we
have usedto computethe quality index of a featurein the previous section,and
thereforeit is guaranteedo be invertible, althoughfor tracking we may want
to selecta differentwindow size and a different threshold.In order to obtain
satishctoryresults,we needto re ne this primitive schemén a numberof ways.
First, whenthe displacemenof featuresbetweerviews exceeds to pixels,
rst-order difference®f pixel valuescannotbe usedto computetemporalderiva-
tives,aswe have suggestedoingfor  justnow. The proposedrackingscheme
needgo beimplementedn a multiscalefashion.This canbe doneby construct-
ing a “pyramid of images, by smoothinganddownsamplingthe original image,
yielding,say and ,ofsize ,
respectiely.* Then,thebasicschemgustdescribeds rst appliedatthecoarses
level to the pair of images , resultingin an estimateof the displacement
. Thisdisplacemenis scaledup (by afactorof two) andthewindow
is movedto atthenext level ( ) viaawarpingof theimage
We thenapply the sameschemeto the pair in
orderto estimatethe displacement . The algorithmis thenrepeateduntil the
nest level, whereit is appliedto the pair and Once
the displacement is computed the total estimateddisplacements given by
In mostsequencesapturedwith a video camera,
two to four levelsof the pyramidaretypically sufcient.

Secondjn the samefashionin which we have performedthe iterationacross
differentscaleg(i.e. by warpingtheimageusingthe estimateddisplacemenand
reiteratingthe algorithm), we can performthe iteration repeatedlyat the nest
scale:ln this iteration, is computedbetween andthewarpedinterpo-
lated® image . Typically, 5 to 6 iterationsof this
kind’ aresufcient to yield alocalizationerrorof atenthof a pixel with awindow

3A betterapproximationof the temporalderivative canbe computedusing the derivative lter,
whichinvolvesthreeimagesfollowing the guidelinesof Appendix4.A.

4A more detailed description of multiscale image representation can be found
in [SimoncelliandFreeman1995 andreferencesherein.

5Notice thatinterpolationof the brightnessvaluesof the original imageis necessaryEvenif we
assumehatpointfeaturesweredetectedat the pixel level (andtherefore belongsto the pixel grid),
thereis no reasonwhy shouldbelongto the pixel grid. In general, is not aninteger, and
therefore atthe next level, all theintensitiesin the computatiorof the gradientan and mustbe
interpolatecbutsidethe pixel grid. For our purposeshere,it sufces to usestandardinearor bilinear
interpolationschemes.

6As usual theimagemustbeinterpolatedoutsidethe pixel grid in orderto allow computatiorof

and .

"This typeof iterationis similarin spirit to Newton-Raphsomethods.
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sizeof . This feature-trackingalgorithmis summarizedas Algorithm 11.2.
An exampleof tracked featuresusingthe purely translationaimodelis givenin
Figurel1.4.

Algorithm 11.2(Multiscale iterati ve feature tracking).

1. Detectasetof candidatdeaturesn the rst frameusingAlgorithm 11.1.Choosea
sizefor thetrackingwindow  (this canin principle bedifferentfrom thewindow
usedfor selection).

2. Selecta maximumnumberof levels (e.g., ), andbuild a pyramid of images
by successiely smoothing{Appendix4.A) anddovnsamplingheimages.

3. Starting from the coarsestlevel  of the pyramid (smaller image) iterate the
following stepsuntil the nest level is reached.

Compute de ned by equation(11.3) for the image pair
Move the window by through warping the secondimage
Updatethedisplacement andtheindex . Repeathe
stepsabove until

Now let andupdaterepeatedly with

computedfrom the pair until the incrementaldisplacement is

“small” (i.e.its normis below a choserthreshold)or choosea x ednumber
of iterations for example,

4. Evaluatethe quality of the featuresvia Harris' criterion as per Section11.1, and
verify that eachtracked featureexceedsthe chosenthreshold.Updatethe set of
successfullyrackedfeaturesacquirethe next frame,andgoto step3.
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Figure11.4. Featurepoints selectedn the rst framearetracked in consecutie images:
the gure shawsthetraceof featuresuccessfullyracked until the lastframeof thevideo
sequence.

Af ne tradker with contrastcompensation

In generalthereis afundamentatradeof in thechoiceof thewindow size  : one
wouldlikeit aslargeaspossiblefo counteractheeffectsof noisein themeasure-
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ments put alsoassmallaspossible sothattheimagedeformatiorbetweerframes
canbeapproximatedo areasonablextentby a simpletranslation.This tradeof
canin partbeeasedy choosingaricherdeformatiormodel.For instanceinstead
of thepurelytranslationamodelof Algorithm 11.2,onecanconsidemanaf ne de-
formationmodel,thatrepresents good compromisebetweencompleity of the
modelandsimplicity of the computationaswe have discussedn Section4.2.1.
For instancejt allows modelingin-planerotation of featurewindows as
well asskew transformationsin this case,we assume to be transformedby

for some , ratherthansimply by . In addition,asobjects
move relative to the light, their appearancenay changein a very complicated
way. However, someof the macroscopichangesanbe capturedoy an offsetof
theintensity  in thewindow, andachangen thecontrasfactor . Theeffects
of changesn intensityandcontrastduringtrackingarevisible in Figure11.5.A
morerobustmodelto infer thedisplacement is to estimatdt alongwith ,
and by minimizing aweightedintensityresidual

(11.4)
wherefor clarity we indicatewith the imageintensity at the pixel at
time , and is a weight function of the designers choice.In the simplest
case, ; @ more commonchoiceis a Gaussiarfunctionin . Notice that

thedisplacemenin (11.4)is computechetweerthe cameraattime andtime .
As we have discussedthis works only for smalloverall displacementdpr larger
displacementsne cancomputethe inter-framemotion by substituting with ,
and with . Morein generalpnecanconsidettime and for achosen
interval

Althoughfor simplicity theresultsin this chapterareshowvn for thebasictrans-
lationalmodel,we reportthe equationf the af ne model,andreadersan nd
its implementatiorat the websitehttp://vision.ucla.edu/MASKS .Let

and . Thenthe rst-order Taylor expansion

for the seconderm of the objective function  with respecto all the unknowvns
is

(11.5)
where
and
(11.6)

collect all the parameter®f interest.Thenthe rst-order approximationof the
objectvefunction becomes

(11.7)
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For to minimize , it is necessaryhat —— . This givesa systemof
eightlinearequations

(11.8)
where

(11.9)
and

(11.10)

In particular the matrix is de ned by
The solutionto  is simply , from which we canrecover assum-
ing that s invertible.If it is not, just discardthatfeature® This procedurecan
substitutehe simplecomputatiorof in step3 of Algorithm 11.2.Al-

thoughtheaf ne modeltypically givessubstantiallybettertrackingresults,t still
requiresthatthe motionof thecamerabe“small.” Figure11l.5shovs anexample
of trackingresultsusingthe af ne model.

A radically differentway to proceedconsistsn foregoingthe computationof
temporalderivativesaltogetherandformulatingthetrackingproblemasmatching
thelocal appearancef featuresWe discusghisin the next subsection.

Caveats

When tracking featuresover a long sequenceby determiningcorrespondence
amongadjacentviews, one can notice a drift of the position of the featuresas
the sequencerogressesif is the window centeredat the location of
afeatureattime , thenin generalat time the window will
be differentfrom , Sowhatis beingtrackedactuallychangesat eachin-
stantof time. One could think of tracking featuresfrom the initial time, rather
thanamongadjacentframes,thatis substitutethe pair with

. Unfortunately for most sequenceghis will not work because

8Note thatthe afne tracker needssigni cantly larger windows thanthe translationatracler, in
orderto guarante¢hat s invertible.



11.2. Featurecorrespondence 385

1
o i e e e e i e
0 i e i e e e < e
Figure11.5.Somesnapshotsf theregioninsidethe blacksquaren the sesameequence
(top): (a) is the original sequencasit evolvesin time (tracked by hand);(b) tracked win-
dow, warpedbackto the original position,usingthe af ne deformationmodel but

noillumination parameters(c) trackedwindow warpedbackto the original positionusing
anaf ne modelwith contrastandbrightnesgparameters

thedeformationfrom the rst to thecurrentimagewill besolargeasto notallow
usingthedifferentialmethodsve have describedofar.

If onecanafford to post-procesthe sequenceye recommendeestimatinghe
correspondenday applyingthematchingprocedurelescribedn thenext subsec-
tion, i.e. anexhaustve searchbasedon the correlationmatchingscore usingthe
resultsof thefeaturetrackingalgorithmasaninitial estimate.

11.2.2 Rolustmatdingacrosswidebaselines

An alternatve to trackingfeaturesrom oneframeto anotheris to detectfeatures
independentlyn eachimage,andthensearchfor correspondingeatureson the
basisof a “matching score” that measuresiow likely it is for two featuresto
correspondo the samepointin spaceThis is acomputationallyintensve, error
prone,uncertainty-lademroblemfor which thereis no easysolution. However,
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whenoneis givensnapshotsf ascendakenfrom disparateviewpoints’ andthere
is no continuityin the motionof the camerapnehasno othergoodoption 1°

The generallyacceptedechniqueconsistsin rst establishingputative cor
respondenceamonga small numberof featuresandthentrying to extendthe
matchingto additionalfeatureswhosescorefalls within a given thresholdby
applyingrobuststatisticaltechniques.

More speci cally, the selectedfeatureswith their coordinates in the rst
view and in the secondare characterizedby their associatecheighborhoods

and . The featureneighborhoodsare typically comparedusing

the normalizedcross-corelation (NCC) of two 2-D signalsassociatedvith the
supportregionsde ned in Chapterd as(seeFigurel1.6)

NCC
(11.11)
where is the averageintensity and similarly for !
Thewindows and arecenterecat  in the rst view and
in the secondview. The window sizeof the neighborhoodss typically
chosenbetween and pixels. Larger windows resultin increased

robustnessittheexpenseof a highercomputationatostandanincreasediumber
of outliers.Dueto the computationatompleity of the matchingprocedurethe
afne parameters areoften x edto , reducingthe modelto the simpler
translationabne ; we summarizehis proceduran Algorithm 11.3.

Algorithm 11.3(Exhaustive feature matching).

1. Selecffeaturesntwoviews and usingAlgorithm 11.1.Chooseathreshold

2. For eachfeaturein the rst view with coordinates nd thefeature
in the secondview that maximizesthe NCC similarity between
and , de ned in equation(11.11).If no featurein the secondimagehasa
scorethatexceedghethreshold |, theselectedeaturein the rst imageis declared
an“orphan’

Note that Algorithm 11.3 is realistic only for computing correspondence
betweena few distinctive featuresacrossthe views. This set of correspon-
dencesds usuallysufcient for theinitial estimationof the cameradisplacement.

9Even when correspondencés available through tracking, as we have seenin the previous

subsectionpnemaywantto correctfor thedrift dueto trackingonly inter-framemotion.

10This dif culty arisesmostly becausave have decidedto associatepoint featureswith a very
simplelocal signaturethatis theintensityvalueof neighboringpixels,thosein thewindowv f
oneusesmoresophisticatedgignaturessuchasaf ne invariants[Schafalitzky andZisserman2001],
symmetryYangetal.,2003,Huangetal., 2003, featuretopology[Tell andCarlsson2003 or richer
sensingdata,for instancerom hyperspectralmagesthis problemcanbe considerablysimpli ed.

lHere, isthenumberof pixelsin thewindow
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Figure11.6.Two widely separatediews (top row) andthe normalizedcross-correlations
similarity measure(bottom row) for two selectedfeature points and their associated
neighborhoods(middle row). The brighter values correspondto higher normalized
cross-correlatiorscores Note that for the patchon the left thereis a distinct peakat the
correspondingpoint, but thereare several local maxima,whichmakesfor dif cult match-
ing. The patchontheright resultsin aneven atter NCC pro le, makingit dif cult to nd
anunambiguousnatch.

Figure 11.7. Featurepoints successfullytracked between rst and last frame (left) and
mismatchesor outliers,in thelastframe(right).

Oncethe displacemenis obtained,it can be usedfor establishingadditional
matchesThe processof establishingcorrespondencesnd simultaneoushyesti-
matingthe cameradisplacemenis bestaccomplishedn the context of a robust
matchingframeavork. The two mostcommonlyusedapproachesre RANSAC
and LMedS. More details on LMedS can be found in [Zhangetal., 1995.
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Here we focus on random sample consensusRANSAC), as proposedby
[FischlerandBolles,1981]].

RANSAE

The main ideabehindthe techniqueis to usea minimal numberof datapoints
neededo estimatethe model,andthencounthow mary of the remainingdata
pointsare compatiblewith the estimatedmodel,in the senseof falling within a
chosenthreshold.The underlyingmodel hereis that two correspondingmage
pointshave to satisfythe epipolarconstraint

for

where is the fundamentalmatrix introducedin Chapter6, equation(6.10).
Given at least correspondence¥, can be estimatedusing the linear
eight-pointalgorithm, Algorithm 6.1 (or an re ned nonlinearversion, Algo-
rithm 11.5). RANSAC consistsof randomlyselectingeight correspondingairs
of points (points that maximizetheir NCC matchingscore)and computingthe
associated . The quality of the putatve matchesis assessethy countingthe
numberof inliers, thatis, the numberof pairs for which someresidualerror
is lessthana chosenthreshold, . The choiceof residualerror dependon the
objective function usedfor computing . Ideally we would like to choose to
be the reprojectionerror de ned in Chapter6, equation(6.81). However, aswe
discussedn Appendix 6.A, the reprojectionerror can be approximatedoy the
SampsordistancdSampson1987, whichis easierto computé?®

(11.12)

The algorithmfor featurematchingand simultaneousobust estimationof  is
describedn Algorithm 11.4.

Noticethatin Algorithm 11.4,eventhough is computedusingalinear algo-
rithm, rejectionis performedbasedn anapproximatiorof thereprojectiorerror,
whichis nonlinear

The numberof iterationsdependsn the percentagef outliersin the set of
correspondingpoints. It mustbe chosensufciently large to make surethat at
leastone of the sampleshasa very high probability of being free of outliers.
Figure 11.8shaws the percentagef correctandincorrectmatchesasa function
of thethreshold andthebaselinet* As thethreshold increaseshepercentage

12seven correspondenceare alreadysufcient if oneimposesthe constraint when
estimating , asdiscussedn Chapter6. For a calibratedcamera, ve pointsaresufcient to deter
minethe essentiamatrix (up to 10 solutions). An ef cient combinationof RANSAC anda ve-point
algorithmcanbe foundin [Nistér, 2003].

13The computationof the reprojectionerror would requireexplicit computationof 3-D structure.
Sampsors distancebypasseshis computationalthoughit is only accurateo rst order

14pointswereselectedndependentlyn differentimagesandthenmatcheccombinatoriallyandthe
procedureepeatedor imageshatwereseparatedby a largerandlargerbaseline.
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Algorithm 11.4(RANSAC feature matching).

Set andselecttheinitial setof potentialmatches asfollows:

— Selectpointsindividually in eachimage,for instancevia Algorithm 11.1.
Selectathreshold .

— For all pointsselectedn oneimage,computethe NCC score(11.11)with
respecto all otherselectedhointsin the otherimage(s).

— If atleastonepoint hasan NCC scorethatexceedshethreshold , choose
as correspondenthe point that maximizesthe NCC score.Otherwise,the
selectedpointin the rst imagehasno correspondent.

— Choose to be a subsetof eight successfumatchesselectedat random
(e.g.,with auniform distribution ontheindex of the points).

Chooseathreshold .
Repeat timesthefollowing steps:

1. Estimate giventhesubset usingthe eight-pointalgorithm,Algorithm

6.1or11.5.
2. Given  determinea subsebf correspondences for which
theresidual de ned by equation(11.12)satis es pixels. This is

calledtheconsensusetof
3. Countthenumberof pointsin theconsensuset.
4. Randomlyselecteightmatchesasthenew set

Choose  with thelargestconsensuset.

Reestimate usingtheall theinliers, i.e. all pairsof correspondingointsin the
consensuset.

of correctmatchesncreaseshut the absolutenumberof pairswhoseNCC score
passeshethresholddecreasesl heeffect becomesnoredramaticasthe baseline
increases.

Caveats

Featurematchingis the mostdif cult and often mostfragile componenbf the
pipelinedescribedn this chapter Realscene®ften presencclusionsspecular
re ections, castshadavs, changingllumination and otherfactorsthat make fea-
ture matchingacrosswide baselinedif cult. Suchdif culties, however, canbe
easedf richer descriptorsare usedthansimply the intensity of eachpixelsin a
neighborhoodFor instancepnecanuseaf ne invariantdescriptorsor signatures
basedon hyperspectraimagesor known landmarksn thescene.

Whenno interventionon thescends possiblethe algorithmsdescribedn this
book canprovide reasonableesultsif usedproperly Improvedrobustmatching
canbe achievedif the basicleast-squaresolutiondescribedn AppendixA is
substitutedwith total least-squaressdescribedn [GolubandLoan,1989. The
effectof outliersonthe nal estimatecanalsobereducedoy replacingthe least-
squaregriterion with a robust metric. A popularchoiceleadsto M-estimatos,
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Figure11.8.Effectsof (top left) normalizedcrosscorrelationthreshold , (topright) base-
line (meters)of viewpoint changeon the percentagef propermatches(bottomleft) the
numberof physicallycorrectand(bottomright) incorrectcomparisonshatpassedheNCC

thresholdfor variousthresholdsand a small baseline.ln generalthe workspacedepths
werein the rangeof 5 to 20 meters.Error barsindicate 1 standarddeviation. A total of

eight sequencesf ve imageseachwere usedto generatehesecharts.All resultsare
shawvn for imagepatchesof pixels. It shouldbe notedthat the numberof incor-

rectmatchegor similarly, the total numberof matches)Xecreasesxponentiallywith the
thresholdwhereaghe numberof physicallycorrectmatchesdecreaseknearly. This pro-

ducesthe obsered peakin (top left) at a thresholdof 0.95,asthe small numberof total

matchest highthresholdgivesriseto thelarge standardieviations.

andanothetto the least-median-of-squas(LMedS) method both of which have
beenexploredin the context of this problemby [Zhangetal., 1999.

Additional issuesarise when the feature matchingis extendedbeyond two
views. Oneoption is to integratethe featurematchingwith the motion estima-
tion andreconstructioprocessln suchacasethepartialreconstructiorobtained
from two views andthe currentmotionestimatecanbe usedto predictand/orval-
idatethe detectedeaturesin subsequentiews. Alternatively, the multiple-view
matchingtestbasedntherankconditiondescribedn Chaptei8 (moredetailscan
befoundin [KoseclkandMa, 2003) is agoodindicatorof the quality of feature
correspondenda multiple views. After featuresdisappeadueto occlusionspne
canmaintaina databasef featuresandif theviewpointis closeenoughin later
views, onecanattemptto rematchfeaturedn later stageseffectively reintroduc-
ing previousfeaturesThis approactasbeensuggestethy [Pollefeys,200q and
appliedsuccessfullyto progressie scanof scenes.
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= _~

Figure 11.9. Epipolar lines estimatedbetweenthe rst andthe 50th frame of the video
sequenceTheblacklines correspondo the estimateobtainedwith the linearalgorithm.
The white lines are obtainedfrom the estimateof  obtainedby robust matchingand
nonlineare nement.

11.3 Projectve reconstruction

Oncethe correspondencbetweenfeaturesin differentimageshasbeenestab-
lished,we candirectly recover the 3-D structureof the sceneup to a projective
transformationin the absencef any additionalinformation,this is the bestone
cando. We will startwith the caseof two views, andusetheresultsto initialize a
multiple-view algorithm.

11.3.1 Two-view initialization

Recallthenotationintroducedn Chaptef6: Thegenericpoint hascoordi-
nates relatvetoa x ed(“world”) coordinatdrame.Giventwo
views of the scenerelatedby a rigid-body motion , the 3-D coordi-
nate andimagemeasurements and arerelatedby the cameragorojection
matrices in thefollowing way:

where is measuredin pixels)and is anunknowvn scalar(the
“projective depth” of the point). The calibrationmatrix  is unknovn andhas
thegeneralform of equation(3.14)in Chapter3. In casethe camerantrinsic pa-
rametersareknown, i.e. , thefundamentamatrix becomesheessential
matrix , andthe motion of the camera (with translation
rescaledo unit norm)canbeobtainedirectly, togethemwith , usingAlgorithm
5.1in Chapter5.1® In general however, the intrinsic parametematrix  is not
known. Fromimagecorrespondenc@necanstill computethe fundamentama-
trix  usingthe eight-pointalgorithmintroducedin the appendixof Chapters,

15In sucha casethe projectionmatricesandimagecoordinatesirerelatedby
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andreportedhereasAlgorithm 11.5,which includesa nonlinearre nementthat
we describan thenext paragraph.

Nonlinearre nementof

Nonlinearre nementcanbe accomplishedy a gradient-basechinimization,of

thekind describedn AppendixC, afteronechooses suitablecostfunctionand
a“minimal” parameterizatiorof . Thelatterissueis describedn theappendix
to Chapter6, whereequation(6.80) describesa parameterizationhat enforces
the constraint , at the price of introducing singularities.Here we

presentinalternatve parameterizationf thefundamentainatrixin termsof both

epipoleswritten in homogeneousoordinatesSincewe arefreeto choosesuch
coordinateaup to a scale,for conveniencewe will choosethe scaleso that the

third componenis (this simpli es the derivation); thenwe write the coordi-
natesof the epipolesas and . With this

choiceof notation the fundamentamatrix canbe parameterizeth thefollowing

way

(11.13)
This parameterizatiorlik e the oneproposedn equation(6.80)in Chapter6, has
singularitieswhen the epipolesare at in nity . In sucha case,one can simply
applyatransformation tothehomogeneousoordinatesf eachpoint,in such
away asto relocatethe epipoleaway from in nity . For instanceijf oneof thetwo

epipolessay , is atin nity , sothat , thefollowing choiceof
which representa rotationaboutthe axis by radiansmoves
to ;16

_ (11.14)

As for the costfunction, ideally one would want to usethe reprojectioner-
ror; however, this would renderthe computationof the gradientexpensve, so
we settlefor the rst-order approximationof the reprojectionerror, which we
have introducedunderthe nameof “Sampsordistance’in equation(11.12).With
thesechoicespnecaneasilysetup aniterative minimizationusingstandardsoft-
ware packagesfor instanceMatlab's fmin . We summarizethis discussionin
Algorithm 11.5.

Recweringprojectionmatricesand projectivestructuie

Giventhefundamentamatrix — estimatedvia Algorithm 11.5,thereareseveral
waysto decomposé in orderobtainprojectionmatricesand3-D structurefrom
the two views. In fact, aswe have seenin Chapter6, since ,

18withoutlossof generality herewe assumehat  is normalizedi.e.
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Algorithm 11.5(Eight-point algorithm with re nement)

Given a set of initial point feature correspondencesxpressedin pixel coordinates
for :

(Optional) normalizethe image coordinatesy and
where and arenormalizingtransformationslerivedin Section6.A.

A rst approximation of the fundamental matrix: Constructthe matrix
from the transformedcorrespondences and
asin equation(6.76),wherethe throw of isgivenby

Find thevector of unit lengthsuchthat is minimizedasfollows:

Computethe singularvalue decompositionSVD, AppendixA) of

andde ne  tobetheninthcolumnof .Unstackthenineelementof intoa

square matrix . Apply theinversenormalizingtransformationsf applicable,
to obtain . Notethatthis matrix will in generahot be afundamental
matrix.

Imposing the rank-2 constraint: Computethe SVD of the matrix  recovered
from datato be diag . Imposethe rank-2 constraintby
letting andresetthe fundamentamatrix to be

diag
Nonlinear re nement: Iteratively minimize the Sampsondistance(11.12) with
respectto the parameter®f the fundamentaimatrix
using a gradientdescentalgorithm as describedin Appendix C. Reconstructhe

fundamentaimatrix usingequation(11.13),and-if theepipolesareatin nity —the
transformatiorde ned in equation(11.14).

all projectionmatrices yield the samefunda-
mentalmatrix for ary value of and , andhencethereis a
four-parametefamily of possiblechoices.One commonchoice,known asthe
canonicaldecompositionhasbeendescribedn Section6.4.2in Chapter6, and
hasthefollowing form

(11.15)
Now, differentchoicesof and resultin different projectionmatrices
which in turn resultin differentprojective coordinates , andhencedifferent
reconstructionsSomeof thesereconstructionsnaybemore“distorted” thanoth-
ers,in thesensef beingfartherfrom the“true” Euclidearreconstructionin order
to minimize the amountof projective distortionandobtaintheinitial reconstruc-
tion ascloseaspossibleto the Euclideanone,we canplay with the choiceof
and , assuggestedn [Beardslg etal.,1997. In practice,it is commonto as-
sumethatthe optical centeris at the centerof the image,thatthe focal lengthis
roughly known (for instancefrom previous calibrationsof the camera)andthat
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thepixelsaresquarewith no skew. Therefore pnecanstartwith aroughapproxi-
mationof theintrinsic parametematrix , callit . Thisinitial guess canbe
usedinsteadof the normalizingtransformation in Algorithm 11.5.After doing
so, we canchoose and by requiringthatthe rst block of the pro-
jectionmatrix be ascloseaspossibleto the rotation matrix betweentwo views,
. In casetheactualrotation betweertheviewsis small,

we canstartby choosing ,andsolelinearlyfor and .Incaseof general
rotation,onecanstill solve the equation for , provided
a guesdfor therotation is available.If thisis not the case we have described
in Exercise6.10analternatve methodfor improvedcanonicadecompositiorgal-
thoughnotethatthesolutionsuggestetherewill in generahotguarante¢hatthe
estimatedotationis closeto the actualrotation).

Oncewe have achoiceof and , andhenceof projectionmatricesthe 3-
D structurecan be recovered.ldeally, if our guess was accurateall points
shouldbe visible; i.e. all estimatedscalesshouldbe positive. If this is not the
casedifferentvaluesfor thefocallengthcanbetesteduntil themajority of points
have positive depth. This procedurefollows from consideration®n Cheirality
constraintsand quasi-afne reconstructiorthat we have discussedn Appendix
6.B.2. This procedurds summarizedas Algorithm 11.6,andan exampleof the
reconstructions shovn in Figure11.10.

Figure11.10.Projectve reconstructiorof a simplescenewhich allows easyvisualization
of the projective distortion. The positionsof the cameraareindicatedby two coordinate
frames.

11.3.2 Multiple-view reconstruction

Whenmaorethantwo views areavailable,they canbe addedoneat a time or si-
multaneouslyusing the multiple-view algorithmsdescribedn Chapter8. Once
the 3-D structurehasbeeninitialized, the calibratedanduncalibrateccasediffer
only in asinglestep;hencewe will treatthemsimultaneoushhere.For the pur-
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Algorithm 11.6(Projectivereconstruction—two views)

Given a set of initial point feature correspondencesxpressedin pixel coordinates
for ,

1. Guessacalibrationmatrix by choosingthe optical centeratthe centerof theim-
age,assuminghepixelsto besquareandguessinghefocallength . Forexample,
for animageplaneof size pixels,atypical guesds

with , Where s typically choserin theintenal

2. Estimate the fundamental matrix using the eight-point algorithm (Algo-
rithm 11.5) with the matrix in placeof the normalizingtransformation
Thenormalizedcoordinatesre and

3. Computetheepipole asthenull spaceof  : Fromthe SVD of ,
set tobethelast(third) columnof the matrix

4. Choose and sothatthe rotationalpart of the fundamentamatrix
is ascloseaspossibleto a (small) rotation:

Assumethat
Solve theequation for and intheleast-squares
senseysingthe SVD.

5. Settingthe rst frameasareferencethe projectionmatricesaregiven by

6. The3-D projective structure  for each cannow beestimatedas
follows:

Denotethe projection matricesby and
written in terms of their threerow vectors;Let
and be correspondingpointsin two views.
Theunknavn structuresatis esthe following constraintgseethe paragraph
following equation(6.33)in Chapters):

Theprojective structurecanthenberecoseredastheleast-squaresolutionof
alinearsystemof equations . Thesolutionfor eachpointis given
by the eigervectorof thatcorrespondso its smallesteigervalue,and
computedagainusingthe SVD.

Theunknavn scales aresimply the third coordinateof the homogeneous
representatiorof (with the fourth coordinateof normalizedto 1),
suchthat for all points
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poseof clarity we will dropthesuperscript from  andsimplywrite for both
the calibratedanduncalibratecentities.

For the multiple-view setting(usingthe notationintroducedin Chapter8) we
have

(11.16)

The matrix isa cameraprojectionmatrix that relatesthe
th (measured)mageof the point to its (unknown) 3-D coordinates  with
respecto the world referencdrame. Theintrinsic parametematrix  is upper

triangulart’ is the standardprojectionmatrix; and
is the rigid-body displacemenbdf the camerawith respectto the world
referencdrame.Thegoal of this stepis to recoverall thecamergposedor the
views andthe 3-D structureof any point thatappearsn at leasttwo views. For
corveniencewe will usethe samenotation with and
for boththe calibratedanduncalibratectase!®
The core of the multiple-view algorithm consistsof exploiting the following
equationderivedfrom the multiple-view rank conditionsstudiedin Chapter3:

(11.17)

where is the Kroneder product (AppendixA, equation(A.14)). Since
, theinversedepthof with respecto the rst view, is known from the
initialization stagefrom two views (Algorithm 11.6), the matrix
is of rank if more than points in generalposition are given, and
the unknovn motion parameterdie in the null spaceof . This leadsto Al-
gorithm 11.7, which alternatesbetweenestimationof cameramotion and 3-D
structure,exploiting multiple-view constraintsavailablein all views. After the
algorithmhascorverged,thecameramnotionis givenby ,
andthe depthof the points (with respectto the rst cameraframe)is given by
. Somebookkeepingis necessaryor featureshatap-
pearanddisappeaduring the durationof the sequenceThe resultingprojection
matricesandthe 3-D structureobtainedby the above iterative procedurecanbe
thenre ned usinga nonlinearoptimizationalgorithm,aswe describenext.

17In casethe camerds calibratedwe have
18| the calibratedcase, is a rotationmatrix. It describeghe rotationfrom the th
view to the rst.
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Algorithm 11.7(Multiple-view structur e and motion estimation algorithm).

Given images of  points, , estimatethe projection
matrix , asfollows:
1. Initialization:  Let be the scalesrecoreredfrom the two-view

initialization algorithm,Algorithm 11.6.
2. Forary given , set for

3. Assemblethe matrix , usingthe scales , asperequation(11.17)and com-
pute the singular vector associatedvith the smallestsingularvalue of
. Unstackthe rst nine entriesof to obtain ; thelastthree

entriesof  are

4. (@) Incaseof calibratedcamens computethe SVD of the matrix
andsetthe currentrotationandtranslationestimatego be

sign
sign

(b) In caseof uncalibratedcamens setthe currentestimateof simply
to , for

5. Let

6. Givenall themotions,recomputghescales via

andhencerecomputehe 3-D coordinate®f eachpoint

7. Computethereprojectiorerror

If , for aspeci ed , then andgoto step2, elsestop.

11.3.3 Gradientdescenhonlinearre nement(“b undle
adjustment”)

The quality of the estimatesobtainedby Algorithm 11.7 is measurecby the
reprojectionerrort®

— (11.18)

1%we use to denotethe standardplanar projection ,
introducedn Chapter3.
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If the reprojectionerror is still large (the typical averagereprojectionerror is
between0.01to 0.3 pixels, dependingon the quality of the measurementsf-
ter following the procedureoutlined so far, the estimatescan be re ned using
a nonlinearoptimizationprocedureghat simultaneouslypdateghe estimateof
bothmotionandstructureparameters . Thetotal dimensionof the
parameteispaceis for viewsand points?° The iterative
optimizationschemeaupdateghe currentestimate via

Variouschoicesof the stepsize  andweight matrix arediscussedn Ap-

pendixC. A popularalgorithmis thatof Levenbeg andMarquardtwhere s

of the form describedn equation(C.17). AppendixC givesdetailson gradient-
basedoptimization,including how to adaptiely updatethe stepsize However,

the natureof our objective function  is special. The weight matrix hasa very
sparsestructuredueto thequasiblock-diagonahatureof the JacobianTherefore,
theresultingalgorithmcanbe considerablyspeededip, despitethe large param-
eterspacgTriggsandFitzgibbon,2000. In the caseof a calibratedcamerathe
recoveredstructureis thetrue Euclideanoneandwe canproceedlirectly to Sec-
tion 11.5.1.In theuncalibratedcase the projective structurethusobtainedhasto

beupgradedo Euclideanaswe describdan the next section.

Caveats

Due to occlusions featurestendto disappearduring a sequenceAs more and
morefeatureslo so,thereis anincreasedisk thatthefew remainingfeatureswill
alignin a singularcon guration, mostnotablya plane.In orderto avoid sucha
situation,onemay periodicallyrun a featureselectionalgorithmin orderto gen-
eratenew correspondencesy even checkfor occludedfeaturesto reappeamas
suggestedby [Pollefeys,2000. Anotherissuethatshouldbefurtheraddresseth
apracticalimplementationis the choiceof referencdrame:Sofar we have asso-
ciatedit to the rst cameraput amoreproperassignmentvould entailaveraging
overall views.

11.4 Upgradefrom projective to Euclidean
reconstruction

The projective reconstruction  obtainedwith Algorithm 11.7,in the absence
of calibrationinformation,is relatedto the Euclideanstructure by a linear

20Thereis someredundang in this parameterizatiorgsaminimal parameterizatiohaslessdegrees
of freedom(Proposition8.21, Chapter8). This, however, is not a problemprovided that one uses
gradientdescentilgorithmsthatdo not requirethe Jacobiarmatrix to be nonsingularasfor instance
the Levenbeg-Marquardtalgorithm.SeeAppendixC.
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transformation , asdiscussedn detailin Section6.4
(11.19)

where indicatesequalityup to a scalefactor, and hastheform

(11.20)

11.4.1 Strati cation with theabsolutequadricconstaint

Examinethe equation

wherewe now use to denotethe Euclideanmotior?! betweerthe th and
the rst camerdrame.Sincethelastcolumngivesthreeequationsbut addsthree
unknowns, it is uselessasfar asproviding constrainton . Thereforewe can
restrictour attentionto the leftmost block

(11.21)

Onecantheneliminatetheunknown rotationmatrix by multiplying bothsides
by theirtranspose:

(11.22)
If wede ne ,and

(11.23)
thenwe obtainthe absolutequadricconstaint introducedn Chapter6:

(11.24)
If we assuméhat is constantsothat for all , thenwe canminimize

the anglebetweerthe vectorscomposingthe matriceson the left-handsideand
thoseon the right-handside?? with respecto theunknavns, and , usingfor
instancea gradientdescentprocedure Alternatively, we could rst estimate
and from this equationby ignoringits internalstructurethen, and can
beextractedfrom , andsubsequentltherecoveredstructureandmotioncanbe
upgradedo Euclidean.

As we have discussedn greatdetail in Chapterss and8, in orderto have a
uniquesolution, it is necessaryjor the sceneto be genericandfor the camera

21N particular )
22Notice thatthe above equalityis up to an unknavn scalarfactor sowe cannotsimply take the
normof the differenceof the two sidesbut we canconsideranglesinstead.
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motionto be“rich enougH, in particularit mustincluderotationabouttwo inde-
pendentixes?® Partial knowledgeaboutthe camergparameterselpssimplifying
the solution. In the restof this section,we describea useful casein which the
intrinsic cameraparametersre known, with the exceptionof the focal length,
whichis allowedto vary duringthe sequencefor instanceasa resultof zooming
or focusing. The methodpresentedn the next paragraphand originally intro-
ducedby [Pollefeysetal., 1999 is oftenusedfor initialization of moreelaborate
nonlinearestimationschemes.

Thecaseof changingfocal length

Whenthe calibrationparametersireknown, for instancebecauséhe camerahas
beencalibratedusing a calibrationrig, but the lensis movedto zoom or focus
duringthe sequencepnecanusea simplealgorithmoutlinedbelon. Thereader
shouldbe advised however, thatzoomingor focusingoften causeghe principal
point, i.e. the intersectionof the optical axis with the imageplane,to move as
well, often by several pixels, following a spiral trajectory It is very rarefor a
commercialcamerato have the principal point closeto the centerof the image
andhave the opticalaxis perfectlyorthogonato theimageplane.Neverthelessit
is commonto assumeasaninitial approximationthatthe opticalaxisis orthogo-
nalto theimageplaneandintersectst atits centerandthatthe pixelsaresquare.
Undertheseassumption®necanobtainreasonablestimate®of theintrinsic pa-
rameterswhich canbe furtherre ned usingnonlinearoptimizationschemesilf
we acceptheseassumptionghenthe absolutequadricconstraint(11.24)takesa
particularlysimpleform

(11.25)
Notethattheentriesof satisfythefollowing relationships:
Thesecanbedirectly translatednto constrainton the matrix

(11.26)
where is the projectionmatrixwrittenin termsof its rows.

If is parameterizedsin equation(11.25),the ve unknonvnscanberecovered
linearly. Sinceeachpair of views givesfour constraintsat leastthreeviews are

23Whenthesehypothesearenotsatis ed, the cameras undegoingcritical motions,in which case
referto Section8.5.2.
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necessarfor auniquesolution.Thisis summarizedsAlgorithm 11.8.A similar
linear algorithmcanbe devisedfor the caseof unknavn aspectatio (the pixels
arerectangularbut not square) Finally, once isrecovered, and canbe
extractedfrom equation(11.23),andhence , the projectve upgraderecovered
from equation(11.20). The reconstructiorresultfor somefeaturesin the house
scengrom Figure11.1lis shawvnin Figure11.11.

Algorithm 11.8(Recovery of the absolutequadric and Euclidean upgrade).

1. Given projectionmatrices , recoveredby Algorithm 11.7,for

eachprojectionmatrix setup thelinear constraintsn . Let

bethe stacled versionof

2. Form a matrix by stackingtogether of the following block
of rows, onefor each , whereeachrow of theblock corresponds$o
oneof the constraintgrom equation(11.26)

where , arethe threerows of the
projectionmatrix , respectiely.
3. Similarly form a vector by stackingtogether of the following four-

dimensionablocks

4. Solwe for in the least-squaresense: , where denoteghe pseudo-
inverse(AppendixA).
5. Unstack toamatrix accordingo thede nition in stepl.
6. Enforce the rank- constraint on , by computing its SVD
diag . Obtain by settingthe smallestsingularvalue of
to zero
diag

7. Once hasbeenrecoreredusingthe above algorithm,the focal lengths  of the
individual camerasanbe obtainedby substitutioninto equation(11.25).

8. Perform the Euclideanupgradeusing  in equation(11.20), with and
computedrom the parametersf theabsolutequadric  via

and




402 Chapterll. Step-by-Steuilding of a3-D Modelfrom Images
*45 *36 _4
=21
61 Ok 5 t44
.57 70 67
*29 *15
*54 49 31 -20 *64
24 *42 *55 71
*66 53 *58 46 *59 32
17
. ‘68 . *25 ‘11
62 ‘47 63 . 7 ‘16
38 14 6 .5
. . *13
69 8 25 .9 .35
9 *23+41
10 .50 2
*37°3
*48
. 52 39
o7 ‘34 s O "18
.g33 56 30 26
40 .17 60
g
-2;3%3 2528,
0
'3@%5
TR S
- 58 -38
..336..531
.42 64 -35
-31 «71
- 67
6 e
652 .
.45 Sy .39
i
56 50 .30
+27 34
.40 _12-2é33

Figure11.11.Euclideanreconstructiorfrom multiple views of the housesceneof Figure
11.1:Labeledfeatureg(top), top view of the reconstructiorwith labeledpoints(bottom).
Theunlabeledeconstructiorns shavn in Figure11.12(left).

After runningAlgorithm 11.8,onecanperformadditionalstepsof optimization
aswe discusnext.

11.4.2 Gradientdescenhonlinearre nement(“Euclidean
bundleadjustment”)

In orderto re ne the estimateobtainedso far, we cansetup an iterative opti-
mization,known asEuclidearbundleadjustmentby minimizing thereprojection
errorasin Sectionl1.4.2,but this time with respecto all andonly the unknown
Euclideanparametersstructuremotion,andcalibration.
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Figure 11.12.Euclideanreconstructiorfrom multiple views of the housesceneg(left) of
Figure 11.1 andthe calibrationscene(right) of Figure 11.10. The cameraposition and
orientationthroughthe sequencés indicatedby its moving referencdrame.Comparethe
calibrationsceng(right) with the projective reconstructiordisplayedn Figure11.10.

Thereprojectiorerroris still givenby?*

— (11.27)
However, this time the parametersare given by , Where
arethe exponentialcoordinatef rotation and are computedvia

Rodrigues'formula (2.16). The total dimensionof the parameteispaceis

for viewsand points. The iterative optimizationscheme
updateghecurrentestimate viathesameterationdescribedn Sectionl1.3.3,
andthe sameconsiderationapply here.

11.5 Visualization

In orderto renderthe scenefrom novel viewpoints,we needa modelof its sur
faces,so that we cantexture-mapimagesonto it. Clearly, the handful of point
featureswe have reconstructedo far is not sufcient. We will follow a proce-
dureto rst simplify thecorrespondencgrocessandobtainmary morematches,
theninterpolatehesematcheswith planarpatcheor smoothsurfacesand nally
texture-mapmagesontothem.

24pgain, here denoteghe standardblanarprojection
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11.5.1 Epipolarrecti cation

According to the epipolar matchinglemmaintroducedin Chapter6, given a
point  in the rst view, its correspondingpoint ~ mustlie on the epipolar
line in the secondmage.Therefore ,one cansearchfor correspond-
ing points along a line, ratherthanin the entire image,which is considerably
simpler In orderto further simplify the searchfor correspondingpoints, it is
desirableto apply projective transformationgo both imagesso thatall epipolar
linescorrespondo thehorizontalscanlines. Thatway, thesearckHor correspond-
ing points canbe con ned to correspondingcanlinesThis entails nding two
linear transformation®f the projective coordinatessay = and , thattrans-
form eachimagesothatits epipole,afterthe transformationjs atin nity in the
-axisdirection?® In additionto that,afterthetransformationeachpair of epipo-
lar lines corresponddo the samescanline.ln otherwords, we are looking for
thatsatisfy

(11.28)

where and aretheright andleft null-spacesf |, i.e. theleft andright
epipolerespectiely, and for any pair of matchedfeaturepoints, say ,
afterthetransformationthey resultin thesame -coordinateontheimageplane.
This processs called epipolar recti cation, andits effectsare shavn in Figure
11.13.

Figure 11.13. Epipolar recti cation of a pair of images:Epipolar lines correspondto
scanlineswhich reduceghe correspondencprocesgo a one-dimensionatearch.

In general,thereare mary transformationghat satisfy the requirementgust
describedandthereforewe have to make a choice.Herewe rst nd atransfor
mation thatmapsthesecondepipole toin nity andalignstheepipolarines
with the scanlinespncethetransformation  hasbeenfound, a corresponding
transformation for the rst view, calledthematcinghomayraphy; is obtained
via thefundamentamatrix

25Thereadershouldbe awarethatwe herearelookingfor an  thathastheoppositeeffectthanthe
oneusedin Section11.3.1for nonlineare nementof thefundamentamatrix
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Mappingthe epipoleto in nity

To mapthe epipole  toin nity , thematrix  only needsto satisfy
theconstraint

which still leavesat leastsix degreesof freedomin . To minimize distortion,
one canchoosethe remainingdegreesof freedomso asto have ascloseas
possibleto a rigid-body transformationOne suchchoicefor , assuggested
by [Hartley, 1997, canbe computedasfollows:

,de nedas

translatesheimagecenter to theorigin ;

is a rotation aroundthe -axis that rotatesthe translated
epipoleontothe -axis;i.e. ;

,de nedas

transformsthe epipole from the -axis in the image plane to in nity
;l.e.
Theresultingrectifyinghomography  for thesecondview thenis
(11.29)

Matchinghomagraphy

The matchingrectifying homographyfor the rst view canthenbe obtained

as , where canbearny homographywhich is compatiblewith the
fundamentamatrix ,i.e. (with ). Giventhetwo conditions
and

it is quiteeasyto shaw thatthischoiceof and  indeedrecti estheimagesas
we hadrequested® Dueto the natureof thedecompositiorf |, thechoicein

26Recall from Chapter6 that, given a pair of views, a decompositiorof yields the

following relationshipbetweenthe pixel coordinatesof correspondingpointsin the two images:

. Multiplying both sidesof the abore equationby anddenotingwith

and , We obtain . Thereforejn therecti ed

coordinates , if we normalizethe -coordinateto be 1, the -coordinatesf correspondingoints
becomehe sameandthediscrepang is solelyalongthe -axis.
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is notunique.As we know from earliersectionsaswell asChapters, thereis an
entirethree-parametdamily of homographies compatible
with thefundamentamatrix , since canbearbitrary While, in principle,
ary compatiblewith coulddo,in orderto minimizethedistortioninducedby
therectifying transformations, hasto be chosenwith care.A commonchoice
is to setthe free parameters in sucha way thatthe distancebetween
and for previously matchedfeaturepointsis minimized. This criterion is
capturedvy thealgebraicerrorassociateavith the homographyransferequation

(11.30)

The unknovn parameter canthenbe solved by a simplelinear least-squares
minimizationproblemof thefollowing objective function

(11.31)

The overall recti cation algorithm is summarizedin Algorithm 11.9, and an
exampleof therecti cation resultsis shovnin Figure11.13.

Algorithm 11.9(Epipolar recti cation).

1. Computethefundamentamatrix for thetwo views andtheepipole

2. Computetherectifyingtransform  for the secondview from equation(11.29).
3. Choose accordingto thecriteriondescribedeforeequation(11.30).
4

. Computetheleast-squaresolution from equation(11.30)usingthesetof matched
featurepoints,anddeterminethe matchinghomography

5. Transformimage coordinates , , normalize the -
coordinateto be 1, which recti es the imagesasdesired.The transformations
and arethenappliedto theentireimage.Sincethetransformedoordinateswill
be outsidethe pixel grid, the intensityvaluesof theimagemustbeinterpolatedfor
instancestandardlinearor bilinear)interpolation.

The above approachworks well in practiceaslong asthe epipolesare out-
sidetheimages Otherwise by pushingthe epipolego in nity , theneighborhood
aroundthe epipolesgoesto in nity , if we insistin usinga planarimagerepre-
sentatior?’ In this case,an alternatve nonlinearrecti cation procedureusing
a polar parameterizatioraround the epipolescan be adopted,as suggested
by [Pollefeys, 200(.28 After theimagesarerecti ed, all epipolarlinesareparal-

2TThis problemdoesnot applyfor sphericaimagingmodels.

28The adwantageof sucha nonlinearrecti cation is thatit is applicableto generalviewing con-
gurations, while minimizing the amountof distortion. This, however, is at the expenseof alinear
solution.Indeed,t is commonto specifythenonlinearrectifying transformatiorusingalookuptable.
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lel, andcorrespondingointshave the same -coordinateyhich makesthedense
matchingprocedurehatwe describebelow signi cantly simpler
Notethattherecti cation proceduredescribedabove doesnot requireknowl-
edgeof the camerapose and intrinsic parametersand is basedsolely on the
epipolargeometrycapturedby the fundamentaimatrix . However dueto the
arbitrarychoiceof obtainedby minimizing the objective function (11.31),for
sceneswith large depthvariationthe above procedurecanintroducedistortions
which canin somedif cult casescomplicatethe searchfor correspondences.
Sinceat this stagethe cameraposeand intrinsic parametersare alreadyavail-
able, one can alternatively apply Euclideanrecti cation, where the rectifying
homography  and the matchinghomography  can be choseneasily as

long as the epipolesare not on the image. One such approachis described
in [Fusielloetal., 1997.

11.5.2 Densematding

Givenarecti ed pair of images,the standardnatchingtechniquesiescribedn
Section11.2 canbe usedto computethe correspondencéor almostall pixels.
Thesearchis now restrictedo eachone-dimensionahorizontalscanline Several
additionalconstraintsanbe usedto speedup thesearch:

Ordering constraint: The points along epipolarlines appearin the same
orderin bothviews, assuminghatthe objectsin thesceneareopaque.

Disparity constraint:The disparity variessmoothlyaway from occluding

boundariesandtypically alimit onthedisparitycanbeimposedo reduce
thesearch.

UniquenesgonstraintEachpoint hasa uniquematchin the secondview.

Whenpointsbecomenccludedrom oneimageto anotherthereis adiscontinuity
in the disparity Onecanconstructa mapof the NCC scorealongcorresponding
scan-linedn two imagesandthenglobally estimatethe path of maxima,which
determineghe correspondencédorizontalor vertical segmentsof this pathcor-
respondto occlusions:horizontalfor pointsseenin the rst imagebut not the
secondyerticalfor pointsseenin thesecondut notthe rst, asillustratedin Fig-
ure11.14.DynamicprogrammingBellman,1957 canbe usedfor this purpose.

Extensionsof densematchingto multiple views are conceptuallystraightfor
ward,althoughsomeimportantechnicaissuesrediscusseth [Pollefeys, 200(.

Oncemary correspondingpoints are available, one can just apply the usual
eight-pointalgorithm and bundle adjustmento computetheir position,and -
nally triangulatea meshto obtaina surfacemodel.In generaldueto errorsand
outliers, this meshwill be highly irregular Standardtechniquesand software
packaged$or meshsimpli cation areavailable.For instancethe readercanrefer

to [Hoppe,1994. Theresultsareshavn in Figure11.16for the scenein Figure
11.1.
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Figurell.14.Correlationscorefor pixelsalongcorrespondingcan-linesHigh correlation
scoreareindicatedasbrightvaluesyegionswherethebrightregionis “thick” indicatedack
of texture.In this caseit is impossibleto establistcorrespondencélorizontalandvertical
segmentsof the path of maximaindicatethata pixel on the rst imagedoesnot have a
correspondingneon the secondvertical), or vice versa(horizontal).

Figure11.15.Densedepthmapobtainedfrom the rst andtwentiethframesof the desk
sequenceDarkindicatedar, andlight indicatesnear Noticethatthereareseveralgapsdue
to lack of reliablefeaturesn regionsof constanintensity Furtherprocessings necessary
in orderto Il thegapsandarrive atadenseeconstruction.
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Figure 11.16. Densereconstructiorof the housesequencen Figure 11.1, obtainedby
interpolatingsparsepointsinto a triangulatednesh(courtesyof Hailin Jin).

11.5.3 Texture mapping

Oncea surfacemodelis available,we have a numberof pointsanda planebe-
tweenary threeof them.The goalof texture mappingis to attachanimagepatch
to eachof theseplanes.Thereare essentiallytwo ways of doing so: oneis a
view-independentexture map;the otheris a view-dependentexture map.Both
techniquesrestandardn computergraphics,andwe thereforeconcentratenly
onview-independenbnesfor simplicity.

Giventhreevectors their centroidcanbe easilycomputedaswell asthe nor-
mal vector to the plane they identify. Sincethe relatve poseof the cameras
andthe position of the pointsare now known, it is straightforwardto compute
wherethatpoint projectsin eachimageand,moreover, wherethetriangularpatch
projects We canthensimply take themediart® of thepixel valuesof all theviews.
While this algorithmis conceptuallystraightforvard, several improvementscan
be appliedin orderto speedup the constructionWe referthe readerto standard
textbooksin computergraphics.Herewe limit ourselesto showing, in Figure
11.17,the resultsof applying a simple algorithmto the imagesin Figure 11.1.
Many of thesdunctionsaretakeninto accountiutomaticallywhenthe nal model
is representeth VRML, a modelinglanguagecommonlyusedfor visualization
[VRML Consortium1997.

11.6 Additionaltechniquedor image-basedodeling

If the nal goalis to generatenovel views of a scenea modelof its geometry
may not be strictly necessaryinsteadjmagedatacanbe manipulatedlirectly to
generatehe appearancef a scenefrom novel viewpoints.Mostinstance®f this
approactrelateto the notion of plenopticsampling [Levoy andHanrahan1996
Gortleretal., 1994 which is inspiredby the plenopticfunction introducedby

29The median asopposedo the mean helpsto mitigatethe effectsof outliers,for instancedueto
specularities.
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Figure11.17.Texture-mappedeconstructiorof themodelin Figure11.16.Thetop of the
barrelsis not accuratelyreconstructecndtexture-mappedas expectedfrom the lack of
informationfrom the original sequencén Figurel1.1(courtesyof Hailin Jin).

Figure 11.18.Oncethe cameramotion and calibrationhave beenrecoreredas we have
describedn this chapterthey canbefed, togethemwith the originalimagesto ary stereo
algorithm.For instance a few featurepoint correspondencefsom the imageson the left
canbeexploitedto estimatecameramotionandcalibration.Thatin turn canbeusedto ini-
tialize a densestereaalgorithmsuchas[Jin etal., 2003. This allows handlingscenesvith
complex photometrigpropertiesandyields anestimateof the shapecenter)andre ection
of thescenewhich can nally beusedto renderit from ary viewpoint (right).

[AdelsonandBergen,1991. Image mosaicscan be viewed as a special case
of plenopticsampling.While the resultingrepresentationsan be very visually
pleasantthe capability of this approachto extrapolatingnovel views is limited.
Of course,whenthe goal is not just to generatenovel images,but to have a
model of the scenefor the purposeof interactionor control, onehasno choice
but to infer a model of the structureof the scenefor instanceby following the
pipeline proposedin this chapter The quasi-denseapproad, which is differ-
ent from the approachintroducedin this chapter provides anotheralternative
to surfacereconstructiorfrom uncalibratedmages[Lhuillier andQuan,2003.
Encouragingesultsalongthe lines of modelingand estimatingnon-Lambertian
re ection alongwith shapefrom moving imageshave recentlybeenobtainedby
[Jin etal., 2003 Magdaetal., 2001].

An alternatve approachto obtaining models from imagesis to repre-
sentthe sceneas a collection of “voxels! andto reconstructvolumesrather
than points. The representationof a scenein a corvex hull of the cam-
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eras (the intersectionof the viewing cones)is obtained by carving a 3-D
volume in space. Space-carvingtechniquesuse re ectance information di-
rectly for matching [KutulakosandSeitz,1999 or contour tting in multiple
views|[Cipolla etal., 1999 McMillan andBishop,1995 YezziandSoatto,2003.
Themajority of theseapproachesequireaccuratéknowledgeof therelative pose
of the cameraswhich leadsus backto the reconstructiortechniquegdiscussed
earlierin this chapter

Additional techniquesthat have enjoyed signi cant successn limited do-
mains of application entail a specializationof the techniquesdescribedin
this chapterto the case of partially structuredernvironments. Examples of
such systemsare Photomodeler(http://www.photomodeler.com ) and
Facade[Deberecetal., 1994. Sincethe choiceof modelprimitiveslargely de-
pendson the applicationdomain,thesetechniqueshave beensuccessfullyused
in building 3-D modelsof architecturalervironmentsthat are naturally param-
eterizedby cubes,tetrahedraprisms,arches surfacesof revolutions, andtheir
combinations.



Visual Feedback

I hopethat posteritywill judge mekindly, not only asto the things
which | haveexplained,but alsoto thosewhich | haveintentionally
omittedsoasto leaveto othersthe pleasue of discovery.

— Rere Descartesl.a Géoneétrie, 1637

In theintroductionto this bookwe have emphasizetherole of vision asa sensor
for machinego interactwith comple, unknowvn, dynamicervironmentsandwe
have givenexamplef successfuapplicationof visiontechnique$o autonomous
driving andhelicopterlanding.Interactionwith a dynamicallychangingenviron-
mentrequiresactionbasedon the currentassessmerdf the situation,asinferred
from sensorydata.For instancedriving acaronthefreewayrequiresnferringthe
positionof neighboringvehiclesaswell asthe ego-motiorwithin thelanein order
to adjustthe positionof the steeringwheelandactonthethrottleor thebreaksin
orderto be ableto implementsucha “sensingandactionloop;” sensoryinforma-
tion mustbeprocessedausallyandin realtime. Thatis, thesituationattime has
to be assessetlasedon imagesup to time . If we wereto follow the guidelines
andthe algorithmsdescribedso far in designingan automatediriving system,
we would have rst to collecta sufcient numberof imagesthenorganizethem
into multiple-view matrices,and nally iteratereconstructioralgorithms.Each
of thesestepsintroducesa delaythat compromiseshe sensingandactionloop:
whenwe drive acar, we cannotwait until we have collectedenoughimagesbefore
processinghemto decidethatwe neededo swene or stop. Thereforewe need
to adjustour focusanddevelop algorithmsthat are suitablefor causal real-time
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processingNaturally the studyof thegeometryof multiple viewsis fundamental,
andwe will exploit it to aid the designof causaklgorithms.

Developingalgorithmsfor real-timeinteractionis notjusta matterof speeding
up the computation:no matterhow fastour implementationan algorithm that
requiresthe collectionof a batchof databeforeprocessingt is not suitablefor
real-timeimplementationsincethe data-gatheringlelay cannotbe forgiven (nor
reducedby the adwent of fastercomputers)So, we could conceve of deriving
recursiveor “windowed” versionsof thealgorithmsdescribedn previoussections
that updatethe estimatebasedon the last measuremengathered after proper
initialization. Simple implementationf thesealgorithmson real vision-based
controlsystemswill bediscussedn thelasttwo sectionsof this chapter

However, recallthatin all of our previousderivations, is justanindex of the
particularframe,andthereis no constrainton the orderingof the dataacquired.
This meansthat we cantake a sequenceof images,scramblethe order of the
frames,andall the algorithmsdescribedso far would work just aswell. In other
words,the algorithmswe have describedso far do not exploit the factthatin a
videosequenceacquiredor thepurposeof controlandinteractionthereis anatu-
ral orderingin thedata,whichis dueto thefactthatthe motion of objectsfollows
the basicrulesof Newtonianmechanicsgovernedby forces,inertias,and other
physicalconstraints Sincemotion is obtainedby integrating forces,and forces
are necessarilfimited, objectscannot“jump” from one placeto another and
their motionis naturally subjectto a certaindegreeof regularity. In this chapter
we shov how to developalgorithmsthatexploit the natural ordering of thedata,
by imposingsomedegree of smoothnesén the motion estimatesThis will be
doneby modelingmotionastheintegral of forcesor accelerations.

If theforcesor accelerationsireknown (or measured)we canusethatinfor-
mationin the model.Otherwise they aretreatedasuncertainty In this chapter
we will discussvery simple statisticalmodelsof uncertainty with the ideathat
interestedeaderspncegraspedhe simple models,canwork to extendthemto
suitthe need=of their applicationof interest.So, while the geometryof the prob-
lem is identicalto thatdiscussedn previous chaptersherefor the rst time we
will needto talk aboutuncertaintyin our model,sincetheforcesaretypically un-
known, ortoo complex to accounfor explicitly. In thischapteywe concentraten
a simplemodelthatrepresentsincertaintyin the forces(or accelerationsisthe
realizationof awhite, zero-mearGaussiamandomvector Evenfor suchasimple
model,however, the optimalinferenceof 3-D structureandmotionis elusive. We
will thereforeresortto a local approximationof the optimal Iter to recursvely
estimatestructureandmotionimplementedn realtime.

Overviav of this chapter

In the next sectionwe formulatethe problemof 3-D structureandmotionestima-
tion in thecontext of acausamodel.As we will see by justlisting theingredients
of theproblem(rigid-bodymotion,perspectie projectionandmotionastheinte-

gralof acceleration)ywe endup with adynamicalsystemwhose'state” describes
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the unknown structureand motion, andwhose“output” describeghe measured
images.Inferring structureand motion, therefore,can be formulatedas the es-
timation of the stateof a dynamicalmodelgivenits output,in the presenceof
uncertainty This problemis known as Itering . For the simplestcaseof linear
models this problemis solvedoptimally by the Kalman Iter , which we describe
in AppendixB. There thereademhois unfamiliarwith theKalman Iter can nd
thederivation,adiscussiorgearedoward developingsomeintuition, aswell asa
“recipe” to implementit. Unfortunately aswe will seeshortly, our modelis not
linear Thereforejn the sectiongo follow, we discusshow to rephrasehe prob-
lem sothatit canbe castwithin the framewnork of Kalman Itering. In Appendix
B, we alsoderive anextensionof the Kalman Iter to nonlineamodels.

Finally, in therestof this chapterwe demonstrat¢éhe applicationof thesetech-
nigues,aswell astechniquesievelopedin earlierchapterson real testbedgor
automatedirtual insertion,vehicledriving, andhelicopterdanding.

12.1 Structureandmotionestimationasa ltering
problem

In this section,we list theingredientsof the problemof causalstructureandmo-
tion inferenceandshow how they naturallyleadto anonlineardynamicakystem.
The readerwho is not familiar with the basicissuesof Kalman Itering should
consultAppendixB beforereadingthis section.

Consideran -tupleof pointsin three-dimensiondtuclideanspaceandtheir
coordinatesepresentedsa matrix

(12.1)
andlet themmove underthe actionof arigid-body motionbetweentwo adjacent
time instants Herethe “twist” plays

therole of velocity(aswe have describedn Chapter2, equation(2.20)),whichin
turnis theintegral of acceleation , which we do notknow. We assumehatwe
canmeasurehe (noisy) projectiort of the points

(12.2)

By organizingthe time-evolution of the con guration of pointsandtheir motion,
we endup with a discrete-timenonlineardynamicalsystem:

(12.3)

IHeretheprojection denotecby , canbeeitherthecanonicaperspectie projectionor aspherical
projection,bothdescribedn Chapter3.
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Here, denoteghe coordinatesof the pointsin the world referencerame;
sincewe assumehatthe scenes static,thesecoordinateglo not changen time
(rst line). The motion of the scenerelative to the camera,on the other hand,
doeschangein time. The secondwo lines expressthe factthatthe pose is

theintegral of velocity ~ , whereaselocityis theintegral of acceleratiorthird
line). Here indicatesa normaldistributionwith mean  andcovari-
ancematrix . Our assumptiorhereis that , therelative acceleratiorbetween
theviewer andthe scengor, equivalently, theforce actingon the scenejs white,
zero-mearGaussiamoise.Thischoiceis opportunistichecausd will allow usto
t theproblemof inferring structureandmotionwithin the framework of Kalman
Itering. However, thereadershouldbe awvarethatif someprior modelinginfor-
mationis available(for instancewhenthe cameras mountedon a vehicleor on
arobotarm),thisis the placeto useit. Otherwise a statisticalmodelcanbe em-
ployed.In particular ourformalizationabose encodeshefactthatnoinformation
is availableon accelerationandthereforevelocity is a Brownianmotionprocess.
We wish to emphasizé¢hatthis choiceis not crucialfor theresultsof this chapter
Any othermodelwould do, aslong ascertainmodelingassumptiongaresatis ed,
whichwe discussn Section12.1.1.

In principleonewouldlik e,atleastfor thissimpli ed formalizationof theprob-
lem,to nd the“optimal solution thatis, thedescriptiorof the stateof theabove
system given a sequencef output measurementgorrespondences)

over aninterval of time. Sincethe measurementare noisy andthe model
is uncertain the descriptionof the stateconsistdn its probability densitycondi-
tioned on the measurementale call an algorithmthat deliversthe conditional
densityof the stateattime causally(i.e. basedupon measurementsp to time
) the optimal Iter . Unfortunately no nite-dimensionaloptimal Iter is known
for this problem.Therefore,in this chapterwe will concentrateon an approxi-
mate lter thatcanguarante@boundecestimatiorerror. In orderfor ary lter to
work, the modelhasto satisfy certainconditions,which we describein the next
subsection.

12.1.1 Observability

To what extent canthe 3-D structureand motion of a scenebe reconstructed
causallyfrom measurementsf the motion of its projectionontothe sensorVe
alreadyknow thatwithout the causalityconstraint,if the camerasare calibrated
andasufcient numberof pointsin generapositionaregiven,we canrecoverthe
structureandmotionof thesceneaup to anarbitrarychoiceof the Euclidearrefer
enceframeandascalefactor(seeChaptel5). In thissectionwe carryoutasimilar
analysisunderthe constrainof causalprocessingWe startby establishingsome
notationthatwill beusedthroughoutherestof thechapter
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Similarity transformation

As usual, let a rigid-body motion be representedby a translation
vector anda rotationmatrix . Let the similarity groupbethe
compositionof a rigid-body motionanda scaling,denotedoy . Let
be a scalar;an element actson points in as

follows:

(12.4)
We alsode ne anactionof  on ag

(12.5)
andanactionon , whoseelementis representedly , as

(12.6)
We saythattwo con gurationsof points  and areequivalentf there
existsasimilarity transformation thatbringsoneontotheother: .
Thenthesimilarity group,actingon the -tupleof points , generates

anequwalenceclass
(12.7)

Eachequialenceclassasin (12.7) canbe representedby ary of its elements.
However, in orderto comparehe equivalenceclassesywe needaway to choosea
representatie elementhatis consistenticrosdlifferentclassesThis corresponds
to choosingareferencdramefor thesimilarity group,whichin ourcontet entails
choosinga “minimal” model,in away thatwe will discussshortly.

Observabilityup to a grouptransformation

Consideradiscrete-timenonlineardynamicalsystemof the generaform
(12.8)

andlet indicatethe outputof the systemat time , startingfrom the
initial condition  attime .We wantto characterizéo whatextentthe states
canbereconstructedrom the measurements. Sucha characterizatiomlepends
on the structureof the system and but not on the measurementoise,
which is thereforeassumedo be absentfor the purposeof the analysisin this
section.

De nition 12.1. Considera systemin the form (12.8) and a point in the
statespace . We saythat s indistinguishablefrom  if

2Noticethatthis is not the actioninducedfrom the naturalgroupstructureof the similarity group
restrictedto
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. We indicate with the setof initial conditionsthat are
indistinguishabldrom

De nition 12.2. We say that the system(12.8) is obsenable up to a group
transformation if

(12.9)

For a systemthatis obsenableup to a grouptransformationthe state-spacean
berepresentedsa collectionof equivalenceclasseseachclasscorrespondso a
setof stateghatareindistinguishableClearly from measurementsf the output

overary periodof time, it is possibleto recorerat mosttheequivalenceclass

wheretheinitial conditionbelongsthatis, ,butnot itself. Theonly case
in which thetrueinitial conditioncanberecoveredis thatin which the systemis
obsenableup to the identity transformationj.e. . In this casewe have

, andwe saythatthe systemis observable

Observabilityof structuie and motion

It canbe showvn (seg[Chiusoetal., 2007) thatthe model(12.3)wherethe points
arein generalpositionis obsenable up to a similarity transformatiorof

provided that . More speci cally, the setof initial conditionsthat are
indistinguishablgrom , where and ,
is given by , Where and

Sincethe obsenability analysisrefersto the modelwherevelocity is constant,
therelevanceof the statemenabove for thepracticalestimationof structureand
motionis thatonecan,in principle,solve theproblemusingtheabose modelonly
when velocity variesslowly comparedio the samplingfrequeng. If, however,
someinformationon acceleratiotbecomeswvailable(asfor instancdf thecamera
is mountedonasupportwith someinertia),thentherestrictionon velocity canbe
lifted to a restrictionon accelerationThis framawork, however, will not hold if
thedata aresnapshotsf a scengakenfrom sparseviewpoints,ratherthana
sequencef imagegakenat adjacentime instantswhile the cameras moving in
acontinuougrajectory

The arbitrarychoiceof thereferencdrameis a nuisancan designinga lter.
Thereforepneneedso x thearbitrarydegreesof freedomin orderto arrive at
anobsenablemodel(i.e. onethatis obsenableup to theidentity transformation).
Whenwe interpretthe state-spacasacollectionof equivalenceclassesinderthe
similarity group, xing thedirectionof threepointsandonedepthscaleidenti es
arepresentatiefor eachequivalenceclass:Withoutlossof generality(i.e. modulo
a reorderingof the states)we will assumehe indicesof suchthree pointsto
be , ,and . We considera point  asparameterizedy its direction and
depth , sothat , in the context of calibratedcamerasThen,giventhe
directionof threenon-collineaimagepoints,writtenin homogeneousoordinates

andthe scaleof onepoint , and given pointsin space
, therearefour isolatedsolutionsfor the motion
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andthescales thatsolve
(12.10)

This meansthat the remainingpoints andscales are not
freeto vary arbitrarily. The above factis just anotherincarnationof the arbitrary
choiceof Euclideanreferenceframe and scalefactorthat we have discussedn
Chapters, exceptthatin our casewe have to considerthe causalityconstaint.

12.1.2 Realization

Becausef theuncertainty in themodelandthenoise in themeasurements,
thestateof themodel(12.3)is describedasarandomprocessln orderto describe
sucha processhasedon our obsenationsof the output,we needto specifythe
conditionaldensity of the stateof (12.3) attime , given measurementsf the
outputup to . Suchadensityis a functionthat,in generallivesin anin nite-
dimensionalspace.Only in a few fortunatecasesdoesthis function retain its
generaform overtime, sothatonecandescribéts evolutionusinga nite humber
of parametersFor instance,in the Kalman Iter sucha conditionaldensityis
Gaussianandthereforeone candescribeit by the evolution of its meanandits
covariancematrix, aswe discussn AppendixB.

In general,however, one cannotdescribethe evolution of the conditional
densityusinga nite numberof parametersTherefore,one hasto resortto a
nite-dimensional approximationto the optimal Iter. The rst stepin design-
ing suchan approximationis to have a parameterizedbsenablemodel.How to
obtainit is the subjectof this section.

Local coodinates

Our rst stepconsistdn characterizinghelocal-coordinateepresentationf the
model(12.3).To thisend,werepresent locally in its canonicakxponential
coordinatesasdescribedn Chapter2: Let  be a three-dimensionaleal vector

; — speci esthedirectionof rotation,and speci estheangleof
rotationin radians.Thena rotationmatrix canbe representedby its exponential

coordinates suchthat . Thethree-dimensional
coordinate is representeby its projectionontotheimageplane
andits depth , sothat

B (12.11)

Sucha representatiomasthe advantageof decomposinghe uncertaintyin the
measuredlirections (low) from the uncertaintyin depth (high). The model
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(12.3)in local coordinategs therefore

(12.12)

The notation standsfor  suchthat andis computedby
inverting Rodrigues'formula as describedin Chapter2, equations(2.15) and
(2.16).

Minimal realization

In linear time-invariantsystemsone can decomposehe statespaceinto an ob-
senablesubspaceandits (unobserable)complementin the caseof our system,
which is nonlinearand obsenableup to a grouptransformationye canexploit
the structureof the state-spacto realizea similar decompositiontherepresenta-
tive of eachequivalenceclassis obsenable,while individual elementsn theclass
arenot. Thereforejn orderto restrictourattentionto theobsenablecomponenof
thesystemwe needonly to choosearepresentatiefor eachclass As we have an-
ticipatedin the previoussection,oneway to renderthe model(12.12)obsenable
is to eliminatesomestatesjn orderto x thesimilarity transformationin partic-
ular, the following model,which is obtainedby eliminating ,
and from the stateof (12.12),is obsenrable:

(12.13)

The problemof estimatingthe motion, velocity, andstructureof the scenes then
equivalentto the problemof estimatingthe stateof themodel(12.13).

To simplify the notationfor further discussionyve collectall stateandoutput
variablesin the model(12.13)into two new variables and
respectiely:

SNotethat isrepresenteih and usingCartesianasopposedo homogeneous;oordinates,
sothat
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Adopting the notationin Appendix B, we use and to denotethe state
and measuremenmodels,respectrely. Thenthe model (12.13) can be written
conciselyas

(12.14)

where and collectthe modelerrorand measuremermntoise , respectiely

(seeAppendixB). The covarianceof themodelerror, , Is adesignparame-
terthatis availablefor tuning. The covariance is usuallyavailablefrom the

analysisof the feature-trackingalgorithm (seeChapterll). We assumehatthe

trackingerroris independentor eachpoint, andtherefore is block diago-
nal. We choosesachblock to bethe covarianceof themeasurement (e.g.,.1

pixel standardieviation).

Noticethattheabose model(12.14)is obserableandalreadyin theform used
to derive the nonlinearextensionof the Kalman lter in AppendixB. However,
beforewe canimplementa Iter for the model (12.13),we have to addressa
numberof issuesthe mostcrucial being the fact that points appearand disap-
peardueto occlusionsaswe have seenin Chapterll. In the next section,we
addresgheseimplementatiorissuesandwe summarizethe completealgorithm
in Section12.1.4.

In the discussionghat follow, we usethe “hat” notation,introducedin Ap-
pendixB, to indicateestimatedjuantitiesFor instance, (orsimply )is
theestimateof attime , and is theone-steppredictionof attime .
This“hat” is notto beconfusedvith the“wide hat” operatotthatindicatesa skew-
symmetricmatrix, for instance, . Whenwriting the estimateof , however, in
orderto avoid a“doublehat; we simply write or dependingn
whethemwe areinterestedn the currentestimateor the prediction. Therecursion
to updatethestateestimate andthecovariance
of theestimatiorerror is givenby theextendedKalman Iter introduced
in AppendixB.

12.1.3 Implementationssues

This sectiondiscussegssuesthat occurwhentrying to implementan extended
Kalman lter for estimatingstructureandmotionin practice.Thereaderwho is
notinterestedn implementatiorcanskip this sectionwithout lossof continuity.

Occlusionanddrift

When a featurepoint, say , becomesoccluded,the correspondingneasure-
ment becomesunavailable. In order to avoid uselesscomputationand
ill-conditionedinverseswe cansimply eliminatethe states and alto-
gether therebyreducingthe dimensionof the state-spaceie cando sobecause
of thediagonalstructureof themodel(12.13):The states and arede-
coupledfrom otherstatesandthereforeit is sufcient to remove themanddelete
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the correspondingows from the gain matrix of the Kalman Iter andfrom the
covarianceof thenoisefor all pastthe disappearancef thefeature.

Theonly casein which losinga featureconstitutesa problemoccurswhenthe
featureis usedasreferenceto x the obsenable componentf the state-space
(in our notation, ).# The mostobvious choiceconsistsin associating
thereferencewith any othervisible point, saturatinghe correspondingtate and
assigningasreferencevaluethe currentbestestimateln particulay if feature is
lostattime , andwewantto switchthereferencéndex to feature , we eliminate

from thestate andsetthecorrespondingliagonablockof thenoise
covarianceandtheinitial covarianceof the state to zero.Onecan
easilyverify that,asa consequence

(12.15)

If wereequalto , switchingthe referencdeaturewould have
no effect on the otherstatesandthe Iter would evolve on the sameobsenable
componenbf the state-spacdeterminedy thereferencdeature .

However, in general,the difference is a random
variablewith covariance , which is available from the correspondingliago-
nal block of . Therefore switchingthe referenceto feature causeghe
obsenablecomponenbf the state-spacéo move by an amountproportionalto

. Whenanumberof switcheshave occurredwe canexpect,on averagethe
state-spacto move by anamountproportionalto multiplied by thenumber
of switchesThisis unasoidable Whatwe candois atmosttry to keepthebiasto
aminimumby switchingthereferenceo the statethathasthelowestcovariance®

Of course shouldthe original referenceeature becomeavailableagain,one
canimmediatelyswitchthereferencdo it, andthereforerecovertheoriginal base
andannihilatethebias[Favaroetal., 2003 Rahimietal.,2001].

New features

When a new featurepoint is selectedijt is not possibleto simply insertit into
the stateof the model, sincetheinitial conditionis unknavn. Any initialization
errorwill disturbthe currentestimateof the remainingstatessinceit is fed back
into the updateequationfor the lter, and generates spurioustransient.One
canaddresghis problemby running a separatelter in parallelfor eachpoint
usingthe currentestimateof motionfrom the main Iter, runningwith existing
featuresjn orderto reconstructhe initial condition.Sucha “sub Iter” is based

4Whenthescalefactoris notdirectly associatesvith onefeature put is associatedvith afunction
of a numberof features(for instancethe depthof the centroid,or the averageinversedepth),then
losingary of thesefeaturescauses drift.

5Justto give the readeran intuitive feeling of the numbersinvolved, we nd thatin practicethe
averagdifetime of atrackedfeatureis aroundl10to 30 frames.Thecovarianceof the estimationerror
for is of order units, while the covarianceof  is of order units for noiselevels
commonlyencountereavith commercialcameras.
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uponthefollowing model,wherewe assuméahat  featuresappeamttime :

(12.16)
for , where and arethecurrentbest
estimatef and , andsimilarly and arethe bestestimatesf
and at , bothavailablefrom themain Iter . Notethatthecovarianceof the

modelerrorfor  isthesameasfor themeasurement , i.e.thatof thenoise .
Several heuristicscanbe employedin orderto decidewhenthe stateestimate
from thesub Iter is goodenoughfor it to beinsertednto the mainKalman lter .
A simplecriterionis the covarianceof the estimationerrorof  in thesub Iter
beingcomparabldo the covarianceof  for in themain Iter.

Partial autocalibration

The model (12.13) proposedabore can be extendedto accountfor changedn

calibration.For instancejf we consideranimagingmodelwith focal length
6

(12.17)

wherethefocal lengthcanchangen time, but no prior knowledgeon how it does
sois available,onecanmodelits evolution asarandomwalk

(12.18)

andinsertit into the stateof the model(12.13).It canbe shavn thatthe overall
systemis still obsenable,andthereforeall theconclusionseachedn theprevious
sectionswill hold. In otherwords,therealizationremainsminimalif we addinto
themodelthefocal lengthparameter

12.1.4 Completealgorithm

This sectionsummarizeshe implementatiorof a nonlinear lter for motionand
structureestimationrbasecnthemodel(12.13),or equivalently(12.14).

Main Kalman Iter

We rst properlyinitialize the stateof the main Kalman lter accordingto Algo-

rithm 12.1.Duringthe rst transienbof the Iter , we do notallow for new features
to beacquiredWhenafeatureis lost, its stateis simply removedfrom themodel.
If thelost featurewasamongoneof the choserthree this causes drift, andone
canproceedasdiscussedn Section12.1.3.Thetransientcanbe testedaseither

6This is notto be confusedwith thefunction in thegenericstateequation(12.14).



12.1. Structureandmotionestimationasa ltering problem 423

Algorithm 12.1(Structureand motion Itering: Initialization).

With asetof selectedandtrackedfeaturepoints , we chooseheinitial conditions
for theextendedKalman lter to be

(12.19)

Fortheinitial covariance ,wechoosét to beblockdiagonalith positive-de nite blocks

correspondingo  , alarge positive number (typically 100to

1000 units) correspondingo  , zeroscorrespondingo  and .7 We alsochoosea

diagonalmatrix with a large positive number for theinitial covarianceblocks
correspondingo  and

athresholdon the innovation, a thresholdon the covarianceof the estimatespr
a x edtime interval. We choosea combinationwith the time setto ~ frames,
correspondingo onesecondf video.

Oncethe lter isinitialized accordingo Algorithm 12.1 therecursveiteration
proceedsasdescribedn Algorithm 12.2.

Algorithm 12.2(Structur eand motion ltering: Iteration).

Linearization:

(12.20)
where is thelinearizationof the statefunction andis givenin equation(12.24),
and is thelinearizationof the outputfunction andis givenin equation(12.25).
Prediction:

(12.21)
Update:

(12.22)
Gain:

(12.23)

To compute , thelinearizationof the stateequationof the model(12.13),

we needto computethe derivativesof thelogarithmfunctionin , Whichis
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theinversefunction of the exponential.The derivativescanbe readily computed
usingtheinversefunctiontheoremWe shall usethefollowing notation:

where isthe thentryof .Letusde ne ; thelinearizationof
the stateequationcanbewrittenin thefollowing form:

(12.24)
where

and

Recallthatthenotation  indicateghata ( ) matrix hasbeenrearrangedy
stackingthe columnson top of eachother(seeAppendixA).

To compute , thelinearizationof the outputequatiorof themodel(12.13),
wede ne , . The th block-
row of the matrix canbecomputedas

(12.25)

wherethetime argument hasbeenomittedfor simplicity of notation.It is easy
to checkthat — and

The partialderivativesin the previousexpressioraregivenby

Sub lter

Whenever afeaturedisappearsye simply remove it from the stateasduringthe
transientAfter thetransientafeature-selectiomoduleworksin parallelwith the
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Iter to selectnew featuressoasto maintainroughly a constantnumber(equal
to the maximumthat the hardware can handlein real time), andto maintaina
distribution as uniform as possibleacrossthe image plane.We canimplement
this by randomlysamplingpointson the plane,searchinghenaroundthat point
for a featurewith sufcient brightnessvariation (using,for instancethe corner
detectorslescribedn Chapter).

Basedonthemodel(12.16),asub lter for thenewly acquiredfeaturess given
in Algorithm 12.3. In practice,ratherthaninitializing to in the sub lter,

Algorithm 12.3(Structur eand motion ltering: Sub lter).

Initialization:

(12.26)
Prediction:

(12.27)
Update:
In theabore, estimate®f and areobtainedrom themain lter , theerrorcovari-
ance is updatedaccordingo a Riccatiequationsimilarto (12.22),andthe
gain is updatedaccordingo theusualequation(12.23).

onecancomputea rst approximationby triangulatingon two adjacentviews,
andcomputethe covarianceof the initialization errorfrom the covarianceof the
currentestimate®f motion.

After aprobationperiod,whosdengthis choseraccordingo thesamecriterion
adoptedor thetransientof themain lter , the new feature is insertedbackinto
themain lter stateusing

(12.28)

In themain lter, theinitial covarianceof the state associatedavith
the new feature canbe setto be the covarianceof the estimationerror of the
sub lter.
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Tuning

The modelerrorcovariance of themodel(12.14)is a designparametein
theKalman Iter . We choosét to be block diagonal with the blockscorrespond-
ing to and equalto zero (a deterministicintegrator). We choosethe
remainingparametersising standardstatisticaltests,suchasthe cumulative pe-
riodogram[Bartlett, 1954. Theideais thatthe parameterin arechanged
until theinnovationprocess is ascloseaspossibleto being
white. The periodogramis one of mary waysto testthe “whiteness”of a ran-
domprocessin practice,we chooseheblockscorrespondingo  equalto the
covarianceof the measurementgndthe elementorrespondingo  all equal
to . Wethenchoosetheblockscorrespondingo and to be diagonalwith
element ,andthenwechange relatveto dependingpnwhethemwe want
to allow for moreor lessregularmotions.We thenchangeboth, relative to the co-
varianceof the measurementoise dependingn thelevel of desiredsmoothness
in theestimates.

Tuningnonlinearlters is anart,andthisis notthe propervenueto discusghis
issue Sufce it to saythatwe have performedheprocedurenly onceandfor all.
We thenkeepthe sametuning parametersio matterwhat the motion, structure,
andnoisein themeasurements.

12.2 Applicationto virtual insertionin live video

TheextendedKalman lter algorithmdescribedn theprevioussectioncanbeim-

plementednastandardaptopPCandrunin realtime for anumberof feature

in theorderof 40-50.For instancewe have implementedt ona1GHzlaptopPC,
connectedo a digital cameravia re wire. This systemcanbe mountedonboard
amoving vehicle,for instancea mobilerobot, for ego-motionestimation.n this
sectionhowever, we illustratethe useof this systemfor the purposeof real-time
virtual insertioninto live video.Figure12.1shaws theinterfaceof a systemthat
is usedto superimpos& computergenerateabjectonto live footageof a static
sceneandmale it appeamsif it is moving with thescene.

Assumingthatthe cameras moving in front of a staticsceng/or thatanobject
is moving relative to the camera)the algorithmjust describedestimateshe posi-
tion of anumberof point featuregelative to thereferencdrameof the cameraat
theinitial time instant,alongwith the positionof the cameraat eachsubsequent
time. The estimatels computedn realtime (the currentimplementatiorrunsat
30Hz onalaptopPC). A virtual object(i.e. acomputergenerateabjectwhose
geometryis known) canthenbe positionedon the planeidenti ed by threepoint
featuresof choice(selectedy the userby clicking a locationon theimage)and
movedaccordingo theestimatednotionsothatit appearso belongto thescene.
Naturally, if the scenechangesor if thefeaturesassociatedvith the scalefactor
disappearthevisualizationneedgo bereinitialized.
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Figurel2.1.(Topleft) Live videoof a staticscenecanbe usedto infer cameramotionand
thepositionof anumberof pointfeaturesThis canin turnbeusedto insertavirtual object
andmove it accordingto the estimatedmotion (right), sothatit appeargo be partof the
scendbottomleft).

Here,the “sensingand actionloop” consistsin the cameracapturingimages
of the scene(sensing) transferringthemto the laptopfor inferenceof structure
and motion (computation) and manipulatingthe virtual objectfor visualization
(control). The systemwas rst demonstratedy researcherat the University
of California at Los Angelesand WashingtonUniversity at the IEEE Confer
enceon ComputeVision andPatternRecognitionin 2000.Codeis availablefor
distribution from http://vision.ucla.edu.

12.3 VisualfeedbacKor autonomougardriving

Figure12.2shavs a few imagesof a vision-basedautonomouguidancesystem
developedas part of the California PATH program.This systemwasusedin an
experimentaldemonstratiorof the National AutomatedHighway SystemsCon-
sortium (NAHSC), which took placein August1997in SanDiego. The overall
systemwasdemonstratetdothasa partof the mainhighway scenaricandaspart
of a small public demonstratiorof the vision-basedateral control on a highly
cunvedtesttrack (with thecarrunningtypicallyat to  milesperhour).

The “sensingandcontrolloop” hereconsistsof pair of camerasn rigid con-
guration (sensing)that provide synchronizedmagepairsthat are usedby the
on-boardcomputerto provide a depthmapandthe location of the roadmarkers
(computation)theresultingestimatesarethenusedto actuatethe steeringwheel
andthethrottle/brales(control). In this particularapplication,for the sale of ro-
bustnessyarious sensorsvere usedin additionto vision. The next subsection
describeghe systemin greaterdetail.
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Figurel2.2.Vision-basedighway vehiclecontrolsystemLeft: An automatedHondaAc-
cordLX sedardevelopedfor experimentanddemonstrationRRight: View from insidethe
automatedHondaAccordshaving the mountingof the stereacameras.

ideo +  camcorder (right)
des

camcorder (left)

Figurel2.3.Left: Systemdiagram Right: Experimentaketup.

12.3.1 Systensetupandimplementation

Figure12.3(left) shavsthemajorcomponentsf theautonomousehiclecontrol
system,which is implementedon the HondaAccord LX showvn in Figure12.2.
This systemtakesinputfrom arangeof sensorswhich provide informationabout
its own motion(speedometeyaw ratesensorandaccelerometersits positionin
thelane (vision systemand magneticnail sensors)andits positionwith respect
to othervehiclesin the roadway (vision systemandlaserrangesensors)All the
sensorareinterfacedthroughan Intel-basedndustrialcomputeywhich runsthe
QNX real-timeoperatingsystem.All of the control algorithmsand mostof the
sensoprocessing@reperformedby thehostcomputer

In particular for the vision system the real-timelane extraction operationis
carriedout on a network of TMS320C40digital signalprocessorshatis hosted
on the bus of the main computer The experimentalsetupfor the vision-based
trackingandrangeestimationfor longitudinalcontrolis illustratedin Figure12.3
(right). The off-line versionof the trackingalgorithmis typically testedon ap-
proximately20 minutesof synchronizedrideo andlaserradardata.We discuss
belowv in moredetailthedesignof component®f the vision system.
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12.3.2 \isionsystendesign
Laneextractionfor lateral control

The lane recognitionand extraction moduleis responsiblefor recovering esti-
matesfor the positionand orientationof the carwithin the lanefrom the image
dataacquiredby thecamergFigurel2.2). Theroadway canbe modeledasapla-
narsurface,which impliesthatthereis a simplehomographyetweertheimage

plane,with coordinates , andthe groundplane,with coordinates
(12.29)
The homographymatrix  canberecoveredthroughanof ine calibration

procedureThis modelis adequatéor ourimagingcon gurationwhereacamera
with a fairly wide eld of view (approximately30 degrees)monitorsthe area
immediatelyin front of the vehicle(4 to 25 meters).

The rst stageof thelanerecognitionprocesss responsibldor detectingand
localizing possiblelane markerson eachrow of aninputimage.The lanemark-
ersaremodeledaswhite barsof a particularwidth againsta darker background.
Reagionsin the imagethat satisfythis intensitypro le canbeidenti ed through
a template-matchingproceduresimilar to the feature-detectioralgorithmsde-
scribedin Chapted. It is importantto noticethatthewidth of thelanemarkersin
theimagechangesinearly asafunctionof thepixel row. Thismeanghatdifferent
templatesor featuredetectorsmustbe usedfor differentpixel rows.

Oncea setof candidatdane markershasbeenextracted,a robust tting pro-
cedureis usedto nd the best- tting straightline throughthesepoints on the
imageplane A robust tting stratey is essentiain thisapplicatiorbecausén real
highwaytrafc scenesthefeatureextractionproceswill almostalwaysgenerate
extraneoudeaturesthat are not part of the lane structure.Theseextra features
cancomefrom a variety of sourcesuchasothervehicleson the highway, shad-
ows or crackson theroadway, andotherroadmarkings.They canconfusenaive
estimationprocedureshatarebasedn simpleleast-squaretechniques$

The lane extraction systemis able to processmagesfrom the video camera
atarateof 30 framespersecondwith alateng of 57 milliseconds.This lateng
refersto the internval betweenthe instantwhenthe shutterof the cameracloses
andtheinstantwhena new estimatefor the vehiclepositioncomputedrom that
imageis availableto the control system.This systemhasbeenusedsuccessfully
evenin the presencef dif cult lanemarkingslike the “Bott's dot” re ectorson
aconcretesurface(seeFigure 12.4).

Oncethe lane markers are extractedfrom eachimageframe,the car's states
(position,headingandvelocity relative to thelane)arerecoveredusinga Kalman

Iter, as describedin this chapter To improve the estimation,the Kalman |-
ter can be designedand implementedn sucha way that the dynamicalmodel

8|n the currentimplementationthe Houghtransformis usedfor line tting.
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Figure12.4.Automaticlaneextraction(right) on atypical inputimage(left). (Courtesyof
C.J.Taylor)

of the car is also accountedfor. These,however, are application-speci cde-
tails thatare beyond the scopeof this book, andinterestedeaderamay referto
[Koseclaetal., 1997. Therecoveredstateestimatesarethenusedto designstate
feedbacKaws for lateralcontrol.

Steeotrackingandrange estimatiorfor longitudinal control

Anothermodality of the automatedsehicleis a longitudinalcontrol systemthat
combineshothlaserradarandvision sensorsenablingthrottle andbrake control
to maintaina safedistanceandspeedelativeto acarin front. To properlyemploy
ary longitudinalcontrollers,we needreliableestimatef the rangeof thecarin
front. To achieve this, thevision systermeedsdo trackfeaturesonthe carin front
over an extendedtime period and simultaneouslyestimatethe rangeof the car
from stereadisparityin theimagesof thesefeaturegseeFigure12.5)?

£

1 421...

Figure12.5.Examplesteregpairsfrom atrackingsequencegCourtesyof P. McLauchlan.)

Herewe have avery specialsteregoroblemathand:only therearof theleading
vehicleis visible to the cameratypically with little changein orientation(see
Figure12.5). Therefore the 3-D depthrelief in all visible featuress very small,
andwe canassumehat from the rear of the vehicleto eachimageplaneis an
af ne projectionof a planarobject(almostparallelto theimageplane):

(12.30)

9Althoughwe do notreally needsteredfor lateralcontrol,steredis usedfor longitudinalcontrol.
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wherefor theleft andright viewsthematrix isdifferent,say and ,respec-
tively. Thesmallestrangewe considelin our experimentdss aboutlOm, sothata

carof size2 mwill spananangleof atmost | furtherjustifying theassumption
of a(planar)af ne projectionfrom scengo image.Experimentalesultsareused

to validatethesesimplifying assumptions.

A major issuewith all reconstructiontechniquess their reliance on high-
quality, essentiallyoutlier-free input data. We thereforeapply the RANSAC
algorithm,describedn Chapterl1,to computein eachview alargesubsebf fea-
ture matchesconsistenivith a singlesetof the af ne transformatiorparameters
(in the abore equation).The stereomatchingbetweerthe two views alsoadopts
asimilar robustmatchingtechnique Givena setof well-tracked or matchedea-
tures,we cancomputetheircenterof mass  in eachimage theso-calledxation
point. The xation pointideally shouldbe very robustto thelossor gainof indi-
vidual features The rangeof the leadingcar canbe robustly estimatedrom the
stereodisparity of thetwo xation pointsin the two views. Sincefeature-based
robustmatchingis relatively time-consumingthis algorithmis currentlyrunning
at3to5Hz dependingntheactualsizeof theregion (maximum pixels
in ourimplementation}o which cornerdetectionis applied.

A frame-ratq30 Hz) performancef theoveralltracker is achievedfrom coor
dinatingthe above robusttrackingalgorithmwith a separaterackingalgorithm:
a frame-raterackingandmatchingalgorithm,the so-calledcorrelator, basedon
normalizeccross-correlatiofNCC) only (seeChapterd). Thetwo algorithmsrun
in parallelon separatgrocessorsandarecoordinatedn suchaway thatthecor
relatoris alwaysusinganimageregion centeredat the latest xation point. The
two processesommunicatavheneerthe xation algorithmhasanew outputto
passon.In addition,thelaserradarprovidesthe xation algorithmwith theinitial
boundingboxesaroundthe vehiclein front. Thus,the radarmaybe consideredh
third layer of the tracker, which providesthe systemwith a greatdealof robust-
nesslf the correlatorfails for any reason(usuallydueto not nding a matching
with ahigh enoughcorrelationscore) jt simply waitsfor the xation algorithmto
provideit with a new template/positiomair. If the xation algorithmfails, thenit
alsomustwait for thelaserto provideit with a new boundingbox pair.

12.3.3 Systentestresults

Figure12.5shaovs someexampleimageswith thetrackingresultssuperimposed.
Thecornerfeaturesaareshavn assmallcrosseswhite for thosematchedvertime
orin stereoandblackfor unmatchedeaturesBlack andwhite circleindicateshe
positionof the xation point,whichideally shouldremainatthesamepointonthe
carthroughouthe sequencewhite rectangledescribeghe latestestimateof the
boundingboxfor thecar Imagesl and2 show the rst steregpairin thesequence,
wherethe vehicleis close(about17 m) to the cameraandrangeestimatesrom
stereadisparitymay be expectedto be accurateBy contrastmages421and422
aretakenwhenthe caris about60 m away from the camera(the largestdistance
duringthe giventestsequence)We may expectthat depthestimategrom stereo
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will be unreliable sincethe disparityrelative to in nity is lessthana few pixels
anddif cult to measurén the presenc®f noise.However, it will still befeasible
to usethechangdn apparensizeto obtainreasonableangeestimates.

We also computethe rangeandbearingestimatedrom the laserradarrange
nder and plot them togetherwith the correspondingdata collectedfrom the
vision algorithmsin Figures12.6 and 12.7. Depthfrom stereois computedby
inverting the projectionof the xation point at eachimagepair and nding the
closestpoint of intersectiorof thetwo resultingspaceraysi®
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Figure12.6.Comparisorof rangeestimatedrom laserradarandvision.
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Figure12.7.Comparisorof bearingestimatedrom laserradarandvision (courtesyof P.
McLauchlan).

12.4 VisualfeedbacKor autonomouselicopterdanding

In additionto its usein unmannedyroundvehicles(UGVSs), visionis alsobecom-
ing a standardsensoiin unmannederialvehicle(UAV) controlandnavigation,
either replacingor augmentingcorventional navigation sensorssuch as gyro-
scopessonar electroniccompassand global positioning systems(GPS).One

1%0necanalsousea bettertriangulationschemadiscussedn Chapter5, ata highercomputational
cost.
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of the mostimportantyet challengingtasksfor controlling UAVs is autonomous
landing or takeoff basedon visual guidanceonly. An autonomoushelicopter
shawn in Figure 12.8 developedby researchersit the University of California
at Berkeley, the Berkeley Aerial Robot(BEAR) project,hasaccomplisheduch
tasks.In this sectionwe describets basiccomponentssystemarchitectureand
performanceAsin theprevioussectionthegoalhereis to providethereaderaba-
sic pictureabouthow to build anautonomousystenthatutilizesvisualfeedback
in realtime.However, thedifferencas thatherewe getto designtheervironment,
i.e.thelandingpad.

Figure 12.8. Berkeley unmannedaerial vehicle test-bedwith on-boardvision system:
YamahaR-50 helicopter (left) with Sory pan/tilt camera(top right) and LittleBoard
computer(bottomright) hoveringabove alandingplatform(left).

12.4.1 Systensetupandimplementation

Thehelicopteris a YamahaR-50 (seeFigure12.8)onwhich we have mounted:
NavigationComputer Pentium233MHz Ampro LittleBoardrunningQNX
real-timeOS,responsibldor low-level ight control;

Inertial Measuement Unit: NovAtel MillenRT2 GPS system (2 cm
accurag) andBoeingDQI-NP INS/GPSintegrationsystem;

Vision Computer Pentium233MHz Ampro LittleBoard running Linux,
responsibldor grabbingimagesyision algorithmsandcameracontrol;
Cameer: Sory EVI-D30 Pan/Tilt/Zoom camera;

Frame-Gabber. ImagenatiorPXC200for capturing resolution
imagesat 30 Hz;

WirelessEthernet WaveLAN IEEE 802.11bfor communicationbetween
the helicopterandthe monitoringbasestation.
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The frame-grabbecapturesmagesat 30 Hz, which setsan upperboundon the
rateof estimategrom thevision systemTheinterrelationshipf this hardwareas
it is mountedonthe UAV is depictedn Figure12.9(left).

On-board UAV ‘
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Figure 12.9. Left: Organizationof hardware on the UAV. Right: Vision systemsoftware
o w chart:imageprocessindgollowedby poseestimationandsubsequertontrol.

12.4.2 \isionsystendesign

The vision systemsoftware consistsof two main stagesimageprocessingand
poseestimation.eachwith a sequencef subroutinesFigure 12.9 (right) shovs
a o wchartof the algorithm. The helicopterpose estimationis a modulethat
takes as input the featuresextractedfrom the low-level image processingand
returnsasoutputthe helicoptemposerelative to thelandingpad.Thisis a problem
thathasbeenextensiely discussedeforein this book ! We discusshow a cus-
tomizedlow-levelimageprocessingnoduleis built in orderto meetthereal-time
requirement.

Thegoal of low-level imageprocessings to locatethe landingtargetandthen
extractandlabelits featurepoints.This processs doneusingstandardhreshold-
ing techniquessincethe shapeandappearancef thelandingpatternareknown.

11For poseestimationfrom featuresof the landingpad,a Kalman lter cancertainlybe used,and,
to obtain betterestimatespne can also incorporatethe coplanarand symmetryconstraintsamong
featuresonthelandingpad.
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Figure12.10.LandingtargetdesignandimageprocessingThe target design(a) is made
for simplefeaturematching(b), robust featurepoint extraction(c), andsimpli ed image
segmentation(d) to (g) (courtesyof Omid Shalernia).

In practice theimageis thresholdedsothatonly thelight partsof thelandingtar
getaredetectedandtheresultingmaskis comparedvith the storedmodelof the
target.In orderto simplify theimageprocessingthe designof the landingtarget
mustmake it easyto identify andsegmentfrom the backgroundprovide distinc-
tive featurepoints, simplify featurematching,andallow for algorithmsthat can
operatén realtime usingoff-the-shelthardware.Figure12.10(a) shovstheland-
ing targetdesign.Figure12.10(b) shavs thefeaturepointlabelingonthecorners
of theinteriorwhite square®f thelandingtarget.We choosecornerdetection(see
Chapter4) over otherforms of feature-point-gtractionbecausat is simpleand
robust,andit providesa high densityof featurepointsperimagepixel area.We
choosesquaresverother -sidedpolygonsbecaus¢hey maximizethequality of
the cornersunderperspectie projectionandpixel quantizationt? Moreover, our
particularorganizationof the squaresn the target allows for a straightforward
featurepoint matching,invariant of Euclideanmotion and perspectie projec-
tion, aswe discusshelow. Color trackingwasalsoexploredasa cuefor feature

125quareslsohave nicesymmetrywhich canbe usedto improve poseestimatiorusingtechniques
studiedin Chapterl0.
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points;however, it wasfoundto benotrobustbecausef thevariability of outdoor
lighting conditions.

Cornerdetection

The cornerdetectionproblemwe faceis highly structured:We needto detect
the cornersof four-sidedpolygonsin a binary image. The structurednatureof

the problemallows usto avoid the computationatostof a general-purposeor-

ner detector The fundamentalnvariantin our customizedcornerdetectoris that
convexity is presered underperspectre projection. This implies that for a line

throughthe interior of a corvex polygon,the setof pointsin the polygonwith

maximaldistancefrom eachsideof theline containat leasttwo distinctcorners
of the polygon.To nd two arbitrary cornersof a four-sidedpolygon,we com-
putethe perpendiculadistancefrom eachedgepoint to the vertical line passing
throughthe centerof gravity of the polygon.If thereis morethanonepoint with

maximaldistanceon a sideof the line, we choosethe point thatis farthestfrom

the centerof gravity. We then nd thethird cornerasthe point of maximumdis-

tancefrom the line connectingthe rst two corners.Finally, we nd the fourth

cornerasthe point of the polygonwith maximumdistanceo thetrianglede ned

by the rst threecornersFigure12.10(c) shonstheoutputof thecornerdetection
algorithmon a sampleimage.

Feature matcing

To speedup thefeature-matchingrocessye alsoexploit thedesignof the land-
ing pad. The speedugds basedon the fact that, like corvexity, the ordering of
angles(not the anglesthemseles)amongimagefeaturedrom a plane(the land-
ing pad)is alwayspreseredin viewing from oneside of the plane.To be more

specic, let be threepointson the plane,and considerthe angle be-
tweenvectors and , Where whenthe view is from

onesideof the plane.Given ary imageof points takenfrom the same
side of the plane,if s the correspondinganglein the imageof thosepoints,
then . This propertyguaranteethatcorrespondencmatching

basedon counterclockwiserderingof featurepointson the planewill work for
ary givenimageof thosefeaturepoints.In particular to identify the cornersof
a squarewe calculatethe vectorsbetweenits cornersandthe centerof another
particularsquarein the landingtarget. One suchvectorwill alwaysbe rst on
counterclockwiserdering,andwe identify theassociatedornerthis way. We de-
terminethelabelingof the remainingcornersby orderingthemcounterclockwise
from theidenti ed corner

12.4.3 Systenperformanceandevaluation

We now shaw the performanceof the overall vision-basedanding systemfrom
areal ight testthattook placein early 2002:the UAV hoveredautonomously
above a stationarylanding padwith the vision systemrunningin realtime. The
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vision-basedtateestimatesvereusedby the supervisorycontroller(atanupdate
rateof 10 Hz) to commandhe UAV to hoverabove thelandingtarget, makingit
atruly closed-loopvision-controlledight experiment.Stateestimatefrom the
INS/GPShavigationsystemweresynchronouslyatherednly for comparison.

Multi-View State Estimate (solid) vs INS/GPS State (dashed)

ke NG

ST\~ = — =
481 N = ”\w\cj\fvm\%\\ 4
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z-pos (m)

2 4 6 8 10
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Figure12.11.Comparinga vision-basednotion estimationalgorithmwith inertial navi-
gationsystemmeasurements areal ight test(courtesyof Omid Shalerniaand Reré
Vidal).

Figure 12.11shaws the resultsfrom this ight test,comparingthe output of
the vision-basedmotion estimationalgorithm with the measurementom the
INS/GPSnavigation systemonboard(which areaccurateo within 2 cm). Over-
all, thevision algorithmachiezesan estimateof the helicopters positionwith an
errorlessthan5 cm and orientationlessthan degrees,andits performances
still beingimprovedby implementingthe estimationalgorithmswithin a ltering
framework.

Furtherreadings

TheKalman-Bugy Iter [Kalman,196Q Bucy, 1969 providesanoptimalstatees-
timatorfor linear (stochasticlynamicalsystemslts extensiongo nonlinearsys-
temsareoftenreferredto asextendedKalman lters (EKF). AppendixB givesa
brief review, andwe recommendhebookof [Jazwinski,197( for moredetailson
thissubject.Therehasbeenalong historyof usingKalman Iters for solvingmo-
tion estimatiorproblemsn computewision (seg[DickmannsandGraefe,1988h
BroidaandChellappa,1986a Matthiesetal., 1989 Broidaetal., 1990, or more
recently[Soattoetal., 199 and referencegherein). The methodpresentedn
this chapteris dueto the work of [Chiusoetal., 2002 Favaroetal.,2003, and
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the implementationof the systemis also publicly available at the website:
http://vision.ucla.edu/

Theuseof vision-baseaystemdor driving carson highwaysdatesbackto the
1980sn thework of Dickmannsandhis coworkers[DickmannsandGraefe, 1988a
DickmannsandGraefe, 1988 and some of their later work in the 1990s
[DickmannsandChristians, 1991, DickmannsandMysliwetz,1993. An exten-
sive surwy of their new EMS vision systemfor autonomousvehiclescan be
found in [Gregoretal.,200Q Hofmanetal.,2000Q. The approachpresentedn
this chapteris dueto the work of [Malik etal.,1998, as part of the California
PATH program.More recentupdateon this projectcanbe found at the website:
http://www.path.berkeley.edu/

Since the work of [Samsoretal., 1991, Espiauetal., 1993, there hasbeen
a signi cant increaseof interestin vision-basedcontrol techniquesrom both
the control and robotics communities.See [Hutchinsonetal., 199§ for a re-
view of the state of the art for vision-basedcontrol as of 1996. In re-
cent years, vision has becomeone of the standardsensorsfor autonomous
groundor aerialvehicles(UGVs or UAVs) [Dickmanns, 1992 Dickmanns 2002
Shalerniaetal., 1999. The resultspresentedn this chapteron helicopterland-
ing aredueto [Sharpetal., 2001 Shalerniaetal., 2003, aspartof the Berkeley
Aerial Robotproject,startedin 1996.Live demonstrationef autonomouseli-
copterstaking off, cooperatingandlandingareavailable at the projectwebsite:
http://robotics.eecs.berkeley.edu/ bear/ .
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BasicFactsfrom LinearAlgebra

Algebra is verygenepus: sheoftengivesmore thanis asledfor.
—Jeand'Alembert

We assumehatthe readeralreadyhasbasictrainingin linear algebrat This ap-
pendixprovidesa brief review of someof theimportantfactsthatareusedin this
book. For a morecompleteintroduction,the readershouldresortto a book such
as[Strang,198§.

In this book,we dealmostlywith nite-dimensional(typically two-, three-,or
four-dimensional)inear spaceswhich arealsooftencalledlinearvectorspaces.
For generality we considerthelinear spaceto be -dimensionalA linear space
is typically denotedby the letter  (for “vector space”).Although mostof the
timewewill dealwith vectorsof realnumbers , occasionallywe will encounter
vectorsof complex numberg . For simplicity, our review will be conductedor
linearspacesverthe eld  of real numberswith the understandinghat most
de nitions andresultsgeneralizeo the complec casewith little change.

De nition A.1 (A linear spaceor a vector space). A set(of vectos) is con-
sideled a linear spaceover the eld if its elementscalled vectors are closed
undertwo basic opemations: scalar multiplication and vector summation*

Thatis, givenany two vectos and any two scalars , the
linear combination is alsoa vectorin . Furthermoe, the ad-

1Somefamiliarity with the numericalsoftwareMatlabis alsoencouraged.
2For instancethe eigevaluesor eigervectorsof arealmatrix could be comple.
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dition is commutativeand associativeit hasanidentity , andeadt elementhas

aninversg “ ) sud that . The scalar multiplication respects
thestructue of ; i.e. , and . Theadditionand
scalarmultiplication are relatedby the distributive laws:
and

For example, is a linear spaceover the eld of real numbers . To be

consistentye alwaysusea columnto represena vector:

(A.1)
where means‘the (row) vector transposed.
Given two scalars and two vectors
and , their linear combinationis a componentwise

summationveightedby and :

A.1 Basicnotionsassociatedvith alinearspace

We will now provide a brief review of basicnotionsandfrequentlyusednotation
associateavith alinearvectorspace (i.e. ).

A.1.1 Linearindependencandchange of basis

De nition A.2 (Subspace).Asubset ofalinearspace iscalledasubspacd

thezeovector isin  and for all and
De nition A.3 (Spannedsubspace).Givena setof vectos , the
subspacspannedy is thesetof all nite linear combinations for
all . Thissubspacés usuallydenotedby span

For example, the two vectors and spana

subspacef  whosevectorsareof thegeneralform

De nition A.4 (Linear independence).A setof vectos is linearly
independenif theequation

implies
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On the otherhand,a setof vectors is saidto belinearly dependenif
thereexist notall zerosuchthat
De nition A.5 (Basis). A setof vectos of alinear space issaid

to beabasisif is alinearly independensetand spansthe entire space ;
i.e span

Fact A.6 (Propertiesof a basis). Suppose and aretwo basedor alinear
space . Then:

1. and containexactlythesamenumberoflinearly independentectos.
Thisnumbeysay , is thedimensionof thelinear space .

2. Let and . Thenead basisvectorof canbe
expressedasa linear combinationof thosein ~ ; i.e.
(A.2)
for some
3. Any vector can be written as a linear combinationof vectos in
eitherof thebases:
(A.3)
whee the coefcients and are uniquely

determinechndare calledthe coodinatesof with respecto ead basis.

In particularif and  aretwo basedor thelinearspace , we may put
thebasisvectorsascolumnsof two matricesandalsocallthem and
respectiely:

(A.4)

Thenwe canexpressherelationshipbetweerthemin the matrix form
as

(A.5)

Theroleof the matrix istotransformonebasig( )totheother( ). Since
suchatransformatiorcango the oppositeway, the matrix ~mustbeinvertible.
Sowe canalsowrite .

If isavectorin it canbe expressedn termsof linear combinationsof
eitherbasisas

(A.6)
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Thus,we have

Sincethecoordinate®f with respecto  areunique,we obtainthefollowing
transformatiorof coordinate®f avectorfrom onebasisto the other:

(A7)

Let and denotehetwo
coordinatevectors.We may summarizen matrix form therelationshipsetween
two basesandcoordinatesvith respecto thebasesas

(A.8)

Beawatre of thedifferencein transformingbasedromtransformingcoordinates!

A.1.2 Innerproductandorthogonality

De nition A.7 (Inner product). Afunction

is aninnerproduct if
1. ,
2. ,
3. ,and

Foreachvector , iscalledits norm

Theinnerproductis alsocalledametrig, sinceit canbe usedto measurdength
andangles.

For simplicity, a standardbasisis oftenchoserfor the vectorspace asthe
setof vectors

(A.9)
Thematrix with thesevectorsascolumnsis exactly the
identity matrix.

3In someliterature aninnerproductis alsocalleda dot product denotedby . However, in this

book,we will notusethatname.
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De nition A.8 (Canonical inner producton ). Givenanytwo vectos

and in , wede nethecanonicainner

productto be
(A.10)
Thisinner productinduceshe standard-norm or Euclideanmorm, , which

measuesthelengthof eat vectoras

(A.11)

Noticethatif we chooseanotherbasis relatedto theabove standardasis
as , thenthe coordinateof the vectors relatedto the new basisare
and |, respectiely, andthey relateto by and . Theinner

productin termsof the new coordinatedecomes
(A.12)
We denotethis expressiorof the inner productwith respecto the new basishy
(A.13)

This is calledaninducedinner productfrom the matrix . Knowing the matrix
, we cancomputethecanonicainnerproductdirectly usingcoordinates
with respecto the nonstandartbasis

De nition A.9 (Orthogonality). Two vectors are said to be orthogonal if
their inner productis zemo: . Thisis oftenindicatedas

A.1.3 Kronedker productandstadk of matrices

De nition A.10(Kr onecler product of two matrices). Giventwo matrices

and , their Kroneder product,denotedy , isanew matrix

(A.14)

If and aretwovectos,i.e , the product is alsoa vectorbut
of dimension

In Matlab, one can easily computethe Kronecler product by using the
commandC = kron(A,B)

De nition A.11 (Stack of a matrix). Givenan matrix , the
stackof thematrix is a vectordenotecby ,in obtainedby staking its
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columnvectos, say , in order:
(A.15)
As mutually inverse operations,  is called “stacked; and is called
“unstacked?!

TheKronecler productandstackof matricestogetherallow usto rewrite alge-
braic equationghatinvolve multiple vectorsand matricesin mary differentbut
equivalentways.For instancetheequation

(A.16)
fortwo vectors  andamatrix of properdimensionganberewrittenas
(A.17)

The secondequationis particularly usefulwhen is the only unknown in the
equation.

A.2 Lineartransformationgndmatrix groups

Linearalgebrastudieshepropertieof thelinear transformationsor linear maps
betweerdifferentlinearspacesSincesuchtransformationganberepresenteds
matricesJinearalgebrato alarge extentstudiesthe propertiesof matrices.

De nition A.12(Linear transformation). A lineartransformatiorfroma linear
(vector)space to is de nedasa map sud that

With respectothestandardaseof and ,themap canberepresented
by a matrix suchthat

(A.18)

The th columnof thematrix isthennothingbut theimageof thestandardasis
vector underthemap ;i.e.

The setof all (real) matricesis denotedby . Whenviewedas
alinearspace, canbeidenti ed asthespace . Whenthereis little
ambiguity we referto alinearmap by its matrix representation . If ,
the set forms an algebraicstructurecalled a ring (over the
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eld ). Thatis, matricesin are closedunderboth matrix multiplication
andsummationif aretwo matricessoare and .

Linear mapsor matricesthat we encounterin computervision often have a
specialalgebraicstructurecalleda group.

De nition A.13 (Group). A groupis a set  with an opemation “ " on the
elementof that:

is closed: If , thenalso ;
is associatie: , for all ;
hasaunitelement : , for all ;
is invertible: For every element , there existsan element
sud that
De nition A.14 (The generallinear group ). Thesetof all non-

singular (real) matriceswith matrix multiplicationformsa group. Sud a group
of matricesis usuallycalledthegenesl linear groupanddenotedoy

De nition A.15 (Matrix representationof a group). A group hasa matrix
representatioror can be realizedas a matrix group if there exists an injective

mag'

which preserveshe group structue® of . Thatis, the inverseand composition
ofelementsn  are preservedythemapin thefollowing way:

(A.19)

Below, we identify afew importantsubset®f thathave speciaklgebraic
structuregasexamplesof matrix groups)andnice properties.

Thegroup itself canbeidenti ed asthesetof all invertiblelineartrans-
formationsfrom to in the sensethat for every , We obtaina
linearmap

(A.20)
Noticethatif , thensoisits inverse: . We know thatan

matrix is invertibleif andonly if its determinants nonzero.Therefore,
we have

(A.21)
The generallinear group,whenmatricesare consideredo be known only up to

a scalarfactor, , is referredto asthe projectivetransformationgroup,
whoseelementsarecalledprojectivematricesor homayraphies

4A map is calledinjectiveif aslongas
5Sucha mapis calledagrouphomomorphisnin algebra.
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Matricesin of determinant formasubgroupralledthespeciallinear
group, denotedby . Thatis, for all . It is easyto
verify thatif , thensois , since
De nition A.16 (The af ne group ). Anafne transformation from
to  isde nedjointly by a matrix anda vector suc that

(A.22)

Thesetof all sud af ne transformationss calledthe af ne group of dimension
andis denotedby

Notice thatthe map so-de nedis not a linear map from to unless
. Neverthelesswe may“embed”this mapinto aspaceonedimensiorhigher
so that we can still representt by a single matrix. If we identify an element

with bthen becomesa mapfrom to in the

following sense:

(A.23)
Thus,a matrix of the form

(A.24)
fully describesanafne map,andwe call it anaf ne matrix. This matrix is an
elementn thegeneralineargroup . In thisway, is identi ed as
asubsefandin facta subgroup)f . Themultiplicationof two af ne
matricesin the set is

(A.25)
which is alsoan af ne matrix in and representghe compositionof two

af ne transformations.

Given  andits standardnnerproductstructure,
let us considerthe setof linear transformationgor matrices)that presere the
innerproduct.

De nition A.17 (The orthogonal group ). An matrix  (represent-
ing a linear mapfrom  to itself) is called orthogonalif it preservegheinner
product,i.e.

(A.26)

Thesetofall orthogonalmatricesformsthe orthogonalgroupof dimension
, andit is denotedby

6This is the so-calledhomogeneousepresentatiomf . Notice that this identi cation doesnot
presere the vectorstructureof
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Obviously, is a subset(andin fact a subgroup)of Lf s an
orthogonalmatrix, we musthave . Therefore the orthogonal
group canbecharacterizeds

(A.27)
The determinant of anorthogonaimatrix canbeeither or .The
subgroupof with determinant s calledthe specialorthogonal group
andis denotedby . Thatis, for ary , we have
Equivalently, onemayde ne astheintersection .
In the case , the specialorthogonalmatricesareexactly the rotation

matriceq(studiedin Chapter2).
Theaf ne versionof theorthogonabroupgivestheEuclidean(transformation)

group:

De nition A.18 (The Euclidean group ). A Euclideantransformation
from to isde nedjointly byamatrix andavector sud
that

(A.28)

Thesetof all sud transformationss calledthe Euclideangroup of dimension
andis denotedoy

Obviously, is a subgroupof . Therefore,it canalsobe embedded
into a spaceone-dimensiomigherandhasa matrix representation

(A.29)
If  furtherbelongsto , suchtransformationgorm the specialEuclidean
group, which s traditionally denotecby . When , represents

thecorventionalrigid-bodymotionin ~ , where is therotationof arigid body
and isthetranslation(with respecto achoserreferencecoordinateframe).

Since all the transformationgroupsintroducedso far have natural matrix
representationghey are matrix groups’ To summarizetheir relationshipswe
have

| | (A:30)

A.3 Gram-Schmidandthe QR decomposition

A matrixin has independentows (or columns).A matrixin has
orthonormakows (or columns).The Gram-Schmidprocedureanbeviewedasa
mapfrom to , for it transformsa nonsingulamatrix into anorthog-
onalone.Call thesubsebf consistingof lowertriangularmatrices

Sincethesegroupsthemselesadmita differentialstructurethey belongto theLie groups
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with positive elementsalong the diagonal.Such matricesform a subgroupof

TheoremA.19 (Gram-Schmidt procedure). For every , there exists
a lower triangular matrix and an orthogonal matrix sut
that

(A.31)

Proof. Contraryto the corvention of the book, for simplicity in this proof all
vectorsindicaterow vectors.Thatis, if is an -dimensionakow vector it is
of the form: . Denotethe th row vectorof the given
matrix by for . The proof consistsin constructing and
iteratively from therow vectors

Then , andthematrix is obtainedas

By construction is orthogonalj.e. . O

Remark A.20. The Gram-Stimidt's procedue has the peculiarity of being
causal in the sensethat the th row of the transformedmatrix ~ dependsonly
uponrows with index of the original matrix . The choice of the name

for the orthogonal matrix above is not accidental.In fact, we will view the
Kalman Iter (to bereviewedin the next appendixjasa wayto performa Gram-
Sdmidtorthonormalizatiorin a specialHilbert space andtheoutcome of the
procedueis traditionally calledtheinnovation

Therearea few usefulvariationsto Gram-SchmidprocedureBy transposing
, we get . Notice that is an uppertri-
angularmatrix. Thus, by applying Gram-Schmidprocedureto the transposef
a matrix, we canalsodecomposét into the form where is anorthogonal
matrixand anuppertriangularmatrix. Sucha decompositionis calledthe QR
decompositionin Matlab,this canbedoneby thecommandQ,R] = qr(A) .
Furthermoreby inverting , we get . Notice
that is still anuppertriangularmatrix. Thus,we canalsodecompose
ary matrix into theform of anuppertriangularmatrix followedby anorthogonal
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one.The latter oneis the kind of “QR decomposition'we usein Chapter6 for
camereacalibration.

A.4 Rangenull spacgkernel),rankandeigervectors
of amatrix

Let beageneral matrix thatalsocorvenientlyrepresents linear map
fromthevectorspace to

De nition A.21 (Range, span, null space,and kernel). De ne the rangeor
spanof , denotecdbyrange  orspan ,tobethesubspacef suc that

range  if andonlyif for some . De ne thenull spaceof ,
denotecbynull  , to bethesubspacef  sud that null  if andonlyif
. When isviewedasan abstractlinear map,null is alsoreferredto

asthekernelof themap,denotedoy ker

Noticethattherangeof amatrix is exactlythespanof all its columnvectors;
thenull spaceof amatrix is exactly the setof vectorswhich areorthogonalto
all its row vectors(for ade nition of orthogonalectorsseeDe nition A.9). The
notion of rangeor null spacds usefulwhenever the solutionto a linearequation

of theform is consideredin termsof rangeandnull spacethis equation
will have a solution if range andwill have a unique solution only if
null (theemptyset).

In Matlab,thenull spaceof amatrix canbecomputedisingthecommandZ
= null(A)

De nition A.22 (Rank of a matrix). Therankof amatrixis thedimensiorof its
range:

rank range (A.32)
Fact A.23 (Properties of matrix rank). For an arbitrary matrix , its
rankhasthefollowing properties:
1. rank dim null
2. rank

3. rank s equalto the maximurmumberof linearly independentolumn
(or row) vectos of

4. rank isthehighestorder of a nonzeo minor® of

5. Sylvester'sinequality: Let bean matrix. Then is an
matrix and
rank rank rank rank  rank (A.33)

8A minorof order is thedeterminanof a submatrixof
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6. For anynonsingulamatrices and , wehave
rank rank (A.34)
In Matlab,therankof amatrix is justrank(A)

De nition A.24 (Orthogonal complementto a subspace).Givena subspace
of , wede neits orthogonalcomplemento be the subspace sut
that if andonly if for all . We write

Thenotionof orthogonalkcomplements usedin thisbookto de ne the“coim-
age”of animageof apointor aline. Also, with respecto ary linearmap from
to ,thespace canbedecomposedsadirectsumoftwo subspaces,

null null
and  canbedecomposedimilarly as
range range
We alsohave thefollowing not soobviousrelationships:

TheoremA.25. Let bealinearmapfrom to . Then:

(&) null range ,
(b) range null ,
(c) null null ,
(d) range range
Proof. To provepart : null null , we have
, hence
null null
; hencenull null
To prove part , range range , we rst needto provethat isa
directsumof range andnull ,i.e.part of thetheoremPart canthen
be proved similarly. We prove this by shaving thata vector is in null if
andonly if it is orthogonalto range : null
. Hencenull is exactly the subspacehatis the orthogonal
complemento range (denotedby range ). Therefore, is adirect
sumof range andnull . Now to completeourproofof part , letimg
denotetheimageof a subspace underthemap . Thenwe haverange
Img Img range range (in thesecondequalitywe used
thefactthat is a directsumof range andnull ). Theserelationsare
depictedby FigureA.1. O

In fact,thesameresultholdsevenif thedomainof thelinearmap isreplaced
by anin nite-dimensionallinearspacewith aninnerproduct(i.e.  isreplaced
by a Hilbert space).In that case,this theoremis also known asthe nite-r ank
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FigureA.1. Theorthogonadecompositiorof thedomainandcodomairof alinearmap .

opefator fundamentalemma|[Callier andDesoer1991. We will later usethis
resultto prove the singularvalue decompositionBut alreadyit implies a result
thatis extremelyusefulin the studyof multiple-view geometry:

Lemma A.26 (Rank reductionlemma). Let bea matrix andlet
be a matrix of theform
(A.35)
for somematrices and . Thenregardlessof what is,we
alwayshave
rank rank rank (A.36)
The proofis easyusingthefactrange range range with

the seconddentity from the previoustheoremandwe leave therestof the proof
to thereaderasanexercise.

A linearmapfrom  toitselfis representethy a square matrix . For
sucha map,we sometimesreinterestedn subspacesf  thatare“invariant”
underthe map? This notionturnsoutto be closelyrelatedto the eigervectoss of
thematrix

De nition A.27 (Eigervaluesand eigervectorsof amatrix). Let bean
comple matrixt© in . A nonzeo vector is said to be its (right)
eigervectorif

(A.37)

9More rigorouslyspeakinga subspace is -invariantif .
10Although  will mostly be a real matrix in this book, to talk aboutits eigetvectors,it is more
corvenientto think of it asa complex matrix (with all entriesthathapperto bereal).
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for somescalar ; iscalledaneigervalueof . Similarly, a nonzeo row
vector is calledaleft eigervectorof if for some

Unlessotherwisestated,an eigervectorin this book by default meansa right
eigervector Thesetof all eigervaluesof amatrix s calledits spectrumdenoted
by . TheMatlabcommandV,D] = eig(A) producesadiagonalmatrix

of eigervaluesandafull-rank matrix ~ whosecolumnsarethe corresponding
eigervectors sothat

We give the following factsabouteigervaluesand eigervectorsof a matrix
withouta proof.

Fact A.28 (Properties of eigervaluesand eigervectors). Givena matrix

, we have:
1. If , then for the sameeigervalue , there also exists a left
eigervector  sud that and vice versa. Hence

2. The eigervectos of  associatedwith different eigervaluesare linearly
independent.

3. All its eigervalues are the roots of the (characteristic) polynomial

equation . Hence is equalto the productof all
eigervaluesof

4. If for somenonsingulammatrix , then

5. If isarealmatrix,then is an eigernvalueimpliesthatits conjugate
is alsoan eigervalue Simplyput, for real matrices.

A.5 Symmetricmatricesandskew-symmetricmatrices

De nition A.29 (Symmetric matrix). A matrix is called symmetric
if . A symmetriamatrix is called positive (semi-)de nite, if
(or ) for all , denotecby (or ).

Fact A.30 (Propertiesof symmetric matrices). If is a real symmetrianatrix,
then:

1. All eigervaluesof mustbereal,i.e.

2. Let be an eigervalue-eigervectorpair. If , then ;e
eigervectos correspondingo distincteigenvaluesare orthogonal.

3. Therealwaysexist orthonormaleigervectosof , whichforma basisfor

4, ( ) if ( ; i.e. is positive
(semi-)de niteif all eigervaluesare positive(nonngative).
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5. If and , then and
From point 3, we seethat if is the matrix of
all theeigervectors,and diag is the diagonalmatrix of the

correspondingigervalues thenwe canwrite

where is an orthogonalmatrix. In fact, can be further chosento be in
(i.e. of determinant ) if isodd,since and

De nition A.31 (Induced 2-norm of a matrix). Let . We de nethe
induced2-normof (asalinearmapfrom to )as

Similarly, otherinducedoperatornormson  can be de ned startingfrom
differentnormson the domainandcodomainspace®nwhich operates.

Let beasabove.Then is clearlysymmetricandpositive semi-
de nite, soit canbe diagonalizedby a orthogonalmatrix . The eigervalues,
beingnonneative, canbe written as . By orderingthe columnsof  sothat
theeigervaluematrix hasdecreasingigervaluesonthediagonalwe see from
point5 of the precedingact,that diag and

Theinduced2-normof a matrix is differentfrom the “2-norm” of
viewed asa vectorin . To distinguishthem, the latter oneis corventionally

calledthe Frobeniusnormof , preciselyde ned as . Notice
that is nothingbut thetraceof (or ). Thus,we have

trace

The inverseproblemof retrieving  from the symmetricmatrix is
usuallysolved by Cholesly facotorization For the given , its eigervaluesmust
be nonnayative. Thus,we have for - , Where
- diag is the“squareroot” of thediagonalmatrix . Since
for any orthogonalmatrix, the solutionfor  is not unique: is
alsoa solution.Cholesly factorizationthenrestrictsthe solutionto bean upper
triangularmatrix (exactly whatwe needfor cameracalibrationin Chapter6). In
Matlab,the Cholesly factorizationis givenby thecommandA = chol(S)

De nition A.32 (Skew-symmetric (or antisymmetric) matrix). A matrix
is called skew-symmetric(or antisymmetrig if

Fact A.33 (Properties of a skew-symmetric matrix). If is a real skew-
symmetrianatrix, then:
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1. All eigervaluesof areeitherzeo or purelyimaginary, i.e. of theform
for ~ andsome

2. Thee existsan orthogonalmatrix  sud that
(A.38)

where is a blodk-diagonal matrix diag ,
wheeeath isa real skew-symmetrianatrix of theform

(A.39)

Frompoint2, we concludehattherankof any skew-symmetricmatrix mustbe
even.A commonlyusedskew-symmetricmatrix in computenwisionis associated
with avector , denotedby

(A.40)

Thereasorfor suchade nition isthat  is equalto thecornventionalcrossprod-

uct of two vectorsin . Thenwe have rank if andthe

(left andright) null spaceof is exactly spannedy the vector itself. Thatis,

and . In otherwords, columnsandrows of the matrix are
alwaysorthogonako

Obviously, is alsoa skew-symmetricmatrix. Then for some

. We wantto know whattherelationshipbetween and is.
Fact A.34 (Hat operator). If isa matrix of determinant , thenwehave
(A.41)

This is an extremely usefulfact, which will be extensvely usedin our book.
For example this propertyallows usto “push” amatrixthrougha skew-symmetric

matrix in the following way: . We leave to the
readersanexerciseto think abouthow thisresultneed€¢o bemodi ed whenthe
determinanbf isnot , orwhen isnoteveninvertible.

A.6 Lyapunw mapandLyapunw equation

An importanttype of linear equationthat we will encounterin our book is of
Lyapuna type! Find a matrix thatsatis estheequation

(A.42)

111t is alsocalledSylvesterequatiorin someliterature.
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for agivenpairof matrices . Althoughsolutionsto thistypeof equa-

tion canbedif cult in generalsimplesolutionsexist whenboth and have

independengigervectors.Suppose arethe right eigervectorsof
, and arethe left eigervectorsof ;i.e.

(A.43)

for eigervalues for each . Here meansthe complex-conjugateand
transpos®f |, since canbecomplex.

Fact A.35(Lyapunov map). Fortheabovematrix and ,the eigervectos
of the Lyapuno map

(A.44)
areexactly , andthecorrespondingigenvaluesare
Proof. The matrices arelinearlyindependentandthey mustbeall
theeigervectorsof . O

Duetothisfact,any matrix thatsatis estheLyapuna equation
mustbein thesubspacepannedby eigervectors  thathavezeroeigervalues:
. In Matlab, the commandX = lyap(A,B,C) solvesthe more
generalyapuna equation .

In thisbook,we oftenlook for solutions  with extrarequirementsnits struc-
ture.Forinstance, needdo berealandsymmetric(Chapter6), or  hasto be
arotationmatrix (Chapterl0). If so,we have only to take the intersectiorof the
spaceof solutionsto theLyapunw equatiorwith the spaceof symmetricmatrices
or rotationmatrices.

A.7 Thesingularvaluedecompositio{SVD)

The singular value decomposition(SVD) is a useful tool to captureessen-
tial featuresof a matrix (that represents linear map), suchasits rank, range
space hull spaceandinducednorm, aswell asto “generalize”the conceptof

“eigervalue—eigervector” pair to non-squarematrices.The computationof the

SVD is numericallywell conditioned,making it extremely useful for solving

mary linearalgebraigproblemssuchasmatrix inversion,calculationof therank,

linear least-squaresstimate projections,and x ed-rankapproximationsSince
this bookwill usethe SVD quite extensiely, herewe give a detailedproof of its

properties.

A.7.1 Algebraic derivation

Givena matrix , we have thefollowing theorem.
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Theorem A.36 (Singular value decompositionof a matrix). Let

haverank . Furthermog, supposewithoutlossof geneality, that . Then
whosecolumnsare orthonormal,

whosecolumnsare orthonormal,and

diagonalwith
sud that
Proof. We provetheclaim by construction.
Compute . it is symmetricand positive semi-de nite of dimension

. Thenorderits eigervaluesin decreasingrderandcall them
. Callthe ‘'ssingularvalues

From an orthonormalset of eigervectorsof createan orthonormal
basisfor  suchthat

span range span null
Note that the latter eigervectorscorrespondo the zero singularvalues,
sincenull null (accordingo TheoremA.25).
Dene  suchthat , and seethat the set

is orthonormal(proof left asexercise).

Completehebasis ,whichspangange (by construction)toall

Then,

whichwe name

Hence,

Thenthe claim follows by deletingthe columnsof  andthe rows of that
multiply thezerosingularvalues. O
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In Matlab, to computethe SVD of a given matrix , simply use

thecommandU,S,V] = svd(A) , whichreturnsmatrices satisfying

(where replaces ). Notice thatin the standardSVD routine,

the orthogonalmatrices and do not necessarilyhave determinant . So

thereadershouldexerciseextra cautionwhenusingthe SVD to characterizeéhe
essentiamatrixin epipolargeometryin this book.

A.7.2 Geometrianterpretation

Notice thatin the SVD of a squarematrix , columnsof
and columnsof form orthonormal
basedor .TheSVD essentiallystateghatif (asalinearmap)mapsapoint
to ,thencoordinate®f with respectothebasis arerelatedto coordinate®f
with respecto thebasis by thediagonalmatrix thatscalesachcoordinate
by the correspondingingularvalue.

TheoremA.37. Let bea squae matrix. Then mapsthe
unit sphee to an ellipsoidwith semi-axes
whee isthe th columnof

Proof. let be suchthat . Theset is anorthonormabasisfor
. With respecto suchabasis hascoordinates

Thatis, . With respecto thebasis , hascoordinates
We also have .
Hence . Now , andso we have

, which implies that the point  satis es the equationof an
ellipsoidwith semi-axesof length . Thisis illustratedin FigureA.2 for thecase
O

A.7.3 Somepropertiesof the SVD

Problemsnvolving orthogonabprojectionsontoinvariantsubspacesf , suchas
thelinearleast-square@ LS) problem,canbeeasilysolvedusingthe SVD.

De nition A.38 (Generalized(Moore Penrose)inverse). Givena matrix
ofrank withits SVD , wethende nethegeneralizednverse
of tobe

whee

Thegenealizedinverseis sometimesalsocalledthe pseudo-inerse
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FigureA.2. Theimageof a unit sphereon the left undera nonsingulamap is
anellipsoidontheright.

In Matlab, the pseudo-inerseof a matrix is computedby the commandX =
pinv(A)

Fact A.39 (Propertiesof generalizedinverse).

Thegeneralizednversecanthenbe usedto solve linearequationsn general.

Proposition A.40 (Least-squaressolution of a linear systems). Considerthe
problem with of rank . Thesolution that
minimizes is givenby

Thefollowing two resultshave somethingo do with the sensitvity of solving
linearequationf theform

Proposition A.41 (Perturbations). Considera nonsingularmatrix
Let beafull-rankperturbation.Then

whee denoteghe th singularvalue

PropositionA.42 (Condition number). Considertheproblem , andcon-
sidera“perturbed” full-rankproblem . Since , then
to r st-oderapproximation, .Hence ,
fromwhich

whee is calledtheconditionnumberof . It easyto seethat

if isinvertible
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Lastbut nottheleast,oneof themostimportantpropertieof theSVD is related
to a x ed-rankapproximationof a givenmatrix. Givenamatrix  of rank , we
wantto nd amatrix suchthatit has x edrank andthe Frobeniushorm
of the difference is minimal. The solutionto this problemis given
simply by settingall but the rst  singularvaluesto zero

where denoteshe matrix obtainedfrom by settingto zeroits elements
on the diagonalafterthe th entry The matrix hasexactly the sameinduced

2-normof ,i.e. , andsatis estherequiremenbntherank.
Proposition A.43 (Fixed rank approximation). Let be de nedasabove
Then . Furthermoe, suc a normis the minimum
achievable

The proof is an easy exercisethat follows directly from the propertiesof
orthogonabprojectionandthe propertiesof the SVD givenabove.



Least-\arianceEstimationandFiltering

The theory of probability as a mathematicaldiscipline can and
shouldbedevelopedromaxiomsin exactlythe samewayasgeome-
try andalgebra.

— Andrey Kolmogoroy, Foundationsof the Theoryof Probability

In Chapterl2 we formulatedthe problemof estimating3-D structureandmotion
in a causafashionasa Itering problem.Sincethe measurementarecorrupted
by noise,andthereis uncertaintyin the model,the taskis naturallyformulated
in aprobabilisticframenork. Statisticalestimatiortheoryis a vastsubjectwhich
we have nohopeof coveringto ary reasonabléegreehere Insteadthisappendix
reviews someof thebasicconcept®f estimatiortheoryasthey pertainto Chapter
12, but in line with the spirit of the book, we formulatethemin geometriderms,
asorthogonabrojectionsontocertainlinear spaces.

We assumethat the readeris familiar with the basic notions of random
variablesrandomvectorsyandomprocessesnd(conditional)expectationHow-
ever, sincewe aregoingto rephrasanostresultsin geometricterms,a summary
knowledgesufces. Thereadelinterestedn amorethoroughintroductionto these
topicscanconsultfor instance[vanTrees, 1992 StarkandWoods,2003.

Throughouthis appendix, typically indicateshe unknonvn quantityof inter
est,whereas indicateshe measuredjuantity An estimatorin generalseekgo
infer propertiesof from measurementsf . For the sale of clarity, we indi-
catevectorquantitiesin boldface,for instance, , whereasscalarsarein normal
font; for instancethe componentof are . A “hat” usuallydenotesan esti-

Thisis page462
Printer:Opaquehis



B.1. Least-arianceestimator®f randomvectors 463

matedquantity? for instance, indicatesthe estimateof . Let usstartwith the
simplestcaseof least-arianceestimation.

B.1 Least-arianceestimatorf randomvectors

Let be a map betweentwo spacesof randomvectorswith samplesin

and (the“model generatinghe data”). We areinterestedn building an
estimatoffor therandomvector , givenmeasurementsf samplef therandom
vector . An estimatoris afunctior? , thatsolves
anoptimizationproblemof theform

(B.1)

where is asuitablychoserclassof functionsand somecostin the -space

We concentrat®n oneof the simplestpossiblechoiceswhich correspondso
af ne least-varianceestimators,

(B.2)
(B.3)

wherethe latter operatortakesthe expectationof the squared=uclideannorm of
arandomvector Therefore we seek

(B.4)
We set and , and similarly for
First notice that if , then , andthe af ne least-ariance
estimatoreducedo alinear one. Now obsenethat,if wecall thecenteredrectors
and , we have
(B.5)

Hence,if we assumdor amomentthatwe havefound thatsolvesthe problem
(B.4), thentrivially

(B.6)

annihilatesthe secondterm of equation(B.5). Therefore without lossof gener
ality, we canrestrictour attentionto nding  thatminimizesthe rst term of
equation(B.5):

(B.7)

1Thisis notto beconfusedwith the symbol“wide had” usedto indicatea skew-symmetricmatrix,
for example .
2This“ " is notto beconfusedwith atranslationvector
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Thereforewe will concentrat®nthecase withoutlossof general-
ity. In otherwords,if we know how to solvefor thelinear least-ariancesstimator
we alsoknow how to solve for theaf ne one.

B.1.1 Projectionsontotherange of a randomvector

Thesetof all randomvariables de ned onthesameprobabilityspacewith zeio
mean and nite variance ,isalinear space andin particular
it is aHilbert spacewith theinnerproductgivenby

(B.8)

Therefore we canexploit everythingwe know aboutvectors,distancesangles,
and orthogonality as we learnedin Chapter2 and Appendix A. In particular
in this spacethe notion of orthogonalitycorrespondso the notion of uncorre-
latednessThe component®of a randomvector de ne a
subspacef suchaHilbert space:

(B.9)

wherethespanis intendedoverthesetof realnumbers® We saythatthe subspace
hasfull rankif .

The structureof a Hilbert spaceallows us to make useof the conceptof or-
thogonal projectionof arandomvariable,say , ontothe spanof arandom
vector say . It is therandomvariable thatsatis esthe following
canonicakquations:

(B.10)
(B.11)
Thenotation is oftenusedfor the projectionof overthe spanof
4
B.1.2 Solutionfor thelinear (scalar) estimator
Let bealinearestimatoffor therandomvariable ; is
arow vector and an -dimensionakolumnvector The least-squarés
estimate is givenby thechoiceof thatsolvesthefollowing problem:
(B.12)

330 is the spaceof randomvariablesthatarelinearcombinationf

4Theresemblancef this notationto the symbolthatdenotesonditionalexpectationis dueto the
factthatfor Gaussiamandomvectors,sucha projectionis indeedthe conditionalexpectation.

5Note that now that we have the structureof a Hilbert spacewe cantalk aboutleast-ariance
estimatorsasleast-squaresstimatorssincethey seekto minimize the squarechorminducedby the
new innerproduct.



B.1. Least-arianceestimator®f randomvectors 465

where is the norminducedby theinnerproduct . That
is,
Proposition B.1. Thesolution to the problem(B.12) exists,is unique

andcorresponddgo the orthogonalprojectionof ontothe spanof
(B.13)

Theproofis aneasyexercise Herewe reportanexplicit constructiorof thebest
estimator . Fromsubstitutingthe expressiorof the estimatorinto the de nition
of orthogonabrojection(B.11), we get

(B.14)
which holdsif andonly if . In row-vector
notationwe write

(B.15)
which, providedthat is of full rank,gives

B.1.3 Afne least-varianceastimator

Supposewne wantto computethe bestestimatorof a zero-mearrandomvector
asalinear mapof thezero-meamandomvector . We justhaveto repeat

the constructiorreportedin the previous sectionfor eachcomponent of , so

thattherows of thenow matrix aregivenby

(B.16)
which eventuallygivesus

(B.17)
If now thevectors and arenot of zeromean, , we rst
transformthe problemby de ning , , thensolwve for the
linear least-arianceestimator , andthensubstituteto
get

(B.18)

whichis theleast-arianceaf ne estimator

(B.19)
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where
(B.20)
(B.21)
It is aneasyexerciseto computethecovarianceof theestimatiorerror
(B.22)

If we interpretthe covarianceof asthe“prior uncertainty andthe covariance
of asthe “posterioruncertainty we may interpretthe secondterm (which is
positive semi-de nite)of theabove equationasa “decrease’in the uncertainty

B.1.4 Propertiesandinterpretationsof theleast-variance
estimator

The covarianceof the estimationerrorin equation(B.22) is by constructiorthe
smallestthatcanbe achiezed with an af ne estimator Of course,f we consider
a broaderclass of estimatorsthe estimationerror can be further decreased,
unlesshemodelthatgeneratethedata isitself af ne:

(B.23)

In suchacaseijt is easyto computeheexpressiorof theoptimal(af ne) estimator
thatdependnly upon ,and

(B.24)
which achievesa covarianceof the estimatiorerrorequalto®

(B.25)
Projectionontoan orthogonal sumof subspaces
Let , Where , besuchthat

(B.26)
where" " indicatesthe directsumof subspacedt is important,for later devel-

opmentsto understandinderwhat conditionswe candecomposéhe projection
ontothespanof asthesumof the projectionontoits components and

(B.27)

After an easy calculation one can seethat the above is true if and only if
, thatis, if andonly if

(B.28)

6This expressioncan be manipulatedusing the matrix inversion lemma which statesthat if
are real matricesof the appropriatedimensionswith  and invertible, then



B.1. Least-arianceestimator®f randomvectors 467

Change of basis
Supposeéhatinsteadof measuringhe samplesof a randomvector , we
measurenotherandomvector thatisrelatedto via achangeof basis:
. If wewrite , thenit isimmediateto seethat
(B.29)
Innovation

Thelinearleast-arianceestimatotrinvolvesthe computatiorof the inverseof the

outputcovariancematrix . It may be interestingto look for changeof bases

thattransformthe output into suchthat . In sucha casethe
optimalestimatoiis simply

(B.30)

Let us pretendfor a momentthat the component®f the vector areinstances
of arandomprocesgakenovertime, , andcall
thehistory of the procesaipto time . Whenwe wantto emphasizéhe (Hilbert)
subspacspannedy thecomponentsye alsowrite  as , Or equivalently

. Eachcomponen{sample)s anelemenof theHilbert space , whichhas
a well-de ned notion of orthogonality andwherewe canapply Gram-Schmidt
procedure(Appendix A, TheoremA.19) in orderto make the “vectors”
orthogonal(i.e. uncorrelatedwe neglectthe subscript  from the normandthe
innerproductfor simplicity):

Theprocess , whoseinstancesiptotime arecollectedinto thevector
, hasa numberof importantproperties:

1. The componentof  areorthonormalin  (or equialently, is an
uncorrelateqrandom)process)This holdsby construction.

2. Thetransformatiorfrom to is causal in thesensehatif we represent
it asamatrix  suchthat

(B.31)

then s lower triangularwith positive diagonal.This follows from the
Gram-Schmidprocedure.

"Vectorshereis intendedaselementof avectorspacej.e. the Hilbert spaceof randomvariables
with zeromeanand nite variance Therealization , however, is ascalar
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3. Theprocess s equivalento in the sensehatthey spanthe same
subspace

(B.32)
This propertyfollows from thefactthat  is nonsingular
4. If we write in matrix form as , then

The meaningof the components , andthe nameinnovation, comesfrom the
factthatwe caninterpret

(B.33)

asaone-steppredictionerror. Theprocess is ascaledversionof suchthatits
covarianceis theidentity.

We may now wonderwhethereachprocess  hasaninnovationand,if so,
whetherit is unique.The answeris positive if the covariancematrix canbe
written in the form , where that satis esthe conditionsabove is
calledthe Cholesk factor (seeAppendixA, SectionA.5). The Cholesly factor
canbe interpretedas a “whitening Iter,” in the sensethatit actson the com-
ponentsof thevector in a causafashionto make themuncorrelatedWe may
thereforeconsidera two-stepsolutionto the problemof nding theleast-squares

Iter: a“whitening step”

(B.34)

where , anda projectiononto

(B.35)

This procedurewill be usefulin the calculationof the Kalmangainin the next
section.

B.2 TheKalman-Bugy lter

In this sectionwe extendthe ideasof least-arianceestimationto randompro-
cesseswith anexplicit dependencen time. We startby restrictingour attention
to aspecialclassof processedpr whichwe caneasilyderive the estimatorOnce
we have donethat, beforedelvinginto the derivation of the Kalman-Bugy Iter
[Kalman,196Q Bucy, 1965, we give someintuition on the structurebehindit.

B.2.1 LinearGaussiardynamicalmodels

A linear nite-dimensionalstochastigrocesss de ned asthe outputof alinear
dynamicalsystemdriven by white Gaussiamoise.Let , , ,
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be time-varying matricesof suitabledimensions’ suchthat
awhite, zero-mearGaussiamoise,and a

randomvectorthatis uncorrelatedrom : . Then

is alinearGaussiammodelif thereexists suchthat

(B.36)

We call thestateprocess  theoutput(or measuement)processand
theinput (or driving) noise Thetime evolution of the stateprocessanbewritten
asthe orthogonalsum of the pasthistory (prior to the initial condition)andthe
presentistory (from theinitial conditionuntil the presentime),

where , thestatetransitionmatrix, denotesa fundamentasetof solutionsof the
differentialequation

(B.37)

In the caseof a time-invariantsystem , then is given by

Remark B.2. Asaconsequencefthede nitions, theorthogonality’ betweerthe
stateandtheinput noisepropagatesup to the currenttime:

(B.38)

Moreover, the pasthistoryupto time is alwayssummarizedy the valueof the
stateat that time (Markov property):

(B.39)

Thesepropertieswill turnoutto beveryusefulin thederivationof theequations
of theKalman lter .

B.2.2 Alittle intuition

The linear Gaussiammodel (B.36) canbe describecby the o w chartof Figure
B.1.Theinputnoise , passedhrough ,isaddedo thestate , passed

8Fromnaw on, for simplicity, we dropthe boldfacenotation;all lowercasegquantitiesarevectors,
whosedimensioncanbe deducedrom the context.
90rthogonalityis intendedin the sensedescribedn theprevious section,.e. uncorrelatedness.



470  AppendixB. Least-\arianceEstimationandFiltering

|
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FigureB.1.Block diagramof alinear nite-dimensionalstochastigrocess.

through , to make the next valueof the state . Fromthis, the mea-
surements obtainedhrough , afteraddingoutputnoise . Notethat
theinput andoutputnoisesdo not needto be correlated For instancewe could
have and with (see
SectionB.2.4for moredetailson this issue).Now, this is a pictorial description
of anunknown process , for instancethe 3-D structureand motion of a scene,
andits relationshipto measurablguantities , for instancamagesin general,
is notavailablefor usto measuresowe haveto inferit from . If themodelwere
perfect andif noisewereabsent , we couldjustduplicatethemodel

(B.40)

on a computeyasshavn in FigureB.2. Now, while is somephysicalquantity
thatwe do not have accesdo, is avaluein a registerof our computerwhich
we canreadoff. But is it fair to take asanapproximationof ? Evenif noise

were absent(so that andthe block diagramreducego the upperpart
of FigureB.2), we would have to initialize our computemprogramwith the“true”
initial condition , which we do not know. Furthermorethe model

(B.36)is oftenanidealizationof the true physicalprocess'® andthereforethere
is no reasorto believe thatevenif we startedfrom theright initial condition,we
would staycloseto thetrue stateastime goesby.
However, our computemprogramproducesin additionto the “estimatedstate”

, an “estimatedoutput” . While we cannotcompare directly with

, we canindeedcompare with . Let us call the differencebetween
the measuredutputandthe estimatedoutput . Theleastwe
canaskof our lter isthatit make “small” in somesenseor “uninformative”
(e.g.white). If thisis not so,onecouldthink of “feeding back” to the lter
througha gain that canbe designedo drive toward the goal (Figure
B.2,dashedines).In formulas,we have

(B.41)

10For instance, could comefrom the linearizationof a model of the form
, with —.
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FigureB.2. A naive constructiorof theKalman lter . In theabsencef noise( ), a

copy of theoriginal processs createdfrom whichthe“state” canbereadoff. If there

is adiscrepang betweerthe measureautputof theprocess  andtheestimatedutput
, thisis fed backto the Iter via a(Kalman)gain

While this naie discussionshouldby no meanscorvince the readerthat this
stratgy works, the discussiorthatfollows will, providedthatcertainconditions
aremet. In general, becomingsmall doesnot guaranteehat is close
to . Additional propertiesof the modelhave to be satis ed, andin particular
its observability which we discussn SectionB.2.3,andin Chapterl2 (Section
12.1.1)for the particularmodelthat relatesto reconstructing3-D structureand
motionfrom sequencesf images Furthermorewe needto decidehow to choose
. Thiswe explainin the next section.

The nicething aboutthe derivationthatfollows is thatinsteadof postulatinga
structureof the lter asalineargain,aswe guessequstnow in equation(B.41),
this structureis goingto comenaturallyasa consequencef the assumptionsn
themodelthatgeneratethe data,which we describedn the previoussubsection.

B.2.3 Observability

As we have suggesteabove, having closeto doesnot guarantedhat
is closeto . For instanceconsiderthe simplelinearmodel
(B.42)
If we write the trajectory of the output , we seethat it depends

only on the rst componenif the state , but noton . Therefore,it is im-



472 AppendixB. Least-\ArianceEstimationandFiltering

possibleto recorer  from measurementsf , ho matterhow mary. This
phenomenois causedy thefactthatthemodelin equationB.42)is notobserv-
able andthereforeapplyingthe Kalman lIter to it is meaninglessOne should
thereforeresistthe temptationof using the Kalman lIter, which we are about
to derive, as a “recipe”; immediatelyafter writing the equationof the model,
one shouldtestwhetherit is obsenable. Intuitively, this meansthat the state
can be reconstructedrom measurementsf the output. We refer the readerto
[Callier andDesoer1991, Sontag,1992 Isidori, 1989 for a studyof obsenabil-
ity. There thereadercanalso nd additionalconditions suchasdetectabilityand
stabilizability, that canbe assumedo hold in our context and thereforeare not
discussedere.Instead,we just reporta simple derivation of the conditionsfor
obsenability of lineartime-invariantmodels.

Imaginecollectinga numberof measurements andstack-
ing themontop of eachotherinto avector If we discardthe noise( ), we
get

(B.43)

It is clearthatif thematrix  hasfull rank,thenwe cansolve the linear system
of equationsboveto obtain . Oncewehave , all theothervaluesof are
givenby integrating(in the absencef noise) startingfrom the
initial condition , thatis, .

Althoughwe do notshaw it here(see[Sontag,1997, Theoreml6, page200),
the corverseis alsotrue; thatis, the initial state canbe recoveredonly if
hasfull rank . In generalas increasestherankof increasesandin prin-
ciple, one doesnot know how mary time steps are necessaryn orderto be
ableto obsene . It canbe shown easily using the Cayley-Hamilton theorem
(see[Callier andDesoey1991)) thatthe rank doesnot grow beyond , and
therefordf thetestfailsafter stepsthemodelis notobserable.

Note that this is a structuralconditionon the model,which can (and should
be testedbeforehandlt is a necessargonditionfor the Kalman Iter to return
sensibleestimateslf it is not satis ed, may corvergeto a white zero-mean
processandyet the estimatedstate wanderdreely awvay from , andits
covariancegrows to in nity . For a more germanadiscussiorof thesetopics,we
referthereaderto [Jazwinski,1970. We now turnto thederivationof the lter.

B.2.4 Derivationof theKalman lter

Supposewe are given a linear nite-dimensionalprocesshat hasa realization

asin equation(B.36). For simplicity we omit the time

index in the systemmatrices . While we measurehe (noisy) output
of sucharealizationwedonothaveaccessoitsstate . TheKalman Iter
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is a dynamicalmodelthat acceptsasinput the outputof the procesgealization,
andreturnsan estimateof its statethat hasthe propertyof having the leasterror
covariancgKalman,196Q Bucy, 1965. In orderto derive the expressiorfor the
Iter , we write thelinear Gaussianmodelasfollows:

(B.44)

Here is a white zero-meanGaussiamoise with covariance
is a white zero-meamoisewith covariance , sothatwe may
write

where is a unit-variancenoise.In general, and will be correlatedandin
particular we will write

(B.45)
We requirethattheinitial condition  beuncorrelatedrom the noiseprocesses:
and (B.46)

The rst stepis to modify the above model so that the model error  is
uncorrelatedrom the measuremergrror

Uncorrelatingthe modelfromthe measuements

In orderto uncorrelatehe modelerror from the measuremergrror we canjust
substitute with thecomplemenbf its projectionontothespanof . Letuswrite

(B.47)

wherethe lastequivalenceis dueto thefactthat is a white noise.We cannow
usetheresultsfrom SectionB.1 to concludethat

(B.48)
andsimilarly for the covariancematrix

(B.49)
Substitutingthe expressiorof into themodel(B.44),we get

(B.50)
where . Themodelerror in theabove modelis uncorrelated

from the measurementoise , at the costof addingan output-injectionterm
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Notethatif , then . In mary applicationsfor instancen the case
studyin Chapterl?2, thereis reasonto believe a priori thatthe modelerror is
independenof the measuremermioise , andtherefore

Predictionstep

Supposedhatat somepointin time, we aregivena currentestimatefor the state

anda correspondingstimateof the covarianceof themodel
error , Where . At theinitial time  we can
take with somebona de covariancematrix . Thenit is
immediateto compute

(B.51)
wherethelasttermis zero,since ,and ,and
therefore . Theestimationerroris therefore

(B.52)

wherethe sumis an orthogonalsum, and thereforeit is trivial to computethe
covarianceas

(B.53)

Updatestep

Oncea new measuremeris acquiredwe canupdateour predictionsoasto take
into accountthe new measurementThe updateis de ned as

. Now, aswe have seenin SectionB.1.4,we candecompose
the spanof themeasurementsito the orthogonakum

(B.54)
where is theinnovationprocessTherefore,
we have

(B.55)
wherethe lastterm canbe computedusingtheresultsfrom SectionB.1:

(B.56)
where is calledthe Kalmangain. Substituting
theexpressiorfor theinnovation,we have

(B.57)

from which we seethatthe updateconsistdn alinearcorrectionweightedby the
Kalmangain (comparewith equation(B.41)).
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Computatiorof thegain

In orderto computethe gain we derive an
alternative expressiorfor theinnovation,

(B.58)
fromwhichit is immediateto compute
(B.59)
Similarly, we canderive the covarianceof theinnovation ,
(B.60)
andthereforethe Kalmangainis
(B.61)
Covarianceupdate
Fromthe updateof the estimationerror
(B.62)
we caneasilycomputethe updatefor the covarianceWe rst obsene that
is by de nition orthogonalto , while the correctionterm
is containedn the history of theinnovation,whichis by construction
equalto thehistoryof theprocess : . Thenit isimmediateto seethat
(B.63)

The above equationis not corvenientfor computationapurposessinceit does
not guaranteahatthe updatedcovarianceis a symmetricmatrix. An alternatve
form of theabove thatdoesguaranteessymmetryof theresultis

(B.64)

where . Equation(B.64)is a discreteRiccatiequation
(DRE).

Predictorequations

It is possibleto combinethe two stepsabove and derive a single modelfor the
one-steppredictor We summarizethe resultasfollows (comparewith equation
(B.41)):

wherewe have de ned

theKalmanpredictorgain.
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B.3 TheextendedKalman lter

In this sectionwe derive an approximationof the optimal Iter for the caseof a
nonlinearmodel,known asthe extendedKalman lter (EKF) [Jazwinski,197Q.
It is basedon a variationalmodel aboutthe bestcurrenttrajectory The system
is linearizedat eachsteparoundthe currentestimatein orderto calculatea cor
rectinggain;theupdateof the previousestimatas thenperformedon theoriginal
(nonlinear)equations.

Themodelwe addresss in thegeneridorm discussedh Chapterl2: we arein-
terestedn building anestimatoifor aprocess  thatis describedy astochastic
differenceequationof theform

where is awhite zero-mearGaussiamoisewith covariance
Supposghereisameasurablguantity  thatislinkedto by themeasurement
equation

(B.65)

We will assumehroughouthat ; the covariancematrix is
derived from knowledgeof the measurementdevice. The modelwe consideris
henceof theform

(B.66)

Constructionof the variational modelabouttherefeencetrajectory

Considerat eachtime sample a referencetrajectory that solves the
differenceequation

andthe Jacobiarmatrix

Thelinearizationof the measuremergquationaboutthe point is

where

andthelimit implicit in  (whichindicatesthe orderof theapproximationnotto
be confusedwith the obsenability matrix) is intendedin the mean-squarsense.
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Setting , we have,up to second-ordeterms,

Predictionstep

Supposeatsometime we have availablethe bestestimate ; we maywrite
thevariationalmodelaboutthetrajectory de ned suchthat

For smalldisplacementwe maywrite

(B.67)
wherethe noiseterm mayincludea linearizationerrorcomponent.
Note that with such a choice we have and
, from which we canconclude
(B.68)
The covarianceof the predictionerror is
(B.69)

where is the covarianceof . Thelasttwo equationgepresenthe prediction
stepfor the estimatorandareequal,asexpected o the predictionof the explicit
EKF [Jazwinski,1970.

Updatestep
At time anew measuremerttecomesvailable, , Which is usedto
updatethe prediction andits error covariance . Exploiting
thelinearizationof the measuremergquationabout , we
obtain,usingthe shorthand ,

(B.70)
wherethe noiseterm includesboth the original measurementoiseas

well aslinearizationerrors.This, togethemwith equation(B.67),de nesalinear
model,for whichwe can nally write theupdateequatiorbasednthetraditional
linearKalman lter aswe have donein the previoussection:

(B.71)

where
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Since and , we may
write the updateequationfor theoriginal model:

(B.72)

Thenoise de nedin (B.70) hasa covariancethatcanbe computedempirically
usinga tuning procedurelt is commonto approximate  with the covariance
of theoriginal noise  , with the diagonaltermsin ated to compensatéor lin-
earizatiorandothermodelingerrors:the updateof the covariance

is computedrom the standarddRE of thelinearKalman Iter (B.64),derivedin
theprevioussection.



BasicFactsfrom Nonlinear
Optimization

Sincethe building of all the universeis perfectandis createdby the
wisdomcreator nothingarisesin the universein which onecannot
seethe senseof somemaximunor minimum.

—L. Euler

In AppendixB, we discussedhow to obtainanoptimalestimateof arandomvari-
able (or process)rom its noisy obsenations.Herewe discussanotherproblem
wherethe notion of optimality also occurs:how to minimize (or maximize)a
given deterministicfunction wherethevariable belongsto somedomain

, oftenanopensetin . In practice thefunction is oftenreferredto asthe
objectivefunction andit is usuallyinterpretedasthe cost,error, reward, or utility
thatneedgo beoptimized.For instanceto comparalifferent3-D reconstructions
from a given setof 2-D images,an objectie function canbe contrived to
evaluatethe “goodness”of eachreconstruction . Sucha function canbe cho-
sento be the error betweenthe true 3-D structureandthat reconstructear the
error betweertheir reprojectionson all theimages.The choiceof this objective
functionis often determinedby a statisticalor geometricmodelusedto quantify
the error measureln the previous appendixwe have consideredhe particular
costfunction , which leadsto theleast-arianceestimatorin this
appendixwe considetthe problemwhere canbegeneral.

For example, the objective function is sometimesa likelihood function or a
geometricdistance.But oncethat stepis done,the remainingissueis how to
minimize the resultingobjective function and nd the optimal solution

Thisis page479
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We call thisanunconstainedoptimizationproblem

arg (C.1)

In mary optimizationproblemsthatwe encountein this bookthevariable is
typically notfreein agivendomain butis subjectto somefurtherrestrictions,
called constraints We often considertwo forms of constraintson . First, we
sometimesknow thattheoptimal , in additionto beingin , needgo satisfy
certainequationssay . In this case the problemof searchingor
becomes constainedoptimization

arg subjectto (C.2)

The Lagrange multiplier methodis an effective tool to corverta constrainedp-
timization problemto anunconstraine@ne,which we will review brie y below.

Secondjf the zerolevel setof is a smoothsectionin , we oftencall it a
differentiablemanifold typically denotedby . In this case the problem
becomesnoptimizationon a manifold

arg (C.3)

Roughly speakinga differentiablemanifold  is a spacethat only locally re-
sembles  but globally exhibits a nonlinearstructure.For instance,a sphere
is a 2-D manifold,andtherotationgroup is a 3-D manifold.But
neitheris anopensetof  or . If ananalyticaldescriptionof the manifold
is available,we areableto directly conductthesearcHor  insidethis manifold
without resortingto the outerdomain . For example,the explicit parameteriza-
tions studiedfor the rotationgroup in Chapter2 enableusto reduceary
optimizationproblemon to anunconstrainegroblem.

In the restof this appendix,we provide a brief summaryof standardresults
andalgorithmsfor solving both the unconstraineaptimizationproblemandthe
constrainedoptimization problem. Since eachproblem deseres a book of its
own, mary detailsaboutthe resultsandalgorithmsto be summarizecherewill
be left out without detailedexplanation.For interestecdreadersneverthelessye
recommendBertsekas1999.

C.1 Unconstrainesptimization:gradient-based
methods

In this subsectionywe consideitheunconstainedoptimizationproblem

arg (C.49)

for afunction thatis at leasttwice continuouslydifferentiablein
(or, formally, ).
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Since is twice differentiable for corveniencewe oftende ne its gradient
at , denotecby , to bethevector

(C.5)

andde ne its Hessianmatrixat , denotedby , tobe

(C.6)

Note that the gradientvector always points oppositeto the directionof steepest
descentandthe Hessiarmatrix is alwaysa symmetricmatrix.

C.1.1 Optimalityconditions

The following resultsfollow from [Bertsekas1999 andaregiven herewithout
proof.

Proposition C.1 (Necessaryoptimality conditions). If  is an unconstained
local minimumof , then

(C.7)

Proposition C.2 (Second-ordersuf cent optimality conditions). If a vector
satis esthe conditions

(C.8)
then isastrict unconstainedlocal minimumof

So generallyspeakingat a (local) minimum , the gradientvector
mustvanish,andthe Hessiammatrix is typically positive de nite.

Of course,a local minimum is not necessarilythe global minimum that we
werelooking for in the rst place.Unfortunately the conditionsgivenabove are
only local criteria, and hencethey are not able to distinguishlocal and global
minima.In thespecialcasethatthefunction is corvex, thenthereis only one
minimum,andary (local) minimumthereforemustbethe globalminimum.

1Conceptuallythe gradientof a functionis a covectorandhenceshouldbe representedy a row
vector However, in thisbook,to beconsistentvith our simplifying claimthatevery vectoris acolumn
vector we de ne thegradientto beits transposedersion.
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C.1.2 Algorithms

The generalidea of minimizing a nonlinearfunction is very simple (un-

lessthereis somespecialknowledge about that we can useto speedup

the search).We start at ary initial guess , and successiely update

to , suchthat the value decreasest eachiteration; that is,

. Of coursethe safestway to ensurea decreasén the value

is to follow the “direction of descent, which in our casewould be the opposite

directionto thegradientvector Thisideagivesriseto thesteepestiescenmethod
for searchingor theminimum. At eachiteration,

(C.9)

for somescalar |, calledthestepsize Thereexist mary differentchoicesfor the
stepsize , andthesimplestoneis of courseto setit to be a smallconstantWe
will discusdssuegelatedto the choiceof the stepsizeagainlater.

Althoughthe vector pointsto the steepestiescentirectionlocally
around , it is not necessarilghe bestchoicefor searchingor theminimumata
largerscale A modi cation to theabove gradientmethodis in the form

(C.10)
where is a positive de nite symmetricmatrix to be determinedn
eachparticularalgorithm. The steepestlescenimethodbecomesa specialcase
that .Ingeneral, canbeviewedasaweightmatrixthatadjuststhede-

scentdirectionaccordingo moresophisticatedocal informationabout than
thegradientalone.A simplechoicefor  would beadiagonaimatrixthatscales
the descenspeeddifferently in eachaxial direction.Newton's methodbelow is

anotherclassicalexampleof animprovedchoicefor

Newton's method

The necessarandsufcient optimality conditionssuggesthat arounda (local)
minimum,thefunction approximatelyresembles quadratidunction

- (C.11)

This indicatesthat when s closeto the minimum  or the function

is indeeda quadraticfunction, the minimum  is bestapproximatedy the
that makes the derivative of the right-handside of the above equationvanish
(accordingto PropositionC.1),i.e.

(C.12)
This givesNewton's method
(C.13)

A moregeneralterationuses

(C.14)
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whereastepsize s usedto controlthe speedof progressNote thatthe New-
ton's methodis just a specialcaseof the generaliteration method(C.10) with

Gauss-Netonmethodand Levenbeg-Marquardt method

Computationof the Hessianmatrix is often expensive and sometimes

not possible(e.g., the function is not twice differentiable).In suchcases,

alternatvesto  areoften adoptedthatto someextent approximatethe matrix

anduseonly theinformationencodedn the rst derivative of

The Gauss-Neiton methodis one such method,which applies,hawever, only

to the problemof minimizing the sum of squaref real-valuedfunctions,say
. For avectorvaluedfunction wede ne

its Jacobianmatrix to be

(C.15)

Typically, , andthe Jacobiarmatrix is alwaysof full rank .
Then,for the objective function now in theform

- - (C.16)

insteadof choosing , the Gauss-Neton methodchooses

(C.17)

Since , the Gauss-Neiton iterationtakestheform

(C.18)

The Gauss-Neton methodis an approximatiorto Newton's method,especially
whenthe value is small. Of course,herewe usethe standard2-norm
to measure . The methodneedsonly to be slightly changedwhen a dif-
ferentquadraticnorm, say for somepositive de nite
symmetricmatrix , iIs used.We leave the detailsto thereader
ThelLevenbeg-Marquardtmethods aslightmodi cation to theGauss-Neiton
methodthat has beenwidely usedin the computervision literature. Its only

differencefrom the Gauss-Neiton methodis to set anduseinstead
(C.19)
where is ascalardeterminedy thefollowing rules:it is initially assigned

to somesmallvalue,andthen:

1. If thecurrentvalueof resultsin adecreasén theerror, thentheiteration
is acceptedand is dividedby 10 astheinitial valuefor the next iteration.
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2. If resultsin anincreasean the error, thenit is multiplied by 10, andthe
iterationis tried againuntil a is found that resultsin a decreasén the
error.

Dueto thechoiceof  in (C.19),we seethatthe Levenbeg-Marquadt method
still works even if sometimesthe Jacobianmatrix is not of full rank,
which occursoften in practice.Moreover, the algorithmtendsto adaptits step
size (throughcontrolling the value of ) basedon the history of valuesof the
objective function

Choiceof thestepsize

In the pure Newton methodand the Levenbeg-Marquard method,we do not
have to specifythe stepsize . In othermethodshowever, one needsto know
how to choose properly Thesimplestcaseis to choosehestepsize  to bea
constantput thatdoesnot alwaysresultin adecreasén thevalueof ateach
iteration.So  is oftenchoserto bethevalue thatis givenby solvingaline
minimizationproblem:

ag

Thisis calledtheminimizationrule.

But nding theoptimal ateachterationis computationallycostly. A popular
choiceof  without solving sucha minimizationproblembut still ensuringcon-
vergences the Armijo rule: for pre xedscalars , and , with ,
we set , Where isthe rst nonngyativeinteger for which

(C.20)

A typical choicefor thescalarss , , and

C.2 Constrainedptimization:Lagrangemultiplier
method

In this sectionwe considerthe optimizationproblemwith equalityconstraintson
thevariable

arg subjectto (C.21)
where is a smooth(multidimensional¥unction (or map)
from to . For eachconstraint to be independentheffective at

theminimum , we oftenassumehattheir gradients
(C.22)

arelinearlyindependentf so,the constraintsarecalledregular.
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C.2.1 Optimalityconditions

For simplicity, we alwaysassumehatthefunctions  and areatleasttwice
continuoushydifferentiable Thenthe maintheoremof Lagrangerecites:

Proposition C.3 (Lagrange multiplier theorem; necessaryconditions). Let
be a local minimumof a function subjectto regular constaints
Thenthere existsa uniquevector , calledLagrange
multipliers, sud that

(C.23)
Furthermoe, wehave
(C.24)

for all vectos that satisfy

Proposition C.4 (Lagrange multiplier theorem; suf cient conditions). As-

sumethat and satisfy

(C.25)
andfurthermoe, wehave

(C.26)
for all vectos that satisfy .Then isa

strict local minimumof subjectto

C.2.2 Algorithms
Therearetypically two approacheto solvingaconstraine@ptimizationproblem:

1. Try to use necessaryconditions given in PropositionC.3 to solve the
minimum (to someextent).

2. Corvert or approximatethe constrainedoptimization problem by an
unconstraineane.

TheLagrangianfunction

If we de ne for corveniencahe Lagrangianfunction as

(C.27)
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thenthe necessargonditionsin PropositionC.3canbewritten as

(C.28)
(C.29)
The conditions(C.28)give a systemof equationswith unknowns:
theentriesof and . If theconstraint is regular, thenin principle,

this systenof equationss independentandwe shouldbeableto solvefor  and

from them.The solutionswill containall the (local) minima,but it is possible
that someof themneednot be minima at all. Neverthelesswhetherwe areable
to solve theseequationsor not, they usually provide rich information aboutthe
minimaof the constrainedptimization.

Theaugmented.agrangianfunction

If we are not able to solve for the minimum from the equationsgiven by the
necessargonditions,we mustresortto a brute-forcesearchschemeThe basic
ideais try to corvert the original constrainecbptimizationto an unconstrained
one by introducingan extra penaltytermsto the objective function. A typical
choiceis theaugmented.agrangianfunction de nedas

- (C.30)

where is apositive penaltyparametett is reasonabléo expectthatfor very
large , thelocation of theglobalminimumof theunconstrainediinimization
arg (C.31)

should be very close to the global minimum of the original constrained
minimization.

Proposition C.5. For , let be a global minimum of the
unconstainedoptimizationproblem

(C.32)
whele is bounded, forall ,and . Thenthelimit of

thesequence is a global minimumof the original constainedoptimization
problem.
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Glossaryof Notation

Frequentlyusedmathematicabymbolsare de ned andlisted accordingto the following

catgories:

N o o0~ W N BB O

. Cameramotion

. Settheoryandlogic symbols
. Setsandlinearspaces

. Transformatiorgroups

. Vectorandmatrix operations
. Geometrigorimitivesin space

. Geometrigprimitivesin images

. Computesvision-relatednatrices

Throughouthebook, every vector is a column vector unlessstated otherwise!

0. Settheory and logic symbols

is theintersectiorof two sets
is theunionof two sets
De nition of asymbol

meanghereexistsanelement of set suchthat
proposition is true

meansfor every element of set , proposition
is true

means is anelementof set
meangropositions and imply eachother
meangproposition holdsgiventhe condition
meangroposition impliesproposition

is thedifferenceof set  minusset

means is apropersubsebf
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Glossaryof Notation

A setconsistof elementdike
meansamap fromdomain torange

means mapsan element in the domainto an
element intherange

meanscompositionof map  with map

1. Setsand linear spaces

Thesetof all complex numbers

The -dimensionatomple linearspace
Three-dimensiondtuclideanspacepagel6
Thesetof all quaternionsseeequation(2.34),page40
The -dimensionatealprojective space

Thesetof all realnumbers

The -dimensionateallinearspace

Thesetof all nonngative realnumbers

Thesetof all integers

Thesetof all nonn@ative integers

2. Transformation groups

Therealaf ne groupon ; anelementn is a pair
with and andit actson a point as
, page448

Thereal generallineargroupon ; it canbeidenti ed asthe
setof invertiblerealmatricespage447

Therealorthogonalgroupon  ; if , then ,
page448

The real specialEuclideangroupon  ; anelementin
is a pair with and andit actsona
point as , page449

Therealspecialineargroupon ; it canbeidenti ed astheset
of realmatricesof determinant , page448

The real specialorthogonalgroupon ; if , then
and , page449

3. Vector spaceoperations

ker

Thedeterminanbf a squarematrix
Theinnerproductof two vectors: , paged44

Thekernel(or null space)pf alinearmap,page451



null
range

span

trace

rank

Glossaryof Notation 511

Thenull spacgor kernel)of amatrix , page451
Therangeor spanof amatrix , page442

The subspacespannedby the column vectorsof a matrix
page442

Thetraceof a squarematrix , i.e.the sumof all its diagonal
entries sometimeshorthandastr

Therankof amatrix , page451

The skew-symmetricmatrix associatedavith a vector
, seeequation(2.1), pagel8

Stacledversionof amatrix obtainedby stackingall
columnsinto onevector,page445

Transposef a matrix

The Kronecler (tensor)productof two matricesor two vectors,
page445

The orthogonalcomplemenbf a subspace ; in the contet of
computewision, it is oftenusedto denotethe coimage page452

Thedirectsumof two linearsubspaces and

Homogeneousquality:two vectorsor matrices and areequal
upto ascalarfactor

The crossproductof two 3-D vectors:

The standard®-normof avector: , alsodenotedby

4. Geometric primiti vesin space

Coordinates of apoint in spacejn the
homogeneourepresentation , pagel6

Coordinatesof the th point with respectto the th (camera)
coordinategframe,shorthandor

Coordinate®f apointwith respecto the th (camerayoordinate
frame,shorthandor

A generic(abstractpointin spacepagel6
A generic(abstract)l-D line in space

A generic(abstractR-D planein space

5. Geometric primiti vesin images

-coordinate®f theimageof a pointin theimageplane,in
homogeneouform:

Coimageof animagepoint , typically representetly
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6. Cameramotion

Coordinate®f the th imageof a point, shorthandor

Coordinate®f the thimageof the th point, with respecto the
th (camera)oordinateframe,shorthandor

Coordinatef the coimageof a line, typically in homogeneous
form: ;and for ary (image)point
onthisline

Imageof aline, typically representety
Coordinate®f the th coimageof aline, shorthandor

Coordinatesof the th coimageof the th line, shorthandfor

theangularvelocity; thelinearvelocity, page32

A rigid-body motion: the rotation; the
translationpage21

Relatve motion (rotation and translation)from the th camera
frameto the (default) rst camerdrame:

Relatve motion (rotation and translation)from the th camera
frameto the th camerdrame:

A rigid-body motion or equialently a specialEuclideantrans-
formation,page20

7. Computer-vision-related matrices

A general projection matrix from to , butin the
multiple-view casdt mayrepresenacollectionof suchmatrices,
page57

The standard projection matrix from to , see
equation(3.6),page53

The essentiamatrix, pagell3
Thefundamentamatrix, seeequation(6.9),pagel77

The homographymatrix, andit usuallyrepresentsn elementin
or

Thecameracalibrationmatrix, alsocalledtheintrinsic parameter
matrix, seeequation(3.13),page55

Themultiple-view matrix, andits dimensiondepend®nits type



Index

2-norm
seenorm,445

Absolutequadricconstraint, 174,197,
205,225,292,293 399
Adjoint map,37,40
Af ne group ,448
Af ne least-arianceestimator463
Af ne matrix, 448
Af ne motionmodel,81, 88, 255,383
Af ne projection,74,431
Albedo,67
Algorithm
Basicfeaturetrackingandoptical o w,
88
Canry edgedetector93
Continuouseight-pointalgorithm,150
Continuoudour-point algorithmfor a
planarscene 158
Eight-pointalgorithm,120
Eight-pointalgorithmfor the
fundamentamatrix, 211
Eight-pointalgorithmwith re nement,
392
Epipolarrecti cation, 406
Exhaustve featurematching,386

Factorizationalgorithm for
multiple-view reconstruction280
Four-pointalgorithmfor a planarscene,
139
Harriscornerdetectoy91
Multibody structurefrom motion
algorithm,249
Multiple-view structureandmotion
estimationalgorithm,396
Multiscaleiterative featuretracking,
382
Numberof independeniotionsand
the multibodyfundamentamatrix,
236
Optimaltriangulation, 166
Pointfeaturedetection379
Projectize reconstruction- two views,
394
RANSAC featurematching,388
Recwery of the absolutequadricand
Euclideanupgrade401
Structureandmotion ltering
Initialization, 422
Iteration,423
Sub lter, 425

Angularvelocity, 32
Apertureproblem,78,83, 86, 87

Thisis page513
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Armijo rule, 484

Autocalibration
seecalibration,174

Autonomouscar, 4,427-432438

Autonomoushelicopter 4, 432—438

Baseline]112 123,179,380
Basis, 42,443
changeof basis 444
monomialbasis,231
standardasisof , 444
Bidirectionalre ectancedistribution
function(BRDF), 67
Bilinear constraint, 111, 233,234,274,
305-307
invariantproperty 299
multibody, 233
Blank wall problem,78,83,87
Body coordinatéframe,21
BRDF, 67
Lambertiansurface,67
Brightnessconstang constraint80, 142
continuousrersion,85
Brownianmotionprocess415
Bundleadjustment128,166,169,397,
402
two-view case128

Calibration,55,171-227377

calibrationmatrix , 55, 171,364,391

calibrationrig, 226
continuoudnotion,210,227
critical motions,293

extrinsic calibrationparameters;6
ltering, 422

focallength,55,422

from orthogonality 226

from partial sceneknowledge, 199

from re ective symmetry 365

from rotationalsymmetry 366
from symmetry 364

from translationabymmetry 365
from vanishingpoints,226
intrinsic parametematrix , 55
principalpoint, 54
radialdistortion,58
rotatingcamera;196,226
scalingof pixels,54

skew factor 55

specialmotions,226
sterearig, 227
taxonomyof calibrationprocedures,
172
varyingfocallength,226,400
with a planarpattern,202
with arig, 201
CaliforniaPATH, 4,427,438
Camera
anidealcameramodel,52-53
cameracoordinatdrame,21,51,53
intrinsic parameterss3
omnidirectional 58
perspectie projection,49
planar 57
spherical 57
pinholecamera49
frontal, 50
Canry edgedetector93,105
Canonicadecomposition
of fundamentamatrix, 181,189,208
Canonicalexponentialcoordinates
rigid-bodymotion, 33
rotation,27
Canonicalframe
canonicaketinalframe,53
of asymmetricstructure 343
Canonicabpose 344, 344-356
Cartesiarcoordinatérame, 16
Catadioptriomodel,58
Causality412,415,418,467
Cayley-Hamiltontheorem472
Changeof basis,24,444,467
Cheiralityconstraint223,394
Cholesly factorization 183,204,455 468
Coimage 60, 265,295,320,452
of epipolarlines,112
rankcondition
geometridnterpretatiorof |, 271
geometridnterpretatiorof |, 271
of aline, 270
of apoint,269
uncalibrated295
Conditionnumbey 460
Conditionaldensity 418
Conditionalexpectation 464
Conjugategroup,175,347
Conjugation
of quaternions40



Connectedcomponentnalysis 94
Constraint
absolutequadricconstraint 174,197,
292,399
beyondfour views, 331
bilinearconstraint111,274
brightnessonstang constraint80, 85
cheirality constraint223
continuoushomographyconstraint,155
epipolarconstraint111,274
continuous143
multibody, 234
homographyconstraint 134
imagematchingconstraint,79
Kruppa’s equation205
line-point-line,322
line-point-point,322
mixedtrilinear constraint288
modulusconstraint,193
nonlinearconstraintamongmultiple
views, 284
point-line-line,322
point-line-plane 323
point-point-line,321
quadrilinearconstraint315
trilinear constraint275,284
Continuousepipolarconstraint,143
equialentforms,143
Continuousessentiamatrix, 144
for aircraftkinematics,150
normalized 144
spaceof, 144
Continuoushomography154-158
constraint 155
matrix, 154
decomposition157
eigemvalues,156
estimation,]155
normalization, 156
Coordinatdrame
body coordinatdrame,21
cameracoordinateframe,21,51,53
imagecoordinatdrame,51,53
objectcoordinatedrame,21
world coordinateérame,51
world referencdrame,21
Coordinatdransformation34, 40,444
rigid-body motion, 29, 34
rotation,24

Index 515

velocity, 36
Cornerdetection91,378,435,436
Harriscornerdetectoy91, 378
Correspondencé, 380,385
normalizedcross-correlatioiNCC), 89
of geometricfeaturesy6
of line features93
of pointfeaturesy76
sumof squarediifferencegSSD),87
Covariance420,423,425,466,473-476,
478
matrix,415,418,467,468,473
of estimatiorerror, 421,422,466
of predictionerror, 477
of theinnovation, 475
posterioruncertainty 466
prior uncertainty466
Critical motions,293,400
Critical surface, 123,162,169
aplane 134
quadraticsurfaces 162
uncalibrateccase 209
Crossproduct,17, 456
Cyclicgroup , 343,369

Decomposition
of continuoushomographymatrix, 157
of essentiamatrix, 115
of fundamentamatrix, 181
of homographymatrix, 136
of re ective homography368
of rotationalhomography369
of state-spacel19
of symmetricepipolarcomponent147
of translationahomography368
of trifocal tensor 302
QR decomposition449
singularvaluedecomposition457
Densematching 407
Densereconstruction377
Depthscalevector 267
Dihedralgroup , 343
Dot product
seeinnerproduct,444
Drift, 420
Duality, 318,326
betweercoplanampointsandlines,318
DynamicalscaleODE, 153
Dynamicalsystem413
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discrete-timenonlinear 416

initial condition,469

input, 469
lineardynamicalsystem468
linear GaussiaiMmodel,469, 473
minimal realization 419
motionandstructureevolution, 414
nonlineardynamicalsystem414,476
obserability, 415,471
output,414,469

realization418

state, 413,469
statetransitionmatrix, 469

Edgedetection93
active contourmethods;105
Canry edgedetector93, 105
constanturvaturecriterion, 105
Eigervalue,91, 94,156,453
Eigervector 94,453
Embeddecpipolarline, 244
Embeddedpipole,238 240
Epipolarconstraint, 10,111, 274,305,
388
continuousepipolarconstraint143
continuousplanarcase 155
from rankcondition,160
multibody, 230,234
planarcase134-142154-158
two-body 231
uncalibrated177-181
Epipolargeometry110-116,177,229,
252
continuouscase 142-158169
critical surface, 123,162
distanceto anepipolarline, 161
epipolarline, 112, 129,179,242,244,
246,404
embedded244
multibody, 244
parallel,160
epipolarplane,112 129,179
epipolartransfer 178,245,250,252
multibody, 245,252
epipole, 112, 179,238,242,245,246,
366,404,405
embedded?38,240
multibody, 245
four solutions,161

from re ective symmetry 372
multibody, 229-249
puretranslation 193
uncalibrated177
Epipolarmatchinglemma,179, 404
Epipolarrecti cation, 404, 404—-407
Equivalenceclass 416,417
undersimilarity group,416
Equivalentviews, 340,345 368
Essentiatonstraint
seeepipolarconstraint111
Essentiamatrix, 111, 117
continuousessentiamatrix, 144
decomposition115
estimation]117
from homographymatrix, 141
from re ective symmetry 351
from rotationalsymmetry 354,369
normalized 120
of planarmotion, 160
recti ed, 160
spaceof, 113
SVD characterizationl 14
thetwistedpair solutions,116
Essentiabpace113
Euclideangroup , 347
Euclideangroup , 20,342
Euclideangroup , 449
Euclideannorm
seenorm,445
Eulerangles41,42
Eulerangles42
Eulerangles42
Eulerangles42

Exponentiakoordinates27,33,403,418

for rigid-bodymotion, 33
for rotationmatrix, 27,418

Exponentiaimap
of ,33
of , 26

Extrinsiccalibrationparameters6, 172

Facde 411

Factorization
Cholesly factorization455
multibody fundamentamatrix, 248
multiple-view rank condition,278
orthographigrojection,11



polynomialfactorization 231,244,
247,250,256
rank-basednethods 308,396
uncalibratednultiple-view, 289
Feature/6,78
correspondencé6, 376,380-389
edgefeatures93
geometrideaturesy7
line features83, 94
matching,79,436
photometridfeaturesy/7
pointfeatures83,87,90,91
selectionanddetection,90, 376,
378-380
cornerdetection91
edgedetection93
tracking,85, 90, 105,380-384 420,
421
Field of view (FOV), 50, 62
Filter
deriative lter, 101
Gaussianlter , 101
reconstructionlter , 100
separabldter, 102,104
smoothinglter, 104
Sobel lter, 104
syncfunction, 100,102
Filtering,414
drift, 420
extendedKalman lter , 422,476-478
Kalman lter , 468—478
motionandstructureestimation414
optimal lter, 415
sub lter, 421,425
whitening Iter , 468
Finite-rankoperatorfundamentalemma,
453
Fixation point, 431
Fixedrankapproximation209,461
Focallength,48,49, 55,400,422
Focalplane,48
Focus,48
Foreshortening66
Fouriertransform,100
Frobeniusorm,119,149,161,455 461
Fundamentagéquationof thethin lens,48
Fundamentamatrix, 177, 252,301,364,
388,392,393
amongthreeviews, 300

Index 517

associateddentities, 208
canonicaldecomposition189, 207,
208,393
decomposition181
degreesof freedom 289,292
equialentforms, 178
estimation225
from re ective symmetry 365
from rotationalsymmetry 366
from symmetry 364
from translationasymmetry 365
from trifocal tensor 302
multibody, 233
nonlineare nement,213,392
normalization220
parameterizatior213,392
planarmotion,208
puretranslation208

Gauss-Nerton method 483
Gaussianlter , 101,103,378
Gaussiamoise, 127,415,468,473,476
Gaussiamandomvector 413
Generalineargroup , 447
Generalizednverse
seepseudo-inerse 459
Generalizegrinciplecomponenanalysis,
259
Geometridfeatures,/7
Geometrianformationin  , 286
Geometridnformationin ,274
Globalpositioningsystem(GPS),432
Gradient481
imagegradient,84, 85,90,99
Gram-Schmidprocedure450 467
Group,447
afne group ,448
circulargroup , 294
conjugategroup,175,347
cyclicgroup 343
diheralgroup , 343
Euclideangroup , 347
Euclideangroup , 20

Euclideangroup ,449
generalineargroup , 447
homographyroup,347

matrix groups 446

matrix representatior2, 447
orthogonalgroup , 448
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permutatiorgroup  , 234

planarrotationgroup , 28
rigid-body motions ,22
rotationgroup ,24,38

screv motions ,34
similarity group ,416
specialEuclideangroup , 22
specialEuclideangroup , 449
specialorthogonalgroup , 24
specialorthogonalgroup , 449

symmetrygroup,341
unit quaternions , 41
Groupoid,346,371

Hamiltonian eld
seequaternioneld, 41
Harriscornerdetectoy91, 378
Hatoperator* ", 18,113,456
twist, 32
Hessiammatrix, 481
Hilbert space
of randomvariables 464
Hilbert's 18thproblem,371
History of arandomprocess , 467
Homogeneousoordinates162
Homogeneougquality* ", 58,60, 71,
197,199,345,364
Homogeneoupolynomial,245,256
factorization 256

Homogeneougepresentatior?9, 70,264,

448
of arigid-bodymotion, 30
of af ne transformation448
of pointcoordinates30
of projective spacey0
Homography132 131-142155,182,
318,322,429,447
constraint 134
continuoushomographyl155
matrix, 154
four-pointalgorithm,139
from essentiamatrix, 141
from rank condition,318,322
from re ective symmetry 365
from rotationalsymmetry 369
from translationabymmetry 365
homographymatrix, 132
decomposition136
estimation,134,162

normalization 135
matchinghomography404,405
of epipolarlines, 133,163
purerotationcase 134,196
relfective, 347
rotational,347
translational 347

two physicallypossiblesolutions, 163

uncalibrated209,214

w.r.t. theseconccamerdrame, 163
Homographygroup,347
Houghtransform 94, 105,380,429

Image,46,49, 61,295,320
brightness47
coimage 60
of aline, 60,265,270
of apoint, 60, 265,269
deformationsy8
formationprocess51
imagemotion, 80
intensity 48,68
irradiance 48, 68
local deformatiormodel,80
afne model,81
projective model,81
translationamodel,80
of aline, 60,265
of apoint, 49,265
of circles,326
preimage60
from multiple views, 266
of aline, 60,265
of apoint, 60, 265
uncalibrated295
Imagematchingconstraint,79
Imagecropping,63
Imagegradient,84, 85,90,99-104
Imagewarping,381
Incidencerelations, 310, 313
associatedankconditions,330
collinear 313,331
coplanar316
in images312
in space310
intersectioratapoint, 313
of abox, 323
with spirals,328
Indistinguishable417



In nite rapport,340

Innerproduct,17,38,174,444
canonicainnerproduct,17,444
inducedfrom a matrix, 445
uncalibrated174

Innovation, 450,467,468
randomprocesses}68

Intel's OpenCV 204

Intrinsic parametematrix , 55, 171,

364

Irradiance 47,48, 66, 69,78,79,87

irradianceequation9, 79

Jacobiamatrix, 240,398,476,483
of Veronesenap,240

Kalman lter, 414,415,418,420,429,
437,450,468
extendedKalman lter , 414,476-478
intuition, 469
linearKalman lter , 472-475
motion and structureestimation,
422-426
Kalmangain,468,471,474, 475
Kalman-Bug lter
seeKalman lter , 468
Kernel
of Lyapunew map,195,351,354
seenull space451
symmetricrealkernel,195
Klein's Erlangenprogram 9
Kronecler product,117,118, 155,
232-234445
Kruppas equation,174,205 214-225
degeneray, 220
focallength,209
normalization219
normalized 205, 219-222 366
numberof constraints215,220,223
otherforms, 209
puretranslation208
time-varying,208

Lagrangemultiplier method, 165,484
Lagrangemultipliers,128,165,485
Lagrangiarfunction, 165,485
augmented486
Lambertiang7, 79,375
BRDF, 67

Index 519

surface,67

surfacealbedo 67
Least-squaresstimatoy 86, 89,118,127,

153,202,211,464

Least-\arianceestimatoy 127,463

afne, 463,465-468

linear, 463

theaf ne vectorcase465

thelinearscalarcase 464
Levenbeg-Marquardimethod 398,483
Lie braclet, 28,33
Lie-Cartancoordinates4?2
Line atin nity , 71
Line tting, 94
Linearindependence}42
Linearspaced4l

basis 443

changeof basis, 444
Lineartransformation446
Linearvelocity, 32
Linearization423,476
LMedS, 387,390

Logarithm
of ,33
of , 27,419

Lyapune equation,195,207,346,456
re ective, 351
rotational,354

Lyapune@ map,195,206,456

Markov property 469

Matching
afne model,81,386
densematching 407
imagematchingconstraint,79
normalizedcross-correlatior89
pointfeature 82-92,436
projectve model,81
robustmatching,385-390
sumof squaredifferences87
translationamodel,80, 386

Matrix
af ne matrix, 448
eigevalues453
eigervectors 453
essentiamatrix, 111

continuousrersion, 144

x edrankapproximation461
fundamentamatrix, 177
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multibody, 233
generalizednverse 459
homographymatrix, 132

continuousversion,154
imagematrix, 267
minor, 297
multiple-view projectionmatrix, 267
null space451
orthogonamatrix, 23,448

specialorthogonaimatrix, 23, 449
projectionmatrix, 57,266

general , 56

standard , 53
projective matrix, 447
pseudo-imerse, 459
range 451
rank,451
rotationmatrix, 24
skew-symmetricmatrix, 455
stackof amatrix, 445
symmetricepipolarcomponent143
symmetricmatrix, 454
Vandermondenatrix, 239,329

Matrix exponential 26, 32
Matrix groups 446,449
Matrix inversionlemma,466
Matrix Kruppa’s equation
seeKruppa’s equation205
Matrix representationf agroup,447
Mattesurface
seeLambertiansurface,67
Maximuma posteriori,127
Maximumlikelihood, 126
Metric, 17,175,444
uncalibrated175
Minimizationrule, 484

Minor of amatrix,274,275,284,297,308

Modulusconstraint]193,205,209,225

Monomials,231-233236,253

Moore Penrosenverse
seepseudo-imerse 459

Motion sggmentation248
afne ows,255
constanwelocity, 254
linearmotions,254
planarmotion,255
two objects,254

Multibody
constaninotions,254

embeddeapipolarline, 244
for two bodies 244
embeddeepipole,238
epipolarconstraint230,234
epipolargeometry123,237-248252
fundamentamatrix, 233 234,235,
237,239,242,244,249,250,252
factorization248
rank,238,255
linearmotions,254
motionsegmentation242,248,249
multibody epipolarline, 244, 246,252
for two bodies 244
multibody epipole,245 250,252
numberof motions,235
planarmotions,255
structurefrom motionalgorithm,249
structurefrom motion problem,230
Multilinear function,233,297
Multiple-view factorization278-283,
291-292346
calibratedcamera279
for coplanarfeatures 330
for symmetricstructure 346
for theline case 304
uncalibrateccamera291
Multiple-view geometry8, 263
Multiple-view matrix, 8, 226,273
273-289291,314,316,317,321,
327,346
degenerateon gurations,298
equivalentforms, 291
for afamily of intersectindines,314
for coplanampointsandlines, 317,323
for intrinsic coplanarcondition,320
for line features283
for mixedpointandline features321
for pointfeatures273
geometrianformationin ~ , 286
geometrianformationin ~ , 274
geometridnterpretation322,329
purerotation,298,299
rectilinearmotion, 298
symmetric, 346
universal, 321
variousinstances321,333-337
Multiple-view projectionmatrix, 267

NCC, 89, 386-388407,431



Newton's method 482
Norm, 17,444
2-norm,444
Euclideannorm, 445
Frobeniushorm, 455
inducedof amatrix, 455
Normaldistribution, 127,214,415
Normalization
of continuousessentiamatrix, 144
of continuoushomographymatrix, 156
of essentiamatrix, 120
of fundamentamatrix, 220
of homographymatrix, 135,369
of imagecoordinates212
of Kruppa’s equation219
Normalizedcross-correlation
seeNCC, 89
NormalizedKruppa’s equation205
from rotationalsymmetry 366
Null space39,327,451
Nyquistfrequeng, 100
Nyquistsamplingtheorem 100

Objectcoordinatedrame,21
Obsenability, 415,417,471,472
uptoagroup,417
up to a similarity transformation417
Occlusion82,389,390,398,407,420
OpenCV 204
Opticalaxis,48
Opticalcenter48
Optical o w, 85, 90,143
afne ows,255
normal ow, 85
Optimaltriangulation, 127,166
Optimization
constrained484, 484486
Gauss-Neiton method 483
Lagrangemultiplier method 484
Levenbeg-Marquardmethod 483
Newton's method 482
objective function,479
objectivesfor structureandmotion
estimation,125
onamanifold,480
optimality conditions 481,485
steepestlescenmethod 482
unconstrained480 480-484
Orbitalmotion,219,294,354,369

Index 521

Orientation,17,342
orientationpreseration, 20
Orthogonal 445
randomvariables 464
vectors,17
Orthogonakomplement452
coimage$0, 265,321,452
Orthogonalgroup , 161,342
Orthogonalgroup , 448
Orthogonalmatrix, 23,161,448
Orthogonalprojection
of arandomvariable,464
of randomvariables 466
ontoaplane,140
Orthographigrojection,63,64, 74
Orthonormalframe,21

Parallax,123
Paraperspeote projection,74
Periodogram426
Permutatiorgroup , 234
Perspectie projection,8, 49

history, 9
Photomerideatures/7
Photometry65

BRDF, 67

irradiance 66

radiancef6
Photomodele411
Pictorialcues,6

blur, 6

contour 6

shading 6

texture,6
Pinholecameramodel,49

distortions,73

frontal, 50

parameters$H3
Planarhomography

seehomography131
Planamotion, 160,219,255

essentiamatrix of, 160

fundamentamatrix of, 208
Planarsymmetry 346—-348
Planeatin nity , 71,192,224,323,329

from vanishingpoints,192
Platonicsolids,341,368

cube,341,368

dodecahedrorg41,368
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icosahedron341,368
octahedron341,368
tetrahedron341
Plenopticsampling 410
Pointatin nity , 71,298
vanishingpoint, 71
Polarizationidentity, 20
Polynomialfactorization231,244,256
degenerateases257
Positve de nite, 174,204,220,454
Positve depthconstraint, 123,136,137,
150,158,161
Positve semi-de nite,454, 455
Posteriodensity 127
Preimage60, 61,265
Principalpoint, 54
Prior density 127
Projection
afne projection,74,431
orthographigrojection,63, 74
paraperspeaté projection,74
perspectie projection,49
planar 57
spherical 57,73
weak-perspeote projection,64
Projectionmatrix, 53,56, 71
degreesof freedom 292
multiple-view projectionmatrix, 267
standarcprojectionmatrix , 53
Projectiononto
,161
aplane,140
essentiabpace118
symmetricepipolarspace149
Projective geometry8, 9, 70
Projective matrix, 182,447
Projective motionmodel,81
Projectize reconstruction391
from multiple views, 394
from two views, 391
Projectire space0, 323
homogeneourepresentatiorif0
line atin nity , 71
planeatin nity , 71
topologicalmodels,70
vanishingpoint, 71
Pseudo-iverse, 352,401,459

QRdecomposition182,183,202,450

Quadrilinearconstraint307,315
Quasi-afne reconstruction224,394
Quasi-Euclideameconstruction226
Quaternions40,43

quaternioneld , 41

unit quaternions , 41

Radialdistortion,58,134
correctionfactor 58

Radiancef6, 69,79

Radontransform 94,99

Randomprocesses}18,462,467,468
Brownianmotionprocess415
conditionaldensity 418
historyupto time , 467
innovation, 468
Markov property 469
periodogram426
uncorrelated467,473
white Gaussiamoise,468
whiteness426

Randomvariables 462
Gaussiamandomvariable,82,127
normaldistribution, 415
Poissorrandomvariable,82

Randomvectors 462,463,467
covariancematrix, 415
Gaussiamandomvector 413

Range39,451

Rank,451

Rankcondition,8, 226,390,396
beyondfour views, 328,331
continuousnotion, 304
coplanampointsandlines,317
featuresn planeatin nity , 323,329
for epipolarconstraint 160
for incidencerelations,313,330
geometridnterpretation276,284,322,

333-337
high-dimensionaspaces330
invariantproperty 299
multibody fundamentamatrix, 238,
239,255

multiple imagesof aline, 284
multipleimagesof apoint, 273
numberof motions,235
numericalsensitvity, 299
onsubmatrix,331
pointatin nity , 298



symmetricmultiple-viev matrix, 346
T-junction, 327
universalmultiple-view matrix, 321
Rankreductionlemma,269,453
RANSAC, 387,388,431
featurematching,388
Realization418
minimal realization 419
Reconstructiomp to subgroups210
Rectilinearmotion, 298
Recursie algorithm,413
Re ection, 20, 340,342,350
Re ective homography347,352, 365,
369
Re ective symmetry 340,349,350, 352,
368
degeneray, 369
for cameracalibration,365
planar 347,352
poseambiguity 352
Representation
homogeneousspresentatior?9, 70,
264,448
matrix representationf a group,447
matrix representationf rigid-body
motion, 30
matrix representationf rotation,23
matrix representatioof symmetry
group,343
Reprojectiorerror, 127,214,388,392,
397,398,402
Riccatiequation425,475
Right-handrule, 18
Rigid-bodydisplacement]9
Rigid-bodymotion, 19, 20, 28-34,416,
449
canonicakxponentialcoordinates33
compositiornrules,36
coordinateransformation29, 34
group , 22
homogeneourepresentatior§0
rotation,21
translation21
velocity transformation36
Rodriguesformula,27, 115,403,419
Rotation,21-28,161
aboutthe -axis,24
canonicakxponentialcoordinates27
eigevaluesandeigervectors,39
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Eulerangles41,42

rst-order approximation25

group ,24
invariantconic,207

inverseof, 23,24
Lie-Cartancoordinates41

matrix representatiorg3
multiple-view matrix for lines,299
multiple-view matrix for points,298
noncommutatiity, 39

planarrotationgroup , 28
quaternions40
topologicalmodelfor , 41

yaw, pitch, androll, 42
Rotationalhomography347,369
Rotationalsymmetry 340,349,353, 355,

368,369

degeneray, 369

for camerecalibration,366

planar 347

planoticsolids,368

poseambiguity 355

Sampsordistance214,388,392
Scale
alignmentof cellsin animage,358
alignmentof cellsin two images 359
dynamicalscaleODE, 153
of fundamentamatrix, 219
perspectie scaleambiguity 64
scalingof pixels,54
structuralscalereconstruction124,152
universalscaleambiguity 125,154
Screv motion, 33, 217,219,355
Segymentation
of 0-D data,253
of afne ows,255
of multiple rigid motions,248-250
Seven-pointalgorithm,122
fundamentamatrix, 213
Similarity group ,416
Similarity transformation416
Singularvalue,91,92,458
Singularvaluedecomposition
seeSVD, 457
Six-pointalgorithm,122,161
threeview, 307
Skew factor 55
Skew eld
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seequaternioneld, 41
Skew-symmetricmatrix, 18, 38,159,455
Sobel lter, 104
Solidangle,66
Spacecarving,411
Span442

of amatrix, 451
SpecialEuclideangroup , 29
SpecialEuclideangroup , 449
SpecialEuclideantransformation20, 449
Specialineargroup , 448
Specialorthogonalgroup , 449
Specialorthogonamatrix, 449
Sphericalperspectie projection,57, 73,

163
Spiral, 328
SSD,87,380
Stackof amatrix, 117,148,155,234,445
Statetransitionmatrix, 26,469
Steepestlescenmethod 482
Sterearig, 227,428

calibration,227
Stereopsi#45

photometricstereo 372

re ective stereo 352
Strati cation, 185—-198,225,289-294,

398

af ne reconstruction192

Euclideanreconstruction194

from multiple views, 289

from two views, 185

projective reconstruction188

puretranslation 193
Structurefrom motion, 8

multibody case230
Structuretriangulation,166
Sub lter, 421
Subpixel accurag, 99,379
Subspace}42

orthogonaktomplement452

spannedy vectors 442
Sumof squaredlifferences

seeSSD,87
SVD, 114,120,180,202,204,211,393,

395,397,401,457, 457-461
Sylvesterequation

seeLyapunw equation456
Sylvestersinequality 316,451
Symmetricepipolarcomponent143

decomposition147

spaceof, 144

structureof, 145
Symmetricmatrix, 454, 475

positive de nite, 174,220,454

positive semi-de nite, 197,454, 466
Symmetricmultiple-view matrix, 346
Symmetricstructure 341

2-D patterns 369

planar 346
Symmetry 122,338-372377,386

ambiguityin posefrom symmetry 356

comparisorof 2-D and3-D, 367

for cameracalibration,364

for featurematching,372

in nite rapport,340

multiple-view reconstruction357-364

of -gons,342,370

of acube,368

of alandingpad,435

of arectangle343

of atiled plane,343

planarstructure 349

re ective symmetry 340,352

rotationalsymmetry 340,355

testing,370

translationasymmetry 340,355
Symmetrygroup,341

cyclicgroup , 342

dihedralgroup , 342

homographyroup,347

isometry 342

matrix representatiorg43

of -gons,342

of arectangle343

of platonicsolids,368

planarsymmetrygroup,349

T-junction, 327,332
Taylor expansion 84,383
Taylor series 28
Tensor
trifocal tensor 289,303
Texturemapping,377,409
Theorem
Characterizatioof the essentiamatrix,
114
Characterizatiomf the symmetric
epipolarcomponent145



Chaslestheorem34

Constrainamongmultipleimagesof a
line, 284

Critical motionsfor the absolute
guadricconstraints293

Decompositionof continuous
homographymatrix, 157

Decompositionof the planar
homographymatrix, 136

Degenerag of thenormalizedKruppa’s
equations220

Epipolarconstraint111

Factorizationof the multibody
fundamentamatrix, 248

Gram-Schmidprocedure450

Kruppas equationsandcheirality 223

Lagrangemultiplier theorem 485

Linear relationshipsamongmultiple
views of apoint,275

Logarithmof ,33

Logarithmof , 27

Multiple-view rankconditions,321

Normalizationof Kruppa’s equations,
219

Normalizationof the fundamental
matrix, 220

Poserecovery from theessentiamatrix,
115

Projectionontothe essentiakpace118

Projectionontothe symmetryepipolar
space,149

Projectize reconstruction188

Rankconditionfor the numberof
independentnotions,235

Rankconditionsfor line features284

Rankconditionsfor pointfeatures273

Relationshipdetweerthe homography
andessentiamatrix, 140

Rodrigues'formulafor arotation
matrix, 27

Singularvalue decompositiorof a
matrix, 457

Unique canonicalposefrom a
symmetrygroup,349

Uniquenes®f the preimagg(line), 287

Uniquenes®f the preimage(point),
278

Velocity recovery from the symmetry
epipolarcomponent147

Index 525

Veronesaull spaceof the multibody
fundamentamatrix, 240
Thin lens,48, 69
F-number69
fundamentaéquation48
Tiling, 341,343,369
Tracking
af ne model,88,97,382
contractcompensation382
iterative, 382
largebaseline8
line feature 92—-96
multiscale 99, 381,382
pointfeature 85-90,380-385
smallbaselineB4
stereatracking,430
translationamodel,84,380
Translation21
Translationahomography347,365,368
Translationamotionmodel,80,380
Translationasymmetry 340,355,368
for camerecalibration,365
planar 347,355
poseambiguity 355
Triangulation,129 161,166,425,432
lines, 297,298
with re ective symmetry 351
Trifocal tensor 289,302,303
basicstructure 302
decomposition302
degreesof freedom 289,292
linearestimation302
three-viev geometry303
Trilinear constraint11, 275,284,288
305-307
for line feature 284
for mixedfeatures288
for pointfeature 275
invariantproperty 299
Triple product,20, 112
Twist, 32, 414
coordinates32
Twistedpair, 116,148

UAV, 432,438

UGV, 432,438

Uncorrelated473
randomprocesses}67,473
randomvariables 464
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randomvectors 467
Universalmultiple-view matrix, 320,321
Universalscaleambiguity 125,154
Unmannedaerialvehicle(UAV), 432
Unmannedyroundvehicle(UGV), 432

Vandermondenatrix, 239,329
Vanishingpoint, 64,71, 192,199,226,
254,365,370
atin nity , 72
cameracalibration,192
detectiorandcomputation226,254
from parallellines, 72,192,199
from re ective symmetry 365
from translationasymmetry 365
Variance468
covariance 466
unit-variancenoise, 473
Variationalmodel,476,477
Vector 16, 441
aboundvector 16
afreevector 16
Vectorspaced4l

Veeoperator ", 19
twist, 32
Velocity, 32,142,152
angularvelocity, 32
coordinatedransformation36
imagevelocity, 142
linearvelocity, 32
pitchrate, 152
roll rate,152
yaw rate,152
Veronesemap,232 233,234,238, 240,
244
derivatives,239
Jacobiamatrix of, 240
Veronesesurface, 233,240
Virtual insertion,5, 426
Vision-basedontrol,438
Visualfeedback427,432
Volumepreseration, 20

Weak-perspeate projection,64
Whitening lter , 468
World referencdrame,21, 22



