Administrative In Homework 1, problem 2.3 from Mitchell’s book should be 2.3.2. For Thursday, read the Intro to ML paper. Note there is an implementation of ML on the EECS machines in /usr/sww/bin/sml.

K. Yelick 1 February 1, 1996

Semantics Review

Axiomatic semantics give a proof system for proving the equivalence between programs.

+ For simple languages like PCF, axioms are like program execution rules.

- Says nothing about termination.

Operational (and Structure Operational) semantics define an abstract interpreter.

+ Relatively easy to read. + Simple proofs.

- Overly constrains meaning, implementation bias. - Not compositional.

- Does not define a mathematical model.

K. Yelick 2 February 1, 1996

Denotational Semantics

Each type express is associated with a set of values.

• A term of type σ is one of the values in this set.

• A lambda term λx : σ . M is interpreted as a mathematical function. • A term of type σ → τ is a set of functions.

Note: It is easier to define a denotational semantics for the typed lambda calculus, and derive untyped from that.

K. Yelick 3 February 1, 1996

Denotational Semantics of PCF

Each expression in PCF will be interpreted as either a boolean, natural number, function, or special non-terminating value called bottom, ⊥.

type name values bool true, false, ⊥_{bool} nat 0, 1, 2, ...or⊥ bool → bool true → false, etc., and⊥bool → bool

Some mappings from lambda expression to their meanings: value name meaning true true false false λ x : bool . x identity function on bool σ × σ pairs of σ values

The interpretation is defined by a meaning or valuation function on terms.

K. Yelick 4 February 1, 1996

A Valuation Function for PCF

A problem with defining the meaning of general lambda terms is that they may have free variables. We can only define the semantics of that term in a given environment denoted by η.

The notation used for the meaning of a term M in some environment η is: [[M]]η For variable free constants, the environment doesn’t matter:

[[1]]η = 1 [[2]]η = 2 [[true]]η = true [[false]]η = false For terms with variables, we need to look at the environment, which maps variables (syntax) to semantic values (e.g., numbers, not numerals).

[[x]]η = η(x) [[M N]]η = [[M]]η[[N]]η

K. Yelick 5 February 1, 1996

Compound Constructs

The conditional construct is defined as:

[[if B then M else N ]]η = [[M]]η if [[B]]η is true = [[N]]η if [[B]]η is false = ⊥ otherwise This says that the meaning of the entire construct depends only on the meanings of the B, M, and N, and not on their syntax.

Similar meanings are given to other constructs in PCF and other languages, including application and lambda abstraction. This gives the denotational semantics its compositional property.

K. Yelick 6 February 1, 1996

General Questions About Semantics

Is the axiomatic semantics consistent? I.e., is everything equal to everything else? (Also says something about the semantic models.)

Equivalence of semantics: (∀programsM)(∀resultsN)M =_{ax} N iff M =_{den} N iff M =_{op} N. • where =_{op} means equivalent in every context in op sem • and =_{den} means they have the same semantic meaning in the denotational semantics • and =_{ax} means provably equal using the axioms and inference rules in the axiomatic semantics.

In general, operational equivalence is the coarsest (=_{den}⊆=_{op}), so the interesting question between op and den is whether every program that can be distinguished in den can also be distinguished in op. If so, the denotational semantics is call fully abstract.

K. Yelick 7 February 1, 1996

A Small Language Example: Postfix Modelled after the postscript language, Postfix is a simple stack-oriented language. The syntax is given below:

K. Yelick 8 February 1, 1996

Postfix Semantics (Informal)

K. Yelick 9 February 1, 1996

Postfix Operational Semantics

K. Yelick 10 February 1, 1996

Postfix Operational Semantics

K. Yelick 11 February 1, 1996

Postfix Operational Semantics

K. Yelick 12 February 1, 1996

Postfix Operational Semantics

K. Yelick 13 February 1, 1996