
CORRESPONDENCE 633 

the discrete Fourier series of the N numbers 3c [n], x [n - 11, . . . , 
x [n - N + 11, it follows from (23) that 

s[n] = $X&l. (25) 

It is easy to see that the sequence X,[n] satisfies the recur- 
sion 

X,[n] - WmXm[n - l] = x[n] - x[n -N]. (26) 
Hence, this sequence can be computed recursively with the digital 
filter 

, -e-N 
H,(z) = L-L 

I-wf?z-1 (27) 

shown in Fig. 2. This filter consists of one delay element, one 
multiplier, and one shift-register with output x[n - N]. The 
shift-register can be omitted if we have direct access, not only to 
x [n], but also to x [n - N]. 

We have introduced H,(z) as a discrete-Fourier-series ana- 
lyzer of a running segment of x [rz]. It can, however, be interpreted 
also as a frequency domain interpolator [2]. 

We mention without elaboration that the simplicity of realizing 
H,(z) suggests various extensions of the-smoothing technique 
that use, not only the average Xo[n], but also other frequency 
components of the running segment of the data. , 
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One-Sided Recursive Filters for Two-Dimensional 
L Random Fields 
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Abstract-The one-sided (or line-by-line) recursive filtering 
problem for a two-parameter Gaussian random signal in additive 
white Gaussian noise is considered. For a reasonably large class of 
models for the signal dynamics, both the filtering equation and the 
generalized Riccati equation are explicitly obtained. As an example, 
the Riccati equation is solved to give the filter gain in a timedin- 
variant ease and is compared with the infinite-time limiting solu- 
tion to the Wiener filter solution obtained by spectral factorization 
techniques. 

I. INTRODUCTION 

Consider an observation equation of the form 

r(tlJ2) = 3CttlJ2) + dt1,t2), 

UI < tl< bl,a:! < tz < ba, (1.1) 

where [is the observed process, x is a Gaussian two-parameter 
random field representing the state to be estimated, and d(ti,tz) 
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is a two-parameter white Gaussian noise with 

In this paper, we consider the recursive filtering problem asso- 
ciated with the estimator 

f(tdd = Elx(tl,t2)l~(sl,s2),al < ~1 < tl, a2 < sz < bzl. 
(1.3) 

We observe that in (1.3), the observation changes in only one 
direction. Therefore, it is possible to consider this problem to be 
one involving only a one-dimensional parameter (tJ but with an 
infinite dimensional state. A similar approach, but one involving 
a finite dimensional state, has been applied to image processing 
in [l], [2] with useful results. However, this previous approach 
fails to take full advantage of the fact that q is white in both di- 
rections, and also-obscures any dynamical structure which may 
exist in the t2 direction for x. It is also possible to view the 
problem as one of one-dimensional-time infinite-dimensional- 
state filtering and to make use of the existing theory in that re- 
gard [3], but to do so would again fail to deal in a natural way with 
the dynamics in the t2 direction. 

In this paper, we shall consider a class of state models for which 
a recursive equation exists for x(tl,ta), and derive this equation 
together with its associated generalized Riccati equation, while 
retaining the two-dimensional nature of the parameter space. The 
simplest example of the state model corresponds to the so-called 
separable covariance model [l], [2], [4] which has often been 
used. 

When certain time-invariance conditions are satisfied in the 
t2 direction; the generalized Riccati equation can be solved an- 
alytically. A simple special case corresponds to the half-plane- 
causal Wiener filter for a signal with spectral density 

S,(u) = (l + 
A 

OcllU~ + q,p; + 2Ly@qU~) * 
The recursive filtering formula derived here will be shown to be 
equivalent, under suitable stationarity assumptions, to the fre- 
quency domain solution obtained by spectral factorization [5]. 

II. THEFILTERINGEQUATION 

As in the one-dimensional case, we can avoid the pathologies 
of white noise by dealing with its integral. Let 1 be the Gaussian 
white noise considered in Section I. It is convenient to define 

WA) = s, v(tl,td dtldt, (2.1) 

for any Bore1 set A of the plane R2. The set-parameterized ran- 
dom function W will be called a Wiener process. It is Gaussian 
with zero mean and covariance 

E[W(A) W(B)] = No area (A r\ B). (2.X) 
Equation (2.2), together with the Gaussian property, implies that 
values of W for disjoint areas are independent, and this is a more 
precise expression of the white noise property. The observation 
equation can now be rewritten as 

z(tlJ2) = j-1' j-I2 [ x ~1,s~) dsldsz + W(dsldsz)], (2.3) ( 

where we shall assume that W and x are independent pro- 
cesses. 

Now, assume that the state x satisfies an equation of the 
form 

dtp(tda) = 4td2)x(tl,h) dt, 

+ S b2a(tl,t~,~2)~(tl,~2) dtldsz a2 

S bz 
+ aZ y(tl,tz,s2)V(dtldsz), (2.4 
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A Using (2.7), we get 

dt,No S t* k(tl,tz,sz) de = E[Z(dtd,)(xhtz) a2 

I I 
I I I 

a1 tl 
k,,- 

. . b, 

. . . 

Fig. 1. Nature of recursion for state and estimator. 

- ~(hh))l3t,l = ~~*dt~,s2;tlh) ds&l, 

where p is the covariance 

p(tl,sz;t& = Elt(t~,sz)~(tl,tz)l3t,l, (2.11) 

and where t is the error 

4t1,t2) = x(td2) - f(tdz). (2.12) 

It follows that k(tl,t2,s2) = (1/No)p(tl,s2;tl,t2) and that (2.10) 
can be rewritten as 

where V is again a Wiener process with 

E[V(A)V(B)] = area (A n B), (2.5) 
and where cy, 0, y are deterministic functions. Denote by 3;, the 
g-field generated by (Z(.s,,s& al < si I ti, uz I sz I bz}, and 
define 

i(td2) = E[~Wz,l3;,1. (2.6) 
Then, the basic relationship (see [6, eq. (3.4) and sequel]) 

Ek&$h~2)13[;11 = W,~(~1,~2)l3’:,1 (2.7) 

yields 

+ S b1S(t~,t2,sq)~(tl,s2) dszdtl + M(dt&, (2.8) 
a1 

where M(tl,tZ) is an 3;,-martingale for each Lz. 
From the completeness theorem of Wong and Zakai [7] and 

their more recent result on the transformation of probability 
measures associated with a two-dimensional Wiener process [8], 
it is not difficult to show that every 3&-martingale must be of the 
form 

M(tlJ2) = Mbda) + 
tl bz 

ss khtz,sz) 
a1 a2 

- ~Z(dslds2) - 12(s1,s2) dsldsg], (2.9) 

so that 32 satisfies the equation 

dt$(tl,tz) = dtdd~(tdd dt, 

+ dt, S a;2 [P(th,sz) - k(t~rh,s2)1R(tmz) dsz 

+ S bz 
k(t~,tz,sz)z(dt,ds,). 

a2 
(2.10) 

Equation (2.10) is the recursive equation for the estimator R. The 
nature of the recursion for both the state equation and the fil- 
tering equation is illustrated in Fig. 1. 

To find the “gain” function k(tl,tz,sz), we note that the in- 
creasing property of 3;, implies that (see [6]) 

E(clt,[a(t,,t,)z(t,,tz)l I3tJ 
= E(dt,(E[r(tl,t2)~(tl,t~)l3f,1)3t,J 
= E[d~lX(tl,t2)Z(tl,t~)I3;11. , 

Therefore, if we use the differential rule associated with a con- 
tinuous semi-martingale [8], we get 

EIWt,,t,)z(t,,t;) + z(dtl,t;)f(tl,tz)I3t,l 

+ No S’ t2k(t~,t2rs2) dszdtl = E[x(dt&z)Z(tl,t;) 
a2 

+ Z(dtl,t~)x(tl,tz)I3t,l. 

dt$(h,tz) = &1,t2)i(td2) dt, 

+ dtl 
bz 

s[ a2 
P(tdz,sz) - ~p(h,s2;t~,tp) i(tl,sp) dsa 

I 

S bz 1 
+ -~(tl,sl;tl,t2)Z(dtlds2). 

az No 
(2.13) 

To get a generalized Riccati equation for p, we first combine 
(2.13) with (2.4) to get the following equation for t 

dt,t(tl,h) = a(tl,tz)t(t$z) dt, 

+ dtl 
bz 

SF a2 
P(td& - ~dh>~2;tl>td 4tl,sz) dsz 1 

bz 
+ 

SF 
dtl,hsdV(dt&d 

a?. 

- ~P(tl,s2;tl,tz)W(dtIdSg) 1 . (2.14) 

It follows, from the differentiation rule for one-dimensional 
semi-martingales and from the fact that x and 2 are jointly 
Gaussian, that p must be deterministic and obey the following 
equation 

dt&l>wl,n) = E[d,,[~(tl,t2)t(tl,T2)lI3[;,1 
= El~(tl,tn)dtlt(tl,T2) + t(tl,72)dtl~(tl,t2))3[;1) 

S bz 
+ Y(tl,tz,sz)Y(tl,T2,s2) dsadtl 02 

+’ S bz 
No a2 

p(tl,s2;tl,tz)p(tl,sz;t~,T2) dszdtl 

= I&,~d + Cu(tl,t2)lP(tl,t2;t1,72) dt, 

+ dtl S a:” [P(tl,tz,sz)P(t,,Ta;tl,S2) 

+ Bttl,T2,sz)P(tl,tz;t1,S2)1 dsz 

- dtl-$ s”’ aL p(tl,sz;tl,t2)p(tl,sz;t1,72) ds2 

+ dt, S a:2 Y(tl,t2,sz)Y(tl,72,s2) de. (2.15) 

Equation (2.15) will be referred to as the generalized Riccati 
equation for the covariance function p. 

Formally at least, the filtering equation (2.13) and the gener- 
alized Riccati equation complete the solution of the filtering 
problem. However, several questions remain to be addressed. 
First, (2.4) as a modeling equation for the state appears ad hoc, 
and is not likely to arise naturally. We need to show that rea- 
sonable models for the state dynamics would lead to (2.4). Sec- 
ond, the generalized Riccati equation (2.15) needs to be investi- 
gated to discover cases for which analytical solutions may be 
possible. 
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III. STATEMODELS densities of the form 

Two classes of state models lead to (2.4). First, suppose that 
the state x (tr,~s) satisfies a symmetric partial differential equa- 
tion 

sxtw2) = ,i”l +‘;;“~g(u2),2 ’ 

where F(u2) and G(v2) are the Fourier transforms of functions 
f(t2) and g(t2), respectively. If the state x: has a spectral density 
given by (3.9, then the standard argument for one-parameter 
processes yields the model 

@x(td2) = c2tt1 t2) f331ttlJ2) 
> -----+ Cl(tl42) 

dx(t1,ta) 

dtldtz at1 
at 

2 

+ cottl,tz)x(tl,t2) + mtl,t2)t(tlJa), (3.1) 

where .$ is a two-parameter white Gaussian noise. We can rewrite 
(3.1) as 

- d; 
2 [ 

~W2) - Cl(tl,t2)x(tl,t2) 
1 1 

= CattlJ2) 
[ 

$ x(t1,tz) - Cl(tl,t2)x(tl,t2) 
1 1 

+ Co(t1,tz) - $ Clttl,tz) + Cl(tl,t2)C2(tl,t2) r(t1,tz) 
[ 2 3 

+ mtlJ2)F(tlJd. 

A little rearrangement yields 

2 {exp (-~~C2tt2,sa) ds2) 

. [&xh,t2) - clttl,t2)xttl,t2) 
1 II 
(S t2 

= exp - Czttl,sz) da a2 > 

. 
K 

Co(tl,tz) + Cl(tl,t2)C2(tl,t2) 

- $ Cl(tl,ta) 
2 1 r(td2) + m>t2Mti,t2q ’ 

which can be integrated to give 

[ 
$xtt,,tz) - clttl,t2)xttl,ta) 

1 I 

- 
[ 

$r(h,a?) - cl(tl,~2)x(tl,~2) 

= lf exp (1:” Cdt& ds2) 
1 

. N  CO(tl,Q) + G(t1,72)C2(t1,72) 

- $ Clttl,n) 
I 

xttl,d + Dth,r&(r,,n~} dn. 

If 

-+,a2) - Cl(tl,~2)~(tl,~2) = 0, 
1 

(3.2) 

(3.3) 

then (3.3) is already in the form of (2.4). If not, we can redefine 
the state as 

YGlJ2) = x(t1,tz) - x(t1,azL 

then (2.4) and the resulting filtering equation will be modified 
only in minor ways. Equation (3.1) is a more natural model than 
(2.4), and includes as a special case the so-called separable co- 
variance model in which 

d23C(tl,t2) = c 

&&a 
~x(t1,ta) + cl ax(tl,tz) 

2dtl dt2 

- ClCSX(tlJ2) + DHtl,t2), (3.4) 

where Cl, Cz, and D are constants. 
A second class of state models which lead to (2.4) consists of 
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(3.5) 

axe1 t2) 
a ) + C1x(t& + 

at1 S gttz - sdxttl,s2) dsz -m 

= S -m, ftt2 - s&(tl,sd da. (3.6) 

Identifying .$ as a two-parameter Gaussian white noise, or as the 
formal derivative of the Wiener process V, we get 

dtp(W2) = -Clxttl,tz)dtl + dtl S- _m dh - sz)xttl,sz) dsl 
+ S -1 f(tz - sa)V(dtldsz), (3.7) 

which is clearly a special case of (2.4) 
The “separable” model for the stationary case corresponds to 

a spectral density given by 

s, (w2) = 
1 

1 (iv1 + Cdb2 + C2) I 2 
, (3.8) 

for which G(v~) = 0 and F(Q) = l/(& + Cs). Equation (3.7) then 
becomes 

dtlx(tl,t2) = -Cln:(tl,kJ dt, 

+ S Q  exp (-Cdt2 - s2)V(dtlds2)). (3.9) 
-m 

IV. SOLUTIONSOFTHEGENERALIZEDRICCATIEQUATION 

If the state model (2.4) is time-invariant in the t2 direction, i.e., 
if 

a2= --co b2= ~0 

c.u@dz) = &l) 

P(tl,tS,S2) = P(tl,tz - s2) 

dt1,tz,s2) = Ted2 - $a), (4.1) 

then it is clear that the covariance function p(tl,t2;t1,72) can 
depend only on t 1 and t 2 - 72. Denote this covariance function 
by p(tl,t2 - ~2). Then the generalized Riccati equation (2.15) 
becomes 

$dt1.t2 - 72) = 2&1Mt1,t2 - 72) 
1 

+ S -m, Yttl>tz - h4tl,v - ~2) de 

+ S -m, [PthJ2 - s2Mt 1,72 - s2) + P01,72 - s2) 

- dtl,h - s2)l ds2 - -i- S 
m 

No -m 
dtl,tz - sh(t1,w - ~2) de 

(4.2) 

Taking the Fourier transform in the t 2 direction and using f to 
denote Fourier transform off, we obtain 

~Phuz) = 2Ol(tl)b(tl,v2) + IW1,u2)12 
1 

states which are stationary Gaussian random fields with spectral 
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For a fixed vz, (4.3) is an ordinary Riccati equation and can be 
linearized by the transformation 

idtl,vz) = No 
i a 

----u(t1,vz). 
uttl,V2) ah 

(4.4) 

Substitution of (4.4) into (4.3) results in the equation 

Specializing still further, we consider the case where x is also 
t r-invariant. Then (Y, $, and y are all independent of t 1. Indeed, 
if we assume the spectral density function to have the form given 
by (3.5), then (4.5) becomes 

$u(tl,& + 2[Cr + Re G(vs)] y 
1 1 

-k lF(v2)12 u(tl,v2) = 0. (4.6) 

For this case, we have 

as {(tl,t2) of (1.1) and use (3.6) in (2.13), we get 

-&wlit2) + Cl g(tl,t2) 
1 

m + SF &z - ~2) + L dt2 - ~2) 
No I f:(tlrsd dsz -co 

1 = =- S No -- ,dtz - sdSC(tl,sd dsz. 

It follows that 12 can be viewed as the output of a two-dimensional 
filter with [as the input, and with the transfer function of the 
filter given by 

J- /xua) 

Hh,UZ) = 
No 

1 - iv1 + Cl + G(vz) + - p(vs) 
No 

where 

= mh) - I& + Re Gbdl 
iv1 + i Im [G(vz)] + m(vz) 

m&4 = d [Cl + Re G(vz)12 + $ ]F(v~)]~. 

da1,vz) + 
lJYy2)12 Pbl UP) ___ - -L-- (Cl + Re G(Q)) 

ij(tw2) = mb2) m (~2) 1 tanh (tl - al) , 
1 

1+- 
mtv2) 

Cr + Re G(u~) + &p(ar,uz) 1 tanh (tl - al) 
(4.7) 

where To verify this solution by spectral factorization, we write 

m(q) = [Cl + Re G(vs)12 + $ (F(v~)]~. (4.8) No + &h,v2) = IWw2)12, 

Ifar= -a, thenc(ti,vz) isstationaryandindependentoftr,and where 
(4.7) reduces to 

i5(vz) = No[m(v) - Cl - Re G(v2)]. (4.9) KbQ,vz) = fl 
[ 

iv1 + i Im [G(Q)] + m(v2) 
. 1. 

As a simple example, let No = 1 and 
tvl + i Im [G(vs)] + ]Cr + Re G(vz)] 

Then the transfer function of the Wiener filter can be written 
S,(v) = 4ClCZ as 

1 (iv1 + Cd(iv2 + C2) - 11 2 
Then Hhv2) = &[~I+~ 

4&G IJYv2) l2 = - v; + c; 
where ?? denotes the complex conjugate of K and [ . ]+ denotes 
the half-plane causal portion. Since 

we have 

s, bw2) 1 y=- IFb2)12 

K(IQ,v~) fl [-iv1 - i Im G(vz) + m(vZ)][ivl + i Im G(Q) + (Cl + Re G(Q)]] ’ 

IFb2) I2 
= & [ICI + Re G(vs)] + m(vZ)][iv1 + i Im G(vs) + JCi + Re G(Q)]] 

1 
G(v2) = - ~ 

iv2 + C2 

Re Gh) = - (&) 

mb2) = 

and from (4.9) 

or 
p(t2) = e-Wzl. 

We observe that if x(t&) has a spectral density given by (3.5), 
then the half-plane Wiener filter can be obtained by spectral 
factorization [5], or, alternatively, by using (4.9) and (3.6) in the 
filtering equation (2.13). Now if we identify the observed process 

and 
1 

f7h,V2) = - 
No 

lFG2)12 

’ [‘Cl + Re G(v2)J + mh)][iv1 + i Im [Gbdl + m(m)] 
mtv2) - (CZ + Re Gbdl 

= [iv1 + i Im [G(vs)] + m(q)] 

V. SUMMARYOFRESULTS 

The filtering formula (2.10) and the generalized Riccati 
equation (2.15) represent the complete solution to the continuous 
space Gauss-Markovian field filtering problem for first-order 
dynamics in t 1. Generalization to arbitrary order dynamics in the 
tr direction appears straightforward using one-dimensional 
vector methods. In the stationary (in tl,t2) and first-order sep- 
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arable case, it appears that the “gain” function cannot be ob- 
tained analytically from its Fourier transform. However, pro- 
cessing can be done by taking the fast Fourier transform (FFT) 
of the observations for each new “line” and performing the “gain” 
weighting in the Fourier domain. Alternatively, one can numer- 
ically obtain the “gain” by performing an inverse FFT and ap- 
propriately truncating the result to minimize computation. This 
can lead to good suboptimal estimates in the case where the 
random field is not highly correlated over the whole observation 
space. Recursive smoothing formulas are presently being inves- 
tigated to complete the two-parameter recursive Wiener filtering 
problem for continuous fields. 

The theory presented here differs from previous work [l], [2] 
in that the fields considered are continuous rather than discrete, 
but also more fundamentally, in that we obtain scalar filter 
equations rather than vector equations for the first-order sepa- 
rable covariance model. This work also differs fundamentally 
from the infinite dimensional filtering theory of [3] in that the 
observation and state noise models considered here are two- 
parameter Wiener processes, but are restricted to be only one- 
parameter Wiener process in the canonical formulation of [3]. 

Finally, we observe that everything in this paper can be easily 
generalized to n-dimensional random fields, provided that the 
dynamics of the filtering remains one-dimensional. The only 
increase in complexity would be notational. 

REFERENCES 

ill 

PI 

[31 

I41 

151 

161 

[71 

b31 

N. E. Nahi and C. A. France, “Recursive image enhancement-vector pro- 
cessing,” IEEE Trans. Commun. Technol., vol. COM-21, pp. 305-311, April 
1973. 
S. R. Powell and L. M. Silverman, “Modeling of two-dimensional covariance 
functions with application to image restoration,” IEEE Trans. Automat. Contr., 
vol. AC-19, pp. 8-12, February 1974. 
R. F. Curtain, “Infinite dimensional filtering,” SIAM J. Control, vol. 13, pp. 
89%104,1975. 
A. Habibi, “Two-dimensional Bay&an estimates of images,” Proc. IEEE, vol. 
60, pp. 878-883, July 1972. 
M. I. Fortus, “Formulas for extrapolation of random fields,” in Theory of 
Probability and its Applications, vol. 7, pp. 101-108, 1962. 
E. Wong, “Recent progress in stochastic processes-a survey,” IEEE Trans. 
Inform. Theory, vol. IT-19, pp. 2622275, May 1973. 
E. Wang and M. Zakai, “Martingales and stochastic integrals for processes with 
a multidimensional parameter,” Z. Wahrscheinlichlzeitstheorie, uem. Geb., 
vol. 29. pp. 1099122.1974. 
--, “Likelihood ratios and transformation of probability associated with 
two-parameter Wiener processes,” University of California, Berkeley, Elec- 
tronics Research Lab. Rpt. M-571,1975. 

A Generalized Likelihood Ratio Formula: Arbitrary 
Noise Statistics for Doubly Composite Hypotheses 

SANG C. LEE, LOREN W. NOLTE, MEMBER, IEEE, AND 
CHARLES P. HATSELL, MEMBER, IEEE 

Abstract-A relationship between the likelihood ratio and a 
generalized causal conditional mean estimator is presented for the 
doubly composite hypotheses problem. The observation statistics 
are arbitrary and need not be Gaussian. The relationship parallels 
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the well-known relationship for the Gaussian noise and composite 
signal hypothesis case, and the likelihood ratio can still be viewed 
as an estimator-correlator operation. 

I. INTRODUCTION 

Relationships between detection and estimation of signals in 
additive white Gaussian noise for a composite signal hypothesis 
problem have been studied extensively by many authors. Es- 
posito [l] showed an explicit relationship between the likelihood 
ratio and a noncausal conditional mean estimate of the signal in 
additive white Gaussian noise. Kailath [2] obtained the likelihood 
ratio for the continuous model in the form of an estimator-cor- 
relator with a causal conditional mean estimate of the signal. 
Hatsell and Nolte [3] interpreted the likelihood ratio and the 
conditional mean signal estimator geometrically. Jaffer and 
Gupta [4] obtained a relationship between the likelihood ratio 
and the conditional mean signal estimator in sequential form for 
additive independent Gaussian noise. A point of commonality 
among these works is that they all hinge on the additive Gaussian 
noise assumption and a single hypothesis problem. 

Birdsall and Gobien [5] showed how detection and estimation 
occur simultaneously in a natural way when one adopts a 
Bayesian viewpoint for a doubly composite hypotheses problem. 
However, they gave no explicit relationship between the esti- 
mator and the likelihood ratio. Recently, Schwartz [6] showed 
that the likelihood ratio for a composite signal hypothesis 
problem is completely determined by the a posteriori conditional 
estimate of the unknown parameter when the conditional prob- 
ability density function (pdf) of the data, conditional on the 
unknown parameter, is drawn from the exponential family. 

In this paper we shall show that the estimator-correlator op- 
eration can be viewed as an inherent feature of the likelihood ratio 
for doubly composite hypotheses detection problems for arbitrary 
noise statistics which are not necessarily Gaussian but are defined 
by an arbitrary probability density function. The estimators are 
causal and conditional mean, but not necessarily direct signal 
estimators. For the doubly composite hypotheses problem, the 
likelihood ratio can be realized as an estimator-correlator in 
which the difference of two generalized causal conditional mean 
estimators, one for each hypothesis, is used in the estimator- 
correlator implementation. For a single composite hypothesis 
problem and independent Gaussian statistics, the generalized 
estimator reduces to the familiar conditional mean estimate of 
the signal. 

II. LIKELIHOOD RATIO: GAUSSIAN NOISE FOR COMPOSITE 
SIGNAL HYPOTHESIS 

It has been shown 131, [4] that the discrete-time conditional 
mean estimate of the signal can be expressed in terms of the 
likelihood ratio, for composite signal hypothesis problems in 
additive white Gaussian noise with unit variance , as 

$) In t?(Zk) = S(&), 
k 

where 

zk observation vector, 2% = [21,22, . . . ,.zk] (T de- 
notes transpose), 

si (0) ith signal component, 
I3 vector of unknown parameters of the signal, 
$(&I causal conditional mean estimate of si (O), expressed 

as s*(Zi) = E(si(8)]Zi,H1), 
f%zk)T = [s*(zd,s*(z2), . - -, s^(zk)], 

and where the likelihood ratio is obtained by integrating s(&) 
over the data zk as 


