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On the Statistical Theory of Optimum Demodulation”

J. B. THOMASY, MEMBER, IRE, AND . WONGY{, MEMBER, IRE

Summary—The multidimensional demodulation problem is
considered from the point of view of statistical estimation theory
and a posteriori most probable signal estimates are derived. Cor-
related signals and noises are treated. This formulation yields a
set of two matrix integral equations which must be solved for the
optimum estimates.

For amplitude modulation, the problem reduces to that of finding
a set of time varying filters which are, again, solutions to a matrix
integral equation. Special cases such as two-receiver systems,
quadrature modulation, and single-sideband have particularly
simple representations and are considered in some detail.

N interesting problem in statistical communication
A theory is the “optimum’’ estimation of modulated

intelligence in the presence of additive noise. For
linear forms of modulation, the problem is essentially that
of linear nonstationary filtering, and application of the
minimum mean-squared error criterion leads to a reason-
ably simple integral equation.”* Similarly, for nonlinear
modulations, e.g., I'M, PM, ete., minimum mean-squared
error nonlinear filtering theory can be applied.” However,
even with simplifying restrictions,* the resulting math-
ematics is formidable and not usually amendable to
explicit solutions. The methods of statistical estimation
theory have been used to obtain a posteriori most probable
estimates of generally modulated Gaussian signals in
Gaussian noise.’ This treatment results in two integral
equations which specify the optimum receiver.

An extension of such estimation techniques to the
multidimensional case is considered here. This extension
treats the reception of more than one waveform, the
estimation of morc than one signal, and the case where
gignals and noises are correlated.

TForMuLATION

The use of a postertori most probable estimation is dis-
cussed in detail in the literature.””® It suffices to state

* Reccived by the PGIT, August 6, 1959.
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here that, given the received waveforms, those signals are
chosen as estimates which have the greatest conditional
likelihood of occurrence.

Let the received waveforms be

fu) = mla@),w] +a@w), t—T<u<t (1)
where #(w), m[d(w), u], a(uw), and A(u) are column vectors;
e.g.

7, (1)
flw = J.Z(u) 2
7 (W)

Here, a(u) represents the modulating signals and 7(w),
additive noises. The components of both a(uw) and 7{u)
are assumed to be correlated Gaussian time series with
zero means. The vector m[a(u), u] is a general modulation
function whose form depends on the modulating scheme,
Tt is assumed that this modulation function is differentiable
with respect to the elements a;(u).

In general, the noise vector 7(u) will have ¢ components,
as will m[alu), u]. The signal vector a(u) will be taken to
have k components where &k and ¢ are not necessarily
related.

The problem is to find the set of a;(u), denoted by
a*(u), such that the conditional probability p(a/7) is a
maximum. Let the joint probability p(a, 7, 7) be written

pla, ) /Flp@) = 3)

where p(g, 7, ¥) is the probability of the simultaneous
realizations of #(u), a(u) and 7(w) in the interval ¢ —
T < u < t, and a similar definition holds for the other
terms. Eq. (3) may be rewritten

p(d; 7, f) = p["_‘/(dy ﬁ)]p(d; 7)

pl#/(a, ) p(a, m)

P[(a n)/r] = p(,,) (4)
If it is noted that
pl@/ (@, m] = ola — G — M), (5)
where 8(z) is the Dirac delta-function, then
pla, F — m)j
pa/r) = o (6)

Eq. (6) was obtained by integrating both sides of (4) with
respect to 7 and using the relationship of (1). For a given
set, of received waveforms, p(7) is a constant; therefore,

pa/f) = kipla, @ — m)]. (7
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It is desired to maximize this expression with respect to
the elements of a.
ANALYSIS

Define Z(u) to be a column vector

Tw) = {d(u) }
Alu)

and the associated covariance function matrix R(u, v)
with elements

®)

Rii(u,v) & Ela(uwe,@)} (9)

where £ { } indicates the expectation of the bracketted
quantity. It is apparent that R(u, ») can be partitioned as

R(u, 1)) — {Raa(’Lly 1)) Ra"(u, 1;)}'

R.(u,2) R, 0) (10)

It is convenient to use a multidimensional expansion
recently introduced,” and to write
t—T <u<i,

fwzé%mm (11)

where ¢,(u) is a column vector of ¢ + k components,

e ()

o))

@ (w) = (12)

( k) y
e,"" ()

If the @,(u) are the vector eigenfunctions of the matrix
integral equation
t
) = [ Rwnew)dr, t—T<u<t (9
t~T
then it can be shown® that these vectors ¢,(u) are orthog-
onal in the sense that, after normalization

t
[ et-e du= s, (14
t=-T
and that the coeflicients @, are uncorrelated, i.e.,
1 4
Elaa.}l = N e {15)

Since the conditional probability p(d/7) is proportional
to the joint probability of the components of £(u),
p@/f) ~ exp (1 35 hat) a6

p=1

Therefore, in order to maximize p(a/7), it is sufficient to
minimize the quantity Y o, Ae? It is shown in the
Appendix that

©

2
z >\IJO‘I) -
p=1

fl_ ft_ () Qu, HIW) du dv,  (17)

® This expansion has been used by L. A. Zadeh and one of us in
connection with other work not yet published.
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where the matrix Q{u, v) satisfies the integral equation

f R, ©Q@, w) dv = s(u — w)1, t—-T <u,w<{
=T

(18)

1 being a unit matrix. It is apparent from (83) that the
matrix Q(u, v) may be partitioned as

Q(u 1)) — [Qaa(uf 1)) Qan(u: 1))}
Qna(u) 7)) Qn_n(uy 1))
It is now easy to minimize (16) with respect to the a,(u).

By the familiar techniques of the calculus of variation,
the following is obtained:

(19)

.[:—T [Q..lu, v) — M(a*, w)Q,.(u, v)]a*@) dv

- f,iT [(M(@*, 1)Qunln, 1) — Qunlu, v)]

[F) — m(a*, v)] dv, t—-T <u <t (20)

where the modulation matrix M(a*, ») has the elements
am,(a, w)

80,(w)  |aar
Eq. (20) together with (18) is sufficient for the solution of
the a%(u) in terms of the received waveforms 7(u).

In the special case where the noises are uncorrelated
with the signals, (21) and (18) can be used to obtain

M (a*,u) = (21)

@) = f R..(u, )M(@*, 0)§@) dv, { — T < u < t, (22)
-7
and

) = a0 = [ R, 00 d,

t—-T <u<Lt, (23)

where §(v) has been written for the expression

¢

[ Quir, wiw) — ma*, )] dw.

In the one-dimensional case, (22) and (23) reduce to those
obtained by Youla.’

In principle, the a posteriors most probable demodulator
has been found. It is only necessary to specify the form of
modulation and the covariance functions of the signals
and noises. In practice, the solutions to the equations may
be prohibitively difficult depending on the form of
modulation.

AMPLITUDE MODULATION

General forms of amplitude modulation produce
relatively simple expressions for the specifying equations
and will be considered in some detail. In these cases, the
modulation matrix M is not a function of the signals
a:(t) and can be written as M(u). Then, the received
waveforms are
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) = M@waw) + 7)),

where M is the transpose of M.
If, furthermore, the noises are uncorrelated with the
signals, manipulation of (22) and (23) yields

t—T<u<t (20

a*(u) = ft W, v)F@) do, t—T <u<Lt, (25)
and
[ W, OOR 0, w)ME) + R, 0] do

= R.(u, w)M(w), t— T L u,w <t (26)

where W(u, v) is a weighting function matrix determined
from (26). Eq. (26) can also be derived as the specifying
equation for the minimum mean-squared error non-
stationary filter.

Tigs. (25) and (26) may be used to investigate a number
of special cases of interest.

Case 1—Multireceiver Systems

When the noise level at the receiver itself is large com-
pared to that of the transmission link, it is advantageous
to consider multireceiver systems. Their advantage lies-
in the fact that the noises in the various inputs are un-
correlated, while the signals are either highly correlated
or the same. Applications for these types of systems oceur,
for example, in the field of radio astronomy.'’'*

Let us consider a two-receiver system where the received
waveforms are

rnw) = Mwa) +nw), t—-T<u<1t (27
and
ro(0) = Muwals) + n.(w), t— T <u<i. (28)

Then (25) and (26) become

a*(u) = ft t_T Wi, v)ri(@) dv + ft iT Wolu, vyr.w) dv, (29)

and

f W, (MO MR, w) + B, w)] do

+ [ Wi, OMOMWR.0, u) do

= R.(u, w)M(w). (30)
[ Wt DM MR, 0) + Rulo, )] o
+ f W, o) M) M) R, 1) do
= R,(u, wyM(w). 81)

10 R}, H. Dicke, “The measurement of thermal radiation at micro-
wave frequencies,” Rev. Sci. Instr., vol. 17, pp. 268-275; July, 1946.

18, J. Goldstein, “A comparison of two radiometer circuits,”
Proc. IRE, vol. 43, pp. 1663-1666; November, 1955.
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It is interesting to note that if K., = K, 2 R, then the
symmetry of (30) and (31) implies that

Wi, v) = Wyu,v) = W, v), (32)
and (30) and (31) reduce to
f W )2MO) MR, w) + R, )] do
= R, wyM(w), (33)

while the corresponding equation for one dimension is
[ W, DMOM@ERe, u) + B, w)] do
t—-T

= B, wMw). (34

A compasison of (33) and (34) indicates the advantage
of a two-receiver system. Effectively, the signal level
relative to noise is doubled.

Case 2—Multiplex Systems

Various multiplex modulation schemes are used in
communication. They have the common characteristic
that more than one signal is transmitted simultaneously
on a time or frequency sharing basis."

Quadrature M odulation

One of the most familiar examples of multiplexing is
quadrature modulation, which, in the formulation dis-
cussed here, has a particularly simple representation.

Let the received waveform be

r(w) = cos wua; (1) + sin wuas(w) + n@w),t — T <u < 2.

(36)
Then, (25) and (26) become
o) = [ Wi, 06 b, @)
ao) = [ Wi, 0r) do, 39)

and
t

f W (u, v)[cos wpRa:(v, W) cos wgw
=7

4+ cos w12, W) Sin e + SN WP ¥, W) COS wow
+ sin w@Raz:®, w) sin wew + R, w)] dv
(39)

= R..(u, w) cos wew + Rux(, w) sin wew,
t
f W, v)[cos wla, @, w) cos ww
=

4 €08 WRa12®, W) 8in wew + SN wWlae (0, W) cos wew
4 Sin W, W) sin wew + R, w)] dv
(40)

= Roi(u, W) cos wd + Rop(u, W) sin wew.

2 H, 8. Black, “Modulation Theory,” D. Van Nostrand Co.
Inc., New York, N. Y.; 1953,
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It should be noted that the kernels of (39) and (40) are
identical.

Single Sideband

Although single-sideband amplitude modulation is
basically a one-dimensional problem, it can be con-
veniently treated as a special case of quadrature modula-
tion. In this case,

r(u) = cos wual) + sin wud@) + nw),

t—T<u<i (41)

where d(u), the Hilbert transform of a(u), is defined™ by

aluw) é%f;—g_(_v—)dv.

U — v (42)

In the case when the signal and noise are stationary, the
representation simplifies even further. If we define
R(u) & E{a(t) a(t + )}, then the following relationships
are easily derived:

E{a()a(t + )} = R), (43)
E{d(a(t + )} = —R(), and (44)
E{a(Ha(t + w)} = Rw). (45)

Using these expressions, we find that (39) reduces to
f Wilu, )[R.(w — v) cos w(w — v)
t—-T

+ Ro(w — ) sin wo(w — ) + R.(w — )] dv

= R.(w — u) cos wgw + R.(w — w) sin wow. (46)

In this case, W,(u, v) is of no interest since it gives the
estimate of G(u). It should be noted that B,(u) is an odd
function of %, and therefore, the kernel of (46) remains
symmetric with respect to the variables u and v, as it
must.

A Quadrature Modulation Example

In the special case where a,(u), a,(u) and n(u) are
stationary, and where a,(u) and a.(u) are uncorrelated
and have the same autocorrelation function, (39) and
(40) reduce to

fi Wilu, )[B.(w — v) cos wolw — v) + R,(w — )] dv

= R.,(w — w) cos ww (472)
and
[ Wl iR = ) cos i — 1) + Ruw — 0] do
t—T
= R.(w — u) sin w.w, (47b)
where
Rw—v =R, w,w) =R, 0, w. (48)

13 . C. Titchmarch, “Introduction to the Theory of Fourier
Integrals,” Oxford University Press, London, England; 1937,
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Note that the integral equations (47a) and (47b) have
kernels which are functions of the difference of two
variables and can be solved easily by standard tech-
niques."

In order to obtain an indication of the forms of the
optimum demodulators, we shall give an example with
explicit solutions. Let

R(u) = Aige™™™, (49)

R.(u) = N, 6(u), (50)

and the received waveform be given for the range — = to .
Then, with a change in variables, (37) and (47a) become

at(l) = f Wi, wr(t — v) du (51)
and

® A _oo-
Wvl,(t, [_0_ alv—ul
‘/; u) 5 ¢

__Aoa
T2

cos wo® — 1) + N, 6(v — u)] du

e " cos wolt — v). (52)

Fq. (52) can be solved in the usual way'* and W!(t, w)
is found to have the form

Wit, wp = hi(u) cos we(t — u) + k() sin we(t — u). (53)

In other words, the receiver can be represented as shown
in Fig. 1. This is a form of synchronous receiver with

cos wit
X h,
réh dit)
>< hlz
sinw t

Fig. 1—An optimum quadrature demodulator.

specific stationary filters. For convenience, we define the
constants

e s Ao
2N,

(54)
and

; (55)

™
e

o
Wo
and consider two cases.

“ L. A Zadeh and J. R. Ragazzini, “An extension of Wiener’s

t}ée(())ry of prediction,” J. Appl. Phys., vol. 21, pp. 645-655; July,
1950.
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1) For the case where 8° < 4(1 + ¢)/¢’, the filters are
given by

hu() = wee™ K, cos wo(l —

+ Ky sin woll — Bu — K, sin wo(l + b)u]

biu — K, cos wo(l + bu
(56)
and

hia() = wee K, cos wo(l — Bu — K, cos w(1 + bju

— K, sin wo(l — bu + K, sin we(l + bul, (57)
with constants
K, = Bla= D = b1>2 +OEDT g
K, = 1 — b)LB (a —2? + 1 — b)] (60)
K, = L+ DIFe _22)2 LAZDT e
and
= }3{ (8 + D® + 2688 + 1)]"”
+ (1498 — 11" (62)
and
b= {3[(6* 4 1)* + 268" + 1))
— (1 + o8 + 1} (63)

2) For the case where 8° > 4(1 + ¢)/¢, the filters are

given by
hyi() = wee™® “(K} sin wou — K cos wew)
4w (K} cos wg — Kisinww)  (64)
and
hi() = wee™ ““(K} cos wgw + K sin o)
— woe” " (K} sin wqu + K} cos wg), (65)
where
1 1/2y1/2
@ = g {1+ 98 — 1 — 8% — 4L + 91" (60)
b = 5 {0+ OF = 1+ B8 — AL+ 91 D)
and
7y 6(a - 1) ii
Ki = T =) (68)
[ LQ,—___D_ 20,7 __ 1\2
K; = W =) [6(@ — 1) + 1], (69)
2 ' 2
gy =EO =D L1 (70)

B0 — d)
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.o —_&]_-I 80 — 1 -+ 1]. (70

L

It should be noted that, despite their complexity, the

filters can be synthesized as lumped-constant R-I-C
networks for any given 8 and e.

It is interesting to consider some limiting cases of the

example:
1) € — 0 (very small signal power),
hn(u) i wOBGe_a“, (72)
his(w) — 0 (73)

to the first order in e.
2) € — o (noise power becomes negligible),

has(w) — Lf-"ii-sm wue ™ 4 8wy, (74
where
k= ("4 o (75)
and
Ry — 2]C(kw— ) cos woue ™ ZC—;—E 8u). (76)
(1] (0]

In the same way as before, the optimum estimate
o%(f) can be found to be

Wi, wr(t — w) du (77

with

Wit w) = hoy (1) c08 wo(t — 1) + hap(w) 810 wo(t — w). (78)
It should be noted that h, (w) and hs,(u) are simply
related to b (w) and Ay (u); in fact,

har(u) = —his(w), (79)

and

hoo(w) = hy (). (80)

AM DEMODULATION WITH DELAY

With present techniques, most of the integral equations
involved in optimum demodulation are difficult to solve
explicitly. However, if a reasonable delay can be tolerated,
approximate solutions to a large class of AM problems
can be obtained. The demodulator is found to be a syn-
cronous demodulator followed by a type of Wiener filter.
Problems of this nature have been treated in some detail’®
for the one-dimensional case. Iixtensions to multi-di-
mensional cages are straightforward."®

15 J, 3. THomas, “On the Statlsmcal Design of Demodulation
Systems for Slgnmls in Additive Noise,” Stanford University Elec-
tronies Res. Lab., Stanford, Calif,, Tech, Rept. No. 88; August, 1955.

6 J, B, Thomas T. R Wllha,ms, J Wolf and I. Wong, “The
demodulation jof AM signals in noise,” Proc. 1959 IRE Convention
on Military Eleclronics, pp. 138-146.
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NoNLINEAR MODULATIONS

For nonlinear forms of modulation such as FM and PM,
the problem of optimum estimation cannot be reduced to
that of finding a time varying filter. In general, one has to
consider the solution of (20) for a*(u). Although this
equation is not usually amenable to explicit solution, it is
of a form that can be treated by analog techniques. Indeed,
if feedback is allowed in the system, it essentially specifies
the demodulator. Some work along this line has been
initiated."”

ProBLEMS IN CARRIER SPECIFICATION

In this formulation, the phases, amplitudes and fre-
quencies of the carriers are assumed known. In practice,
this knowledge must be obtained frequently either by
operating on the received waveforms or by transmitting
the carriers over a separate channel. Both of these methods
involve errors due to noise and thus cause additional errors
in the estimation of signals. Such difficulties are common
to all synchronous receiver systems.

APPENDIX

With the use of the orthonormality condition given by
(14), the coeflicients of expansion a, can be expressed as

&= [ a0z du 81

Therefore, the sum >_2., \,a? is evaluated to be
@ © t t N .
2 he = 2N, f f ( oy (W)
p=1 =T Ji~T \i=1
N

S W) duds (5

where N = ¢ + k. Now, define the matrix Q(u, v) by the
relationship

17 R. Jaffe and E. Rechtin, “Design and performance of phase
locked circuits capable of near optimum performance over a wide
range of input signal and noise levels,” IRE TraNs, ON INFORMA-
110N THEORY, vol. IT-1, pp. 66-76; March, 1955.
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Q) = 33 0000, 3)

Then, the sum Yo, \,a becomes

i)\,,af, = f t f " 50O, 0E0) dudy. (89

The matrix Q(u, v) is related to the covariance function
matrix R{u, »). This relationship becomes clear when the
integral

ﬁ: f ‘ R:i(u, 0)Qi, w) dv

is examined. With the substitution of (83) for Q,.(v, w)
and the use of (13), this integral becomes

N 12
Z f B i(u, ©)Qu(v, w) dv
i=1 Jt~-T
L ¢ N .
= Tae@) [ 3 R, 0el”0) do
p=1 t=T =1

= 3 oe0), (55)

The sum on the right-hand side above satisfies the
identity

Z ‘P;”(u)%(;k)(w) = bu 6(u — w). (86)
p=1

To prove this identity, multiply both sides of (86) by
2.9 (u), sum over the index ¢, and integrate with respect
to u. With the use of the orthonormality eondition, this
procedure yields the identity

Soz(zk) (w) = ¢;k) (w) ’

showing the validity of (85). Therefore, the matrix
Q(v, w) is related to the covariance function matrix
R(u, v) by matrix integral equation
H
f R, 1)Q, w) dv = d(u — w)1, 87)
t~T

1 being a unit matrix.




