Solutionsto Putnam Exam Problems for 1 Dec.. 2001

Al) Consider aset S and abinary operation * on S; thatis, x*y isin S foreach x and y
in S. Assuming that (x*y)*x=y foral x and y in S, provethat x*(y*x) =y foral x and
y inS.

Solution: The proof resembles the pattern-matching performed by Macro Preprocessors in
Compilers for Computer Programming Languages like C. Matched patterns are underscored:

X*(y*x) = (XPWV*(y*X) = ((V*X)*y)*(y*x) =y, asrequired.

A2) C4,Cy, ...,C, ae n coins. Foreach k, coin Cy isbiased sothat, when tossed, it falls

Heads with probability 1/(2k+1) . If all n coinsaretossed, what isthe probability that the
number of Heads will be odd? Expressthe answer explicitly asarational function of n.

Solution: The probability is P, :=n/(2n+1), aswill be confirmed here by induction: Let
Hy = 1/(2k+1) and beginwith P, =0 and P; =H; =1/3. For every n>0 wefind P, by first
flipping thefirst n—1 coins, getting an odd number of Heads among n—1 coinswith probability
P,1, evenwith probability 1-P, ;, and then weflip coin C,, to get an odd number of Heads
among n coinswith probability

Pr = Hn(1-P_1) + (1-Hp)Py g = Hy + (1-2Hp)Py g = (1+ (20-1)Py 1 )/(20+1) .
From this recurrence and the induction hypothesis P,,_; = (n—1)/(2n-1) follows P, = n/(2n+1) as

was claimed. ( Where did the induction hypothesis come from? It was a guess generated by
running the recurrence for several steps to see whether a pattern presented itself.)

A3) Foreachinteger m the polynomial Pp(x) := x* — (2m+4)x? + (m-2)° . For what values
of m is Py,(x) the product of two nonconstant polynomials with integer coefficients?

Solution: Either m isaperfect square, or m/2 isaperfect square. To seewhy, observe first
that the factorsof P,,, are monic because P, ismonic; observe secondthat if Py,(x) hasalinear

factor, say (x—k) , than (x+k) must be afactor too because P (—x) = P(X) ; and then (x°—k?)
must be afactor. In other words, P,,, factorsinto monic quadratic factorsif it factors at all.

Now two cases must be considered according to whether each quadratic factor shares the sign-
symmetry of P, or not. Inthefirst case, Ppy(x) = (x*—j)(x?—k) for someintegers j and k
(not necessarily positive for all we know now); matching coefficients makes j+k = 2m+4 and

jk = (m=2)? , whencefollows {j, k} ={2(1+Vm/2)?, 2(1~Vm/2)% fromwhichweinfer that m/2
must be a squared integer. In the second case, when neither quadratic factor of P,,, sharesits
sign symmetry, replacing x by —x inthe factorization of P,,(X) must swap its factors thus:

Pm(X) = (x2 +jX + k)(x2 —jx + k) for someintegers j and k . Matching coefficients again makes

j2—2k = 2m+4 and k?=(m-2)?, whencefollows k = +(m-2) (but not (m-2) lest j2=8)
and j =+2Vm, so m must be asquared integer. In both cases P,, factors as shown.
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A4) Triangle ABC hasarea 1. Points E, F, G lierespectively onsides BC, CA, AB insuch
away that AE bisects BF at point R, and BF bisects CG at point S, and CG bisects AE
at point T. Findthe areaof triangle RST .

C

A® G B

Solution: Theareaof RST is 2/(3+V5)% = (7 —3V5)/4 = 0.072949... , gotten by brute force.
Movetheoriginto A and identify the other letters with column vectors from this origin to the
corresponding points. B and C shall be our basisvectors. For some positivescalars y, @, &, T, 0
and p allessthan 1, the specifications of the problem put
G=yB, F=(1-9)C, E=¢C+(1%)B,
R=(F+B)/2=(1p)E, S=(G+C)/2=0B + (1-0)F, T=E2=1C+ (1-1)G.
Here y, @ and & must be chosen to satisfy the equationsinvolving R, S and T, whichare ...
2R =(1-9)C+B =2(1—+p)(EC + (1-<)B) , whence 1-¢p=2(1p)¢ and 1=2(1p)(1-<) .
Eliminate p to obtain the equation & = (1—@)/(2—) .
2S=yB + C=20B + 2(1-0)(1-¢)C, whence y=20 and 1=2(1-0)(1-) .
Eliminate o to obtain the equation @ = (1-y)/(2-y) .
2T =¢C+ (1-¢)B = 2tC + 2(1-1)yB, whence & =2t and 1€ =2(1-1)y.
Eliminate T to obtain the equation y=(1-)/(2-<) .
Apparently y=¢=¢& =2/(3+V5)=(3-V5)/2=0.382, theroot of §2_38+1=0 between 0
and 1. Now the edge-vectors of thetriangle RST turnout to be ...

[R-T, S-T] = [B, C] { ; Zi—ﬂ /2 whence
1-2¢8 1-¢

Area(RST) = Area(ABC)-det( { 2t —Eﬂ )4=5%2 after smplification.

3
1-28 1

AD5) Prove that the equation x™1_ (x+1)"=2001 determinesits positive integer solutions x
and n uniquely.

Solution: x =13 and n=2 satisfy the equation. To show that it has no other positive integer

solutions we accumulate constraints upon x and n asfollows: First, ™! — (x+1)"=0mod 3;
consequently x =1 mod 3 and n must beevensincetrying x=0 or x=-1 or n odd leadsto

contradictions. Of course x > 1. Second, x divides x™1 — (x+1)" + 1= 2002 = 2.7-11-13;
consequently x must beoneof 7, 13, 22, 91, 154, 286 or 2002. Moreover X =-1 mod (x+1)
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and n+1 isodd, so 2002 =0 mod (x+1) , whichmeans x+1 divides 2002 too. Of the seven
possibilitieslisted abovefor x, only x =13 satisfiesthislast constraint. Then n=2 works, as
afew minutes of arithmetic confirm. Can any other even n satisfy that given equation? Not if n

isvery big, since 13™1—14"<0 for all sufficiently large n. A computer or programmable
calculator could save time otherwise dissipated in thought by testing values of n until they got
sufficiently large; but that is disallowed, solet uspersistinour analysis. Suppose n = 2m+2

worked for someinteger m>0; thiswould mean 2001 = 133 — 142 = 132M*3 _ 142m*+2
whence (142" —1)142 = (13°™ - 1)133. Thislast equation would require 13° to divide
14°M_1 = (1+13)°" -1 = 2m-13 + m(2m-1)-13° + (...)-133,
whence 132 would have to divide m-(2 + (2m-1)-13) , and therefore m would haveto be a
multipleof 169. But when m =169 we must have n=2m+2 > 340; andthen (with x =13)
2001 = X" — (x+1)" = x"(x - (1 + Ux)") < x"(13-(1 + 1/13)>*%) <0.
It can’t happen.

AB6) Cananarcof aparabolainsideacircle of radius 1 have length greater than 4 ?

Solution: YES isthe short answer. Thelong answer istedious and will be only outlined. Inthe
(x,y)-plane where the circle's equation is y? = 1-x2, the parabolain question has the equation
y? = 47%(1+x) for avery tiny constant z>0. Thearc in question runsfrom x =—1 upto

x=T:=1-47%. Let usconsider only the upper half of that arc, the half abovethe x-axis, since
the lower half isjust the upper half’s reflection in the x-axis. We shall show that this half-arc’s
length L exceeds 2 for al z tiny enough. Infact, aong thishaf-arc whereon y = 2zv1+x,

L(2) = [T V(1 + (dy/dx)?) dx = [ ;T V(1 + Z%(1+x)) dx a T=1-42°
= V(T+1)V(T+1+ Z%) + 22In( (V(T+1) + V(T+1 + 22) )/z)
= V(2-42%)V(2-32%) + 22 In( (V(2-42%) +V(2-372%))Iz) .
L(z) >2 foral z tiny enough because L(z) -~ 2 as z —» 0+ and, differentiating,
L'(2)/z = 2In( (V(2-42%) +V(2-32%) )z) -8V((2-32%)/(2—47%)) — +o as z — O+,

x 10

14

12

L L L L L L L L
o 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
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L(2) need not be obtained explicitly to establishthat L(0) =2 and determinethat L'(z)/z> 0 for al z tiny enough,
but the foregoing computationsof L and L' require no cleverness and help to satisfy curiosity about how much the
half-arc length L(z) exceeds 2 and for which z. Numerical computation indicatesthat L(z) >2 only while
0<2z<0.08483287..., and max{L } is L(0.051546...) = 2.001335... . The short answer YES isbarely true.

Alternate Solution: Dueto Austin Shapiro, it does not require explicit evaluation of an integral
unfamiliar to many calculus students. Instead his solution reduces problem A6 to afamiliar
divergent series. Instead of drawing a sufficiently narrow parabolic arc inside the unit circle, his
solution fixes the parabola and draws a circle sufficiently big to enclose an arc of that parabola

longer than twice the circle’s diameter. The equation of the fixed parabola P is y = x%. The
equation of thecircle C,, is x? + (y—n)?> = n? for abig positiveinteger n to be determined later.

Because C,, hasdiameter 2n and center at (x,y) = (0, n), circle C, and parabola P intersect

tangentially at (x, y) = (0, 0) , where their common tangent isthe x-axis. Their two other
intersectionsareat (X, y) = (xv2n-1, 2n-1) . As x runsfrom —/2n-1 to +vV2n-1, the point

(x, y) = (x, x%) onthearcof P within C, runsdown from (—/2n-1, 2n-1) to (0, 0) and back
upto (+v2n-1,2n-1), stayingwithin C,, because, just on that arc,
X2+ (y-n)2—n? = x?+ (x*n)?—n? = x*2n-1-x?) <0.

Since P and C,, areeachitsown reflectionin the y-axis, we can solve problem A6 by showing

that the length L,, of the half-arc of P within the right-hand D-shaped semicircle of C,

exceedsits diameter 2n when n isbig enough. L, exceedsthe sum of the lengths of secants

joining consecutive intersectionsof P with C, for k=0, 1, 2, ..., n inturn; consequently
La—2n2 V2 + 31 V( (V2KHT —VZk=1)? + ((2k+1) — (2k-1))?) —2n.

To further reduce the right-hand side theinequality (Vu —vv)/(u~v) = 1/(Vu + VW) > 1V2u + 2v ,
easily proved valid for al distinct positive u and v, isapplied twicein succession to obtain

La=2n> V2 + Yigqen 1 V((@VBKZ + (%) — 2n
= V2-2+ Y 1gena1 (V(L(2K) +4) -2)
> V2-2+ Y 1jana (V(2K)NVI6 + Tk > V2 -2+ (3 1ck<n1 VK)/VE8.
Thelast (3 ...) istheharmonic seriesand divergesas n — +oo ; therefore L,,—2n - +oo sothat
L,—2n>0 for al sufficiently big n. (Actually any n= 60 issufficiently big.) End of proof.
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2

B1) Let n beaneven positiveinteger. Writethenumbers 1,2, ...,n“ intothe squares of an n-

by-n grid so that the k-th row, from left toright, is

(k=Dn+1, (k-Dn+2, ..., (k-1)n+n.
Color the squares of the grid so that half of the squaresin each row and in each column are red
and the other half are black. (A checkerboard coloring is one possibility.) Provethat, for any
such coloring, the sum of the numbers on the red squares equals the sum of the numbers on the
black squares.

Solution: Let N(k, j) := (k-1)n+ ] bethe number writteninto column j of row k for 1<j<n
and 1<k<n. Set Sk,j) :=+1 if redisthecolor incolumn j of row k; set S(k, j) :=-1 if the
colorisblack. 3; S(k, j) =0 for every k since eachrow hasasmany +1s as —1s; similarly
2k Sk, j) =0 forevery j. Problem Bl issolved by provingthat ;3 S(k, j)-N(k, ) =0;
2j 2k Sk J) Nk, J) = 3 2k Sk, ))((k-=Dn+j) = 35 3 Sk, ))-(k=Dn + 3 5 Sk, ])-]
= 2k (T Sk, ))-(k=Dn + 3; (3 Sk, )] = 0+0 asclaimed.

B2) Find all pairs of real numbers (x,y) satisfying the system of equations
Ux +1(2y) = (x* + 3y?)(3x° +y?) and Ux—1/(2y) = 2(y*-x?).

Solution: Adding and subtracting the given equations and multiplying up transforms them into
2=xQ(x%y?) and 1=y-Q(y? x? wherein Q(X,y) := x%+ 10xy + 5y?. Thenwefind

241 = x-Q(X?, y?) £ y-Q(y?, x?) = (x+y)®, whencefollows x+y=°/3 and x-y=1.
Therefore the sole solution-pair (x,y) has x=(>vV3+1)/2 and y=(>V3-1)/2.

B3) For any positiveinteger n let s(n) denote theinteger closestto vVn. Evauate
S e (X0 + 27y /0

Solution: Thesumis 3. Why? Observefirst that s(n) = m just when m(m-1) < n< m(m+1)

because (m + 1/2)°=m(m+ 1) + 1/4. Thereforetherange 1<n <o of summation can be
broken into digoint subintervals of theform T(m)+1:=m(m-1) + 1 < n<m(m+1l) = T(m+1)
for m=1, 2,3, .... Thenthe sum in question takes the form

>.° (zs(n) + 2—S(n)) /2" =5 . Zn:T(m)+1T(m+1) (Zs(n) + 2—s(n)) /on
=2m=1" Zn=T(m)+1T(m+l) (2™ +27m)/2"
= Zmzloo (2m + Z_m) Zn:T(m)+1T(m+1) 2"
= S (@M +27M) (27T _ 27 T(MD)) - geom. series’ sum
= 3 et (272 _ - M(M*2)) - ofter some algebra
=Y =™ o m(m-2) _ S M=a” -M(M-2)
= 2+1, asclamed.
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B4) Let S denote the set of rational numbers other than —1, 0 and 1. Define f: S - S by
f(x) :=x—1/x . Proveor disprovethat N, f("(S)=0 whereinthe n-fold composition
fM = fofo...of , and f(S) istheset of al valuestakenby f("(s) as s rangesover S.

— N -

Solution: We shall prove that the intersection N ;® f("(S) isempty. Theset S consists of

rational numbers m/n withintegers nZ0, m#0, |m|#|n| and GCD(|m|, |n|) =1. For all
such rational numbers define K(m/n) to be the sum of the exponentsin the prime factorization of
|[m-n| . For example, K(-8/45) =6. Observethat f(m/n)=(m-n)(m+n)/(m-n) liesin S
whenever m/n does, andthat K(f(m/n)) >K(m/n) because GCD(|(m-n)(m+n)|, |m-n))=1.
Thereforeevery s in fM(S) has K(s) >n; andeach s in f("(S) isabsent from fKE)(S) .

B5) Let p and R be given real numbers strictly between 0 and 1/2, andlet g bea
continuous real-valued function such that g(g(x)) = p-g(x) + 3x for al real x. Provethat
g(x) = c:x for some constant c.

Solution: Let 1 denote the identity function 1(x) = x and let g,, denotethe n-fold composition
On(X) = 9(gn_1(x)) starting from gg=1 and g; =g. Now the given equation takes the form
0, = W01 + 3-gg, whence repeated substitution yields 9,41 = 10y + 30,1 , and therefore

[9n+1> Il = [9nr 911G =[9, 1]G" where G := {E j . Itseigenvalues are ¢ := (V(U2+4R) + p)/2

and ¢ :=—(V(u?+4R) —n)/2 with 0<—¢<¢<1l, O0<ct¢=p<12 and 0<R=—¢¢<1/2.

-t ¢ 0¢n ¢1

n
|ts eigenvalue/vector decomposition leadsto G" = {1 ‘1} {9 0] -{9 1} /(c—¢) for all integers
n, positive and negative. Evidently G" - O as n — +0, and consequently so does
[9h+1(X), 9,(¥)] = [9(X), X]G" - [0, O] for eachreal x . Because g iscontinuous, we may take
the limit in the equation  g(gn(X)) = gn+1(X) toinfer that g(0) = 0. However, if x #0 then

0# X =g(g(x)) —p-g(x) andtherefore g(x) #0; andthen g,(x) #0 forevery n=0.

More generaly, g takesevery valueinitsrange just once. To seewhy, suppose g(x) = g(X') ;
then x = (g(g(x)) —p-9(x))/R = (g(g(x")) —n-g(x'))/RB=x" . Consequently the functioninverseto
g must be g ;(y) := (g(y) —uy)/B; forany y intherangeof g, theequation y = g(x) hasjust
the one solution X =g_4(y) , and this g_; iscontinuoustoo. Therefore g must be astrictly

monotonic function, either strictly increasing or strictly decreasing; and since g(0) =0 weinfer
that the sign of g(x)/x must be the samefor all x# 0. Now two cases must be considered:

Prof. W. Kahan page 6/8 December 17, 2001 7:58 am



Solutionsto Putnam Exam Problems for 1 Dec.. 2001

Inthefirst case, g(x)/x <0 forall x# 0. Thenwecaninfer that g(x) = ¢-x asfollows: For any
x for which g(x) — ¢-x # 0 we would find from the eigen-decomposition of G" that

1900109, 0,00N" - (969, 1| % 1201 1€ 2 (6-6) = [6, (@) ~ 620/6-6) £10,0]
whence gns1(x)/gn(X) — ¢>0, when actually every Gn.1(x)/gn(x) = 9(Gn(X))/gn(X) <O . This
contradiction impliesthat g(x) = ¢-x forall x if ever g(x)/x<0.

In the second case g(x)/x >0 foral x#0. Inthiscasewewishtolet n — —o intheformula
[Oh+1, 9nl = [0, 1]G", interpreting gn(X) = 9_1(gns1(X)) asthe |n|-fold composition of theinverse
function g_; when n<0. Beforedoing so, let's find out whether the range of g, the domain
of g4, isthewholereal axis. Because g isstrictly increasing, it could be bounded above by a

finite least upper bound L only if g(X) - L as x — +oo ; but then taking limitsin the equation
g(g(x)) = n-g(x) + R-x would lead to the contradiction L > g(L) = u-L + oo . Similarly weinfer
that g isunbounded below. Thereforethedomain of g ,, isthewholerea axisfor -n=-1 and

then for al -n<—-1. Moreover, theformula g(y) = -y + 3-g_4(y) that defined g_; can be
composed to yield g +1 = U-0_ + 30,1 Which, when rewritten [0 +1, On] = [91, 911G,
vindicatestheformula [g;_, 9] =[9, 1]G™ weshall useto deducethat g(x) = ¢-x : Forany x

for which ¢x —g(x) # 0 we would find from the eigen-decomposition of G™ thatas n — +o
102000 0.,6016" — (909, 1| & 21 0914 2 (6-6) = [0, e - 0M(e-6) £[0,0.

whence g1_n(X)/g_n(X) -~ ¢ <0, when actually every g1_n(X)/g_n(X) = 9(9_n(X))/gn(x) > 0.

This contradiction impliesthat g(x) =¢-x for al x if ever g(x)/x >0. End of proof for B5.

Of all the problems on this exam, | think B5 comes closest to what Mathematicians like me do for aliving.

B6) Assumethat &, &, ag, ..., &,, ... iSanincreasing sequence of positive real numbers such
that a/n - 0 as n - +o . Must there exist infinitely many positiveintegers n such that
3n | +aﬂ+j<23n for j=1,2,..., and n=17?

Solution: Yes. To seewhy, plot the points (n, &,) inthe (x,y)-planeandlet C be the upper

boundary of the convex hull of all those points. C consists of segments of lines lying above all
those points except for the pointsthat lieon C. Could only finitely many of themlieon C ? If
so, therewould be alast point, say (N, ay), beyond which C would be a semi-infinite line

segment lying barely above all points (n, a,) with n> N . Therefore this segment’s slope would
be s:=sup,sn (@8, —an)/(=N) >0. But (a,—ay)/(n-N) - 0 as n - + because a/n - 0,
so actually s=maxsp (8, — an)/(n=N) = (ay —ay)/(M-N) for some M >N, implying that
(N, ay) could not bethelast point on C after all. Therefore C passes through infinitely many
boundary vertices (n, a,) . Each such boundary vertex lies above every line segment joining two
points (N, a,4) and (n+j, ay,) onorunder C for 1<j<n; thismeans a,> (g, + a)/2
forevery j=1,2,...,n-1, asthe problem requires.
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| am no exception to the complaint “Everybody wantsto be an editor”. | have taken the liberty of redrafting some of
the problems on thisyear’s Putnam Exam. There are several reasonsto do so. Oneisthat | eschew jargon as much
as possible because several of my students are not yet comfortable with it; for instance, | prefer the sequence “ &,
8, 8g, ..., 8, ... 10 “ (81" and “n-by-n” to “nxn”. | avoid using an unadorned “ a” asavariablelest it be
confused with theindefinite article, and declineto omit “and” from “ for j=1,2, ..., and n—1" lest someone read
“or” initsplace. | usethe futuretense instead of the presentin “If al n coins are tossed, what is the probability
that the number of Heads will be odd?’ because after the toss the probability iseither 0 or 1. Thelast two
commasin “Points E, F, G lie, respectively, onsides...” areundeserved. “Prove that there are unique positive
integers ...” istoo easy because every integer isunique. In B3 | typed “s(n)” instead of using symbols absent from
some computers’ fonts. | use “ ;=" for assignment or definition to distinguish it from the predicate “ =”. And so
on. | am anit-picker; | would haveto be oneto solve B5 fully correctly. W. K.
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