Math. 110 Computing an Adjugate March 19, 2002 8:09 am

Assignment Due Fri. 22 March 2002
Suppose the triangular factorization P-B =L:U of asquare matrix B has been computed;
here P isa Permutation matrix, L is Unit-lower-triangular, and U is Upper-triangular.
Desired is away to compute the Adjugate Adj(B) from only the given factors P, L and U
under three different circumstances:

(i) U isinvertible.

(@it) Only thelast row of U isarow of zeros.

(iii) Thelast tworowsof U arerows of zeros.
Explain how to compute Adj(B) in each case. (Recall that Adj(B) isapolynomial function

of B satisfying Adj(B) = det(B)-B™* when det(B) # 0. You may experiment with Matlab.)

Solution:

Case (i): det(B) = det(L)-det(U)/det(P) = +det(U) = £(the product of all U’s diagona elements)
where det(P) = +1 according as P isan even or odd permutation. And BX=U"1.LLP is
computabletoo . Thus Adj(B) = det(B)-B~ = +Adj(U)-.L1-P, wherein Adj(U) = det(U)-U™
and det(P) = +1 respectively, iscomputable fromjust P,L and U .

Case (ii): Conformally partition U = !UT u] and L= [LT 0] , notingthat U isinvertible
o O ri

though U isnot. Forany n#z0 let U(p) := !UT u
o M
isacontinuous function of p with B(0) =B, so Adj(B(i)) must be continuous too with
Adj(B(0)) = Adj(B) ; consequently
Adj(B) =limy,_ o Adj(B(W) = =(lim,, _ g Adj(U(w)))-L™--P=Adj(U)-L 1P
inwhich det(P) = +1 respectively isindependent of 1. To compute Adj(U) wefind first

] and B(p) := PT-L-U(W) . Then B(u)

1 1 4
Adj(U(W)) = det(U()-U(u)™ = det(@)-p-| Y U Ul —geg@).| YU U U
o' p o' 1

Thenwelet p — 0 toget Adj(U). After finding that thelast row of L™ is [[L X7 1],
we get
_ -1 .=
Adj(B) :iAdj(U)-L‘l-P:J_rdet(U)-!—U UI LT 1]-P:J_r{‘AdJ(U)U} =AD" 1P,
1 1
which is computablefromjust P, L and U .

Case (iii): Now Adj(B) = O because rank(B) = rank(U) < (dimension of B) — 2.
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