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Refining the General Symmetric DefiniteEigenproblem

1-Page Overview:
A=A'", H=H is +vedef.; A-E=H-A fordiag. A\ of eig’ues.
Direct Method: Cholesky factorize HU'-U; get W := ULA.Ul=w
Eigenvalues/A .= Q-W-Q for Q= Q‘l; Eigenvectors E := IJJ-Q
Iteration: Ay = (E'E-....B)"-A(E'E-...-f) - A as k- o ;
H:=(E'E: .. B)H(EHE.. §gK) - DagH):=1; !
each k-1 is “2-by-2" to zero off-diag. pairs; (-...-K) - E.
Convergence Long known to be_ocally Quadratic.
Here prove@lobal : ... Via a monotonic determinaht
Numerical STABILITY THREATENED by PATHOLOGIES:

* Near-repeated roofaiin E, computed in the obvious way.
Unobvious formulas for [Efend off this and another pathology:

* NearlySINGULAR H causes somelUGE eigenvector(s).

« When A and H shareldear-Nullspacg some computed
eigenvectors can beluge Unnecessarilythus exacerbating
Roundoff’s Corruptionof eigenvalues/vectors otherwise
Well-Determinedby the data... remediedby an iterative refinement

Question How likely would we noticeRemediableCorruption ?

Test Data include N-by-N segments \H of Hilbert Matrices:
{Hnk }ij = V(i+j+K-1) .

We provide preponderantlinteger (exact) formulas for the four

Cholesky factors of Klx and I-,LLK'l, and for theBidiagonal

whose (singular valuesy A when A :=H ks & H:=Hyk .

This document is posted at <www.eecs.berkeley.edu/~wkahan/HHXVIII.pdf>. For
details see <.../Math128/GnSymEig.pdf> and <.../MathH110/HiloMats.pdf> .
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lteration: Ay = (E'E-....B)"A-(E'E-....f) - A as k- o ;

hi = (ElEZE()lH(ElEZE() N Dlag(Hk) =1; |
each k-1 is “2-by-2" to zero off-diag. pairs; (H-...-K) - E.

How will each B, be computed?
Squash g toa 2-by-2 E; want diagonals-&£E =A & E-H-E =1

: : Ve @ —|1 o]
given squashed submatrices A= | & H = with —-1<o<1.
a v, ol

Obvious Method: A = Diag([A1, Ao]) needs zeros\; of Char. Poly:
Detr-H — A) = (1-62) A% — (v + V5 — 20-0)-A + Vg-\h—a2 .
Discriminant; 8 := (1—02)-(vy—V5)? + (0-(vy + Vo) —2a)? = 0.
1

A=A
Zeros A 1= %(v1+v2—20-0( + 6)/(1—02) ordered so~—2 > :
V=V, 2
) ) 1-0
o[\,—-qa
N —V 2
1 72 V. —\
1 "2
Then E :s IN(3}sgnh;—Ay)) . (sgn =£1)
-\
2

2 Pathologies Exacerbate Roundoff to Ruin [ and All that Follows:
 Near-Repeated Zero3;: A =vi=vp=A,, so E=0/0.
 Near-Singular H:ol=1, so atleastong; is Huge E=o .

Numerical examples in GnSymEig.pdf's 83 show that the threat is real.

(How might suspicions about the accuracy of a computed E be allayed
or else corroborated by someone who cannot perform an error-analysis?
GnSymEig.pdf's 83 illustrates how my .../Mindless.pdf’'s 814 does it.)
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How will each B, be computedAccurately?
Squash g toa 2-by-2 E; wantdiagonals-&£E =A & E-H-E =1

: : Vy @ —|1 o]
given squashed submatrices A= | & H = with -1<o<1.
a v, ol

Unobvious Method: ... In GnSymEig.pdf's 82

Case |o| < 3/4, when 2-by-2 H is not nearly singular:
20— (v *+Vv,) o
Vi—V,) Ebos(ZG))) ’

First compute® := 2 arcsing) and ® := %arctalﬁ(
choosing | <14 and letting 0/0 := 0. Then
E -=| CoOS(P + O) —sin(® + O) /COS(ZD) _
sin(®-0) cog(®-0)
( E can be computed from strictly algebraic operations {+/~/},
but perhaps slightly less accurately than from a modern Math library.)

Case 3/4<|o|<1, when 2-by-2 H may be nearly singular:
This case tends to arise in early iterations deserving exact cancellations of data.

J2 + 2|0 0 and X ::{ 1 sgn(o)} _
0 J2-20d] sgn(o) -1
Next T:=VI(X-(A-X)V?; 1:=1larctaf 2:4./(t11— b)) ;

First set V= (sgn =t1)

P =1 +(sgn@E)-sgnt) — 1)-sgnf) w4 ; Y ;:{CQS(UJ) Sin(w)}
sin(y) —cos(y)

E:=X-V1Y andA:=Y-T-Y = Diag(hy, A5]) ordered as before.
If T isindeterminate because of ... arctan(0/0) ... just/set O .

Numerical examples and tests in GnSymEig.pdf’'s 83 corroborate the
numerical stability of this page’s E amd versus the previous page’s.

And all formulas’ Det(E) =A/(1 -0 = 1.
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lteration: Ay = (E'E-....B)"A-(E'E-....f) - A as k- o ;

hi = (ElEZE()lH(ElEZE() N Dlag(Hk) =1; |
each k-1 is “2-by-2" to zero off-diag. pairs; (H-...-K) - E.

How do we know that this iteration converges?
Every DetE,) = 1. Therefore every Dédf) < Det(Hy+1) <1 because
we keep evenbDiag(H) :=1, and so Delly) - (a positive limit)< 1.

Lemma: If h is the biggest magnitude of the off-diagonal elements of a
positive definite N-by-N matrix H whose diagorailag(H) =1, then

0 <det(H<1—1If. Ifalso 0<h-(N-1) &, det(H)>(1 - (N-1)-BN.

So long as the iteration visits every off-diagonal element infinitely often
and annihilates just those not too much smaller than average at the time,
a compactness argument goes fromet(H,) converges” to

“Det(E,) — 1” to “DetHy) - 1" to “Hy - 1” to “A, — A”.

For details see 86 of GnSymeEig.pdf; its 811 offers an experimental
MATLAB program that implements a strategy for choosing which pairs
of off-diagonal elements to annihilate.

When should iteration stop? Hard to know for sure. Small residuals can
mislead. Suppos& approximates an eigenvector. Then Rayleigh

Quotient w :=Vv'-Av/v'-Hv approximates an eigenvalue better. How
well? The residual ;= Av —w-Hv figures in an eigenvalue estimate

w+V(r -HLr/\-Hv) thatis costly to compute and can be wide, though
r is tiny, when H is too nearly singular.
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Our Chosen Normalizations
 Diag_of(H) =1, achieved by an N-by-N diagonal congruence.
Why? Among all diagonal congruences, the unknown one that minimizes

the condition number ||H||-]/{ brings it down no smaller than 1/N of
the condition number of what we have chosen (A. van der Sluis, 1969).

« Eigenvector matrix E has'-H-E =1 when EA-E =A is diagonal,
achieved by scaling the eigenvectors (columns of invertible E).
Why? Convenience. Thea is a diagonal of eigenvalues. Moreover then

IIEIl =V[IHY|, so every eigenvecta has H||<||HY|| and at least one has

lEl| = V(||[HYYN), thus exhibiting roughly how close H is to singular.

Sensitivity to Infinitesimal Perturbations 0...

Perturbing A—~ A +0A and H- H +0dH changes a simple eigenvalue

A - A +0A and its eigenvectoe —» e +0e. Besides A2o=A-He, our

chosen normalization has-He=1 soA =e'-A-e. Differentiate to get
O\ =e"-(0A —A-0H)-e.

This implies thatA is hypersensitive to tiny perturbatioosly when

lle]| is big even ifN| is small. Apparently this hypersensitivity extends

also to perturbations due to roundoff (thouginly’ must be omitted

for some numerical methods, like the obvious formula fprogk p. 2).

lle]] can be big only if H is nearly singular, and thené&'sseigenvalue
A is deservedly “ill-conditioned” (hypersensitive to tiny perturbations
and roundoff), and especially soif is among the smaller eigenvalues.

When can an ill-conditioned\||= '-A-€| be small thoughgel| is big?
 When |[|A|| is small enough so are all eigenvalues, including this
« When A is indefiniteA =e'-(A-€) can cancel though |E\ is big.
« When A and H shareldear-Nullspace A may be small, or not.

This last case sometimes causes (no matter bomputedeigenvalues
and eigenvectors to appear ill-conditioned undeservedly. Why? ...
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When A and H Share aNear-Nullspace...
Then somez # o satisfies ||&|V|lz]| << ||A|| and ||&Y|[z|] << |[H|| .

Then some multipl€-z can be added to a computed approximafido

an eigenvector, satisfying &= w-Hf andf-Hf =1 sow=f-Af
estimatesf’s eigenvalue, leaving these equations roughly equally well
satisfied byf + {-z as byf though these may differ substantially.

Which of f andf + {-z is the better approximation to an eigenvector?

If f is so contaminated by that [i|| is much bigger than necessary,
then so is the estimated sensitivigw =f' -(0A — w-0H)-f ; and in some
numerical experiments roundoff spoiled much more than necessary.

When f was replaced by obtained fromf —z-(z'-H¥)/(z'-Hz) after
scaling it to makef'-H-f = 1, the new estimateo .= f'-A-f was more
accurate tharw except when cancellation left Hz:(z'-Hf)/(z'-H2)||
too much smaller thanf||] which case called for iterative refinement.

But how do we tell which i¥ and which isz ?

More generally, suppose the computed eigenvector matrix intended to
approximate E is F satisfying-H-F=1 and F-A-F=W is diagonal.

If H is nearly singular, atleast one column of F must be big. If more
than one column is big, group the big columns into a submatrix B and
obtain its Economical Singular Value Decomposition B%-B- in

which P-P =1, the diagona¥% of singular values, and'® Q! all

have the same small (we hope) dimensions. Typically B-RB¥ will

have one or two big columns and the rest small. Rescale its columns to
get B satisfying Diag_of(BH-B) = |. Then apply the iteration of pp.
3-4 to diagonalize BH-B and B-A-B by simultaneous congruence.
This is the iterative refinement. It works better it HBB and B-A-B

are computed extra-precisely.

Does that process always work? That process/i®aK IN PROGRESS
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Four Cholesky Factors of Hilbert Matrices and their Inverses

Formulas for them, derived long ago, were resurrected to use in test data

for investigations into the General Symmetric Definite Eigenproblem.

The formulas and MILAB programs based upon them are posted at
<www.eecs.berkeley.edu/~wkahan/MathH110/HilbMats.pdf> .

N-by-N Hilbert matrices Nk have elements {{fy};; = 2/(i+j+K-1)
for integers K= 0. When the quotients’ rounding errors are intolerable
we use instead the integer matrix; ¥ =Ly x-Hy k computed exactly

unless integet g := LCM([K+1, K+2, ...,2N+K-1]) gets rounded off.

Integer matrix I—rl,,K'l is computed from recurrences first published by

Dr. Sam Schechter iMTAC in 1959. | cannot find my old notes with
derivations and proofs of the other formulas. They use an old notation:

Combinatorial/Binomial CoefficiertC, := n¥/( k!-(n—k) )
N-row u' :=[1, 1,1, ...,1, 1]
N-by-N Diagonal $ := Diag([1, -1, 1, -1, ..., (D))

Henceforth subscripts N,K are taken for granted so that the abbreviation
H can be used for \fk and likewise for all matrices except and $ .

Diagonal D has {D} := dy k := (-1)-j-NG; - N*HI1Cy .

H'=D-H-D has integer elements “f#; = dy i i\ k j/(i++K-1)

det(H?) = |det(D)] =[T; d ]

u-Hu = 33 {H™}; = N-(N+K) is used to testHs accuracy.
Approximations valid as Ko oo :

u-$-HE$uU = 353 [{H

= (AL N+KPPNH((N-1))7) (1 + O((N+K) D))
IH = 3% (Hp)?
= (@2N=2) - (N+K2NY((N-1))*)?-(1 + O((N+K) D) )

Prof. Emeritus W. Kahan Univ. of Calif. @ Berkeley age 7 ¢ 8



File: HHXVIII WORK IN PROGRESS Version dated September 6, 2011 4:14 am

Four N-by-N upper-triangles U and R and their inverses are Cholesky
factors of H=UU =RYR? and of H'=R-R=UXU1. Though

not generally integer matrices, they can be assembled out of integer
matrices starting with $ and three more N-by-N diagonals:

(¥} =K+2]-1; {&}; = K+2j_2(;j—1 o Q)= K+'\I_lJrj(;N—j :
These combine with two N-by-N integer upper triangles C and G
{C}i; =a1C; G:=s¥cl¥ls so {G};:="12"Kg.
Their combinations produce the four Cholesky factors:

U=V¥C-(¥-£); U=£.$-G-$/¥;

R=$/¥C-$Q=%$-UD; R=Q¥lGv¥.
These formulas seem at first to deme@d\l?’) arithmetic operations,
but the MATLAB programs in HiloMats.pdf use recurrences that need
only O(N?) operations.

HilbMats.pdf also offers tests of the AVLAB programs’ correctness.
The tests would be simpler and more reliable KTMAB supported
IEEE Standard 754’s exception flags, particularly the Inexact Flag.

When A :=H k+1 and H:=HK g inthe General Symmetric Definite

Eigenproblem A-E = H-EA, the eigenvalues i\ are the squared

singular values of the upper-triangulan = UN,K+1-UN’K'1 , Which

turns out to be bidiagonal and computable very quickly from the N-by-N

bidiagonal § whose elements |{,}i,j =(f i<j<i+l then i else 0).
Ak = (ke S + KD 6% 0™

And its singular values are computable quickly and very accurately.
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