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1 Definition of Locally Decodable/Correctable Codes

In traditional coding theory, one encodes a message m ∈ {0, 1}k to a codeword c ∈ {0, 1}n. The
codeword then gets corrupted on δ fraction of symbols. Our goal is to recover m or c using the
corrupted codeword c̃. In this setting, for example, we have expander code with O(n) decoding
time (and even O(n) encoding time [SS96]).

One natural question is: what if we only want to recover just one bit of m or c? Can this be
done very efficiently? Hopefully, we want to achieve this by only looking at a very small number
of symbols (e.g., O(1) symbols) in c̃?

Note that we can not hope to do this deterministically, since the δ fraction of errors can happen
anywhere, including the O(1) places we care about. Thus, we may want to do this randomly.

Here follows formal definitions of locally decodable codes and locally correctable codes.

Definition 18.1 (Locally Decodable Codes). A code C : {0, 1}k → {0, 1}n is said to be a (q, δ, ε)-
Locally Decodable Code if and only if ∀i ∈ [k], there exists a randomized algorithm Ai such that
∀m ∈ {0, 1}k,∀c̃ ∈ {0, 1}n,

• Ai randomly queries ≤ q coordinates of c̃,

• if ∆(c̃, C(m)) ≤ δn, then Pr[Ai(c̃) = mi] ≥ 1
2 + ε.

Here δ, ε are usually constants, and q is called query complexity.

The definition of Locally Correctable Codes is almost the same as Locally Decodable Codes, except
mi (the bit we want to recover) is replaced with C(m)i.

Definition 18.2 (Locally Correctable Codes). A code C : {0, 1}k → {0, 1}n is said to be a (q, δ, ε)-
Locally Correctable Code if and only if ∀i ∈ [k], there exists a randomized algorithm Ai such that
∀m ∈ {0, 1}k,∀c̃ ∈ {0, 1}n,

• Ai randomly queries ≤ q coordinates of c̃,

• if ∆(c̃, C(m)) ≤ δn, then Pr[Ai(c̃) = C(m)i] ≥ 1
2 + ε.

There are two remarks.

Remark 18.3. A linear (q, δ, ε)-LCC is also a linear (q, δ, ε)-LDC, because linear codes can be
made systematic. For general codes, [BGT17] proves that a LCC is also a LDC, with an O(1)
factor off in query complexity q. This means Locally Correctable Code is in some sense a stronger
notion than Locally Decodable Code.

Remark 18.4. We can assume Ai’s are non-adaptive by changing ε to ε/2q. Non-adaptive means
the j-th query does not depend on previous queries. The idea is to guess the q answers in advance,
then run Ai based on those answers. If the queried q bits match the guessed q bits, which happens
with probability 1

2q , then we are happy and we get an ε advantage compared to randomly guessing.
Otherwise we just output a random bit as the answer. Note that the binary alphabet is important
here. When alphabet is larger, we need to be more careful.
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2 Hadamard Code as Locally Correctable Code

Recall that Hadamard Code is a mapping from {0, 1}k to {0, 1}n, where n = 2k, and m maps to
Had(m) = (〈a,m〉)a∈Fk

2
.

Claim 18.5. Hadamard Code is a (2, δ, 1− 2δ)-Locally Correctable Code.

Proof. For any a ∈ {0, 1}k, we wan to recover 〈a,m〉. Given c̃ ∈ {0, 1}n such that dist(c̃,Had(m)) ≤
δn, the algorithm Aa runs as follows:

1. Pick z ∈ {0, 1}k uniformly at random.

2. Query c̃ at z and a+ z.

3. Return c̃z + c̃a+z.

Let c = Had(m) be the correct codeword, then we clearly have

cz + ca+z = 〈z,m〉+ 〈a+ z,m〉 = 〈a,m〉.

Although correlated, z, a + z are individually uniform over {0, 1}k. Given that there are only δ
fraction of errors in c̃, we have

Pr[c̃z 6= cz] ≤ δ ∧Pr[c̃a+z 6= ca+z] ≤ δ.

By union bound,
Pr[Aa is correct]

= Pr[c̃z + c̃a+z = 〈a,m〉]
≥Pr[c̃z = cz ∧ c̃a+z = ca+z]

≥1− 2δ

3 Reed-Muller Code as Locally Correctable Code

Recall that Reed-Solomon Code maps a univariate polynomial f ∈ F[x]≤k to its evaluation on a
set of points: (f(a1), . . . , f(an)). Reed-Muller Code just changes the univariate polynomial to a
multivariate polynomial.

Definition 18.6. Let q > d, Reed-Muller Code RM[q,m, d] maps an m-variable degree d polyno-
mial f ∈ Fq[x1, . . . , xm]≤d to its evaluation on all points. Specifically,

RM[q,m, d] = {(f(a1, . . . , am))a1,...,am∈Fq |f ∈ Fq[x1, . . . , xm]≤d}

It’s easy to compute Reed-Muller Code’s parameters:

• n = qm.

• k =
(
m+d
m

)
(which is the number of solutions of m non-negative numbers summing up ≤ d).

• D ≥ n ·
(

1− d
q

)
(from Schwartz-Zippel Lemma).
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Note that the parameters are inferior to that of the Reed-Solomon Code. But the point is that
Reed-Solomon codeword is indexed by Fq, while Reed-Muller codeword is indexed by Fmq , which
has a much richer geometry. This endows Reed-Muller Code with good locally correctability.
Furthermore, for constant query complexity, Reed-Muller Code is the state-of-the-art LCC.

Claim 18.7. RM[q,m, d] is a [d+ 1, δ, 1− (d+ 1)δ]-Locally Correctable Code.

Proof. Given some ~a ∈ Fmq , we want to recover f(~a) based on a corrupted codeword c̃ ∈ Fnq such
that ||c̃− RM(f)||0 ≤ δn. The intuition is that f restricted to any line is a univariate polynomial
of degree at most d. Then we can use d + 1 values on a line which goes through ~a, to interpolate
f(~a). The algorithm A~a goes as follows.

1. Randomly pick ~b ∈ Fmq \ {0m}, which is the direction of the line.

2. Randomly pick distinct λ1, . . . , λd+1 ∈ Fq.

3. Query c̃ at ~a+ λ1~b, . . . ,~a+ λn~b.

4. Interpolate a polynomial A ∈ Fq[x]≤d such that A(λi) = c̃
~a+λi~b

,∀i ∈ [d+ 1].

5. Return A(0).

Like before, each ~a+ λib is uniform over Fmq although they are correlated. Thus we have

∀i ∈ [d+ 1],Pr[c̃
~a+λi~b

6= f(~a+ λi~b)] ≤ δ.

By union bound,
Pr[∀i ∈ [d+ 1], c̃

~a+λi~b
= f(~a+ λi~b)] ≥ 1− (d+ 1)δ.

Define g(x) = f(~a + x~b), the facts deg(g) ≤ deg(f) = d and g = A on d + 1 points imply that
g = A. Therefore, A(0) = g(0) = f(~a) with probability at least 1− (d+ 1)δ.

Here is a list which summarizes the trade-off between q and n of Reed-Muller Codes.

q n

O(1) exp(O(k
1

q−1 ))

log n kO(log log k)

logt n, t > 1 k1+
1

t−1
+o(1)

n1/t, t ≥ 1 tt+o(t) · k

4 A Lower Bound on Linear LDC

Think of q = O(1) and a linear Locally Decodable Code C. [KT00] proves that n ≥ Ω(k
1

q−1 ). The

idea is to pick a random subset S ⊆ [n] of size n
1− 1

q , and show that C(m)|S almost determines m

with high probability. Then |S| ≥ k ⇒ n
1− 1

q ≥ k ⇒ n ≥ k
q

q−1 .

Here is a useful characterization of linear LDCs:
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Claim 18.8. A linear code C : Fk2 → Fn2 is a (q, δ)-LDC if ∀i ∈ [k], there exists a q-uniform
matching of [n],Mi = {S1, . . . , Sδn} (i.e., Sj’s are disjoint subsets of [n] and |Sj | = q), such that∑

t∈Sj

Gt = ei, ∀j ∈ [δn].

Here Gt is the t-th row of the generator matrix of C, ei is the i-th unit vector in Fk2.

Claim 18.9. Pick S ⊆ [n] in the way that include every s ∈ [n] into S independently with probability

n
− 1

q . Then

Pr[∃j ∈ [δn] : Sj ⊆ S]] ≥ 1−O
(

1

n

)
.

5 Notes

Locally Decodable Codes existed since 90’s, but was formally defined after 2000. [Yek12] is a nice
survey on LDC.

There are some newer constructions compared to the Reed-Muller Codes, like

• Lifted Code [GKS13].

• Multiplicity Codes [KSY14].

• Expander Codes [HOW15].

All the above can achieve q = O(nε) and R ≥ 1 − ε, while for Reed-Muller Codes, q ≥
√
n and

R ≤ 1
2 .

[KMRS17] has a construction for LDC with large alphabet. They reach q = 2O(
√
logn), R ≥ 1 − ε,

but the alphabet they use is very large.
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