CS294 Partition Functions Fall 2025

Lecture Note 8

Instructor: Alistair Sinclair

Disclaimer: These notes have not been subjected to the usual scrutiny accorded to formal publications. They
may be distributed outside this class only with the permission of the Instructor.

Introduction

In the last lecture we introduced the concept of coupling of Markov chains and its use in bounding the mixing
time in some simple examples. In this lecture we explore its use in more challenging scenarios.

8.1 Graph Colorings

One of the most spectacular successes of coupling has been in the analysis of MCMC algorithms for the
benchmark problem of sampling colorings of a graph u.a.r. As we have seen, this leads to an fpras for
counting colorings, or equivalently, for the partition function of the antiferromagnetic Potts model at zero
temperature (where the only legal configurations are proper colorings). Throughout, our input will be an
undirected graph G = (V, E) and a set of colors [q]. We will write n for the number of vertices of G and A
for its maximum degree. Recall that we assume ¢ > A+ 1, in which case a g-coloring exists and can be found
easily by a greedy algorithm. For ¢ = A the decision problem, while still polynomial time solvable [Bro4l],
is non-trivial, and for ¢ < A — 1 even approximate counting is impossible unless NP=RP [G§V15].

A natural Markov chain for this problem is the Glauber dynamics, as discussed in an earlier lecture!. Given
any proper coloring of G, this process does the following:

e Pick a vertex v € V u.a.r. and a color ¢ € [¢] u.a.r.

e Recolor v with c¢ if this yields a proper coloring, else do nothing.
This Markov chain is symmetric and aperiodic, but is not always irreducible: in particular, if ¢ < A+ 1, we

can have “frozen” colorings in which no move is possible (even though other proper colorings do exist). A
simple example is when G is a clique on A + 1 vertices.

However, it turns out that this problem cannot occur when the number of colors is at least A + 2:
Important Exercise: show that the above Markov chain is irreducible if ¢ > A + 2.

Here are two famous conjectures regarding graph colorings:

1. Random sampling of proper colorings can be done in polynomial time whenever ¢ > A + 1.

LStrictly speaking, the Markov chain given below differs very slightly from the (heat-bath) Glauber dynamics of the previous
lecture: in that version, we would replace the color at v with a color chosen uniformly from the set of allowable colors at v.
Analytically it is slightly more convenient to work with the more uniform version here, which picks from all possible colors.
Effectively this just introduces a self-loop probability at each state.
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2. The above Glauber dynamics has mixing time O(n1nn) whenever ¢ > A + 2.

Recall from an earlier lecture that these conjectures are essentially the best we can hope for, because ap-
proximate counting of colorings has been shown to be NP-hard for ¢ < A [GSV15]. Moreover, even deciding
whether a g-coloring exists becomes non-trivial for ¢ < A [Bro41] and NP-complete when g < % + 1. Unfor-
tunately, we cannot yet (quite!) prove either of these conjectures. However, much progress has been made
on them over the past 30 years, culminating in a very recent result that largely settles the second one (see
the end of this note). We will begin by giving an elementary coupling argument that works when ¢ > 4A +1.
Note that intuitively we would expect that, the more colors we have, the easier it should be to prove that the
Markov chain is rapidly mixing; this is because with more colors the vertices become “more independent.”

Claim 8.1. Provided that ¢ > 4A + 1, the mizing time of the Glauber dynamics is O(nlogn).

This theorem (in the stronger version g > 2A 4 1) is due to Jerrum [Jer95], and independently to Salas and
Sokal [SS97]. Note that O(nlogn) mixing time is (at least intuitively) the best we could hope for, since
by coupon collecting it takes that long before all the vertices have a chance to be recolored. (Actually the
coupon collecting analogy is not strictly accurate; however, the Q(nlogn) lower bound—for this, and indeed
for any spin system on a bounded degree graph—can be proved by a more careful argument [HS05].)

Proof. We couple two copies X; and Y; of the chain, as follows: Let X; and Y; choose the same vertex v and
the same color ¢ at each step, and recolor v with c if possible. Let us now analyze this coupling.

Define d; := d(X;,Y;) to be the number of vertices where the colors disagree. For every step in our chain a
vertex v and a color ¢ are chosen, which could result in:

e “Good moves” (d; decreases by 1): the chosen vertex v is a disagreeing vertex, and the chosen color ¢
is not present at any neighbor of v in either X; or Y;. In this case, the coupling will recolor v to the
same color in both X; and Y, thus eliminating one disagreeing vertex. Since the neighbors of v have
at most 2A distinct colors in X; and Y;, there are at least di(q — 2A) good moves available.

e “Bad moves” (d; increases by 1): the chosen vertex v is an agreeing vertex and the chosen color is in
the neighborhood of v in one of X3, Y; but not the other. In this case, v will be recolored in one of the
chains but not the other, resulting in a new disagreement at v. To bound the number of bad moves,
note that v must be a neighbor of some disagreeing vertex v’, and the chosen color ¢ must be the color
of v/ in either X; or Y;. Since each disagreeing vertex v’ has at most A neighbors, and there are only
two corresponding “bad” colors ¢ at v’, the number of bad moves available is at most 2d;A.

e “Neutral moves” (d; is unchanged): all choices of (v,c) that do not fall into one of the above two
categories lead to no change in d;.

Note that the difference between the numbers of good and bad moves is (at least) di(q — 4A), so we expect
the distance to decrease when ¢ > 4A 4+ 1. We now make this argument precise.

Since each move has the same probability, namely qin, we can compute the expected change in d; under one
step of the coupling:

di(qg —2A)  2d;A —4A
a=28) | 2, :dt(l_q )
qan an qan

Iterating this we get that

—4AN\" —4AN\" 1\*
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4Aq7q < 4A + 1 since we are assuming ¢ > 4A + 1. This implies that

Pr[dt > O‘X(LYO] = Pr[dt > ].‘X(),Y()]
< El[d:| Xo, Yo (Markov’s Ineq.)

1\
g(l—) n
yn

To ensure that A(t) < e, it is sufficient to let ¢ = yn(lnn + Ine~!). Thus in particular the mixing time is
Tmix = O(Anlogn). O

where v :=

Exercise (harder): Devise an improved coupling that achieves a similar O(n log n) mixing time for ¢ > 2A+
1. [Hint: Instead of X;,Y; always choosing the same color, couple pairs of “bad” colors in the neighborhood
of a vertex and make X;,Y; each choose different members of the pair; see [Jer95] if you get stuck. We’ll see
a much easier way to get this improvement in the next section.]

8.2 Path coupling

“Path coupling,” an idea introduced by Bubley and Dyer [BD97], is a powerful engineering tool that makes
it much easier to design couplings in complex examples. We’ll apply it to our colorings example to obtain a
simple proof that the coupling still works for ¢ > 2A + 1.

Definition 8.2. A pre-metric on € is a connected undirected graph with positive edge weights with the
property that every edge is a shortest path. We call two elements x,y € Q adjacent if (x,y) is an edge in the
pre-metric.

Notice that a pre-metric extends to a metric in the obvious way (just take shortest path distances in the
graph of the pre-metric).

Path coupling says that, when defining a coupling for a Markov chain on €2, it is enough to specify the
coupling only for pairs of states that are adjacent in the pre-metric. This will usually be much easier than
specifying the coupling for arbitrary pairs of states.

This fact is expressed in the following theorem:

Theorem 8.3. Suppose there exists a coupling (X,Y) — (X', Y') defined only on pairs (X,Y) that are
adjacent in the pre-metric such that

Eld(X",Y"|X,Y] < (1 —a)d(X,Y) for some o € [0,1], (8.2)

where d is the metric extending the pre-metric. Then this coupling can be extended to a coupling which
satisfies (8.2) on all pairs (X,Y).

Note that (8.2) says that the distance between X and Y (as measured in the metric d) decreases in expectation
by a factor a > 0. Just as in our analysis of the Glauber dynamics for graph coloring in the previous section,
assuming d takes non-negative integer values this immediately leads to a bound on the mixing time of
Tmix = O(é log D), where D is the maximum distance between any two states. (In that application, we had
o= qgiA and D =n.)

Proof. Let (X,Y) be arbitrary, not necessarily adjacent. Consider any shortest path in the pre-metric
X:Z0*>214)Z2*>...Zk_14)2k:}f.
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We construct a coupling of one move of (X,Y’) by composing couplings for each adjacent pair (Z;, Z;11)
along this path, as follows:

e Map (Zy, Z1) to (Z), Z1) according to the coupling,.

e For each i > 1 in sequence, map (Z;, Z;j11) to (Z, Z;, ) according to the coupling, but conditional on
Z! already being chosen.

This process constructs a coupling (X,Y) — (X', Y") = (Z, Z},). [Exercise: Convince yourself that this is
indeed a valid coupling]

Now the expected change in distance under the coupling can be analyzed as follows:

E[d(X',Y")|X,Y] <E lzcz L) XY
k—1
=Y E[d(Z],Z], | Zi, Zi+1]
=0
k—1
< (1 — a) d(Zi, Z’L+1)
=0
= (1 - Oé)d X7Y)7
which establishes (8.2) as required. O

Exercise: Check the second line of the derivation in the above display, paying attention to the fact that the
definition of path coupling requires conditioning on each Z! along the path.

8.2.1 Application to graph coloring

We now apply path coupling to the Glauber dynamics for graph coloring, and see how it leads to a simpler,
more elegant and tighter analysis.

Theorem 8.4. Provided ¢ > 2A + 1, Tix = O(nlogn).

Proof. We will use the following pre-metric: two colorings X,Y are adjacent iff they differ at exactly one
vertex. In this case, we set d(X,Y) = 1. We will extend this pre-metric to the Hamming metric: d(X,Y) is
the number of vertices at which X,Y differ.

Note, however, that in order to have the Hamming distance indeed be the extension of the pre-metric
described above, we need to let our state space include non-valid colorings as well. This is because the
shortest path from one coloring to another might involve temporarily assigning illegal colors to vertices. We
keep the transitions as before, i.e., we do not allow the MC to make a transition to an invalid coloring. Thus
the state space is not irreducible, but rather it consists of a single irreducible component (namely, all proper
colorings) plus some transient components consisting of invalid colorings. It is easy to see that this Markov
chain converges to the uniform distribution on the proper colorings, as before; and, moreover, that a bound
on the mixing time derived using coupling extends to a bound on the mixing time of the original Markov
chain (without the invalid colorings). [Exercise: Verify this by going back to the basic coupling bound in
the previous note.]

Now let X, Y be any two (not necessarily proper) colorings that are adjacent; this means that they differ at
only one vertex, say vg. We define our coupling for (X,Y) as follows:
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e Pick the same vertex v in both chains.

e If v is not in the neighborhood N(vg) of the unique disagreeing vertex vy, then pick the same color ¢
in both chains.

e If v € N(vp), match up the choice of colors as follows:

CcCx < Cy
Cy <— Cx
C < C,

where cx, cy are the colors of vy in X, Y respectively, and ¢ ¢ {cx,cy }.

e Having chosen a vertex v and a color ¢ in both chains, recolor v with ¢ in each chain if possible.

This is clearly a valid coupling because each of X,Y, viewed in isolation, makes a move according to the
Markov chain. Note that we don’t need to explicitly define the coupling on other pairs (X,Y) as this is
taken care of by path coupling.

To analyze the above coupling, we again count the numbers of “good” and “bad” moves. A “good” move
corresponds to choosing the disagreeing vertex vy and some color not present among its neighbors; hence
there are at least ¢ — A good moves. A “bad” move corresponds to picking a neighbor v € N(vg) together
with one choice of color (namely, the combination ¢y in X and cx in Y, for then v is recolored to different
colors in the two chains and becomes a new disagreeing vertex; note that the complementary choice cx in X
and cy in Y is not a bad move because neither chain will recolor v in this case). Hence the number of bad
moves is at most A (i.e., the number of neighbors of vg). All other moves are neutral (i.e., do not change
the distance).

Since each move occurs with the same probability q%w and since d(Xy,Y;) = 1 for all adjacent pairs Xy, Y,
we can conclude that

q—2A
qn

Eld(Xi11, Y| X0, Y] < (1= )d(X0,Y0).

Thus, assuming ¢ > 2A + 1, (8.2) holds with a = q;—iA and D = n, so we get Tmix = O(nlogn) as
claimed. O

Theorem 8.4 was first proved by Jerrum [Jer95] (see also Salas and Sokal [SS97]) using a direct coupling
rather than path coupling (see the exercise at the end of the previous section). The resulting analysis, though
still elementary, is quite a bit more delicate than that above.

8.3 Going beyond the 2A bound

The ultimate goal of research on MCMC for graph coloring is to resolve the following;:

Conjecture 8.5. Tyix is O(nlogn) for all g > A+ 2.

Note that this is precisely the range of ¢ for which the Markov chain is guaranteed to be connected. The
Conjecture is known to hold for the very special case of A-regular trees [MSWO6].

There is a further interesting related conjectured connection between colorings on trees and on general
graphs. The range ¢ > A + 1 is precisely the region in which the Gibbs measure on the infinite A-regular
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tree is unique, i.e., if we set any boundary condition (fixed coloring) on the leaves of the tree, the asymptotic
influence of this boundary condition on the distribution of the color at the root of the tree goes to zero with
distance if and only if ¢ > A+ 1. It is believed that the same holds for general graphs (i.e., among all graphs
of maximum degree A, the decay of influence with distance is slowest for the tree). Resolving either this
conjecture, or the related one above for Markov chain mixing, would be of great interest in combinatorics,
computer science and statistical physics.

We now briefly summarize the large body of work over the past 30 years aimed at resolving Conjecture 8.5;
this work contains many important ideas that have other applications in the analysis of Markov chains.

8.3.1 Ideas for improving 2A — 1.76A

Recall our path coupling analysis in the proof of Theorem 8.4 above. Our bound of ¢ — A on the number of
good moves there was pessimistic, because in a typical coloring we would expect significantly fewer than A
colors (the maximum possible number) to be represented in the neighborhood N (vg).

Let A(X,v) denote the number of available colors at v in coloring X, i.e., the number of colors not represented
in N(v). Since the number of bad moves is (at most) A, the previous analysis will still go through provided
we have A(X,v) > A.

To get a handle on A(X,v), suppose each vertex is colored independently and u.a.r. in X. Then by linearity

of expectation we have
_a

1\ A
BlA(X,v)] = q(1 - 5) ~ ge
is the expected value. Thus we will have E[A(X,v)] > A provided qe_% > A, which is true whenever
g > aA where « is the solution to z = ez. In particular, o ~ 1.76. So we might hope that we get O(nlogn)
mixing time for ¢ > 1.76A.

This is the crux of the proof presented in [DF06]. However, quite a bit of work remains to be done: we need
to justify why it is OK to work with a random coloring; in a random coloring, the neighbors of v are not
colored independently; and we cannot work just with the ezpected value E[A(X,v)].

To sketch how to turn the above intuition into a real proof, we follow the development of [HV05].

Definition 8.6. Say that a coloring X of G satisfies the local uniformity property if, for all v, A(X,v) is
at least q(e=2/9 — ).

Here § is an arbitrarily small positive constant. Thus local uniformity says that the number of available
colors at all vertices is not much less than the expected value we calculated above.

The following Fact captures formally the intuition from our informal calculation above:

Fact 8.7. Let G be triangle-free and have maximum degree A. Assume that the number of colors satisfies
g > max{A+2/4,Clogn}, where C is a constant that depends on §. Then a random gq-coloring of G satisfies
the local uniformity property (with constant §) with probability at least 1 — O(n=%).

The Fact is really only interesting in the case where A > C'logn. In that case the condition on ¢ is only
q > A + const, which will certainly hold in our application.

We will not prove this Fact here; the proof follows from a straightforward application of large deviation
bounds on the colors of the neighbors of a given vertex v, conditional on an arbitrary fixed coloring of the
rest of the graph. (Note that, since G is triangle-free, these colors are conditionally independent. And since
the number of neighbors is > C'logn, large deviation bounds hold.) For the details, see [HV05].
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To use this fact, we assume A > C'logn and we return to our original coupling idea (without path coupling).
Now we note that, rather than coupling two arbitrary initial states (Xop,Yp), it is enough to couple an
arbitrary state Xy with a stationary Yp, i.e., in the coupling we may assume that Y} is a uniformly random
coloring. [Exercise: Check this by going back to our original justification of coupling in the previous note.]
So at all times ¢, Y; is a uniformly random coloring, and thus by Fact 8.7 it is locally uniform with high
probability. In fact, if we let T = enlogn (for some constant ¢), then applying a union bound over times ¢
we see that Y; satisfies local uniformity for t = 0...T with probability > 1 — O(n=2).

Now, exploiting local uniformity to bound the number of good moves as sketched earlier, we get an expected
contraction 1 — O(2) in distance at each step, from which we can conclude that if ¢ > 1.76A then Pr[X7y #
Yr] < O(n~2). (Here we are choosing the constant c large enough that the probability of not having coupled
is this small. Note that some work still needs to be done here; in particular, we need to check that it is
enough that just one of the two colorings, Y;, satisfies local uniformity.)

Hence, we obtain that
E[d(Xr,YT)|Xo] < n(O(n~%) +0(n™?)) = O(n™"),

where the first O(n~2) term bounds the probability that local uniformity fails, and the second bounds the
probability that Pr[Xr # Yr|, and the factor n comes from the fact that we can always bound d(Xr,Yr)
by its maximum value n. Thus, using Markov’s inequality we get

Pr[d(Xr,Yr) > 0| Xo] = Pr[d(X7,Yr) > 1|Xo] < E[d(X7, Y7)|Xo] < O(n™1).
This establishes the result with ¢ > 1.76A for triangle-free graphs of degree A > C'logn.

See [HVO05] for the missing details of the above argument.

8.3.2 Further Reading

There was a huge amount of activity on this problem in the early 2000’s, starting several years after the
initial ¢ > 2A result; see [FV07] for a comprehensive survey.

While a graduate student at Berkeley, Eric Vigoda [Vig99] was the first to show (by comparing it to a slightly
more complicated Markov chain) that the Glauber dynamics has mixing time O(nlogn) for ¢ below 2A;
specifically, his result holds for g > %A. This remains essentially the best known result for a local Markov
chain without any additional restrictions on the graph; the constant was recently improved to 16—1 — ¢ for a
very small € > 0 [CDM*19].

Dyer and Frieze [DF06] were the first to obtain 7nix = O(nlogn) for ¢ > aA, with a =~ 1.76, but using a more
complicated argument than the one sketched above. (Rather than assuming Yy is stationary, they instead
argued that, after sufficiently many steps T', Yr satisfies a similar local uniformity condition.) Molloy [Mol04]
improved the bound to ¢ > BA, where § =~ 1.49, for graphs meeting the above requirements (i.e., triangle-
free and maximum degree A = (logn)). In [HV03], Hayes and Vigoda used a very delicate non-Markovian
coupling to demonstrate O(nlogn) mixing time for ¢ > (1+¢€)A, but the A = Q(logn) requirement remains,
and moreover the associated constant in the O-expression depends on €. Dyer et al. [DFHV04] show that
the ¢ > BA result of [Mol04] holds for graphs of girth > 6 and sufficiently large constant degree. It is still
open whether the stronger (1 + €)A result of [HV03] holds for constant-degree graphs. Random graphs with
constant (average) degree are discussed in [DFFV06], where it is shown that, with high probability over the
choice of the graph, O(nlogn) mixing time holds for ¢ down to about O(loglogn), which is much smaller

than the maximum degree (which is of order —2&"_),
loglogn

Very recently, using more sophisticated techniques based on so-called spectral independence (a property that
we will touch on later in the course), Chen et al. [CLMM23] made a significant breakthrough by almost
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proving Conjecture 8.5. Their result requires the very slightly stronger lower bound ¢ > A + 3, and, more
significantly, a lower bound of Qa(1) on the girth of the graph (i.e., a constant that depends on A).
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