CS294 Partition Functions

Fall 2020

Lecture 3: September 3
Instructor: Alistair Sinclair
Disclaimer: These notes have not been subjected to the usual scrutiny accorded to formal publications. They
may be distributed outside this class only with the permission of the Instructor.

3.1

Exact Counting

As we have seen earlier, almost all interesting counting problems are #P-hard, so we cannot hope to find
polynomial time algorithms that solve them exactly. In this lecture we give two famous counterexamples to
this general rule. As we shall see, both examples make crucial use of determinants, which as is well known
can be computed in polynomial time, and which turn out to be essentially the only tool available to us for
problems of this kind.

3.1.1

Spanning Trees: The Matrix Tree Theorem

Consider the problem of counting spanning trees in a connected graph G = (V, E). The following remarkable
result, known as Kirchhoff’s Matrix Tree Theorem1 , gives a simple exact algorithm for this problem.
Theorem 3.1. The number of spanning trees of G is equal to the (1, 1) minor of the Laplacian of G.
Recall that the Laplacian of G is the matrix L = D − A, where A is the adjacency matrix of G and D is
the diagonal matrix whose (i, i) entry is the degree of vertex i. The (i, j) minor of a square matrix M is the
determinant of the submatrix obtained by deleting the ith row and jth column of M . Since L has all row
sums zero, it is a standard fact that all its (i, i) minors are equal (up to signs), so in fact the theorem applies
to any such minor. (This is to be expected, since otherwise the theorem would appear to be asymmetric
w.r.t. the choice of the index 1.)
Proof. Let B be the incidence matrix of G, i.e., the |V | × |E| matrix each of whose columns corresponds to
a single edge {i, j}, where i < j, and contains an entry +1 in row i and −1 in row j. Observe [Exercise!]
that L = BB T . By the Cauchy-Binet formula, which generalizes the fact that det(AB) = det(A) det(B) for
square matrices, we have
X
X
det(L) =
det(BS ) det(BST ) =
det(BS )2 ,
S

S

where the sum is over all subsets of columns S of cardinality n, and BS is the corresponding n × n submatrix
of B. Actually we want to work with the (1, 1) submatrix L1,1 of L, so we instead write L1,1 = B 0 B 0T where
B 0 is B with its first row removed, and obtain
X
X
det(L1,1 ) =
det(BS0 ) det(BS0T ) =
det(BS0 )2 ,
(3.1)
S

S

1 Although

this theorem carries the name of Gustav Kirchhoff, in recognition of his seminal contributions to the understanding
of electrical network theory [Kir47], it was actually first proved by Borchardt [Bor60]. Kirchhoff observed that spanning trees
play a central role in electrical networks: for example, the effective resistance of an edge is equal to the probability that the
edge appears in a random spanning tree.
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where now the sum is over subsets S of n − 1 columns (edges).
The theorem will follow immediately from (3.1) and the following claims:
(i) If the edges of S correspond to a spanning tree, then det(BS0 ) ∈ {±1}.
(ii) If the edges of S do not correspond to a spanning tree, then det(BS0 ) = 0.
To verify these claims, note that since each column of B 0 has exactly two non-zero entries (except for columns
corresponding to edges incident to vertex 1, which have just one), any non-zero term in det(BS0 ) corresponds
to choosing one endpoint of each edge in S (where edges incident to 1 must choose the other endpoint).
Moreover, these endpoints must consist precisely of the n − 1 vertices of G (omitting vertex 1). Orienting
each edge of S towards its chosen endpoint, we obtain a collection of oriented edges in which each vertex of G
(except vertex 1) has exactly one incoming edge. It’s not hard to check [Exercise!] that such a collection
must consist of a (possibly trivial) directed tree rooted at vertex 1 plus a collection of zero or more disjoint
cycles.
Now in case (i) the edges of S form a spanning tree, and we get exactly one non-zero term in det(BS0 ),
corresponding to orienting all the edges away from the root vertex 1.
In case (ii) we have at least one cycle, not including vertex 1. The columns of BS0 corresponding to the edges
in this cycle each contain one +1 and one −1 entry, and the rows corresponding to the vertices of the cycle
each contain two of these entries. But then it’s not hard to check [Exercise!] that there is a {±1} linear
combination of these columns that sums to zero, implying that det(BS0 ) = 0.
Notes: Spanning trees are precisely the bases of a graphic matroid. (A graphic matroid has as its base set
the edges of a graph G, and independent sets are forests in G. Spanning trees are maximal forests.) Later
in the course we will see a randomized approximation algorithm for counting the bases of any matroid.
The counting algorithm implicit in Theorem 3.1 immediately leads to an algorithm that samples spanning
trees uniformly in time O(mn3 ), where n, m are the numbers of vertices and edges respectively in G [Exercise: How?]. This sampling problem has received much attention, partly due to its connections with
electrical networks and random walks, and partly due to more recent algorithmic applications to graph
sparsification. A more efficient use of the Matrix Tree Theorem reduces the running time to that of matrix multiplication [CMN96]. An alternative approach based on simulating random walks was developed
in [Ald90, Bro89, Wil96], and achieves O(mn) expected time. More recent developments based on linear
algebra (see, e.g., [MST15]) led to a near-linear-time O(m1+o(1) algorithm [Sch18]. Very recently, as a
byproduct of algorithms for sampling bases of matroids that we will see later in the course, Anari et al. were
able to achieve running time O(m log n), which is optimal [ALOV20].

3.1.2

Perfect Matchings in Planar Graphs: Pfaffian Orientations

As we saw in the previous lecture, the problem of counting perfect matchings in a graph is #P-complete,
even when the graph is bipartite. However, if the graph is planar then there is a remarkable polynomial
time algorithm for this problem, known as the FKT algorithm after its inventors, Fisher, Kasteleyn and
Temperley [Kas61, TF61]. Those gentlemen were mathematical physicists, and their interest in counting
perfect matchings came from their correspondence with dimer coverings, the maximally dense case of the
monomer-dimer model in which all sites are occupied by dimers.
Let G = (V, E) be an undirected graph with n = 2k vertices. We can identify each perfect matching in G
with an (unordered) partition π = {{i1 , j1 }, {i2 , j2 }, . . . , {ik , jk }} of the vertex set [2k] into pairs. The key
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ingredient in the algorithm is the Pfaffian2 . Let A = AG be the skew-symmetric adjacency matrix of G,
i.e., A = {aij }, where


+1 if {i, j} ∈ E and i < j;
aij := −1 if {i, j} ∈ E and i > j;


0
if {i, j} 6∈ E.
The Pfaffian of A is defined as
X

Pf(A) :=

π={{i1 ,j1 },{i2 ,j2 },...,{ik ,jk }}

sgn(π)

k
Y

ai` ,j` .

(3.2)

`=1




1 2 3 4 ··· n − 1 n
Here sgn(π) is the sign of the permutation
. Since there is a 1-1 correi1 j1 i2 j2 · · ·
ik
jk
P
spondence between perfect matchings and non-zero terms in (3.2), we will write Pf(A) = M s(M ), where
Qk
the sum is over perfect matchings M and s(M ) := sgn(π) `=1 ai` ,j` is the contribution of M to the Pfaffian.
Note that s(M ) ∈ {±1} and, crucially, is independent of the order in which we list the pairs or the elements
of the pairs! [Exercise: Why?]
The Pfaffian enumerates perfect matchings in G, but because they come with signs there could be cancellations. On the other hand, the signs make it easy to compute the Pfaffian, as the following standard fact due
to Cayley [Cay49] shows:
Theorem 3.2. For any 2k × 2k skew-symmetric matrix A, Pf(A)2 = det(A).
This means that we can compute Pf(A) just by computing a determinant and taking its square root. (Theorem 3.2 actually expresses the deeper fact that the determinant of a skew-symmetric matrix, viewed as a
polynomial in its entries, is the square of another polynomial, given by the Pfaffian.)
Exercise: Prove Theorem 3.2. [Hint: View each term in the determinant (which corresponds to a permutation) as a cycle cover of G in the obvious way. By skew-symmetry, all covers containing odd cycles cancel.
Even cycle covers correspond precisely to pairs of perfect matchings. Be sure to check the signs!]
Now we’d be done if we could somehow arrange that all terms s(M ) in Pf(A) have the same sign, so there
are no cancellations between perfect matchings. We’ll do this by orienting the edges of G (i.e., flipping the
signs of entries aij and aji in A for some edges {i, j}), which will have the effect of changing the signs of some
of the matchings. An orientation that ensures that s(M ) has the same sign for all M is called a Pfaffian
orientation. It turns out that most graphs don’t have a Pfaffian orientation, but planar graphs do (and we
can find one easily).
Exercise: For the complete graph Kn , show that Pf(A) = 0 (even though there are exponentially many
perfect matchings!).
Exercise: Show that the complete bipartite graph K3,3 has no Pfaffian orientation.
Here’s a sufficient condition for an orientation to be Pfaffian:
Lemma 3.3. Suppose there is an orientation in which every even cycle C in G for which G \ V (C) contains
a perfect matching is oddly oriented, i.e., the number of edges with each of the two orientations around the
cycle is odd. Then this orientation is Pfaffian.
Proof. Consider any two distinct perfect matchings, M1 , M2 in G. Our goal is to show that, under the
hypothesis of the lemma, s(M1 )s(M2 ) = 1, since this is the condition that the contributions of both matchings
2 Named by Cayley after 19th century German mathematician Johann Friedrich Pfaff, in recognition of his related work on
differential equations.
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to Pf(A) have the same sign. Now M1 tM2 (disjoint union) consists of a collection of disjoint even alternating
cycles. Consider any non-trivial cycle C. Clearly G \ V (C) contains a perfect matching, so by the hypothesis
C is oddly oriented. Note first that we can relabel the vertices of G so that C is the cycle 1 → 2 → . . . → ` → 1
for some even `; this relabelling is equivalent to applying a permutation to the vertex set, which has the same
effect on both s(M1 ) and s(M2 ). Second, note that we can represent the portions of M1 , M2 respectively
that lie on C by the (partial) pairings π1 = {{1, 2}, {3, 4}, . . . , {` − 1, `}} and π2 = {{2, 3}, {4, 5}, . . . , {`, 1}}.
(As we saw earlier, this choice of pairing has no effect on s(M1 ) or s(M2 ).) With this choice, the contribution
of this cycle to the product s(M1 )s(M2 ) is
sgn(π1 )sgn(π2 )

`
Y

ai,i+1 ,

(3.3)

i=1

where we interpret the index ` + 1 as 1. Now note that sgn(π1 ) = +1 (the identity permutation) and
sgn(π2 ) = −1 (a single cycle of even length). Also, since C is oddly oriented, among all the oriented edges
ai,i+1 around C, an odd number of them are negative. Putting this together ensures that the product in (3.3)
is equal to +1. We can repeat the same argument to show that the contribution from every cycle is +1, and
hence s(M1 )s(M2 ) = +1, as required.
In preparation for showing that every planar graph has a Pfaffian orientation, we need to simplify the
condition in Lemma 3.3 in the planar graph setting.
Lemma 3.4. Suppose a planar drawing of graph G has an orientation in which the number of clockwise
edges around every (not necessarily even) face (except possibly the outer face) is odd. Then this orientation
is Pfaffian.
Proof. Consider any even cycle C in G such that G \ V (C) contains a perfect matching. Note that this
implies that the number of vertices strictly inside C is necessarily even. Let c be the number of edges on C,
c+ of which are clockwise: we need to show that c+ is odd. Let G0 be the subgraph of G where all vertices
and edges outside C have been removed, and suppose G0 has v + c vertices, e + c edges and f + 1 faces.
(Thus G0 has v vertices strictly inside C, e edges not including those of C, and f interior faces.) Applying
Euler’s formula to G0 gives
(v + c) − (e + c) + (f + 1) = 2

⇒

v − e + f = 1.

(3.4)

Label the interior faces of G0 as F1 , . . . , Ff , and let the number of boundary edges of Fi be ci , c+
i of which
0
are oriented clockwise. Then
since
each
edge
in
G
except
for
anti-clockwise
edges
of
C
appears
clockwise
P
P in
+
+
+
exactly one interior face, i c+
=
e
+
c
.
But
also,
since
by
hypothesis
each
c
is
odd,
we
have
f
≡
i
i
i ci
+
(mod 2), so that f ≡ e + c (mod 2). Plugging this into (3.4), and recalling that v is even, gives
v + c+ ≡ 1

(mod 2)

⇒

c+ ≡ 1

(mod 2).

Hence by Lemma 3.3 the orientation is Pfaffian.
The final step is to use the condition in Lemma 3.4 to construct a Pfaffian orientation in any planar graph.
Lemma 3.5. Every connected planar graph G has a Pfaffian orientation, and one can be found in polynomial
time.
Proof. Take any spanning tree T of G and orient its edges arbitrarily. Now construct a subgraph T 0 of the
planar dual of G by connecting any two adjacent faces that are separated by an edge of G that is not in T .
Note that T 0 is also a tree [Exercise: Why?]. Starting from a leaf of T 0 , delete the leaf and its edge and
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Figure 3.1: Example of construction in proof of Lemma 3.5. The spanning tree T and its orientation are
shown in red, the dual spanning tree T 0 in blue, and the orientation of the remaining edges of G with green
arrows.

orient the corresponding edge of G so that the face containing the leaf has an odd number of clockwise edges.
(See Figure 3.1.) Continue until all edges have been oriented and T 0 is empty. The resulting orientation
satisfies the condition in Lemma 3.4 and hence is Pfaffian.
Combining the above lemmas with Theorem 3.2, we have proved:
Corollary 3.6. There is a polynomial time algorithm for counting the number of perfect matchings exactly
in any planar graph.
Notes: As we saw in the previous lecture, counting all matchings in a graph is also #P-complete. Perhaps
surprisingly, unlike perfect matchings, this problem remains #P-complete even when restricted to planar
graphs [Jer87].
As mentioned earlier, the determinantal techniques used for the above two counting algorithms, and variants
of them, are apparently the only tricks we have for exact counting. At root, these algorithms make use
of “magical” cancellations of positive and negative terms in the determinant (a highly non-trivial sum of
exponentially many terms that we can equally magically compute). The so-called “holographic algorithms”
framework, introduced by Valiant [Val04] (see also [CC18] for a comprehensive account of more recent
developments) aims to capture the full generality and universality of this technique.
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