
CS271 Randomness & Computation, Fall 2022

Problem Set 4 Solutions

Point totals are in the margin; the maximum total number of points was 44.

1. Concentration of the Longest Common Subsequence

(a) We let Zi = (ai, bi), and let L = L(Z1, . . . , Zn) denote the length of a lcs of a, b. Then Xi = 4pts
E(L|Z1, . . . , Zi) is a martingale (the Doob martingale of L w.r.t. (Zi)). It is easy to check that L
is 2-Lipschitz (if we remove ai, bi and their partners from any common subsequence of a, b, we get a
subsequence at most two shorter; and by reversing the argument we get a similar bound on the increase
caused by changing ai, bi). Since the Zi are also independent, we can apply Azuma’s inequality with
bounded differences of 2 to deduce that

Pr[|Xn − µn| ≥ λ] ≤ 2 exp(−λ2/8n).

NOTE: We can actually do slightly better by considering instead the filter Z2i−1 = ai, Z2i = bi, which
makes L 1-Lipschitz with a difference sequence of length 2n and hence replaces the above bound by
2 exp(−λ2/4n).

Note that independence of the Zi is crucial here, in addition to the Lipschitz property; see part (ii)
below for an illustration of what can go wrong in the absence of independence.

(b) (i) No difference; the argument above is oblivious to the alphabet size. 4pts
(ii) In the absence of independence, we can’t claim any non-trivial concentration. (For example,

suppose we have the following values for a, b, each with probability 1
4 : (a = b = 0n), (a =

b = 1n), (a = 0n, b = 1n) and (a = 1n, b = 0n). Then E(L) = n
2 , but |L − E(L)| = n

2 with
probability 1.)
Note that the arguments of part (a) do still work if ai and bi are dependent, provided that ai, aj

are independent, and bi, bj are independent, for i 6= j.

(iii) Here the argument above still holds, but the function L becomes 3-Lipschitz. Thus we get the
slightly weaker bound

Pr[|Xn − µn| ≥ λ] ≤ 2 exp(−λ2/18n).

NOTE: The alternative argument above also extends, making L 1-Lipschitz over a sequence of
length 3n and giving the better bound 2 exp(−λ2/6n).

2. A contact process on a graph

(a) Let Ft be the σ-field generated by the outcomes of the first t steps of the process. We show that 4pts
(Xt) is a martingale w.r.t. the filter (Ft). Fix the configuration on the graph after t steps, and assume
Xt /∈ {0, 2m}; let Wt, Bt denote the sets of white and black vertices respectively. Then we may write
the difference Dt+1 = Xt+1 −Xt as

Dt+1 =
∑
u∈Bt

duZu −
∑

u∈Wt

duZu, (1)

where du is the degree of vertex u, and Zu is the indicator r.v. of the event that u changes color. Note
that E(Zu) = disc(u)

2du
, where disc(u) is the number of neighbors of u with the opposite color to u. Thus

E(Dt+1|Ft) =
∑
u∈Bt

du ×
disc(u)

2du
−
∑

u∈Wt

du ×
disc(u)

2du



=
1
2

(∑
u∈Bt

disc(u)−
∑

u∈Wt

disc(u)

)
.

But plainly the values of the two sums are equal, so E(Dt+1|Ft) = 0. Thus (Xt) is a martingale.

(b) Let T be the termination time, which is clearly a stopping time. We apply the Optional Stopping 4pts
Theorem to the martingale in part (a) with this stopping time. To check the conditions for the OST,
note that the differences E(|Xt−Xt−1| | Ft) are clearly bounded (by 2m), and also that E(T ) is finite
since we can write a finite family of linear equations in the variables tX , the expected termination time
starting from configuration X . The OST now gives E(XT ) = E(X0) = X0. So, letting p be the
probability of termination in the all-white configuration, we have

p× 2m + (1− p)× 0 = X0,

and hence p = X0
2m .

Some people did not check that the conditions for the application of the Optional Stopping Theorem
hold.

(c) Since (Xt) is a martingale on the integer interval [0, 2m], the techniques of Lecture 21 show that the ex- 4pts
pected termination time is E(T ) ≤ (2m)2

σ2 , where σ2 is a lower bound on E(D2
t+1|Ft) = Var(Dt+1|Ft).

Hence it is sufficient to prove that Var(Dt+1|Ft) is bounded below by a constant.
Now from (1) and the fact that the Zu are independent givenFt, we have Var(Dt+1|Ft) =

∑
u Var(duZu).

And for each u we may compute

Var(duZu) = disc(u)
2du

× d2
u −

(
disc(u)

2du
× du

)2
= disc(u)

4 (2du − disc(u)) ≥ disc(u)du

4 .

But clearly at any time before termination we must have disc(u) ≥ 1 for at least two vertices u, so
Var(Dt+1|Ft) ≥ 1

4

∑
u disc(u)du ≥ 1

2 , as required.

Some people forgot to prove a constant lower bound on the variance of each step. Note that this is
necessary in order to use the techniques of lecture 21.

3. Vertex-disjoint cycles

(a) The probability that a particular component is not represented among the out-neighbors of v is 4pts

(1− 1
c )

k ≤ exp(−k/c) ≤ exp(−3 ln k) = k−3.

Taking a union bound over all c components yields

Pr[Av] ≤ ck−3 ≤ k

3 ln k
k−3 =

1
3k2 ln k

.

(b) We may apply the Mutual Independence Principle (Proposition 22.4 from Lecture 22), where the un- 4pts
derlying independent random variables are the assignments of vertices to components. Thus event Av

is independent of all events Au such that(
{v} ∪Nout(v)

)
∩
(
{u} ∪Nout(u)

)
= ∅,

where Nout(v) denotes the set of out-neighbors of v. Since the size of each out-neighborhood is k, this
set includes all but at most (k + 1)2 of the Au. Hence |Dv| ≤ (k + 1)2, as required.

Some people did not count all the dependencies properly and got bounds like k2 or k(k − 1); these
bounds miss certain dependencies.



(c) Note that if none of the events Av happens then the construction of part (a) yields c non-empty com- 4pts
ponents, each of which contains a cycle. And these cycles are plainly vertex-disjoint. Now we may
apply the LLL (symmetric version, Lemma 22.2 of Lecture 22, alternative condition 4pd ≤ 1 stated
immediately after the lemma) with p = (3k2 ln k)−1 (by part (a)) and d = (k + 1)2 (by part (b)) to
conclude that Pr[

∧
v ¬Av] > 0 provided 4pd ≤ 1, i.e., provided

4(k + 1)2

3k2 ln k
≤ 1.

This is clearly true for all sufficiently large k, and by a simple calculation it is true for all k ≥ 7. So
the claim holds for all such k. But the claim also holds trivially when k < 7 since then c = 1.

4. Another slow way to shuffle cards

(a) The shuffle defines a Markov chain on the set of all permutations of the deck. This chain is irreducible 4pts
because any permutation can be transformed into any other via a sequence of adjacent transpositions (as
in “bubblesort”); it is aperiodic because the transition matrix P satisfies P (x, x) = 1/n > 0 for all x.
Hence by the Fundamental Theorem, the chain converges to a unique stationary distribution π. Finally,
since P is symmetric (P (x, y) = P (y, x) = 1/n for all x, y that differ by an adjacent transposition),
π must be uniform as discussed in Lecture 25.

There were two common omissions here: (i) some people did not explain why the chain will converge
to a stationary distribution; and (ii) some people did not establish that the stationary distribution is
uniform over permutations.

(b) The two properties in the Hint are readily verified. If the cards at position j are matched then neither j 4pts
nor j − 1 belongs to S so these cards must move together. And if card c is at position j in X and
k ≥ j in Y , a crossover can occur only if k = j + 1 (because if k = j the cards are matched and
remain together, and if k ≥ j + 2 then they can’t cross in one step); but then j ∈ S, so the (j, j + 1)
transposition in X is coupled with a different transposition in Y , thus preventing the crossover.
Given these properties, it is clear that the time T until X, Y coincide (starting from any initial con-
figuration (X0, Y0)) is dominated by

∑
c Tc, where Tc is the time for whichever copy of card c (in X

or in Y ) is higher to reach the bottom of the deck (because by the no-crossing property it must then
match). But the motion of any card c is just symmetric random walk on the interval [1, n], with reflect-
ing barriers at 1 and n and actual moves being made with probability only 1/n. Hence E(Tc) = O(n3)
(a factor of n greater than that for the usual random walk which always moves), and

E(T ) =
∑

c
E(Tc) = O(n4).

Thus the mixing time is O(n4).

(c) The above analysis is crude because we don’t take advantage of the fact that the cards are moving si- 4pts
multaneously. Note first that, for any card c, the expected number of actual moves of c until it reaches
the bottom of the deck is n2, so if c makes at least eαn2 lnn moves then the probability it has not
reached the bottom is at most n−α. Setting α = 2, and taking a union bound, we see that if we run
long enough that all cards have made at least 2en2 lnn moves, then with probability 1− o(1) all cards
will have reached the bottom. The number of steps until all cards have made this many moves with
high probability is easily seen to be O(n3 log n). (This is a crude generalization of coupon collecting.)

Some people fell into the trap of the following incorrect “Coupon Collector” argument: view each
card as a coupon collector that wishes to collect n2 coupons, which will take O(n3 log n) time. The
flaw in this reasoning is that, while the expected number of coupons that each card needs is O(n2), one
must wait until all the cards reach the bottom, and the slowest one will likely need more than O(n2)
coupons.


