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Abstract 

A method for visualizing unknottedncss of mathematical knots via 
energy optimization with simulated annealing is presented. In this 
method a potential field is formed around a tangled rope that causes 
it to self-repel. By allowing the rope to evolve in this field in search 
of an energy minimizing configuration we can determine the knot 
type of the initial configuration. In particular, it is natural to conjec- 
ture that if such a “charged rope” was not initially knotted, it will 
reach its minimal potential in a circular configuration, given a suit- 
able energy functional. Because situations potentially arise in which 
the functional may not be strictly unimodal, WC suggest it to be ad- 
vantageous to use a robust stochastic optimization technique (sim- 
ulated annealing), rather than a deterministic hill climber common 
in physically-based approaches, to make sure that the evolving rope 
does not settle in a suboptimal configuration. The same method is 
applicable to simplifying arbitrary knots and links and for establish- 
ing knot equivalence. Aside from its theoretical appeal. the method 
promises to solve practical problems common in genetic research 
and polymer design. 

1 Introduction 

This paper is devoted to visualizing the unknottedness of a complex 
space curve. In the course of the work, features of space curves 
(such as their energy distribution and their local stability) arc also 
visualized. The purpose of the method can be simply stated as fol- 
lows: given a piece of string that was tied in an arbitrary manner and 
whose ends were then pasted together, to simplify it as much as pos- 
sible. In particular, we are interested in determining if a particular 
tangle can be simplified to a circle in which case it can bc shown not 
to have been knotted in the first place. Howcvcr, the method that we 
propose is applicable to classifying arbitrary knots and links as well 
as for establishing knot equivalence in a gcncral case. 

Let us define a knot as a closed curve in 3-dimensional space that 
does not self-intersect and has no thickness. The formal definition 
of a knot K is K : S1 + R3 where S’ is the I-dimensional sphere 
embedded in R3, 3-dimensional Euclidean space. WC will say that 
two knots K1 and KZ are equivalent if there exists an ambient iso- 
topy, allowing a continuous deformation of KI into the shape of 
KZ without K1 self-intersecting or breaking. If thcrc does not ex- 
ist such a continuous deformation or time parameter family of em- 
beddings that evolves K1 to Kz, then Kl and I(2 are two distinct 
types. Many of these distinct types have been tabulated, for cxam- 
ple in [ 161 (see Figure I). The simplest type of knot is the unknot, or 
trivial knot. This type of knot is equivalent to the unknotted circle, 
x2 + y2 = 1, Z = 0. 

Figure I: Three distinct knots from Reidemeister’s table: 
41,933,92. 

Establishing knot equivalence is a hard problem and no computa- 
tionally infallible techniques exist for the general case. One method 
to determine knot equivalence, employs the use of Reidemeister 
moves. A Reidemeister move is one of 3 rules that changes the 
crossings of a planar knot projection in a local area while preserv- 
ing the knot type If there exists a sequence of Reidcmeister moves 
that deform one knot into another, then the two knots are equivalent. 
However, a method to dctcrmine the correct or minimal sequence of 
moves to deform one knot to another is still an open problem. 

Another method used to determine knot equivalence is to calcu- 
late an invariant. An invariant is a unique label associated with each 
type of knot. If the invariants calculated for two knots are the same, 
then the knots are of the same type. A polynomial invariant was de- 
veloped by J.W. Alexander [I]. A polynomial invariant is an alge- 
braic expression that is calculated from the planar knot projection. 
Different projections of the same knot produce the same polyno- 
mial. From the arrangement of crossings of the projection one can 
determine a set of variables with powers and coefficients unique to a 
knot type. Alexander’s polynomial does not distinguish between all 
types of knots (i.e., it is not an invariant in a pure sense). Since that 
time, a number of more powerful polynomial invariants have been 
discovered, and include the Jones and Kauffman [7] polynomials. 
However, these do not distinguish all knot types either. 

Instead of calculating a polynomial for a knot, one can associate 
a scalar value (energy) with a knot which can also be used to distin- 
guish among various knot types. Typically, the energy will depend 
on the geometry of the knot and will vary as the knot undergoes iso- 
topic (i.e., type-preserving) transformations. Therefore, it has been 
suggested that the invariant he equated to the value of energy of the 
configuration that minimizes the given functional. A minimal en- 
ergy conliguration is a standard form of the knot and the associated 
minimal energy is an invariant of knot type [2]. Therefore, the prob- 
lem of knot classification can be mapped to an optimization problem 
in which a configuration that minimizes the given energy functional 
is sought. 

A number of energy functions have been proposed for knot in- 
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variance. The idea of associating an electrostatic energy to a knot 
was proposed by Fukuhara [5]. Electrons are placed at equal inter- 
vals along a polygonal knot thus causing it to self-repel into a con- 
figuration that is a simplification of the original knot. O’Hara and 
Freedman propose an energy function with electrostatic repulsion 
and bending energy and prove that with each of their energy func- 
tions there exists a finite number of knot types below a given energy 
value [13]. Buck and Simon show with their “minimal distance” en- 
ergy function there exists a global energy minimum which is an in- 
variant of knot type. Freedman, Hc, and Wang [4] give an energy 
function and prove that energy bounds the average crossing number 
[4]. Therefore. energy bounds the number of knot types. They also 
show that the minimum energy configuration of any closed curve is 
a circle. Kusner and Sullivan experiment with repulsive energy po- 
tentials between pairs of line segments or vertices OF the knot. They 
show how energy is invariant under conformal (Mobius) transfor- 
mations of space [IO]. 

Optimization problems, where a minimum (or maximum) of 
some scalar cost functional is dcsircd, are often solved by iterative 
improvement. In this approach, at any stage of the process a change 
to the current state of the system is proposed (e.g., one of the in- 
dependent variables is perturbed). If such a change results in an 
improvement of the evaluated cost function then the change is ac- 
cepted as the new state. This is iteratively applied until changes no 
longer give lower cost values. This is a greedy algorithm, allowing 
only transitions that result in improvement. Gradient descent [I41 
and conjugate gradient [ 141 methods are examples of determinis- 
tic methods that follow this concept. Deterministic methods such 
as these do not perform well in the presence of local minima as they 
will stop at the first minimum found. In practice, one can run such 
methods a number of times with widely diffcrcnt starting states, but 
theoretically such procedure is no better than random sampling. 

Many of the above optimization techniques were applied to the 
problem of finding ground states of knots in order to determine knot 
type. Fukuhara [5] suggested evolving the knot along the gradient 
of the electrostatic energy potential created by distributing electrons 
along its length under the constraint that line segments must stay a 
constant length. His approach is equivalent to using a gradient de- 
scent method. Kusner and Sullivan have also applied energy mini- 
mization of knots and deformed the knots by the deterministic tcch- 
nique of the conjugate gradient method [lo]. Buck and Simon in 121 
describe self-repelling knot energies for polygonal knots and sug- 
gest evolving the knot along the energy gradient. Simon also sug- 
gested an energy function with repulsion along the minimum dis- 
tance between line segments of a polygonal knot[ 191. Here Simon 
evolves the knot with a nondctcrministic descent method by per- 
forming small random perturbations of the knot and accepting the 
move if it lowers the energy. 

The above methods use a variety of energy functions but all 
evolve the knot based on an iterative improvement of the energy. It 
is generally believed that the various knot energies do have multiple 
energy minima, although there is no rigorous proof [20]. Employ- 
ing a greedy optimization technique in such a scenario will likely 
result in the system getting stuck at the local minimum closest to the 
initial configuration. Some of the current methods try to introduce 
ud hoc improvements into the scheme in order to escape non-global 
minima. For example Kusner and Sullivan [IO] keep periodically 
adding vertices to high energy areas of the knot lo assist in untan- 
gling. The rationale behind this approach is an intuitive belief that 
loosening tight areas of the knot will simplify the knot. Similarly, 
[22] employs noisy function evaluations (i.e., a user-specified fixed 
percentile of uphill moves are accepted). This simple scheme per- 
mits the escaping from some local minima. However, selecting a 
suitable fraction of such uphill moves is rather difficult-if too few 
are permitted, the system can only escape very shallow local min- 
ima; too many, and the search becomes a purely random sampling 

of a prohibitively large search space. 
In contrast, the research presented here employs an optimization 

technique that is resilient to getting stuck in local minima through 
its methodical use of stochastic sampling. In this sampling more 
promising areas of the search space are dwelled on longer than less 
promising ones. An important theoretical advantage of simulated 
annealing over pure stochastic sampling is that the former has global 
convergence proofs to attest to its ability to find the global mini- 
mum. Another, more academic, advantage of the annealing method 
is that it does not depend upon the energy function being differen- 
tiable in order to minimize energy because the gradient of the energy 
is not used. 

Simulated annealing [9] is a non-deterministic technique that op- 
erates within an iterative framework similar to methods described 
earlier: the system evolves from state to state through a series of lo- 
cal perturbations. Configurations that lower the energy of the sys- 
tem are always accepted, resulting in consistent down-hill behavior. 
However, unlike the case of “greedy” iterative improvement, occa- 
sional up-hill moves are also accepted. The probability of accept- 
ing such an up-hill move as the new configuration varies during the 
course of the procedure and is related to a parameter of the system 
called temperature. Initially, the temperature of the system is high 
(we say that the system is “melted” and up-hill transitions are ac- 
cepted often, but as the system “cools down” fewer such transitions 
are accepted. Finally, when the system “freezes” only down-hill 
transitions are accepted. Therefore, the system explores the search 
space in a nearly unconstrained fashion during the early stages of 
the search slowly narrowing its focus to the more promising areas. 
In the classical annealing [9] the temperature of the system was low- 
ered logarithmically. A much more efficient algorithm was sug- 
gested by Shu [18] who proved that an exponential schedule can 
bc used if the moves are drawn from Lorentzian rather than Gaus- 
sian distribution. In either case, such sequence of stochastic pertur- 
bations forms a Markov Chain [3], which has a proof of statistical 
convergence to a global minimum [9]. That is, one can estimate the 
probability of convergence to a global minimum as a function of the 
initial conditions. 

Applying simulated annealing to minimize knot energies has 
been independently and concurrently researched by Ligocki [I I]. 
Ligocki’s work differs from the work presented here in two signifi- 
cant ways. First, the energy functions evaluated are different. Sec- 
ondly, the perturbation methods differ, most notably in that Ligocki 
uses a fixed move size distribution (his geometric perturbation tech- 
nique allows only one vertex to be moved at a time) requiring a pro- 
hibitively slow logarithmic cooling schedule. This forces Ligocki 
to compromise the theoretical requirements of the conventional an- 
nealing and resort to “simulated quenching” which no longer guar- 
antees convergence to the global minimum. 

Formally, our problem can be posed as follows. Given an arbi- 
trary confguration of a tangled rope and an energy functional as- 
sociated with it, determine the globally optimal state and the knot 
classification thus obtained. First, we show empirically that one of 
the commonly used functionals has properties that do not make it 
suitable for techniques employing gradient descent methods (in ad- 
dition to being non-differentiable). In the solution that we propose, 
the curve evolves through a series of random local perturbations un- 
der the guidance of the simulated annealing algorithm. This allows 
us to find the ground state unaffected by the numerical or analytical 
properties of the underlying functional. Two topological methods of 
randomly perturbing the curve are presented. The method is applied 
to the un-knot identification problem. 

2 Methods 

In the proposed method a knot evolves in a self-repelling potential 
field generated by the functional associated with it. It is guided by 
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the simulated annealing algorithm in search of the configuration that 
is globally minimal. To implement simulated annealing, one needs 
the following four elements. First, a concise description of possi- 
ble states of the system is required. The second element is a scalar 
objective function that is applied to the system state. This is the en- 
ergy function to be minimized. Thirdly, one needs a procedure to 
introduce random perturbations to the system. Such a procedure, 
called a “move generator,” has to produce valid states and be ergodic 
(i.e., there has to exist a sequence of perturbations that transforms 
any two given configuration onto each other). In addition, a move 
generator has to provide some control over the sizes of the moves so 
that rapidly converging algorithms can be used. Lastly, an annealing 
schedule is needed that regulates the changes in system state. The 
starting (melted) temperature of the system, rate of temperature de- 
crease (cooling), and number of iterations per time step are part of 
the schedule. 

2.1 System Configuration 

The system configuration in this method is a polygonal knot in 
3 dimensional space described by a list of n vertices, K : 
(w,w,..., v,). A smooth knot can be replaced by a polygonal knot 
of the same topological type [2][7]. Therefore, any smooth knot can 
be input to this system by its polygonalized representation. The sys- 
tem is manipulated in 3D space, representing K in the dimension it 
is defined within. This is in comparison to knot manipulation meth- 
ods done only on 2D planar projections. 

One can visualize 3D knots by drawing their 2D crossing dia- 
grams or by rendering them in 3D. Unfortunately, both methods tend 
to result in very cluttered scenes for all but the simplest contigura- 
tions. Therefore, we will also use a model that is based on the knot’s 
Gauss code (or trip code) [6][ 15][7] which is a particularly simple 
transcription of the knot’s structure in a plain linear form. In our 
adaptation, a Gauss model of a knot will be defined to be a circle that 
is created by enumerating all the vertices of the knot in the order of 
traversal (see Figure 2 and rows 2-3 on the color plate). Note, that 
any space curve can be represented this way (even though it may be 
knotted) and that this type of “space unfolding” has a very different 
meaning than “knot untangling” which is the subject of this paper. 
In addition, we will use color to encode selected local properties of 
knot configurations. For example, we will assign colors based on 
the potential energy of a link which is useful for identifying “tight 
spots” (links in tight areas will necessarily have high energies). Al- 
ternatively, we will color the links by the strength of the energy gra- 
dient (i.e., the magnitude of the self-repulsive force). This method 
will be useful in investigating local stability issues as links which 
are in mechanically stable configurations have zero-strength resul- 
tant forces acting upon them. 
2.2 Energy Functional 

Simulated annealing requires a scalar energy function. We have 
used a knot energy function for polygonal knots proposed by Simon 
[lo] which will be referred to as E&r n. The energy is defined on a 
polygonal knot K of n consecutive edges er, ez, . . . . e,. It is a sum- 
mation of all non-neighboring pairs of edges, defined as follows. 
Let Zen(ei) be the length of edge ei let md(e;, ej) be the minimum 
distance between non-neighboring edges e;, ej, where i, j are not 
neighboring edges: 

(1) 

The energy function defined by (1) has a number of advantageous 
mathematical properties. Simon states that for each knot type rep- 
resented as a polygonal knot, there does exist a configuration that 
minimizes EMU(K). EMD(K) is scale invariant causing energy 

to be dependent on the knot’s shape, not its size. EA~D (K) not only 
has advantageous theoretical attributes but also has attractive im- 
plementation characteristics. The function is defined explicitly for 
polygonal knots. This is in comparison to some energy functions 
which are defined for smooth knots and are defined with double in- 
tegrals for which there is no closed form [2] and so are usually ap- 
proximated by a double sum. Box energy is also defined for polyg- 
onal knots [2] but requires that the knot be sufficiently loose so that 
the minimum distance between edges be greater than a constant, 
while E,wD(K) does not have this constraint. One (admittedly, 
fairly academic) drawback of the above functional is that it does 
not have a continuous derivative and can potentially cause problems 
with gradient-based approaches. Conveniently, this has no effect on 
simulated annealing which has a non-analytic nature. 

2.3 Perturbation Methods 

Another important element of the procedure is the move generator 
which given the current system configuration will perturb it locally, 
proposing a change to the system (i.e. it will select a random section 
of the knot consisting of a random number of vertices and replace 
it with a different section). The most essential property of a move 
generator is that it does not change the type of the knot by allowing 
cross-overs (i.e., passing through itself). One way to perturb a knot 
is to use purely geometric transformations (e.g., rotate segments ran- 
domly). Because such deformations tend to result in crossovers, ex- 
plicit checks are used in order to reject invalid configurations. This 
is likely to result in significantly increased computational effort, par- 
ticularly in tight areas of the knot. An alternative that we adopt in 
this method employs a physically-based model in order to deform 
the knot. In this paradigm, the knot is modeled as a physical system 
whose propertics do not allow it to self-penetrate. The perturbation 
methods presented here constitute a critical technical component of 
our approach. 

Two different perturbation methods are introduced here. During 
the annealing process the system randomly chooses which pertur- 
bation method to apply with equal probabilities. They both treat the 
knot as a physically based model by associating forces such as elec- 
trostatic repulsion and elasticity with the knot. These forces arecho- 
sen for their opportunistic qualities. Electrostatic repulsion amongst 
the edges of the polygonal knot helps push the knot apart, while also 
maintaining ambient isotopy by not allowing the knot to cross over 
itself. Spring forces help keep the length of each edge from becom- 
ing infinitely long due to the electrostatic repulsive force that is also 
applied to the edges. It should be noted that our use of electrostatic 
and elastic forces for the sake of implementing the move genera- 
tors in no way determines the actual energy associated with the knot 
which may not have physical interpretation (compare section 2.2). 

The ability to control the move size distributions is of critical 
importance if a computationally tractable implementation is to be 
achieved [ 181. Both methods presented here provide us with such 
control: the lengths (i.e., number of nodes) of the perturbed seg- 
ments as well as the time of their physically-based evolution are ran- 
dom variables with Lorentzian distributions. 
23.1 Physically Based Model 

The physically based model applies forces to the knot which are cal- 
culated by integration of ordinary differential equations. Two types 
of forces are used: elastic and electrostatic. Elastic force is imple- 
mented with Hook’s law: for a pair of particles at positions a and b, 
spring force between them is given by[21]: 

fa = 
[ 
ks(lll -r)+kd(va-vb).*) &fb = -fa (2) 

PI 1 
where f,, is the force on a, fb is the force on b, 1 = a - b, r is 
rest length, Ic, is spring constant, lid is damping constant va is the 
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Figure 2: Gauss model of a space curve (right column) is a circle that is created by enumerating all the vertices of the knot (left column) in 
the order of traversal. Top row is colored (see color plate) by the potential energy (red corresponds to tight, and blue to loose areas) while the 
bottom row, is colored by the magnitude of the energy gradient (red corresponds to strong, blue to weak force). 

velocity of a. vt, is the velocity on b. Electrostatic force is based on 
Coulomb’s law [ 171 where force is inversely proportional to the dis- 
tance between two edges. Let a and b bc the two edges. Electrostatic 
force between them is approximated by the equation: 

f 
a 

= k(!?db) 
-11, fb = -fa 

&in 
(3) 

where fa is the force on a, fb is the force on b. qa is the charge of 
fa, qb is the charge of fb, dmirl is the shortest distance between a 
and b, u is a unit vector pointing from b to a, k is a constant of pro- 
portionalily. 

These forces arc applied to the polygonal knot in the follow- 
ing manner. Springs are applied belween all neighboring vertices. 
Electrostatic repulsion is applied bctwcen all pairs of edges, except 
neighboring edges (due to singularities that are present there). Elcc- 
trostatic repulsion is calculated based on the minimum distance be- 
tween two line segments in 3D which causes the force to grow in- 
finitely large as two segments approach each other thus preventing 
crossovers. 

In the remainder of this paper, reference to spring force will rc- 
fer to applying equation (3. I) to all neighboring vertices. And edge 
repulsion will refer to applying equation (3.2) to all the edge pairs 
except neighboring edges. 

Given the initial configuration of a polygonal knot and the dcriva- 
tive functions which describe the forces acting on the knot, the ver- 
tex positions of the knot can be advanced. Integration of the ordi- 
nary differential equations was accomplished with a variable step 
size midpoint Euler method. The Euler method was chosen over 
Runge-Kutta, which is more accurate, because it is more efficient re- 
quiring the evaluation off only two times per step versus four times 
with Runge-Kutta. Since hundreds of evaluations may bc required 
for each perturbation, an efticient numeric method was necdcd. 

2.3.2 Charge Drop 

The first perturbation method will be referred to as the random 
charge drop method. A random section of knot is chosen and a ran- 
dom set of point charges arc dropped near it. The system is advanced 
a random number of iterations with variable step size midpoint Eu- 
ler method only allowing the selected section to move, while the 
rest of the knot remains fixed. The following forces are applied to 
the system: elastic, edge repulsion, and electrostatic repulsion be- 
tween the chosen section and random charges. Line segment repul- 
sion is weighted heavier than random charge repulsion to insure that 
the force from charge repulsion will not overpower line segment re- 
pulsion, resulting in a crossover. This perturbation method pushes a 
variable size segment of the knot in a random direction while main- 
taining the knot’s topological type (Figure 3). 
2.3.3 Node Shift 

The second perturbation method is the node shift method which 
tightens and loosens different parts of the knot. Nodes, or vertices, 
are shifted along the polygonal knot followed by the application of 
spring force and edge repulsion forces to the knot. With the newly 
shifted positions of nodes and the evolution of the system under 
these forces, this method tightens and loosens parts of the knot. 
Where nodes have been shifted away, the spring forces will pull 
these areas together, tightening an area. In the location where nodes 
have been shifted, spring forces will push apart, loosening this part 
of the knot (Figure 4). A similar method proposed in [IO] adds ver- 
tices to a polygonal knot in places where potential energy is high. 
The node shift method presented in this paper maintains a consis- 
tent number of vertices in the knot. Vertices are deleted in some ar- 
eas and added to other areas which can be viewed as a shift of ver- 
tices along the polygonal knot. The number deleted and the number 
added arc equal which maintains a constant problem size making the 
optimization problem manageable. It also gives consistency to any 
mapping the user may have defined of attributes to each node. 

Nodes arc shifted by first selecting vertex positions to delete. A 
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a. b. C. 

Figure 3: Drop charge perturbation: a. choose random segment, b. drop random charges, c. evolve the system deterministically. 

a. b. C. 

Figure 4: Shift node perturbation: a. nodes are chosen to be removed in a way that will not change the knot type, b. nodes are placed elsewhere 
on the knot, c. the knot is evolved according to he equations of motion. 

position can be deleted if the new knot configuration K’ is ambi- 
ent isotopic to the original knot K. This will be true if the move 
from K to K’ does not allow any part of the knot to pass through 
itself. This is determined by creating a triangle from the vertices of 
the selected node and its two neighbors. This triangle represents the 
smooth path the line segment would travel through in order to move 
to K’ (Figure 5). If any edge intersects this triangle then this move- 
ment would create a crossover, possibly changing the knot type; the 
move would be rejected. However, if no edge intersects this trian- 
gle then the node is a candidate for deletion. This triangle is only 
compared against line segments that are within a threshold distance 
from it. Also, if the 3 nodes closely approximate a straight line, we 
assume no line segment will intersect this skinny triangle and delete 
the vertex without explicit triangle line segment intersection test. A 
list of nodes to delete are selected by beginning at a start node cho- 
sen on the knot then walking along the knot performing triangle tests 
on consecutive 3 vertices. 

Next a set of vertex positions are created. The method walks 
along the knot creating a new vertex position at the midpoint of 
edges (see Figure 5). This simple operation cannot affect the knot 
type. 

Figure 5: Shifting vertices: remove vertex by triangle move, add 
vertex. 

The list of original vertices and lists of delete and add vertices are 
properly merged to create a new knot configuration. This configu- 
ration is evolved for a random number of iterations with elastic and 
edge repulsion forces. 

2.4 Annealing Schedule 

The annealing schedule regulates the temperature and the conver- 
gence of the system. The starting temperature should be high so 
that the system is considered melted. The system is at an effective 
melting temperature when at least 80% of moves are accepted [8]. 
From this point the system is slowly cooled taking care that at each 
temperature the system should reach equilibrium before the tem- 
perature is further decreased. In this work, the temperature is de- 
creased when either the system runs rnez moves or the number of 
accepted moves exceeds 0.1 x maz, where maz is equal to a con- 
stant times the number of vertices in the knot. Because our moves 
are Cauchy-distributed, we can use a fairly rapid exponential an- 
nealing schedule in which the temperature T decreases by a con- 
stant ratio: T,, = (TI/To)“To, where To is starting temperature 
and 0.90 < (Tl/To) < 0.99 [9]. The system is considered frozen, 
and annealing stops, when the temperature drops below 1 .O degrees 
or when it is determined that the knot has evolved into a circle, in 
which case it is unknotted and in a minimal energy state. The latter 
case is checked by comparing to within a tolerance the knot K’s en- 
ergy with energy calculated for a trivial knot with the same number 
of vertices as K and in a circular configuration, the minimal energy 
configuration of an unknot. 

3 Results 

Two tangled unknots are the subjects of the case studies described 
below. Both cases were run on an SC1 Onyx system configured ei- 
ther with 6 150 MHZ MIPS R4400 processors or 4 200 MHZ MIPS 
R4400 processors. The problem sizes (as measured by the number 
of vertices in the model description) were 67 and 139 vertices re- 
spectively. For each case, both the deterministic iterative improve- 
ment algorithm and the method proposed here were applied to the 
initial configuration in order to test their performance in their at- 
tempts to simplify them. 

Case 1 is an unknot represented by 67 vertices. It was simplified 
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with a deterministic optimizer after 60000 steps going from the ini- 
tial energy of 1561.85 to the final energy of 116.83. within a thresh- 
old value of 0.06 of the global minimum, after 5 hours. Subsc- 
quently. the case 1 unknot was subjected to the stochastic optimiza- 
tion method and reached minimal energy configuralion within 115 
moves which took approximately 2 hours. Tempcraturc started at 
150.0 degrees and was decreased exponentially by a constant factor 
of 0.95. The annealing was considered complete (and the system 
deemed frozen) when the temperature dropped below 1 .O degrees 
or when the system’s energy E was within E = 0.5 of the global 
minimum Em;,, of an unknot of 67 vertices. The actual comparison 
normalized the energy by dividing energy by the number of vertices 
vnunz (I &$+ 1 < E). Final energy was 112.84 (as compared to 
energy of a 67 vertex unknot of 109.96). configuration to the resting 
state for the proposed method. 

cncrgy x IO3 

Energy 

40.00 -I I I I & = 
. . . 
CD 

30.00 - 

___..._........_._._.-... I 
I + move 

0.00 I00.00 200.00 300.00 400.00 

Figure 8: Graph of energy vs. time for Ochiai evolution (case 2, see 
text). 

Case 2 is an unknot represented by 139 vertices whose tangled 
configuration was described by Ochiai [12] (see top row of the color 
plate for a stereo pair). The energy of the initial conliguration was 
4464.47. Gradient descent technique was used to untangle this con- 
fguration. Care had to be taken in sclccting a suitably small step 
size, otherwise, the system would attempt cncrgy-increasing moves. 
Sufficiently small step size would eventually product a circular con- 
figuration. However, the convergcncc rate of the system was fairly 
slow: it took 292,000 steps and 107 hours of computation to sim- 
plify the knot. Attempts to speed up the process via adaptive step 
adjustment based on the maximum gradient strength did not pro- 
duce satisfactory results. Figure 7 (replicated in the two bottom 
rows of the color plate) shows distribution of the energy gradient 
strength along the curve for the initial and an intermediate configu- 
ration. Simulated annealing reached the minimal energy configura- 
tion within tolerance of E = 0.5 after 368 moves. Figure 6 illustrates 
the knot’s start configuration and a number of intermediary config- 
urations during simulated annealing. Figure 8 shows the associated 
energy graph. Temperature started at 377 dcgrces, and was allowed 
to dccrcase by a factor of 0.95. until temperature rcachcd 1 .O degrees 
or the energy was within E of the energy of a 139 vertex unknot. The 
end energy of 235.30 was reached after approximately 48 hours of 
compute time. Energy of a I39 vertex unknot is 228.52. 

4 Conclusions 

The energy minimization results showed 2 successful cases. The 
methods presented here were able to dctcrmine the global minimum 

energy of each case and identify the knots as equivalent to the un- 
knot. From the energy graphs one can see that the knots were al- 
lowed to search the solution space and take uphill energy moves. 
The second case illustrated an unknot configuration that pure gradi- 
ent dcsccnt had difficulty minimizing in an efficient manner whereas 
simulated annealing successfully found the energy minimum. The 
result of the second test shows empirically that in this specific case 
Simon’s energy is probably unimodal (i.e., has a single extremum) 
but that it has a shape of a narrow, nearly-flat, curved hyper-trough 
that is difficult to follow with gradient descent methods. This con- 
clusion is verified by the bottom row of Figure 7 which depicts 
the distribution of the gradient strength along the curve in an in- 
termediate configuration arrived at with the iterative improvement 
method. Nearly zero-strength resultant forces acting on all the links 
of the knot are indicative of mechanical stability of this configura- 
tion which cause slow convergence of the gradient-based methods. 

The methods proposed here show promising results as compared 
to competing methods. Many current methods use gradient de- 
scent techniques [2] which will find a minimum but not necessar- 
ily the global minimum. Even if all proposed self-repelling poten- 
tials arc proven to be unimodal our method may produce more rapid 
convcrgcncc than conventional techniques. Some methods use ad 
hoc techniques such as occasionally adding vertices along the knot 
where energy is high while performing gradient descent [lo]. Still 
other methods do employ occasional uphill energy moves. For in- 
stance, the program made available by Wu can be run not only as 
pure gradient descent but also set to accept occasional uphill energy 
moves. Some of these methods work well in practice and have faster 
execution times than the methods developed here, but they lack the 
the theoretical basis of simulated annealing for finding globally min- 
imal encrgics and are likely to fail for more complicated cases. 
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