U.C. Berkeley — CS270: Graduate Algorithms Lecture 1 Professor Satish Rao August 28, 2006 Lecturer: Satish Rao Last revised

Lecture 1

1 Outline

1. Load Balancing. 2. Parallel Algorithms

(a) PRAM definition. Basic algorithms: list ranking, etc. (b) Definition of NC. P-completeness. Reductions. (c) Advanced algorithms. Distributed Coloring. Matching.

3. Routing/scheduling

(a) Butterflies routing: off-line. Benes Routing. (b) Valiant routing in Butterflies. Bounded queues.

(c) Path selection in arbitrary networks. (Use linear programming, randomized rounding for approximation.)

(d) Scheduling in networks. (Lovasz local lemma.)

4. Distributed Algorithms

(a) Byzantine Generals.

(b) Algorithms for distributed models. E.g., efficient shortest route computations.

5. Game Theory.

(a) Nash’s Theorem. Proof using Brower’s fixed pt theorem. (b) Congestion games. Price of Anarchy. (c) Arrows theorem. (d) On-line auctions.

6. Partitioning Algorithms.

(a) Spectral methods.

(b) Linear Programming based methods.

7. Object Location.

(a) Distributed Hash Tables.

(b) Locality Based Solutions for special graphs.

(c) Graph Decomposition based solutions, Approximate shortest path data structures.

Notes for Lecture 1: August 28, 2006 2

2 Load Balancing

You have m jobs to be distributed into n bins. How do you distribute them approximately equally? Duh. Evenly spread the jobs, maximum load is m/n.

Ok, let’s examine even stupider algorithms.

1. Randomly select a bin.

2. Randomly select two bins, choose least loaded.

What is an upper bound on the maximum load for strategy 1? Strategy 2? (We assume for today that m = n.)

Isn’t n the upper bound!! Oh, yes. Not, what I mean. What bound is the max-load almost always under. Or, with a very small probability, the max-load is greater than what?

Note: probability (for today) is just counting. Ok, what is the probability of a flush in a five card poker hand. 4 ∗ (_{13} 5 ) (_{52} 5 ) . (Oh yes, now that we have

(_n k ) , we note that

(_n k ) ≤ (ne/k)^k.)

For independent events, the probabilities multiply. What is the probability of 4 heads in a row with an unbiased coin?

(1/2)^4

So, now that we are experts with probability. Let’s upper bound the probability that any bin has load greater than k. (Yuck...)

OK, let’s just look at one bin. What is the probability that its load is greater than k? ∑ i≥k ( ( n i ) ) ( 1 n )_i

(1 − 1 n )^{n−i} ≤ ∑ i≥k ( ( n i ) ) ( 1 n )_i . We can bound this by e/k^k. If we choose k > 2e log n, this is bounded by 1/n^2. So, now we know any one bin is pretty unlikely to have load greater than 2e log n. But, we wanted a bound for all bins. Another concept in probability.

The probability of A or B is at most the probability of A plus the probability of B. Or,

P r[∪_iA_i] ≤ ∑ i P r[A_i].

This is called the union bound, and we use it often in computer science. So, the probability that any bin has load greater than 2e log n is at most 1/n.

Question 1. Show that with high probability that the max-load is at most O(log n/ log log n). What about strategy 2? What is the max-load? n!! Oh, shut up. Ok, any guesses? Better by a constant factor? Maybe as good as O( √ log n)? Hmmm...

Let’s try to analyze this. First, we consider throwing only n/8 balls into n bins. We define a graph on n nodes, where an edge is defined for each ball according to its two choices

Notes for Lecture 1: August 28, 2006 3

of bins to look at. That is, if the first ball examines bins 1 and 9, the graph contains an edge (1, 9).

What is the average degree of this graph? ( 1/4.)

What is the maximum degree of this graph, with high probability? (Certainly, O(log n).) What is the maximum size of any component?

Well, any size k component must have k − 1 internal edges? What is the probability that there is some component of size > k with k − 1 edges. The probability is at less than ( n k )( n/8 k − 1 ) ( k n )_{2k} . This is less than n(e^2/8)^k. Choosing k > 2 log_e2_{/8} n ensures that this event happens with probability less than 1/n.

So, we have the following claim.

Claim 1 The maximum component size is O(log n), with high probability.

Now, we examine a more subtle concept. What is the maximum internal degree of any subset S of nodes? Let us consider k sized subsets.

The probability that the degree is greater than 6 is at most ( n k )( n/8 3(k) ) ( k n )_{6k} . This can be bounded by e^2/8n^4, as long as n is say bigger than some constant. Thus, we have the following claim.

Claim 2 With high probability, the average internal degree of every subset is at most 6.

We process the graph by iteratively removing all nodes (and incident edges) with remaining degree less than 12. How many iterations does this take? Consider each connected component separately. At least half the nodes have degree less than 12, by the claim above (and thinking about a statement of the form that “everyone can’t be better than average”). Since the component is of size O(log n), all the nodes and edges are removed in O(log log n) iterations. Cool!

But what is the maximum load in strategy 2? Well, let’s consider a ball (which corresponds to an edge in the graph.) We define its height in the solution, as the height of the bin in which it is placed at the time it was placed into the bin. What is the maximum height it could obtain. We make the following claim.

Claim 3 The maximum height is at most 12 times the iteration number in which its corresponding edge is removed in the process above.

The claim allows us to conclude that the maximum load is O(log log n) with high probability!! An exponentially smaller load!

Notes for Lecture 1: August 28, 2006 4

The claim is really an inductive claim. If an edge is removed in iteration 0, the corresponding ball could have been placed in a bin that was only chosen by 12 balls, thus its maximum height is 12.

Question 2. Finish this inductive proof.