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Two person game.

Row is router.

An exponential number of rows!

Two person game with experts won't be so easy to implement.
Version with row and column flipped may work.

Ale, r] - congestion of edge e on routing r.

m rows. Exponential number of columns.

Multiplicative Weights only maintains m weights.

Adversary only needs to provide best column each day.
Runtime only dependent on m and T (number of days.)
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Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
% loj
G>(1-¢)G — 20,
Let T = k'°g”

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, cmax is at most C* 4 2ke.

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"

G* = T = Cmax — Best row payoff against average routing (times T).
G < T x C* — each day, gain is avg. congestion < opt congestion.

T = Klogn _, T TCSETC*Jr—k";g" —

max

Cmax — 5 <eC*+e¢
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Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large (Q(logn))
— C(e) ~c(e).

Concentration results? later.
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Weak Learner/Strong Learner

Input: nlabelled points.

Weak Learner:
produce hypothesis correctly classifies % + ¢ fraction

Strong Learner:
produce hypothesis correctly classifies 1 — u fraction

Same thing?
Can one use weak learning to produce strong learner?
Boosting: use a weak learner to produce strong learner.
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Poll.

Given a weak learning method (produce ok hypotheses.)
produce a great hypothesis.

Can we do this?
(A) Yes
(B) No

If yes. How?

The idea: Multiplicative Weights.
Standard online optimization method reinvented in many areas.
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A step closer.

Another Algorithm.

Finding a feasible point: x* for constraints.
If x() point violates constraint by > ¢
move toward constraint.
Closer.

The Math:
Wrong side, angle to correct point is less than 90°

This is the idea in perceptron. But can do analysis directly.
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Reinforcement learning == Bandits.
Multiplicative Weights framework:
Update all experts.

Bandits.
Only update expert you choose.
No information about others.
(Named after one-armed bandit slot machine.)

Idea: “Learn” which expert is best.
Prof. Dragan’s mantra: formulation as optimization.

Exploration: choose new bandit to get “data”.
Exploitation: choose best bandit.

Strategy:
Multiplicative weights.
Update by (1+¢€).

Big e.
Exploit or explore more? Exploit.

Perceptron also like bandits. One point at a time.
Online optimization: limited information.
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Next up: convex optimization.

Analysis of previous.
Get closer to a feasible point.

Idea: infeasible gives direction to step toward a feasible point.
violation of hyperplane for perceptron.
loss function for multiplicative weights.

Next: Get closer to an optimal point for function.



Convex optimization

xeQ (X)

f(x) = 1(y) < (VF(x),x—y)

Q: feasible space, convex.

F(x) +(VI(x),y = x)

(x,f(x))



Convex optimization

Slides: Thanks to Di Wang.
inf
g’
f(x)—f(y) < (Vi(x),x—y)
Q: feasible space, convex.

First-order Iterative Methods
» Query x € Q, update using V£(x)
> Low per-iteration cost, poly(%) convergence.

» Methods of choice in large-scale regime.



Gradient Descent

» Moves in down-hill direction.

> Improve objective function
value each iteration.

» Output final point.
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IVE(x) = VIl < Llx =yl vx,ycQ

» Global linear lower bound and quadratic upper bound:

vy () +(VH(X),y —x) Sf(y)Sf(X)Jr<Vf(X)7y*X>+él\y*XH2

X Xk
f(}/) k+1
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Gradient Descent
L-Lipschitz continuous

[VI(x) = Vi)l <Llx=yll vx,yeQ
» Gilobal linear lower bound and quadratic upper bound:
vy KXH%VKX%ny>Sﬂykéﬂn%%VKXLny%+éHnyW
» Minimize using quadratic bound

. L

Xi1 = Grad(Xi) = argmin{ (VF(x), X = xic) + 51X — x|}
xeQ

If Q=R"and ¢>-norm, X1 = Xk — 1ZV?‘(X/().

Vf(x)

> Primal progress: Av. Vf(x') > for x' = axx + (1 — &)Xk 41

(06 ~ (k1) 2 oz [VICx0)|2
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Gradient Descent: one dimensional intuition.

Convexity:
f(x*) > f(x)+ V)T (x* —x). = f(x) < f(x*)+VIxX)T (x = x*)

Also: f(x) —f(x*) < VF(x)T(x —x*)=gR

L-Lipschitz, R = ||xo — x*||:
xt=x—1VIx)  F0)—f(xT) > LIV

In one dimension: Vf(x) = g.
Gap: gR. Progress/step: Roughly g°/2.

Idea: Gap/(progress/step) = roughly 2LR/g steps.
Convexity: g > (f(x) — f(x*))/R = 2LR?/(f(x) — f(x*)) steps.
While gap f(x) — f(x*) > & we have g > ¢/R.

— O(LR?/¢) steps reduce gap by 1/2.
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f(xk) is decreasing, we have f(x7) < + Lk f(X).
— f(x7)—f(x*) < L5 where R=[|xp — x*|.

Also: T = O(LR?/¢) iterations for f(x7) — f(x*) < e



Gradient Descent

Primal progress

106~ 10%:1) = 5 V(0|2

Convergence

L-LipSChitZ, R= MaXy.f(x)<f(xp) ||X —X*H:

2
f(xr) — f(x) < O( 1)

To get e-approximation, need
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Relationship?

What is relationship to move closer to feasible?

If wrong side of hyperplane by at least something.
Move to other side.

What is the “hyperplane” here?
Vf(x) Maybe.
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