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Each player has strategy set. {Sq,...,Sn}-

Vector valued payoff function: u(sy,...,sn) (e.g., € RN).
Example:

2 players

Player 1: { Defect, Cooperate }.
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Payoff:
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C | (383) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what do they do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).

Stable now!

Nash Equilibrium: neither player has incentive to change strategy.
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Prisoner’s dilemma:
Two prisoners separated by jailors and asked to betray partner.

Basis of the free market.

Companies compete, don’t cooperate.

No Monopoly:

E.G., OPEC, Airlines, .

Should defect.

Why don’t they?

Free market economics ...not so much?

More sophisticated models ,e.g, iterated dominance, coalitions,
complexity..

Lots of interesting Game Theory!

This class(today): simpler version.
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R P S
33 .33 .33
R|[3] 0 1 -1
P|33|-1] 0| 1
S|3|1]|-1]0

Payoffs? Can't just look it up in matrix!.
Average Payoff. Expected Payoff.

Sample space: Q= {(i,j):i,j€[1,..,3]}
Random variable X (payoff).

E[X]= Y X(i.j)Pri(i.j))-
(i)
Each player chooses independently:
P =4 x5 =4

E[X]=0.1

"Remember zero sum games have one payoff.
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Expected payoff of Rock? 1 3x0 + >< 1 + >< —-1=0.
Expected payoff of Paper? x —1 + >< O + >< 1=0.
Expected payoff of Smssors’? Fx1 + x —1 + x0=0.

No better pure strategy. — No better mixed strategy!
Mixed strat. payoff is weighted av. of payoffs of pure strats.
E[X] = X (Prli] x Prii)X(i.j) = ¥ Prlil(E; Prlj] x X(i.}))
Mixed strategy can’t be better than the best pure strategy.



Equilibrium

R P S
3

.33 .33 .33
R .33 0 1 -1
P .33 -1 0 1
S .33 1

Will Player 1 change strategy? Mixed strategies uncountable!
Expected payoffs for pure strategles for player 1.

Expected payoff of Rock? 1 3x0 + >< 1 + >< —-1=0.
Expected payoff of Paper'7 x —1 + >< O + >< 1=0.
Expected payoff of Smssors’? 3 %1 + x —1 + x0=0.

No better pure strategy. — No better mixed strategy!
Mixed strat. payoff is weighted av. of payoffs of pure strats.
E[X] = X (Prli] x Prii)X(i.j) = ¥ Prlil(E; Prlj] x X(i.}))
Mixed strategy can’t be better than the best pure strategy.
Player 1 has no incentive to change!



Equilibrium

R P S
3

.33 .33 .33
R .33 0 1 -1
P .33 -1 0 1
S .33 1

Will Player 1 change strategy? Mixed strategies uncountable!
Expected payoffs for pure strategles for player 1.

Expected payoff of Rock? 1 3x0 + >< 1 + >< —-1=0.
Expected payoff of Paper'7 x —1 + >< O + >< 1=0.
Expected payoff of Smssors’? 3 %1 + x —1 + x0=0.

No better pure strategy. — No better mixed strategy!
Mixed strat. payoff is weighted av. of payoffs of pure strats.
E[X] = X (Prli] x Prii)X(i.j) = ¥ Prlil(E; Prlj] x X(i.}))
Mixed strategy can’t be better than the best pure strategy.
Player 1 has no incentive to change! Same for player 2.



Equilibrium

R P S
3

.33 .33 .33
R .33 0 1 -1
P .33 -1 0 1
S .33 1

Will Player 1 change strategy? Mixed strategies uncountable!
Expected payoffs for pure strategles for player 1.

Expected payoff of Rock? 1 3x0 + >< 1 + >< —-1=0.
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Another example plus notation.

Rock, Paper, Scissors, prEempt.
PreEmpt ties preEmpt, beats everything else.

Payoffs.

/R P S E
RO | 1]-1
P|l-1]0]1
S|1|-1|0
E 0

Equilibrium? (E,E). Pure strategy equilibrium.
Notation: Rock is 1, Paper is 2, Scissors is 3, prEmpt is 4.
Payoff Matrix.
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Equilibrium: play the boss...

0o 1 -
-1 0 1
A=l 1 4 o
0 0o -1
Equilibrium:
Row: (0,3, 2,%). Column: (3,3, 3).

Payoff? Remember: weighted average of pure strategies.
Row Player.

Strategy 1: § x 0+ x 144 x—1=
Strategy 2: § x —1+ 5 x 0+ x1=—
Strategy 3: § x 1+ x 1+ x0=—
Strategy 4: $ x 0+ x0+ % x 1=~
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Payoffis 0x §+ 3 x (~ 1)+ § x (=8 + 1 x (~3) = -

o=

Column player: every column payoff is —%.
Both only play optimal strategies! Complementary slackness.
Why not play just one? Change payoff for other player!
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Two person zero sum games.

m x n payoff matrix A.

Row mixed strategy: x = (x1,...,Xm).
Column mixed strategy: y = (y1,...,¥n)-

Payoff for strategy pair (x,y):

p(x,y) = x'Ay
That is,
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Recall row minimizes, column maximizes.

Equilibrium pair: (x*,y*)?

(x*) Ay* = m}gx(x*)tAy = min x'Ay*.

(No better column strategy, no better row strategy.)
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Equilibrium pair: (x*,y*)?
pOxy) = (") Ay” = max(x") Ay = min x'Ay".

(No better column strategy, no better row strategy.)

No row is better:
min; A0 . y = (x*)! Ay*. 2
No column i's better:
max;(A)V - x = (x*)!Ay*.

2A() is jth row.
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Duality.

R= m}?xmxin(XtAy).
— mi t
C= min m}?x(X Ay).
Weak Duality: R < C.

Proof: Better to go second.
Blindly play go-first strategy.

At Equilibrium (x*,y*), payoff v:

row payoffs (Ay*) all >v = R>v.
column payoffs ((x*)!A)all <v = v > C.
= R>C

Equilibrium = R=C!
Strong Duality: There is an equilibrium point! and R = C!
Doesn’t matter who plays first!
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Experts Framework:
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Multiplicative Weights Method yields loss L where
L<(1+g)Ls en
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(Faster linear programming: O(+/n+ m) linear system solves.)
Still much slower ... and more complicated.

Dynamics: best response, update weight according to loss, ...

Near integrality.
Only Inn/€? non-zero column variables.
Average 1/T, so not too many nonzeros and not too small.

Not stochastic at all here, the column responses are adversarial.
Various assumptions: [0, 1] losses, other ranges takes some work.
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Given (S1 , 1 ) . (Sk7 fk).

Row: choose routing of all paths. (Exponential)
Column: choose edge.

Row pays if column chooses edge on any path.

Matrix:
row for each routing: r
column for each edge: e

A[r, €] is congestion on edge e by routing r
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Two person game.

Row is router.

An exponential number of rows!

Two person game with experts won't be so easy to implement.
Version with row and column flipped may work.

Ale, r] - congestion of edge e on routing r.

m rows. Exponential number of columns.

Multiplicative Weights only maintains m weights.

Adversary only needs to provide best column each day.
Runtime only dependent on m and T (number of days.)



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —"'Zg”.



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —"'Zg”.

Let T = klogn




Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:




Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.




Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —p"f”.
Let T = klogn
1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.

3. Output the average of all routings: + ¥, f(t).



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)-X%"



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —""f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —p"f”.

Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"

G* = T x Cmax — Best row payoff against average routing (times T).



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —p"f”.
Let T = klogn
1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"

G* = T = Cmax — Best row payoff against average routing (times T).
G < T x C* — each day, gain is avg. congestion < opt congestion.



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —p"f”.
Let T = klogn
1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"

G* = T = Cmax — Best row payoff against average routing (times T).
G < T x C* — each day, gain is avg. congestion < opt congestion.



Congestion minimization and Experts.

Will use gain and [0, p] version of experts:
G>(1-¢)G"— —p"f”.
Let T = klogn

1. Row player runs multiplicative weights on edges:
w; = w;(1+¢)9/k.

2. Column routes all paths along shortest paths.
3. Output the average of all routings: + ¥, f(t).
Claim: The congestion, Cpmax is at most C* +2ke/(1 —¢).

Proof:
G>G(1-¢)— %" G~ G<eG + X'%"

G* = T = Cmax — Best row payoff against average routing (times T).
G < T x C* — each day, gain is avg. congestion < opt congestion.

T =K TG — TC < £TCrmax + %2
Cmax — C" < €Cmax +€



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)

o( %) steps



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)

O(%) steps
to get Cnax — C* < €C* (assuming C* > 1) approximation.



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)

O(%) steps
to get Cnax — C* < €C* (assuming C* > 1) approximation.



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)
O(%) steps
to get Cnax — C* < €C* (assuming C* > 1) approximation.

To get constant c error.
— O(k®mlogn/€?) to get a constant approximation.



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)
O(%) steps

to get Cnax — C* < €C* (assuming C* > 1) approximation.
To get constant c error.

— O(k®mlogn/€?) to get a constant approximation.
Exercise: O(kmlogn/e?) algorithm



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)
O(%) steps

to get Cnax — C* < €C* (assuming C* > 1) approximation.
To get constant c error.

— O(k®mlogn/€?) to get a constant approximation.
Exercise: O(kmlogn/e?) algorithm !



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)
O(%) steps

to get Cnax — C* < €C* (assuming C* > 1) approximation.
To get constant c error.

— O(k®mlogn/€?) to get a constant approximation.
Exercise: O(kmlogn/e?) algorithm ! !



Better setup.

Runtime: O(kmlogn) to route in each step (using Dijkstra’s)
O(%) steps

to get Cnax — C* < €C* (assuming C* > 1) approximation.
To get constant c error.

— O(k®mlogn/€?) to get a constant approximation.
Exercise: O(kmlogn/e?) algorithm ! ||



Fractional versus Integer.

Did we (approximately) solve path routing?



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes?



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No!



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?
For each s;, t;, choose path p; at random from “daily” paths.



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).
“Concentration” (law of large numbers)



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large (Q(logn))



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large (Q(logn))
— C(e) ~c(e).



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large (Q(logn))
— C(e) ~c(e).

Concentration results?



Fractional versus Integer.

Did we (approximately) solve path routing?
Yes? No?

No! Average of T routings.
We approximately solved fractional routing problem.

No solution to the path routing problem that is (1 + €) optimal!
Decent solution to path routing problem?

For each s;, t;, choose path p; at random from “daily” paths.
Congestion c(e) edge has expected congestion, ¢(e), of c(e).

“Concentration” (law of large numbers)
c(e) is relatively large (Q(logn))
— C(e) ~c(e).

Concentration results? later.
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Input: nlabelled points.

Weak Learner:
produce hypothesis correctly classifies % + ¢ fraction

Strong Learner:
produce hypothesis correctly classifies 1 — u fraction

Same thing?
Can one use weak learning to produce strong learner?
Boosting: use a weak learner to produce strong learner.
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Poll.

Given a weak learning method (produce ok hypotheses.)
produce a great hypothesis.

Can we do this?
(A) Yes
(B) No

If yes. How?

The idea: Multiplicative Weights.
Standard online optimization method reinvented in many areas.
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Used often in machine learning.
Blending learning methods.
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Another Algorithm.

Finding a feasible point: x* for constraints.
If x() point violates constraint by > ¢
move toward constraint.
Closer.

The Math:
Wrong side, angle to correct point is less than 90°

This is the idea in perceptron. But can do analysis directly.
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Reinforcement learning == Bandits.
Multiplicative Weights framework:
Update all experts.

Bandits.
Only update experts you choose.
No information about others.
(Named after one-armed bandit slot machine.)

Idea: “Learn” which expert is best.
Prof. Dragan’s mantra: formulation as optimization.

Exploration: choose new bandit to get “data”.
Exploitation: choose best bandit.

Strategy:
Multiplicative weights.
Update by (1+¢€).

Big e.
Exploit or explore more? Exploit.

Perceptron also like bandits. One point at a time.
Online optimization: limited information.



