Interior point on the central path.
Find x, that minimizes f,(x) subject to
fi(x)<0,i=1,...m.
Central path:
min tfo(x) — X7 4 In(—fi(x))
The minimizer, x(t), form the central path.

The sequence of x’s are “central path”.

Lagrangian Dual and Central Path.
min tfo(X) — Li=1 In(—f;(x))

Optimality condition? Take Derivative.
tVho(X) = Lzt V,,’{(XX)) =0 Vio(X) = Lict iz VH(x) =0

Or, Vio(x) = Li—1 s (Opposing force fields.)
Recall, Lagrangian: L(A,x) = fo(x) + ¥ Aifi(x).
Fix A, optimize for x* give valid lower bound on solution.
Optimality Condition.
Derivative: Vfy(x)+ X1 4;Vfi(x) =0.

Take () = — rr,gx)- x(t) = x*(A()! Same optimal point!

Value? Found A where:
miny L(A,x) = fo(X) + Ljzq 4ii(X) = fo(x) = 7
Central point x(t) within 7 of optimal primal!!!!
L(A,x(£)) > fo(x) = T = miny L(A,x)+ 7 > fo(x)
= OPT+ % > fy(x)

Central path.

miny fo(x), fi(x) < 0.

minx tfo(x) — Eiso In(—fi(x))

Optimal: x(t) is feasible.

fo(x(t)) <OPT+ %

Algorithm: take t — eo.
Finding x(t)?

Assume you have x(t), change t = ut, for p > 1.
Find x(ut).
ldea: newton’s method.
Should show new optimal point not too different from old.

Next.

Central Path evolution.
Old point x = x(t) versus x* = x(ut)?
Minimizing: utfo(x) — X7 In(—fi(1)).

Difference in new objective from old optimal point to new:

ptfy(x) — T2 In(—fi(x)) — ptfo (x ) + LI In(—£i(xT))
Simplify: i (x) — pth(x+) + L In(45)
Let A; = 7ﬁ. Remember: L(4,x) = fo(x) + ¥L; 4ifi(x).
L(A,x") < T since miny L(A,x) < 7
patfo(x) — ptfo(x+) + XiIn(—ptd;fi(xT)) — minp
In(—x) = In(1—(1+x)) < —(1+Xx)
< pitfo(x) — pitfy (x*) — Li(1+ Aipthi(x)) —minp
= ptfo(x) — ptfy(x ) — pt L Aifi(xT) —m—minp
= pt(fo(x) = ((x) + L Aifi(x*)) —m—minp
= pt(fo(x) = L(A,x*)) —m—minp
< pt(f)—m—minp
=m(p—1—Inu)

...Central Path Evolution
Old point x = x(t) versus x* = x(ut)?
Minimizing: F(x) = uthy(x)+ X0 In(—f(1)).
We proved: F(x)—F(x*) <m(u—1—Inp).

Choose p=1+36.
In(1+x)~x—x2/2. = In(1+8)=8—8%/2

F(xX)—F(x)=m(14+8 -1 (5 —8%/2)) = m(62/2).
Choose & = - or = (1+35).
F(x)— F(x") = (8%/2)) = 5.

Modifying t by factor of (1+ \Tm)' optimal still close!

- Nl

t can be arbitrarily large!

The value of the objective function can be gigantic
and change by an enormous amount.
but current point is very close to optimal.

Intuition here?

An attempt at intuition.

minY; X, x > 0.

optimum is 0.

Central path: Fi(x) =tYy;x;+Y;InX;
Optimum: x; = 1.

t— ut

New optimum: x;* = ;.

Notice: the change in x is quite small.
Roughly (u —1)3 = ﬁ where t is large.

Intuitively: new point is very close to old point.




Slightly more generally.

Only one vertex on polytope.
ninequalities, n unkonwns: mincx, Ax > b.
Is solution bounded or unbounded?

Alg: Linear equation solve for intersection of n inequalities,
check if there is some direction of improvement.

Evolution of central path.
Optimal x(t): Viy(x) + Lj HIE—X)Vf,v(x) =0
te=—Yiax's

s; = ajx — b;. “Distance’ to constraint.

Recall previous example: x > 0, the x; are slack variables.

s=Ax—b.
Given solution to x(t) with b— Ax(t) = s(t).
Then Ax(ut)— b= s(t)/un works.

Since only n inequalities, can just solve to get next point.
Answer is easy too.

More generally.
General Ax > b, mincx.

Given solution to x(t) with b— Ax(t) = s(¢).
Then b— Ax(ut) = s(t)/u is optimal: ptc = —Y,; 7325

Overdetermined if more than n inequalities, so maybe not
possible.

So, need to find solution to: utc = 7Ziﬁ

Showed solution is at least close in value to old solution on
F(x).

One thing to note:
if you know the optimal vertex (tight constraints).
then you are done.

Idea: close enough to tight constraints. Done.
Close enough to a vertex, can jump to vertex.

Cramer’s rule, gives estimate of how close the closest two
vertices can be.

Interior Point Method.

Find central point.

Recall: F(x) = th(x) — ¥;log(—fi(x)).

Find point: G(x) = VF(x)=0.

Newton: find all zeros of vector valued G(x)!

df; df;
9i(x) = : 3(1((1)() Y a)(:) f’(1x)

Newton: )
= |(Xns1 — @)] < |78 |(x — @)2.

Recall, distance for x to x™ is pretty small.
On the order of 1/t.

What about the ratio? \Zgg”,((fn))\

Newton’s Method.
f(x) = log(aix — b;)
Si = b,' —ajx
=2 f'(x)= slfza;af f"(a) = a‘?sslla

f(x+u) = f(x)+f(x) u+u®2-f'(x)
The minimizer? —%(f"(x))~'f(x).
Self-Concordance: |f”(x)| < 2f"(x)3/2.

Newton: x = x — %

If f'(x) is linear, goes to f'(x) = 0.

Scaled by slope, ’(x), of f'(x).
Another Newton Method Analysis:

potential function: ||f'(x)]|/||f"(x)]|.

Idea: if ’(x) does not change, then f'(x) =0.
f"(x) < f'(x)%/? — f”(x) does not change much.
potential || f'(x")||/||f"(x")|| decreases.

Behavior of log barrier.

What about the ratio? | &) |

What if f(x) = log x and recall g(x) = f'(x)?
(logx) =1/x, (logx)" = —1/x2, (log x)" = 2/x.
|(log x)"| = 2|(log x)"[*/2.

Thus, this ratio is around 1/x.

Newton analysis we did: |2‘§',Efn)) [(x—xT) < 1.

Quadratic convergence: ratio is small.

Another Type of IPM strategy.

minxc,Ax > b.
F(x)=tex —Y log(aix — b;).
VF(x)=tc—¥,; %
Introduce dual variables: ;.
Approximate Complementary slackness.
2isi =+ verse 2;s; =0
s=b—Ax
Predictor-Corrector:

(1) decrease F(x)
(2) Fix complementary slackness.

Gives another possibility:
Explicitly maintain primal-dual soluion: (x, s)




Gradient descent and Newton.
minimize f(x).
Gradient descent.
x=x—af(x).
Decreases function until gradient changes sign.
If f’(y) < Mfor y = x — af'(x).
Improve when: f'(y) > f'(x)— [ f'(y)dx > 0.
Also: f'(y) > f'(x) — M(y — x) > 0.
When: (y —x) < f'(x)/M.
seta=1/M.
For linear function: f'(x)? Optimum? Is infinitely far.
Newton: x = x — %
If /(x)>m, then f(x)=0. x: (x'—x)<f(x)/m.
Estimate of how far is f/(x)/f"(x). Analysis: the estimate
decreases.
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