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Lagrangian Dual.

Find x, subject to
fi(x)<0,i=1,...m.
Remember calculus (constrained optimization.)
Lagrangian: L(x,A) =Y Aifi(x)
A; > 0 - Lagrangian multiplier for inequality i.
For feasible solution x, L(x,A) is
(A) non-negative in expectation
(B) positive for any A.
(C) non-positive for any valid A.

If A, where L(x,A) is positive for all x

(A) there is no feasible x.
(B) thereis no x,A with L(x,1) < 0.
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Lagrangian function:
L(x,4) = f(x) + 24 Aifi(x)

Primal problem.
x-player “best defense”:
miny max, L(x,A).
x, that minimizes L(x,A) over all A > 0.
Dual problem:
A-player “best defense”:
max; miny L(x,1).
A, that maximizes L(x,A) over all x.

Saddle point: (x,y) with both conditions:

For x-player: V, L'(x,1) <0 = f/(x) <0.

For A player: L'(x,A) = Vxf(x)+ L™ 1 AiVxfi(x) = 0.
At saddle point. Is A; > 0 only if f;(x) =07 Yes.
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Linear Program.

mincx,Ax > b

min  c-

subjectto b;—a;-x <0,

Lagrangian (Dual):
L(A,x)=cx+ Y Ai(bj—ajx).

or

LA, x) = =(¥X;x(aA — ¢)) + bA.

Best 1?
maxb-A where g4 = ¢;.

maxbA,ATA=c,A >0
Saddle point: complementary slackness.
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Find a root of f(x).
At x.
0=Ff(X)+F(X)(t—x). = t=x— 1%

Xny1 = Xn— %
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Ifla—x|<e = |a—x| <[5
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Interior point on the central path.

Find x, that minimizes fy(x) subject to
fi(x)<0,i=1,...m.

Central path:
min tfy(x) — £ In(—f(x))

The minimizer, x(t), form the central path.

The sequence of x’s are “central path”.
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Derivative: tVfy(x) —):,-:1 Vf,f"(x) =0

Or, Viy(x) = X1 tf (Opposmg force fields.)
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Derivative: Vfi(x)+Y;—1A;Vfi(x) = 0.
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miny fo(x), fi(x) <O0.

miny tfo(X) — LisoIn(—fi(x))

Optimal: x(t) is feasible.
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Algorithm: take t — .
Finding x(t)?

Assume you have x(t), change t = ut, for u > 1.
Find x(ut).
Idea: newton’s method.
Should show new optimal point not too different from old.

Next.
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An attempt at intuition.

min); xj,x > 0.

optimum is 0.

Central path: Fi(x) =tYix;+Y;Inx;
Optimum: x; = 1.
t— ut

New optimum: x;" = ﬁ

Notice: the change in x is quite small.

Roughly (u—1)} = ﬁ where t is large.

Intuitively: new point is very close to old point.
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Only one vertex on polytope.
ninequalities, n unkonwns: mincx, Ax > b.
Is solution bounded or unbounded?

Alg: Linear equation solve for intersection of n inequalities, check if
there is some direction of improvement.

Evolution of central path.
Optimal x(t): Vio(X) +Lizt gz VHi(x) =0
s; = ajx — b;. “Distance’ to constraint.

Recall previous example: x > 0, the x; are slack variables.
s=Ax—b.

Given solution to x(t) with b— Ax(t) = s(t).
Then Ax(ut)— b= s(t)/n works.

Since only ninequalities, can just solve to get next point.
Answer is easy too.
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More generally.

General Ax > b, min cx.

Given solution to x(t) with b— Ax(t) = s(t).
Then b— Ax(ut) = s(t)/u works.

Overdetermined if more than n inequalities, so maybe not possible.
So, need to find solution to: ptc = —Y; ﬁ
Showed solution is at least close in value to old solution on F(x).

One thing to note:
if you know the optimal vertex (tight constraints).
then you are done.

Idea: close enough to tight constraints. Done.
Close enough to a vertex, can jump to vertex.

Cramer’s rule, gives estimate of how close the closest two vertices
can be.
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Find central point.
Recall: F(x) = tf(x) — ¥L;log(—fi(x)).
Find point: G(x) = VF(x) =0.
Newton: find all zeros of vector valued G(x)!
g1(x) = tafo(x) -y, af)((:() f1 -
Newton:
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Recall, distance for x to x™ is pretty small.
On the order of 1/t.
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Behavior of log barrier.

What about the ratio? |2%,8‘(’ \

What if f(x) = log x and recall g(x) = f'(x)?
(logx)' =1/x, (logx)" = —1/x2, (logx)" =2/x3.
|(log x)"| = [ (log x)"|.

Thus, this ratio is around 1/ x.

Thus, [ £ |(x - x*) < 1/2.

Quadratic convergence: ratio is small.
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Newton’s Method.

f(x) = log(ax — by)

Si=ajx—b;

f)=g ")=gaal (@)= a,@3s‘—’3

f(x 4 u) = f(x) + F/(x) - u+u®?-f(x)

The minimizer? —%(f"(x))~"f'(x).

Self-Concordance: |f"(x)| < 2f"(x)3/2.

Newton Method: f(x) — f(x*) < 1/2, it converges quadratically.
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