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Each player has strategy set. {Sq,...,Sn}-

Vector valued payoff function: u(sy,...,sn) (e.g., € RN).
Example:

2 players

Player 1: { Defect, Cooperate }.
Player 2: { Defect, Cooperate }.

Payoff:

Cc
D

(3,3) | (0,5)
(5,0) | (1,1)

3 | o



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?




Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).
If player 1 wants to do better, what does she do?



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)




Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)
What does player 2 do now?




Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).

Stable now!



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).

Stable now!

Nash Equilibrium:



Famous because?

C D
C | (3,3) | (0,5
D | (50) | (.1.1)

What is the best thing for the players to do?

Both cooperate. Payoff (3,3).

If player 1 wants to do better, what does she do?
Defects! Payoff (5,0)

What does player 2 do now?

Defects! Payoff (.1,.1).

Stable now!

Nash Equilibrium:
neither player has incentive to change strategy.
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Proving Nash.

n players.
Player i has strategy set {1,...,m;}.
Payoff function for player i: u;(s1,...,Sn) (e.g., € R").
Mixed strategy for player i: x; is vector over strategy set.
Nash Equilibrium: x = (xq,...,Xxn) where

WX U (x X)) < u(x). (1)

What is x? A vector of vectors: vector i is length m;.
What is x_;; z? x with x; replaced by z.
What (1) does say? No new strategy for player i that is better!

Theorem: There is a Nash Equilibrium.
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Brouwer Fixed Point Theorem.

Theorem: Every continuous function from a closed compact convex
(c.c.c.) set to itself has a fixed point.

1

What is the closed convex set here?

Fixed point!

The unit square? Or the unit interval?
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Brouwer implies Nash.

The set of mixed strategies x is closed convex set.

Thatis, x = (x1,...,Xn) Where |x;|; = 1.
ox'+(1—o)x" is a mixed strategy.

Define  ¢(x1,...,Xn) =(21,...,2n)

where z; = argmax/ [u,-(x,,-;z;) —|lzi— x,-||§} :

Unique minimum as it is quadratic.
z; is continuous in x.
Mixed strategy utilities is polynomial of entries of x
with coefficients being payoffs in game matrix.

¢(-) is continuous on the closed convex set.

Brouwer: Has a fixed point: ¢(2) = 2.
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Quick Almost Irrelevant Question.

Define  ¢(x1,...,Xn) =(21,...,2n)
where Zj = arg maleg [U/(X,,-;z,{) — ||Z,' —Xi||§} .

Question: which way will it go?
Some pure strategy is (tied for) best response.
Which way will it go?
Change coordinates proportional to utility differences.

Tradeoffs squared penalty function against benefit in utility.
Looks like a gradient.
This is (another) property of the quadratic “regularizer.”

Technically: need to project back to feasible set.
Distribution for each player.
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Sperner: any subdivision of a simplex and “proper” coloring of its
vertices
— a simplex in subdivision which is multicolored.

Given a function, f(-), on the simplex.
Take a sequence of subdivisons, define colorings using f(-).
Multicolored simplices have property that f(x); < x; at vertex i.

= that the limit point has f(x); = x; for all i.
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Dual linear program.

Toll problem.
Assign d(e) for edge e € E with Y., d(e) = 1, to maximize }; ; d(i,j).

Consider cut: (S,S), B
assign d(e) =1/|E(S, S| for ec E(S,S).

. S|x|S 1
Yijdi,j)= IE(‘;%)' =g

Theorem: The value of the dual is O(*%&”).
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Length is d(i,j) or A.
d(i,x) is distance to x.
Sy with d(i, x) < {is a cut.
Think Djikstra’s or “Breadth First Search”.
Technically fraction of edges inside S;.
Areais Y d(e).
Width is cut-size. Rate of growth at each d(S;).

Or with natural numbers:
Breadth first search tree of depth D.
Each level is a cut.
There exists a cut of size m/D.
Cuz:
Length (depth) times width (cut size) is area (number of edges.)

Problem is that it is not “balanced.”
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Again with a picture.

S N Claim: _
Exists cut, S, such that E(S,(S)) < %
D; Call d(e) weight.
[H S R Exists some i, where weight, D,y — D; < D;.
e Weight is like Area: Cut-size x length.
<D ogn . Di _ 2D,'
PP S S Cut-size < Area/length = z75i7 = io5h

Done.
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Linear program value: Y;;d(/,j) > a = ming

There exists vertex i,j, where d(i,j) = A => a/rP.
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Scenario: D(S) =Q(1) and |S| = Q(n).
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o
O(log n) approximation.

Do some averaging to get real result.
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A structure.

Low diameter decomposition.
Procedure produces cluster of Diameter O(A).
O('%&™) fraction of edges in between.

Repeat until every vertex in a cluster.
Produces:
Decompositon into low-diameter clusters: O(A).
Edges between “Small”: O(1).

O(+) hides log factors.



