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Ax < b,maxcx,x >0« yTA> ¢, minby,y > 0.
min <> max

>e<

“‘inequalities” <» “nonnegative variables”
“nonnegative variables” < “inequalities”

One more useful trick: Equality constraints.

“equalities” «» “unrestricted variables.”
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Bipartite Graph G=(V,E), w: E — Z.
Find maximum weight perfect matching.
Solution: xe indicates whether edge e is in matching.
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e=(u,v)
Xe >0

Dual.
Variable for each constraint. p, unrestricted.
Constraint for each variable. Edge e, p,+py > we
Objective function from right hand side. minY}, p,

min}., Py
Ve=(u,v): (Putpyv)=We

Weak duality? Price function upper bounds matching.
Yecm WeXe < Ye—(uv)em(Pu+Pv) < Ly Pu-
Strong Duality? Same value solutions. Hungarian algorithm !!!
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e=(u,v)
Xe >0
Dual:
min}., Py

Ve=(u,v): Pputpv=>We

Complementary slackness:
Only match on tight edges.
Nonzero p, on matched u.

Pv
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Exponential size.

Multicommaodity flow. min i
ve:uce— Y f,>0
poe
VI Z fp = di
PEP;
fo>0
Dual is.
maxz D;d;
f

VpePi:di< Y d(e)
ecp
Exponential sized programs?
Answer 1: We solved anyway!

Answer 2: Ellipsoid algorithm.
Find violated constraint — poly time algorithm.

Answer 3: there is polynomial sized formulation.
Question: what is it?
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Twist on randomized rounding.

Client j: ¥;x; =1, x; > 0.
Probability distribution! — Choose from distribution, x;, in step 2.
Expected opening cost: (note: larger than f,.)
Yien; Xijifi < Lien, Yifi-
and separate balls implies total <Y, y;f;.
D;=Y;x;d;j  Expected connection cost of primal for j.
Expected connection cost /o + oy + D;.
In step 2: pick in increasing order of o; + D;.
— Expected cost is < (2a + Dy).
Connection cost: 2Y ;05 + Y D;.
20PT (D) plus connection cost of primal.

Total expected cost:

Facility cost is at most facility cost of primal.

Connection cost at most 20PT + connection cost of prmal.
— at most 30OPT.
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maxZaj
J

Vie F Zﬁ,jgf,
jeb
VieF,jeD oj—B;<dj
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Phase 1: 1. Initially o;, B; = 0.
2. Raise a; for every (unconnected) client.
When «; = dj; for some i
raise B at same rate  Why? Dual: «; — B < dj.
Intuition:Paying B to open /.
Stop when ¥, Bj; = f;.
Why? Dual: ¥ B < f;
Intuition: facility paid for.
Temporarily open i.
Connect all tight ji clients j to i.

3. Continue until all clients connected.

Phase 2:
Make “edge” between two facilities if paid by a common client.
Permanently open an independent set of facilities in graph.

For client j, connected facility i is opened. Good.
Connected facility not open

— exists client j/ paid i and connected to open facility.
Connect j to j”’s open facility.
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Constraints for dual.
YiBi<f
o — ﬁ,/ < d,/
Grow o;.
Otj = d’l'
Tight constraint: a; — B < dj.
Grow B; (and o).
Y, Bjj = f; for all facilities.
Tight: Y Bj < f;
LP Cost: ;o = 4.5

Temporarily open all facilities.

Assign Clients to “paid to” open facility.
Connect facilities with common client.
Open independent set.

Connect to “killer” client’s facility.

Cost: 1 +3.7=4.7.

A bit more than the LP cost.
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