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Gradient Descent.

Convex, continuous function: f(x).
f(y) = f(x) + VI(x)(y — x).
L-Lipshitz assumption:
f(y) < F(x) + §lly = |12,
(Vi(y)—Vi(x)) < L(y — x).
X1 = Xt — 1 V().
Average gradient > Vf(x;)/2
thus reduce function value by at least ||V(f(xt))||2/2.
Closest to x*?
Functional distance: f(x;) — f(x*).

Distance to solution: ||x; — x*||.
Translate using L: f(x;) — f(x*) < 5||x; — x*|]2.
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Mirror Descent

v

Each point gives a linear lower bound.

v

Average of the lower bounds becomes
flatter.

v

Add the point with current worst regret.

v

Output average of queried points.

> x=axi+(1—a)x
= f(x) < af(x1)+(1—a)f(x2).

Analysis doesn’t require L-Lipschitz.



Mirror Descent: Regret Minimization

> Average Regret with loss vector &;’s

1 k—1

Ri(u) =4 Y (&i.zi—u)

i=0
Why care about average regret? Bounds gap to OPT:
With & = Vf(z), z= 1Y z,

k—1 k—1
(2) () < Y. f(2)~ (W) < 1 Y (VA(2). 2~ u) = Ry(v)
i=0 i=0

f(z)—OPT < max Ry (u)



Mirror Descent: Regret Minimization
» Regularized average regret
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w(u)
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Mirror Descent: Regret Minimization
» Regularized average regret

1

k-1
AU) = e w(w)+a (62— )

w(u)

=AkU) -

Distance Generating Function

w:RTSR

1-strongly convex for norm || - ||:
1
w(y) = w(x)+ (Vw(x),y = x) + 5 Ix = y|?

For ¢5-norm, simply w(x) = %||x||§.
(For distributions: w(x) = —Y; x;log x;.)
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Bregman divergence

Vily) = w(y) — (Yw(x).y —x) ~w(x) > 3 |x—yI?

Standard three point property of Bregman divergence:

VX,y 20 (=VVi(y),y —u) = Vx(u) = Vy(u) = Vx(y),

For £a-norm, Vi(y) = 3lIx = yl5, VVx(y) = (x )
Three point property <> Law of cosines

X

y

c® = @ +b? —2abcos(C) or 2abcos(C) = c®> —a — b?
a =V, (u), b?=Vi(u), ¢®=Vi(u), 2abcos(C)=—(x—y)-(y—u)
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Mirror Descent
Zks1 = Mirr(z, 0&y) = argrgin{ Vo (2) + o8k, 2 — zk) }
ze

Equivalent to regret minimization when Q = R":
» Optimality condition of MD step:
VVz (Zk11) = — by
Zyyq — 25 = — ady

Zyi1 =20— Y 0
7

» Regret Minimization:
k
Zk = argfzﬂax{—W(Z) +a) (&,z—-2)}
i=0

Optimality condition:
Zypr=—) 0
i



Mirror Descent

Zyp1 = Mirr(zy, 08y) = argrgin{ Vo, (2) + a(Ek, 2 — 24}
ze

Recall: szk(zk+1) = —O{ék Zk+1 —ZK = _aék

Lemma:
(&, 2k — u) < &k, 2k — Zk11) + Vg (U) = Vo (U) = Vz (Zk41)

o
< ?||5k||f+ Voo (u) = Vg, (u)  VueQ

= (8, 2k — Zic1) — (VVz (2k11): 21 — U)
= oSk, 2k — Zicy1) + Vo (U) =V (U) = Vg (211)
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Lemma:
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Mirror Descent

Zg 41 = Mirr(zy, ady) = argfgin{ V2, (2) +a{Ck, 2 — zk) }
ze

Recall: szk(zk+1) = —O{ék Zk+1 —ZK = _aék

Lemma:
08k 2k — U) < 08k, Zk — Zier1) + Vg (U) = Ve, (U) =V, (Zkt1)
§;||§k||*+vzk( u)— Vg, ()  vYueQ
Proof:
o (Ek, 2k — U) K Zk = Zk1) + 08, Ziey 1 — U)

= (8, Zk — Zky1) — (VVz (Zk11), Zks1 — U)
= (8, Zk = Zic1) + Vg (U) =V, (U) — Vg, (Zk11)
2

< SIIEI2 + Va (0) - Ve, (0)
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(04
12 V(1) = Vi (1)



Mirror Descent

&, 2 — U) < GG 12 + V(1) = Vo, (1)

Telescoping T iterations, and width [|&|2 < p2

2,2

2+ EP o Vi (U) — Vet + Vorkat] — V(1)




Mirror Descent

&, 2 — U) < GG 12 + V(1) = Vo, (1)

Telescoping T iterations, and width [|&|2 < p2

2,2

8+ S0 o Vi () — Varbta] + Vopbta) — Vopba] + Vopbtl] — Vg (1) ..



Mirror Descent

2
> (b, 2~ u) < G|&lZ + Va (u) = Vz,, ()
Telescoping T iterations, and width [|&|2 < p2
T-1 2.2

op=T
Y (Ez—u)< 5L
i=0

+ Vo (U) — V. (U)



Mirror Descent

2
ok, zk —u) < %Hngf + Vg (U) — V2k+1 (u)
Telescoping T iterations, and width [|&|2 < p2
T-1 2.2

a Y (gz-u< 22T

i=0

+ Vo (U) — V. (U)

> o=, diameter V;(u) <©,in T = 2” =

Yu, f(2) — f(u) < ap® | Vo)




Mirror Descent

2
ok, zk —u) < %Hngf + Vg (U) — V2k+1 (u)
Telescoping T iterations, and width [|&|2 < p2
T-1 2.2

a Y (gz-u< 22T

i=0

+ Vo (U) — V. (U)

> o=, diameter V;(u) <©,in T = 2” =

Yu, f(2) — f(u) < ap® | Vo)

2 .
> Regret terms %Hék”f accumulate, bound step size a.
Bregman divergence terms telescope.
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Mirror Descent.
Convex, continuous function: f(x).
f(y) = f(x) + VI(x)(y — x).
No lipshitz condition necessary.
Gradient need not be continuous: absolute value.

Introduces:
w(x) strongly convex function with L =1
“Divergence” function Vx(y) = w(y) — (w(x)+ V(w(x))- (¥ — x)).
For sequence of “gradients”: ;.
For w(x) = 3l|Ix - y|,
Zk =20 — 0¢||‘I/iH2-
Bound “regret”.
LW (2 u) < Ll + Vz, (U) = Vi (u).
“Expert’s” type analysis.
Best expert is u against psi;.

vi=V(f(x)), 2= 1Lz
£(2) < f(u) + o® T | VH(2) [P + maxceq w(x).

Loss is compare to linear lower bound on function value at u.



Linear Coupling

Intuition: If ||V£(x)||2 large

» GD can make large primal progress iHVf(xk)Hf

» MD suffers large regret O‘;HW(X)HE
» Use primal progress to cover regret.

» Regret terms no longer accumulates,
telescope as the primal progress.



Linear Coupling

> Xo=Yo= 2.
» Coupling: Xky1 =712+ (1 —7) k-
» MD: z, 1 = Mirr(zx, aVI(Xki1))

> GD: Y1 = Grad(Xk11)-

Zq
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Linear Coupling

> Xo = Yo = 2.
> Coupling: X1 =1zk+ (1 —7)yk-
» MD: Zyiq = Mirr(Zk,OCVf(Xk+1))

> GD: ykr1 = Grad(Xky1).
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Bound a(f(xxy 1) — f(U)) < a(VF(Xkit1), Xkpq1 — U)

Zk
u (VI (Xiet1), Xiet — U)
=0(VF(Xk11), 2k — U)
Xk 1 + o (VF(Xk41)s X1 — Zk)
Yk+1

Yk



Bound a(f(xxy 1) — f(U)) < a(VF(Xki1), Xkpq1 — U)

o UV I(Xiei1), Xie1 — U)
y =a(VF(Xk11), 2k — U)
+ o(VF(X 1) Xk 1 — 2k)
Xii 1 <oPL(f(Xiey1) — F(Vis1))
Yk+1 + VZk(U) - V2k+1 (u)

Yk

MD: 0(VF(Xk 1), 2k — U) < % VF(Xk1) |2+ Vi (1) = Ve, (1)

GD: f(Xi41) = F(Vicr1) = 2 IV F(Xier1)I12



Bound a(f(Xy1) — (1)) < (VF(Xky1), Xkp — 1)

2 V(X 1), Xkt — U)
=0V (X11), 2k — U)
+ (VI (Xks1)s Xkt — Zk)

u
<@PL(F(Xkr1) — F(Vhe1))
Xk+1 + Vg (U) = Vg, (U)
Yi+1 1-7
Yk (VX 1), ——— (Ve = Xkr1)
Coupling:

Xkt = T2k +(1 =)y = T(Xkp1 —2k) = (1 = 7)(Vk — Xk+1)



Bound a(f(xics1) — F(u)) < (VF(xic.1). X1 — U)

Zx a<Vf(Xk+1)7Xk+1 —U>
=a(VF(Xk11), 2k — U)
+a(VI(Xky1)s X1 — Zk)

u
<a®L(f(Xks1) — F(Yki1))
X1 =+ Vzk(U) - Vzk+1 (U)
1-71
Ve Yr+1 +——a(f(yie) = F(Xk41))

UV F(Xiei1)s 2k — Xie1)) = @5V (Xi1), Vie — Xier1))
< ZZa(f(yi) — (X))



Bound a(f(xxy 1) — f(U)) < a(VF(Xki1), Xkpq1 — U)

zk (VI (Xict1), Xie1 — U)
=0(VF(Xk11), 2k — U)
u +a(VI(Xky1)s X1 — Zk)
<oPL(f(xk11) — F(Yk11))
Xk11 + Vg (u) = V., (u)
ye YR + 02L(F(Yi) — F(Xks1))

1—71

Let o?L = a



Bound o(f(xxy1) — F(U)) < a(VF(Xki1), Xk 1 — U)

Zi (VF(Xk41), X1 — U)
=a(VF(Xk11), 2k — U)
u + o (VF(Xk1)s Xk 1 — Zk)
<P L(Foert) — (V1))
Xk 41 + Vg (u) = V., (u)

yi 47 Ve + o2 L((yx) — Te)

Let o?L = -z

Both components telescope!



Linear Coupling

> Summing over 0,..., T —1, with x = + ¥, X;

VZo( )

f(x) —f(u) < (f(yo)—f(yT))+ oT



Linear Coupling

> Summing over 0,..., T —1, with x = + ¥, X;

5 al Voo (U
f(X)—f(U)S?(f(yo)—f(yT))jL 2(7_)
> If f(yo) — OPT < d, diameter V() <O,
a= %,T:ﬂ/%
old+O©/a d

f(’_()—f(u)ﬁfgE




Linear Coupling
> Summing over 0,..., T —1, with x = + ¥, X;

1(3) - () < % (F(30) ~ fyr)) + ~2 )

> If f(yg) — OPT < d, diameter V(u) <O,
o=/, T=4,/%2
old+O/a _d

f(xo))—OPT<d — f(X)—OPT<

N Q

To get e-approximation:

T:O(\/?+\/§+.--)=O(\/§)



Linear Coupling

> With oy = %‘ can remove phases, and have f(y7) —f(u) <&

after T = O(,/ £2) iterations.
Almost the same as Nesterov’s.

> GD: O(48) v.s. MD: O(22) vs. AGD: O(/2)
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Spectral Theorem.

For real symmetric matrix, A, there exists a set of unit vectors
u1,...,Un, and real numbers 4; such v; L v; and Au; = A;u;.

One idea in proof:
minxT Ax s.t ||x|| = 1.

How?
Constrained optimization.

xTAx —A(||x||2—1)

Fix A. Minimize for x.
2AX —2Ax =0 Ax = Ax.

Minimizer is “eigenvector”.
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Finding an eigenvector: power method

A has eigenpairs: (uq,41)...(Un, An).

AU,'Z)L,'U,‘
uj L Uj
)1.1 > )ug > An

Take “random” Xxgp.
Xo=aiuq+...alo+---+ anup.
X1 = Axp = Alxg

Xt1 = Alajuo+--- Abanun

Since A1 >A2> ...

Xt/|Xt| converges to uy.

Get rest? Orthoganalize and induction.
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lterative solution of linear system.

Ax =b.
XQZb.
ft:b—AXt

Xt41 = Xt + Ol

Analysis:
re=b—Ax; = Ax* — Axy = A(X* — x)
rr=r—aAr=(1—aAr;

f A >...> A
rn=(1—aA)lagug+---(1 — aip)tanun.

Set oo < Ap/Ay,and (1 —a) < 1.
Converges at rate A1/ An.
Assuming positive 1’s.
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