Gradient Descent.

Convex, continuous function: f(x).
f(y) = 1) + V)Y —x).
L-Lipshitz assumption:
f(y) < f(x) + 5lly — x| 2.
(VI(y) = VH(x)) < L(y —x).
Xtp1 = Xt — £ VI(Xt).
Average gradient > Vf(x;)/2
thus reduce function value by at least ||V(f(x;))|[2/2.
Closest to x*?
Functional distance: f(x;) — f(x*).
Distance to solution: ||x; — x*||.
Translate using L: f(x;) — f(x*) < 5| — x*|2.

Mirror Descent

» Each point gives a linear lower bound.

> Average of the lower bounds becomes
flatter.

» Add the point with current worst regret.
» Output average of queried points.
> x=oaxi+(1—o)x

= f(x) < af(xq)+(1 - a)f(x2).

Analysis doesn’t require L-Lipschitz.

Mirror Descent: Regret Minimization

> Average Regret with loss vector &’s

1 k=1
Ri(u) = ¢ ;)(5:'11* u)

Why care about average regret? Bounds gap to OPT:
With & = Vi(z), z = 1 Y& 2,

1(2)— f(u) <

x|

ket 1 kot
')—:6 f(z)) = f(u) < ¢ ;)(Vf(zf)azi— u) = Ry(u)

f(z)—OPT < mL?XRk(U)

Mirror Descent: Regret Minimization
» Regularized average regret

k-1
B(u) :ﬁ(fw(u)ﬂx ;)(51'-,2/* u))

R(w)- )

Distance Generating Function

w:R" R

1-strongly convex for norm | - ||:
1
w(y) = w(x)+(Vw(x).y =) + 5 [x = y|?

For £o-norm, simply w(x) = 3| x|3.
(For distributions: w(x) = —¥; x;log x;.)

Bregman divergence

Vely) = wly) — (Vw(x).y )~ w(x) = iyl

Standard three point property of Bregman divergence:

X,y >0 (=VVi(y),y—u) = Vx(u)— Vy(u)— Vx(y),

For £a-norm, Vi(y) = 3l x = yII3, VVx(y) = (x—)
Three point property +» Law of cosines

X

y

c? = &%+ b?—2abcos(C) or 2abcos(C) = c® — & — b?
& =Vy(u), b?=V(u), c®=Vy(u), 2abcos(C)=—(x—y)-(y—u)

Mirror Descent
Zy1 = Mirr(z, aby) = argfgi"{ Vz (2) + o€k, z — 2i) }

Equivalent to regret minimization when Q =R":
» Optimality condition of MD step:

V Vg (Zki1) = — oy
Zky1 — 2k = — oy

Zyp =20 — Y 00
7

> Regret Minimization:

K
Zyyq = argmax{—w(2)+a Y (§,z— 2)}
z i=0

Optimality condition:

Zjp =—) 0
7

Recall: VV;, (zk11) = —abk  Zky1 — 2k = —ady




Mirror Descent
> a2 ) < G2+ Va () — Vo, (1)
Telescoping T iterations, and width ||&||? < p2
o2p2

1 50+ Vi (u) = Vi (1)

a2p?
2: 5+ Vi (U) — Mok + Vbt - Vi, (U)
8 O o (0) Vet + Vo]~ Vapbt + Vol Viy (1) ..

T-1 a2p2T
o) (&,zi—u)< g + Vi (u) = Ve (U)
i=0

. ) 20 . )
> o =%, diameter V, (u)<0O,inT= 2"29 iterations
p £

2
S5y ap Vo (U)
vu,f(z)—f(u) < -t T

<e

» Regret terms %\\g”f accumulate, bound step size a.

Mirror Descent.
Convex, continuous function: f(x).
f(y) 2 f(x) + VI(xX)(y —x).

No lipshitz condition necessary.
Gradient need not be continuous: absolute value.

Introduces:
w(x) strongly convex function with L =1

“Divergence” function Vx(y) = w(y) — (w(x) + V(w(x))- (¥ — X)).

For sequence of “gradients”: y;.
For w(x) = §|Ix - y|,
2= 20— ol| w2
Bound “regret”.
v (2i— u) < P T || wil2 + Vg, (U) — Vi ().
“Expert’s” type analysis.
Best expert is u against psi;.
Y= V(f(X,‘)), zZ= l-,—Z,‘Z,‘.
1(2) < f(u) + @@ LF [ VF(2) |2+ maxceq w(X).
Loss is compare to linear lower bound on function value at u.

Linear Coupling

Intuition: If ||[Vf(xx)|2 large

» GD can make large primal progress Z‘THVf(Xk)Hf
» MD suffers large regret %ZHV)‘(X)Hf
» Use primal progress to cover regret.

> Regret terms no longer accumulates,
telescope as the primal progress.

Linear Coupling
> Xo=Yo =20
» Coupling: Xk41 =72k + (1 — 7).
» MD: Z 4 = Mirr(2k, aVF( X 1))

> GD: yip1 = Grad(Xyey1)-

Linear Coupling
Momentum View:

/]

Bound or(F(Xkp1) — F(U)) < @V F(Xiit ) Xeo — U)

VE(Xk 1), X1 — U)
=o(VF(Xks1), 2k — U)
+ a(VF(Xk1) Xkt — Zk)
Z <OPL(F(Xies1) — F(Vies1))
+ Vzk(u) ~Vz (u)
u <OPL(H4t) — (Vi)
+ Vg (Uu) = Vg, (U)
Xk+1

Vi ot Ykt

1-7 \
+o(VH(Xi1), T()’k — Xk11))

+ Tl f01))
+@PL(YR) ~ (1))
+@PL{F() ~ Howesr)




Linear Coupling

> Summing over 0,...,T—1, with X = + ¥, x;

(%)= f(u) < O‘—TL(f(yo)_f(yT))+ V:(TU)

> If f(yo) —OPT < d, diameter V,,(u) <O,
a=/5.T=4,/2
_ ald+0©/a _d
- <= H <=
f(x)—f(u) < T <3
> In T =4,/ iterations,

f(x)—OPT<d — f(X)—OPT<

nlQ

To get e-approximation:

T=O(\/?+\/g+“'):o(\/?)

Linear Coupling

> With oy = &1, can remove phases, and have f(y7) — f(u) < &
after T = O(/L2) iterations.
Almost the same as Nesterov’s.

> GD: O() v.s. MD: O(Z2) vs. AGD: O(/12)

Spectral Theorem.

For real symmetric matrix, A, there exists a set of unit vectors
u1,...,Up, and real numbers A; such v; L v; and Au; = A;ju;.

One idea in proof:
minxTAx s.t || x| = 1.

How?
Constrained optimization.

xTAx = A(|x]2—1)

Fix A. Minimize for x.
2Ax —2Ax =0 Ax = Ax.

Minimizer is “eigenvector”.

Finding an eigenvector: power method

A has eigenpairs: (u1,A1)...(Un, An).

AU;:A,'U,'
U,‘LU/
/'\,1 > 71.2 > An

Take “random” xg.
Xo = aiUy +...8Us+ -+ anUp.
X1 = Axp = Alxg

X1 = Majug+--- A anun

Since Ay >A2>....

Xt/|xt| converges to uj.

Get rest? Orthoganalize and induction.

Iterative solution of linear system.

Ax = b.
Xoib.
f[:b*AXt

Xt41 = Xt +Qrt.

Analysis:
re=b—Ax; = Ax* — Axy = A(X* — x¢)
re=ri—oAr = (- aA)r;

If A4 >...> Ap.
rr=(1—aM)lagto+--- (1 — ain) antn.

Set oo < Ap/Ay, and (1 —a) < 1.
Converges at rate A1/Ap.
Assuming positive A’s.




