Convex optimization
Slides: Thanks to Di Wang.

min f(X)

f(x) =1y ) (VI(x),x~y)
Q: feasible space, convex.

f(x)+ (VF(x),y —x)
(x,f(x))

First-order Iterative Methods
> Query x € Q, update using Vf(x)
» Low per-iteration cost, poly(%) convergence.

» Methods of choice in large-scale regime.

Gradient Descent

» Improve objective function
value each iteration.

» Output final point.

» Moves in down-hill direction.

Gradient Descent
L-Lipschitz continuous

V) = VIl <Llx—yl vx.,yeQ

» Global linear lower bound and quadratic upper bound:

vy f(x)+(Vi(x),y—x) <f(y) <
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f(x) rises faster when going up,
and falls slower when going down.

» Minimize using quadratic bound

Gradient Descent: one dimensional intuition.

Convexity:
f(x*) = 1(x) + VIO T (x* = x). = (x) < f(x*) + V()T (x = x7)

Also: f(x) — f(x*) < VI(x)T(x —x*)=gR

L-Lipschitz, R = || xo — x*||:
Xt = x— 1Vi(x) (%) = f(x*) = A [VF(x))2

In one dimension: Vf(x) =g.
Gap: gR. Progress/step: Roughly g?/2.

Idea: Gap/(progress/step) = roughly 2LR/g steps.
Convexity: g > (f(x) — f(x*))/R = 2LR?/(f(x) — f(x*)) steps.
While gap f(x) — f(x*) > € we have g > ¢/R.

= O(LR?/¢) steps reduce gap by 1/2.

Gradient Descent: convergence in /»

Convexity:
f(x*) > F(x)+ VIX)T(x* = x). = f(x) < F(x*)+ V)T (x = x*)

L-Lipschitz, R = || xo — x*||:

xP=x—1VHx) )~ f(x) > V)|

F(xT) < F(x) + VE)T (x = x7) = g [ V(x)I13

= f(x") = (x) < 5V T(x = x) = LIIVA0)I3)
< 5EVIO)T(x—x7) = LIVAX)IB—[Ix —x" |5+ 1x — x"|3) Add 0
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f(x) is decreasing, we have f(x7) < + ¥k f(xc).
— f(x7)— f(x") < LB where R=|[xp— x*||.

Also: T = O(LR?/¢) iterations for f(x7) —f(x*) < &
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Gradient Descent

Primal progress

10— H0xk1) = o7 VIO

Convergence

L-Lipschitz, R = MaXy.f(x)<f(xo) HX*X*

f(xr) = f(x") < O(—

To get e-approximation, need




Relationship?

What is relationship to move closer to feasible?

If wrong side of hyperplane by at least something.
Move to other side.

What is the “hyperplane” here?
Vf(x) Maybe.

Mirror Descent

» Each point gives a linear lower bound.

> Average of the lower bounds becomes
flatter.

» Add the point with current worst regret.
» Output average of queried points.
> x=oaxi+(1—o)x

= f(x) < af(xq)+(1 - a)f(x2).

Analysis doesn’t require L-Lipschitz.

Mirror Descent: Regret Minimization

> Average Regret with loss vector &’s

1 k=1
Ri(u) = ¢ ;)(5:'11* u)

Why care about average regret? Bounds gap to OPT:
With & = Vi(z), z = 1 Y& 2,

1(2)— f(u) <

x|

ket 1 kot
')—:6 f(z)) = f(u) < ¢ ;)(Vf(zf)azi— u) = Ry(u)

f(z)—OPT < mL?XRk(U)

Mirror Descent: Regret Minimization
» Regularized average regret

k-1
B(u) :ﬁ(fw(u)ﬂx ;)(51'-,2/* u))

R(w)- )

Distance Generating Function

w:R" R

1-strongly convex for norm | - ||:
1
w(y) = w(x)+(Vw(x).y =) + 5 [x = y|?

For £o-norm, simply w(x) = 3| x|3.
(For distributions: w(x) = —¥; x;log x;.)

Bregman divergence

Vely) = wly) — (Vw(x).y )~ w(x) = iyl

Standard three point property of Bregman divergence:

X,y >0 (=VVi(y),y—u) = Vx(u)— Vy(u)— Vx(y),

For £a-norm, Vi(y) = 3l x = yII3, VVx(y) = (x—)
Three point property +» Law of cosines

X

y

c? = &%+ b?—2abcos(C) or 2abcos(C) = c® — & — b?
& =Vy(u), b?=V(u), c®=Vy(u), 2abcos(C)=—(x—y)-(y—u)

Mirror Descent
Zy1 = Mirr(z, aby) = argfgi"{ Vz (2) + o€k, z — 2i) }

Equivalent to regret minimization when Q =R":
» Optimality condition of MD step:

V Vg (Zki1) = — oy
Zky1 — 2k = — oy

Zyp =20 — Y 00
7

> Regret Minimization:

K
Zyyq = argmax{—w(2)+a Y (§,z— 2)}
z i=0

Optimality condition:

Zjp =—) 0
7

Recall: VV;, (zk11) = —abk  Zky1 — 2k = —ady




Mirror Descent
> a2 ) < G2+ Va () — Vo, (1)
Telescoping T iterations, and width ||&||? < p2
o2p2

1 50+ Vi (u) = Vi (1)

o2p?
2: 5+ Vi (U) — Mok + Vbt - Vi, (U)

8 O o (0) Vet + Vo]~ Vapbt + Vol Viy (1) ..

T-1 a2p2T
o) (&,zi—u)< g + Vi (u) = Ve (U)
i=0

2p%0

= iterations

> a= p%, diameter V; (u)<O,in T =

2
S5y ap Vo (U)
vu,f(z)—f(u) < -t T

<e

» Regret terms “;Hékﬂf accumulate, bound step size a.

Linear Coupling

Intuition: If || Vf(xk)||2 large
» GD can make large primal progress ﬁHVf(Xk)Hf
» MD suffers large regret %ZHW(X)HE

» Use primal progress to cover regret.

> Regret terms no longer accumulates,
telescope as the primal progress.

Linear Coupling
> Xo=Yo=2-
> Coupling: Xx41 =72+ (1 —7)yk-
> MD: Zy 1 = Mirr(zk, aVF( Xk 1))
>

* Yyt = Grad(X 1)

Linear Coupling
Momentum View:

Vit

Bound at(f(Xis1) — F(u)) < &(VF(Xr1) Xicsr — U)

a(VI(Xk11), X1 — U)
:(X<Vf(Xk+1),Zk*U>
+ o (VH(Xky1)s X1 — 2k)
2 <aPL(F(Xip1) = F(Viy1))
+ Vzk(U)— Vzk+1(u)
u <P Lt — F(Vhi1))
+ Vg (U) = Vg, (0)
Xk+1
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Linear Coupling
> Summing over 0,...,T—1, with X = + T, x;

X alL Voo (U
(%)~ 1(u) < S (F(30) ~ Flyp) + %
> If f(yo) — OPT < d, diameter V,,(u) <O,
a=\/8.T=4/2
- old+©/o _d
f(R)-fy) < —=F"—<3

> In T =4,/ iterations,

f(x)—OPT<d — f(X)—OPT<

ol Q

To get e-approximation:

r:O(@+@+~-~)=O(\/§)




Linear Coupling

> With oy = &1, can remove phases, and have f(yr) — f(u) < &
after T = O(/L2) iterations.
Almost the same as Nesterov’s.

> GD: O(“) vs. MD: O(%2) v.s. AGD: O(/2)




