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Determining the Axis of a Surface 
of Revolution Using Tactile Sensing 

Matthew D. Berkemeier and Ronald S. Fearing 

Abstract-Dextrous robot hands need to be able to determine the pose of 
objects to reliably grasp and manipulate them. The first few contacts with 
an object can be used to provide an initial estimate of this information if 
we constrain the object to be of a particular class. This paper considers 
a simple example of exploiting class constraints: finding the axis of an 
unknown surface of revolution. Three tactile curvature measurements on 
a surface of revolution with twice-differentiable sweeping rule function 
are shown to be sufficient for determining the axis except for certain 
singular configurations. Position and orientation error uncertainties and 
experimental results are presented for a cylindrical tactile sensor. 

Index Terms-Class constraint, pose identification, surface of revolu- 
tion, tactile sensing. 

I. INTRODUCTION 

Dextrous robot hands need to be able to determine the pose of 
objects to reliably grasp and manipulate them. Fingertip-mounted 
tactile sensors are attractive for providing this feedback since, in 
addition to supplying the contact location and surface normal (in 
our case, also the curvature directions), the force applied can be 
determined at each contact. 

We take as motivation the problem of finding the position and 
orientation of an unknown surface of revolution from an initial, 
attempted grasp with three fingers. The information from these initial 
contacts can be exploited to obtain an estimate of object pose. This 
initial, nonrobust object pose estimate could be used to direct further 
object exploration or to attempt an initial grasp. Concentrating on the 
information from an initial set of contacts avoids consideration of the 
problem of the object changing position while the fingers move to 
explore new contacts. On the other hand, it requires working with 
very sparse data. 

Two methods of determining the shape and properties of an object 
from sensory data have been used previously: model matching and 
shape description without specific models. 

Model matching can localize and identify objects by comparing 
relations between sensed features and features on particular object 
models. For example, Gaston and Lozano-Perez and Faugeras and 
Hebert [12], [9] determine object shape, location, and orientation by 
matching features in the world to specific object models. Ellis [8] 
extends this work by developing a planning system to choose tactile 
sensor paths, using prior sensed data, that prune an interpretation tree 
more efficiently. 

Shape description uses measurements and geometric constraints to 
derive a representation of the object, and although specific models 
are not used, typically, objects are assumed to be of a certain 
class. Brady et al. [5] use range-finder data to describe surfaces in 
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terms of bounding contours, surface intersections, lines of curvature, 
and asymptotes. Allen [l] describes objects by surface patches 
and builds a representation of the object with a tactile sensor, 
in combination with vision, by exploration over the whole object. 
Cole and Yap [6] assume polygonal objects and describe algorithms 
that determine the shape using “probes” that determine only the 
contact location. Rao and Nevatia [16] use a class of linear straight 
homogeneous generalized cylinders and, with a feature-based stereo 
system, solve for the representations of cones and cylinders of 
various cross sections. Allen and Michelman [2] assume that objects 
can be adequately represented by superquadrics and, using the 
points of contact from a UtaWMIT hand, determine the superquadric 
and rotation/position parameters. Printz [ 151 presupposes cones or 
cylinders of circular or elliptical cross section and finds the generating 
axis by analyzing the extended Gaussian image of the object. Grimson 
[ 131 assumes that all objects to be encountered are in a model database 
but allows certain parameters to be “free,” e.g., the length of the 
object or the angle of a joint. 

This paper is another example of the shape description method. The 
particular object class that we have chosen is the surface of revolution. 
Although it is not a very general class of objects, they are common in 
man-made environments. Unlike most of the work mentioned above, 
we assume extremely sparse sensing (three contacts). Nevertheless, 
our method for determining the axis is applicable to any surface of 
revolution with a twice differentiable sweeping rule function. This is 
due to the special properties of this particular class. 

In Section 11, we describe a method for determining the axis that 
uses the contact location, surface normal, and principal curvature 
directions at three contacts. All possible singular configurations are 
then derived in Section 111. Section IV contains both worst-case and 
average-case error estimations for our tactile sensor [ 111. Finally, 
Section IV contains some experimental results. 

Similar ideas were used by Fearing in [lo],  where it was shown 
how the axis and orientation of unknown simple cones (linear straight 
homogeneous generalized cylinders) could be determined from a 
minimum of three independent curvature measurements. This paper 
is an extension of [4] with more complete experimental results and 
analysis. 

11. SURFACE OF REVOLUTION GEOMETRY 
In this section, we present the basic equations for the features of 

the surface of revolution that can be determined by our sensor. We 
also show how these sensed features can be used to determine the 
surface of revolution axis. 

A. Notation 

We will use the following notation: 

f vector to the point of contact on the surface of revolution 
k ~ ,  f i ,  unit vectors of the two principal directions of curvature 
KO, K *  magnitudes of the curvature along the two above principal 

directions, where ne is along &e,  and n, is along iz 
?I unit surface normal at the contact point. 

Our tactile sensor is capable of determining each of these parameters 
at a point on an object [ l l ] .  

B. Basic Equations 

For simplicity, we choose a coordinate system such that the z 
axis coincides with the axis of the surface of revolution under 
consideration. The surface of revolution can then be described by 
the vector equation 

?(o. 2 )  = [ T ( Z ) C O S O .  r(t) sin 8.31~. (1) 

1‘ d2 
Fig. 1. Surface of revolution. 

where T ( . )  is a function describing the curve rotated about the z axis 
to generate the surface of revolution. 

The unit surface normal directed out of the surface of revolution 
is calculated as [14] (where, for example, Is = aZ/a6’). 

The two principal curvature directions are 

. r r ’ ( i ) c o s 8 i  

and 
- sin 8 

k O =  [ C:;” ] 
(3) 

(4) 

We have used the notation and f i ,  since the directions are simply 
&3 and Z,, respectively. Although it is possible to determine Kg and 
K ,  from our sensor, the equations are not included here since they 
are not used to determine the axis. 

The lines of curvafure that have ke as tangent vectors are parallels, 
and meridians have k, tangent vectors. Fig. 1 illustrates these curves 
and the parameters. Notice that l l n ~  is the distance from the surface 
to the axis measured normal to the surface (not normal to the axis) 
as one might first assume. 

C. Finding a Plane Through the Axis 

Given several contacts on an unknown surface of revolution, we 
want to use contact information at these points to determine the axis 
of the surface of revolution. We find a plane that includes the axis 
by constructing 

G+ sj2 + t i , .  (5 )  

where s and t are free variables that parameterize the plane. A more 
useful representation is in the form of the plane equation 

ax + by + cz  = d ,  (6) 

where (a, b ,  c )  are the components of a unit vector perpendicular to 
the plane, and d is the perpendicular distance to the plane from the 
origin. First, notice that ks is a unit vector perpendicular to the plane; 
thus, we have a = - sin 8 ,  b = cos 8, and c = 0. Now, substitute (5, 
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y, z )  from (1) into the plane equation (6) to get d = 0. Therefore, 
the plane is given by 

(- sin 0)s + (cos 0)y = 0. (7) 

Clearly, any point on the axis of the surface of revolution (2 axis) 
satisfies this equation. Equation (7) can be used in principle to 
determine the axis of a surface of revolution from several contacts. 

D .  Using the Plane to Determine the Axis 

We now look at how the plane through the axis can determine 
the axis. i?n intuitive explanation of the method is the following: 
From (9, IC,, along with iL and 5, determine a plane that includes 
the axis (equivalently, this plane is given by {fl, i s }  from (7)). The 
intersection of two of these planes is a line that is the axis of the 
surface of revolution. Note that at least three contacts are actually 
needed to determine the axis. The reason is that a priori, we do 
not know the correct labeling of the curvature data (i.e., we have 
no way of distinguishing f e  from iZ). In order to label or match 
the two directions, we need a third contact so that we can find a 
common line generated by all pairs of contacts. In this section, we 
consider only two contacts by assuming that the principal directions 
are correctly matched. In Section 111, we solve for conditions (singular 
configurations) on the contact placement that will cause incorrect 
matching. 

The axis is determined by the intersection of planes defined by {ji, 
k g } .  From (7), the two planes can be written as 

( - s i n & ) x +  ( cos01)y  = 0 

( - s i n & ) x +  (cos0z)y = 0. (8) 

We can represent the intersection line as a point plus a direction 
multiplied by a free parameter s .  Since both planes pass through the 
origin, 6 will be our point. The direction of intersection is obtained 
from 

- sin 01 - sin 02 0 [ c0;o1 ] x [ cogs2 ] = [ 0 1 .  (9) 
sin(02 - 01)  

Therefore, the line of intersection can be simply written as 

(10) 
sin(@;? - 01) 

The necessary and sufficient condition for being able to determine 
the axis is thus 

sin(@* - 01) # 0. (11) 

111. THE MATCHING PROBLEM 

Because we have no way initially of distinguishing from k z ,  we 
must consecutively assume particular labels for curvature directions 
and then check for global consistency with the constraints of the 
surface of revolution class. In this section, we must consider the 
intersection of three planes, where each plane is determined from 
a contact (i.e., {@,IC}, where k is one of the principal curvature 
directions). Since each contact defines two candidate planes (the 
desired plane, which is perpendicular to k g ,  and the undesired plane, 
which is perpendicular to f , ) ,  there will be a total of 23 = 8 
different intersections. We show that, assuming contacts are not in 
particular singular configurations (and assuming perfect data), one of 
the intersection combinations is a line (which is the axis), whereas the 
other intersection combinations are not lines. A singular configuration 
implies that the axis cannot be determined uniquely or, in some cases, 
that it cannot be determined. 

A.  Intersections of Three Planes 

Our procedure of analysis will be the following: First, we look at 
the possibilities for the intersections of three correctly matched planes 
(i.e., planes defined by {fl, k g }  at each contact). Then, we derive 
conditions under which a combination of incorrectly and correctly 
matched planes could also yield these same types of intersections. 
These, in addition to intersections of correctly matched planes that 
do not intersect in lines, will be our singular configurations since in 
these cases, there will be no way to determine the axis of the surface 
of revolution. 

The equations for three planes can be written as 

or 
4 

(13) A?= d. 

Three arbitrary planes in space will intersect in one of eight ways 
(see Fig. 2, noting that in cases 1 through 7, the planes are viewed 
edge on). The rank of A indicates independence of the plane surface 
normals. cor example, if rank A = 1, all three planes are parallel. If 
rank [A d ]  # rank A, then the set of (12) is inconsistent, and there 
is no set of points common to all three planes, as in cases 2, 3, 6, 
and 7 of Fig. 2. Using a general position-type argument (and ideal 
data assumption), the set of planes defined by {st, &,g} (i = 1, 2, 3) 
would intersect on the z axis in a line as in case 5. 

There are two types of singular configurations: the first where 
an incorrectly matched set of planes, for example, using planes 
determined by ICz1, ken, LA, gives a case 5 type intersection. The 
second type of singular configuration is where the general position 
assumption is violated, and correctly matched planes are dependent 
and intersect as cases 1 and 4. 

As an example of a singular configuration, consider the case where 
two contacts are on the same meridian, but the third is on some 
other meridian (not 180' from the meridian of the first two contacts). 
The correctly matched planes associated with the first two contacts 
are identical, and thus, the intersection of either the correctly or 
incorrectly matched plane associated with the third contact produces 
a line intersection. In one case, the true axis is obtained, whereas in 
the other case, a false axis is obtained. From the available data, it is 
not possible to determine the axis that is correct. 

B. Intersection of Correctly Matched Planes 

Consider three planes corresponding to correct matches (see (7)): 

PI : ( - s i n 8 1 ) s + ( c o s 0 1 ) y = O  

P2: ( - s in6 '2 )x+$cos02)? /=O (14) 
P3 : ( -  sin 63)s + (cos 03)y = 0. 
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TABLE I 
SUMMARY OF UNIQUE SINGULAR CONFIGURATIONS 

Condition(s) Rank Correct Planes 
sin(& - 8 2 )  = 0 2 1, 2 

r’(z2jcos(82 - 81) = T’(Z~)COS(~~ - 81) 
and 2 1 

r ( z 2 ) r ’ ( z *  j + 22  = r(zg)r’(z3) + 23 
~~ 

T ’ ( f l ) ,  r ‘ ( z z ) ,  r’(z3) # 0 
and sin(81 - 8 2 )  # 0 - 2 

and other conditions, see [3] 

By using Gaussian elimination, we can determine the rank of A and 
[A 4. 

-sin81 cos81 0 0 1  
0 sin(81 - 82) 0 0 
0 sin(81 - 83) 0 0 

For nonsingular contact configurations, rank A = rank [A 4 = 
2. Thus, the planes intersect as in cases 4 and 5 of Fig. 2. If 
sin(81 - 82) = sin(81 - 8 3 )  = 0, then all three planes are coincident 
as in case 1 of Fig. 2 (rank A = rank [A 4 = 1). This singular 
positioning of contacts occurs when all contacts are on the same 
meridian, or two of the contacts are on the same meridian, and the 
third is on a meridian displaced 180” from the first. 

If all three planes are coincident as in case 1, sufficient information 
is not available to determine the axis. Only those combinations of 
candidate planes that result in a case 4 or case 5 plane intersection 
will be sufficient. Thus, only combinations of planes with rank A = 
rank [A d ]  = 2 need to be considered as potential correct matches. In 
the next section, we show conditions und_er which incorrectly matched 
planes could have rank A = rank [A d] = 2. 

C. Singular Configuration Summary 

For an arbitrary set of three contacts, there are three possibili- 
ties as listed below. Possibilities 2 and 3 are considered singular 
configurations. 

1) Of the eight possible matchings of cyrvature directions, only 
one match has rank A = rank [A d]  = 2. This match then 
determines the axis. 

2) Of the eight pos_sible matchings, more than one match has rank 
A = rank [A d ]  = 2. There will be multiple possibilities for 
the surface of revolution axis; however, the correct axis will 
be among the possibilities. These false matches appear when 
the contact and shape properties meet the conditions in Table 
I. Details are+ given in [ 3 ] .  The Rank column contains rank A 
= rank [A 4, whereas the Correct Planes column identifies 
the correctly matched planes. 

3) Of the eight possibilities, at least one has rank A = rank [A 

The most common type of configuration that prevents us from 
performing the matching consists of contacts on the same meridian 
or meridians separated by 180”. In addition, a set of three contacts 
is singular if any of the three is an umbilical point. This is true if 

* 
d ]  = 1. 

- r ( z ) r ” ( z )  = P ( Z )  + 1. 

IV. ERROR ANALYSIS 

In this section,- we consider the effect of errors in the sensed 
parameters {fl, f i ,  ko, k,} on the calculated position and orientation of 
the surface of revolution axis. Specifically, we will consider the axis 
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Axis Orientation Error 

Fig. 3. Worst-case axis error. 

the true axis and the calculated axis, and the axis orientation error, 
which is the angle between the true axis and the calculated axis. 

We take two distinct approaches: The first approach gives worst- 
case bounds on the position and orientation errors as functions of 
sensor data obtained from two contacts. It gives a clear (but perhaps 
simplistic) picture of how errors propagate. The errors predicted by 
this method can be directly compared with those in our experiments. 
The second approach gives the standard deviation of the axis position 
error and angle error as a result of the deviation in the sensed 
parameters at three contacts. We approximate our calculations of the 
axis position error and angle error by their linear parts to obtain these 
estimates. The predicted error cannot be directly compared with our 
experimental results; however, this method suggests what could be 
achieved after some work to reduce the large sensor errors. 

A. Worst-Case Error Bounds 

With correctly matched principal curvature directions, it is possible 
to calculate the position and orientation of a surface of revolution 
axis from the sensor data at just two contacts. Considering the 
sensor data at just two contacts enables us to use simple, intuitive 
geometry to calculate the resulting error on the estimated axis. This is 
I 

position error, which is defined to be the minimum distance between appealing since it also gives a picture of how errors propagate. Since 
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Contact 1 

Contact 2 

Fig. 4. Geometry for axis position error. 

it handles large errors in sensor data (unlike the approach of the next 
subsection), the results obtained can be directly compared with our 
experimental results that, unfortunately, were plagued by large sensor 
errors. In addition, the worst-case error for two contacts is an upper 
bound on the error for the three contact case. 

We write the errors in the sensed parameters as /)Ad I ) ,  J)AiiJJ, 
!AkeII, and IlAk.ll. Since all three of the direction vectors (i.e., 6 ,  
Ice, and I C z )  are of unit length and since the orientation uncertainty is 
small, the uncertainty angle in radians is approximately equal to the 
magnitudes of the error vectors. Therefore, we will introduce a slight 
abuse of notation by expressing the magnitude of the error vectors 
in degrees (e.g., )lAfil)F is approximately the uncertainty angle of 
?L in degrees). 

I) Axis Orientation Error: Recall- that the orientation of the axis 
is computed from the cross product kel x ke2 (see (9)). Ellis [7] has 
determined the bound on this error by using the Gaussian sphere. 
ke l  and kez become points on the Gaussian sphere. The set of 
vectors perpendicular to kel is a great circle, as is the set of vectors 
perpendicular to k e z .  Their cross product is then represented by the 
intersectipn of these two great circles. When there is uncertainty in 
kel and kep, the points representing the vectors become small circles 
on the sphere, whereas the great circles become bands of uncertainty. 
The intersection of the two bands is a curvilinear rhombus. From 
Ellis [7], the uncertainty is given by 

, 0 < 02 - 81 < 90". (15) 1 sin l)Akgll 
sin[(@z - 8 1 ) / 2 ]  

sin-' 

By symmetry, we can reflect the graph about 8 2  - 81 = 90". 
The triples of contacts (1, 2, 5) and (1, 3,5) from our experimental 

results produced correct matches for a tolerance of 0.005 (see Table 
11). Since we only want to consider the errors as functions of two 
contacts, we will ignore contact 1 data in our error analysis. As was 
mentioned before, the error as a function of two contacts is an upper 
bound on the error as a function of three contacts. &Therefore, for the 
pairs (2 ,5 )  and (3,5), we have the upper bound (IAke 11 = 7.5". Using 
this worst-case bound, we plot the worst-case orientation error as a 
function of the angle between two contacts in Fig. 3. Notice that the 
minimum error sensitivity occurs when the contacts are 90" apart. We 
also include the points corresponding to the actual orientation errors 
for combinations (1, 2,5)  and (1, 3, 5) from our experimental results. 

Axis Orientation Error 
8,=-99.4 deg., 8,=-11.7 deg. 

- _  -_ 

c 2,0L-i- 00 
lM0 - WO L 3M0 i 

(4 
8, (deg.) 

Axis Position Error 
8799.4 deg, 0,=-11.7 deg. 
7- - 
1 

O.MOl} 

00195 1 

Fig. 5. Standard deviation of axis error. 

2) Axis Position Error: Recall from Section I1 that the axis can 
be determined by the intersection of the planes at two contacts 
perpendicular to l e 1  and k e z .  To find an upper bound on the minimum 
distance between the actual axis and the experimentally determined 
axis using this method, it is sufficient to examine the cross-section 
plane at the contact where ~ ( z )  is largest. By considering the region 
in the cross section where it is possible for the surface normals to 
intersect due to the orientation error llAiLll and the contact position 
error IlAS 11, we can determine the maximum possible error. The 
geometry is illustrated in Fig. 4. The small circles mark the vertices of 
a quadrilateral determined by the angle between the contacts 02 - 81, 
the surface normal error IlAiiII, the contact position error IlAS I), 
and the radius of the cross section ~ ( z ) .  Due to the errors, it is 
possible for the results of experimental data to show that the axis 
is anywhere within the boundaries of the quadrilateral. Therefore, 
by computing the distance from the center to the vertex that is the 
furthest away, we obtain bounds on the position error of the axis 
determined from experimental data. We can see that a bad situation 
arises when 02 - 6'1 is small, for then, dl can become arbitrarily large. 
As 82 - 01 increases, dl becomes shorter; however, d2 increases. 
At approximately 02 - 01 = go", dz becomes longer than di and 
will continue to increase until it becomes undefined slightly before 
02 - 01 = 180". 
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TABLE I1 
CONTACTS FOR COMPREHENSIVE EXPERIMENT 

17' (in.) ii k ,  k ,  
contact 1 Est. p5.19 25.36 2.761 r-.28 -.95 0.141 [-.44 0.26 0.861 1.85 -.18 0.491 

z=5.05 in. Err. .06 3.0' 9.2' 9.3' 

8=-99.4' 
z=5.58 in. 
Contact 2 

z=6.07 in. 
Contact 3 

z=6.5 in. 
Contact 4 
$=-14.6' 
z=4.93 in. 
Contact 5 
8=-11.70 
z=6.00 in. 
Contact 6 
&- 10.7' 
z=5.45 in. 
Contact 7 
8=46.0' 

z=5.34 in. 
Contact 8 
%=46.6' 

t=5.89 in. 
Contact 9 
6'=69.3' 

z=5.53 in. 
Contact 10 

8=70.6" 
z=5.05 in. 

contact 11 
8=71.2' 

~ 5 . 0 5  in. 
Contact 12 

0=71.2' 

8=-95.6" 

fk-90.2' 

Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 
ER. 
Est. 
Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 
ER. 
Est. 
Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 
Err. 
Est. 
Act. 

i35.16 25.28 2.781 
.09 

[35.05 25.45 3.231 
[35.04 2.5.40 3.251 

.os 
134.92 25.62 3.691 
134.91 25.56 3.711 

.07 
136.41 25.86 2.611 
136.40 25.86 2.601 

.01 
135.80 25.95 3.521 
[35.77 25.95 3.501 

.04 
136.16 25.93 3.071 
[36.12 25.94 3.041 

.04 
[35.99 26.78 2.881 
135.95 26.74 2.851 

.06 
135.69 26.70 3.351 
135.65 26.65 3.311 

.07 
135.60 26.96 2.931 
[35.59 26.89 2.9) 

.08 
135.80 27.04 2.481 
[35.79 26.98 2.461 

.06 
135.80 27.04 2.471 
135.78 26.99 2.461 

.06 
135.79 27.04 2.471 
[35.78 26.99 2.461 

i - . ~  -.96 0.14j 
2.7' 

1-.26 -.94 0.201 
1-.20 -.95 0.231 

3.9' 
1-.22 -.93 0.301 
1-.14 -.94 0.321 

5.00 
1.84 -.31 0.451 
1.83 -.25 0.501 

4.4" 
1.76 -.18 0.631 
I.75 -.19 0.631 

1.2' 
1.81 -.25 0.531 
1.80 -.18 0.571 

4.4' 
1.54 0.73 0.411 
1.55 0.71 0.451 

2.6" 
1.49 0.73 0.471 
1.50 0.70 0.511 

2.9' 
1.19 0.93 0.311 
[.23 0.91 0.341 

2.9' 
1.21 0.95 0.211 
1.24 0.93 0.271 

3 . 9 O  
1.21 0.95 0.221 
1.23 0.94 0.271 

3.0' 
1.21 0.95 0.221 
[.23 0.94 0.261 

[-.35 0.22 0.9ij 
5.8" 

[-.44 0.30 0.851 
[-.35 0.29 0.891 

5.7' 
[-.46 0.36 0.811 
1-.37 0.35 0.861 

5 . F  
[-.49 -.05 0.871 
[-.51 0.03 0.861 

4.9' 
1-.64 -.03 0.771 
1-.63 0.06 0.771 

5.00 
1-.57 -.14 0.811 
1-.57 0.04 0.821 

10.2O 
1-.40 -.21 0.891 
1-.51 -.14 0.851 

8.2' 
[-.46 -.24 0.861 
[-.55 -.I9 0.811 

6.4' 
1-.23 -.26 0.941 
1-.46 -.20 0.871 

13.9' 
1-.23 -.16 0.961 
1-.44 -.14 0.891 

13.0' 
1-.27 -.16 0.951 
1-.44 -.14 0.891 

10.4' 
[-.29 -.15 0.951 
1-.44 -.14 0.891 

[.91 -.16 0.391 
6.2' 

[.91 -.lo 0.401 
6.9' 

[.86 -.05 0.511 
1.92 0.0 0.401 

7.50 
1.24 0.95 0.191 
[.23 0.97 0.101 

5.20 
1.12 0.98 0.141 
1.19 0.98 0.081 

5.1' 
1.13 0.96 0.251 
[.17 0.98 0.071 

10.8' 
1-.74 0.65 -.18] 

8.2' 
1-.74 0.64 -.22] 
[-.67 0.69 -.29] 

6.5" 

[.86 -.13 OSO]  

1-.66 0.70 -.29] 

[-.95 0.25 -.17] 
[-.86 0.35 -.37] 

14.2' 
1-.95 0.25 -.18] 
1-37 0.33 -.37] 

[-.94 0.26 -.22] 
1-37 0.32 -.38] 

13.0' 

10.4' 
[-.93 0.26 -.24] 
[-.87 0.32 -.38] 

We again use the triples (1,2,5) and (1,3,5) from our experimental 
results. Ignoring contact 1, we have the upper bounds 

We plot the position error as a function of the angle between two 
contacts in Fig. 3. Notice that the minimum error sensitivity again 
occurs when the contacts are 90' apart. We also include the points 
corresponding to the actual position errors for combinations (1, 2, 5)  
and (1, 3, 5 )  from our experimental results. 

B. Approximate Standard Deviation of Error 

In this subsection, we linearize the calculations for the axis position 
error and direction error and use these approximations to determine 
the effect of small deviations in sensor data from their ideal values 
at three contacts. We assume the small deviations have Gaussian 
distributions. Currently, our sensor returns large biased errors for 
reasons explained in the next section. However, we believe these 
errors can eventually be eliminated, and then, a Gaussian distribution 
would be more appropriate. Thus, the analysis of this subsection 
indicates the limits of the algorithm rather than the limits of the 
experimental setup. 

We assume that each of the three components of contact position 
vectors are corrupted by a random variable with zero mean. The 
directions, on the other hand, are assumed to be corrupted by two 

random variables with zero mean, which cause angular deviations. 
We used CTQ = 1.7", gz = 0.0058 in from [ l l ] .  

Suppose the position or orientation error is given by a scalar 
function f(.F), where about a nominal point, ZO, f(&) = 0. Then, 
we may approximate this function f(2) by D f ( & ) ( Z - & ) .  Suppose 
s' - 20 is a zero-mean random vector and that each component i is 
independent of the others with variance 0,". Then, the variance of 
the error is given by D f ( s ' ~ ) E ~ D f ( . ' o ) ~ ,  where C2 is the diagonal 
matrix of variances xtt = 0;. 

1)  Axis Orientation Error: After the matching has been performed, 
the estimated direction of the surface of revolution axis can be 
calculated as 

Notice that the directions obtained by taking cross products of pairs 
of curvature directions are not normalized. Thus, we are actually 
weighting these directions by the sine of the angle between the 
curvature directions. This is done because as two curvature directions 
become closer to being parallel, their cross product becomes less 
reliable. The angular error is then the arc cosine of the dot product 
of the estimated and actual axis directions. Fig. 5 shows a plot of the 
standard deviation of the orientation error as a function of 83 if 81 
and & correspond to contacts 1 and 5 from Table 11. 
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Fig. 6. RobotWorld experimental setup. 

2) Axis Position Error: After the matching has been performed, a 
point on the estimated surface of revolution axis can be calculated as 

where A and (J' are as described in Section 111, and At denotes 
the pseudo-inverse of A. The pseudo-inverse is used instead of the 
standard matrix inverse because for correct matches, A has rank 2 
and is singular. To determine the error between the estimated position 
of the axis and the actual position, we next compute the minimum 
distance between the estimated and the actual axes. Fig. 5 shows a 
plot of the standard deviation of the position error as a function of 
83 if 8, and 02 correspond to contacts 1 and 5 from Table 11. 

V. EXPERIMENTAL RESULTS 

Experiments were performed on a RobotWorld system. This system 
consisted of suspended modules with J ,  q ,  :, and H degrees of 
freedom. Our test object was a wooden surface of revolution cut on a 
lathe with a sweeping rule modeled by a second-degree polynomial. 
The object was bolted to the work surface at an angle, and a module 
equipped with the tactile sensor was commanded to probe the object at 
various locations (Fig. 6). Recall from Section I11 that if the contacts 
do not form a singular configuration, the three planes defined by {fl, 
i.~}, at each contact intersect in a line, and rank A = rank [A (fl = 
2. However, this assumes we have perfect data. With experimental 
errors, the planes will intersect in a point instead of a line and thus 
rank A = rank [A {fl = 3. This problem can be solved by calculating 
the singular values of A and [A (fl. The number of singular values 
greater than a preset tolerance determines the rank. Then, we can 
calculate the estimated axis from equations (16) and (17). 

Table I shows the curvature direction information and positions 
derived from 12 contacts. The curvature direction information for 
contacts 9 and 10 was badly corrupted. Contacts 11 and 12 were 
taken at approximately the same point as contact 1 0  in an attempt to 
improve the results. Contact 12 had the best overall result of these 
three; therefore, i t  was used to represent this position on the object. 

Notice that groups (1,2,3), (4,5,6), (7,8), and (9,12) have close to the 
same value for H .  Thus, configurations containing two contacts from 
any one group will be close to singular. 

Given ten contacts, there are 120 different combinations of three 
contact groups. When tested with tolerances of 0.005, 0.01, and 0.05, 
very few of the combinations were nonsingular. Of those that were 
nonsingular, many gave a false axis. This poor performance can 
be attributed to the relatively large orientation errors, the gradual 
sweeping rule of our object ( r ' (  :) close to zero), and similar values 
for H for several groups of contacts. Fig. 7 shows the results of the 
experiments. Note that there tend to be clusters around 0" and 90" 
angle error. The cluster around 90" was due to wrongly matched 
planes (which were almost perpendicular to the axis) intersecting 
correctly matched planes. For those combinations that gave the 
correct axis, the angle error was usually below lo",  and the position 
error was below 0.1 in. In addition, notice the apparent trend: As 
the tolerance was decreased, the number of nonsingular combinations 
went down; however, the ratio of correct matches to incorrect matches 
went up. 

Fig. 8 shows the positions of contacts (1,3,6) on our model of the 
surface of revolution. This particular combination, for tolerances of' 
0.05 and 0.01, provided a correct matching of the curvature directions 
and produced a position error of 0.09 in. and an orientation error of 
11.7". The planes corresponding to the contacts are also shown in Fig. 
8, where a slice has been cut out of the surface of revolution so that 
intersection of the planes can be seen. Fig. 9 shows the positions of 
contacts (5,9,12) on our surface of revolution. For this combination, 
tolerances of 0.01 and 0.005 produced incorrect labeling of curvature 
directions. This was because contacts 9 and 12 are close to the same 
meridian. In addition, the planes associated with contacts 5 and 9 
(the plane associated with contact 12 is virtually coincident with 
the plane associated with contact 9) are in Fig. 9. The false axis 
is the intersection of these planes. If a singular configuration that 
gives more than one interpretation for the axis exists, the same data 
could be from a different surface of revolution. Fig. 10 shows a 
surface of revolution that could also generate the data for contacts 
(5,9,12). Error from the tactile sensor during our experiments was 
greater than in [ 1 I]. Some of this error can be attributed to imprecise 
fixtures, which could cause errors up to a few degrees. Another source 
of error was in  the manner forces were applied to the sensor. Our 
current model for the sensor assumes that forces are applied normally 
to the sensor's surface. Unfortunately, with our RobotWorld system, 
this was not the case since the motions were position controlled 
rather than force controlled. See [3] for a more complete error 
discussion. 

VI. CONCLUSION 

In general, three contacts with a tactile sensor are sufficient to 
determine an arbitrary surface of revolution's orientation and location. 
However, singular configurations that can prevent the axis from 
being determined uniquely, or possibly from being determined at all, 
exist. The most common type of configuration that prevents us from 
performing the matching consists of contacts on the same meridian 
or meridians separated by 180". 

The bounds on the orientation and position error were calculated as 
a function of parameters for two contacts. In addition, the deviation 
of the errors as a function of three contacts was presented. A 
linear approximation of the error calculation was used to obtain 
these results. Optimal angular spacing was seen to be 90' between 
contacts. Experiments showed that our method worked with average 
position errors around 0.1 in and average angle errors of about 
10". 
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Fig. 7. Comprehensive experimental results. 
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Fig. 9. Positions and planes associated with contacts (5,9,12). 

Fig. 8. Positions and planes associated with contacts (1,3,6) 

We feel that this method is potentially useful for use with a 
dextrous hand equipped with tactile sensors. From only the first few 
contacts, the hand could determine the axis of a surface of revolution, 
provided that the fingers were not in singular configurations. The 
experimental results in this paper had relatively high errors, but 

for tasks that do not require a high degree of precision (such as 
setting an object on its flat end), the 10" error obtained would be 
acceptable. In addition, information from subsequent touches could 
be used to obtain better results by using a least-squares fitting 
algorithm. 

Authorized licensed use limited to: Univ of Calif Berkeley. Downloaded on November 25, 2009 at 20:04 from IEEE Xplore.  Restrictions apply. 



IFFF, TRAN$Afl;TI()NS QpI PAITERN ANALYSIS AND MACHINE INTELLIGENCE, VOL IS. NO IO, OCTOBER 1Y93 10x7 

Fig. IO. False surface of revolution associated with contacts (5,9,12) 

ACKNOWLEDGMENT 

We would like to thank R. Murray and J. Ponce for several help- 
ful discussions and E. Nicolson for a faster converging curvature 
estimation program. 

REFERENCES 

P. K. Allen, “Sensing and describing 3-D structure,” in Proc. IEEE Int. 
Con& Robotics Automat., 1986, pp. 12&131. 
P. K. Allen and P. Michelman, “Acquisition and interpretation of 3-D 
sensor data from touch,” IEEE Trans. Robotics Automat., vol. 6 ,  no. 4, 
pp. 397404, Aug. 1990. 
M. D. Berkemeier and R. S. Fearing, “Determining the axis of a surface 
of revolution using tactile sensing,” Tech. Rep. UCBiERL M891117, UC 
Berkeley, Electron. Res. Lab., 1989. 
-, “Determining the axis of a surface of revolution using tactile 
sensing,’’ in Proc. IEEE Int. Con[ Robotics Automat., 1990, pp. 974-979. 
M. Brady, J .  Ponce, A. Yuille, and H. Asada, “Describing surfaces,” in 
Robotics Research: The Second International Symposium(H. Hanafusa 
and H. Inoue, Eds.). 
R. Cole and C. K. Yap, “Shape from probing,” J .  AIgorithms, vol. 8, 
pp. 19-38, 1987. 
R. E. Ellis, “Uncertainty estimates for polyhedral object recognition,” 
in Proc. IEEE Int. Conf Robotics Auromat., 1989, pp. 348-353. 
__, “A tactile sensing strategy for model-based object recognition,” 
COINS Tech. Rep., Univ. of Massachusetts, Amherst, 1987. 
0. D. Faugeras and M. Hebert, “The representation. recognition, and 
positioning of 3-D shapes from range data,” lnr. J .  Robotics Res., vol. 
5,  no. 3 ,  pp. 27-52, 1986. 
R. S. Fearing, “Tactile sensing for shape interpretation.” in Dexti-ous 
Robot Hands, S. T. Venkataraman and T. Iberall. Eds. New York, 
Springer-Verlag, 1990. 
R. S. Fearing and T. 0. Binford, “Using a cylindrical tactile sensor for 
determining curvature,” IEEE Trans. Robotics Automar., vol. 7, no. 6, 
pp, 80&817, Dec. 1991. 
P. C. Gaston and T. Lozano-Perez, “Tactile recognition and localization 
using object models: the case of polyhedra on a plane,” AI memo, 
Mass. Inst. of Technol.. 1983. 
W. E. L. Grimson, “On the recognition of parametrized objects,’ in 
Robotics Research: The Fourth International Symposium, R. C. Bolles 
and B. Roth, Eds. 
M. M. Lipschutz, Differentia[ Geomelry. New York: McGraw-Hill, 
1969. 
H. Printz, “Finding the orientation of a cone or cylinder,” in Proc. IEEE 
Comput. Soc. Workshop Comput. Vision, 1987. 
K. Rao and R. Nevatia, “Computing volumc descriptions from sparse 
3-D data,” Int. J .  Comput. Virion, vol. 2, no. I ,  pp. 33-50, June 1988. 

Cambridge, MA: MIT Press, 1985, pp. 5-15. 

Cambridge, MA: MIT Press, 1988, pp. 245-253. 

On the Calculation of Fractal Features from Images 

Susan S. Chen, James M. Keller, Senior Member, IEEE, 
and Richard M. Crownover 

Abstmct-Fractal Geometry is becoming increasingly more important 
in the study of image characteristics. There are numerous methods 
available to estimate parameters from images of fractal surfaces. A 
very general technique to calculate numerous fractal features involves 
the estimation of the mass density function by box counting. In this 
correspondence, we analyze the box-counting method, establish a lower 
bound for the box size, and indicate bow algorithms can be improved 
to give better estimates of fractal features of images. This provides a 
theoretical basis for a heuristic approach employed by Pickover and 
Khorasani. 

Index Terms- Box dimension, fractional Brownian motion, fractal 
geometry, image features, mass density function, scale-insensitive mea- 
surements. 

I. INTRODUCTION 
For segmentation and recognition of regions and objects in natural 

textured scenes, there is always a need for features that are invariant, 
or at least insensitive, to scene perturbations, and at the same time 
provide a good set of descriptive values for the regions. Fractal 
geometry, which was popularized by Mandelbrot [l], [2], has received 
increased attention in recent years in this regard. Pentland has shown 
that the image of a fractal surface is also a fractal, providing a 
theoretical underpinning for this activity [ 3 ] - [ 5 ] .  

There are numerous fractal features that can be generated from an 
image. These include various moments and texture measures studied 
by several researchers, including the authors [6]-[ 121. However, 
fractal dimension remains the primary characteristic calculated from 
image surfaces. Mathematically, i t  is invariant to changes in scale 
and can characterize the roughncss of the surface. 

There are several methods available to estimate features of a fractal 
surface. Some rely on a specific fractal model, such as fractional 
Brownian motions, whereas others are applicable to a wider class 
of fractals. In a previous paper [to], we utilized a method called 
“box counting” to estimate dimension and lacunarity (texture-related 
features) of an image. All of these features rely on computing 
the mass probability density function for the fractal set. In this 
correspondence, we analyze the box-counting methodology from the 
standpoint of computing fractal features from real images. We focus 
on fractal dimension, although the analysis can extend to the other 
features as wcll. 

It has been shown that the number of boxes of side I, needed to 
cover a fractal set obeys the power law 

.\.(L) = II-L-”. 
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