EE 147/247A Prof. Pister
Fall 2021

Homework Assignment #3 Rubric
Due on beourses Thursday 9/23/2021 (late 9 AM Friday)
40 points

1. 4 points: A polysilicon beam with a 2x2 um?2 cross-section and a fracture strain of 1% is bent to
a radius of 200 um. What is the surface strain on the concave surface and the convex surface of

the beam?
1 point for effort, 1 point for equation, 1 point for same magnitude, 1 point for correct sign
A
€=—
p
z= lum for the convex surface and -1um for the concave surface so
lum 0.5%
Z =—=0.
convex 200um 0
—1lum
Zconcave = 200um =—-0.5%

The magnitude of the strain is what determines if it will break and the sign tells you if it’s
compressive (negative) or tensile (positive).

2. 4 points: A 1 mm long straight rod with a square cross-section is bent into the shape of a circle.
a. What end loading condition will produce this result? Be specific, and give your answer
in terms of EI
1 point for effort, 1 point for loading condition, 1 point for equation
Imm long beam bent into a circle means that the circumference of the circle is Imm.
Imm=2nr = 2np — p = 160um
Loading condition needed: pure end moment Mo

L M /160 M oom=_2
—_—_= — = = —_— =
o= E - /160um = 160um

b. What is the maximum allowable beam width, in terms of the fracture strain?
1 point for effort, 1 point for equation
z

€frac = E = Z = €fracP

A square cross section means w=t=2z
Wiax = 2Z = ZEfrac,D =2 €frac * 160um

3. 12 points: Derive the formula for the shape of a cantilever deflecting under its own weight.
Assume a beam of length L, width b, and thickness a, bending in the a direction.
a. At apoint x along the beam, what is the weight (m*g) of the cantilever past that point?
1 point for effort, 1 point for equation
Pream LS the density of the beam

F(x)=mg=(L-x)abppeam *g

b. At a point x along the beam, what is the moment M(x) due to the weight past that point?
1 point for effort, 1 point for equation

M(X) = ?F = (L- X)Zabpbeam*g/z

c. Integrate that moment subject to the boundary conditions y(0)=0, y’(0)=0 to get the shape
of the beam.
2 points for effort, 1 point for integrating, 1 point for answer



1_M®H) 1
P y'(x) = M) = abgpbmm (x2 — 2Lx + L?)
y ()= Eabgpbeam (2 = Lx? + [22)+C
y’(0)= 0—>C 0
3 2
Y= 2=abgppeam (5 — L=+ [22)+C
y(0)=0 —>C’ 0

3 2
Y= =abgppeam (5 — L=+ 125)

2EI

d. What is the tip deflection?
1 point for effort, 1 point for equation
3% 12 L* 3

y(L)= Eabgpbeam 1z 2Ed’h abgppeam 12 ﬁgpbeaml’d‘

e. How does the tip deflection compare to what we would have gotten if we’d just
calculated the spring constant of the beam, and divided that into m*g?
1 point for effort, 1 point for ratio

4F, 4(abLgp ) 4
=9 |3 — 7" "6Fbeam) 13 _ K
Eba3 Eba3 Eazgpbeam

The analysis using distributed load is (3/2)/4=3/8 of the deflection calculated by the simple “all of the
mass on the end” approximation.
4. 5 points: For a beam of length L, width a and thickness b, where K. is the spring constant with a
pure force applied at the tip of the beam in the ‘a’ direction.
a. calculate K\/K,, the ratio of the spring constants in the axial and ‘a’ transverse directions.
1 point for effort, 1 point for equation

abE
K=
Eba?®
Ko =13
K, 42
K, a2

b. calculate Ki/Ka, the ratio of the spring constants in the ‘a’ and ‘b’ transverse directions.
1 point for effort, 1 point for equation

P Eab?
P o4r3
Eba®
Ke =713
Kp b?
K, a?
c. If the first ratio is 10,000, and the second is 100, what can you say about the shape of the

beam?
1 point for effort

b=10a and L=50a
5. 16 points: Using a 3 mask polysilicon process with PLYO (patterned ground plane), CONT
(contact through a 2um oxide), and PLY1 (a 2 um thick polysilicon layer with 2 um line and
space), design a folded-flexure comb-drive resonator with 10 moving comb fingers on each side,
and a maximum displacement of +/-10um. Make the resonant frequency 10kHz. Draw the
structure carefully, showing dimensions.
Different numbers and structure dimensions is ok.
1 point for general shape, 1 point for 10um or > spacing between end of fingers, 1 point for >=10um
from dogbone to contacts, 1 point for correct number of fingers, 1 point for ground plane under moving
structure, 1 point for anchors



a. What is the total mass of the dogbone, comb, and comb support structures?

1 point for effort, 1 point for equation, 1 point for mass and spring to give 10kHz resonance
2300kg

Mpog bone = Ppsit ¥ L ¥ w = =— 2um * 50um * 25um = 5.75 * 10" kg

m
2300kg
Meomp = 20ppsit * Lxw = 20 3

m
2300kg 1
Meomb_support = 2Ppsit * Lxw =2 3 2um * 15um * 100um = 14 x 10 “kg

2um = 22um = 2um = 4 x 10 2kg

mtotal = 24‘ * 10_12kg

With this mass we need out overall spring constant (aka spring constant of one half beam) to be

k rad N
21f, = P k = 3600M * 24 % 107 12kg = 85ma

sec
Etw?® ,|Etw3® 3|170GPa(2um)(2um)3 ,
ki = - = = 200um so the length of one beam is 400um
2 mm

b. What is the mass of the suspension?
1 point for effort, 1 point for equation

2300kg "
s 2um x 400um x 2um = 29 * 10 kg

m
2300kg

m3
Mgsyspension = 33.6 * 10_12kg

Msprings = 8Ppsit ¥ L *w = 8 *

Mppysses = 2Ppsit * L*xw = 2 % 2um * 50um * 10um = 4.6 * 10_12kg



C.

What is the displacement with an acceleration of 1g in the direction of the comb fingers?
1 point for effort, 1 point for F equation
Fig = 10 * Myyeq = 240 * 10712N
F 240 x107'2N
=—= = 3nm

k 85mM
m

d. What voltage do you need to counteract the acceleration of 1g and bring the structure

240 * 1072N= Ny i gers €0V 2 H7g=10*8.8 «10-12 Ly zumizum

back to its rest position?
1 point for effort, 1 point for equation, 1 point for answer

Flg = Feomb

240%10712N
88+10-12 47
m

= 1.2V

F
m 2um

6. [247A] A hollow square cross-section beam has sides that are 2um long and 0.1um thick. If this
beam is bent to a radius of curvature rho,
Solve for a 2x2um solid beam and then subtract the 1.8x1.8um hole as if it was another beam.
This works because k is directly proportional to I, which depends on the shape of the beam.

a.

what is the strain as a function of position in the cross-section?

b. What is the internal moment due to this strain?

C.

d.

c.

f.

What is the spring constant relative to the spring constant of a filled square cross-section
2um on a side?

What is the spring constant relative to a square cross-section with the same weight per
length (so same material area) as the hollow cross-section?

What is the mass of the beam relative to the mass of a full square cross-section beam?
What does this tell you about the speed with which a hollow structure can move relative
to a filled structure?

The hollow structure can move much faster than the filled structure. The step response of a lightly-
damped second-order system like this looks sinusoidal with a frequency of wn/27, so a rise time roughly

proportional to 1/m, . Increase resonant frequency, speed up the response.

If you feel like it, check out the trapjaw ant, which has the fastest reaction time of any known
animal, around 100us. It’s jaws are hollow. It hunts the springtail thrip, which has the

second-fastest reaction time of any animal. Nature is marvelous.



