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The problem of state abstra tion is of entral importan e in optimal ontrol, reinfor ement learning and Markov de ision pro esses. This paper studies the ase of variable resolution
state abstra tion for ontinuous time and spa e, deterministi dynami ontrol problems in whi h
near-optimal poli ies are required. We begin by de ning a lass of variable resolution poli y and
value fun tion representations based on Kuhn triangulations embedded in a kd-trie. We then onsider top-down approa hes to hoosing whi h ells to split in order to generate improved poli ies.
The ore of this paper is the introdu tion and evaluation of a wide variety of possible splitting
riteria. We begin with lo al approa hes based on value fun tion and poli y properties that use
only features of individual ells in making split hoi es. Later, by introdu ing two new non-lo al
measures, in uen e and varian e, we derive splitting riteria that allow one ell to eÆ iently take
into a ount its impa t on other ells when de iding whether to split. In uen e is an eÆ ientlyal ulable measure of the extent to whi h hanges in some state e e t the value fun tion of some
other states. Varian e is an eÆ iently- al ulable measure of how risky is some state in a Markov
hain: a low varian e state is one in whi h we would be very surprised if, during any one exe ution,
the long-term reward attained from that state di ered substantially from its expe ted value, given
by the value fun tion.
The paper pro eeds by graphi ally demonstrating the various approa hes to splitting on the
familiar, non-linear, non-minimum phase, and two dimensional problem of the \Car on the hill".
It then evaluates the performan e of a variety of splitting riteria on many ben hmark problems,
paying areful attention to their number-of- ells versus loseness-to-optimality tradeo urves.
Abstra t.

Optimal ontrol, reinfor ement learning, variable resolution dis retization, adaptive
mesh re nement
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1. Introdu tion
This paper is about non-uniform dis retization of state spa es when nding optimal
ontrollers for ontinuous time and spa e Markov Pro esses.
There is an extensive literature in Numeri al Analysis about solving numeri ally
partial di erential equations su h as the famous Hamilton-Ja obi-Bellman (HJB)
equations that arise in optimal ontrol.
Dis retization te hniques (Kushner & Dupuis, 1992) using nite-element (FE) or
nite-di eren e (FD) methods applied to uniform grids (and multi-grids) are widely
used and provide onvergen e results and rates of onvergen e (using analyti al
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(Barles & Souganidis, 1991; Crandall, Ishii, & Lions, 1992; Crandall & Lions, 1983)
or probabilisti al (Kushner & Dupuis, 1992; Dupuis & James, 1998) approa hes).
However, su h uniform dis retization su er from impra ti al omputational requirements when the size of the dis retization step is small, espe ially when the
state spa e is of high dimension. Indeed, sin e the symmetries of the ontrol problem or the smoothness properties of the value fun tion are not re e ted in the
stru ture of the grid, possible ompa t representations and omputation are not
exploited.
On the other hand, there is a growing interest for ombining ompa t fun tion
representations (su h as Neural Networks) with Dynami Programming (Bertsekas
& Tsitsiklis, 1996; Baird, 1995; Sutton, 1996) in order to handle high dimensionality.
Su essful appli ations in lude the game of ba kgammon (Tesauro, 1995) and a
ontroller for elevator dispat hing (Crites & Barto, 1996). However in general,
there is no guarantee of onvergen e to the optimal solution (Boyan & Moore, 1995;
Baird, 1995; Munos, 2000; Munos, Baird, & Moore, 1999). Some lo al onvergen e
results are in (Gordon, 1995; Baird, 1998; Tsitsiklis & Van Roy, 1996; Bertsekas &
Tsitsiklis, 1996).
The distin tion between dis retization and approximation methods is not simple.
Usually we denote by dis retization a way to de ompose a fun tion using a set of
basis fun tions with lo al support (su h as 'hat' fun tions used in nite-element
methods) whereas approximation methods refer to using basis fun tions with global
support (possibly the whole state spa e). However this distin tion is not obvious
sin e there exists some fan y grids (for example the sparse grids (Zenger, 1990)) that
use extrapolation on large parts of the state spa e and some fun tion approximators
that use lo al basis fun tions (su h as the Normalized Gaussian Networks (Moody
& Darken, 1989)).
In this paper we onsider variable resolution dis retizations to approximate the
value fun tion and the optimal ontrol and ompare experimentally several splitting
riteria. The ideas developed here are illustrated on a spe i grid representation
using kd-trees and Kuhn triangulation. However the same ideas an be used to implement variable resolution on other kinds of grids su h as the sparse grids (Zenger,
1990; Griebel, 1998), the random and low-dis repan y grids (Niederreiter, 1992;
Rust, 1996).
We onsider a \general towards spe i " approa h where an initial oarse grid
is su essively re ned at some areas of the state spa e a ording to a splitting
riterion. In this work we evaluates and ompare the performan e of a variety of
splitting riteria. We start (se tion 6) with two riteria - the orner-value di eren e
and the value non-linearity - whi h onsider splitting around the \singularities" of
the value fun tion. This is a re nement riterion ommonly used in numeri al
resolution of partial di erential equations using adaptive meshes (see for example
(Grune, 1997) for HJB equations).
This method approximates very a urately the value fun tion, but it may be
omputationaly very expensive when the value fun tion is dis ountinous.
Besides, the singularities of the value fun tion are usually not lo ated at the same
areas as those of the optimal ontroller: a good approximation of the value fun tion

VARIABLE RESOLUTION DISCRETIZATION IN OPTIMAL CONTROL

3

at some areas is not needed if this does not have any impa t on the quality of the
ontroller.
Next (se tion 7), we onsider a splitting riterion - the poli y disagreement - that
takes into a ount the poli y. This method split only where the optimal poli y
is expe ted to hange. Unfortunately, the transition boundaries of the optimal
ontrol obtained are not optimally lo ated, the reason for this being that the value
fun tion is not orre tly approximated at the areas that have an \in uen e" on
these boundaries. We illustrate the short omings of these lo al approa hes that
only onsider features of individual ells in making split hoi es, and justify the
need for global splitting riteria that take into a ount the non-lo al impa t of the
splitting pro ess.
In se tion 8, we introdu e the notion of in uen e as a measure of the non-lo al
ontribution of a state to the value fun tion at other states. Then, in se tion 9, we
de ne the varian e of the expe ted future rewards. We show how to ombine these
two measures to derive eÆ ient grid re nement te hniques.
We des ribe an heuristi whi h intends to sele t the ells whose splitting will
mostly in rease the a ura y of the value fun tion at the parts of the state spa e
where there is a transition in the optimal ontrol.
We illustrate the di erent splitting riteria on the \Car on the hill" problem
des ribed in se tion 4, and in se tion 11 we show the results for other ontrol
problems, in luding the 4-dimensional \Cart-pole", \A robot", \spa e-shuttle" and
\airplane meeting" problems.
In this paper we make the assumption that we have a model of the dynami s and
of the reinfor ement fun tion. For onvenien e we assume that the dynami s are
deterministi ; however the results are extendible to the sto hasti ase (provided
that we remove the natural noise from the measure of varian e, as suggested in the
last remark of se tion 10).

2. Des ription of the optimal ontrol problem
We onsider dis ounted deterministi ontrol problems. Let x(t) 2 X be the state
of the system, with the state spa e X being a ompa t subset of IRd . The evolution
of the state depends on the ontrol u(t) 2 U (with the ontrol spa e U a nite set
of possible a tions) by the di erential equation, alled state dynami s:
dx(t)
= f (x(t); u(t))
(1)
dt

For an initial state x and a ontrol fun tion u(t), this equation leads to a unique
traje tory x(t). Let  be the exit time from the state spa e (with the onvention
that if x(t) always stays in X , then  = 1). Then, we de ne the gain J as the
dis ounted umulative reinfor ement:
J (x; u(t)) =

Z 

0

t r(x(t); u(t))dt +  r

b (x( ))

(2)

where r(x; u) is the urrent reinfor ement and rb (x) the boundary reinfor ement.
is the dis ount fa tor (0  < 1).
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The obje tive of the ontrol problem is to nd, for any initial ondition x, the
ontrol u (t) that maximizes the fun tional J .
Here, we use the method of Dynami Programming (DP) that introdu es the
value fun tion (VF), maximum of J as a fun tion of initial state x:
V (x) = sup J (x; u(t)):
u(t)

From the DP prin iple we know (see (Fleming & Soner, 1993) for example) that
satis es a rst-order non-linear di erential equation, alled the Hamilton-Ja obiBellman (HJB) equation:
Theorem 1 If V is di erentiable at x 2 X , let DV (x) be the gradient of V at x,
then the following HJB equation holds at x:
V (x) ln + max[DV (x):f (x; u) + r(x; u)℄ = 0
(3)
u2U
V

DP omputes the VF in order to de ne the optimal ontrol with a feed-ba k
ontrol poli y (x) : X ! U su h that the optimal ontrol u (t) at time t only
depends on urrent state x(t): u(t) = (x(t)). Indeed, from the value fun tion,
we dedu e the following optimal feed-ba k ontrol poli y:
 (x) 2 arg max[DV (x):f (x; u) + r(x; u)℄
(4)
u2U

3. The dis retization pro ess
In order to dis retize the ontinuous ontrol problem des ribed in the previous
se tion, we use the numeri al approximation s heme of (Kushner & Dupuis, 1992).
We implement a lass of fun tions known as bary entri interpolators (Munos &
Moore, 1998), built from a triangulation of the state-spa e using a tree stru ture.
This representation has been hosen for its very fast omputational properties.
Here is a des ription of this lass of fun tions. The state-spa e is dis retized into
a variable resolution grid using a stru ture of a tree. The root of the tree overs
the whole state spa e, supposed to be a (hyper) re tangle. It has two bran hes
whi h divide the state spa e into two smaller re tangles by means of a hyperplane
perpendi ular to the hosen splitting dimension. In the same way, ea h node (ex ept
for the leaves) splits in some dire tion i = 1::d the re tangle it overs at its middle
into two nodes of equal areas (see Figure 1). This kind of stru ture is known as
a kd-trie (Knuth, 1973), and is a spe ial kind of kd-tree (Friedman, Bentley, &
Finkel, 1977) in whi h splits o ur at the enter of every ell.
On every leaf, we implement a Coxeter-Freudenthal-Kuhn triangulation (or simply the Kuhn triangulation (Moore, 1992)). In dimension 2 (Figure 1(b)) ea h
re tangle is omposed of 2 triangles. In dimension 3 (see Figure 2) they are omposed of 6 pyramids, and in dimension d, of d! simplexes.
The interpolated fun tions onsidered here are de ned by their values at the
orners of the re tangles. We use the Kuhn triangulation to linearly interpolate
inside the re tangles. Thus, these fun tions are pie ewise linear, ontinuous inside
ea h re tangle, but may be dis ontinuous at the boundary between two re tangles.
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(a) Example of discretization
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(b) The corresponding tree

Figure 1. (a) An example of dis retization of the state spa e. There are 12 ells and 24 orners
(the dots). (b) The orresponding tree stru ture. The area overed by ea h node is indi ated in
gray level. We implement a Kuhn triangulation on every leaf.

The approa h of using Kuhn triangulations to interpolate the value fun tion has
been introdu ed to the reinfor ement learning literature by (Davies, 1997).

Remark. As we are going to approximate the value fun tion V with su h pie ewise
linear fun tions, it is very easy to ompute the gradient DV at (almost) any point
of the state spa e, thus making it possible to use the feed-ba k equation (4) to
dedu e the orresponding optimal ontrol.
Axis 2
Axis 1
Axis 0

ξ4
ξ2

x
ξ3

ξ1

ξ5

ξ4

ξ5

x

ξ0

ξ7

ξ7

ξ6

ξ0

The Kuhn
triangulation of a (3d)
re tangle. The point x
satisfying 1  x2 
x0  x1  0 is in the
simplex (0 ; 4 ; 5 ; 7 ).
Figure 2.

3.1. Computational issues
Although the number of simplexes inside a re tangle is fa torial with the dimension
d, the omputation time for interpolating the value at any point inside a re tangle
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is only of order (d ln d), whi h orresponds to a sorting of the d relative oordinates
(x0 ; :::; xd 1 ) of the point inside the re tangle.
Assume we want to ompute the indexes i0 ; :::; id of the (d + 1) verti es of the
simplex ontaining a point de ned by its relative oordinates (x0 ; :::; xd 1 ) with
respe t to the re tangle in whi h it belongs to. Let f0 ; :::; 2d g be the orners of
this d-re tangle. The indexes of the orners use the binary de omposition in dimension d, as illustrated in Figure 2. Computing these indexes is a hieved by sorting
the oordinates from the highest to the smallest: there exist indi es j0 ; :::; jd 1 ,
permutation of f0; ::; d 1g, su h that 1  xj0  xj1  :::  xjd 1  0. Then
the indi es i0 ; :::; id of the (d + 1) verti es of the simplex ontaining the point are:
i0 = 0, i1 = i0 + 2j0 , ..., ik = ik 1 + 2jk 1 , ..., id = id 1 + 2jd 1 = 2d 1. For
example, if the oordinates satisfy: 1  x2  x0  x1  0 (illustrated by the point
x in Figure 2) then the verti es are: 0 (every simplex ontains this vertex, as well
as 2d 1 = 7 ), 4 (we added 22 ), 5 (we added 20 ) and 7 (we added 21 ).
Let us de ne the bary entri oordinates 0 ; :::; d of the point P
x inside the simplex i0 ; :::; id as the positive oeÆ ients (uniquely) de ned by: dk=0 k = 1 and
Pd
oordinates are expensive to omk=0 k ik = x. Usually, these bary entri
pute; however, in the ase of Kuhn triangulation these oeÆ ients are simply:
0 = 1 xj0 , 1 = xj0 xj1 , ..., k = xjk 1 xjk , ..., d = xjd 1 0 = xjd 1 . In
the previous example, the bary entri oordinates are: 0 = 1 x2 , 1 = x2 x0 ,
2 = x 0 x 1 ,  3 = x 1 .
3.2. Building the dis retized MDP

We refer to (Kushner & Dupuis, 1992) for the pro ess of dis retizing a ontinuous time and spa e optimal ontrol problem into a nite Markov De ision Pro ess
(MDP), and to (Munos, 2000) for similar methods in reinfor ement learning.

ξ2

ξ

η(ξ,u )

ξ1

ξ0
Figure 3. A ording to the urrent (variable res-

olution) grid, we build a dis rete MDP. For every
orner  (state of the MDP) and every ontrol u,
we integrate the orresponding traje tory until
it enters a new ell at (; u). The probabilities
of transition of the MDP for (state , ontrol u)
to (states fi gi=0::2 ) are the bary entri oordinates i ((; u)) of (; u) inside (0 ; 1 ; 2 ).

For a given dis retization, we build a orresponding MDP in the following way.
The state spa e of the MDP is the set  of orners of the ells. The ontrol
spa e is the nite set U . For every orner  2  and ontrol u 2 U we approximate

VARIABLE RESOLUTION DISCRETIZATION IN OPTIMAL CONTROL

7

a pie e of a traje tory x(t) (using Euler or Runge-Kuta method to integrate the
state dynami s (1)) starting from initial state  , using a onstant ontrol u during
some time  (; u) until the traje tory enters inside a new ell (whi h de nes the
point (; u) = x( (; u)) (see Figure 3). At the same time, we also ompute the
integral of the urrent reinfor ement:
R  (;u)
t  r(x(t); u)dt
R(; u) = t=0
whi h de nes the reward of the MDP. Then we ompute the verti es (0 ; :::; d )
of the simplex ontaining (; u) and the orresponding bary entri oordinates
0 ( (; u)); :::; d ( (; u)). The probabilities of transition p(i j; u) of the
MDP from state  and ontrol u to states i are the bary entri oordinates:
p(i j; u) = i ( (; u)). The DP equation orresponding to this MDP is:
"

V ( ) = max
u

 (;u)



d
X
i=0

p(i j; u)V (i ) + R(; u)

#

(5)

Remark. If while integrating (1) from initial state  with the ontrol u, the traje tory exits from the state spa e at some time  (; u), then in the MDP (; u) will
lead to a terminal state t (i.e. satisfying p(t jt ; v) = 1; p( 6= t jt ; v) = 0 for all
R  (;u)
t  r(x(t); u)dt +  (;u) 
v ) with probability 1 and with the reward: R = t=0
rb (x( (; u))).
Remark. The interpolated value at (; u) is a linear ombination of the values
of the verti es of the simplex it belongs to (simplex (0 ; 1 ; 2 )) in gure 3), with
positive oeÆ ients that sum to one. Doing this interpolation is thus mathemati ally equivalent to probabilisti ally jumping to a vertex: we approximate a deterministi ontinuous pro ess by a sto hasti dis rete one. The
amount of sto hasti ity introdu ed by this interpolation pro ess will be estimated
by the measure of varian e in se tion 9.
The DP equation (5) is a xed-point equation satisfying a ontra tion property
(in max-norm), thus it an be solved iteratively with any DP method like value
iteration, poli y iteration, or modi ed poli y iteration (Puterman, 1994), (Bertsekas,
1987), (Barto, Bradtke, & Singh, 1995).
Remark. The main requirement to obtain the onvergen e of the approximate
VF (solution to the DP equation (5)) to the VF of the ontinuous pro ess (solution
to the HJB equation (3)) is the property of onsisten y of the numeri al s heme
(Kushner & Dupuis, 1992; Barles & Souganidis, 1991). In the deterministi ase,
this property roughly means that the expe ted jump from a state  to next states
i when hoosing ontrol u in the approximate MDP is a rst-order approximation
of the state dynami ve tor f (; u):
Pd
 ) =  (; u)  f (; u) + o(Æ )
i=0 p(i j; u)  (i
with Æ being the resolution of the grid. The dis retization method previously introdu ed satis es this property, whi h implies that the VF of the dis rete MDP
onverges to the VF of the ontinuous optimal ontrol problem as the (maximal)
size of the ells Æ tends to zero.
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4. Example: the \Car on the Hill" ontrol problem
For a des ription of the dynami s of this problem, see (Moore & Atkeson, 1995).
This problem is of dimension 2, the variables being the position and velo ity of
the ar. In our experiments, we hose the reinfor ement fun tions as follows: the
urrent reinfor ement r(x; u) is zero everywhere. The boundary reinfor ement rb (x)
is 1 if the ar exits from the left side of the state spa e, and varies linearly between
+1 and 1 depending on the velo ity of the ar when it exits from the right side of
the state spa e. The best reinfor ement +1 o urs when the ar rea hes the right
boundary (top of the hill) with zero velo ity ( gure 4). The ontrol u has only 2
possible values: maximal positive or negative thrust.
Current
Reinforcement: r=0

rb =+1 for zero velocity
rb =-1 for max. velocity

Goal

Resistance
Boundary
Reinforcement:
r b =-1

Figure 4. The \Car on the Hill"

Thrust
Gravitation

ontrol problem. The ar must
rea h the top of the hill as fast
as possible and stop there. Of
ourse, the ar annot limb the
slope without initial speed. It
must gain some momentum by
rst going ba kwards. It must
also be areful not to hit the left
boundary.

Figure 5 represents the approximate value fun tion of the MDP obtained by a
regular grid of 257 by 257 states (using a dis ount fa tor = 0:6).
We observe the following distin tive features of the value fun tion:



There is a dis ontinuity in the VF along the \Frontier 1" (see Figure 5) whi h
results from the fa t that given an initial point situated above this frontier,
the optimal traje tory stays inside the state spa e (and eventually leads to a
positive reward) so the value fun tion at this point is positive. Whereas for a
initial point below this frontier, any ontrol lead the ar to hit the left boundary
(be ause the initial velo ity is too mu h negative), thus the orresponding value
fun tion is negative (see some optimal traje tories in Figure 6). We observe that
there is no hange in the optimal ontrol around this frontier.



There is a dis ontinuity in the gradient of the VF along the upper part of
\Frontier 2" whi h results from a frontier of transition of the optimal ontrol.
For example, a point above frontier 2 an rea h dire tly the top of the hill,
whereas a point below this frontier has to go ba kwards and do one loop to gain
enough momentum to rea h the top (see Figure 6). Moreover, we observe that
around the lower part of frontier 2 (see Figures 5), there is no visible irregularity
of the VF despite the fa t that there is a hange in the optimal ontrol.

VARIABLE RESOLUTION DISCRETIZATION IN OPTIMAL CONTROL
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There is a dis ontinuity in the gradient of the VF along the \Frontier 3" be ause
of a hange in the optimal ontrol (below the frontier, the ar a elerates in order
to rea h the goal as fast as possible, whereas above, it de elerates to rea h the
top of the hill with the lowest velo ity and re eive the highest reward).

Figure 5. The value fun tion of the Car-on-the-Hill problem obtained by a regular grid of 257

by 257 = 66049 states. The Frontier 1 (white line) illustrates the dis ontinuity of the VF, the
Frontiers 2 and 3 (bla k lines) stands where there is a transition of the optimal ontrol.
+4

Velocity

Frontier 3

Frontier 2, upper part
GOAL

0

-4
-1

Position

The optimal poli y is indi ated by di erent gray levels (light
gray=positive thrust, dark gray=negative
thrust). Several optimal traje tories are
drawn for di erent initial starting points.

Figure 6.

Frontier 2, lower part

+1

We dedu e from these observations that a dis ontinuity in the value fun tion
(frontier 1) does not ne essarily indi ate that there is a transition in the optimal
ontrol, and that a dis ontinuity in the gradient of the value fun tion (frontiers 2
and 3) may a ompany a frontier of transition in the optimal ontrol.

10


REMI
MUNOS AND ANDREW MOORE

5. The variable resolution approa h
We start with an initial oarse dis retization and build the orresponding MDP.
We solve it and obtain a initial (rough) approximation of the value fun tion. Then,
we hoose whi h ells to split a ording to the pro ess:
1. S ore ea h ell for ea h dire tion i a ording to some splitting riterion.
2. Sele t the top h% (where h is a parameter) of the highest s oring ouples ( ell,
dire tion).
Then, we lo ally re ne the grid by splitting those ells in the orresponding dire tion. Next, we build the new dis retized MDP, and we repeat this y le (see the
splitting pro ess in Figure 7) until some estimation of the quality of approximation
of the value fun tion or the optimal ontrol has been rea hed.

Figure 7. Several dis retizations resulting of su essive splitting operations.

Note that only the ells that were split, and those whose su essive states involve
a split ell need to have their state transition re omputed.

Remark. Here, we only onsider a top-down pro ess where the dis retization is
always re ned. We ould also onsider a bottom-up pro ess whi h would prune the
tree and remove over-partitioned leaves.
The main goal of this paper is the study and omparison of several splitting
riteria. In what follows, we illustrate the dis retizations resulting from di erent
splitting riteria on the \Car on the Hill" ontrol problem previously introdu ed.

6. Criteria based on the value fun tion
In order to minimize the approximation error of the value fun tion, in the two splitting riteria that follow we hoose to split the ells a ording to lo al irregularities
of the approximate value fun tion.
6.1. First riterion: average orner-value di eren e
For every ell, we ompute the average of the absolute di eren e of the values at
the orners of the edges for all dire tions i = 0:::d 1. For example, this s ore on
the ell shown in Figure 2 for dire tion i = 0 is 41 [jV (1 ) V (0 )j + jV (3 ) V (2 )j +
jV (5 ) V (4 )j + jV (7 ) V (6 )j℄.
Figure 8 represents the dis retization obtained after 15 iterations of this proedure, starting with a 9 by 9 initial grid and using the orner-value di eren e
riterion with a splitting rate of h = 50% of the ells at ea h iteration.

VARIABLE RESOLUTION DISCRETIZATION IN OPTIMAL CONTROL

Figure 8. The dis retization of the state spa e
for the \Car on the Hill" problem using the
orner-value di eren e riterion.
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Figure 9. The dis retization of the state spa e
for the \Car on the Hill" problem using the
value non-linearity riterion.

6.2. Se ond riterion: value non-linearity
For every ell, we ompute the varian e of the absolute in rease of the values at
the orners of the edges for all dire tions i = 0:::d. This riterion is similar to the
previous one ex ept that it omputes the varian e instead of the average.
Figure 9 shows the orresponding dis retization using the value non-linearity riterion with a splitting rate of 50% after 15 iterations.

Comments on these results:
We observe that in both ases, the splitting o urs around the frontiers 1, 3
and the upper part of frontier 2, previously de ned. In fa t, the rst riterion
dete ts the ells with high average variation of the orner values, thus splits
wherever the value fun tion is not onstant.
 The value non-linearity riterion dete ts the ells with high varian e variation
of the orner values, thus splits wherever the value fun tion is not linear. So this
riterion will also on entrate on similar irregularities but with two important
di eren es ompared to the orner-value di eren e riterion:
{ The value non-linearity riterion splits more parsimoniously than the ornervalue di eren e (for a given a ura y of approximation). See, for example,
the di eren e of splitting in the area above frontier 3.
{ The dis retization around the dis ontinuity (frontier 1) are di erent (see
Figure 10 for an explanation on a 1-dimensional problem). The value nonlinearity riterion splits where the approximate fun tion is the least linear.
This explains the 2 parallel tails observed around frontier 1 in Figure 9.
 The re nement pro ess spends a huge amount of resour es to re ne the grid
around the dis ontinuity (frontier 1) in order to obtain a good approximation
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of the VF. However, we noti e that the optimal ontrol is onstant around this
area.
(a) Discontinuity in the
value function

(c) Splitting criterion:
corner-value difference

(b) Approximation with
an initial coarse grid

(d) Splitting criterion:
value non-linearity

Figure 10. Cross-se tion of a dis ontinuous VF (a) and several approximations with a uniform grid
(b) and variable resolution grids using the orner-value di eren e ( ) and the value non-linearity

(d) splitting riteria. Noti e the di erent repartition in ( ) and (d) of the grid points around the
dis ontinuity.

These variable resolution methods (espe ially the value non-linearity) provide
very a urate estimations of the value fun tion ompared to uniform dis retizations
(for a given number of states of the dis retized MDP). However, in the end, we want
to nd the best ontroller and not so mu h a very good approximation of the VF,
whi h is simply an artifa t used in DP to generate the poli y. Thus, we an question
the eÆ ien y of the previous splitting methods whi h spend too mu h e ort around
the dis ontinuity of the VF whereas the ontrol is onstant in this area.
In an attempt to spare some omputational resour es, we introdu e in the next
se tion some riteria that also take into a ount the poli y.

Remark. The per entage h of the number of ells to be split at ea h iteration
is a parameter a ting on the uniformity of the resolution of the obtained grids.
The hoi e of h allows a tradeo between deriving almost uniform grids (for high
values of h) whi h ensures onvergen e of the approximations but with possible
high omputational ost, and very non-uniform grids (low h), only re ned at some
riti al parts of the state spa e, whi h save many omputational resour es but may
potentially onverge to sub-optimal solutions.
7. Criteria based on the poli y
Figure 6 shows the optimal poli y and several optimal traje tories for di erent
starting points. We would like to re ne the grid only around the areas of transition
of the optimal ontrol: frontiers 2 and 3 but not around frontier 1. In what follows,
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we introdu e su h a riterion based on the in onsisten y of the ontrol derived from
the value fun tion and from the poli y.
7.1. The poli y disagreement riterion
When we solve the MDP and ompute the value fun tion of the DP equation (5),
we dedu e the following poli y for any state  2 :
 ( ) 2 arg max
u2U

h

 (;u) Pd p(
i
i=0

j; u)V (i ) + R(; u)

i

(6)

The poli y disagreement riterion ompares the ontrol derived from the poli y
of the MDP (6) with the ontrol derived from the lo al gradient of V (4).

Remark. Instead of omputing the gradient DV for all the (d!) simplexes in the
~ for all the (2d) orners, based on
ells, we ompute an approximated gradient DV
a nite di erene quotient. For the example of gure2, the approximated gradient
at orner 0 is V (jj10) V1(jj0 ) ; V (jj20) V2(jj0 ) ; V (jj40) V4(jj0 ) .
Thus, for every orner we ompute this approximate gradient and the orresponding
optimal ontrol from (4) and ompare it to the optimal poli y given by (6).
Figure 11 shows the dis retization obtained by splitting all the ells where these
two measures of the optimal ontrol diverge (the parameter h is not used here).

Figure 11. The dis retization of the state spa e
using the poli y disagreement riterion. Here

we used an initial grid of 33  33. The dash line
shows the true frontiers of ontrol transition.

Figure 12. The dis retization of the state spa e

for the \Car on the Hill" problem using the
ombination of the value non-linearity and the
poli y disagreement riterion.

This riterion is interesting sin e it splits at the pla es where there is a hange
in the optimal ontrol, thus re ning the resolution at the most important parts
of the state spa e for the approximation of the optimal ontrol. However, as we
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an expe t, if we only use this riterion, the value fun tion will not be orre tly
approximated, and in turn, the poli y may su er from this approximation error.
Indeed, we observe that on Figure 11, the bottom part of frontier 2 is (slightly)
lo ated higher than its optimal position, shown by the dash line. This error is due
to an underestimation of the value fun tion at that area, whi h is aused by the
la k of pre ision around the dis ontinuity (frontier 1). Here, we learly observe the
non-lo al in uen es between the value fun tion and the optimal ontrol.
The performan e of this splitting riterion is relatively weak (see se tion 7.3).
However, this splitting riterion an be bene ially ombined with previous ones
based on the VF.
7.2. Combination of several riteria

We an ombine the poli y disagreement riterion with the orner-value di eren e
or value non-linearity riterion in order to obtain the advantages of both methods: a
good approximation of the value fun tion on the whole state spa e and an in rease of
the resolution around the areas of transition of the optimal ontrol. We an ombine
those riteria in several ways, for example by a weighted sum of the respe tive s ores
of ea h ells, by a logi al operation (split if an and/or ombination of these riteria
is satis ed), or by an ordering of the riteria ( rst split with one riterion, then use
another one).
Figure 12 shows the dis retization obtained by alternatively, between iterations,
using the value non-linearity riterion and the poli y disagreement riterion. We
observe an in reased re nement at areas of singularities of both the value fun tion
and the optimal ontrol.
7.3. Comparison of the performan e
In order to ompare the respe tive performan e of the dis retizations, we ran a
set (here 256) of optimal traje tories starting from initial states regularly situated
in the state spa e and using the feed-ba k ontroller (4). The performan e of
a dis retization is the sum of the umulated reinfor ement (the gain de ned by
equation (2)) obtained along these traje tories, over the set of start positions.
Figure 13 shows the respe tive performan es of several splitting riteria as a
fun tion of the number of states of the respe tive dis rete MDPs.
For this 2-dimensional ontrol problem, all the variable resolution approa h performs better than uniform grids, ex ept for the poli y disagreement riterion used
alone. However, as we will see later on, for higher dimensional problems, the resour es allo ated to approximate the VF-dis ontinuities around areas of the state
spa e that are not useful for improving the optimal ontrol might be prohibitively
high.
Can we do better ?
So far, we have only onsidered lo al splitting riteria, in whi h we de ide to split a
ell a ording to information (value fun tion and poli y) relative to the ell itself.
However, the e e t of the splitting is not lo al: it has an in uen e on the whole
state spa e.
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Figure 13. The performan e

for the uniform versus variable
resolution grids for several
splitting riterion. Both the
orner-value di eren e and
value non-linearity splitting
pro esses perform better than
the uniform grids. The poli y
disagreement splitting is very
good for a small number of
states but does not improve
after, and thus leads to suboptimal performan e. The
poli y disagreement ombined
with the value non-linearity
gives the best performan es.

We would like to de ne a re nement pro ess that would split ells only if it is
useful to improve the performan e. Se tions that follow introdu e two notions that
will be useful for de ning su h global splitting methods: the in uen e measures the
extent to whi h states a e t globally the VF, and the varian e, whi h measures
the amount of interpolation introdu ed by the dis retization pro ess.
8. Notion of in uen e
Let us onsider the Markov hain resulting from the dis retized MDP in whi h
we hoose the optimal poli y . For onvenien e, we denote R( ) = R(; ( )),
p(i j ) = p(i j;  ( )), and  ( ) =  (;  ( )).
8.1. Intuitive idea
The in uen e I (i j ) of a state i on another state  is de ned as a measure of the
extent to whi h the state i \ ontributes" to the VF of another state  . This an
be done by estimating the in nitesimal variation of the VF at  resulting from a
in nitesimal modi ation of the reward at i .
By onsidering the dis ounted transition probabilities p1 (i j ) =  ()p(i j ) and
by de ning an additional jump to a \dead state" with a transition probability of
1  (), the in uen e I (i j ) an be interpreted more intuitively as the expe ted
number of visits of state i starting from state  when using the optimal poli y,
before the system dies.
8.2. De nition of the in uen e
Let us de ne the dis ounted umulative k hained probabilities pk (i j ), whi h
represent the sum of the dis ounted transition probabilities of all sequen es of k
states from  to i :
p0 (i j )
p1 (i j )

= 1 (if  = i ) or 0 (if  6= i )
=  () p(i j )
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p2 (i j )
pk (i j )

=
:::

=

X
j 2
X
j 2

p1 (i jj )  p1 (j j )
p1 (i jj )  pk 1 (j j )

(7)

De nition 1. Let  2 . We de ne the in uen e of a state i on the state  as:
1
X
I (i j ) =
pk (i j )
k=0

Similarly, let  P
be a subset of . We de ne the in uen e of a state i on the subset
 as I (i j) = 2 I (i j ).
We all in uen ers of a state  (respe tively of a subset ), the set of states i
that have a non-zero in uen e on  (respe tively on ) (note, by de nition, that
all in uen es are non-negative).
8.3. Some properties of the in uen e
First, we noti e that if all the times  ( ) are > 0, then the in uen e is well de ned
and is bounded by: I (i j )  1 1min with min = min  ( ). Indeed, from the
de nition P
of the dis ounted hained-probabilities, we have pk (i j )  kmin thus:
1
kmin =
I (i j )  1
k=0
1 min .
Moreover, the de nition of the in uen e is related to the intuitive idea expressed
above that the in uen e I (i j ) is the partial derivative of V ( ) by R(i ):
V ( )
(8)
I (i j ) =
R(i )
P
Proof: The Bellman equation is: V ( ) = R( ) + i p1 (i j )  V (i ). By applying
the Bellman equation to V (i ), we have:
V ( ) = R( ) +

P
i

h

p1 (i j ) R(i ) +

P
j

p1 (j ji )  V (j )

i

From the de nition of p2 , we an rewrite this equation as:
P
P
V ( ) = R( ) + i p1 (i j )  R(i ) + i p2 (i j )  V (i )
Again, we an apply the Bellman equation to V (i ) and easily prove the onvergen e
at the limit:
P
P
V ( ) = 1
k=0
i pk (i j )  R(i )
from whi h we dedu e that the ontribution of the reward at i to the VF at  is
the in uen e of i on  :
1
X
V ( )
=
pk (i j ) = I (i j )
R(i )
k=0

The VF at  is expressed as a linear ombination of the rewards at states i
weighted by the in uen es I (i j ).
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8.4. Computation of the in uen e

First, let us prove the following property: for any states  and i , we have
I (i j ) =

X
j



p1 (i jj )  I (j j ) +

1 if i = 
0 if i 6= 

(9)

Proof: This result is easily dedu ed from the de nition of the in uen e and the
hained transition probability property (7):
P1
P1
I (i j ) =
k=0 pk (i j ) =
k=0 pk+1 (i j ) + p0 (i j )
P1 P
= k=0 j p1 (i jj )  pk (j j ) + p0 (i j )

X
1 if i = 
p1 (i jj )  I (j j ) +
=
0
if i 6= 

j

For a given  , let us de nePthe operator  that, applied to any fun tion (de ned
on ), returns:  (i ) = j p1 (i jj )  (j )

=  . This is not
Equation (9) is equivalent to: I (i j ) =  I (j )(i ) + 01 ifif i 6=

i
P
a Bellman equation sin e the sum of the probabilities j p1 (i jj ) may be greater
than 1, so we annot dedu e that the su essive iterations:

1 if i = 
In+1 (i j ) =  In (j )(i ) +
(10)
0 if i 6= 
onverge to the in uen e by using the lassi al ontra tion property of the operator
 in max-norm (Puterman, 1994). However, by using the 1-norm, we have:

jj



jj1 =

X
i

j



(i )j



XX



min

i

jp1 (i jj ) 

j
X
j

j

(j )j

(j )j 

min

jj jj1

thus  is a ontra tant operator in 1-norm. We dedu e that the iterated values
In (i j ) in (10) satisfy

jjIn+1 (j )

I (j )jj1

=
=

X

i
X
i

j

 In (

j )(i )

j

 [In (

j )

j )(i )j

I(

I (j )℄(i )j  min jjIn (j )

I (j )jj1

thus onverge to the in uen e I (i j ), unique solution of (9).
Remark. In order to ompute the in uen e I (i j ) on a subset , we use the
iteration:

X
1 if i 2
In+1 (i j ) =
(11)
p1 (i j )  In (j j ) +
0
if i 62

j
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whi h onverge (similar proof) to I (i j ). The omputation of the in uen e is thus
heap: equivalent to omputing the value fun tion of a dis ounted Markov hain.

Remark. As pointed out by Geo rey Gordon, the in uen e is losely related to
the dual variables (or shadow pri es in e onomi s) of the Linear Program equivalent
to the Bellman equation (Gordon, 1999). This property has already been used in
(Tri k & Zin, 1993) to derive an eÆ ient adaptive grid generation.
Remark. A possible extension is to de ne the in uen e of a MDP as the innitesimal hange in the value fun tion of a state resulting from an in nitesimal
modi ation of the reward at another state. Sin e the value fun tion is a maximum
of linear expressions, the in uen e on states with multiple optimal a tions (thus for
whi h the value fun tion is not di erentiable) is de ned (as a set-valued map) by
taking the partial sub-gradient instead of the regular gradient (8).
8.5. A tool to sele t out the most important areas

We would like to use the in uen e as a tool to dis over what are the areas of the
state spa e where we need a high quality interpolation pro ess to obtain an a urate
ontroller, so we ould fo us our re nement pro ess there and negle t other areas.
The idea is that we want a high quality estimation of the VF around the areas of
transition of the optimal ontrol so that those swit hing boundaries be a urately
lo ated. Thus, the relevant areas of the state spa e are those that have an in uen e
on the states around these swit hing boundaries.
Let us illustrate this idea on the \Car on the Hill" problem.
For any subset , we an ompute
its in uen ers. As an example, gure 14 shows the in uen ers of 3
points.
Figure 14. In uen ers of 3 points (the

rosses). The darker the gray level, the
more important the in uen e. We noti e
that the in uen ers of a state \follow"
some di usion pro ess in the dire tion
of the optimal traje tory (see gure 6).
This di usion represents the sto hasti ity introdu ed by the dis retization due
to the averaging e e t of the interpolation pro ess.

First, for a given grid, let us de ne the subset  of the states of poli y disagreement (in the sense of se tion 7.1). Figure 15(a) shows  for a regular grid
of 129  129.  represents an estimation (given the urrent grid) of the optimal
ontrol swit hing boundaries.
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Now we ompute the in uen e on  (Figure 15(b)). The darkest zones show the
states that in uen e the most the value fun tion at .
Consequently, if we were to in rease the a ura y of the lo al interpolation pro ess
at the states illustrated by Figure 15(b) we would obtain a better approximation
of the VF at the states shown in Figure 15(a), whi h would in rease the pre ision
of the swit hing boundaries, thus the performan e of the ontroller.

(a) States of policy disagreement

(b) Influence on these states

Figure 15. The set of states of poli y disagreement (a) and its in uen ers (b).

From this idea, we want to design a splitting heuristi that would take into a ount
these non-lo al in uen es.
In order to de rease the lo al interpolation error, we rst need to estimate, for a
given grid, the VF approximation error aused by the a umulation of the interpolation errors due to the dis retization.
In order to estimate this amount of sto hasti ity introdu ed by the interpolation
pro ess, we ompute, in the next se tion, the varian e of the future rewards for the
dis retized Markov hain.

9. Varian e of a Markov hain
Again we onsider the Markov hain resulting from the dis retized MDP in whi h
we hoose the optimal poli y , and we use the same notations as in the previous
se tion. Let s( ) = ( (0) = ;  (1);  (2); :::) be an in nite sequen e of states starting
from an initial state  and generated by this Markov hain (the probability of
transition from  to  0 being p( 0 j )).
The gain J (s( )) of a sequen e s( ) is the dis ounted umulative rewards:
J (s( )) = R( ) +

X Pt 1
t1

s=0

 ((s))

R( (t))

(12)

and the VF of a state  is the expe tation of this gain, for all possible sequen es
s( ): V ( ) = E [J (s( ))℄.
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The initial ( ontinuous) ontrol problem is deterministi , thus the VF of a state
is simply the gain (de ned by (2)) obtained along one optimal traje tory: the
varian e of the gain is zero. When this deterministi problem is dis retized, the
interpolation pro ess produ es an averaging e e t that is mathemati ally equivalent
to the introdu tion of sto hasti ity in the jumps from (dis rete) state to state: the
VF of the dis retized MDP is an expe tation of the gain (12) along all (dis rete)
optimal traje tories. Thus, the varian e of the dis rete MDP indi ates the amount
of averaging introdu ed during the dis retization pro ess.
The varian e 2 of the gain is:


 2 ( ) = E [J (s( ))

V ( )℄2



In order to ompute this varian e we rst prove that the varian e is solution to
the Bellman equation:
 2 ( ) = 2 ()

X
0

p( 0 j )   2 ( 0 ) + e( )

(13)

with the one-step ahead ontribution e( ) de ned as:
e( ) =

X
0

p( 0 j ) 

h

 () V ( 0 )

V ( ) + R( )

i2

(14)

Proof: The gain obtained along a sequen e s( ) = ( (0) = ;  (1);  (2); :::) satis es
J (s( )) = R( ) +  () J (s( (1))), with s( (1)) = ( (1);  (2); :::).
Thus the varian e is:
 2 ( ) = E

h

[  () J (s( (1))) (V ( ) R( ))℄2

From the de nition of the VF, V ( ) R( ) =
thus:
 2 ( ) = E

h

[  () J (s( (1)))℄2

i

 () E [V ( (1))℄

[V ( ) R( )℄2

=

 () E [J (s( (1)))℄,

i

Now, let us de ompose this expe tation using an average for all possible se ond
states  0 in the sequen e, weighted by the probability of o urren e p( 0 j ):
i
h
X
 2 ( ) =
p( 0 j )  E [  () J (s( 0 ))℄2 [V ( ) R( )℄2
=
+

0
X

0
X
0

p( 0 j )  E

h

[  ()J (s( 0 ))℄2

p( 0 j )  E

h

[  ()V ( 0 )℄2

[  ()V ( 0 )℄2
[V ( ) R( )℄2

Now, from the Bellman equation V ( ) = R( )+
that:

P

0

i

(15)

i

p( 0 j )   () V ( 0 ) we dedu

e

VARIABLE RESOLUTION DISCRETIZATION IN OPTIMAL CONTROL

X
0

p( 0 j )  E

h

[  ()V ( 0 )℄2

i

[V ( ) R( )℄2 = e( )
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(16)

with e( ) de ned in (14). Moreover, we have:
E

h

i



[  () V ( 0 )℄2 = 2 ()E [J ( 0 ) V ( 0 )℄2 = 2 ()  2 ( 0 )

[  () J ( 0 )℄2

Whi h, ombined with (16) in (15) gives (13).
Thus the varian e 2 ( ) is equal to the immediate ontribution e( ) that takes
into a ount the variation in the values of the immediate su essors  0 plus the
dis ounted expe ted varian e 2 ( 0 ) of these su essors.
The equation (13) is a Bellman equation: it is a xed-point equation of a ontra tant operator (in max-norm) (with a ontra tion oeÆ ient of 2min ) and thus
an be solved by value iteration.
V(η)

V(η)
e(ξ )

e(ξ)
ξ0

ξ1 η

ξ1 η

ξ0

Figure 16. The term e( ) as a fun tion of the interpolated point  for low-(left) and high-(right)
gradient value fun tions.

Remark. We an provide a geometri al interpretation of the term e( ) related to
the gradient of the value fun tion at the iterated point  = (; u ) (see gure 3) and
to the bary entri oordinates i (). Indeed, from the de nition of the dis retized
MDP (se tion 3.2), we have V ( ) = R( ) +  ()V () and from the pie ewise
linearity of the
approximated fun tions we have V (i ) = V () + DV ():(i ),
P
thus: e( ) = i i (): 2 () [DV ():(i )℄2 , whi h an be expressed as:
e( ) = 2 () :DV ( )T :Q( ):DV ( )
P

with the matrix Q() de ned by its elements qjk () = i i ():(i )j :(i )k .
Thus, e( ) is lose to 0 in two spe i ases: when the gradient at the iterated
point  is low (i.e. the values are almost onstant) and when  is lose to a grid
point i (then the bary entri oordinate i is lose to 1 and the other bary entri
oordinates are lose to 0, thus Q() is low). In both ases, e( ) is low and implies
that the interpolation at  does not introdu e a high degradation of the quality of
approximation of the value fun tion (the varian e does not in rease). Figure 16
shows e( ) for a one-dimensional spa e.
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Remark. The varian e measures the amount of averaging a umulated by the
interpolation pro ess due to the dis retization of the state spa e. Our basi assumption is that this measure is a good estimation of the approximation error of
the VF, for a given grid. However, this may not be the ase if the grid is too oarse
so the poli y of the dis retized MDP di ers too mu h from the optimal ontrol
of the ontinuous problem. Indeed, in that ase, the varian e would be omputed
along traje tories using a wrong poli y. A detailed analysis of the estimation of
the VF approximation error from lo al interpolation errors is initiated in (Munos
& Moore, 2000).
Illustration of the varian e for the \Car on the Hill"
Figure 17 shows the standard deviation ( ) for the \Car on the Hill" obtained
with a uniform grid (of 257 by 257).
Figure 17. The standard deviation  for the \Car on the Hill".

We noti e that it is very high
around the frontier 1 (indeed,
a dis ontinuity is impossible to
approximate perfe tly by disretization methods, whatever
the resolution is) and noti eably
high around frontiers 2 and 3,
the dis ontinuities of the gradient of V (whi h orrespond to
boundaries of hange in the optimal ontrol, as shown in gure
6). Indeed, around these areas,
the VF averages heterogeneous
values of the dis ounted terminal rewards.

10. A global splitting heuristi
Now, we ombine these notions of in uen e and varian e in order to de ne a nonlo al splitting riterion. We have seen that:
 The states  of highest standard deviation ( ) are the states of lowest quality
of approximation of the VF ( gure 18(a)).
 The states  of highest in uen e on the set  of states of poli y disagreement
( gure 15(b)) are the states whose value fun tion a e ts the area where there
is a transition in the optimal ontrol.
Thus, in order to improve the a ura y of approximation at the most relevant
areas of the state spa e with respe t to the ontroller (i.e. the optimal ontrol
swit hing boundaries), we split the states  of high standard deviation that have
an in uen e on the areas of ontrol transition, a ording to the Stdev Inf riterion
(see gure 18): Stdev Inf ( ) = ( ):I ( j). Figure 19 shows the dis retization
obtained by using this splitting riterion.
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(b) Influence x Standard deviation

Figure 18. (a) The standard deviation ( ) for the \Car on the Hill" (equivalent to gure 17) and
(b) The Stdev Inf riterion, produ t of () by the in uen e I (j) ( gure 15(b)).

Figure 19. The dis retization resulting from
the Stdev Inf split riterion. We observe that
the upper part of frontier 1 is well re ned.
This re nement does not o ur be ause we
want to approximate the VF around its disontinuity (whi h was the ase for the ornervalue di eren e and value non-linearity riteria) but be ause the re nement there is
needed to improve the quality of the ontroller at another area of the state spa e (the
bottom part of frontier 2) where there is a
swit hing boundary for the optimal ontrol.
We noti e that the bottom part and the upper right part of the state spa e are not rened at all: it is not needed for the ontroller.
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Remark. The performan e of this riterion for the \Car on the Hill" problem are
similar to those of ombining the value non-linearity and the poli y disagreement
riterion. We didn't plot those performan es in gure 13 for larity reasons and
be ause they do not represent a major improvement. However, the di eren e of
performan es between the lo al riteria and the Stdev Inf riterion are mu h more
signi ant in the ase of higher dimensional problems, as illustrated in what follows.
It is important to noti e the fa t that the Stdev Inf riterion does not split the
areas where the VF is dis ontinuous unless some re nement is ne essary to improve
the quality of the ontroller (possibly at another part of the state spa e). As we will
see in the simulations that follow, in higher dimensions, the ost to get an a urate
approximation of a dis ontinuous VF is omputationally very expensive, whi h
explains why the splitting pro edure using the Stdev Inf riterion outperforms the
previous re nement methods.

Remark. In the ase of a sto hasti pro ess (Markov Di usion Pro esses), we will
need to re onsider this splitting heuristi sin e in that ase the varian e would re e t
two omponents: the interpolation error introdu ed by the grid-approximation but
also the intrinsi sto hasti ity of the ontinuous pro ess. The latter is not relevant
to our splitting method sin e a re nement around areas of high varian e of the
pro ess will not result in an improvement of the approximations. This ase will be
further developed in future work.
11. Illustration on more omplex ontrol problems
11.1. The Cart-Pole problem
The dynami s of this 4-dimensional physi al system (illustrated in gure 20(a))
are des ribed in (Barto, Sutton, & Anderson, 1983). In our experiments, we hose
the following parameters as follows: the state spa e is de ned by the position y 2
[ 10; +10℄, angle  2 [ 2 ; 2 ℄, and velo ities restri ted to y_ 2 [ 4; 4℄, _ 2 [ 2; 2℄.
The ontrol onsists in applying a strength of 10 Newton. The goal is de ned by
 , (and no limits on y_ and _). This is a notably
the area: y = 4:3  0:2,  = 0  45
narrow goal to try to hit (see the proje tion of the state spa e and the goal on
the 2d plan (y,) in gure 20). Noti e that our task of \minimum time maneuver
to a small goal region" from an arbitrary start state is mu h harder than merely
balan ing the pole without falling (Barto et al., 1983). The urrent reinfor ement
r is zero everywhere and the boundary reinfor ement rb is 1 if the system exits
from the state spa e (jyj > 10 or jj > 2 ), and +1 if the system rea hes the goal.
Figure 21 shows the performan e obtained for several splitting riteria previously
de ned for this 4-dimensional ontrol problem. We observe the following points:



The lo al splitting riteria do not perform better than the uniform grids. The
problem is that the VF is dis ontinuous at several parts of the state spa e (areas
of high jj for whi h it is too late to re-balan e the pole, whi h is similar to the
frontier 1 of the \Car on the Hill" problem) and the value-based riteria spend
too many resour es on approximating these useless areas.
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Figure 20. (a) Des ription of the Cart-pole. (b) The proje tion of the dis retization (onto the
plane (,y)) obtained by the Stdev Inf riterion and some traje tories for several initial points.



The Stdev Inf riterion performs very well. We observe that the traje tories
(see gure 20(b)) are nearly optimal (the angle jj is maximized in order to
rea h the goal as fast as possible, and very lose to its limit value, for whi h it
is no more possible to re over the balan e).

Figure 21. Performan e on the \Cart-pole".

Figure 22. Performan e on the A robot.

11.2. The A robot
The A robot is a 4-dimensional ontrol problem whi h onsists of a two-link arm
with one single a tuator at the elbow. This a tuator exerts a torque between the
links (see gure 23(a)). It has dynami s similar to a gymnast on a high bar, where
Link 1 is analogous to the gymnast's hands, arms and torso, Link 2 represents the
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legs, and the joint between the links is the gymnast's waist (Sutton, 1996). Here,
the goal of the ontroller is to balan e the A robot at its unstable, inverted verti al
position, in the minimum time (Boone, 1997). The goal is de ned by a very narrow
 on both angles around the verti al position  =  ;  = 0 ( gure
range of 16
1
2 2
23(b)), for whi h the system re eives a reinfor ement of rb = +1. Anywhere else,
the reinfor ement is zero. The two rst dimensions (1 ; 2 ) of the state spa e have a
stru ture of a torus (be ause of the 2 modulo on the angles), whi h is implemented
in our stru ture by having the verti es of 2 rst dimensions being angle 0 and 2
pointing to the same entry for the value fun tion in the interpolated kd-trie.
Figure 22 shows the performan e obtained for several splitting riteria previously
de ned. The respe tive performan e of the di erent riteria are similar to the
\Cart-pole" problem above: the lo al riteria are no better than the uniform grids ;
the Stdev Inf riterion performs mu h better.
Figure 23(b) shows the proje tion of the dis retization obtained by the Stdev Inf
riterion and one traje tory onto the 2d-plane (1 ,2 ).
π θ2

Goal :
πθ1 = π-2- -+-- 16
-

πθ2 = 0 +-- 16
-

θ1

Goal
−3__π
2

Goal

π/ θ1
2

θ2
(a) The Acrobot

−π
(b) Projection of the state space

Figure 23. (a) Des ription of the A robot physi al system. (b) Proje tion of the dis retization
(onto the plane (1 ,2 )) obtained by the Stdev Inf riterion, and one traje tory.

11.3. Brief des ription of two other ontrol problems

The \spa e-shuttle" ontrol problem
This is a 4-dimensional \spa e-shuttle" ontrol problem de ned by the position
(x; y) and velo ity (vx ; vy ) of a point (the shuttle) in a 2d-plane. There are 5 possible ontrols : do nothing or thrust to one of the 4 ardinal dire tions. The dynami s
follow the laws of Newtonian physi s where the shuttle is attra ted by the gravitation of a planet (dark gray ir le in gure 11.3) and some intergala ti dust (light
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gray ir le). The goal is to rea h some position in spa e (the square) by minimizing
a ost (fun tion of the time to rea h the target and the fuel onsumption). Figure
11.3 shows some traje tories.

x3
x2

Goal

Planet

Dust

x1

Figure 24. The \spa e-shuttle" traje tories for 3 di erent starting positions. From x1 the goal is dire tly rea hable (the gravitation is
low). From x2 the ollision is unavoidable whatever the thrust (represented by small gray segments) to
avoid the planet is. From x3 the ontroller uses the gravitation for es to
rea h the goal.

The \airplane meeting" ontrol problem
This is also a 4-dimensional ontrol problem in whi h we onsider one (or several)
airplane(s) ying at onstant altitude and velo ity. They try to rea h a target
de ned by a position xG ; yG and an angle G (the arrow in gure 25) at a pre ise
time tG . Ea h plane is de ned at any time t by its position x(t); y(t) and angle (t).
There are 3 possible ontrols for ea h plane : turn left, right, or go straight. The
state spa e is of dimension 4 : the position x; y, the angle  and the time t. The
dy
d
dt
dynami s are : dx
dt = os(), dt = sin(), dt = f 1; 0; +1g:v and dt = 1. Here,
2
2
2
the terminal ost is : (x xG ) + (y yG ) + k ( G) + kt (t tG )2 and there
is a small onstant urrent ost if a plane is in a gray area (some louds that the
planes should avoid). Figure 25 shows some traje tories for one and 3 planes when
there is more time than ne essary to rea h the target dire tly (the planes have to
loop).
Interpretation of the results: We noti e that for the previous 4d problems, the
lo al splitting riteria fail to improve the performan e of the uniform grids be ause
they spend too many resour es on trying to approximate the dis ontinuities of the
VF. For example, for the \Cart-pole" problem, the value non-linearity riterion
fo uses on approximating the VF mostly at parts of the state spa e where there
is already no han e to re-balan e the pole. And the areas around the verti al
position (low ), whi h are the most important areas, will not be re ned in time
(however, if we ontinue the simulations after about 90000 states, the lo al splitting
riteria perform better than the uniform grids, be ause these important areas are
eventually re ned).
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(a) One airplaine

(b) Meeting of 3 airplanes

Figure 25. The \airplane meeting" ontrol problem

The Stdev Inf riterion, whi h takes into a ount global onsideration for the
splitting, provides an a urate ontroller for all the tasks des ribed above.

12. Con lusion and Future work
In this paper we proposed a variable resolution dis retization approa h to solve
ontinuous time and spa e ontrol problems. We des ribed several lo al splitting
riteria, based on the VF or the poli y approximation. We observed that this
approa h works well for 2d problems like the \Car on the Hill". However, for more
omplex problems, these lo al methods fail to perform better than uniform grids.
Lo al value-based splitting is an eÆ ient, model-based, relative of the Q-learningbased tree splitting riteria used, for example, by (Chapman & Kaelbling, 1991;
Simons, Van Brussel, De S hutter, & Verhaert, 1982; M Callum, 1995). But it is
only when ombined with new non-lo al measures that we are able to get truly
e e tive, near-optimal performan e on diÆ ult ontrol problems. The tree-based,
state-spa e partitions in (Moore, 1991; Moore & Atkeson, 1995) were produ ed by
di erent riteria (of empiri al performan e), and produ ed far more parsimonious
trees, but no attempt was made to minimize ost: merely to nd a valid path.
In order to design a global riterion, we introdu ed two useful measures of a
Markov hain: the in uen e estimates the non-lo al dependen ies in the VF, the
varian e estimates the VF error of approximation for a given grid. By ombining
these measures, we proposed an eÆ ient splitting heuristi that exhibit good performan e (in omparison to the uniform grids) on all the problems studied. These
measures ould also be used to solve large (dis rete) MDPs by sele ting whi h initial features (or ategories) one has to re ne to provide a relevant partition of the
state spa e.
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Another extension of these measures ould be to learn them through intera tions with the environment in order to design eÆ ient exploration poli ies in reinfor ement learning. Our notion of varian e ould be used with \Interval Estimation" heuristi (Kaelbling, 1993), to permit \optimism-in-the-fa e-of-un ertainty"
exploration, or with the \ba k-propagation of exploration bonuses" of (Meuleau &
Bourgine, 1999) for exploration in ontinuous state-spa es. Indeed, if we observe
that the learned varian e of a state  is high, then a good exploration strategy ould
be to inspe t the states that have a high expe ted in uen e on  .
Even more parsimonious grid an be obtained if we only onsider a ontroller for a
spe i area of initial states. Indeed, the Stdev Inf riterion an be omputed with
respe t to j = f 2 ; I ( j ) > 0g (the areas of transition in the optimal ontrol
that have some in uen e on ) instead of , in order to restri t the re nement
pro ess to the areas of the state spa e a tually used by the traje tories.
Also, the notion of varian e might be useful to provide a safe ontroller for whi h
hoosing a sub-optimal a tion would be preferable if it leads to states of lower
varian e than when taking the optimal a tion.
The more severe limitation to these dis retization te hniques (even with the variable resolution approa h developed here) is still the urse of dimensionality. Currently, we were able to solve all 4-dimensional problems onsidered and a few 5dimensional ones.
In the future, it seems important to develop the following points:
 A generalization pro ess that ould implement a bottom-up pro ess for regrouping the areas (for example by pruning the tree) that have been over-re ned.
 Consider the sto hasti ase, for whi h the omputation of the VF approximation error (obtained by the measure of varian e in the deterministi ase) should
only take into a ount the interpolation error and not the intrinsi noise of the
pro ess.
 Implement the same ideas on sparse representations that an handle high dimensions (and even in some ase are able to break the urse of dimensionality),
su h as the sparse grids (Zenger, 1990; Griebel, 1998), the random and lowdis repan y grids (Niederreiter, 1992; Rust, 1996). In some early experiments
using variable resolution random grids, we were able to solve sto hasti problems in dimension six.
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