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Overview

= Filtering: ° - 0 °
P(x¢|z0, 215 - -, 2¢) a . e Q
= Smoothing: ° ) ° ° o ) °
P : : : :

= Note: by now it should be clear that the “u” variables don’t really change anything
conceptually, and going to leave them out to have less symbols appear in our equations.



Filtering : ::

P(x2|z0’z1722) X P($2aanzl)z2)

= Z P(zz|wo) P(x2|x1) P(21|21) P(21|20) P(20|20) P(20)

= P(zl|r2) Y  P(xa|1)P(21]1) Y Plai]zo) P(zolwo) P(xo)
T1 To p(aﬁo,ZO)
P(z1,20)
P(beO)Zl)
P(QZ’Q,ZO,Z:{)
p(x2,z0721722)
= Generally, recursively compute:
P(xiy1, 20, ,2) = ZP(-’Et+1|IEt)P(CUt,Zo,---,Zt)

P(xi41, 20,5 2t:2t41) = DP(zeg1|Te41) P(xis1, 205 -+ -5 2t)



Smoothing & dad &

P(x2|20, 21, 22, 23, 24)

P(IQ, 205 21, 22,Z37Z4)

Z P(Z4|$4)P(1‘4|1‘3)P(Z3|.’11'3)P(JJ3|.’132)P(22|JJ2)P(.’E2|.’L’1)P(21|1‘1)P($1|.73())P(Z()|1‘0)P(£L‘0)

sz4|x4 (z4|23) P(23]23) P(x3]22) P(22]2) (zpmzm (21]a1) (ZP(mﬂacg)P(zoh:o)P(xo)))

<Z P(z3]z3) P(xs|z2) <Z P(z4|x4)P(;z:4|:v3)>> P(z3|z2) <Z P(z3|z1)P(21|21) (ZP x1|zo)P(20|x0) P(x )))

b(x?’) = P(z4|x3) P(:L’l, 20, Zl)

b(ﬁg) = P(Z3,Z4|:L'2) P($2,ZO,21,22)

m  Generally, recursively compute:

= Forward: (same as filter) = Backward:
P($t+17 205y zt) = ZP(ZL‘f+1|CBf th 20, - f) P(Zt+1, ceey ZT|$t+1) = P(zt+1|xt+1)P(zt+2, coey ZT|.’I?t+1)
P(xiy1,205- 05285 2041) = p(zt+1|33t+1 P(ziq1,20,--52t) P(zigr,. .o zrle) = Z P(ze1]oe) P21, - 2r|@e41)

Tt41

= Combine: P(a:t,zo,...,zT):P(ajt,zo,...,zt)P(zt+1,...,ZT‘xt)



Complete Smoother Algorithm

Forward pass (= filter):

1. Init: a(](.’L‘()) =

P(z20|xo) P(z0)

2. Fort=0,...,T -1

o ari1(ze+1) = P(zes1|zesa) Do,, P(@ita|oe)a(ze)

Backward pass:

1. Init: bT(SCT) =1

2. Fort =T —1,

0,0

o bi(xi) =3, P@eyi|2) P(ziqa|wig1)bigr (241)

Combine:
1. Fort=0,...,T

o P(xy,20,...

,2r) = P(x4, 20, . . .

y2t)P(Tis1, Zeg1s -

oy zr|ee) = ap(2)be ()

Note 1: for all times tin one
forward+backward pass
Note 2: find P(x, | z,, ..., Z{)
by renormalizing



Important Variation

n F|nd P(:Ctvxt-l—laZO?"')ZT)

s Recall:  au(xy) = P(xy, 20, ..., 2¢t)

bi(x¢) = P(2t41, .-, 27 | T¢)

= So we can readily compute

P(fl»‘ul‘t-;-lazo ----- ZT)
= P(x4,20, ..., 20)P(xeq1 | 24,20, - - 20) P21 | g1, Ty 205 -5 20) P(2e42, -0 27 | T4q1,T4,20,- -, 2e41)  (Law of total probability)
= P(zy, 20, - - -, 2e)P(zey1 | o) P(2e11 | 2e41) P2eg2, - - - zr | Te41) (Markov assumptions)

= a¢(v¢) P(e41 | 20) P(2e41 | Teg1)begr (Te41) (definitions a, b)



Exercise

| Find P(CIJt,wt-l-k,ZO 7777 ZT)



Kalman Smoother

= smoother we just covered instantiated for the particular
case when P(x,,, | x,) and P(z, | x,) are linear Gaussians

We already know how to compute the forward pass
(=Kalman filtering)

Backward pass:
be(x¢) =/ P(ziy1|2e) P(2e41|T41)be1 (T41) AT
Combination:

P(x¢, 20, ..., 27) = ai(¢)be(24)



Kalman Smoother Backward Pass

= Exercise: work out integral for b,



Matlab Code Data Generation Example

A=[ 0.99 0.0074; -0.0136 0.99];C=[11;-1+1];

" x(:,1) = [-3;2];
" Sigma_w = diag([.3 .7]); Sigma_v =[2 .05; .05 1.5];
" w =randn(2,T); w = sqrtm(Sigma_w)*w; v =randn(2,T); v = sqrtm(Sigma_v)*v;
u for t=1:T-1

X(5,t+1) = A * x(:,t) + w(:,1);

z(:,t) = C*x(:,t) + v(:,1);

end

. % now recover the state from the measurements
u P_0 = diag([100 100]); x0 =[0; 0];
n % run Kalman filter and smoother here

" % + plot



Kalman Filter/Smoother Example

state

— — — Kalman filter

......... Kalman smoother




