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Outline

= From linear to nonlinear

s Model-predictive control (MPC)



From Linear to Nonlinear

= We know how to solve (assuming g, U, X, convex):

H
Inilquqj E gf ("/L‘f’ uf)
t=0

subject to xy41 = Awxy + Byug + ¢ Vi
Ut GZ/[t,CEt - Xt Vit

(1)

= How about nonlinear dynamics: @41 = f(z¢,ug) Vit

Shooting Methods (feasible) Collocation Methods (infeasible)
Iterate for i=1,2,3, ... Iterate for i=1,2,3, ...
Execute u(()i), ugi), . ,ugf) (from solving (1)) --- (no execution)---
Linearize around resulting trajectory Linearize around current solution of (1)
Solve (1) for current linearization Solve (1) for current linearization

“Sequential Quadratic Programming (SQP)” = either of the above methods, where you approximate
objective function and constraints with convex quadratic

“Sequential Convex Programming (SCP)"” = either of the above methods, where you approximate objective
function and constraints with convex functions




Example Shooting

$% a nonlinear control problem: cartpole
clear; clc; close all;

% shooting:
T = 100;
u = randn(1,T)*0.1;
max_iters = 10;
X_init = [=10; 0; 0; 0];
nX = 4; nu = 1;
X _eps = 0.1;
u eps = 0.1;
dt = 0.1;
Q = eye(nX); R = eye(nU); Q final = 100*eye(nX);
clear A B ¢
for iter = 1l:max_iters
% simulate and linearize
X(:,1) = x_init;
for t=1:T-1
¥(:,t+l) = sim cartpole(x(:,t), u(:,t), dt);
[A{t} B{t} a{t}] = compute_jacobian(@sim cartpole, x(:,t), u(:,t), dt);
tcartpole_draw(t*dt, x(:,t));
end
figure(l); subplot(3,1,1); hold on; plot(u); ylabel('u');
subplot(3,1,2); hold on; plot(x(1l,:)); ylabel('x'); subplot(3,1,3); hold on; plot(x(2,:));ylabel('\theta');
cost.(iter) = 0;
for t=1:T-1
cost.(iter) = cost(iter) + x(:,t) '*Q*x(:,t) + u(:,t)'*R*u(:,t) + norm(u(:,t+l)=-u(:,t),2);

end

cost.(iter) = cost(iter) + x(:,T)'*Q_final*x(:,T);
cost

% solve convex problem

cvx_begin

variables x cvx(nX,T) u_cvx(nU,T) s_cvx(1l,T);
minimize( sum(s_cvx(1l:T)) )

subject to

for t=1:T-1
X_CVX(:,t+l) == A{t}*(X_CVX(:,t)=X(:,t)) + B{t}*(u cvx(:,t)=-u(:,t)) + c{t};
end
for t=1:T-1
s_cvx(l,t) 2= X cvX(:,t) ' *Q*X cvx(:,t) + u_cvx(:,t) *R*u_cvx(:,t) + norm(u_cvx(:,t+l)=-u_cvx(:,t),2);
end
s_cvx(1l,T) 2= x_cvx(:,T) ' '*Q final*x cvx(:,T);
for t=1:T
norm(x_cvx(:,t) - x(:,t),2) s= X_eps;
norm(u_cvx(:,t) - u(:,t),2) s= u_eps;
end
X_cvx(:,1) == x init;
cvx_end
u = u_cvx;
end



Example Collocation

clear; clc; close all;

T = 100;
u = randn(1,T)*0.1;
max_iters = 10;
x_init = [-10; pi/10; =0.1; 0.1];
nX = 4; nu = 1;
X_eps = 100;
u_eps = 1;
dt = 0.1;
Q = eye(nX); R = eye(nU); Q_final = 100*eye(nX);
clear A B ¢
X_target = [0;0;0;0];
for i=1:nX
¥ iterl(i,:) = x_init(i):(x_target(i)=-x_init(i))/(T-1):x_target(i);
end
u_iterl=zeros(nu,T);

for iter = l:max_iters
% linearize (but no simulation)

if(iter==1)
X = x_iterl; u = u_iterl;
else
X = X_CVX; U = u_Cvx;
end
for t=1:T-1
3 X(:,t+l) = sim cartpole(x(:,t), u(:,t), dt);
[A{t} B{t} c{t}] = compute_jacobian(@sim cartpole, x(:,t), u(:,t), dt);
scartpole_draw(t*dt, x(:,t));
end

figure(2); subplot(3,1,1); hold on; plot(u); ylabel('u');
subplot(3,1,2); hold on; plot(x(1l,:)); ylabel('x'); subplot(3,1,3); hold on; plot(x(2,:));ylabel('\theta
cost(iter) = 0;
for t=1:T-1
cost.(iter) = cost(iter) + x(:,t) '*Q*x(:,t) + u(:,t) *R*u(:,t) + norm(u(:,t+l)-u(:,t),2);
end
cost(iter) = cost(iter) + x(:,T)'*Q_final*x(:,T);
cost
% solve convex problem
cvx_begin
variables x_cvx(nX,T) u_cvx(nU,T) s_cvx(l,T);
minimize( sum(s_cvx(1:T)) )
subject to
for t=1:T-1
X_CVX(:,t+l) == A{t}*(X_CcVX(:,t)=X(:,t)) + B{t}*(u_cvx(:,t)=-u(:,t)) + c{t};
end
for t=1:T-1
s_cvx(l,t) >= X_cvx(:,t)'*Q*xX_cvx(:,t) + u_cvx(:,t) *R*u_cvx(:,t) + norm(u_cvx(:,t+l)-u cvx(:,t),2);
end
s_cvx(1l,T) 2= x_cvx(:,T) '*Q_final*x cvx(:,T);
for t=1:T
norm(x_cvx(:,t) = x(:,t),2) s= X_eps;
norm(u_cvx(:,t) = u(:,t),2) s= u_eps;
end
X _cvx(:,1l) == x_init;
cvx_end
u = u_cvx;
end

% let's evaluate the resulting open-loop sequence:
X(:,1) = x_init;
for t=1:T-1
¥(:,t+l) = sim cartpole(x(:,t), u(:,t), dt);

end
figure(3); subplot(3,1,1); hold on; plot(u); ylabel('u');
subplot(3,1,2); hold on; plot(x(l,:)); ylabel( 'x'); subplot(3,1,3); hold on; plot(x(2,:));ylabel( \theta');
final cost = 0;
for t=1:T-1

final cost = final cost + X(:,t)'*Q*x(:,t) + u(:,t) '*R*u(:,t) + norm(u(:,t+l)-u(:,t),2);
end
final cost = final cost + x(:,T)'*Q_final*x(:,T);
final_cost



Practical Benefits and Issues with Shooting

+ At all times the sequence of controls is meaningful, and

the objective function optimized directly corresponds to
the current control sequence

- For unstable systems, need to run feedback controller
during forward simulation

= Why! Open loop sequence of control inputs computed for the
linearized system will not be perfect for the nonlinear system. If the
nonlinear system is unstable, open loop execution would give poor

performance.
= Fixes:
= Run Model Predictive Control for forward simulation

= Compute a linear feedback controller from the 2" order Taylor
expansion at the optimum (exercise: work out the details!)



Practical Benefits and Issues with Collocation

+ Can initialize with infeasible trajectory. Hence if you have a rough
idea of a sequence of states that would form a reasonable solution,
you can initialize with this sequence of states without needing to
know a control sequence that would lead through them, and
without needing to make them consistent with the dynamics

- Sequence of control inputs and states might never converge onto a
feasible sequence



[terative LQR for Sequential Convex
Programming

H
Both can solve :
MmNy, g Z gt (xt, Ut)
t=0

subject to  xy11 = fi(we,uy) Vit
uy € U,z € Xy VI

Iterative LQR is a particular choice of a shooting method.

The sequence of linear feedback controllers found can be used for (closed-loop)
execution.

Iterative LQR might need some outer iterations, adjusting “t” of the log barrier



Outline

m From linear to nonlinear

= Model-predictive control (MPC)

For an entire semester course on MPC: Francesco Borrelli



Model Predictive Control

= Given: g

m Fork=0,1,2, ..., T

= Solve
T
ming, th(xt,ut)
t—=k
s.t. Ty = fi(zgyuy) Vie{kk+1,...,T -1}
T = Tk

= Execute U,

= Observe resulting state, T1



Initialization

= |nitialization with solution from iteration k-1 can make solver
very fast

= can be done most conveniently with infeasible start
Newton method



Terminal Cost

= Re-solving over full horizon can be computationally too expensive
given frequency at which one might want to do control

m Instead solve

Estimate of
cost-to-go
t+H—1
ming., Y gi(ze,u) + ST (@ p)
t=~k
s.t. riv1 = fr(xe,ue) Vie{kk+1,...,t+H —1}
Tk = Tk

= Estimate of cost-to-go
= [If using iterative LQR can use quadratic value function found for time t+H

= If using nonlinear optimization for open-loop control sequence—>can find
quadratic approximation from Hessian at solution (exercise, try to derive it!)



Car Control with MPC Video

m Prof. Francesco Borrelli (M.E.) and collaborators

= http://video.google.com/videoplay!?
docid=-8338487882440308275



