CS 287: Advanced Robotics
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Lecture 21:
HMMs, Bayes filter, smoother, Kalman filters

Pieter Abbeel
UC Berkeley EECS

Overview

I
= Thus far:

= Optimal control and reinforcement learning

= We always assumed we got to observe the state at each time
and the challenge was to choose a good action

= Current and next set of lectures
= The state is not observed
= Instead, we get some sensory information about the state

- Challenge: compute a probability distribution over the state
which accounts for the sensory information (“evidence”) which
we have observed.
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Examples

' Helicopter

= A choice of state: position, orientation, velocity, angular rate

= Sensors:
= GPS : noisy estimate of position (sometimes also velocity)

= Inertial sensing unit: noisy measurements from (i) 3-axis gyro [=angular rate sensor],
(i) 3-axis accelerometer [=measures acceleration + gravity; e.g., measures (0,0,0) in
free-fall], (i) 3-axis magnetometer

= Mobile robot inside building
= A choice of state: position and heading

= Sensors:
= Odometry (=sensing motion of actuators): e.g., wheel encoders

= Laser range finder: measures time of flight of a laser beam between departure and
return (return is typically happening when hitting a surface that reflects the beam back
to where it came from)

‘ Probability review

For any random variables X, Y we have:
= Definition of conditional probability:
P(X=x | Y=y) = P(X=x, Y=y) / P(Y=y)
= Chain rule: (follows directly from the above)
P(X=x, Y=y) = P(X=x) P(Y=y | X=x)
= P(Y=y) P(X=x{ Y=y)
= Bayes rule: (really just a re-ordering of terms in the above)
P(X=x | Y=y) = P(Y=y | X=x) P(X=x) / P(Y=y)
= Marginalization:
P(X=x) =X, P(X=x, Y=y)

Note: no assumptions beyond X, Y being random variables are made for any of these to
hold true (and when we divide by something, that something is not zero)
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Probability review

For any random variables X, Y, Z, W we have:

Conditional probability: (can condition on a third variable z throughout)

P(X=x | Y=y, Z=2) = P(X=X, Y=y | Z=2) / P(Y=y | Z=2)

Chain rule:

P(X=x, Y=y, Z=z, W=w) = P(X=x) P(Y=y | X=x) P(Z=z | X=x, Y=y) P(W=w| X=X, Y=y, Z=2)
Bayes rule: (can condition on other variable z throughout)

P(X=x | Y=y, Z=z) = P(Y=y | X=X, Z=z) P(X=x | Z=2) / P(Y=y | Z=z)
Marginalization:

P(X=x | W=w) =%, , P(X=x, Y=y, Z=z | W=w)

Note: no assumptions beyond X, Y, Z, W being random variables are made for any of these to

hold true (and when we divide by something, that something is not zero)

Independence

= Two random variables X and Y are independent iff
forall x,y : P(X=x, Y=y) = P(X=x) P(Y=y)

= Representing a probability distribution over a set of random
variables X, X,, ..., Xy in its most general form can be expensive.

» E.g., if all X; are binary valued, then there would be a total of 27
possible instantiations and it would require 27-1 numbers to
represent the probability distribution.

= However, if we assumed the random variables were independent,
then we could very compactly represent the joint distribution as
follows:

= Thanks to the independence assumptions, for the binary case,
we went from requiring 27-1 parameters, to only requiring T
parameters!

= Unfortunately independence is often too strong an assumption ...
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Conditional independence

Two random variables X and Y are conditionally independent given a third
random variable Z iff

forall x,y, z: P(X=x, Y=y | Z=z) = P(X=x | Z=2) P(Y=y | Z=2)

Chain rule (which holds true for all distributions, no assumptions needed):
» P(X=x,Y=y,Z=2,W=w) = P(X=x)P(Y=y|X=x)P(Z=z|X=x,Y=y)P(W=w|X=x,Y=y,Z=2)

- For binary variables the representation requires 1 + 2*1 + 4*1 + 8*1 = 24-1 numbers
(just like a full joint probability table)

Now assume Z independent of X given Y, and assume W independent of X and
Y given Z, then we obtain:
s P(X=x,Y=y,Z=z,W=w) = P(X=x)P(Y=y|X=x)P(Z=z|Y=y)P(W=w|Z=Z)

> For binary variables the representation requires 1 + 2*1 + 2*1 + 2*1 = 1+(4-1)*2
numbers --- significantly less!!

Markov Models

Models a distribution over a set of random variables X, X,, ..., X; where the
index is typically associated with some notion of time.

Markov models make the assumption:

= X, is independent of Xj, ..., X., when given X,
Chain rule: (always holds true, not just in Markov models!)

s P(Xy =X, Xo =X, oy X7 = Xq) = [T POG = X | Xt = Xets Xz = Xeos o0 Xy = Xq)
Now apply the Markov conditional independence assumption:

s P(Xy =X, Xo =Xy, ooy X7 = Xg) = [T POX = X | X = Xe) (1)

= —>inbinary case: 1 + 2*(T-1) numbers required to represent the joint
distribution over all variables (vs. 2T — 1)

Graphical representation: a variable X; receives an arrow from the variables
appearing in its conditional probability in the expression for the joint distribution
(1) [called a Bayesian network or Bayes net representation]

O OnOn OO
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Hidden Markov Models

= Underlying Markov model over states X;

= Assumption 1: X; independent of X;, ..., X, given X4

= For each state X there is a random variable Z, which is a sensory
measurement of X;

= Assumption 2: Z, is assumed conditionally independent of the other
variables given X,

= This gives the following graphical (Bayes net) representation:

@ @ @ @

‘ Hidden Markov Models

G NG N No WG
© 00

P(X1=Xy, Z1=2y, X=Xy, 2;=2p, ...y Xy=Xy, Z1=21) =

= Chain rule: (no assumptions) = HMM assumptions:
P(X; = X,) P(X, = X,)
P(Z, =2y | Xy =%, ) P(Z, =2, X, =%, )
P(Xo=%y | Xy =Xy, Z4 =2y P(Xo =%, | Xy = X))
P(Zo=2, | Xy =X, Zy =24, X3 =% ) PZo=2 1 Xe=%z)
PXp=Xg | Xy =Xy, Zy =24, or, Xpq = Xpg, Z1q = Z14) P(Xr = Xr | X1 = X14)
P(Zr =2z | Xy =Xy, Zy =2y, ooy Xy = Xggs Zyg = Zpg, Xy = Xq) P(Zr =27 [ Xy = %)
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Mini quiz

|
= What would the graph look like for a Bayesian network
with no conditional independence assumptions?

= Our particular choice of ordering of variables in the
chain rule enabled us to easily incorporate the HMM
assumptions. What if we had chosen a different
ordering in the chain rule expansion?

|
Ry | PRy)
! 0.7
/ 0.3
Rain, 4 Rain, Rain,
R, [ PU
i 0.9
y yl/ 02 y

Umbrella, Umbrella, Umbrella,

= The HMM is defined by:
= Initial distribution:  P(X)

= Transitions: P(X|X_1)
= Observations: P(Z|X)
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Real HMM Examples

]
= Robot localization:

= Observations are range readings (continuous)
= States are positions on a map (continuous)

= Speech recognition HMMs:
= Observations are acoustic signals (continuous valued)

= States are specific positions in specific words (so, tens of
thousands)

= Machine translation HMMs:
= Observations are words (tens of thousands)
= States are translation options

‘ Filtering / Monitoring

|
= Filtering, or monitoring, is the task of tracking the distribution

P(Xt|Z1 =Z1 ,22=22,...,Zt=2t)

over time. This distribution is called the belief state.

= We start with P(X,) in an initial setting, usually uniform

= Astime passes, or we get observations, we update the belief state.

= The Kalman filter was invented in the 60’s and first implemented as
a method of trajectory estimation for the Apollo program. [See
course website for a historical account on the Kalman filter. “From
Gauss to Kalman”]
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Example: Robot Localization

Example from
Michael Preiffer

I

«‘._.

| TN
Prob 0 t=0 1

Sensor model: never more than 1 mistake

Know the heading (North, East, South or West)

Motion model: may not execute action with small prob.

Example: Robot Localization

Prob 0 1

t=1
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Example: Robot Localization

Prob 0 1

t=2

Example: Robot Localization

Prob 0 1

t=3
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Example: Robot Localization

Prob 0 1

t=4

Example: Robot Localization

Prob 0 1

t=5
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‘ Inference: Base Cases

|
Incorporate observation Time update

(%)
@

P(X1|z1) P(X>3)
P(z1)21) = P(z1,21)/P(21) P(x2) = ;jP(wl,w)
o P(1,21) =3 P(x1)P(z2lx1)

= P(z1)P(z1|z1)

Time update

|
= Assume we have current belief P(X | evidence to date)

P(xtle1:t)

= Then, after one time step passes: @’@

P(xziqqler) =Y P(@py|oe) Pailer:s)
Tt
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Observation update

= Assume we have: @
P(xyy1ler:)

= Then:

P(xiqp1ler:i41) o< Plegpi|wigp1) P(xipqlers)

Algorithm

= Init P(x;) [e.g., uniformly]

= Observation update for time 0:
P(z1|z1) < P(z1|z1)P(21)

s Fort=1,2, ...

= Time update
P(ziy1lz1:0) = Y Papqa o) P(xe|z1:4)
Tt

= Observation update
P(xig1lz1:041) < P(zpg1l@ig1) P(zpg1]21:0)

= For continuous state / observation spaces: simply replace
summation by integral
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‘ Example HMM

0.500 0.627
0.500 0.373
True 0.500 0.318 0.583
False 0.500 0.182 0.117

R, [P(R) IR [P(U) |
T 0.7 0.9

T
F 0.3 F 0.2

The Forward Algorithm

|
= Time/dynamics update and observation update in one:

P(xthlit) = Z P(xt—lamtazlit)

Tt—1

= > P(xy_1,21:4—1)P(xi|wi—1) P(z¢|wy)
Ty

= P(zt|zt) > P(xwi—1)P(@i—1,21:41-1)

Ti—1
= > recursive update
= Normalization:
= Can be helpful for numerical reasons
= However: lose information!

- Can renormalize (for numerical reasons) + keep track of the
normalization factor (to enable recovering all information)
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The likelihood of the observations

|
-1
P(z1:4) = > Pz = Y. ]I Peggilor)P(alog) Palx)

T1,X2,...,2¢ L1,X2;--5%t k=1

= The forward algorithm first sums over x;, then over x, and so forth,
which allows it to efficiently compute the likelihood at all times t, indeed:

P(z14) = Zp(xtazlit)

= Relevance:
= Compare the fit of several HMM models to the data

= Could optimize the dynamics model and observation model to maximize the
likelihood

= Run multiple simultaneous trackers --- retain the best and split again
whenever applicable (e.g., loop closures in SLAM, or different flight
maneuvers)

‘With control inputs
QO @

()=~

We know track:

P($t|zl:taul:t)
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With control inputs

D Bl ()it

= Control inputs known:

= They can be simply seen as selecting a particular dynamics function
= Control inputs unknown:

= Assume a distribution over them

= Above drawing assumes open-loop controls. This is rarely the case in
practice. [Markov assumption is rarely the case either. Both assumptions
seem to have given quite satisfactory results.]

Smoothing

= Thus far, filtering, which finds:

= The distribution over states at time t given all evidence until time t:
P(xt|z1:4,u1:t)

= The likelihood of the evidence up to time t:
P(z1:¢|u1:4)
= How about?
P(wt|z1:7,u1:1)

= T <t:can simply run the forward algorithm until time t, but stop
incorporating evidence from time T+1 onwards

= T >1:needsomething else
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Smoothing

P(zg|z1.7) o P(xy,21:7)

= > P(z1.7,21.7)
L1,L2ye ey Tt —1,Tt415e 52T
T
= > 11 Paplop_1)P(zplay)

TL5ED 5y Tt — 15T 15T =1

= Sum as written has a number of terms exponential in T

= Key idea: order in which variables are being summed out affects
computational complexity

= Forward algorithm exploits summing out x;, X, ..., X, in this
order

= Can similarly run a backward algorithm, which sums out x7, X7,
...s X;,7 in this order

 Smoothing

P(xt, z1.1) = 3 P(zy1.7,21:7)
L15%25 3Tt —15Tf 415052
T
= II PGrler—1)P(zlar)

T2y Tl — 15T 15 TT k=1

¢ T
( > 11 P(mklﬂ?k—ﬁp(%\%))( > 11 P(mklﬂﬂk—ﬂp(%lﬂfk))

T1,02, s Tf—1 k=1 Lt41>T4 425 8T k=t+1

Forward algorithm computes this Backward algorithm computes this

= Can be easily verified from the equations:

= The factors in the right parentheses only contain X, ..., Xy,
hence they act as a constant when summing out over X, ..., X
and can be brought outside the summation

= Can also be read off from the Bayes net graph / conditional
independence assumptions:

= X, ..., Xi.; are conditionally of X, 4, ..., X; given X,

+11 -
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Backward algorithm

1
= Sum out Xq:

T
P(zt,e1) = > II P(zilze—1)P(exlzr)
L1220y Tt 1T Lo LT =1

T
> 11 Plaplep—1)Pelar)
T1T2yee s Tt — 15T 1571 TT =1
T-1

T1,X250 3T~ 15Tt 41571 k=1 xT

T-1
> 11 PGiler—1) Pleklzr) fr—1(zr_1)

T1,T25 Tt —15T4- 15+ TT—1 k=1

= Can recursively compute for I=T, T-1, ...:

fia(m) = Y Plailai1)Plela) fi(z)

II PCeplzi—1) Pleklzr) Y- Plzplzp_1) Pler|er)

Smoother algorithm

|
= Run forward algorithm, which gives

= P(X;, 2z, ...,2) forallt
= Run backward algorithm, which gives
» f(x,) forallt

= Find
= P(Xt ’ Z1! vy ZT) = P(Xt ’ Z1! vy Zt) ft(Xt)

=« If desirable, can renormalize and find P(x; | z,, ...
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Bayes filters

|
= Recursively compute

= P(X;, Z444) = sz P(X; | Xi4) P(Xiq | Z4:44)
= P(X, Zy4) = P(X Z444) P(Z; | X))
= Tractable cases:
» State space finite and sufficiently small
(what we have in some sense considered so far)

= Systems with linear dynamics and linear
observations and Gaussian noise

- Kalman filtering

Univariate Gaussian

|
= Gaussian distribution with mean p, and standard
deviation c:

2
N, o) = e exp(~121%)
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Properties of Gaussians

N(p, 0) = —d=exp(~ ()
= Mean:
N2
EX = fa:m/_ exp(—%) =u
= Variance:

B((X=p)?) = J(e—pm)? - exp(~ 1) = o2

Central limit theorem (CLT)

= Classical CLT:

= Let X, X5, ... be an infinite sequence of independent
random variables with E X; = u, E(X; - p)? = 62

« DefineZ, = ((X; + ... + X.)—np) /(o n'2)

= Then for the limit of n going to infinity we have that Z,
is distributed according to N(0,1)

= Crude statement: things that are the result of the
addition of lots of small effects tend to become
Gaussian.
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‘ Multi-variate Gaussians

: _ 1 1 Ts—1
PG D) = G e (5 - = e )

EX = /xp(a:;u,z) =p

B~ (X)) = [ (i) (2= py)p(oi p, ) = £y

1 ) i
/ @my 22 (_5("’3 —m) =N - u)) =1

‘ Multi-variate Gaussians: examples

w=[1;0] u
r=[10;0 1] Y=

-.5; 0] w=[-1; -1.5]

[
[1 0;0 1] ¥=[1 0;0 1]
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Multi-variate Gaussians: examples

= pu=[0;0] u=1[0; 0] w=[0; 0]
= 2=[10;01] Y=[60;0.6] Y=[20;02]

Multi-variate Gaussians: examples

0; 0]
1 0.8; 0.8 1]

0; 0] H
1 05051] - =

I
mrm

[
[

o
[y
e
M E
]
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Multi-variate Gaussians: examples

u = [0; 0]
¥ =[1 0.8;0.8 1]

N
u = [0; 0] u = [0; 0] u = [0; 0]
r=[1 -0.5;-0.5 1] r=[1 -0.8;-0.8 1] ¥ =[3 0.8;0.8 1]
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Discrete Kalman Filter

Estimates the state x of a discrete-time controlled process

that is governed by the linear stochastic difference
equation

xt — Atxt—l + Btut + gt

with @ measurement

Zt — Ct'xt + 51‘

47

Components of a Kalman Filter

Ar Matrix (nxn) that describes how the state evolves
from r to -1 without controls or noise.

B Matrix (nxl) that describes how the control «,
1 changes the state from 7 to r-1.

C Matrix (kxn) that describes how to map the state x,
£l to an observation z,.

E Random variables representing the process and
{ measurement noise that are assumed to be
E independent and normally distributed with

I covariance R, and Q, respectively.

48
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Linear Gaussian Systems: Initialization
|

= [nitial belief is normally distributed:

bel(x,) = N(xo;:uo’zo)

53

Linear Gaussian Systems: Dynamics
|

= Dynamics are linear function of state and control
plus additive noise:

‘xt = Atxt—l + Btut + gt

p(‘xt lut’xt—l) = N(xt;Arxt—l +Bu Rt)

Lt

@(xz) = J‘ p(xt | U, xt—l) bel(xt—l) dxf—l

U U
= N(xz;Atxt—l +Bu Rz) = N(xz—l;lut—l’z’t—l)

177t

54
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‘Linear Gaussian Systems: Dynamics
|

w(xt) = I p(x lu,x,_) bel(x, ) dx,_,
U U
~ N(xt;Arxt—l + Btut’Rt) ~ N(xt—l;ﬂt—l’zt—l)
U

w(xt) =7 J‘exp{_%(xt - Atxt—l - Btut)TRt_l('xt - Atxt—l - Btut)}

1 N
CXP{— E ('xt—l —H, )T z"t—ll ('xt—l —H, )} dxt—l

N l[_tt = /ut— +Btut
bel(x,)= {f = ZIZ IA,T +R
E= -1 t

55

‘ Proof: completion of squares

|
= To integrate out x4, re-write the integrand in the format:

/f(,ut—l,Et—l,xt) (m €Xp <_71(217t—1 - m)Sfl(xt—l - m)>> dxy_y

= This integral is readily computed (integral of a
multivariate Gaussian times a constant = that constant)
to be

f(ﬂt—lazt—17$t)

= Inspection of f will show that it is a multi-variate
Gaussian in x; with the mean and covariance as shown
on previous slide.
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Properties of Gaussians

|
= We just showed:

X ~N(u,x)
Y=AX+B

} — Y ~N(Au+B,AxA")

= We stay in the “Gaussian world” as long as we start with
Gaussians and perform only linear transformations.

= Now we know this, we could find uy and Xy without
computing integrals by directly computing the expected
values:
E[Y] =E[AX + B] = AE[X|+ B=Au+ B

Yyy = E[Y-E[Y)Y -E[Y)'|=E[(AX +B—Au—B)(AX +B—Au—B)"|
= E[AX —p)(X —p)"AT] = AE[(X — p)(X —p)T]AT = ABAT

!Self-quiz

Test your understanding of the completion of
squares trick! Let A € R®"*"™ be a positive def-
inite matrix, b € R"?, and ¢ € R. Prove that

(27r)”/2
|A|Y/2 exp(c — 36T A-1b)

g 1
/ exp <—CCTAZL' —2Tp - c> dr =
zeR" 2
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Linear Gaussian Systems: Observations
|

= Observations are linear function of state plus
additive noise:

Zt =Ct'xt +5t
p(z,1x)=N(z,:Cx,,0,)

bel(x)= n p(zlx) E(xt)
U U

(Zt’Ct z’Q) ~N(xt;pt’§’t)

59

Linear Gaussian Systems: Observations

bel(x)= n p(z1x,) bel(x,)
U U
~N(Zt;ct‘xt’Qt) ~I\I(Xt;pt’f"‘)
U

1 T -1 1 — \Tvo-1 =
bel('xt) =n CXP{—E(Z, _Ct'xt) Qt (Zt _Ctxt)}exp{_a(xt _:ut) Zt ('xt _:ut)}

= +K (2, -Cl)

i with K, =%,.CT(C,Z.CT +Q,)"
Y, =(I-KC)L

bel(x,) ={

60
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‘ Proof: completion of squares

|
= Re-write the expression for be/(x,) in the format:

G, 3 L -1 Yy —m
F(fie, 2, Cy, Q1) (W exp (7(%& —m)S™ (z )>>

s fis the normalization factor

= The expression in parentheses is a multi-variate
Gaussian in x;. Its parameters m and S can be
identified to satisfy the expressions for the mean and
covariance on the previous slide.

Kalman Filter Algorithm

|
Algorithm Kalman_filter( u, ,, X, ,, U, z):

Prediction:

f_lt = Ar:ut—l + Btut
Y= Arzt—lArT + Rt

Correction:

K, =X.CT(CECT+Q)"
M=+ Kt(zt__ct:uz)
> =(I-K,C)L

Return w,, X,

62
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How to derive these updates

|
= Simply work through the integrals

= Key “trick”: completion of squares

= If your derivation results in a different format > apply
matrix inversion lemma to prove equivalence

(A+UCV) t=A"1— A"l U(C 4+ VATIU)tvA!
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