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Measurement Model

r̂(ui, uj) = r(ui, uj) + nij

||ui − uj ||

1

||ui − uj ||γ

tan−1 Im(ui − uj)

Re(ui − uj)

Time of Arrival

Received Signal Strength 
(RSSI)

Angle of Arrival

αpLOS(.) + (1− α)pNLOS(.)

α Fraction of LOS signals

pLOS(.)

pNLOS(.)

Gaussian, 
Uniform etc

Exponential, 
Uniform etc

NoiseSignal
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Problem

M - Anchors, N- Agents,     LOS Fractionα

f(M,N,α) =?

Analyze the Cramer Rao Lower Bound

E
�

N�

i=1

||ui − ûi||2 r̂

�
= f(M,N,α)

How does the error behave as a function of the number 
of nodes and fraction of LOS readings?

Saturday, December 10, 2011



Cramer Rao Lower Bound
CRLB - lower bound - best possible unbiased 
estimator

Vector of node locations

Vector of estimated node locations
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Cramer Rao theorem states
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Prior work and our results

• Focus mostly on LOS case. For NLOS, assume prior 
knowledge of which measurements are NLOS.

• CRLB expression dependent on node locations - not good 
for design guidelines.

Prior work

Our work

• CRLB expression independent of node locations - good 
for design guidelines.

• Analysis of the behavior as a function of the fraction of 
NLOS readings - no prior knowledge assumed.
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Results
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Localization errors

Network geometry

LOS 

NLOS 

Noise

Bad

Good

Theorem:
Fisher Information Matrix F can be written as 

F = g(pNOISE)FG

Separation 
principle?
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Figure 2. Variation of 1
g(pNOISE) as a function of ! for ex-gaussian and

Gaussian mixture distributions. Parameters of the distribution are taken as
"LOS = 0.2m, "NLOS = µ = 3m.
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Figure 3. g!(!) as a function of ! for ex-gaussian. Parameters of the
distribution are taken as "LOS = 0.2m, "NLOS = µ = 3m.

The result quantifies the benefits of co-operation between
agents. The agents can be interpreted as virtual anchors
in the network providing performance gains similar to that
of anchors. Given the diminishing returns in accuracy with
the number of anchors, it would be practically infeasible to
deploy sufficient number of anchors to enable applications
such as intelligent transportation systems that mandate very
high accuracy requirements. However, if the vehicles were
to cooperatively estimate their locations by obtaining relative
distance measurements with respect to each other and utilizing
measurements across time, the theorem says that one could
potentially derive huge benefits in localization accuracy.

IV. SIMULATION RESULTS

A. CRLB scaling with the NLOS parameters
We focus on distance measurements and consider a sim-

ple mixture model for the noise distribution. We assume
that pLOS ! N (0,!2

LOS). Fig. 2, shows the behavior of
1/g(pNOISE) as a function of " for pNLOS being ex-
gaussian and positive mean gaussian having the same mean
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Figure 4. Variation of 1
g(pNOISE) as a function of the exponential

mean parameter µ for the ex-gaussian and Gaussian mixture distributions.
Parameters of the distribution are taken as ! = 0.5, "LOS = 0.2m. "NLOS

is taken equal to µ for a fair comparison between the models.

and variance. The scaling is compared against !2

"
which seems

to be a good approximation of the behavior at higher values
of ".
Fig 3 shows a plot of g!(") = #

#"
g(.). It is interesting to

note that the increment in g(.) varies sharply at lower values
and higher values of ". This suggests that at lower values of
", even a small fraction of LOS measurements can provide
a significant decrease in the mean square error. The plot also
suggests that at higher values of ", as we transit from a LOS
to NLOS regime, a small fraction of NLOS measurements
can contribute to a significant degradation in the performance.
The performance degradation can be attributed to the lack of
knowledge of whether a particular reading is LOS or NLOS.
Fig. 4 shows the behavior of 1/g(.) as a function of

the mean of the NLOS distribution. As the mean increases,
the performance improves since it is easier to identify the
NLOS measurements. However the performance does not vary
significantly as a function of the mean.

B. CRLB scaling with the number of nodes
Consider N agents and M anchors uniformly placed in a

circular region of area A. Nodes that are within a communica-
tion radius R, obtain pairwise distance measurements. In the
first set of simulations, M ! additional anchors are uniformly
placed in the same region and the CRLB is evaluated as a
function of M !. The scaling behavior is consistent with the
theory (see Fig. 5). The CRLB is normalized with respect to
the number of agents and the communication radius.
For the second set of simulations N ! additional agents are

uniformly deployed in the same region and the CRLB is
evaluated as a function of N !. The theoretical and simulated
bounds are shown to match well in terms of their scaling
behavior (Fig. 6). For the same initial deployment of agents
and anchors, simulations were carried out by adding more
anchors to the network as opposed to new agents. Fig. 6 also
shows the CRLB as a function of the number of anchors.
These two bounds can be thought of as representing the
two extremal cases of adding nodes, one that corresponds to

Effect of noise

Even if you dont know 
which measurements 
were NLOS you can still 
get the effect of 
1/\alpha
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The result quantifies the benefits of co-operation between
agents. The agents can be interpreted as virtual anchors
in the network providing performance gains similar to that
of anchors. Given the diminishing returns in accuracy with
the number of anchors, it would be practically infeasible to
deploy sufficient number of anchors to enable applications
such as intelligent transportation systems that mandate very
high accuracy requirements. However, if the vehicles were
to cooperatively estimate their locations by obtaining relative
distance measurements with respect to each other and utilizing
measurements across time, the theorem says that one could
potentially derive huge benefits in localization accuracy.

IV. SIMULATION RESULTS

A. CRLB scaling with the NLOS parameters
We focus on distance measurements and consider a sim-

ple mixture model for the noise distribution. We assume
that pLOS ! N (0,!2

LOS). Fig. 2, shows the behavior of
1/g(pNOISE) as a function of " for pNLOS being ex-
gaussian and positive mean gaussian having the same mean
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Figure 4. Variation of 1
g(pNOISE) as a function of the exponential

mean parameter µ for the ex-gaussian and Gaussian mixture distributions.
Parameters of the distribution are taken as ! = 0.5, "LOS = 0.2m. "NLOS

is taken equal to µ for a fair comparison between the models.

and variance. The scaling is compared against !2

"
which seems

to be a good approximation of the behavior at higher values
of ".
Fig 3 shows a plot of g!(") = #

#"
g(.). It is interesting to

note that the increment in g(.) varies sharply at lower values
and higher values of ". This suggests that at lower values of
", even a small fraction of LOS measurements can provide
a significant decrease in the mean square error. The plot also
suggests that at higher values of ", as we transit from a LOS
to NLOS regime, a small fraction of NLOS measurements
can contribute to a significant degradation in the performance.
The performance degradation can be attributed to the lack of
knowledge of whether a particular reading is LOS or NLOS.
Fig. 4 shows the behavior of 1/g(.) as a function of

the mean of the NLOS distribution. As the mean increases,
the performance improves since it is easier to identify the
NLOS measurements. However the performance does not vary
significantly as a function of the mean.

B. CRLB scaling with the number of nodes
Consider N agents and M anchors uniformly placed in a

circular region of area A. Nodes that are within a communica-
tion radius R, obtain pairwise distance measurements. In the
first set of simulations, M ! additional anchors are uniformly
placed in the same region and the CRLB is evaluated as a
function of M !. The scaling behavior is consistent with the
theory (see Fig. 5). The CRLB is normalized with respect to
the number of agents and the communication radius.
For the second set of simulations N ! additional agents are

uniformly deployed in the same region and the CRLB is
evaluated as a function of N !. The theoretical and simulated
bounds are shown to match well in terms of their scaling
behavior (Fig. 6). For the same initial deployment of agents
and anchors, simulations were carried out by adding more
anchors to the network as opposed to new agents. Fig. 6 also
shows the CRLB as a function of the number of anchors.
These two bounds can be thought of as representing the
two extremal cases of adding nodes, one that corresponds to

Effect of noise
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small fraction of LOS 
readings - significant gains

At higher values of  α
small fraction of NLOS 
readings - significant degradation
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Effect of anchors
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Figure 5. Comparison of the normalized theoretical and simulated CRLB
as function of the number of anchor nodes. The parameters used for the
simulation are N = 50, M = 5, R = 3m, A = 10m ! 10m, ! = 1m.

adding nodes with exactly known locations (anchors) and the
other corresponding to adding nodes with unknown locations
(agents). For the case of adding nodes with partial location
knowledge, one can expect to obtain a performance that lies
in between these two extremal cases. The law of diminishing
returns in the performance is clearly visible in the simulations.
The gap in the bounds for all the simulations can be attributed
to approximations in using the law of large numbers and
boundary effects that were ignored in the derivations.

V. CONCLUSION

We focused on the problem of cooperative node localization
in a NLOS wireless network and studied the behavior of the
localization error as a function of the number of nodes in the
network and the fraction of LOS measurements. We showed
that the CRLB can be written as a product of a scalar function
that depends on the parameters of the noise distribution and
a matrix that depends only on the geometry of the node
placement. The mean squared error was shown to have an
inverse linear relationship with the number of nodes in the
network and the fraction of LOS measurements.
Our work focused on providing design guidelines for num-

ber of anchors to be deployed. However the question of
optimal anchor placement is still widely open. Further the
uniformity assumptions in the network deployment could be
restrictive in practice. The parameters of the noise distributions
could also be added as parameters that need to be estimated,
though the CRLB would be more complicated and harder to
derive insights from. The effect of mobility on the localization
performance is a future direction of research.
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Theorem:

Theorem 1. The Fisher Information Matrix can be written as
F = g(pNOISE)FG, where the matrix FG depends only on
the node locations and the scalar function g(.) is given by,

g(pNOISE) = E

!

"

!

!z
ln pNOISE(z)

#2
$

,

under the assumption that pNOISE is differentiable over its
support [LL,UL] and p(UL)! p(LL) = 0.

Proof: See [16].
Remarks:
• The effect of the number of nodes and the fraction
of LOS readings, on the mean squared error, can be
analyzed separately by studying the behavior of FG and
g(.) respectively. A simplified expression for the trace
of F!1

G is derived in the next section that details the
scaling behavior of the mean squared estimation error
as a function of the number of nodes.

• The scalar function g(.) depends only on the noise distri-
bution and hence can be analyzed offline. For example,
in the case of a mixture distribution we have,

g(pNOISE) =

! +!

"!

(!p#LOS(z) + (1! !)p#NLOS(z))
2

(!pLOS(z) + (1! !)pNLOS(z))
dz.

Setting " = 1 and pLOS(z) " N (0,#2), we get
g(pNOISE) =

1
!2 , which matches with the LOS results

in literature [11]. The expression for g(.) looks like a
Fisher Information term, that quantifies the contribution
of the noise uncertainty to the estimation error.

• The assumption on pNOISE holds for a wide class
of distributions such as ex-gaussian, gaussian mixtures,
uniform distribution etc, that are commonly used models
in the NLOS setup.

The behavior of the bound as a function of the fraction of
LOS measurements ", and the mean of the NLOS noise, is
discussed in the simulations section.

B. CRLB scaling as a function of the number of nodes

In this section, we analyze the behavior of the trace of
the inverse Fisher Information Matrix i.e. a lower bound on
the sum mean squared error, as a function of the number of
nodes in the network. We focus on the case when r(ui, uj) =
||ui ! uj||. We undertake an incremental analysis by starting
with an existing network of N agents and M anchors and
quantifying the effect of adding additional anchors and agents
on the localization error. Traditionally, two classes of networks
[17] have been considered while deriving scaling laws - dense
networks and extended networks. Dense networks have a fixed
area of node deployment and communication radius and the
node density increases linearly with the addition of new nodes.
Extended networks are networks in which the area of node
deployment grows with the addition of new nodes and the
communication radius is appropriately modified to maintain
connectivity. The choice of the network model depends on
the application. We focus on dense networks motivated by
applications such as Intelligent Transportation Systems [1],

where there is significant interest in augmenting the existing
network of GPS satellites with terrestrial base stations in a
fixed area. We assume that the node density is large and ignore
any boundary effects in our derivations.

CRLB as a function of the number of anchors
Let F be the Fisher Information Matrix of a network with N

agents andM anchors deployed in a unit area. LetM " anchors
be uniform randomly added to this system of nodes and
additional distance measurements are obtained by agents that
are within a communication radius R, of these new anchors.
Let F " be the new Fisher Information Matrix. For large M ",
the following theorem establishes the behavior of the mean
squared error as a function of the newly added anchors.

Theorem 2. The lower bound on the sum mean squared
localization error is given by,

Trace(F "!1) =
1

g(pNOISE)

2N
%

i=1

1

$i +
"M !

2

,

where % = &R2 with %M " being the average number of new
anchor measurements of every node and $i’s are the eigen
values of FG (assumed to be full rank).

Proof: See [16].
Remarks:
• The eigen values of the Fisher Information Matrix,
{$i}2Ni=1 can be interpreted as a measure of the “preci-
sion” in the agent location estimates. The factor "M !

2 is
the “additional precision” from the newly added anchors.

• The expression is dominated by terms containing eigen
values on the order of the minimum eigen value ($min).
Thus,

2N
%

i=1

1

$i +
"M !

2

# O

"

1

M "

#

, for %M " >> 2$min.

CRLB as a function of the number of agents
Under the same setup as before, instead of adding new

anchors, let N " new agents be added to the existing system of
nodes. Let F " be the new Fisher Information Matrix restricted
to the first N agents. The behavior of the sum mean squared
error as a function of the agents is given below.

Theorem 3. The Fisher Information Matrix F " is given by,

F " = F +
1

g(pNOISE)

%N "

2

""

1!
1

%(N +M)

#

I2N

!
1

%(N +M)

&

1N1T
N 0

0 1N1T
N

'#

.

Proof: See [16].

Corollary 1. For large N , assuming F to be full rank, the
above bound reduces to,

Trace(F "!1) =
1

g(pNOISE)

2N
%

i=1

1

$i +
"N !

2

.

“Virtual” anchors
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Figure 5. Comparison of the normalized theoretical and simulated CRLB
as function of the number of anchor nodes. The parameters used for the
simulation are N = 50, M = 5, R = 3m, A = 10m ! 10m, ! = 1m.

adding nodes with exactly known locations (anchors) and the
other corresponding to adding nodes with unknown locations
(agents). For the case of adding nodes with partial location
knowledge, one can expect to obtain a performance that lies
in between these two extremal cases. The law of diminishing
returns in the performance is clearly visible in the simulations.
The gap in the bounds for all the simulations can be attributed
to approximations in using the law of large numbers and
boundary effects that were ignored in the derivations.

V. CONCLUSION

We focused on the problem of cooperative node localization
in a NLOS wireless network and studied the behavior of the
localization error as a function of the number of nodes in the
network and the fraction of LOS measurements. We showed
that the CRLB can be written as a product of a scalar function
that depends on the parameters of the noise distribution and
a matrix that depends only on the geometry of the node
placement. The mean squared error was shown to have an
inverse linear relationship with the number of nodes in the
network and the fraction of LOS measurements.
Our work focused on providing design guidelines for num-

ber of anchors to be deployed. However the question of
optimal anchor placement is still widely open. Further the
uniformity assumptions in the network deployment could be
restrictive in practice. The parameters of the noise distributions
could also be added as parameters that need to be estimated,
though the CRLB would be more complicated and harder to
derive insights from. The effect of mobility on the localization
performance is a future direction of research.
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Experimental results

Can we estimate the GPS accuracy in a city just based 
on GIS data?
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Dilution of Precision
DoP - characterize location estimation error   
from GPS measurements

DoP2 = Trace(F−1
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Figure 3: GPS data collection depicting satellite counts: >6 
are shown in green, between  4 and 6 are shown in yellow, <4 
are shown in red. 

Figure 4 shows the theoretical and the empirical HDOP 
values obtained from the data set along with the 95% 
confidence intervals for the empirical HDOP. The 
empirical HDOP values were obtained from the data set 
collected in the city of San Francisco. The theoretical 
HDOP is obtained from the equation above. 

Figure 4: Empirical and predicted HDOP values with 95% 
confidence intervals. 

The question of what values of HDOP are good for high-
accuracy localization would depend on the receiver, 
ionospheric conditions etc. Typically, under normal 
conditions, HDOP values below 4 are considered to be 
good [14]. However, for high accuracy applications, we 
would require the HDOP values to be lesser than 2 or 1. 
Using this as a rule of thumb, based on Figure 4, we 
roughly categorized the satellite counts as < 4, 4 to 6 and > 
6 and the model predictions were carried out for these three 
categories. The use of 6 as a threshold for good GPS 

coverage is empirically supported by a 100 miles of 
driving data [10].  In the next section we will describe the 
models used to predict the satellite counts and evaluate 
the performance based on the collected data. 

HIDDEN MARKOV MODEL TO PREDICT 
SATELLITE COUNTS 
 
This section describes the method used to predict the 
number of satellites at a POI given the GIS data i.e. 
building heights and street widths. The estimate of the 
satellite count at the point of interest is obtained as 
follows. We think of the satellites as being placed on the 
surface of a hemisphere with a radius R centered at the 
POI. We assume the POI is occluded from the satellites 
only by buildings on the sides of the street and there is 
visibility in the forward and backward directions as in 
Figure 5. The mask angle alpha (shown 

 
 
Figure 5: Mask-Angle Representation using street width and 
building heights. 
 
In Figure 5) is calculated based on the heights of the 
buildings and street width as follows.                    

 
 
 
The satellites visible at this point, are essentially the ones 
lying on a strip of the hemisphere with angular width 
alpha.  The fraction of these satellites is given by, 
 
                 
 
where N is the total number of satellites in orbit. The 
satellite count data collected in downtown San Francisco 

Mask angle

Our effort rests on modeling the relation between position 
accuracy and number of satellites-in-view by incorporating 
the Position Dilution of Precision (PDOP) values, the 
height of buildings near the POI, and the open-space area - 
as represented by street widths - into the model. The 
method is tested on data from the city of San Francisco. 
We collected validation data in the San Francisco 
Downtown blocks highlighted in Figure 1. This area 
encompasses 2 sq.km of buildings of various heights 
providing us with a variety of satellite counts. Figure 2 is a 
Google Earth 3D rendering showing the structures in this 
area as of 2009.  
 

 
 
Figure 1: Shaded area represents study area. 

DATA FOR MODELING SATELLITE COUNT 
 
In order for us to systematically replicate the modeling of 
the gap across various cities, we rely on data that is easily 
accessible in the public domain. The International 
Association of Assessing Officers (IAAO) in collaboration 
with the Urban and Regional Information Systems 
Association (URISA) have been among the leading efforts 
in enabling GIS use by cities all over the world. As a result 
almost all major cities in the US have implemented GIS 
and are affiliated with either of those two organizations. In 
San Francisco, the assessor office manages the SFParcel 
GIS system [11], which holds information on close to 
198,000 parcels. Of those we were able to obtain clean data 
on 160,000 parcels covering approximately 86% of the 
built area of San Francisco. In the remaining 14%, the 
height data could not be verified. These are dropped from 
the model (visualized as grey points in the plots below). 
The 86% that is used covers only the parts of San 
Francisco that are registered with the assessor’s office. 
This does not include open spaces, public gardens, etc. 
Those areas (aka Park Acres) are estimated by the San 
Francisco County’s office to be 0.19% of the total 
121sq.km area of the City of San Francisco. So for the 
purposes of this model, we will assume them to be 
negligible, and the clean data we have on San Francisco 
from the assessor’s office will be assumed to cover all the 
121sq.km.  

 
The model is constructed using the ESRI GIS software 
ArcMap. Data for the model includes: 
 

 
 
Figure 2: 3D rendering showing building coverage in 
validation area. 

• Building heights as reported by the SFParcel GIS 
system controlled by the County of San Francisco 

• Street width as measured using the ArcMap GIS 
software 

Thus building heights and street width at a Point Of 
Interest (POI) are “known” variables in the model and 
could be obtained from the GIS system of most city 
assessor’s office. The “unknown” variable is the satellite 
count. To calibrate the model we measure satellite count 
on the ground in the proposed area. This is done by 
driving around with a GPS equipped Smartphone. We 
developed an application on the Windows Mobile 6.5 
operating system and deployed it on two HTC phones, 
namely, the HTC Diamond and HTC Touch Pro 2. The 
application logs the following values:  

• GPS Longitude and Latitude 
• Number of Satellites Visible 
• Number of Satellites Connected 
• Vertical Dilution of Position (VDOP) 
• Horizontal Dilution of Position (HDOP) 

 
The number of satellites at a POI can be taken as an 
indicator of the GPS accuracy. However the Horizontal 
Dilution of Precision (HDOP) is a better indicator of the 
localization accuracy of the GPS. For example, given a 
fixed number of satellites, the accuracy is better at a POI 
where the satellites are seen well spread out as compared 
to a place where the satellites are more clustered together. 
The HDOP captures this.  

The preliminary data collected is visualized in Figure 3.  
Given the total number of operational satellites (N = 30 
[12]) and the predicted number of satellites (s) at a POI, 
the HDOP can be theoretically calculated as follows 
assuming the satellites to be uniformly spread in the 
space, 

 

s - predicted number of satellites at a POI
using building heights

Venkatesan Ekambaram, Christian Manasseh, Adam Goodliss, Raja Sengupta, Kannan Ramchandran,  “A Systems Approach to Sizing of Co-operative High-
Accuracy Location (C-HALO) services validated by experiments in San Francisco”, ION GNSS 2011, Portland, Oregon.
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Figure 3: GPS data collection depicting satellite counts: >6 
are shown in green, between  4 and 6 are shown in yellow, <4 
are shown in red. 

Figure 4 shows the theoretical and the empirical HDOP 
values obtained from the data set along with the 95% 
confidence intervals for the empirical HDOP. The 
empirical HDOP values were obtained from the data set 
collected in the city of San Francisco. The theoretical 
HDOP is obtained from the equation above. 

Figure 4: Empirical and predicted HDOP values with 95% 
confidence intervals. 

The question of what values of HDOP are good for high-
accuracy localization would depend on the receiver, 
ionospheric conditions etc. Typically, under normal 
conditions, HDOP values below 4 are considered to be 
good [14]. However, for high accuracy applications, we 
would require the HDOP values to be lesser than 2 or 1. 
Using this as a rule of thumb, based on Figure 4, we 
roughly categorized the satellite counts as < 4, 4 to 6 and > 
6 and the model predictions were carried out for these three 
categories. The use of 6 as a threshold for good GPS 

coverage is empirically supported by a 100 miles of 
driving data [10].  In the next section we will describe the 
models used to predict the satellite counts and evaluate 
the performance based on the collected data. 

HIDDEN MARKOV MODEL TO PREDICT 
SATELLITE COUNTS 
 
This section describes the method used to predict the 
number of satellites at a POI given the GIS data i.e. 
building heights and street widths. The estimate of the 
satellite count at the point of interest is obtained as 
follows. We think of the satellites as being placed on the 
surface of a hemisphere with a radius R centered at the 
POI. We assume the POI is occluded from the satellites 
only by buildings on the sides of the street and there is 
visibility in the forward and backward directions as in 
Figure 5. The mask angle alpha (shown 

 
 
Figure 5: Mask-Angle Representation using street width and 
building heights. 
 
In Figure 5) is calculated based on the heights of the 
buildings and street width as follows.                    

 
 
 
The satellites visible at this point, are essentially the ones 
lying on a strip of the hemisphere with angular width 
alpha.  The fraction of these satellites is given by, 
 
                 
 
where N is the total number of satellites in orbit. The 
satellite count data collected in downtown San Francisco 

Empirical and theoretical HDOP from 
data collected in SF
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0.3 to 4% of San Francisco has a GPS visibility of less than 
6 satellites 
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Accident
Data
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• Scaling of localization error in NLOS 
environments 

• number of anchors and agents.

• fraction of LOS signals.

• Compact CRLB expression.

• Simulation and experimental results.
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Conclusion
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Thank you!
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