Optimal lower bounds for quantum state tomography

Thilo Scharnhorst* Jack Spilecki* John Wright*

Abstract

We show that n = Q(rd/e?) copies are necessary to learn a rank r mixed state p € C**¢ up to error e

in trace distance. This matches the upper bound of n = O(rd/e?) from [OW16] and therefore settles the
sample complexity of mixed state tomography. We prove this lower bound by studying a special case of
full state tomography that we refer to as projector tomography, in which p is promised to be of the form
p = P/r, where P € C* ¢ is a rank r projector. A key technical ingredient in our proof, which may
be of independent interest, is a reduction which converts any algorithm for projector tomography which
learns to error € in trace distance to an algorithm which learns to error O(e) in the more stringent Bures
distance.
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1 Introduction

In this work, we study the fundamental learning theoretic problem of quantum tomography. Given n copies
of a mixed state p € C4*? the goal is to output an estimate p such that D(p, p) < &, where D(-,-) is a given
distance metric. The two most well-studied cases are when D = Dy, is the trace distance and when D = Dg
is the more challenging Bures distance. The Bures distance is defined as Dg(p, p) = v/2(1 — F(p, p)), where
F(p, p) is the fidelity of p and p, and is related to the trace distance via the inequalities

1 _ _ .
5P8(p:9)” < Du(p, ) < Dn(p, p)- (1)

Perhaps the most commonly studied special case is when p is promised to be rank r, for some integer
1 < r < d. Many applications in both theory and practice involve states which are either low rank or
approximately low rank, with the » = 1 pure state case being especially important.

Surprisingly, in spite of the large amount of energy devoted to studying quantum tomography, the optimal
sample complexity of this task still remains unknown. For trace distance, the best known upper bound is due
to O’Donnell and Wright [OW16], who showed that n = O(dr/e?) copies are sufficient to learn p to accuracy
¢ with high probability (by which we mean a large constant probability, say 0.99); this was improved by
Pelecanos, Spilecki, and Wright in [PSW25], who showed that the same number of copies suffice to learn p to
Bures distance error . As for lower bounds, there is a patchwork of results which cover various parameter
regimes; of these, let us describe the lower bounds which apply to trace distance learning first. When r = d,
Haah et al. [HHJ*16] gave a tight lower bound, showing that n = (d?/c?) copies are necessary. In addition,
when ¢ is constant, Wright [Wril6, Section 5.5] gave a tight lower bound, showing that n = Q(rd) copies are
necessary. For more general values of r and €, Haah et al. [HHJ"16] also showed a lower bound of

=0 10g<d}<m>>)~

This is off from the known upper bounds by the logarithmic factor of log(d/(re)) which gets larger as the
rank 7 decreases. Finally, a lower bound of n = Q(r/£?) copies follows from the classical special case when
p is promised to be diagonal in the standard basis [Can20].

Since (trace distance) < (Bures distance), all of these lower bounds also hold for the harder problem of
learning p to Bures distance . Recently, Yuen [Yue23] gave an even stronger Bures distance lower bound,
showing that n = Q(rd/e?) copies are necessary to learn p to Bures distance error . Combined with
the n = O(rd/e?) copy upper bound of Pelecanos, Spilecki, and Wright from above, this settles the copy
complexity of Bures distance tomography. Yuen proves his lower bound by a clever reduction from the rank
7 case to the rank 7 = 1 pure state case and relies on a prior result that shows that n = 2(d/e?) copies are
required to learn to Bures distance error ¢ in this case.

However, there is a slightly subtlety with this approach, in that it actually shows that n = Q(rd/e?) copies
are necessary to learn p to Bures distance error ¢ in ezxpectation, rather than with high probability. The reason
is that the lower bound cited for pure state tomography, that of Bruss and Macchiavello [BM99], applies to
learning in expectation rather than with constant probability. In particular, they show the following: if n
copies of a Haar random pure state |u) € C¢ are given to a tomography algorithm 4, and A produces the
estimator |u), then the average fidelity of the output is upper-bounded by

n+1
E ult) |? < .
\U>,\ﬁ>|< )] T n+d

(2)

When n = o(d/?), this implies that the average fidelity is at most 1 — w(g?). If, for example, we knew that
the fidelity was also 1 —w(&?) not just on average but with high probability, then the Bures distance between
|u)u| and |u)w| would be w(e) with high probability, ruling out Bures distance learning with o(d/e?) copies.
However, it is also consistent with this bound that the fidelity could be 0 with probability .0001 and 1 with
probability .9999 (producing an average fidelity of .9999 < 1 — w(e?)), yielding an algorithm which learns
to Bures distance error 0 with probability .9999. Hence, this bound on the expected fidelity is not sufficient
to show that n = Q(d/e?) copies are necessary for pure state tomography with high probability

If we want to use the reduction of Yuen to produce a Bures distance lower bound of n = Q(rd/c?)
copies with high probability, we therefore need lower bounds on pure state learning with high probability.



Surprisingly, as far as we can tell, no lower bound of the form n = Q(d/e?) for pure state tomography is
stated or proved anywhere in the literature. Existing lower bounds seem to either have suboptimal sample
complexity, such as the n = Q(d/(g? - log(1/¢))) bound of [HHJ16], or they seem to only apply in the
asymptotic regime of large n [GMOO].

As one result in this paper, we are able to show that n = Q(d/e?) copies are necessary for pure state
tomography; combined with Yuen’s reduction, this shows an n = Q(rd/c?) copy fidelity tomography lower
bound. Our main result, however, strengthens this Bures distance lower bound and shows that it holds for
trace distance tomography as well.

Theorem 1.1 (Optimal tomography lower bound). Given a rank-r mized state p € C*?¢, n = Q(rd/<?)
copies are required to estimate it to trace distance error €.

Paired with the upper bound of O’Donnell and Wright [OW16], this resolves the sample complexity for trace
distance tomography.

1.1 Projector tomography

To prove Theorem 1.1, we focus on a special case of the rank-r tomography problem that we refer to as
projector tomography. This is the case in which the unknown rank-r state p is promised to be of the form
p = P/r, where P is the projector onto some unknown rank-r subspace; we refer to states of this form as
rank-r projector states. When r = 1, the set of rank-r projector states coincides with the set of all pure states.
A recurring theme throughout quantum information is that pure states have a special structure that makes
them especially convenient to analyze in many different settings. For example, the optimal tomography
algorithm for pure states due to Hayashi was discovered in [Hay98], long before the optimal tomography
bounds for general mixed states were shown by O’Donnell and Wright in [OW16]. Similarly, we will give an
especially simple proof of our optimal tomography lower bound in the pure state case. For larger values of
r, however, rank-r projector states form a highly structured subset of the set of all rank-r mixed states. As
we will argue below, we believe that projector states possess at least some of the same features that make
pure states so convenient to prove upper and lower bounds for, and we will use these features to prove the
following theorem.

Theorem 1.2 (Tight upper and lower bounds for projector tomography). There is a tomography algorithm
which learns an unknown rank-r projector state to Bures distance error € using n = O(rd/e?) copies. In
addition, n = Q(rd/e?) copies are required to learn an unknown rank-r projector state to trace distance
error €.

As rank-r projector states are a subset of all rank-r mixed states, Theorem 1.1 follows from Theorem 1.2
as a corollary. Our upper bound already follows from the more general rank-r fidelity tomography result of
Pelecanos, Spilecki, and Wright [PSW25]. However, in our case, we are able to give a simplified algorithm and
analysis that we think will be of independent interest. We note that rank-r projector states have appeared in
several prior works in the learning theory literature. Indeed, the lower bound proofs of Haah et al. [HHJ16]
and Wright [Wril6, Section 5.5] all use rank-r projector states, although the techniques they use to analyze
them are very different from the techniques we use. More recently, the work of Pelecanos, Tan, Tang, and
Wright [PTTW25] studied the problem of estimating the spectrum of an unknown mixed state p € C¥*4, A
key step in their algorithm is known as “bucketing”, and in their Section 9.2 they identify rank-r projector
state tomography as a bottleneck for improving the sample complexity of their bucketing step. In particular,
they conjecture that n = Q(rd/c?) copies are required to perform tomography of rank-r projector states in
Bures distance, and they show that if this were true, then bucketing up to a “threshold value” of 0 < B <1
would require (dB~1/e) copies. Our Theorem 1.2 proves their conjectured lower bound and improves it to
hold for trace distance as well.

Below we describe how we prove the lower and upper bounds in Theorem 1.2.

1.1.1 Proof outline: the lower bound
Our proof of the lower bound is in two steps.

1. Prove that n = Q(rd/c?) copies are necessary for rank-r projector tomography in Bures distance.



2. “Bootstrap” this result to hold for trace distance as well.

A special case of our first step is that n = Q(d/c?) copies are necessary for learning pure states, which,
as mentioned before, patches the hole in Yuen’s n = Q(rd/c?) lower bound for Bures distance tomogra-
phy [Yue23]. However, our first step also gives a proof of this Bures distance lower bound for general r which
is different than Yuen’s proof. The reason we need to reprove this lower bound is that our bootstrapping
step only works for projector tomography, and the class of states produced by Yuen’s lower bound are not
projector states. We now describe these steps in more detail.

Step 1: a fidelity lower bound. Let us begin by describing the first step in the » = 1 pure state case.
Actually, it is not especially hard to combine existing results in the literature to prove an n = Q(d/e?)
lower bound in this case. The simplest proof we found uses the fact that the optimal pure state tomography
algorithm has already been identified in the literature [Hay98]. One can then show that this particular
algorithm’s fidelity | (u|@) |? concentrates well about its mean by computing its variance; this allows one to
convert the bound on its expected fidelity from Equation (2) into a bound on its fidelity with high probability.
However, we were unable to generalize this argument to the case of rank-r projector tomography for r > 2,
as although we have an algorithm that we believe is optimal for this case, we were unable to prove that it is
indeed optimal. Instead, we will describe an alternative proof which we were able to generalize to the rank-r
case.

As we saw in Equation (2), it is possible to bound the expected fidelity of any pure state tomography
algorithm. In fact, it is well-known that one can derive tight bounds on the k-th moment of the fidelity, for
any integer k > 1. A standard reference for these bounds is [Har13, Section 2.1], which shows that

ok (d+n—1)
E U < 00
|u). @) [ (f) |7 < ()
Expanding out the binomial, we have that
dn-t) (n+1)...(n+k) n+k k
ST SN G N CES R R R
|u>,|a>|< @] _(d+zi’;*1) (n+d)...n+d+k—-1) ~ \d+n+k-1 3)

Roughly, this states that the k-th moment of the fidelity decays exponentially as k grows larger (so long as k
does not grow too large), and the rate of decay is greater when the number of samples n is small. This places
a bound on the performance of any algorithm which uses a small number of samples, and we show that this
moment bound implies that any algorithm for learning in Bures distance requires n = Q(d/e?) copies. As
an example of why higher moments might be useful to do this, recall our counterexample from earlier of
an algorithm A which uses n = o(d/e?) copies and outputs an estimate whose fidelity is 0 with probability
.0001 and 1 with probability .9999. Then the k-th moment of its fidelity is equal to .9999, for any value of k.
This may not contradict the bound on the expected fidelity (the k = 1 case of Equation (3)), but for larger
k the right-hand side will eventually decay to a number smaller than .9999, which is a contradiction.

Now let us try to extend this argument to higher ranks r. Let A be a rank-r projector tomography
algorithm. We will consider the following experiment: sample a Haar random rank-r subspace P in C¢, and
provide A with n copies of the projector state p = P/r. Let p = Q/r be its output. Our r = 1 proof suggests
that we would like to understand the expected fidelity F(p, p) and its moments. However, the fidelity is not
a particularly “nice” function of its inputs, and it is not clear at all how we would compute the expectation
of the fidelity, much less its higher moments. Instead, we will use the affinity A(p,p) = tr(ﬁ\/f)), which

satisfies A(p,p) < F(p,p) < \/A(p,p) and is therefore closely related to the fidelity in the regime where p
and p are similar to each other. For general states p and p, the affinity can still be difficult to work with due
to the square roots, but when p and p are rank-r projector states, we have /p = /r - p and VD =P,
in which case the affinity simplifies nicely to A(p,p) = r - tr(p - p). Higher moments of the affinity behave
nicely too: in particular, A(p, p)F = 7% - tr(p®* - p¥¥). Since the affinity and its higher powers are simple
expressions involving tensor powers of p and p, we can compute and bound the moments using tools from
representation theory such as Schur-Weyl duality. Eventually, we are able to derive a bound on the k-th

moment that resembles Equation (3), and from there we can derive our n = Q(rd/e?) lower bound.



Step 2: bootstrapping. For our second step, let A be an algorithm which solves rank-r projector state
tomography with trace distance error € using n copies. In other words, given a rank-r projector state
p = P/r, A outputs a random estimator p = Q/r such that D¢, (p, p) < . In our bootstrapping step, we
would like to show that A can be converted into an algorithm A’ which performs tomography with Bures
distance error O(g) using roughly the same number of copies O(n). If we could do this, then because we
proved that Bures distance tomography to error O(e) requires Q(rd/e?) copies in our first step, this would
show that n = Q(rd/e?) copies are also needed for trace distance tomography to error O(e), which would
complete the proof. Now, from Equation (1), we know that Dy, (p, p) < Dp(p, p) < /2Dt (p, p), and so if
we imagine that Dy, (p, p) ~ ¢, then we have, roughly, ¢ < Dg(p, p) < v2¢. If Dg(p, p) is closer to the lower
bound, then we are happy and p itself is already a good Bures distance estimator for p. But Dg(p, p) could
very well be closer to the upper bound, in which case it is off from our desired trace distance error € by a
square root factor. Thus, simply running A once and directly returning its output is not good enough to
bootstrap it into a trace distance learning algorithm. However, we show that to construct the bootstrapped
Bures distance tomography algorithm A’, it actually suffices to call A as a subroutine twice, as well as use
O(r? /%) additional copies of p. This gives a Bures distance tomography algorithm with 2n+O(r2/¢2) copies
in total, and as we know it must use Q(rd/e?) copies for this task, this proves the bound n = Q(rd/e?).

To motivate our bootstrapping algorithm, let us try to understand the following question: if Dy, (p, p) = €,
when is Dg(p, p) closer to &, and when is it closer to v/2¢? This entails understanding the relationship between
the true projector P and the estimated projector @, and there is a well-known technique for understanding
the relationship between two projectors known as Jordan’s lemma. In our setting, Jordan’s lemma states,
roughly, that P and @ can be simultaneously block diagonalized into 2 x 2 blocks known as Jordan blocks,
and within each Jordan block P and @ both act as rank-1 projectors. This means that we can diagonalize
P and @ according to these blocks as

P =Y lu)uw| and Q= |vi)vil,
i=1 =1

where |u; ) u;| and |v;)(v;| are the restrictions of P and @ to the i-th subspace, respectively. Across different
blocks, |u;) and |v;) are orthogonal, and within the i-th block, let us write w; = | (u;|v;) | for their overlap.
As it turns out, there are simple formulas for the trace and Bures distance in terms of these overlaps. For
example,

1
Dix(p,p) = *Hp Pl =5 IIP - Ql,

:7ZH|“2 (| — Jvi)willl, = - Z\/1*| u1|vl \/
Similarly, we can write the fidelity as
1 T
=7 > wi
i=1

which gives a formula for the Bures distance via Dg = 1/2(1 — F).
Recalling that we are assuming Dy, (p, p) = ¢, let us consider two different extreme cases for how the
overlaps wq, . ..,w, might behave.

e In one extreme, let us suppose that w; = - -+ = w,.. Then from Equation (4) We must have w? = 1—¢2
for all 4, so that w; =~ 1 — %52 for all i. In this case, we have F(p, p) ~ s , which nnphes that
Dg(p,p) =~ . Intuitively, this is the case in which @ is basically equal to P except with a slight,
uniform error across all of the Jordan blocks. And in this case, we have seen that p is itself a good
Bures distance estimate for p.

e In the other extreme, let us suppose that P is exactly equal to @ on the first 7* < r Jordan blocks
and orthogonal to @ on the remaining Jordan blocks. In other words, w; = -+ = w,» = 1 and
wWpsy1 =+ =w, = 0. If Dy, (p, p) = €, then Equation (4) implies that »* = (1 — €)r. In this case, we
have F(p, p) = ¢, and so Dp(p, p) = v/2¢, which is off from our desired bound by a square root factor.



Intuitively, this extreme is the case where the estimator nails a large part of P but completely misses
the rest, and this is the problematic case for getting good Bures distance estimates.

Since in the first case p is already a good Bures distance estimate for p, let us imagine that we are in the
second case. In this case, for the sake of intuition we can imagine that the algorithm A begins with the true
projector P and forms @ by adversarially choosing a subspace S C P of size er, discarding it from P, and
substituting it with another adversarially-chosen subspace S’ C P of the same size. To improve the estimate
Q of P so that it has Bures distance error ¢, the bootstrapped algorithm A" must somehow “rediscover” the
discarded subspace S and add it back to @, and it is allowed to perform multiple executions of A to aid it
in its rediscovery. However, if the algorithm A does indeed act adversarially, it may decide to simply discard
the same subspace S every time, meaning that A’ will never be able to rediscover it.

To fix this issue, suppose we sample a Haar random unitary U and provide A with n copies of UpU' =
(UPUT)/r, rather than just giving it n copies of p. If Q/r is its output, then 13/7" = U'QU should be a
good estimate for P. But why go through the trouble of rotation p prior to giving it to A? The answer is
that since A does not know the original projector P nor the unitary U which was applied to rotate it, A’s
ability to adversarially pick the subspace S to discard is hampered. In particular, it can be shown that the
output P of this process has the same distribution as

UL oUL) - P-(UpaUp),

where U p is a Haar random unitary within the P subspace and U is an independent Haar random within

the P subspace. This means that even if P is “missing” a subspace S from P of dimension er, then
this subspace is not chosen adversarially but instead uniformly at random from all subspaces of P of this
dimension. In particular, if we run this process twice to generate two projectors Py and Pg, then the
subspace of P missing in P; will largely be present in P, and similarly the subspace missing in P> will
largely be present in P;. Hence, the span of these two subspaces will likely contain all of P, meaning that
A’ can indeed “rediscover” the discarded subspaces.

This intuition was for solving our second extreme case above. Our ultimate bootstrapping algorithm
must also work for the first extreme case above, as well as the more general case, which might fall along the
spectrum between these two extremes. Our final bootstrapping algorithm A’, which achieves this, looks as
follows.

1. Pick a random unitary U. Give n copies of UpUJr to A and let Q/r be its output. Write 131 =
U (Q/r\u.

2. Repeat this process a second time to construct 132.
3. Let R be the projector onto Span{131, 132}

4. Take O(r?/e?) copies of p and measure each of them with {R, R}. Discard the post-measurement
states corresponding to the outcome R.

5. The remaining post-measurement states p|g live inside R, which is a subspace of dimension at most
2r. Using the Bures distance tomography algorithm of Pelecanos, Spilecki, and Wright [PSW25], we
can compute an estimate p of p|g with Bures distance error € using only O(r?/e?) copies of p|g.

6. Output p as the estimate for p.

The key difficulty is showing that R does indeed contain almost all of p. Technically, our goal is to prove
that tr(R - p) > 1 — O(g?). This will imply two things: first, that measuring our O(r?/e?) copies of p will
with high probability leave us with O(r?/e?) copies of p|gr. Second, it implies that p|g is e-close to p in
Bures distance. With these two facts established, the correctness of the algorithm follows immediately.

1.1.2 Proof outline: the upper bound

Historically, designing and analyzing optimal algorithms for full state tomography has proved to be quite
challenging. Part of the reason for this is that it is not even clear what exactly the right full state tomog-
raphy algorithm to use is: between Keyl’s algorithm [Key06] and the two algorithms proposed by Haah et



al. [HHJ™16], we know of three different tomography algorithms which achieve optimal or near-optimal sam-
ple complexities, and none of these seems to have a strong claim to be the canonical full state tomography
algorithm. (Though perhaps the new debiased Keyl’s algorithm of [PSW25] might finally lay claim to that
title.) Beyond that, actually analyzing these algorithms is also difficult, as it tends to involve somewhat
complicated representation theory.

One notable exception to this is the case of pure state tomography. In this case, there is a well-known
“canonical” algorithm due to Hayashi [Hay98] which simply performs the POVM

{77071 el a0},

and outputs the measurement outcome |v) as its estimator (here, dv is the Haar measure on pure states).
This algorithm and its analysis are so clean that they can be taught in both undergraduate and graduate
classes on quantum computing [Wril5, Wall7, Wri24], and they give a good introduction to the power
of representation theory in designing quantum algorithms. One way of viewing this algorithm is as an
instantiation of the Pretty Good Measurement (PGM) [Bel75, Hol79, HW94] from the field of quantum
hypothesis testing. In quantum hypothesis testing, there is a probability distribution oo = (av, ..., ayy,) over
m mixed quantum states p1, ..., pm. One is given the state p;, where ¢ is sampled according to «, and the
goal is to correctly identify the state p; with as high a probability as possible. The PGM is the measurement
M = {M,,...,M,,} defined by M; = S=Y/2 . a;p; - -S~'/2, where S = a1p; + -+ + @mpm. The PGM is in
general not the optimal strategy for quantum hypothesis testing, but it is known that its success probability
is always at least P3pp, where Popr is the best possible success probability [BK02]. If we view pure state
tomography as a sort of hypothesis testing problem in which each state |v><v|®n occurs with measure dov,
then carrying out the PGM construction gives us

1
W : HSymv

n

S= E |o)o|" =

|v)~Haar

where Igyn, is the projector onto the symmetric subspace (see [Harl3, Proposition 6] for a proof of this fact).
And then the measurement outcome corresponding to to the state [v)v|*" is

—1
d+n ) Jool®" - do,

STYV2 o) w|®" - do - S7V2 = ( "

exactly as in Hayashi’s measurement.

Generalizing this construction to mixed state tomography is difficult, partially because there is no obvious
canonical measure on mixed states analogous to the Haar measure on pure states. (Though one of the
two tomography algorithms in Haah et al. is derived from the PGM using some distributions on mixed
states [HHJ 116, Section 5].) However, for the special case of projector tomography, there is a natural
measure we can use, which is the Haar measure on rank-r projectors. Using this, we can carry out the
PGM construction, and we wind up with a measurement which is a natural generalization of Hayashi’s
measurement.

2 Preliminaries

Throughout this paper, we will use the following conventions:

e Random variables will be written in boldface. We use & ~ D to denote that x is drawn from the
distribution D.

If n is a positive integer, [n] denotes the set {1,2,...,n}.

We write S, for the symmetric group on [n], and U(d) for the group of d x d unitary matrices.

We will always take projectors to mean orthogonal projectors, i.e. projectors Il which satisfy II = It
and II? = II. Moreover, we write II := I — II for the projector onto the orthogonal complement of II.

If |¢) is a pure state, we may also write 1 for the corresponding mixed state |1}t



2.1 Quantum distance measures

Definition 2.1 (Schatten p-norm). Let M € C%*¢ be an operator with singular values Ay,...,\q. For

p > 1, the Schatten p-norm of M is
d 1/p
Il = ()
i=1

Let p, 0 € C%? be quantum states. Our main results concern the sample complexity of learning quantum
states in the two most common distance measures, trace distance and fidelity, which we define next.

Definition 2.2 (Trace distance). The trace distance between p and o is

1
D (p,0) = §Hp —oy-

When p = |u)u| and o = |v){v| are pure states, we have

Dir(p, o) = /1 — | (uv)]*.

Definition 2.3 (Fidelity). The fidelity of p and o is

0) = [Vaval, = tr /oy

When p = |u)Xu| and o = |v){v| are pure states, we have F(p, o) = |(u|v)|. The infidelity of p and o is the
quantity 1 — F(p, o).

Note that we are using the “square root” convention for fidelity. Fidelity and trace distance are related
by the Fuchs-van de Graaf inequalities.

Lemma 2.4 (Fuchs-van de Graaf inequalities, [NC10]). We have the following pair of inequalities:

1- F(pva) < Dtr(P, U) < 1- F(P, 0)2'
Fidelity is not a metric on quantum states, but it is closely related to Bures distance, which is a metric.

Definition 2.5 (Bures distance). The Bures distance between p and o is defined by

DB(IO’ 0) = 2(1 _F(pva))'

Trace distance and Bures distance are also related as in the next lemma, which can be proven straight-
forwardly using the Fuchs-van de Graaf inequalities.

Lemma 2.6. We have the following pair of inequalities:

1
iDB(p’ 0')2 < Dtr(pa 0) < DB(pvg)'

In particular, the Bures distance between the two states is always at least as large as the trace distance,
making Bures distance a generally more challenging metric to learn in. We will also find it useful to work
with affinity.

Definition 2.7 (Affinity). The affinity between p and o is given by
A(p,o) = tr(v/pvo).

Affinity is also not a metric. In both our upper and lower bounds on projector tomography, we will
consider the affinity between two rank-r projector states. If p = P/r and o = Q/r, the affinity is:

A(p, ftr(\/>\/>> ftr (PQ) = rtr(po). (5)

The following lemma, which relates affinity and fidelity, allows us to easily convert bounds on affinity to
bounds on fidelity, and vice versa.



Lemma 2.8 ([ANSVO08]). We have the following pair of inequalities:
F(p,0)* < A(p,0) <F(p,0).

In a subsequent section, we will give a simple proof of these inequalities for the special case of two rank-r
projector states (see Lemma 2.19).

We have defined trace distance, fidelity, Bures distance and affinity when p and o are mixed states.
However, the definitions can be extended, via the same formulas, to more general classes of matrices: trace
distance is defined for all matrices; fidelity and affinity for all pairs of PSD matrices; Bures distance for all
PSD matrices with fidelity at most one.

2.2 The Haar measure

Definition 2.9 (Haar measure). The Haar measure on U(d) is the unique distribution with the following
property: if U is distributed according to the Haar measure, then for any fixed unitary V' € U(d), both VU
and UV are distributed according to the Haar measure as well. We say U is Haar random and write U ~ pp.
We refer to the property that VU (resp. UV) is Haar random as left-invariance (resp. right-invariance).

Notation 2.10. When integrating with respect to the Haar measure, we will write dU for the integra-
tion measure.

The Haar measure induces the following distributions on vectors and projectors.

Definition 2.11 (Haar random pure states, Haar random projectors). A Haar random pure state in C?is a
random pure state |u) distributed as U |v), where U ~ py and |v) is any fixed pure state. A Haar random
rank-r projector is a random rank-r projector P distributed as U QUT, for any fixed rank-r projector Q. We
will abuse notation and write |u) ~ pgy and P ~ py when the meaning is clear from context.

2.3 Projector tomography algorithms

Tomography is the problem of producing an estimator p of a quantum state p € C?, given access to some
number n of copies of this state. We require that for any input p, D(p, p) < €, for some pre-specified distance
D and allowed error €, with high probability. By “high probability”, we mean a large constant probability of
success, which we will take to be 99%. This probability threshold is somewhat arbitrary (see Lemma 2.12).
We will say that a tomography algorithm learns a quantum state in distance measure D, given n samples.
We write p ~ A(p) to denote the output of a tomography algorithm A on input p®".

In this paper, we focus primarily on a special case of tomography called rank-r projector tomography. In
this special case, the input state is necessarily a rank-r projector state. A rank-r projector state is any state
of the form P/r, where P is a rank-r projector. The r = 1 case is pure state tormography. Moreover, for us
D will always be either trace or Bures distance.

Before moving on, we note that the only assumption about the output p that we will make is that D(p, p)
is always defined. For example, the output of a pure state tomography algorithm might be mixed, or not
even a quantum state at all. However, in the next subsection, we describe various properties we can bestow
on a generic algorithm, without much cost.

2.3.1 Upgrading projector tomography algorithms

In this section, we describe a couple useful upgrades' we can give to tomography algorithms. These upgrades
endow algorithms with additional properties that make our analysis simpler, at either no cost, or a constant-
factor loss in accuracy.

Firstly, we observe that any algorithm that does not quite meet our threshold for high probability may
be upgraded to one that does. This lemma is particularly convenient for situations in which we union bound
over multiple steps which themselves only succeed with high probability. The following is an immediate
corollary of [HKOT23, Proposition 2.4].

I1We borrow this terminology from [FO24].
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Lemma 2.12. Suppose A is a tomography algorithm using n copies to output an estimate which is e-close
in a metric D with probability at least 51%. Then there exists an algorithm A’ using O(n) copies that outputs
an estimate which is 3e-close in metric D with probability at least 99%.

Next, recall that, per our definition of projector tomography, there is no guarantee that a rank-r projector
tomography algorithm only outputs rank-r projector states. However, any algorithm can be converted to
one that does only output rank-r projector states, with only a small loss in accuracy.

Lemma 2.13. Suppose A is an algorithm for rank-r projector tomography which uses n copies to output
an estimate which, with high probability, is e-close in metric D. Then there exists an algorithm for rank-r
projector tomography A’ which uses n copies to output a rank-r projector state which, with high probability,
is 2e-close in metric D.

Proof. Have A’ run A on p®" to generate an output p (which is not necessarily a projector state). If there
exists a rank-r projector state p' such that D(p,p’) < ¢, then output such a p’. Otherwise, output an
arbitrary fixed rank-r projector state. With high probability, A succeeds in generating an estimate p with
D(p,p) < ¢, and in this case, A’ necessarily succeeds in finding a nearby projector state (since p itself is a
candidate), and outputs a p’ such that

D(p. %) < D(p. p) + D(p.B) < 2. O

Remark 2.14. The proof of Lemma 2.13 is non-constructive. One concrete method to “round” p into
a rank-r projector state is via the following construction: let P be the projector onto the eigenvectors
corresponding to the r largest eigenvalues of p, with ties settled arbitrarily, and output p’ = P/r. It can be
shown that this rounding method attains the same guarantee as in Lemma 2.13 for learning in either trace
or Bures distance. Since we will not need any concrete rounding, we omit the proof.

2.4 Jordan’s lemma

Jordan’s lemma is a standard tool in quantum information theory for understanding the relationship between
a pair of projectors. The lemma and its proof are well known; we include a proof for completeness, based
on [Reg06]. Jordan’s lemma provides us with formulas for distance measures between projector states that
will be important for our bootstrapping argument.

Lemma 2.15 (Jordan’s lemma). Let P and Q be projectors on a finite-dimensional Hilbert space H. There
exists an orthogonal decomposition of H into one- and two-dimensional subspaces which are invariant under
P and Q. Moreover, inside each two-dimensional subspace, P and Q each act as a projector onto a one-
dimensional subspace.

Proof. Consider the operator R := P + ). Since R is Hermitian, it has an orthonormal eigenbasis {|u;)},
with corresponding eigenvalues {\;}.
If Plui) = pq |ug), then we have

Qlur) = (R~ P)lur) = (A1 — 1) |u1),

so that |up) is an eigenvector of both P and ). We set B := span(|u)), and note that B is a one-dimensional
subspace invariant under P and Q.

Otherwise, consider the two-dimensional subspace B = span(|u1), P |u1)). Then B is invariant under
P, since P? = P. Moreover, P|g is rank-1, since it maps any element of B into span(P |ui)). So, P|p is
projection onto this one-dimensional subspace of B. However, B is also invariant under @, since first

Qlur) = (R = P)|u1) = A1 Jua) — Plur) € B,

and second
QP |u1) = Q(R— Q) |u1) = QA1 — Q) [u1) = (A — 1)Q |uz) € B.
Note that Q|p is rank-1 as well, since it maps B onto span(Q |u1)), and is therefore a projector onto this
one-dimensional subspace of B.
In either case B is a one- or two-dimensional subspace invariant under P and (). Moreover, B is also
invariant under R. Since R is Hermitian, B is also invariant under R. We may then recurse on Bt to
obtain the desired decomposition of H. O
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Notation 2.16 (Jordan block decomposition). Let P and ) be projectors on a finite-dimensional Hilbert
space H, and let H = @, B; be a decomposition into one- and two-dimensional subspaces, each invariant
under P and @), as in Lemma 2.15. We call such a decomposition a Jordan block decomposition, and refer to
each B; as a Jordan block.

Remark 2.17. We saw in Lemma 2.15 that, i

special case where P and @ are both rank-r, there are an equal number of 1 x 1 blocks B; with P|g, =1 and
Q|B, = 0 as there are blocks B; with Q|p, = 1 and P|p, = 0. In this case, by merging pairs of 1 x 1 blocks
(one block of each kind) into a single 2 x 2 block, we can assume every block B; in which R|p, # 0 contains
two states |u;) and |v;), - = |ugXu; . = |v;Xv;|. That is, we can assume that there are
exactly r blocks in which P and @ both act nontrivially as projectors onto one-dimensional subspaces, and
P and @ are zero outside of these r blocks.

Definition 2.18 (Jordan vectors). Let P and @ be rank-r projectors on a finite-dimensional Hilbert space H,
and take a Jordan block decomposition as in Remark 2.17, so that P = > |u;{u;| and Q = >_7_; |v; vy,
with |u;) and |v;) in the i-th block B;. We say {|u;)} and {|v;)} are Jordan vectors of P and @), respectively.

|u Mua] 0 0 0 |v1 vy ] 0 0 0
0 [|U2><U2| 0 0 0 |va Yo 0 0

0 0 0 0
|3 )(us] |vs Xvs]

0 0 0 0

P =Y, |ui)ul Q =2, [viXvi

Figure 1: An illustration of an example Jordan block decomposition. The two projectors P and @ can be
simultaneously block-diagonalized, and each Jordan block is either 1 x 1 or 2 x 2. Within a given block, if
P (resp. Q) is nontrivial, then P (resp. ()) acts as a projection onto a one-dimensional subspace

Given two rank-r projector states, we can use Jordan’s lemma to evaluate block-by-block quantities like
trace distance, fidelity, and affinity.

Lemma 2.19. Let p = P/r and o = Q/r be rank-r projector states, and let {|u;)} and {|v;)} be Jordan
vectors of P and Q respectively. Write w; = | (u;|v;) |. Then we have:

* Du(p,0) = (Xiny vV1I—-wi)/r,
o F(p,0) = (i wi) /7,
o Alp,o) = (i wi) /7.

Proof. We evaluate each quantity block-by-block using the Jordan block decomposition. Note that each
quantity we want to calculate is additive in the blocks of the Jordan decomposition. Thus,

1
Dtr(p,O') Dty PQ ZDtr |uz Uz| |UZ 'Ut| Z \/
Similarly,

P(p,0) = 1+ F(P.Q) = - Y Fluiul,Ji)oi]) = sz
i=1

12



Finally,

Alp.0) = - A(P.Q) = = Allusu Joikur]) = Ztr sl Joseil) = = w2 O
i=1 zzl

Affinity is sometimes easier to analyze than fidelity. The following corollary, a special case of Lemma 2.8,
allows us to convert from bounds on one to bounds on the other.
Corollary 2.20. Let p= P/r and 0 = Q/r be rank-r projector states. Then
A(p,o) <F(p,o) < VA(p,0).

As a result, if 0 < e < 1, then A(p,0) > 1 — ¢ implies F(p,0) > 1 — ¢, and F(p,0) > 1 — ¢ implies
A(p,o) > 1—2e.

Proof. Let {|u;)} and {|v;)} be Jordan vectors of P and @ respectively, and write w; = [(u;|v;)|. By

Lemma 2.19,
Z Wy Z Wi = F pa » (6)

using 0 < w; < 1. Moreover,

Foo = 3(5u) < (e

=1 i=1

T

W) = 13wt = Ao, (7)
"=
where the inequality is Cauchy-Schwarz. O

2.5 Lévy’s lemma

Lévy’s lemma is another classic tool in quantum information theory. Loosely speaking, it tells us that nice
functions on high-dimensional spheres concentrate exponentially about their means. We will use it in our
reduction from trace distance projector tomography to Bures distance projector tomography.

Lemma 2.21 (Lévy’s lemma, [Wat18, Theorem 7.37]). Let f be a function from pure states in C? to R, and
let f be L-Lipschitz, meaning that | f(Ju)) — f(|v))| < L[ |u) — |[v) ||, (where ||-||, is the £2-norm). Write
Jave = BEluympuy [f(|u>)] Then, for some universal constant C > 0, and for any & > 0,

Ce?d

)

“f ) = fave| >5} < 3exp(_

\U>~u

In our proof, we will end up applying Lévy’s lemma in the case where f is the expectation value of a
projector, i.e. f(|u)) = (u|P|u), for some projector P. We will therefore need the following result.

Lemma 2.22. Let P be a projector, and let f be the function on pure states in C? defined f(|u)) == (u|P|u).
Then f is 1-Lipschitz.

Proof. Trace distance has the alternate characterization:
Dex(p, 0) = max [tr (Qp — 0))} :

where the maximization is over all projectors @ (see, for example, [NC10, Equation 9.62]). Therefore,

[F (1)) = f(o)| = | (ulPlu) — (o] Plv)] = [tr (P (Ju)ul — [v)Xv]) )| < Der (Ju)ul, [v)v]) -

The trace distance of two pure states is

Dy (fu)ul s [o)o]) = /1 = [(ulo)* = T+ [{ulo)] - VI = [{ulv)] < V2 /T~ [{ulv)].

However, note that

1
1= |{ulv)] < 1= Re({ufv)) = 5 lu) = [v) [l5-
Combining everything, we conclude that |f(ju)) — f(|v))] < || [u) — |v) ||5- O
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2.6 The symmetric subspace

In this section, we collect a few relevant and standard facts about the symmetric subspace, which we define
for completeness. For much more on the symmetric subspace, including proofs, see [Har13] or [Mel24].

Definition 2.23 (Symmetric subspace). The symmetric subspace, denoted Sym™(C?), is the subspace of
(CH®™ given by
Sym™(C%) = span{ |u)®" : |u) € C?}.

We denote the projector onto the symmetric subspace as Hé 4

?’m , though we will sometimes drop n or d when
clear from context.

Lemma 2.24. The symmetric subspace is equal to the span of all permutation-invariant vectors in ((Cd)®”,
i.e.

Sym"(C%) = span{ |1) € (CHE™ . P(x) [Yp) = |p) for all w € Sn}

where P () is the representation of w that permutes the n tensor factors according to w, formally defined
below in Definition 2.62.

Lemma 2.25. The dimension of the symmetric subspace is

n

-1
dim(Sym™(C%)) = tr (Hé’;’]ﬁ)) = (n +d )

Lemma 2.26. The average over n-fold products of Haar random states is proportional to the projector onto
the symmetric subspace:
L)

(d+z—1) Sym *

B [fu)ul*"] =

lu)~pn

2.7 Representation theory

Algorithms for tomography often use representation theory to utilize the symmetry of the input state p®”.
In this section, we review the representation theory necessary for our results. Our coverage is based primarily
on [Wril6, Chapter 2]. Other sources we draw on include [Sag01l, GW09, Ful97, Har05].

2.7.1 Basics

This section collects general definitions and results we will need. Our goal here is mainly to establish notation;
detailed exposition, including proofs, can be found e.g. in [Sag01, Chapter 1].
Let U(V') denote the group of all unitary operators on a complex vector space V.

Definition 2.27 (Representations). Let G be a group. A complex, unitary, finite-dimensional representa-
tion, of G is a pair (u, V), where V is a finite-dimensional complex vector space, and p: G — U(V) is a
group homomorphism. The dimension of the representation, written dim(u), is the dimension of V.

Since we will not consider more general representations, we will refer to complex, unitary, finite-dimensional
representations simply as representations. We will also abbreviate a representation (u, V') either as p or V,
when the meaning is clear from context.

Definition 2.28 (Characters). Let u be a representation of a group G. The character of u is the map
Xu : G — C given by x,(g) = tr(u(g)).

Definition 2.29 (Intertwining operators). Let (p1, V1) and (us2, V2) be representations of a group G. An
intertwining map, or intertwiner, between 1 and po is a map T : V4 — Vo such that T - py1(g) = p2(g) - T,
forall g € G.

Definition 2.30 (Isomorphic representations). Let u1 and ps be representations of a group G. Then p; and
e are isomorphic representations, or equivalent, if there exists an invertible intertwining operator between
w1 and ps. We write gy =2 uo.
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Definition 2.31 (Irreducible representations). Let (i, V') be a representation of a group G. A subspace
W C V is an invariant subspace of V if p(g) - W C W for all g € G. An invariant subspace is trivial if
W = {0} or W = V. If V has a nontrivial invariant subspace, it is called reducible, and otherwise is called
irreducible. An irreducible representation is also called an irrep. The set of equivalence classes of irreps of
G will be written G.

We can fix a representative ji; from each class of irreps, and identify G with {1}

Lemma 2.32 (Schur’s lemma). Let (u1, V1) and (ue, V) be irreducible representations of a group G, with
an intertwining operator T : Vi — V.

o If u1 and ps are non-isomorphic, then T = 0.
o If uy = pa, then T = c- Iy,, for some constant ¢ € C.
The following result can be proven by Schur’s lemma.

Corollary 2.33. Let (u1, V1) and (ue, V) be isomorphic representations of a group G. Then there exists a
unitary U : Vi — Vo which intertwines py and po. That is, for oll g € G,

U-palg)- Ut = pa(g).

Definition 2.34 (Direct sum of representations). Let (u1, V1), ..., (uk, Vi) be representations of a group G.
The direct sum of pq, ..., px is the representation (u, V'), where V = @le Vi, and p(g) = @le wi(g) =
Zle |i)Xi| ® pi(g). Representations may occur more than once, and sometimes it will be convenient to

allow them to occur zero times; in this case, we may also write u(g) = @?:1 m; - ui(g), where the {m;} are
nonnegative integers, and m; is the multiplicity of ;.

Definition 2.35 (Complete reducibility). Let p be a representation of G. Then u is completely reducible if
p= @ m; - [k,
T E@
for some nonnegative integers {m;}.

Every finite-dimensional, unitary representation is completely reducible.

2.7.2 Partitions and Young diagrams

The representation theory of the symmetric and unitary groups turns out to be connected to partitions. We
now give a brief overview of relevant partition-related concepts.

Definition 2.36 (Partitions). Let n be a positive integer. A partition of n is a finite list A = (A1, ..., An)
of nonnegative integers such that Ay > --- > \,;, > 0 and A\; +---+ A\, = n. We write A - n to denote that
A is a partition of n. The length of A, written £()), is the largest index 4 such that A; > 0. The size of A is
Al = n.

Partitions can be represented pictorially with Young diagrams.

Definition 2.37 (Young diagrams). Let A - n. A Young diagram of shape X is a diagram consisting of n
boxes, arranged into £(\) left-justified rows, such that the i-th row contains \; boxes. We will also refer to
boxes interchangeably as cells.

We identify partitions with their Young diagrams, and use the two interchangeably.
Notation 2.38 (Additional notation). We define the following notation:
e The box in the i-th row and j-th column is denoted by (4, 5).

e The content of (i,7) is cont(i, j) == j — i.
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A=(4,3,1) p=(3,3,2)

Figure 2: Two partitions of n = 8, and their Young diagrams. Left: A = (4,3,1). Right: u = (3,3,2).

e The hook length of (i,7) in A, hooky (4, ), is the number of boxes (k,¢) in A such that k =i and £ > j
or = j and k > ¢. Informally, the hook length is the number of boxes either directly to the right of
(i,7), or directly below, including (i, j) itself.

e Let p be a partition. Then p contains X if £(p) > €(\) and for each i € [£()\)], we have u; > ;. When
p contains A, we write A C p, and we write p \ A for the set of boxes in p but not in A\, where we
identify boxes in A and p with the same label (7, 7). Alternatively, if we view partitions as subsets of
N x N, containment of partitions is just set containment.

e If 1 can be obtained from adding a single box in row ¢ to A, then we write u = A + e¢;. We also write
=X+ k-e;if u can be obtained by adding k boxes to the i-th row.

A=(43,2) p=(54,4)

Figure 3: Illustration of Notation 2.38. Left: a partition A = (4, 3,1). The box (2,1) is shaded in dark gray,
and the remaining boxes of hooky (2, 1) are shaded light gray. The content of (2,1) is 1 —2 = —1, and its
hook length is 4. Right: a partition pu = (5,4,4). We have A C p, and the boxes of 1\ A are shaded.

Definition 2.39 (Standard Young tableaux). A standard Young tableau (SYT) of shape A - n is a bijective
labeling of the boxes of A with the numbers in [n], such that the labels are strictly increasing rightwards
along rows, and downwards along columns. The set of all SYTs of shape X is denoted SYT()).

Definition 2.40 (Semistandard Young tableaux). Fix a positive integer d. A semistandard Young tableau
(SSYT) of shape A and alphabet [d] is a labelling of the boxes of A, such that the labels are weakly increasing
rightwards along rows, and strictly increasing downwards along columns. The set of all SSYTs of shape A
and alphabet d is denoted SSYT(\, d).

8]

’»&w»—u

’C.O[\D»—l
[\

Figure 4: Examples of tableaux of shape A = (4,3,1). Left: an SYT. Right: an SSYT for d > 3.

2.7.3 Irreducible representations of S,, and U(d)

We now turn to the representation theory of the symmetric and unitary groups. We begin with descriptions
of the two groups’ irreps, first considering S, .

Theorem 2.41. The irreducible representations of S, are in bijection with partitions A such that X - n.
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Definition 2.42. The irrep of S, corresponding to A + n is denoted (ky,Sp,), where Sp, is called the
Specht module. We abbreviate dim(Sp, ) as dim(\).

Theorem 2.43. There is a basis of Spy, for which each basis element is bijectively associated with an SYT
of shape A, so that dim(X\) = |[SYT(N)].

For U(d) we focus only on polynomial irreps.

Definition 2.44 (Polynomial representations). Let (u, V') be a representation of a matrix group G. Then
w is a polynomial representation if we can pick a basis for V' such that the entries of the matrix u(g) are
polynomials in the entries of g € G.?

Theorem 2.45. The polynomial irreps of U(d) are in bijection with partitions A such that £(X\) < d.

Definition 2.46. The irrep corresponding to A, a partition with £(\) < d, is denoted (vy, V%), where Vi is
called the Schur module.

Theorem 2.47. There is a basis of V/\d for which each basis element is bijectively associated with an SSYT
of shape A and alphabet [d], so that dim(V,d) = [SSYT(A, d)|.

Theorem 2.48 (Hook-content formula, [Sta99, Theorem 7.21.2]). We have

d + cont(i, j)

[SSYT(A,d)| = H hookx (7, 7)

(i,9)EX

Example 2.49 (Defining representation). The defining representation of U(d) is the representation (u, V')
such that V' = C? and u(U) = U. Since no subspace is fixed by all unitaries, the defining representation is
irreducible, and it turns out that p = vy, for A = (1).

Remark 2.50. Since v, is a polynomial representation, vy (M) is defined for any matrix M.

For the most part, we will not need any specific knowledge about any of these representations. We will,
however, use the following fact:

Theorem 2.51 (Littlewood-Richardson rule, [Ful97, Corollary 8.3.2(c)]). Let A and p be partitions of length
at most d. Then vy ® v, defines a polynomial representation of U(d), and decomposes as

Uy QU = @ A Vrs
7:0(1)<d

where the coefficients {C;M}T are nonnegative integers known as the Littlewood-Richardson coefficients. We
have ¢}, = 0 unless both of the following conditions are met:

o [Al+|ul =7l
e ACTand uCr.

Much more can be said about the Littlewood-Richardson coefficients (e.g. see [Ful97, §5.1]). We will only
need to know more in the following special case.

Corollary 2.52 (Pieri’s rule). In the special case where p = (1), the Littlewood-Richardson coefficients are
equal to 1 if T = X+ e;, for some i, and 0 otherwise. That is,

d
VA @) = @ Vrte
=1

where the direct sum is understood to only iterate over the valid partitions of the form X + e;.

2Note that if the entries are polynomials in some basis, then they are polynomials in any basis. That is, a representation
being polynomial is a basis-independent notion.
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We will also need to know a little about the characters of the polynomial irreps of U(d). We first need
to define Schur polynomials.

Definition 2.53 (Schur Polynomials). Let z1,...,z4 be indeterminates. Given A - n, the Schur polynomial
sx(x1,...,2q) is the degree-n homogeneous polynomial given by sx(z1,...,zq4) = > p 2’7, where the sum is
over T € SSYT(A, d), and
d
T _ H IWT(i).
i=1

Here, wp(4) counts the number of boxes of T filled with the number i.

Example 2.54. If A = (2,1), and d = 3, then SSYT(), d) consists of the following tableaux. Underneath
each tableau T is the monomial 7.

11\ 12\ 13\ 11\ 12\ 1|3 2] 2 213
2 2 2 3 3 3 3 3
x%xz .7311‘% T1X2T3 $%$3 T1X2T3 x1x§ x%l‘g le‘%

The corresponding Schur polynomial is the sum of all of these monomials:
sa(xy, e, x3) = (Zz x]) + 2z1T923.
i#]
Theorem 2.55. Let M be a diagonalizable matriz with eigenvalues oy, ..., aq. Then x,, (M) = sx(aq,...,aq).

Remark 2.56. The character x,, (M) is defined for any M. Likewise, s) can be continuously extended to
all matrices, and then s)(M) = x,, (M).

Remark 2.57. Since s is a degree-|\| homogeneous polynomial, sy (a - M) = al* - s5 (M) for all o € C.

Remark 2.58. We will often write s,(1") as shorthand for sy (1”,097"), when d is understood from context.
For example, for a rank-r projector P € C?*¢ we have s)(P) = sx(17).

Remark 2.59. Note that s)(19) = tr(vy(I)) = tr (Idim(v;‘)) = dim(Vi%). More generally, it is true that
52(17097") is the number of SSYTs of shape A using only labels in [r], by Definition 2.53. This is because x7
is 1 if T includes no boxes with a label in {r+1,...,d}, and 0 otherwise. So, we have s)(1") = [SSYT(A, 7).

We conclude this section with a straightforward calculation we will need for both our lower bound, and
for showing that the PGM has optimal scaling.

Lemma 2.60. Let \ be a partition, and let M € C4*¢. Then we have

()
(1d) dim(Vy)

/ A (UMUY) . dU =
U
Proof. Let T denote the integral. Then T commutes with vy (V') for any V' € U(d):

VA(V)-T::/VA(VUMUT)-dU:/ vA(U'MUTV)-dU' =T - vy(V),

U ’

by defining U’ = VU and using the left-invariance of the Haar distribution. Thus, by Schur’s lemma
(Lemma 2.32), T is a multiple of the identity, i.e. T = c- Lgim(vgy- We can compute ¢ by taking traces. On
the one hand:

tr(T):/Utr(l/A(U) vA(M)vy -dU = /sA ) - dU = sy (M).
On the other hand, tr(7) = ¢ - dim(Vi?). Thus ¢ = sy(M)/ dim(Vi?) = sx(M)/sx(1%), and
S)\(M)

_ 1 _
T = /UVA(UMU )dU* S)\(ld) 'Idim(Vf)' D
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From this lemma, the following corollary is immediate.
Corollary 2.61. Let \ be a partition, and P € C*™*¢ be a rank-r projector. Then

E [VT(P)] = jigi;; : Idim(VAd)'

P~y

2.7.4 Schur-Weyl duality

In the problems we study, our algorithms are given as input n copies of some unknown state, i.e. p®*. In
this setting, there are two particularly important representations of the groups S,, and U(d) acting on the
space (C%)®n,

Definition 2.62. The groups S,, and U(d) have the following natural representations acting on (C%)®™.
First, P(m) acts by permuting the n tensor factors according to m, i.e. for any standard basis element
li1) ® - @ |in ), we have

P(r) - lin) ® - @ lin) = |in-10)) @+ @ |in-10n)) -
Next, Q(U) acts by operating on each tensor factor with U, i.e. as
QW) - li)®-+ ®lin) =Ulir) ®--- QU lin) .

Since P(m) commutes with Q(U), for any m € S, and U € U(d), the product of matrices P(x) - Q(U)
defines a representation of the product of groups S,, X U(d). Schur-Weyl duality gives a nice decomposition
of this representation into a sum over products of irreps of S,, and U(d) (which themselves are the irreps of
Sp x U(d)).

Theorem 2.63 (Schur-Weyl duality). Consider the representations of S, and U(d) described in Defini-
tion 2.62. As a representation of S,, X U(d), we have the decomposition into irreps:

(CchHer= @ spye Vi
AEn
((N)<d
As a consequence of Schur-Weyl duality and Corollary 2.33, there then exists a fixed unitary, Usw, such
that, for all 7 € S,, and U € U(d):

Usw - (P(m)- QW) Ul = 3 NN @ ka(m) @ 1A (U),
An
(N)<d
The map Usw is called the Schur-Weyl transform, or just the Schur transform. To simplify notation, when
we conjugate by a unitary which is clear from context, we will drop the unitaries and write a congruence.
For example,

P(r)-QU) = Y [N ® ra(m) @ ma(U).
AEn
((N)<d
Since each vy is a polynomial representation, we may extend Q to act on any matrix, so that the above
equation holds if we replace U to any matrix M, as remarked previously. Most usefully for us, we may

apply Schur-Weyl duality to the state p®™ = P(e) - Q(p) where e is the identity permutation, obtaining the
following fact.

Corollary 2.64. There exists a fived unitary change of basis Usw, and hence an allowed quantum mechanical
transformation, that puts any input state p®™ into the following form:

PP 2 Y A ® Laim(n) @ va(p)-

AbEn
(N <d
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2.7.5 Quantum learning algorithms from representation theory

Definition 2.65 (Weak Schur sampling). Write I, for the projector such that
Iy = [AA] ® Taim(n) © Laim(v)-

Weak Schur sampling (WSS) refers to performing the projective measurement {II)}py,¢(x)<d, and induces
a probability distribution on partitions A, denoted WSS, (p).

Given a state p € C?*¢ with spectrum a = (ay,...,aq), weak Schur sampling yields outcome X with
probability
Pr (A=) =tr(Ily - p®") = dim()) - tr(va(p)) = dim(N) - sx(a), (8)
A~WSS, (p)

using Corollary 2.64. Suppose the outcome ) is obtained after weak Schur sampling from p®". The resulting
post-measurement state is

_ Iy - p®n 0

. Idim(k) VA(P)
p)‘ = ———
tr(ILy - p®m)

&

= N @ 0 € ) (9)

Remark 2.66. Recall that the boxes of an SSYT are strictly increasing as we move down a column.
Therefore, any SSYT with more than r rows necessarily has a box containing a number larger than r. So if
L(N\) > r, then sy(aq,...,q;,0,...,0) = 0. This means that if we perform weak Schur sampling on a rank-r
state, we always receive a Young diagram A with £(\) < r.

For intuition: weak Schur sampling on p®" returns a Young diagram whose row-lengths are proportional
to a sorted list of the eigenvalues of p, in the asymptotic limit. That is, the empirical spectrum \/n =
(A /n, ..., Aq/n) is close to @ when n is large [ARS88, KW01, HM02, CM06, OW16, OW17].

We conclude this section by observing that quantum learning algorithms, promised inputs of the form
p®", are equivalent to algorithms which first perform weak Schur sampling.

Lemma 2.67. Let p € C¥*?¢ be an unknown quantum state. Any algorithm that takes as input p®" is
equivalent to another that begins by performing weak Schur sampling, and then, having received A\ + n,
measures in V)‘\i.

Proof. Suppose an algorithm A measures p®™ using a POVM M = {M, },. By Corollary 2.64, p®™ is always
a mixture of states with different values of A, i.e.

n I - p®7 . 11, = P A=)\

U= D Ma M= 3 Pr IA=Apn
AFn A-n
e(N)<d e(N)<d

where p, is given by Equation (9). Therefore, the measurement outcome statistics are unaffected if we first
perform weak Schur sampling to obtain a p, with probability Pr[A], and then perform M on p,.

Note that, having obtained A, the first two registers of the state p) contain no quantum information, and
may be regarded as ancilla registers prepared in fixed states. Therefore, measuring p) with a POVM M is
equivalent to discarding these first two registers, and performing a measurement M) which acts only on
V)fi. Specifically, we have

tr(My - pr) = tr(Usw Molllyy - Usw prtldyy )

I
_ t dim(y) _ va(p)
- Z Z Z <IU’7S7T| (Z/{SWMUUSW |>‘><A| ® dlm()\) ® S,\(O()) |,U,S, T>
pEn SeSYT(u) TESSYT(p,d)
£(p)<d
1 v
= Z (T ((mT(A) Z (\, S| Usw MoUdy, |>‘aS>> : si((g) ).

TESSYT(A,d) SESYT(N)
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Thus, if we define Mf{\), an operator on VAd, by

1
) . T
MM dm(y E (A, S| Usw MU (A, S),
SESYT(A)

we have tr(M, - py) = tr (Mé/\) . V*—(p)). Thus, after obtaining A from WSS, measuring with M is equivalent

sa(a)
to the measurement M on Vfl. O

3 Lower bounds on learning in Bures distance

In this section, we prove that n = Q(rd/e?) copies are necessary for rank-r projector tomography in Bures
distance. Our approach is to bound higher moments of the affinity between the true and estimated states.
By studying a suitably chosen moment, and by relating affinity to Bures distance, we are able to rule out
the possibility of algorithms that use too few samples.

3.1 Warm up: the pure state case

We begin by considering the special case of learning pure states, i.e. the » = 1 case. In this case, we can use
symmetric subspace techniques, and study the fidelity directly, rather than via affinity.

Proposition 3.1 (A lower bound on learning pure states in Bures distance). Any pure state tomography
algorithm learning to Bures distance € > 0 requires at least n = Q(d/e?) samples, for d > 2 and ¢ < 1//48.

Note that this also proves a lower bound on learning to trace distance e of n = Q(d/e?), for d > 2 and
€ <1/4/96. This is because for pure states, we have

1
—=Dp < Dy < Dg,

V2

using the pure state formulas for trace distance, fidelity and Bures distance, given in Definitions 2.2, 2.3
and 2.5.
We will use the following well-known bound, which appears in [Harl3, Section 2.1].

Lemma 3.2 (An upper bound on the k-th moment of fidelity). Suppose A is an algorithm for pure state
tomography that outputs pure states. Let k be an arbitrary nonnegative integer. Then

ok (d+n—1)
E E = < - n_
fuy~pi [|a>~A<u) [t H (Y

Proof. Let M = {Mg }5y be the measurement used by A, with POVM elements indexed by the corre-
sponding output. Since the input is necessarily in the symmetric subspace, we can assume M is a POVM
on Sym"™(C?). Given input |u), the k-th moment of the squared fidelity is

84w [ @)™ ] = Zﬁ:m(Ma) : ‘u><u|®n) o
N Ztr<M‘a> ® |a><a|®k . ‘u><u|®(”+k))

= tr ((ZMW) ® |a><a|®k) )| B )

Here, the sum over |u) is formal: if the POVM has finitely many elements, then this is a sum in the usual
sense; if the POVM is continuous, it should be replaced with the appropriate integral. On a Haar random
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input, we then have

B, Ly B ] = (M @ @™ ) - B[ ul™0 ])

[u)~pH

= ey (2 M ™) i), (10)
n-+ u

uyropizr L) ~A(u

using Lemma 2.26. We now bound Hg,ﬁk) in the PSD order as Hé;ﬁm = I+ to obtain

e (30 Moy @ @l ) - 11G507) < e (3 My @ 01 ) - o)

(X M) = e (1) = ("),

In the last step we have used Lemma 2.25. Substituting back into Equation (10) finishes the proof. O
We now prove the main result of the subsection.

Proof of Proposition 3.1. From A, we can construct an algorithm A’ which uses no more samples and always
outputs pure states, while learning to Bures distance 2¢ with high probability, by Lemma 2.13. Then, from
Lemma 3.2, we have

("N (1) (k)

n

2K
\uEﬂH |:|ﬁ)~]§)4’(u) “ (@u)] ” - (d+"+k*1) C (ntd)...(n+d+Ek—1)

n+k
< () = () W

However, for any input |u)®n, A’ succeeds in learning a state |u) such that Dg(@,u) < 2¢ with probability

99%. In this case, we have
(il | = F(@,u) = 1 — ~Dp (1)’ > 1 — 22
2

Otherwise, we always have | (@|u) | > 0 at least. Thus,

2

(| (Gl |2’“H >0.99 - (1 - 252) F 0.01-0=0.99- (1 - 252)%. (12)

E | E
luy~pp LE)~A (u)
Combining Eq. (11) and Eq. (12) gives
2k k d—1 k
099-(1-2:%)" < E [ E alw) ] < (1- .
= fuypn \a>~A'<u>H< ) [7]] < dtntk—1

We now apply the inequalities 1 + 2y < (1 4+ z)¥ < e*¥, which hold for z > —1, to loosen both bounds,

obtaining
k(d—-1) )

0.99 - (1 — 4k€2) < exp ( — m

1

We now choose a particular k. If we take k = L J, then we have

16e2
_ 1 k(d—1)
Y2<099-(1—-) <099 (1—4ke?) < _— ],
e < 0.99 < 4>_099 ( e?) <exp p i —
Taking logarithms then gets us
k(d—1) <1
d+n+k—-1 "2’
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which implies
n>2k(d-—1)—-d-k+1=02k—-1)(d—-1)— k.

For d > 2, we have d — 1 > d/2 and k < k(d — 1), so that

n>©2k-1)d-1)—k{d—1)=(k—1)d-1)> = (k - 1)d.

DO | =

When 16e? < £, we may also apply the inequality [x] — 1 > x/2, which holds for all # > 3. With z = 1=,
we get k—1> ﬁ We conclude that

_ 0
" a2

3.2 The general case

In this subsection we generalize the argument from the previous subsection to general r, to prove a lower
bound on the sample complexity of learning rank-r quantum states in Bures distance.

Proposition 3.3 (A lower bound on learning rank-r projector states in Bures distance). Any rank-r projector
tomography algorithm learning to Bures distance € > 0 requires at least n = Q(rd/e?) samples, for d > 2,
r <d/2, and e < 1/80.

We note that the further restrictions in the proposition statement of the form d > dy, r < rg and € < g9
are necessary. This is because taking any of d = 1, 7 = d or € = v/2 renders the problem trivial. In the first
two cases, there is a unique rank-r projector to return: I/d. In the last case, returning any state suffices,
since Dg(p,0) < V2 for all p and o. Therefore, no lower bounds can be proven without such restrictions.

Proof of Proposition 3.53. Fix any such algorithm A, and suppose it uses n samples. By Lemma 2.13, we can
construct a new algorithm A’ which: uses no more samples, outputs rank-r projector states, and learns to
Bures distance 2¢ with high probability. By Lemma 2.67, we can also assume A’ begins by performing weak
Schur sampling and then proceeding conditioned on the outcome A - n. We describe its subsequent action
by an algorithm A’ which measures in Vi. This POVM is written M®) = {Mg‘)}Q, with measurement
operators indexed by the rank-r orthogonal projector corresponding to the output, i.e. Q/r.

Let p = P/r be an input state. By Schur-Weyl duality (Corollary 2.64), we have

n ~v ]'
pen = Z MA@ Lgimn) @ valp) = o Z IAMAl @ Lgim(x) @ va(P).

AFn AFn
((N)<d ((N<d

Upon weak Schur sampling, we obtain a Young diagram A\ with probability

. .
>\~V\]/;;,§n(p)[>\ =\ =dim(A) - sx(p) = o dim(A) - sx(P),

as in Equation (8), and the post-measurement state is

Taimny _ valp) Y iy _ va(P)

as in Equation (9).
Now suppose WSS has occurred, and the fixed outcome A - n has been obtained. The algorithm now
measures in V¢ with M. We will write p|y for the state in the V{ register, i.e. p|x = vx(P)/sx(P). The

k-th moment of affinity between p and the output p = P /T is

A D) =D (ML plh) - Ao )" (13)
P

E
P~A ) (pl\)
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As in the pure state case, the sum is formal, representing e.g. an integral in the continuous case. We can
rewrite the affinity:

ko1 ~ LA | ko1 ~
A(p,p)¥ :tr(pl/2 ~ﬁ1/2) = —ktr(Pl/2~P1/2) = —ktr(P~P> = —ktr(P®k -P®k).
r r r
We can evaluate this trace in the Schur basis. Since for any k-fold operator,

Q®k = Z |/J/ | X Idlm ® VM(Q)

ukk
{(p)<d
we have 1
Alp,p)F = — tr(PEF - PoF) = Z dim(p2) - tr(vu(P) - vu(P) ).
l(lu)Sd

Substituting this expression for the k-th moment of affinity back into Equation (13), we have

A2 ] = S dim) - S we(ME) ) (v (P) v (P))
Fk P

£(p)<d

E
P A (p]2)

- Z dim(p) - tr ((ZMIQ) ®Vﬂ(ﬁ)> : (P‘A ®Vu(P)))

e(’l)<d P
B r’“s,\ 17) % dim(u) - tr ((ZISIMI(S/\) ®Vu(ﬁ)) : (V,\(P) ®VM(P)>>.
L(p)<d

In the last step, we have used p|x = va(P)/sA(P) = vA(P)/sx(17). On a Haar random projector state input
p = P/r where P ~ up, we have

el |

Poun ﬁ~A'<A>(pA)
e
rkSA o 3" dim(p ((Z O @, (P )'pEH {w(P)@uM(P)D. (14)
pkk P
L(p)<d

We would now like to understand the expectation on the right-hand side of Equation (14). Using the
Littlewood-Richardson rule (Theorem 2.51), we have

n(P)@v,(P)= Y |r)r| @ Ly, @ v, (P).
THn+k
o(m)<d

Here, the congruence indicates equality up to conjugation by a unitary change-of-basis implied by Theo-
rem 2.51 and Corollary 2.33. Therefore,

LE o)=Y el o B [n(P)
i THEn+k
L(T)<d
s+(17)
= Z s (1d) |T><T| ®IC;“ ®Idim(le)v (15)
Thn4k T
L(r)<d

where in the last step we have used Corollary 2.61. Now, by Remark 2.59 and the hook-content formula
(Theorem 2.48), for any irrep o we have
-1
50(17) _ [SSYT(A,r)| H r + cont(i, j) H d + cont(i, 7) r —+ cont(i, j)

s.(19) — [SSYT(\,d)| hook, (7, j) hook, (7, 7) d+ cont(i,j)

(i,j)€0 (i,4)€c (i,5)€0
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4
2 2
—1 -1
A = (4,3, 1) with possibilities for an A+ e1 = (5,3,1) with possibilities for
additional cell, labeled by contents an additional cell, labeled by contents

Figure 5: For fixed A, the product []; ;e \» Zi%m is maximized by the choice 7 = A+ k- e1, subject to
the constraints A C 7 and |7\ A| = k. We illustrate the reasoning here with an example. Take d = 3. Left:
A= (4,3,1), together with additional, shaded boxes, which represent boxes we could add to A. The shaded
boxes are labeled with their contents. To maximize the content of a new box, we should add it to the first
row. Having done so, we obtain A + e;. Right: A+ e; = (5,3,1), again with possibilities for the next box
to-be-added shaded, and labeled by contents. Since content increases to the right, the maximum content of
a new box will always be in the first row.

For any 7 with ¢}, nonzero, T contains A, and hence

—1 -1
(sT(lT)> (sA(lT)> ( r+cont(i,j)> ( T+c0nt(i,j)> r + cont(i, j)
d : d = = . N N - /. N = - . N
s-(1%) sx(14) Gher d + cont(4, j) v d + cont(%, j) (L1)er A d + cont(i, j)

(16)

Moreover, we must have |7\ A| = k for ¢}, to be nonzero.

How large can this product be, if A C 7 and |7\ A| = k? Firstly, in order to maximize an individual term
in the product, we should choose cont(i,j) = j — i as large as possible, since r < d. Next, to maximize the
content of a new box, we should always put that box into the first row, since this allows for both ¢ to be
minimal and j to be maximal. Lastly, we can view 7 as constructed by first adding some boxes to the first
row, then some to the second row, and so on. Consider the last box inserted in this process. If it were not in
the first row, we could increase the product by inserting it instead into the first row. Therefore, starting with
A, we maximize the product by inserting k£ boxes into the first row. See Figure 5 for an intuitive picture.

So, we can bound the product in Equation (16) by choosing 7 = 7* := A+ k - e;°, and we have

s\ (:00) 7 _ (500 (:00) 7 _frrtirion
s-(14) sy (14) = \ s (19) sy (14) Cird+ (M +i-1)

This gives the following bound on the ratios appearing in Equation (15):

s, (17)

5(19) =

s (17) B sa(17) ﬁ r+M+i—1
5o (1) sy(14) srdt A Fi— 1

So, from this inequality and Equation (15), we can give the following bound in the PSD order:

VB [P on )= 3 =
Thn4k T
U<
s (17)
_-ST*(ld)

TN ® Loy, ® Laim(vie)

Z ITX7 @ Ieg, ® Laim(via)
TEn+k
L(T)<d

ST*(lr)
oo (19) aim(vgy @ Laimve),

I

3Note that this bound is not necessarily tight for our application, since, for example, we have ignored the further constraint
that p C 7 for c";\u # 0. For example, if A = (1), p = (1,1), then 7* = (3), but in this case p Z 7. The bound will suffice for
our purposes however.
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so that

k ,
sa(17) r+M+i—1
E { P P] < : I, .
P I/}\( )®Vﬂ( ) - (S)\(ld) gd+)\1+l—1 dlm(V/\d)® d (Vil)

Substituting this back into Equation (14):

ke r+A+t—1 . A)
5 LB 109 = i (TR ) 3 amie (S aend®). om

pkk P
£(p)<d
Now we use the fact that tr (1/#(]3)) s, (17) for any P, so that
tr (Z M @ v, ( ) tr (Z M}@) = 5,(17) - dim(V) = 5,(17) - sx(1%).
P 7

The second-last step holds since M) is a POVM on V. Therefore,

3 dim(u)-tr(ZMg\)@uM(ﬁ)) = s(1 ( S dim(u) - s, 17”)) — 5y (19) - 7. (18)

puEk P pkk
£(p)<d £(p)<d

The last equality can be seen as follows. Weak Schur sampling on k copies of a fixed projector state
p=Q/r € C¥4 yields p I~ k with probability dim(gu) - su(o) = dim(p) - s, (17) /r* (by Equation (8)). Thus

1= Pr = dim(p) - s, (1"
% u~WSSk(p)[ rk /; w17):
2(p)<d £(n)<d

Then, substituting Equation (18) into Equation (17), we finally obtain the bound:

k . k k
N r+X+i—1 r+X+k—-1 d—r
E [ E [A, ’“H< . << ><1).19
Projir Lm0 (p)) (p.P) —Ed+A1+z—1— d+- M+ k-1 niro1) 19

This bound we have just derived applies when, upon weak Schur sampling, we obtain A. Therefore, to get
a bound on the k-th moment of affinity, we should average over all possible Young diagrams we can obtain
from WSS. This gives:

E E |A(p,p)||= E P A=)\ E Alp, p)*
Prpn [ﬁ"’A/(P) [ (p.7) ” Pepn % ANWSIS‘n(p)[ ] P A ) (p]2) [ (p:P) H
e(N)<d
= Z Pr [}\:)\].( E { E [A(P,ﬁ)kﬂ)
A\Fn A~WSS,, (p) Pepp Lpe A (py)
e(N)<d
d—r k
< P A=M-(1o— > 20
- ; )\NWSEn(p)[ ] ( d+)\1+k—1> : (20)
(<

where p is any fixed rank-r projector state. In the second step, we have used the fact that WSS probabilities
depend only on the spectrum of p, which is the same for any rank-r projector state.

We now proceed by showing that for any p, with high probability, we have A; < Cn/r. To do so, we use
two previously known results on WSS statistics in an off-the-shelf manner. Firstly, Theorem 5.2 of [OW16]
states:

n
E A < — +2y/n.
)\NWSSn(p)[ = T +2vn
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Secondly, Proposition 4.8 of [OW17] proves the concentration bound:

t2
P A — E Al >t <2 - .
ANWSIS“W(’)) U 1 )\NWSSW(p)[ 1” = } S exp( 8n>
Combining these gives
n C?
P [ > P }<2 e 21
A~WSS, () Az r O+ 2V = eXp( 8 ) 2!

Choosing C' = 7 makes this probability smaller than 1%. Assume for now that n > 81r?, so that 9y/n < 2.
Then from Equation (21) we have

2
Pr [)\1 > —n} < 0.01. (22)
A~WSS, (p) r

So, with probability at least 99%, we have A1 < 2n/r, and in this case

1 d—r 1 d—r
d+X +k—-17 d+2 + k-1

In the event A; > 2n/r, occurring with only at most 1% probability, we will use instead the trivial bound

d—r
l1-— <1
d+XM+k—-17

Therefore, we can bound the expectation in Equation (20) as

d—r k
E E |A(p,p)k|| <099 - (1— —————] +0.01-1
Prpn [ﬁ~A’(p)[ (p,P) H_ ( d+2Tn+k‘—1>
< 1—L k—i—OOl (23)
- d+2 +k—1 o

We now proceed similarly to the pure state case. Recall A’ produces a rank-r projector state p such
that Dg(p,p) < 2¢ with probability at least 99%. In this case, we have F(p,p) > 1 — 2¢2, and hence
A(p,p) > 1 —4£2, by Corollary 2.20. In the remaining case, occuring with probability at most 1%, we
always at least have the bound A(p, p) > 0. Hence,

~\k . 4.2 k 0 — ) 42 k
P [awﬁ(m {A(mp) H >0.99- (1—4¢2)" 4+0.01-0=099- (1 —4e?)". (24)

Combining Equation (23) and Equation (24) gets us:
d— k
(1—42)" —001< (1 —5——— .
d+2 k-1
We now apply the inequalities 1 4+ zy < (1 4+ z)¥ < %Y, valid for x > —1, to get
k(d—r)
1 —4ke?) —0.01<e —_—— .
( ) —Xp< d+2f+k—1>

If we now choose k = L@J, then the left-hand side can be further lower-bounded as:

e 12 <0.75 - 0.01 = (1 — 4¢%/16¢?) — 0.01 < (1 — 4ke?) — 0.01.

Taking logarithms then gets us
k(d—r)

1
—_— <
d+ 22 +k—-1 "2
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which implies
2
DS ok(d—r)—d—k+1.
r

For r < d/2, we then have
2n

—>kd—d—-k+1=(k—-1)(d-1).

r
If d > 2, then d — 1 > d/2. Moreover, for 16e? < 1/3, we may apply the inequality |z] — 1 > z/2 with
x = 1/16€2, since the inequality holds for all 2 > 3. This gives us k — 1 > 1/32¢2. Substituting both of

these, we arrive at the bound:
r 1 d rd

> - o= :

"7 9322 2 T 1982

To conclude, we circle back to our assumption that n > 81r2. We have shown so far that n > 81r2
implies n > rd/128¢2, which is at least 10072 if we impose the further restriction that e < 1/80:

(25)

rd r2
> _—— > 1002
12822 = 6422 =

But this implies that no algorithm can succeed with n < 81r?2 either, since if A could learn rank-r projectors
for such 7 and e, using n < 8172, then certainly A could also solve the problem using n samples with
n € (81r2,10072), simply by ignoring the extra copies. This establishes the lower bound in Equation (25)
without this extra assumption on n, and completes our proof. O

4 Bootstrapping from trace distance learning to Bures distance
learning

In this section, we prove our bootstrapping result.

Proposition 4.1. Let A be an algorithm for rank-r projector tomography that, when given n samples of p,
returns a rank-r projector state p such that Dy (p, p) < € with probability at least 99%. Then there erists
an algorithm A’ for rank-r projector tomography that takes n’ = 2n + O(r?/e%) samples of p, and returns
a p such that Dg(p, p) < O(e) with probability at least 95%, for r > ro, and € < eo, where ro and &g are
constants.

We now describe how the new algorithm A’ is constructed from A.

Definition 4.2 (The bootstrapped algorithm). Let .4 be an algorithm for rank-r projector tomography
that, when given n samples of p = P/r, returns a rank-r projector state p such that D (p, p) < e with
probability 99%. The bootstrapped algorithm A’ is defined as follows.

On input p®"', where n’ = 2n + O(r2/¢?):

1. Pick a random unitary U. Give n copies of UpUJf to A and let Q/r be its output. Write 131 = UTQU.
2. Repeat this process a second time to construct 132.
3. Let R be the projector onto span{ﬁl, f-’g}

4. Take O(r?/e?) copies of p and measure each of them with {R, R}. Discard the post-measurement
states corresponding to the outcome R.

5. The remaining post-measurement states p|g live inside R, which is a subspace of dimension at most
2r. Using the Bures distance tomography algorithm of [PSW25], compute an estimate p of p|g with
Bures distance error ¢ using only O(r?/e?) copies of p|g.

6. Output p as the estimate for p.

28



4.1 Proof overview

In this subsection, we describe the main steps of our proof of Proposition 4.1. In subsequent subsections, we
fill in the technical details formally. We will see that each step occurs with high probability, given previous
steps. We will assume that all previous steps have succeeded during our proof, and then address the success
probability at the very end.

Step 1. We start by showing that because A learns in trace distance, each of the 1?’1 must have a large-
rank subprojector® which is approximately “aligned” with P. We formalize this notion with the following
definition. In this definition, « is a sufficiently small constant we will specify at a later stage in the proof.

Definition 4.3 (Well-aligned subspaces). Let II; and IIs be rank-r projectors. Then the well-aligned
subspace of II1 with respect to Ilz, denoted Satign (II1 | II2), is defined as follows. Take a Jordan decomposition
of IIy = >, |u;)u;| and Iy = 3, |v; v;|, where |u;) and |v;) are the Jordan vectors in the i-th block. Write
W; = | (ui|vi> ‘ Then

Satign(II1 | II2) = span{]|u;) |an2 >1— 62/a2}.

We will denote the projector onto the well-aligned subspace as ITatign (IT1 | II2).

We now define R R
A; = asgn(Pi | P), B; = lalign (P | Py). (26)

~

Intuitively speaking, A; projects onto a subspace of supp(P;) whose vectors have high overlap with supp(P),
and B; projects onto a subspace of supp(P) whose vectors have high overlap with supp(]ADi). Informally, A;
is an approximate copy of B;, and importantly, A; sits inside 131-, while B; sits inside P. That is, A; is our
large-rank subprojector approximately “aligned” with P, and in particular, it is approximately B;.

In the first step of the proof, we formalize the above claims, and prove that these projectors have rank
at least (1 — «) -rank(P) = (1 — ) - 7. We also show that the distributions of A; and B; are invariant under
conjugation by unitaries of the form Up ® Us.

Step 2. Next, we show that the two projectors By and Bs, with high probability, “cover” P in a robust
sense. Not only does B+ B3 have full rank, but the orthogonal complement of B is approximately contained
in By, and vice versa. In particular, in this second step we formally show that, with high probability, B,
and By robustly cover P in the following sense.

Definition 4.4. Let II be a projector, and let II; and IIs be subprojectors of II. Then Iy and Il robustly
cover II if two conditions are satisfied:

e Firstly, rank(Il; 4+ II) = rank(II).

e Take any Jordan block decomposition of ITy and IIs. In a 2 x 2 block B, let IL;|g = |w; g){w; g|. The
second condition is: | (w1 glwe p)|* < 0.1 for all such blocks B.

Roughly speaking, this means that there is a complete “copy” of P inside supp(B; + Bs). In particular,
the second bullet says that the Jordan vectors of II; and IIs form an almost orthogonal basis for P. Intuitively,
B, and B> should satisfy this definition because supp(B1) and supp(B3) are random subspaces of high rank,
and therefore “cover” the entire space they sit in.

Step 3. Now we use the fact that if By and B robustly cover P to construct a basis of P that we can
“lift” to a set of r nearby vectors contained in supp(A; + As). Informally, because there is a complete
“copy” of P inside supp(B; + B3z), there is also an approximate “copy” of P inside supp(A; + Az). Looking
ahead, our ultimate goal is to show that p = P/r is roughly contained in the projector R onto the subspace
span{131, 132}, and showing that P is roughly contained inside supp(A; + As) would suffice to show this, as
supp(A; + As) C span{P, P}

Consider a Jordan decomposition of B and Bs, where we regard these as projectors in the space supp(P).
Since B 4+ Bj has full rank, any 1 x 1 block in the decomposition is fixed by one of B or Bs. Thus, there

4By a subprojector of II, we mean a projector onto a subspace of supp(II).
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are three types of blocks: By, 1 x 1 blocks which are fixed by B1; Bs, 1 x 1 blocks which are not fixed by
B, but are fixed by Bs; and Bjs, the 2 x 2 blocks.

For B € By, Bi|p = |ug)Xup| for some vector |ug). Similarly, for B € By, Ba|p = |vp)vp| for some
vector |vg). Now consider B € Biz. In this block, B1|p = |w1,g)w1 | and Ba|p = |wa g)ws, p|, with
| (wy plwe,p)| < 0.1. The vectors |wy ) and |ws p) are linearly independent, and span B, but are not
necessarily orthonormal. However, if we define as the vector

lwip) o [wy,p) — (w1,plwa p) - |wiB),

then {|wy p), |wy p)} is an orthonormal basis for B. Thus

Op = { |U‘B> }BeBl U { |UB> }3682 U { |w1=B> ’ |wa> }BeBlg’

is an orthonormal basis for supp(P).

We now describe how to lift these basis vectors to a new set of vectors in supp(A; + As). The idea is,
roughly speaking, to lift the vectors {Jup)} and {|w; )} to preimages under P in A;, and then normalize,
obtaining {|up)} and {|w1 )} respectively. Likewise the vectors {|vg)} and {|ws )} are lifted to preimages
in Ao and normalized, giving {|vg)} and {|ws g)} respectively. We now explain why this can be done. Take
any |up) € supp(B7) as an example. Since A; and B; are defined via the Jordan vectors of Py and P
respectively which are closely aligned, there is a vector |up) € supp(A;) such that Plup) < |ug). In
particular, if we write the sufficiently-aligned Jordan vectors of P and Py as {|u;)} and { |&;)} respectively,

and if
lup) = Z (wilup) - [u;),
i
then the unnormalized vector

S (uilus) - ﬁ )

i
is mapped by P to |upg), since P|u;) = |u;{u;| - |u;) = (u;|w;) - |u;). Normalizing gives us |up) such that
Plup) « |ug). The construction is analogous for the aforementioned cases.
Finally, for the vectors in { \wf- B) BB, We lift each of its constituent vectors separately, i.e. as

@y ) o |[W2,5) — (w1,plwa p) - |1,5).

Definition 4.5 (The lift of Op). The lift of the basis Op is the set of vectors

Op = {l8) }pes, UL 108) }pes, U { 1@18) [@15) } e,

We show that each of the r vectors in the lift has overlap 1 —O(e?) with P. Since these vectors sit within
R, we are then able to use this to show that tr(R - P/r) > 1 — O(e?).

Step 4. Lastly, we use the inequality tr(R-p) > 1 — O(g?) to conclude the main result. There are two
main implications of the inequality:

e Measuring O(r? /) copies of p will, with high probability, leave us with O(r?/e?) copies of p|g.
e The state p|r is O(g)-close to p in Bures distance.

With these facts established, the correctness of the algorithm follows readily from the Bures distance to-
mography algorithm of [PSW25]. This algorithm requires O(r?/e2) copies of p|g, a state in a subspace of
dimension rank(R) < rank(P;) + rank(P3) = 2r, to produce an estimate p such that Dg(p, p|r) < O(€)
with high probability. Then Dg(p, p) < O(g) by the triangle inequality.

30



4.2 Step 1: properties of the projectors A; and B;
Lemma 4.6. The projectors A; and B; have the following properties, with high probability:
(i) rank(A;) =rank(B;) > (1 —a) - 7.
(ii) For all |v) € supp(A;), we have (v| P|v) > 1 — &2 /a?.
Proof. First, we observe that each 1’51, is a good estimate for P: for both ¢ = 1 and 2, we have
Dix(P/r, P;/r) = Dee(Us(P/r)UL, Ui(P;/r)U}) = Du(UipU], Q; /1) < e,

with high probability. Next, take a Jordan decomposition of P and P;, and write |lu;) € P and |u;) € p;
for the Jordan vectors in the j-th nonzero block. Let w; := | (u;]@;)|, and €; := (1—w?)!/2. By Lemma 2.19,

we have -
Dtr(P/r Z/T Z l-w 3 ZEJ"
"=

Suppose, for sake of contradiction, that strictly fewer than (1 — a) - of these blocks have w? > 1 —£?/a?
or equivalently, that strictly more than o - r blocks have €; > ¢/ca. Then

e > Dy (P/r,P;/r) = Z€J>a (e/a)+(1—a)-0=c¢,

which is our contradiction. Thus, there are at least (1—«)-r Jordan blocks for which w? > 1—¢?/a®, which

implies that dim(Satign(P | 13,)) = dim(SAlign(IADi | P)) > (1 — «) - r. Since these dimensions are also the
ranks of A; and B; respectively, we have property (i).

Write J == {j : w? >1-¢2/a?}. Then A; = > jes |wi)u|. For any unit vector [v) € supp(A;), we
can write |v) = > ; Bj[u;), and we have

(IPlo) = (o] (3 lugdag| ) o) = D187 - w? = (1= 2/a?) D7 [8;1 = 1= /o,
jeJ jeJ jeJ

This proves item (ii).

Lemma 4.7. The distribution of B; is invariant under conjugation by unitaries of the form Up © Up.

Proof. First, we show the distribution of 131 is invariant under such unitaries. Fix W = Up ® Up. Note that
with U; a Haar random unitary, V; := U;W is Haar random too. Furthermore, since WTPW = P, we have

UipU! = (VW p-(wvh) =v,. (wWipw). v =v,pv].
Since both U; and V; are Haar random, UIA(UZ»,OUDUi and VIA(VZ-pVI)VZ- are identically distributed.
Therefore, P; = UIA(UipU;r)Ui is identically distributed to
VIAWVpVHV, = Wi (UjA(UipUI)Ui) W =wtP,w.

Thus, the claim holds for ﬁl
Now we turn to B;. Note that

PP.P =" Ju;)ug| - [2)(@] - [uy Y] =Y [ (ujlig) 7 - fug)ws| = foj | fu;Xuy]
J J J
whereas B is 3. ; [u;)u;l, where J = {j : w? > 1 —¢?/a’}. Thus, B; can be formed from PP,P,
by taking the projector onto the eigenspaces W1th large enough eigenvalue. Write f for this operation, so
that B; = f(PP P). But PP;P is identically distributed to P(W“LP W)P = WT(PP PYW, since W

and W' both commute with P. Thus, B; = f(PPlP) is identically distributed to f(WT(PI/siP)W) =
Wt f(PP;P)W = WTB;W, where the first step holds since f commutes with conjugation by a unitary. [
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Corollary 4.8. Conditioned on rank(B;) =1/, B; is a Haar random rank-r’ projector on supp(P).

Proof. The distribution of B; (regarded as a subprojector on supp(P)) is invariant under conjugation by
unitaries Up, by the previous lemma. That is, B; is identically distributed to Up - B; - U}rg for Up ~
wpr (supp(P)), the Haar measure on supp(P). We can imagine that we draw B first, and then Up. If B;
has fixed rank 7/, then we end up with a Haar random rank-r’ projector on supp(P). O

4.3 Step 2: B; and B, robustly cover P

Lemma 4.9. For o a sufficiently small constant, and for all r sufficiently large, we have (u|Bz|u) > 0.9
for all vectors |u) € supp(B1) with high probability. Here By is the complement of By in supp(P).

Proof. Let pp(P) denote the Haar measure on supp(P). First, note that for any fixed projector F,, of rank
r’ at least (1 — ) - r on supp(P), we have

P
DB L) = (B[] ) = (T R) 21

where we have used Lemma 2.26 in the second step. We can apply Lévy’s lemma (Lemma 2.21) and
Lemma 2.22 to the function f : supp(P) — R given by f(|u)) = (u|F./|u), to get

Pr Umﬂmn<1_a_@< Pr Hmwmm_

|w)~pm (P) T lu)~pm(P)

WEPUuwpmﬂ\>ﬁ]

S Cl €xXp (_02527') )

for some constants C; and C5, and any .

Since B; and Bj are independently sampled, and since each has a distribution invariant under conjugation
by unitaries Up, we can regard B; as a fixed projector, and By as a random projector. We condition on the
rank of each projector being at least (1 — «) - r. Further conditioned on rank(B;) = r’, we can view Bs as a
Haar-random rotation of a fixed projector F,.. For any fixed |u) in P, and any 3, we have

Ef [<u|B2|u> <l-a- ﬁ} - Z Pr :rank(Bg) = T/: Ef {<U|B2|U> <l-a- ﬁ‘ rank(By) = r’}

= Pr|rank(By) =+'| - Pr wWUF. U <1—a-—

= E Pr _rank(BQ) —+]. Pr [(u\FT/|u> <l-a- B}
B L 4 Ju)y~pn (P)
r'=[(1—a)r]

T

< 3 prfekm=r] (Gon o)

=Ciexp (—CQBQT) .

We apply this bound to all vectors |u;) € N.. Here, N, is a fixed net of mesh ~ for supp(Bj), where v
is a sufficiently small constant we pick later. By a net of mesh +, we mean a set of states {|u;)} such that

for all |u) € supp(B), there exists a |u;) € N, such that D, (Ju)ul, |u;)u;|) < ~. Since rank(B;) < ar, we
can take |N,| < (5/2v)?*" by [HLSWO04, Lemma IL.4]. Then, by a union bound,

Er J|us) € Nyt (uy|Balus) <1—a—B| <|N,|- Cyexp (—Cap%r)
< Cpexp ((Cga - (3’252)7") ,

where we are writing C3 = 21In(5/2v). If we fix 8 and ~, so that 1 — 8 — v > 0.95 then provided « is a
sufficiently small constant, we have (i) that 1 —a — 3 —~ > 0.9, and (ii) that the exponent C3ax — C23% is
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a negative constant. Hence for r > rg with 7y some sufficiently large constant, this probability is less than
0.01. Finally, since N,, has mesh ~, and since f has Lipschitz number 1 (Lemma 2.22), with high probability
over By, (u|Bz|u) > 1—a——v > 0.9 forall |p) € By. This is because for any |u) there exists a |u;) € N,
such that

| (u|Ba|u) — (ui| Ba|ui)| < D (Ju)ul , [us)ui]) < - O

For the remainder of the proof, we assume « is a sufficiently small constant, and r sufficiently large, for
Lemma 4.9.

Corollary 4.10. The projectors By and By robustly cover P with high probability.

Proof. For |u) € supp(P), we have (u| (B1+B3) |u) = (u|B;|u)+ (u|Bz|u). By Lemma 4.9, if (u|B;|u) =0,
then (u|Baz|u) > 0.9, so (u| (B1 + Ba) |u) # 0 for any |u) € supp(P). Thus, B; + Bz, an operator with
support on supp(P), is full-rank in supp(P). That is, rank(B; + Bs) = rank(P).

Now take a Jordan block decomposition of By and By, and consider a 2 x 2 block in the decomposition,
B. Suppose Bi|p = |uXu| and Ba|p = |v)v|, and write wp = |(u|v)|. Let |ul) be a vector in B such
that (u|ut) =0. Then (ul|Bjlut) = 0so that Lemma 4.9 implies (u'|Ba|ut) = | (ut|v)|*> > 0.9. Thus,

wh = [(uv)[? =1~ | (u"|v) > <0.1.

Since B is arbitrary, B; and B robustly cover P. O

4.4 Step 3: lifting Op to Op

Lemma 4.11. We have .
| (W]Y)|” > 1-3e%/a?,

for each matching pair |¢) € Op and |¢) € Op (e.g. |ug) and |up)).
Proof. We have a couple cases:

(1) I [¢) € {lup)}pes, U{|ve)}Bes, U{lwi, B)}Bes,,, then

Hw%f:MMH%f:L@E@gcﬂﬁﬂﬁzlfﬁmﬂ
1P 9]

where in the first step we have used P|i) = |¢)), in the second we have used P |¢) /||P|¥)|| = |v¥),
and in the last step we have used Lemma 4.6, item (ii).

(ii) The last case is if |[¢) = |w1{B>, for some block B € Bi. This case is more involved, as |w; ) has a
more complicated construction. We have

lwip)  |waB) — (wy,plws,p) - w1 ) = |@),

and
~ ~ ~ ~
lwig) o |wa,B) — (w1,B|ws,B) - [w1,B) = [T),

where |x) and |Z) are unnormalized vectors. We start by writing:

| (@) |

(@|z) - (z|z)

(27)

| (w1 plwip)|* =

We first consider the numerator, expanding (z|x) as
(@|z) = (Wa,plws,5) + wh - (W1,5lw1p) — (w1 plwap) - (Wa,5lwy p) — (w2,plwip) - (W1,p|lwap)
where w?% = | (wy p|ws, 5) |*. Now we use the fact that

(Wi plwj p) = (Wi B|Plw; p) = [|P|wip)| - (wiplw;p). (28)
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This gives:

(@) = [|P |[wa,p)l| +wh - [Plwyp)| —wh - | Plw2,s)]| —wh - [P |w1p)ll
= (1—wh) | Plw2,p)] -

We can bound this via
~ 2 ~ ~
|P w;p)||~ = (w; p|Plw; ) >1—¢e*/a? (29)

using Lemma 4.6, item (ii). Thus, the numerator can be lower bounded as
| (@|x) > > (1-wh)* (1-¢*/a?). (30)
Now we consider the denominator. First,

(@|z) = (w2, plwa,p) + wh - (w,plwi ) — 2wh =1 - wh. (31)

Next,

(@|®) = (Wa,p|W2, ) + Wk - (W1 |W1,B) — (W1 BlwsB) - (W2, p|W1 ) — (Wa plwi B) - (W p|ws,B)

14w — 2Re | (w3, plws,p) - (W2,5]1,5) |- (32)
The last term can be bounded as:

Re [ (w1 lwa,p) - (@2,pli1,5) |

= Re {(wl,B‘wZB) - (w2 B|(P +ﬁ)|’t~01713>}

= Re [ (w1 plwa,p) - (@2,5|Plin5) | +Re | (wy plws,p) - (@2,5/Plw1,5)

= wh - |Pl@ys)| - | Plibs,5)| +Re | (w1 plwsp) - (is,5/Plib1 )
> wh | Pliyp)| - | Pl@2,p)| — | (w1 plwe,p) |- |P|was)l| - |P|ws)ll,  (Cauchy-Schwarz)
where the second-to-last step is because P |w; g) = ||P|W; B) | - lwi ). We can bound this further

using Equation (29), and

— 2 - — ~ ~
|Plwp,)|~ = (wp:Plwp;) =1— (wp,|Plwp,) <&*/a’.

Thus,

Re [<w1’3|w2,3>~ <17)2’B|’L’IJLB>:| >wyh - (1-£2/a®) —wp - (£%/a%) > wh — 2wp - €%/’

Substituting this back into Equation (32) gives:

i~ 4
(@|T) <1+wh —2(wh —2wp-e2/a”) = (1 —wh) - (1—|— 1 wijB -52/a2> < (1-wh) (142e%/a?),

using w% < 0.1 in the last step. From this and Equation (31), the denominator can be upper bounded
as:
(xlz) - (Z|Z) < (1 —wk)?- (1+ 262 /o ).
Finally, from this and Equations (27) and (30) gives:
(@t gl g [P = LERL G -wh)? (1-c/a?)
1,BI™LB (@|z) - (z|lz) — (1-w%)?- (1+2:2/a?)

> (1-e?/a?)- (1-2¢%/a?) > 1-3e?/a”.
So, in all cases we have | (¢[) |2 > 1 — 3¢2 /a2, O
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Corollary 4.12. We have tr(R - p) > 1 — O(g?).

Proof. Recall
Op = {|ug) }3681 U{lvs) }BeBz U{lwis), |th> }BEBlz

forms an orthonormal basis for supp(P), and that each vector in the lift (513,

Op = { @) }pep, U{188) }pep, U {1@18) 1916) } pegs,s

is in supp(A; + As) C supp(R). So, we have
tr(R-P)= Y (up|Rlug)+ Y (vp|Rlvp)+ Y (wip|Rlwip)+ > (wspRlwss)

BeB; BeBs BEB12 BeBi2
> > (uplup) P+ > [(uslop) P+ > [(wiplwip) |+ Y |(wsplwss) |
BeB; BeB, BeBi2 BeBi2

>r-(1-3%/a?),

where in the last step, we have used that there are r terms across all four sums, since they index vectors
forming an orthonormal basis of supp(P) which has dimension 7, and that each term is at least (1 —3g%/a?)
by the previous lemma. The result follows since p = P/r. O

4.5 Step 4: Bures distance learning in R
Lemma 4.13. We have the following:
(i) With high probability, measuring O(r?/e?) copies with {R, R} leaves us with O(r?/e?) copies of p|r.
(ii) Dg(p,plr) < O(e).
Proof. (i) From Corollary 4.12, we have that the probability of obtaining a copy of pg is
tr(R-p) > 1—0O(e?).

In particular, this is with high probability for sufficiently small e. Thus, O(r?/e?) copies of p suffice
to obtain O(72/e?) copies of p|r, by Markov’s inequality.

(ii) Note that
RpoR RPR

Plr = tr(pR) B tr(PR)’

 /——— _ |P-(RPR)-P _ w(PRP) _ [t(PR)
F(p,p\R)—tr \/ﬁ'p|R'\/ﬁ_tr rtr(PR) - m_ r :

Thus, by Corollary 4.12,

so that

F(p,plr) > /1 - 0(e?) > 1 - O(e?).

Converting this to Bures distance, we get:

Dg(p,plr) = V2(1 = F(p, p|r)) < O(e). O
Lemma 4.14. The bootstrapped algorithm succeeds with probability at least 95% given 2n+O(r?/?) samples.

Proof. There are only a small number of probabilistic steps that must succeed for the algorithm to return a
good estimate. Fach succeeds with high probability, perhaps conditioned on the previous steps. These are:

(i) We need Dy, (p, 131/7") <e.
(ii) We need Dy, (p, 132/1") <e.
(iii) We need B; and Bs to robustly cover P, which holds with high probability by Corollary 4.10.
(iv) We need O(r?/e?) samples to prepare O(r?/c2) copies of p|r, and this succeeds with high probability.
(v) Finally, the Bures distance learning algorithm of [PSW25] succeeds with high probability.

Union bounding over these five events gives us the claimed success probability of 95%. O
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5 Lower bounds on learning in trace distance

In this section, we use our bootstrapping algorithm to conclude lower bounds on the sample complexity
required to learn a rank-r projector in trace distance.

Theorem 5.1 (A lower bound on learning rank-r projector states in trace distance). Any rank-r projector
tomography algorithm learning to trace distance ¢ > 0 requires at least n = Q(rd/e?) samples, for r €
[ro,c1-d], and e < g9, where 1o is a sufficiently large constant, and ¢1 and €q are sufficiently small constant.

Proof. Suppose an algorithm A existed that could learn rank-r projectors to trace distance ¢ with probability
at least 99%, for such r and ¢, using n < cyrd/e? samples, for some constant c; we pick later. Then,
by Proposition 4.1, we could bootstrap it to an algorithm 4’ that learns to Bures distance O(g) using
n < 2cord/e? + c3r?/e? < (2c¢o + cie3)rd/e? samples, with probability 95%, for some constant cz (arising
from the Bures distance learning algorithm of [PSW25]). By Lemma 2.12, we can convert this to an algorithm
learning to O(g) with 99% probability, using O((2¢2 + c¢1c3)rd/e?) copies. For both ¢; and ¢y sufficiently
small, this contradicts Proposition 3.3, which requires that n > rd/128¢2. Therefore, having chosen such a
co sufficiently small, we must have n = Q(rd/e?). O

This result further implies the following lower bound on learning generic rank-r mixed states.

Theorem 5.2 (A lower bound on learning rank-r mixed states in trace distance). Given a rank-r mized
state p € C¥*4, n = Q(rd/e?) copies are required to estimate it to trace distance error € > 0, for sufficiently
small €, and d > 1.

Proof. We combine the following observations:

(i) For r € [rg, c-d] and d large enough so that ry < ¢-d, we can directly appeal to Theorem 5.1 since any
general rank-r tomography algorithm is also a rank-r projector tomography algorithm.

(ii) For r € [¢ - d,d], with d large enough so that ro < ¢ - d, we can use rank-(cd) projectors instead to
obtain a lower bound of n = Q(d?/e?) = Q(rd/e?).

(iii) If r < 79 and d > 1, then we can obtain a lower bound of n = Q(d/e?) from the pure state Bures
distance learning lower bound, Proposition 3.1. This is because for pure states, we have

€
V2

using the pure state formulas for trace distance, fidelity and Bures distance, given in Definitions 2.2,
2.3 and 2.5. Thus, learning to ¢ trace distance is equivalent to learning to O(e) Bures distance, and
we conclude an (d/c?) = Q(dr/e?) lower bound in this case.

DB S Dtr S DB)

Thus, for sufficiently small € to cover all three cases, we have a lower bound of Q(rd/c?). O

6 The pretty good measurement

This section treats the Pretty Good Measurement (PGM), a natural measurement which we show has optimal
sample complexity for the problem of projector tomography.

Definition 6.1 (The Pretty Good Measurement). Let {p;}™, C C?*4 be a finite set of density matrices,
and let {a;}™, be a probability distribution on [m]. We define the average state as S == .~ a;p;. Then
the Pretty Good Measurement associated with this ensemble is the POVM {M;}72, defined by

M; = S™2  qp; - S712,

where S~1/2 denotes the Moore-Penrose pseudoinverse of S'/2, i.e. the inverse restricted to the support
of S.
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The PGM’s name derives from the fact that it is pretty good at the problem of state discrimination. State
discrimination is the following task: we are given a single copy of p; € {p;}7,, where ¢ is generated according
to a known distribution «, and we are asked to identify ¢. Let Ppgn be the probability that the PGM succeeds
at this task, and let Popr be the optimal success probability, maximized over all possible POVMs.

Theorem 6.2 ([BK02]). Ppagym > P3pp. In particular, if Popr > 1 — 6, then Ppam > 1 — 2.

We can reformulate (proper) projector tomography as a continuous version of state discrimination: we
are given a state of the form (P/r)®", for P a rank-r projector, and asked to identify our input state among
all such n-fold projector states. Thus, a continuous version of the PGM is a natural measurement to consider
for projector tomography. We parameterize the input state via P = UQU' /r, for some fixed rank-r projector
Q, and U € U(d). Then, measurement operators can be defined as

My = §712 . (UQUY fr)®n . 712 .dU = —§-1/2 . (UQUT™ - §71/2 .U,
TI’L

with
1
5= [ WQUim - aU= ST NS Loy © [ 1@QUY)-au
U U
ey
1

SA(IT)
= )\z'_;L SA(ld) ’ ‘/\><)‘| Y Idim(/\) & Idim(V;’) . d[]7
(X)) <d

using Lemma 2.60 in the last step. Substituting S back into My gives

1d
My = Z; zi\gl’”i MA@ Lgimn) ® vA(UQUT) - dU. (33)

Definition 6.3 (The PGM for projector tomography). The Pretty Good Measurement for rank-r projector
tomography has POVM elements {My }ycp(a), with My given by Equation (33). Upon measuring U, the
PGM outputs U(Q/r)U".

Remark 6.4. In light of Lemma 2.67, measuring with the PGM is equivalent to applying the following
two steps:

1. WSS to obtain A F n. The post-measurement state, written in the Schur basis, is

Tgim(x) ® vA(P)
dim(X) © sa(17)°

[AHA @

2. Within V;‘i, measure with the POVM M®) = {Mé}‘)}UeU(d) with operators

M{(J)\) _ sx(19) A (UQUT) - dU.
SA(lr)

The second step is itself a continuous PGM, where we attempt to identify vy (P)/sx(1"), among all possible
states in Vi of that form.

6.1 Sample-optimality of the PGM for learning projectors

In this subsection, we prove the following result, which also implies the upper bound in Theorem 1.2.

Proposition 6.5 (The PGM achieves optimal sample complexity for projector tomography). The PGM
defined in Definition 6.3 can learn a rank-r projector state to within Bures distance € with high probability,
using n = O(rd/e?) copies.
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Proof. We start by studying the expected affinity, with the aim of lower-bounding the expected fidelity
between the output p = UQU' /r and the input p = P/r:

ﬁNIIDEGM [A(p, p)] = ,GNPEGM [r “tr(p - p)} (Equation (5))

e (7))

1
_ m/Utr (My - P#") -t (UQU' - P) |

With Equation (33), we re-express the first factor from the integrand using the Schur basis:

sy (14
tr (My - P®") :tr( > Siglri ~|)\><>\|®Idim(A)®VA(UQUT.P)> AU
O)2a

=Y DD Gima UQUT - P)-dU
T 2 s EeuE Py
O)Za

Plugging this back into the integral, and using (i) the fact that the unitary irrep corresponding to A = (1)
is the defining representation (Example 2.49), and (ii) Pieri’s rule (Corollary 2.52), we get

/Utr (My - PE") - tr (UQUT- P) -dU = ) 28? -dim(/\)./US/\(UQUT,p).s(l)(UQUT.P)'dU
) Za
= Z ?82 ~dim(A) - tr (/ n(UQU' - P)@ v, (UQUT - P) -dU)
A
@()Sgd v
sx(1h) d T
- ~dim(A) - L(UQUT- P)-aU).
é(%:zd sx(17) m(}) ;tr(/UV)\+ (UQ ) )

From Lemma 2.60, we have

e; (17
/U Urie, (UQUT - P) - dU = ( /U Urie, (UQUT) -dU) Vnpe,(P) = M Vnpe (P).

Plugging this back into the trace, and combining all of our steps so far, we obtain

E [A(ﬁ p)} _ ! Z sx(1%) -dim(A) - iw Sape, (17)
p~PCGM ’ L= sy\(17) e sape (19) AT
((N<d

At this point, it will be useful to reorganize the expression, and reintroduce factors of r into the arguments of
the Schur polynomials, so that we can interpret the terms in this sum as an expectation over A ~ WSS, (p).
To do so, we use the relation sy (a) = sx(17/r) = sx(17)/r*. We also use the notation ®y (a) = s (a)/sx(1%).
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We get

B[] = X ey 205 w00 (1 nel)

A-n i=1
L(XN)<d

d sa(19) Sxie, @)\

=r dim(\ . G

> ) si)- 32 < S )
(N<d

—r im (I)/\+el ) SA+e; (a)
=r Y dim(\)-s Z a)

AEn
(N <d

)
-

We now use results proven in [OW15] and [OW16] in an off-the-shelf manner to lower bound this quantity.
Specifically, [OW15] shows that for any sorted probability distributions a on [d]:

Z‘I’A+e7 a) .5>\+el Z )\+e1 a) ﬁ
(a) (@) n’

=1 =1

Meanwhile, Eq. (20) in Section 4.2 of [OW16] shows that, again for such «:

. (I))\ eI (I)}\ 67 3
> dim() s Z w0 o m [ e R
A P

Here, [|-||5 is the f2 norm, i.e. ||a||§ = Zle |o;|2. Applying both of these to our special case of a = (17)/r,
which has Ha||§ =r-1/r? = 1/r, and using Corollary 2.20 to convert our affinity bound to a fidelity bound,
we get:

p~PGM p~PGM 2n

B [FGo] >, B [AG)] 2L (v 10)mE-Sa) =1- 22

By Markov’s inequality, taking n = O(rd/c?) therefore suffices to produce p such that

1
P [Fﬂ >1—72]>0.99.
ﬁ~PIC‘}M (P.p) = 2<€ -

Equivalently, with this many samples we have learned p to Bures distance at most €. O
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