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Abstract

We give a natural problem over input quantum oracles U which cannot be solved with exponentially
many black-box queries to U and UT, but which can be solved with constant many queries to U and U™,
or U and UT. We also demonstrate a quantum commitment scheme that is secure against adversaries that
query only U and UT, but is insecure if the adversary can query U*. These results show that conjugate
and transpose queries do give more power to quantum algorithms, lending credence to the idea put forth
by Zhandry that cryptographic primitives should prove security against these forms of queries.

Our key lemma is that any circuit using ¢ forward and inverse queries to a state preparation unitary
for a state o can be simulated to € error with n = 9(g?/¢) copies of 0. Consequently, for decision tasks,
algorithms using (forward and inverse) state preparation queries only ever perform quadratically better
than sample access. These results follow from straightforward combinations of existing techniques; our
contribution is to state their consequences in their strongest, most counter-intuitive form. In doing so,
we identify a motif where generically strengthening a quantum resource can be possible if the output is
allowed to be random, bypassing no-go theorems for deterministic algorithms. We call this the acorn trick.
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1 Introduction

What does it mean to have access to a quantum procedure? A routine on a quantum computer is typically
specified by a sequence of gates from a specified base set of gates, which we think of as implementing the
unitary matrix U : |[¢) — U |[¢). So, the most straightforward way to give you access to a routine U is to give
you a quantum circuit implementing U.

With this quantum circuit, you can implement the unitary U, which we call a forward query to U. But
you can also do more: for example, you can also implement an inverse query, U, by inverting the (reversed)
circuit gate-by-gate. In a similar way, you can implement controlled queries, cU, by replacing every gate with
its controlled version.

Access to U, UT, and their controlled versions are standard in quantum algorithms. These can be
implemented efficiently when U can, and so we often see algorithms using these alternative types of queries.
Interestingly, these queries enable procedures which cannot be done with forward queries alone.! So, we can
ask: is there any more power we can squeeze out of a generic circuit for U?

This question was recently considered by Zhandry, where evidence was given that there are only two
more kinds of oracle queries to consider: queries to the complex conjugate of U, U*, and to its inverse, the
transpose of U, UT [Zha25]. A circuit for U can be converted into a circuit for both U* and UT in the same
gate-by-gate manner as for UT and cU. However, these queries are rarely used in quantum algorithms, and
thus are not well-understood. What are we missing out on by excluding these queries from our space of
quantum oracles? Is there anything we can do with U* and UT that we could not do without them?

1.1 Results

1.1.1 In algorithms

We give a simple instance of a problem which requires conjugate queries or transpose queries to solve. For
simplicity, we state our results for conjugate queries, and note the modifications to handle transpose queries
in Section 3.3. The problem is as follows.

Problem 1.1 (Reality testing). For a pure state |p) € C%, consider the fidelity between it and its complex
conjugate:
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Given access to |1), the goal of reality testing is to decide whether R(|1)) is 1 or smaller than 1/10 with
probability > 2/3.

When [t)) only has real amplitudes, then this quantity R(|¢)) is 1. In fact, R(|1)) = 1 if and only if !¢ 1)
has real amplitudes for some phase €!; further, we can relate R(|1)) to the fidelity of |¢)) to the closest state
with real amplitudes (Fact 3.1). So, we can think about R(|¢)) as describing how close |¢)) is to being real,
up to a global phase.

We have not yet described what kind of access we have to |¢) in Problem 1.1. If we are only given copies
of |4}, then this problem is hard. In fact, the hardness of testing whether a quantum state has real amplitudes
from states is well-known [CHM21; Hua+22|. However, we will typically not only have access to copies of
a quantum state; we will also know the quantum circuit preparing the state, since often we are the ones
preparing the states in the first place. This circuit is known as a state preparation unitary.

Definition 1.2 (State preparation unitary). For a state with density matrix p, we say that Uag € (C¥*9)y ®
(C¥*d)g is a state preparation unitary for p if tra(U(|0)0|as)UT) = pB.

We show that reality testing can be solved with a constant number of queries to U and U*, but cannot be
solved with polynomially many queries to U and U'. This gives our desired separation between oracle access
to forward and conjugate queries, versus access to just forward queries.

1For more detail, we refer the readers to prior work of a subset of the authors which investigate the power of inverse and
controlled queries [TW25a; TW25b].



Theorem 1.3. Let U € C2¥**24° pe an arbitrary state preparation unitary of |)X1|. Then reality testing
with d > 1000 requires Q(d*/*) queries if we are only given access to U and UT. On the other hand, it can be
solved with 2 queries to U and U*.

In other words, reality testing is easy when we are given |¢)) via a polynomial-time state preparation
circuit, since in this case both U and U* can be performed efficiently. (The algorithm is simple: prepare
copies of 1) and [¢*), and then perform a swap test.) Folk intuition might suggest that this task is hard:
reality testing given copies of states is hard, and algorithms which use state preparation unitaries are typically
only quadratically more efficient than algorithms which use copies of the state. If we do not factor in our
ability to make conjugate queries when given a state preparation oracle, we are led to incorrect beliefs about
reality testing.

Remark 1.4 (Separations using conjugate states). Prior work has proven a similar separation, except with
conjugate states instead of conjugate queries. The papers of Haug, Bharti, and Koh [HBK25, Corollary 1] and
Somma, King, Kothari, O’Brien, and Babbush [SKKOB25, Theorem 4] note that reality testing can be solved
with O(1), copies of [¢) and |¢*), but require Q(v/d) copies of |1)). We note also the work of King, Wan, and
McClean [KWM24] which investigates other kinds of advantages conjugate states bring in the regime where
quantum space is limited. Our contribution is showing that an exponential lower bound still holds in the
stronger input model where we are given forward and inverse access to a state preparation unitary for [¢).

Our main technical contribution formalizes the intuition that state preparation unitaries only help
quadratically over copies of the state.

Theorem 1.5 (Simulating queries to a state preparation unitary given copies of the state). Consider a

circuit which uses q calls to U and UT, where U € (CJXE® C¥*? js q state preparation unitary of the mized
state o € C*? with ancilla register size d > 2d. Let p(U) denote the output of this circuit when run on U.
Then, using n = O(q*/€) copies of o and poly(q, log(c?)7 1/€) gates, we can simulate the output of this circuit
over a distribution over state preparation unitaries of o, Ey p(V), to € error in trace distance. If we are told
i advance that o has rank r, then the ancilla register size can be reduced to 32 2r.

Theorem 1.5 shows that access to state preparation unitaries can only help quadratically for decision
problems, if we only use forward and inverse queries to them. Concretely, let Hy and H; be disjoint classes
of states; then this defines a decision problem: given access to a state o, decide whether o € Hy or 0 € H;
with success probability > 2/3. If ¢ is in neither class, the algorithm can output anything. Let ng be the
minimum number of copies of ¢ needed to solve the decision problem, and let ny be the minimum number of
forward and inverse queries to a state preparation unitary of o needed to solve the decision problem. Then
by applying Theorem 1.5 with € < 0.1 and using standard success amplification techniques, the circuit which
solves the decision problem with nq queries can be converted into a circuit which solves it with O(ni) copies
of 0. Together with the observation that state preparation unitaries can be used to generate copies of o, we
get that nq < ng < O(ng). This gives the powerful consequence that sample complexity lower bounds lift to
lower bounds against state preparation unitaries, though with the caveat that these lower bounds only hold
against forward and inverse queries, and not conjugate queries (as Theorem 1.3 shows).?

Note that here, we need that the query circuit works for any state preparation unitary of U. This is a
typical property for circuits which use state preparation unitaries, but it can be the case that a particular
choice of state preparation unitary may be more helpful than another. An artificial way to engineer this is
to embed the problem solution into the ancilla register of the state preparation unitary; a more realistic
situation is when the ancilla register is size o(d), since then we can conclude that o is not full rank [LGDC24].

Various weaker versions of Theorem 1.5 are well-known, but as far as we know, this strongest form of the
implication is new—in particular, the observation that this statement holds for mixed states as well as pure
states. See Remark 2.1 for more explanation.

Remark 1.6 (Is Theorem 1.5 tight?). There are two main complexity quantities in Theorem 1.5. First, there
is O(n?/e), the number of copies of o needed to simulate n forward or inverse queries to a state preparation

2A plausible conjecture is that sample complexity lower bounds against algorithms with copies of o ® ¢* lift to lower bounds
against forward, inverse, conjugate, and transpose queries (along with their controlled variants [TW25b]) to state preparation
unitaries. This does not follow from Theorem 1.5, as if we apply it twice, it gives conjugate and transpose queries to a different
state preparation unitary to the forward and inverse queries. This inconsistency may be fixable via the acorn trick.



unitary for o to € total error. This is at least tight in the n parameter, because of the optimality of Grover’s
algorithm. Further, the main cost comes from QPCA, which is tight [KLLOY17], suggesting that this may
be tight. R R

Second, there is the size of the ancilla register, d, which can be as small as 2r. We need that d > r, since
the maximally mixed state can only be purified with a register of dimension at least r. So, we are off by a
factor of 2. We did not try to improve this constant factor. However, we suspect that it is not necessary: this
factor comes from Lemma 2.3, but here the ancilla is only used to find an explicit state which is guaranteed
to be orthogonal to the initial state. This could also be done approximately by choosing a random explicit
state, like a computational basis vector, or perhaps exactly using the “acorn trick”, which we describe below.

1.1.2 1In cryptography

Turning to cryptography, we consider the case of quantum (bit) commitments. These allow a quantum
sender to commit to a bit b € {0, 1} by sending a quantum state pr to a receiver, while the receiver keeps a
potentially entangled quantum state pg private. Commitments should be hiding, meaning the sender learns
nothing about the bit b from pg. Later, the sender “opens” the commitment by revealing b and pg, at which
point the receiver verifies b against the joint system pg g, and either accepts or rejects. Commitments should
be binding in the sense that the sender, post-commitment, should be unable to change the bit b and still cause
the verifier to accept. Either hiding or binding in quantum commitments must be computational [May97;
LCI8], in the sense that either hiding only holds for computationally-bounded receivers, or binding only holds
for computationally bounded senders.

Cryptographers often reason about cryptosystems in oracle models. Sometimes, this is to give a heuristic
argument for security where otherwise a standard-model security proof is difficult or impossible. Other times,
cryptographers use oracle models to prove black-box separations — namely to show that one cryptographic
primitive cannot imply another primitive, under relativizing techniques (which capture most techniques in
the field). In order to show that A cannot be used to build B, an oracle is provided relative to which A exists
but B does not. Proving such a result in particular requires proving the security of A relative to the oracle.
In an oracle model, a computationally bounded adversary can only make polynomially-many queries.

We demonstrate how oracle security proofs can go awry if the oracle is a unitary oracle allowing for only
access to U and U', but not U* or UT. Concretely, we show:

Theorem 1.7. Relative to a Haar random unitary U, there exists a commitment scheme that is statis-
tically hiding and computationally binding against adversaries that can only query U and UT, but is not
computationally binding if the adversary can query U* (or alternatively U and UT).

Our commitment scheme is simple: to commit to 0, the sender just sends to one-half of each of n EPR
pairs, keeping the other half of each pair for itself. To commit to 1, the sender does the same, but applies U
to the receiver’s halves. The scheme is hiding, since in either case pgr is just the totally-mixed state.

We also show that the commitment scheme is (computationally) binding, if we restrict to efficient
adversaries that can only query U and U'. Proving this is the core technical difficulty in proving Theorem 1.7,
and involves showing, roughly, that any algorithm which is able to implement U*, even approximately, by
making queries to U, UT must make exponentially-many queries.

On the other hand, the scheme is not binding if the adversary can make even a single query to U*. The
adversary can apply U* to pg to change from a commitment to 0 to a commitment to 1. Such conjugate
access would be possible in any “real world” commitment scheme, showing that the security proof relative to
U,U" does not reflect real-world security.

1.2 The acorn trick

Our main technique is what we call the acorn trick. Let’s start by seeing the trick on a simple example.
Suppose we have n copies of a pure state |1}, but we want copies of |(0)) = %(eie 10) [0) + [1) [4))
instead. One reason we might want to do this is for tomography, where the latter state is called a “conditional
sample” [ACGN23|. Given only access to |¢), if we want to estimate some of its entries, naive algorithms
will only give us access to entry magnitudes, |(i]1))|. This is to be expected, since observables of |¢) are

invariant under global phase, but if every amplitude is normalized, we cannot even get a handle on relative



phases between entries. Conditional samples allow for easy estimation of e~ (i|+)) efficiently, where the e~
is consistent across entries, fixing the relative phase problem across estimates.

It is trivial to convert one copy of |1)) to one random conditional sample, |¢)(6)), where 6 is a uniformly
random phase. This is because the random phase decouples the |0) |0) and |1) |¢)) parts of the superposition,
and so the random [¢(0)) is simply either |0)|0) or |1)|¢), each with 1/2 probability. However, this does
not suffice for us: if we convert every sample into a conditional sample in this manner, then the phases 6
will not be consistent across samples, ruining the phases on our estimates. Nevertheless, it turns out that
there is a way to convert n copies of |¢)) to n copies of |(0)), where the random 6 is consistent across all the
conditional samples (Lemma 2.3).

This is what we call the acorn trick. The general form of the trick is as follows: sometimes, we have a
weak form of copies of a resource in quantum information, where we would instead rather have a stronger,
“lifted” form of it, which may furnish greater quantum control, or enable the use of stronger subroutines. The
acorn trick applies in the setting where (1) there are many valid lifts of a resource, and (2) while it may be
intractable to deterministically map a resource to a lift, it is possible to map one to a random lift. Then, the
trick states that it is possible to convert all copies of that resource to a random lift of the resource, such
that the lift is consistent across all copies. In a sense, the acorn trick is a reframing of a symmetrization
argument: objects with symmetry can be reduced to lower-dimensional objects without symmetry; by the
same argument, we can take objects without symmetry and, with an algorithm which is agnostic to the
specific identity of the object, lift them to a higher dimension, provided we do so with sufficient symmetry.

We have seen this trick play a key role in our investigations into analyzing unitary oracles and modeling
quantum computational problems more broadly. We use the acorn trick to:

1. Convert samples into conditional samples ([GZ25], Lemma 2.3);
2. Convert unitaries into controlled unitaries ([TW25b]);
3. Convert mixed states into purifications of mixed states (Lemma 2.11).

These consequences can be surprising: the second and third results listed above bypass no-go theorems which
state that universal controlization and purification are impossible [AFCB14; LDCL25]. With the acorn trick,
we can perform both if we are permitted to output a random controlization and purification, respectively.
We anticipate more interesting applications of the acorn trick.

One test of the acorn trick is the following.

Conjecture 1.8 (Channel dilations don’t help). For a channel ® over d-dimensional states, call the unitary
U € Cix4oCi*? q dilation of @ if tra(U(|0X0|a ® pg)UT) = D(p)s.

Consider a circuit which applies U, a dilation of ® with d > d, q times and outputs the state p(U). Then
this can be converted into a circuit which applies ® poly(q) times and outputs Ey p(V'), where the expectation
is over a random distribution of dilations V.

This is the channel version of Lemma 2.11: instead of purifying copies of mixed states, we ask to convert
applications of ® to applications of a random Stinespring dilation of ®.

2 Simulating state preparation unitaries with copies of the state

In this section, we prove Theorem 1.5, that copies of a state o can be used to simulate forward and inverse
queries to a state preparation unitary for . This result follows from a straightforward combination of
well-known results. However, we could not locate this precise consequence in the literature, so we describe it
here.

Our proof combines three lemmas. First, we show how to convert copies of a pure state |¢)) to conditional

copies of that pure state, == (el? |0) |0) + [1) 1)) (Lemma 2.3). Here, 6 is a uniformly random phase; this is
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necessary because we are C\(;verting |1}, which is invariant under global phase, to a conditional state, which
is not invariant under |¢))’s global phase. This lemma has appeared in works by Goldin and Zhandry [GZ25,
Lemma 4.4] and Kretschmer [Kre21, Lemma 25].
Second, we show how to convert copies of a pure state [1)) to a reflection about the state 2|)}y| — I

(Lemma 2.10). We do this with quantum principal component analysis [LMR14; KLLOY17], commonly



seen in the algorithms literature. In the complexity and cryptography literature, a different algorithm for
this task more common: reflect [¢) ... |1} |¢) about the symmetric subspace, and then trace out the first n
registers [ARU14, Lemma 42]; [JLS18, Theorem 5]; [GZ25, Proposition 5.1]. This is arguably cleaner, but
is suboptimal, requiring a quadratically worse O(1/§2) copies to implement a channel which is é-close to a
reflection.

The first two lemmas are enough to prove Theorem 1.5 for pure states. To get it for mixed states, we
show how to convert copies of a mixed state to copies of a random purification of the state (Lemma 2.11).
This parallels results of Soleimanifar and Wright [SW22a| and Chen, Wang, and Zhang [CWZ24]; the main
difference is that the perspective of these works is different. In some sense, these works view these techniques
as removing the purification, whereas we view them as an algorithm to add it back in. This change in
perspective highlights the counter-intuitiveness of this claim. We typically imagine a purification of a mixed
state to be a stronger resource than the mixed state itself. This results shows that purifications are only
useful if they come with structure: a random purification is not helpful.

Remark 2.1 (Relationship to prior results). There are several similar results which appear prior in the
literature. Notably, Theorem 1.5 for pure states has appeared in the work of Goldin and Zhandry [GZ25],
proceeding along the same lines as we do, and getting a complexity of O(g?/e?) samples to simulate ¢ queries.
They use these results to understand the cryptographic model where parties are given a common Haar-random
state; we recast it as a more general statement about state preparation unitaries.

In the quantum algorithms literature, it is well known that copies of a state o can be used to simulate
forward and inverse queries to a block-encoding of o, using the language of the QSVT framework [GSLW19].
This has been used to relate the strength of the block-encoding model to the state model [GP22; WZ23;
WZ25]. However, having a block-encoding to a state o is significantly weaker than having access to a state
preparation unitary of o: it’s not even clear how to use block-encodings of ¢ to prepare o, even when it is
pure. It is surprising to us that this relatively weak statement can be strengthened so greatly with the two
lemmas applying the acorn trick.

2.1 Converting samples into conditional samples

Definition 2.2 (Conditional samples with phase). Given a state [1/) € C? and an angle 6 € [0,27), we define
the corresponding conditional sample as

[9(0)) = %(6” 10)10) + 1) [4)).

The main result of this subsection is that given n copies of a pure state |1}, we can efficiently generate n
copies of a conditional sample |(0)), where 6 is a uniformly random angle. As we mentioned before, this has
been proven previously [GZ25]; we prove it in a similar manner to prior “acorn trick” results [TW25b].

Lemma 2.3 (Adding a reference phase to a pure state %). There is a unitary circuit Circ™ such that, for
all |4) € C4,

Cire(|)w|*") = B [ (0))e(0)*". (1)

0~1[0,2m)
Moreover, this circuit is efficient and has gate complezity O(n?log(d)).

We will begin by writing down a convenient expression for the mixed state on the right-hand side of
Equation (1) in terms of the following family of states.

Definition 2.4. For shorthand, write [¢/°) = |0) |0) and 1) = |1) [¢). More generally, for z € {0,1}", we
write

[T) = (™) [p72) - [ )
Then for 0 < k < n, define
n(k) = Y 7).
z€{0,1}™,|z|=k

We will often write this simply as |¢(k)) when n is clear from context.



Using these states, we can write an element of our desired mixture as follows.

Lemma 2.5. Given an angle 6 € [0,27),

4(6) \/272 R [ (k))

k=0

Proof. This follows because
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Now we average over 6§ to derive our expression for the right-hand side of Equation (1).

Lemma 2.6 (Average conditional sample).

n
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E
0~[0,27) o

Proof. Averaging over the random angle 6, using Lemma 2.5,

By OGO = | B (5100 10) + [1) [)e™ (0 01 + (1l w))
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= oy (7 T 100 ) (ﬁnZ 0 (o))
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where in the last step we used the fact that Eg.[o 2x) [eie'“_k)] =1if k = ¢ and 0 otherwise. O

It is this form of the mixture that we aim to simulate with Circ(|1)t|®™). The circuit Circ will consist of
four registers named C, O, S and K, which are structured as follows.

e The “control” register C contains n qubits. These correspond to the n control qubits in the state |¢(k)).

e The “output” register O contains n qudits in C?. These correspond to the n qudits in the state [¢(k))
which are either set to |0) or |¢).

e The “state” register S contains n qudits which are initialized to the n copies of the input state [¢)).

e The “clock” register K contains a [logy(n + 1)] qubit counter. It keeps track of the number of |1))’s
which are currently in the output register.

The circuit Circ is depicted in Figure 1. It makes use of the Shift gate, defined as follows.
Definition 2.7 (The Shift gate). The Shift gate acts on (C?)®" and is defined as

Shift = SWAPY_,  ---SWAP{ , - SWAP{ ,,

e
where SWAP? is the swap gate on C? @ C%. The Shift gate has the property that for any qudit states
|CL1> 7ttty |a’TL> € (Cda

Shift - a1, ag, ..., an_1,an) = |ag, a3, ..., an,a1) .



The circuit Circ applies a sub-circuit known as the t-gadget n times, one for each control register /output
register pair. For intuition, let us consider the first application of the ¥-gadget, which acts as follows.

1. It begins by applying a Hadamard gate to the first qubit, mapping it to % |0) + % [1).
2. It then checks if the first control bit is 1. If it is not, then the ¥-gadget does nothing more.

3. If it is, then the ¢)-gadget swaps a copy of [¢) into the first part of the output register O, In doing so,
it puts the |0) that used to be in that register into the first part of the state register S. so that this
register becomes [0) ® |[¢) ® -+ @ |1)).

4. Next, it applies a Shift gate to the state register S, so that it becomes 1)) ® - -+ ® |¢) ® |0). The point
of this operation is to place a new |¢) into the first part of the S register, so that it can be used in the
next -gadget.

5. Finally, it increments the counter K from |0) to |1).

In the i-th step, the y-gadget checks if the i-th control bit is 1 and, if so, swaps a copy of ¢ into the i-th part
of the output register O.

Shift

|
|
|
|
|
f Shift
|
T
|
|

Figure 1: The circuit Circ. The sub-circuit in the dotted box is known as the 1 -gadget.

In general, the output if the circuit is given as follows.

Lemma 2.8. On input |1/)>®", the output of the circuit is

|Cire(¥)) cosk = \/% Z V(K)o ® (19)°"F @ [0)%F)s ® [k)yc -
k=0

Proof. We will prove the more general statement that after the i-th -gadget is applied, the state of the
circuit looks like

1 : n—k k
= Wilhcoy , ®0)coy . © (97 910)%)e o k). @)
k=0
This implies the lemma statement because when i = n, |, (k)) = [ (k)) by definition. We will prove this

statement by induction. The i = 0 base case is true because the state is initialized to |0) |0) \w)izs |0) at

the beginning of the circuit. Now let us assume that it is true for ¢ and show that it is true for ¢ + 1. The
(i 4+ 1)-st -gadget maps the state in Equation (2) to

1 - @n—k @k
e 2 o,y e,y oy, @ O)coy s,y @ 19)°7 7 8 10190 0 41
k=0

1 ! n—k— k
o 2 i) o, © My oy, @ coy,,,, @ (1) @ 0% e @k + 1.
k=0




Rearranging, this is equal to
it+1

1 n—k k
T 2 lak) @ 0)co,, , @ ()57 @ 0 e @ k)
k=0

where

0oy, © Oc,. 100, k=0,
lar) = |l >CO[1,1‘] ® |1>c[i+1] |7f’>o[i+1] ifk=i+1,
B EDeor @0 0oy + ilk — Doy, , ® e, [¥ho,.,, otherwise.

It suffices to check that |ag) = |t;+1(k)), and this is true by inspection. This completes the inductive step. [

This completes the proof of Lemma 2.3, as

trsi(|Cire(y)Cire(¥)]) = o S RN (R,
k=0

due to the fact that the contents of the clock register are orthogonal for different values of k.

The circuit Circ consists of n -gadgets. Each -gadget involves one Hadamard gate, n controlled
d-dimensional SWAP gates, and one [logy(n + 1)]-qubit add-1 gate, for a total complexity of O(nlog(d))
gates per 1)-gadget. This gives a total complexity of O(n?log(d)) gates to compute the circuit Circ.

2.2 Converting states to reflections about states

Lemma 2.9 (Simulating reflections from copies). Given n = O(1/6) copies of the state ) and a state |p),
there is a circuit which outputs the reflection about |[¢) on |p) to § error. Specifically, this circuit performs
a channel which is §-close to the reflection channel |pXp| — (2|¥Xw| — I)|eXp|(2|YXw| — I) in diamond
distance. Moreover, this circuit is efficient and has gate complexity O(log(d)/9).

This result is a corollary of quantum principal component analysis [LMR14]; we state the version of it
due to Kimmel, Lin, Low, Ozols, and Yoder [KLLOY17]. As we mention at the start of the section, similar
statements have also appeared in prior work [ARU14; JLS18; GZ25|, except with n = O(1/62).

Lemma 2.10 (Quantum principal component analysis [LMR14], as stated in [KLLOY17, Theorem 1]). Let
p and o be two unknown quantum states and t € R. Then there exists a quantum algorithm that transforms
o ® p®" into & such that

1, ; ~
§||e_1ptae‘pt -0l <9,
as long as the number of copies of p is n = O(t?/5). In other words, this quantum algorithm implements the
unitary et up to error § in diamond norm, using O(t2/5) copies of p.
Lemma 2.9 follows from applying Lemma 2.10 with p < [ Xv)|, 0 < |p)¢|, and t < 7, since
el mleXel — o=imleXel — —(2|p)ep| = I).
By |[KLLOY17, Remark 2|, this protocol uses O(log(d)t?/d) one- and two-qubit gates.

2.3 Converting mixed state samples into random purifications

Lemma 2.11 (Purifying a mixed state %). There is a unitary circuit Circ™ such that, for all mized states
p € C¥™*? of rank at most r,

Cire(p®") = %IQXQI‘@"? (3)

where |g) € C¢® C" is sampled uniformly from the space of purifications of p, meaning that tra(|o)o|) = p.
Moreover, this circuit is efficient and has a gate complexity of poly(n,log(d),log(1/e)) to perform it to e
accuracy in diamond norm distance.
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(a) The Young diagram A = (4,3,1). (b) A standard Young tableau of (c) A semistandard Young tableau
Note that A+ n for n = 8. shape A. of shape X\ and alphabet [3].
Figure 2

It is not possible to map copies of p to copies of a single deterministic purification |o)p| [LDCL25].
However, this result shows that we can convert copies of p to copies of a random purification which is
consistent across copies. This purifies all of the “relative” randomness between copies of p, while leaving
“global” randomness across all of the copies, which is far easier to handle computationally. This result can be
viewed as an algorithmic strengthening of the result [SW22b, Theorem 35| and especially of the main result
of [CWZ24]. The work of [CWZ24] shows that when testing properties of the state p, it does not help to
be given copies of a random purification |p). This entails showing that a property testing algorithm which
is given copies of a random purification |p) can be simulated by a property testing algorithm which is only
given copies of p, and they do this by analyzing the acceptance probabilities of these two testers and showing
that they coincide. A key technical ingredient of this proof is explicit formulas for the mixed states p®"
and E|,| pXp|®", and our insight is that these formulas actually suggest an efficient algorithm for converting
between these two mixed states. We believe that our result gives a more conceptual reason for why random
purifications do not help in property testing, and we expect that our result will find applications in other
domains as well.

2.3.1 Representation theory background

In this subsection, we will cover standard representation theoretic material such as Schur-Weyl duality. For a
more thorough treatment of these topics, see, for example, [Wril6, Chapter 2].

A partition of n is a tuple of integers A = (A\1,...,\g) such that \y +---+Xg=mnand \;y > --- > Xy > 0.
We write this as A - n for shorthand. The length ¢(\) of X is the number of nonzero entries in A. Given a
partition A, the corresponding Young diagram is a collection of boxes arranged into d rows in which the i-th
row contains A; boxes. A standard Young tableau (SYT) S of shape A is a Young diagram of shape A whose
entries have been filled in with the integers from 1 thru n, subject to the entries in each row being strictly
increasing from left-to-right and the entries in each column being strictly increasing from top-to-bottom.
Similarly, a semistandard Young tableau (SSYT) T of shape A\ and alphabet [d] is a Young diagram of shape
A whose entries have been filled in with integers from the set [d], subject to the rows being weakly increasing
from left-to-right and the columns being strictly increasing from top-to-bottom. We illustrate these definitions
in Figure 2.

Representation theory of the symmetric group. The irreducible representations of the symmetric
group S,, are indexed by partitions A - n and are written (kx, Spy). We will choose a particular basis of
the irreducible representations of the symmetric group known as Young’s orthogonal basis, which gives an
orthonormal basis for the space Sp, consisting of vectors |S), where S is an SYT of shape A. In this basis,
the irreducible representations give rise to Young’s orthogonal representation, which are so-called because for
each € S, kx(m) is an orthogonal matrix. This implies the following property, which we will use in this
work: when written in Young’s orthogonal basis, each s (7) matrix is real-valued. For shorthand, we will
write dim(A) = dim(Sp,) for the dimension of the Specht module; note that dim(\) is equal to the size of
Young’s orthogonal basis, which is equal to the number of standard Young tableaus of shape A.

Representation theory of the general linear group. The polynomial irreducible representations of the
general linear group GL(d) are indexed by partitions A in which £(A\) < d and are written (v{,V{). Here,
“polynomial” refers to the fact that the matrix entries of v¢(M) are polynomials in the entries of M. We
will choose a particular basis of these irreducible representations of the general linear group known as the
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Gelfand-Tsetlin basis, which gives an orthonormal basis for the space Vf consisting of vectors |T'), where T is
an SSYT of shape A and alphabet [d]. A particularly important subgroup of the general linear group is the
unitary group U(d). For each ), (1§, V4) also serves as an irreducible representation of the unitary group.
For shorthand, we will write s¢(M) = tr(v§{(M)), which is known as the Schur polynomial. We note that
s$(M) can be written as a polynomial in M’s eigenvalues, and it is zero unless M has at least £()\) nonzero

eigenvalues.

Schur-Weyl duality. There are two especially important representations of these groups which act on
the space (C%)®™ a representation P(7) of the symmetric group and a representation Q%(M) of the general
linear group. These representations are defined on standard basis vectors [iy,...,i,) € (C?)®" as follows:

P(ﬂ') . |i1,...,in> = ‘7;71.—1(1),. . ,'L..n.—l(n)>, for all m € Sn,
QUM) - i, ... in) = (M -|i)) ® - @ (M - |ig)), forall U € U(d).

These two representations commute, and it turns out that they can be simultaneously diagonalized into
irreducible representations in a particularly nice form. This fact, known as Schur- Weyl duality, states that
there exists a unitary matrix Uscpye known the Schur transform such that for any permutation 7w € S,, and
unitary M € GL(d),

Ui - P(MQUM) - (U) = D INA @ ka(m) @ v (M). (4)
AFn,e(A)<d

We write Uéichur to emphasize the dimensionality d, as our proof will involve two Schur transforms on registers
of different dimensions, though when the dimension d is clear from context we will sometimes write it as
Uschur for simplicity. The Schur transform affects a change-of-basis from the standard basis |1, . ..,4,) into
the Schur basis, which consists of the vectors |\, S,T), where A\ F n is a partition with £()\) < d, S is an
SYT of shape A, and T is an SSYT of shape A and alphabet [d]. There is an efficient algorithm due to
Bacon, Chuang, and Harrow [BCHO5] which computes the Schur transform up to diamond distance ¢ in time
poly(n,log(d),log(1/¢)). (The runtime of poly(n,d,log(1/e) is shown in the original work, but a footnote at
the bottom of [Har05, Page 160] shows how to reduce the dependence on d to polylog(d).) We note that their
work only shows an algorithm for the Schur transform that produces some irrep matrices for the symmetric
group. In the work of Pelecanos, Spilecki, and Wright [PSW25], it is shown that their algorithm does indeed
compute Young’s orthogonal basis, and so the ky(7) matrices in Equation (4) do indeed correspond to Young’s
orthogonal form.

2.3.2 Formulas for the mixed states

The primary goal of this subsection is to compute a formula for the mixed state on the right-hand side of
Equation (3) in the Schur basis. To begin, let us note the following formula for the mixed state p®™ in the
Schur basis:

USdchur : p®n : ((]Sdchur)Jr = Uéichur ' Qd(p) ' ((]Sdchur)]L = Z ‘)‘><>\| 02y Idim(A) 02y Vg(p)
AFn,e(\)<d

This equation follows from Equation (4) when all of p’s eigenvalues are positive, as in that case p is an element
of GL(d). When p has eigenvalues which are 0, the right-hand side is at least still well-defined because the
matrix entries of v)(p) are polynomials in the entries of p. And indeed the equation can still be seen to hold
by writing p as the limit of a set of states p™ with positive eigenvalues which tend towards p in the limit. We
note that because p is PSD, v$(p) must also be PSD. Furthermore, if p is rank r, then s¢(p) = tr(s¢(p)) = 0
unless £(\) < r, which implies that v§(p) = 0 unless £(\) < 7. As a result, we may restrict the sum over A to
those of height ¢(\) < r, as follows:

Uéichur ' p®n ' (UvéichuryL = Z |)‘><>\‘ ® Idim()\) ® Vg(p) (5)
AFn l(XN)<r

11



With this established, let us move towards a formula for the right-hand side of Equation (3) by first
deriving a formula for a specific element of the mixture. In other words, letting |p) € C? ® C" be a fixed
purification of p, we will derive a formula for |p)®" in the Schur basis. To formalize this, note that each
copy of |p) has two registers, the first of dimension d which we will write as the A register and the second of
dimension r which we will write as the A’ register. Then | p>®n has n copies of the A register and n copies of
the A’ register. We will apply two separate Schur transforms, one to the A registers and the other to the A’
registers, resulting in the state

(US(}ichur)A & (Ugchur)A’ : |p>®n :

Schur transforming the A registers will take us to the Schur basis, labeled by vectors of the form [A)y [S)p [T)q,
where Y is the “Young diagram” register, and P and Q are the symmetric and general linear group registers,
respectively. Similarly, Schur transforming the A’ registers will take us to a Schur basis consisting of vectors
of the form [\')y, [S")p, [T")q - Note that 7" is an SSYT of shape A and alphabet [d], whereas 7" is an SSYT
of shape X and alphabet [r]. Henceforth we will drop the d and r from the Schur transforms, with the
understanding that U$T . always refers to (U, )a @ (Usau)A-

Step 1: permutation symmetry. The first property that we will note is that for any permutation = € S,,,
P(m)a ® P(m)ar - )" = p)°" .

Thus, by averaging over 7 € S,,, we see that

® ®
B[P ® Plm] - [0)°" = 0" (©)
Our first step to understanding | p>®n, then, involves understanding this average over permutations. This is

the focus of the next lemma.
Definition 2.12 (Specht module EPR state). Let A F n. Then we write [EPR)) for the pure state inside
Sp, ® Sp,, given by

|EPR,) = ®1S),

1
- . S
v/dim(\) zsz 15)
where the sum ranges over all SYTs of shape A.
Lemma 2.13 (Averaging over permutations gives an EPR state).
Usiar - (W;Es P(m)a @ P(W)A/) C(Ud)® = D Ay ® [EPRAXEPR,|per ® Ioqr-
" Aen,6(N)<r

Proof. By Schur-Weyl duality,

Uégﬁlur : (TI’AES P(?T)®2) : (Ugchur)®2

= B[ X Ny @mme @ sume @ Tamug)a @ Tam)a

T~ Sy
AEn, (X)) <d pbn,l(p)<r

= > > Iy @ lu)uly @ B [sa(me @ #u(m)p ] © Taimvgy)e @ Haimvpy)ar- (7)
AEn, 8(N) <d pbn,l(p)<r "

Expanding the expectation in Young’s orthogonal basis, we have

E [m(mp@nu(me] = > [S1(S2| @ |S5)(Ssl- E [kA(m)s1,52 - w4 (T)s5,5.]
e S1,55,55,54 e
= D ISiXS| @ |9s)(Sul - E [ra(m)sy,8: - #u(T)55,5.]; (8)
S51,52,53,54 e
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where in the last step we used the fact that ) (7) is a real-valued matrix, and so its entries are equal to their
own conjugates. In these expressions, S7 and S are SYTs of shape A\, and S3 and S; are SYTs of shape p.
Then the grand Schur orthogonality relations tell us that

—_— 1/dim(A) if A= p, S; =53, Sy = Sy,
E ["”vx(ﬂ)sh&'/”m(ﬂ)sg,su}:{ / 0 W otherwise,

T~ On

Plugging this in above, we have that Equation (8) is 0 unless A = p, in which case it is

1
JE [mme @mu(mer] = 3 1S1(8] @ [S1)(S] Ty — [EPRAKEPR, |
51,52
As a result,
(=" Ay @[\l ® [EPRAXEPRAlpp @ (Lim(vgy)a @ (Taim(vy)) @
AEn, (X)) <r
This completes the proof. O
Now we can use this to characterize |p)®", as follows.
Lemma 2.14. For any purification |p) of p, we have
(USchur)A ® (USchur)A’ : ‘p>®n = Z Z ax 1,1’ ° |)‘7 >\>YY’ |EPR>PP, |T>Q |T/>Q/ )

Aen 0\ <r T,T7
for some complex coefficients ax 1 1.

Proof. If we write Il = E;.g, P(m)a ® P(m)a, Lemma 2.13 tells us that II is a projection matrix onto the
subspace of states spanned, in the Schur basis, by vectors of the form

|)‘)‘>YY/ |EPR>\>PP |T>Q ‘T/>Q’ ’

where £(\) < r. Furthermore, Equation (6) tells us that |p)®" is entirely contained inside II, and so it can be
written as a linear combination of states of this form. This proves the lemma. O

Step 2: unitary symmetry. The second property we will note is that the state E),y|p)(p|®™ has unitary
symmetry. In particular, writing U for a Haar random unitary in U(r), we note that

n __ r r T
E[o)pl®" = B Q@) - loo)ool- Q") ©)

for any fixed purification |pg) of p. This follows because if p has eigendecomposition p = >0, a; - |u; }w;l,
then the Schmidt decomposition of any purification of p can be written as

Z\/C’Ti' |ui) @ [vi) s

where the right Schmidt vectors |v1),...,|v,) form an orthonormal basis of C". A random purification
involves choosing the right Schmidt vectors to be a Haar random basis of C”", and this is equivalent to picking
a fixed basis of C" (say, the right Schmidt vectors of |pg)) and applying a Haar random rotation U. Using
this, we derive a formula for E|,[p)(p|®".

Lemma 2.15 (Haar averaging). There exist matrices { My} such that

Uég():iur ’ |E]>|p><p|®n : (Ugchur)®2 = Z |>\7 A><)‘7 >‘|YY' ® |EPR)\><EPR)\‘PP’ ® (M)\)Q ® (Idim(V;))Q"
Abn, e(N)<r
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Proof. From Lemma 2.14, we see that in the Schur basis, |po)(po|®™ can be written as a linear combination
of terms of the form

A ANk, plvyr @ [EPRANEPR,,| @ [TXT"|q @ [T'XT" |o,
where £()\) and £(u) <7, T and T' are SSYTs of shape A (and alphabets [d] and [r], respectively), and T"
and T"" are SSYTs of shape p (and alphabets [d] and [r], respectively). Now applying Q" (U)as for a random
U ~ U(r), this becomes

A Ap abvyr © [EPRAXEPRy| @ TN T o @ | B BAWU) - ITAT" o - v (U)'].

But Schur’s lemma tells us that

E r AT'NT" o - " t
b B WA TNl v (O]

is always a multiple of Igim(vy) if A =, and is 0 otherwise. Thus, Equation (9), in the Schur basis, can be
written as a linear combination of terms of the form

A AN Alyyr ® [EPRANEPRA| @ [TXT @ @ (Zaim(vy))a's

where T and 7" are both SYTs of shape A and dimension [d]. In other words, there exist coeflicients ay 7.1
such that

Ugdhue (B IKoI™") - (U)*
- Z axz1 - |\ AN, Alyyr @ [EPRANEPRA| @ [TXT|q © (Taim(vy))ar
\T,T!
= SN Alvyr @ [EPRANEPRy| @ (3 anr - ITHT' @) @ (laimivy)Jar-
A T,7’
Defining My = 7 v ax 7,1 - [TXT'| completes the proof. O

Step 3: finishing up. Now that we have derived a generic formula in Lemma 2.15 for states which exhibit
permutation and unitary symmetries, we now specialize to our case by using the fact that our states are
purifications of p. This gives our desired formula for the mixture.

Lemma 2.16 (Mixture formula).

n ) Tgimvy)
U BIOKAI™ - (U) = 3 dim(h)- WA vy @ [EPRAYEP R per @ 14(p)o @ (2 0AL)
(<

Proof. Since |p) is a purification of p, we have that tra (|p)(p|®") = p®". Applying the partial trace to the
mixture, we have

tra ( Elo)pl®") = p®".
lp)
In the Schur basis, we have seen in Equation (5) that
Uschur - p®n : Ugchur = Z ‘)‘><)‘| & [dim(/\) ® V/U\l(p)' (10)
AFn, (X)) <r
On the other hand, Lemma 2.15 gives a formula for the mixture |p)(p|®™ in the Schur basis. Tracing out the
A’ registers corresponds, in the Schur basis, to tracing out the Y’, P/, and Q' registers, yielding the state
n Taim(n) -
tra (U2 BNl (U,)®?) = 30 IOy ® (Fom02) @ (Ma)o - dim(Vy), (1)
o) e im(A)/p

where here we have used the fact that trp/([JEPRAXEPRA|pp/) = lgim(n)/ dim(A). Now, Equations (10)
and (11) must be equal to each other, which implies that

dim(A)

[\/1 = d - —_—

r=valp) dim(Vy)

Plugging this back into Lemma 2.15 completes the proof. O
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2.3.3 The random purification algorithm

Now we give our algorithm for producing random purifications. Given an input state p®", our algorithm
works as follows.

1. Apply the Schur transform Uscpr to p®™.

2. Perform the projective measurement {IIy}x, where IIx = |[A{Aly ® Ip ® Iq. Let A with £(A) < r be the
outcome.

3. Introduce a new register Y’ and copy the contents of Y into it.

4. Introduce a new register P’. Discard the contents of the P register and reinitialize the two registers
with an |EPR)\)pp, state.

5. Introduce a new register Q' initialized to the maximally mixed state Taim(vy) / dim(VY).

6. Apply the inverse Schur transform (Ugéflur

JA ® (UgéLur)A/ and output the result.
Now we use this to prove our Lemma 2.11.

Proof of Lemma 2.11. To check that our algorithm produces the correct output state, let us track how the
input state changes at each step. From Equation (5), after the Schur transform in step 1, it changes to

> A @ Taimay)p @ ¥4 (p)q-
AbEn e(N)<r

Then the measurement in step 2 produces the partition A with probability dim(\) - sx(p), and the state

collapses to
Laim(x) vi(p)
MMl @ (dim()\))p @ (si(p))d

From here, the state transforms as

step 3 Lgim(x vi(p
=5 LA Ay @ <dim(()\)))P ? (Sg(p;)Q

PN A, Alyys ® [EPRYEPR|ppr @

d
step 4 l/)\(p)
I AN, Alyyr @ |[EPRYEPR|ppr @
AN vy @ [EPRYEPRIeer = (375)
(Vf\i(ﬂ)

After the Schur transform in step 6, the final state is

d I -
Poye2 / o ((P) dim(Vy) rr®2
(USchur) <|>\’ )\><)‘ﬂ /\‘YY @ |EPR><EPR|PP & (Si (p) )Q ® (lel(V;) )Q’) USchur7

with probability dim()\) - sx(p). The overall mixed state, then, that the algorithm outputs is

. Taim(vy)
(UL, )8 ( > dim(A) - A AN Alvy @ [EPRYEPR|ppr @ v (p)q ® (W)Q'> US
AFn 0(N)<r

By Lemma 2.16, this is equal to Ej,y|p)(p|®™, as desired. The gate complexity of this algorithm is dominated
by the two Schur transforms, which take poly(n,log(d),log(1/¢)) gates to compute to £ accuracy. This
completes the proof. )
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2.4 Putting everything together

Proof of Theorem 1.5. Our simulation algorithm proceeds in the following way. Recall that we are given
n = O(q?/¢) copies of o, which is rank at most r.

1. Apply Lemma 2.11 to convert our n copies of p to n copies of |o)o|, where ¢ is a random rd-dimensional
purification of p;

2. Apply Lemma 2.3 to conv§rt our n copies of |oXp| to n copies of |¢)s|, where |¢) = %(eig [0) |0)Y+ |1) |0))
for a uniformly random e'’;

3. Run the circuit, except for every application of U, instead the technique from Lemma 2.9 to simulate a
reflection about |¢) to error £/gq.

Every approximate reflection uses O(q/¢) copies of [¢)(s|, giving the desired final sample complexity of O(g?/¢).
The only error in this algorithm is in the use of approximate reflections: each one incurs €/q error in
diamond distance, so by the triangle inequality, the final output will be off by at most € in trace distance to
the circuit run on Vi) := 2|c)(s| — I, the reflection about [¢).
We are done upon proving that V) is a state preparation unitary for o. Notice that
o—if

V2

Tracing out the first qubit and the second register of |o) gives us the density matrix p. So, following the
definition Definition 1.2, V| is a state preparation unitary of p. This state preparation unitary is of size

2rd x 2rd; by padding, we can make this any size dd x dd for 32 2r. O

Vig 10)10) =2—=|s) — 0} |0) = e |1) |0} .

3 Conjugate queries help for reality testing

In this section, we prove Theorem 1.3.

First, we observe that the function we wish to test, R(|¢)), is indeed related to the closeness of |¢)) to a
real vector, up to a global phase. Reality testing, then, neatly corresponds to a property testing problem in
the traditional sense [MW16|: detect whether a state is in the space of states with real amplitudes, or far
from it, in the sense of fidelity.?

Fact 3.1 (Reality testing tests closeness to the space of real states). Let |[¢)) € C? be a unit vector. Then

Re(e” [0)|| = 5 + 3 VWD

2
ma = ma.
W@ww g

where Re(|1)) denotes the real part of the vector, or equivalently, the projection of [1) onto the subspace of
real vectors, treating C* as a real vector space of dimension 2d.

Proof. We write |¢)) = Z?Zl(aj +1b;) |j), where |a), |b) € R? are vectors with real coefficients. Note that
(ala) + (b]b) = (|1) = 1. Then, for a vector |¢) with real amplitudes,

(1) = 1{gla) +i{Ib)]
[l + 1(s[e)?
— (6 (Ja)al + Xl ) 16)

So, the maximum value achieved by |¢) is equal to the top eigenvalue of |a)a| + |b)b|, which can be computed

to be (provided that (ala) + (b|b) = 1)
b JOE BT )

31In principle, we could extend this quantity to general mixed states, by taking R(p) to be the fidelity between p and p*, or
perhaps just tr(p*p). When we do this, we lose the interpretation of measuring “closeness to reality”, since the quantity can be
small for very mixed classical states.
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Now, for the second expression in the statement,

d

Re(” [1))) = Re((cos(6) +isin(6)) [4)) = Y (a; cos(d) — b;sin(8)) |)

j=1

d
||Re(ei9 )| Z aj cos(f) — b; sin(f))?
Jj=1

= (ala) cos?(0) + (b|b) sin*(A) — (a|b)2sin(f) cos(H)

<a|a> (blb) | (ala) — {blb)
2

cos(20) — (alb) sin(20)

The final step uses the double-angle formulas cos(20) = cos?(#) — sin®() and sin(26) = 2sin(f) cos(d). The
maximum value this attains by varying 6 is identical to (12). We can conclude by observing that

d
\Z ay +i0,)°[| = [{ala) — {blb) + 2i{alb)]? = ((ala) — (B}5)” + (2alt))?,
which is indeed the expression under the radical in (12), up to a factor of 4. ([l

3.1 Algorithm using conjugate queries

Lemma 3.2 (Reality testing algorithm). Let U be a state preparation unitary for [)}v|. Then reality testing
(Problem 1.1) can be solved using 2 queries to U and 2 queries to U*.

In general, given an error parameter ¢ > 0, with O(1/€2) queries to U and U*, R(|y))) can be estimated
to € additive error with success probability > 2/3.

Proof. The algorithm is a swap test: apply U on one register to prepare a copy of |[¢)#|, and apply U*
on another register to prepare a copy of |)*}¢*|. Then, apply the swap test on the two registers: The

0
[4)
%)

probability that the measurement outcome is 0 is § + [(1[¢*)|? = 3 + 3 R(|[¢))). Run this circuit twice; if
the measurement outcome is 0 both times, guess that R(|y))) = 1; otherwise, guess that R(]1)) < 1/10.

If R(J®))) = 1, then the measurement outcome will always be 0, so this algorithm always succeeds. If
R(|¢)) < 1/10, then the probability that both outcomes are 0 is at most (0.55)% < 1/3. So, in this case, the
algorithm succeeds with probability > 2/3.

For the estimation task, if we run the swap test O(1/¢?) times, then by standard methods, we can produce
an estimate this probability 3 + 1 R(|%)) to /2 additive error with probability > 2/3. This estimator is just
the fraction of measurement outcomes which are 0. This gives the desired estimate for R(|#)) to ¢ error. O

3.2 Lower bound without conjugate queries

Problem 3.3 (Distinguishing phase states from Haar-random states). Let F denote the ensemble of phase
states in d dimensions:

1 & .
7={1n= 722D |1 = {0,13 ).

Choose a bit b € {0,1}. If b =0, draw a state |¢)) from the Haar-random distribution; if b = 1, draw |¢)
uniformly at random from F. The goal is to, given access to 1) (either copies of the state or access to a
state preparation unitary), output a bit b € {0,1} such that b = b with probability > 0.65.
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Lemma 3.4. Suppose d > 103. Then Problem 3.3 can be solved with one call to an algorithm for reality
testing (Problem 1.1).

Proof. Let [¢) be the input state; we want to decide whether it is a phase state or Haar-random. For all
[¥) € F, R(]¥)) = 1, since its amplitudes are real.
On the other hand, for a Haar-random state |1},
d

B[R(v)] =B[|Yv?[ ] = ffEW(w?)*] = ZdIEUwi\“] = d%l

i=1 i=1 j=1 i=1

The final inequality follows from a computationgusgng basic facts about the projector on the symmetric
subspace over two dimension-d spaces, Ilsym € C? x4 [Har13, Proposition 6]:

B[[w') = B{tr(ool i) = gy trhmlidkii) = 7.
Consequently, by Markov’s inequality, R(|¢)) is smaller than 1/10 with probability > 0.99, provided d > 103.
So, consider the following distinguishing algorithm: call reality testing on the input state |1), to receive a
guess of whether R(|1)) = 1 or R(|¢))) < 1/10 which is correct with probability > 2/3. Then, output b = 1 if
the guess is that R(|y)) = 1; otherwise, output b=0. When b = 1, this algorithm succeeds with probability
>2/3. When b = 0, it succeeds with probability > 2/3 — 0.01, since our guarantee on the algorithm’s success
probability only holds provided R(|¢)) < 1/d. O

Lemma 3.5 (Phase states are indistinguishable from Haar [BS19]). Any algorithm which solves Problem 3.3
to > 0.6 success probability just given copies of the input state must use Q(v/d) copies.

Proof. According to a result of Brakerski and Shmueli [BS19], a random phase state |¢) forms a %—

approximate t-design for all ¢. In particular, using the definition of an approximate t-design [BS19, Definition 6],
the trace distance between \/&/ 5 copies of a random phase state |1) and that many copies of a Haar-random
state is < 0.2, so by the Holevo—Helstrom theorem [Wat18, Theorem 3.4], the probability of success of any
distinguishing algorithm is < 0.6, assuming that b € {0,1} is chosen uniformly at random. If an algorithm
cannot succeed with probability > 0.6 for a randomly chosen b, it cannot succeed with that probability for a
worst-case b.

Thus, any algorithm succeeding at Problem 3.3 with success probability > 0.65 must use more than \/E/ )
copies of the state. |

Corollary 3.6 (Reality testing lower bound). Consider an algorithm which can solve Problem 3.3 using

q forward and inverse queries to any state preparation unitary U € C2d*x2d? of |¥). Then the number of
queries it uses is ¢ = Q(d"/*).

Proof. By Lemma 3.5, Q(v/d) copies of |1)) are necessary to solve Problem 3.3 with probability > 0.6. Now,
suppose we have a circuit which uses ¢ queries to any state preparation unitary of |¢)), and which solves the
problem with success probability > 0.65. Then by Theorem 1.5, this circuit can be converted into a circuit
which uses n = O(q?) copies of |¢) to do the same, with success probability > 0.64. Such an algorithm can
only exist provided that n = Q(v/d); in other words, g = Q(d'/*4). O

Proof of Theorem 1.3. This is an immediate consequence of Lemma 3.2 and Corollary 3.6. O

3.3 Handling transpose queries

Our full analysis can similarly be carried out for transpose queries with only minimal changes. The main
change is that we must slightly restrict our definition of a state preparation unitary for the upper bound to
go through.

For a pure state |1}, call a state preparation unitary U for |¢) tidy if it resets its ancillas (up to phase),
meaning that, for some 6 € [0, 27),

U0y 10) = € [0) 1)) -
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U UT

Then, given a tidy state preparation unitary, reality testing can be solved with one query to U and UT. The
algorithm is as follows.
The probability of seeing the outcome |0) |0) is equal to

[O1 Ol TTU [0) [0)[* = |(U* [0) 0))TT 0} [0)]* = [ [$)[* = R(|%)).

So, if we see this outcome, we guess that R(|i))) = 1; otherwise, we guess that R(|¢))) < 1/10. This algorithm
succeeds with probability > 2/3.

In summary, transpose queries can solve the problem of reality testing given a tidy state preparation
unitary. To attain a separation, then, we need to show that this task cannot be solved with only U and
UT queries. The only additional thing to check is that Theorem 1.5 works even when the state preparation
unitaries need to be tidy. This is true, because the state preparation unitaries that this simulation produces
can be made tidy.

Let V be a state preparation unitary such that |0)|0) = i |1) [¢)). Then the following circuit outputs
e'?10) |4). So, to simulate a circuit which applies a tidy state preparation unitary n times, we can replace

0) —

0 —”

every query with the above gadget. Then, apply the rest of the algorithm given in Theorem 1.5. This gives
the desired simulation.

4 Conjugates and cryptography

Here we describe how modeling unitary access without conjugates can lead to incorrect conclusions in the
context of cryptography. Namely, we demonstrate a simple commitment scheme relative to a unitary oracle
U that is provably secure given query access to U, UT, but insecure if one has access to U*. Since such a
commitment would be implemented by a quantum circuit in the “real world”, an attacker would be able
implement U* for themselves. Hence, in the real world, the commitment scheme is also insecure.

4.1 Quantum commitments relative to a unitary oracle

We first recall the definition of quantum commitments, as given by Yan [Yan22].

Definition 4.1 (Commitment syntax). A canonical (non-interactive) quantum bit commitment is specified
by a family of polynomial-time computable quantum states {[t)x )} 1 pe{0,1} Over a pair of registers Cy and
D). It consists of two stages:

e Commit. To commit to a bit b, the sender prepares the state |1x )b, c,, and sends register Cy to the
receiver as the commitment register and keeps D) as the opening register.

e Open. To open the commitment, the sender sends register Dy and the bit b to the receiver. The
receiver projects the state contained in (Dy, Cy) onto | ) (¥ s|. If the projection accepts, it outputs
b; otherwise it outputs L.

Quantum commitments also must satisfy hiding and binding.

Definition 4.2 (Perfect hiding). A quantum commitment is perfectly hiding if we have the following equality
of reduced density matrices:

([x0)(¥nol)c, = (a1 (¥aal)e,
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In other words, commitments to 0 and 1 look identical to the receiver.

For binding, we consider honest-binding, which informally guarantees that the sender who honestly
computes the commitment cannot later change the committed bit. It is known that honest-binding for
canonical form commitments implies the stronger notion of security where the adversary may not even have
honestly generated the commitment [Yan22].

Definition 4.3 (Honest computational binding). A commitment scheme

{lYam) fap

is computationally honest-binding if, for every quantum polynomial time adversary A acting on register
Ay, Dy (A being private registers for the adversary), and for every bit b € {0, 1}, there exists a negligible
function ¢ such that the following holds. Let p; be the reduced density matrix obtained by applying A to the
(Ax, D) registers of the state |0)a, |%¥x5)D,,c, and then tracing out Ay. Then

tr( |ai—s)(Wa1-slpp ) <€ (13)

€ is called the “advantage” of A.

In other words, A cannot transform a commitment to b to a commitment to 1 — b by just acting on the
register Dj.

Commitments relative to oracles. We can define quantum commitments relative to unitary oracles
(U3, -+ ,U%) as a straightforward modification of the above definitions. The states |1/, ) are now specified

1 e k
relative to (Uy, - - - ,U,l\g), denoted W)[\J?, 7UA>

queries to (U, --- ,U"). Likewise, the receiver will also be allowed to make queries to (U*,--- , U¥). Moreover,
the adversary A, now can make queries to (U*,--- ,U¥). The restriction to being polynomial time computable
implies that the number of queries made to construct the commitment states and also by the adversary is
polynomial. Hiding will require identical reduced density matrices for every possible oracle. Binding will

be defined relative to a distribution over oracles, where the trace taken in Equation 13 is averaged over the
choice of U, ... U*.

, and the algorithm computing these states is allowed to make

4.2 A simple commitment scheme

We now define a simple commitment scheme as follows. Let {Ux} be a family of unitaries acting on register
Cx = Dy. The states sz\]@ are defined as follows:

[¥53) = [EPR)p, c, := D [2)p, [2)c,
[¥53) = (Ip, ® Ux)EPR)

Note that the projection onto \wg?) requires access to U and Ui. So the commitment scheme satisfies

the requirements of Definition 4.1 as long as the oracles given out include Uy and U I

4.3 Hiding
Lemma 4.4. The commitment scheme {|¥xp)}rp is perfectly hiding.

Proof. Observe that
[¥33) = (Ip, ® U»)[EPR) = (U} ® Ic, )|[EPR) (14)

This means |¢AU?)> and |¢AU*1> differ by a unitary applied to the register D,. As such, tracing out the D)
register on both states results in the same reduced density matrix over C,. ]
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4.4 Insecurity of binding with U*

Lemma 4.5. The commitment scheme {|{x ) }xp s not binding if the adversary is given the oracle U5, or
alternatively both Uy and U;\r.

Proof. The adversary commits to 0 by sending half of \1&/[\]?)) = |EPR). Equation 14 also shows that a binding

adversary can transform |1/JE\]6> to |1p)[{*1>7 the commitment of 1, by simply applying U5 to Dy. The overall
attack (including generating the commitment) requires only a single query to U5.

We can also change from commitments to 1 to commitments to 0 by applying U,". Note that a commitment
to 1 requires a single query to Uy to construct, so the overall attack requires a query to both Uy and U;\f. O

4.5 Security with just U, U'

We now show, however, that with access to U, U;[ but without direct access to Uy, it is impossible in
polynomial time to break binding. In particular, this means that the commitment scheme is valid and secure
in a model where all parties are given (U, U )T\) (since the construction only needs Uy and U )T\) However, such
binding security would generally be considered incorrect, as in “the real world” one would have a circuit for
Uy, which allows for computing Uy, U 1 but also Uy and even U:\r.

Theorem 4.6. For Haar random Uy, the commitment scheme {|1/1§{3)>},\,b is honest computational binding if

the adversary is given only Uy, Ui.

We will prove Lemma 4.6 by gradually reducing the problem to ever-simpler tasks, ultimately arriving at
the task of constructing |¢*) from several copies of |¢) for a Haar-random state |¢), which is information-
theoretically impossible. From this point forward, we will ignore computational costs and just consider query
access. Query lower-bounds in particular imply computational lower-bounds. Throughout, we will focus on
the security of transforming commitments to 0 to commitments to 1, the other direction having an almost
identical proof.

Random U, to arbitrary U,. We now show that if there existed an adversary contradicting the security
of {|thab) }a,p in the Uy, Ui model for a Haar-random Uy, then there is an adversary for any distribution over
Uy.

Lemma 4.7. If there exists a quantum algorithm Ag making q queries, which has advantage € in breaking
honest binding for {W}sz)})\,b for a Haar-random Uy, then for any other distribution Dy on Uy, there exists
a quantum algorithm A; making q queries, which also has advantage € in breaking honest binding.

Proof. We devise an adversary A; for the distribution D) as follows. A; makes queries to Vj, V>\T sampled
from Dy, and attempts to map \1/}}60 to |1/J§\/,)‘1_b>.
To do so, it will sample a Haar-random unitary W), and define Uy = W) V). It will run Ay with oracles
Uy, U ;L\, which it can simulate using W), and by making queries to V. Observe that Uy is in fact Haar random.
The guarantee of Ag is that on input |z/1§i*0), it produces a state with e-overlap with

W) = Uy ® DEPR) = (W5 @ D)[y)Y)

just by manipulating the Dy register. Then A; can just apply W7 to the Dy register to get a state with e
overlap with \1/1}\&1}. O

Remark 4.8. Here, generating W) and running it is in general inefficient, which is okay for us since we are
focusing on query complexity. However, W) can be made efficient by replacing it with a PRU.

Our distribution of unitaries. Moving forward, we will choose D) to be the distribution which samples
a random subspace of half the dimension, and sets Uy to be the reflection about that subspace. Equivalently,
D) randomly partitions the space into the product of random subspaces S; of dimension 2, then within each
subspace chooses a random basis {|¢0), |¢:,1)} and has Uy swap |¢;0) and |¢;1). Then U, is reflecting
about the space spanned by |¢;0) + |¢i1). Let B be the basis for the entire space {|¢i ) }ib-
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Swapping elements of B. We now show that A; must be swapping elements of B. Consider the following
different experiment on the adversary A;: a random computational basis element |¢; ;) is chosen and fed into
A. Then let TiUI;‘ be the reduced density matrix after applying A; and tracing out the register Ay. Then we

let p = min; y By, p, [(¢] 1] TiUbA |¢71_4)] We call p the basis state swap advantage of A.
Lemma 4.9. For any Ay, € < p.
Proof. Let 1I be the projection onto the states (|¢;17b>D>\>|¢i,b>c>\ = (U*|¢;b>D)\)|¢i7b>C>\' Let p/ =
EipEuy ey [(07 14l ng |¢71_4)]- Then observe that p’ is equivalent to
p' = tr(Ilpo)

where pg is the reduced density matrix over (D), Cy) as defined in Definition 4.3. The space accepted by II
includes in particular the state |ty 1), meaning p’ = tr(Ilpg) > tr(|ea1)(¥a1]p0) = €.

To then lower-bound p, observe that the choice of indices i, b in the basis states is completely opaque to
Ay, and as such the average is equal to the worst case choice of 4, b. O

In other words, the algorithm A; is good at synthesizing the states |¢;",1_b> given |¢;b>, for an arbitrary
choice of i, b.

Moving to a simple swap oracle. We now remove all of the oracle Uy except the part that acts on the
subspace Sg.

Let D) be the distribution which samples a random subspace S of dimension 2, a random basis |¢o), |¢1)
for that basis, and produces the unitary V) which swaps |¢g) with |¢1) but acts as the identity on states
orthogonal to S. Equivalently, V) is the reflection I — (|¢g) — |#1))({d0| — (¢1])/2.

Lemma 4.10. Let Ay and q,p,e be as above. Then there exists a algorithm As which is given as input |¢o)
and makes q queries to Vy and O(q X t) queries to the projector for S, where S, |po),|d1) and Vy are sampled
from D). The guarantee on As is the following. Let v be the reduced density matriz of Ag after tracing out
Ax. Then (¢%|v]|¢t) > e — 2790 —O(1/d), where d is the dimension.

Proof. Ay will construct a subspace T which is orthogonal to S and has dimension d/2 — 1, where d is the
total dimension. We will explain later how T is constructed. Then Ay will define the action of Uy as follows:

e On S, U, will be equal to V).
e On T, Uy will be a sign flip
e Orthogonal to S, T, U, will be the identity.

This fully specifies Uy. Moreover, if T is a random subspace orthogonal to S, then U, is exactly reflecting
about a space of dimension d/2 (d/2 — 1 from the space orthogonal to S, T, and 1 from the subspace of S
that is not flipped). Ay then runs A; with access to this Uy, where the input state to A is the same as As’s
input state. This implicitly sets the subspace S; to be S and the state |¢; 5) = |¢o), for an arbitrary 4, b.

So far, our description of Ay has success probability matching A, and in particular at least e. We just
need to describe how to implement U). Notice that applying V) takes care of the action on the subspace
S and leaves everything else untouched. It then suffices to perform a sign flip on 7', which is equivalent to
being able to project onto T

The challenge is that we do not know S explicitly, but only have oracle access, so it is not feasible for us
to exactly construct a subspace orthogonal to .S. However, we can implicitly construct a subspace T, together
with the ability to project onto it, as follows:

e We choose a random subspace T” of the entire space, with dimension d/2 — 1.

e We implicitly define T as the space orthogonal to both S and 7’. With all but negligible probability, T'
will have dimension d/2 — 1. By definition, T will be orthogonal to S, and it will be random conditioned
on orthogonality with S.
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e In order to (approximately) project onto T’, we iteratively apply the projectors for 7' and S for ¢ steps,
and accept if all the projectors rejected.

The above clearly accepts states in 7. We just need to show that it rejects anything orthogonal to 7" with
overwhelming probability. To do so, consider the matrix M = (I —T")(I — S)(I — T") where we take S, T" to
also be the projectors onto the subspaces S, 7. Let |7) be an eigenvector of M with eigenvalue A. Then the
probability iteratively applying T’,S to |) for ¢ steps will have all projectors reject with probability

IST"ST" - ST'|7)||* = (r|(I = T)(I = $) - (I =T) I = §) (I = )T =T")--- (I = S)(I = T)|r)
— <T|M2t—1|7_> — )\2t—1

A state is in T if and only if it is an eigenvector of M with eigenvalue A = 1, in which case we get acceptance
with probability 1, as expected. Let Ay be the maximal eigenvalue of M that is less than 1, which must be for
a vector orthogonal to T'. For general states orthogonal to T, the maximal acceptance probability is obtained
by this maximal eigenvalue, so is /\gt_l.

We claim that A is almost certainly a constant. Indeed, it is not hard to show that there are exactly two
eigenvalues of M that are between 0 and 1 (corresponding to the projection of S onto the I — T”), and that
they concentrate around 1/2. ]

Distinguishing |¢7) random. Now we take the algorithm As guaranteed in Lemma 4.10, and use it
to construct a distinguisher which distinguishes copies of |¢1) and |¢7) from copies of two independent
Haar-random states.

Lemma 4.11. Let Ay be as above. For a state |¢) orthogonal to |0), let SWAP 4y be the unitary which swaps
|0) and |@), leaving any state orthogonal to |0),|d) untouched.

Then there exists an algorithm Az making O(qt) queries to SWAP|,,y and 1 query to either SWAPWI) or
SWAP,| .y, where |¢') is an independent Haar random state orthogonal to |0). Az distinguishes the two cases

with probability at least ¢ —27°®) —O(1/d).

Note that the SWAP oracle in Lemma 4.11 (which swaps two states) is different from the procedure
SWAP used in Definition 2.7 (which swaps two registers).

Proof. We first note that the projector onto S can be implemented by projectors onto |¢g) and |¢1). We also
note that we can take the description of |¢g) to be known, and this will only improve the success probability.
In this case, we might as well call |¢o) the state “|0)”. V) then swaps |0) with |¢1) (which is Haar random
and orthogonal to |0)). The projector onto |¢1) is easily implemented with queries to Vj.

Az will then run Ay on input [0) = |¢j) and using oracle V) = SWAP|4y, and get a state that is
purportedly |¢7). It will run this through the second oracle, and check if the result is |0). If the second oracle
swaps with |¢7), then this test will pass with probability at least ¢ — 2-9()_ If on the other hand it passes
with an independent |¢'), the probability of passing is at most O(1/d). O

Simulating the swap oracles. We now use Lemma 2.9 to simulate the oracles SWAP. For a state |¢)
that is not supported on |0), let [p—) = (|0) — [¢))/V/2.

Lemma 4.12. Let Az be as above. Then there is an algorithm Ay which is given |¢p1—)®¥|¢' =P where |¢y)
is Haar random and |¢') is either an independent Haar random state or |¢7). A4 distinguishes the two cases
with probability at least ¢ —27°®) —O(1/d) — O(qt/0).

Proof. We observe that SWAP|,, just reflects |¢—). Therefore, we apply Lemma 2.9 using our copies of
|p1—)®¢| ¢’ —)®* to simulate the oracles SWAP|,,y and SWAP 4 used by As. Each query incurs an error
0(1/¢), leading to an overall error of O(qt/?). O

Distinguishing is impossible. Finally, we show that the derived algorithm A4 is impossible unless ¢ is
very small. For this, we use that for Haar random states, it is impossible to distinguish conjugates from
independent Haar random states (e.g. [Zha25], Lemma 21). The slight variant is that we use the |¢—) states
instead of the original Haar random states themselves. Nevertheless, a straightforward adaptation of the
result for Haar-random states applies to the |¢p—) states as well:
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Lemma 4.13 (Slight variant of [Zha25|, Lemma 21). Let |¢1) and |¢’) denote independent Haar random
states with support outside |0). Let d be the total dimension. Then

[E[e1-00 =12 © Gsi-)165 = D] — E[(or=rt61 = D & (=16 ~ ™| < 0(5)

We are now ready to finish the proof of Theorem 4.6. By combining all the lemmas, we obtain that
e < O?)d+qt)l+ 2-9M)). We can now tune the parameters £, t to get a good upper bound on ¢ in terms of
q,d. See t = O(logd) so that 2-°®) = 1/d, which gives ¢ < O(£?/d + qlog(d)/¢). Then set £ = (gdlog(d))*/?,
which gives ¢ < O(q?/3log(d)?/?/d/3). If we take d to be exponential in \ (corresponding to a linear number
of qubits), then ¢ is negligible for any polynomial ¢, as desired. This completes the proof of Theorem 4.6.
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