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Abstra t
A sliver is a tetrahedron whose four verti es lie lose to
a plane and whose orthogonal proje tion to that plane
is a onvex quadrilateral with no short edge. Slivers are
notoriously ommon in 3-dimensional Delaunay triangulations even for well-spa ed point sets. We show that
if the Delaunay triangulation has the ratio property introdu ed in [15℄ then there is an assignment of weights
so the weighted Delaunay triangulation ontains no slivers. We also give an algorithm to ompute su h a weight
assignment.
Mesh generation, omputational geometry;
tetrahedral meshes, mesh quality, (weighted) Delaunay triangulations, slivers, algorithms.
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Introdu tion

This paper studies slivers in 3-dimensional Delaunay triangulations and in parti ular, the question of how we
an rid ourselves of slivers. This se tion introdu es the
general ontext in whi h this question arises and reviews
what is known about it.

Mesh generation. Meshes are ell omplexes that
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sively onsider meshes made up of tetrahedral ells. We
use mathemati al terminology whenever reasonable and
de ne a tetrahedral mesh as a simpli ial omplex in R3 .
The fa e-to-fa e property of the mesh is impli it be ause
a simpli ial omplex requires that any two simpli es are
either disjoint or meet in a ommon triangle, edge, or
vertex. We also require that every triangle, edge, and
vertex in the mesh is fa e of a tetrahedron in the mesh.
A spatial domain is typi ally given in terms of its
boundary onstru ted using a omputer-aided design
system. The tetrahedral mesh generation problem assumes the boundary is pie ewise linear and asks for the
onstru tion of a tetrahedral mesh that overs the spatial domain de ned by that boundary. The size and
shape of the triangles and tetrahedra are important beause it relates to the onvergen e and stability of numeri al methods su h as the nite element analysis, see
Strang and Fix [20℄.
Probably the most ommon tetrahedral meshes are
Delaunay triangulations, whi h are named after Boris
Delaunay [7℄ and are also known as duals to Voronoi
diagrams, whi h are named after Georges Voronoi [22℄.
They are supported by fast algorithms both for onstru tion and for maintenan e under lo al hanges. In
this paper we make essential use of a somewhat larger
lass of tetrahedral meshes referred to as weighted Delaunay triangulations. This lass has been studied extensively in the geometry literature where its meshes are
known as regular triangulations [3℄ and also as oherent
triangulations [12℄. The fast algorithms for Delaunay
triangulations extend with minor modi ation to the
larger lass of weighted Delaunay triangulations [9℄.

Previous work. The generation of meshes with wellshaped triangles in R2 is reasonably well understood.

Bern, Eppstein and Gilbert prove that quad-tree de ompositions an be used to generate meshes free of badly
shaped triangles that adapt to the lo al density of input spe i ations [2℄. Ruppert proves the same for his
version of the Delaunay re nement method [18℄. Experimental studies suggest the latter method adapts better

for a periodi set S  R3 the ratio property for its Delaunay triangulation is equivalent to the existen e of a
triangulation without any badly shaped tetrahedron.
Sin e the sliver-free triangulation is a weighted Delaunay triangulation it an be obtained from the unweighted Delaunay triangulation by a sequen e of ips.
The algorithm in this paper is thus similar to but also
di erent from Joe's heuristi , whi h improves tetrahedral shape by ipping [13℄. Joe's heuristi is greedy and
halts the improvement of a vertex neighborhood at a
lo al optimum. The algorithm in this paper improves
a vertex neighborhood by following a more global optimization strategy.

to input spe i ations and outperforms the quad-tree
approa h with smaller meshes and smoother variation
of edge length.
The generation of meshes of well-shaped tetrahedra
in R3 seems onsiderably more diÆ ult. The extension
of the quad-tree and the Delaunay re nement methods
to R3 both en ounter signi ant diÆ ulties. Mit hell
and Vavasis [16℄ use o t-trees to tetrahedrize a polyhedral volume without bad quality tetrahedra. Dey, Bajaj
and Sugihara [8℄ and Shew hu k [19℄ extend the Delaunay re nement algorithm to R3 but fail to address the
problem of slivers.
The disturbing presen e of slivers in 3-dimensional
Delaunay triangulations has been re ognized at least
sin e the experimental study of Cavendish, Field and
Frey [4℄. Talmor [21℄ notes that even well-spa ed verti es do not prevent slivers. Chew [5℄ sket hes an algorithm that eliminates slivers by adding points in a
randomized manner.

Outline. Se tion 2 dis usses the shape of triangles

and tetrahedra. Se tion 3 introdu es Delaunay triangulations for unweighted and for weighted points. Se tions 4 and 5 prove geometri results needed in the proof
of the Sliver Theorem, whi h is presented in Se tion 6.
Se tion 7 turns this theorem into a sliver removing algorithm. Se tion 8 on ludes the paper.

Results. The main result of this paper is a method
that eliminates slivers without adding any new point
and without moving any point of the given set. Intuitively, the method applies physi al pressure and
squeezes the Delaunay triangulation. Most slivers give
way to the pressure and disappear. The remaining slivers migrate to the boundary where they an be peeled
o . Unfortunately, the boundary may hange as a result
of the treatment, and we have to resort to boundary enfor ement heuristi s des ribed in the mesh generation
literature. We suppress the distra tion of boundary effe ts by onsidering periodi point sets S 2 R3 . In other
words, we hoose a nite set S0  [0; 1)3 and dupli ate
it within ea h integer unit ube: S = S0 + Z3, where Z3
is the three-dimensional integer grid. The sliver elimination method assumes the points are distributed so ea h
tetrahedron in the Delaunay triangulation has the ratio property introdu ed by Miller et al. [15℄: the radius
of the ir umsphere is bounded from above by a onstant times the length of the shortest edge. If ne essary
the ratio property an be generated by adding points at
ir um enters of violating Delaunay tetrahedra.
We show that under the assumption of the ratio property we an assign small real weights to the points so the
weighted Delaunay triangulation ontains no sliver. We
refer to this result as the Sliver Theorem. Another way
to think of the result is that the ratio property for the
Delaunay triangulation implies the existen e of a sliverfree triangulation of the same set of points. Sin e the
ratio property prevents all other types of undesirable
elements, our result implies a triangulation free of any
badly shaped tetrahedron. This omplements a result of
Talmor [21℄ that a triangulation without badly shaped
tetrahedron implies the ratio property for the Delaunay
triangulation of the same set of points. In other words,
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Tetrahedral Shape

A triangle or tetrahedron is badly shaped if it has at
least one small angle. Some badly shaped tetrahedra
have badly shaped bounding triangles, but there are
also tetrahedra with small angles none of whose four
triangles is badly shaped. This se tion explains what
exa tly we mean by good and bad shape and how we
talk about it.

Shape measures. The mesh generation literature is

ri h in measures of simplex quality. A ommon term
is the aspe t ratio, whi h is often but not always dened as the radius of the smallest ontaining sphere
over the radius of the largest ontained sphere. Related is the measure of degenera y de ned as the length
of the longest edge over the radius of the largest ontained sphere. The latter is motivated by the nite element onvergen e analysis of Ciarlet [6℄. Liu and Joe
[14℄ onsider several other measures for tetrahedra and
study how they relate to ea h other. In this paper we
use distan e, radius, angle and volume to express the
quality of triangles and tetrahedra.
To simplify dis ussions we use fuzzy language for size
des riptors. In ea h ase we suppose the existen e of a
small onstant, " > 0, whi h an be used to make the
statement pre ise. For example, an angle ' is small if
' < " and large if ' >  ". An aspe t ratio is large if it
ex eeds 1=". We also use fuzzy des riptors in a relative
sense. For example, the edge pq of a triangle pqr is short
if kp qk < "  maxfkp rk; kq rkg. Similar relative
onventions are adopted for points that are lose to ea h
other or to a line or plane, et .
2

Badly shaped triangles. A triangle with large aspe t ratio has at least one small angle and all three
verti es lose to a line. There are two types: a dagger
with one short edge and a blade with no short edge, see
Figure 1.
wedge

spade

cap

sliver

Figure 3: From left to right the number of long edges
dagger

with small dihedral angle is one for the wedge, two for the
spade, three for the ap, and four for the sliver.

blade

Figure 1: The dagger has one short edge and at least one
small angle. The blade has no short edge and therefore
one large and two small angles.

A similar but di erent lassi ation of badly shaped
tetrahedra an be found in Bern et. al [1℄. Their lassiation is based on dihedral angles while ours primarily
onsiders fa e angles.

Badly shaped tetrahedra. Among the tetrahedra
with large aspe t ratio we distinguish the ones with at
least three badly shaped triangles from the others. A
tetrahedron of the former type has four verti es lose
to a line. The points an be lose or far in the dire tion along this line, and we distinguish the ases 3-1
(spire ), 1-2-1 (spear ), 1-1-1-1 (spindle ), 2-1-1 (spike ),
2-2 (splinter ), see Figure 2. The spire has a y le of

Radius-edge ratio. Let pqrs be a tetrahedron, X
the radius of its ir umsphere, and L the length of its
shortest edge, see Figure 4. The tetrahedron pqrs has
Ratio Property [%0 ℄ for a onstant %0 if X=L  %0 . If a
tetrahedron has Ratio Property [%0 ℄ then so do all of its
triangles. A triangulation has Ratio Property [%0 ℄ if all
its tetrahedra have it.
L
X

spire

spear

spindle

spike

Figure 4: The verti es of the tetrahedron lie on the ir-

splinter

umsphere with radius X . The length of the shortest edge
is L.

Figure 2: From left to right the number of daggers among
the four triangles is at least three for the spire, two for the
spear, zero for the spindle, two for the spike, and four for
the splinter.

The ratio attains its minimum
for the regular tetrap
hedron where X=L = 6=4  0:612. Spa e annot
be tiled with opies of the regular tetrahedron alone
so triangulations require a larger value of %0 . Ratio
Property [%0 ℄ eliminates all badly shaped triangles and
all badlypshaped tetrahedra other than the slivers. If
%0 < 1= 2  0:707 then all fa e angles are a ute so
that even slivers annot exist. However, the ratio property for su h a small onstant is hard to obtain and we
need a di erent method to eliminate slivers.

three short edges and therefore a y le of three daggers
among its four triangles. The splinter has two opposite
short edges and therefore four daggers, two in ea h dire tion. The spear and the spike both have one short
edge and therefore two daggers and two blades as triangles. The spindle has no short edge and therefore four
blades as triangles.
A tetrahedron whose verti es are not lose to a line
has a large aspe t ratio if its verti es are lose to a plane.
We distinguish the ases where two points are lose to
ea h other (wedge ), where three points are lose to a line
(spade ), where the orthogonal proje tion to the plane
is a triangle with a point inside ( ap ), and where the
proje tion is a quadrilateral (sliver ), see Figure 3.

3

Delaunay Triangulations

The proof of the Sliver Theorem uses weighted Delaunay
triangulations in an essential manner. This se tion introdu es Delaunay triangulations, weighted points, and
weighted Delaunay triangulations.
3

Delaunay triangulations. Let S be a dis rete set of
points in R3 . We permit in nite sets but they must

r

be lo ally nite. For simpli ity assume that S is in
general position. In parti ular, for every four points in
S there is a sphere that passes through them and for
any ve points there is no su h sphere. A sphere is
empty if it en loses no point of S , or equivalently, if all
points lie either on or outside the sphere. The onvex
hull of points p; q; r; s 2 S is a tetrahedron, denoted as
pqrs, and a Delaunay tetrahedron if the ir umsphere
is empty. The Delaunay triangulation of S , denoted
as Del S , is the 3- omplex onsisting of all Delaunay
tetrahedra and their triangles, edges, and verti es.
Delaunay triangulations are popular meshes for several reasons. If S is in general position then Del S is
unique and an be eÆ iently onstru ted [4, 9℄. The
hanges aused by deleting or inserting a point are typi ally lo al. Del S ontains all edges of a minimum spanning tree, and for ea h p 2 S it ontains the edge to the
losest point. Delaunay triangulations are optimal with
respe t to smallest ontaining spheres of tetrahedra, see
[17℄.
Given a Delaunay triangulation we an generate a Delaunay triangulation with Ratio Property [%0 ℄ by adding
points at ir um enters of violating tetrahedra, see e.g.
[19℄. If %0  1 then the minimum distan e between a
new point and any of the old points is at least the minimum distan e between any two of the old points. In the
periodi interpretation of R3 we have a nite amount
of volume, whi h permits only nitely many points if
the interpoint distan es are bounded by a xed positive lower bound. The method an therefore not add
in nitely many points and halts after a nite amount of
time.

p
z
q

Figure 5: The dotted ir le is orthogonal to the three solid
ir les. Sin e the radii of the solid ir les are positive, their
enters all lie outside the dotted ir le.

Weighted Delaunay triangulations. A weighted
generalization of Delaunay triangulations is obtained by
substituting spheres for points and orthospheres for irumspheres. To be spe i , let w : S ! R be a weight
assignment and onsider the de ned set of spheres:
^
S

Weighted points and distan e. A weighted point,
2 R3  R, is interpreted as a sphere or ball

with enter p and radius P , see Figure 5. The weight of
2 R, and if P 2 < 0 then the radius is imaginary.
The weighted distan e between p^ and z^ = (z; Z 2) is
de ned as
p^ is P 2

kp^

k

z^

=

kp

z

k2

P2

f(p; P 2 ) j p 2 S;

P2

= w(p)g:

Assume S^ is in general position, whi h among other
things implies that every four spheres have a ommon
orthogonal sphere and no ve spheres have one. A
sphere z^ is empty if kz^ p^k  0 for every p^ 2 S^.
The onvex hull of four sphere enters is a tetrahedron
and a weighted Delaunay tetrahedron if the ommon orthosphere is empty. The weighted Delaunay triangula^, denoted as Del S^, is the 3- omplex onsisttion of S
ing of all weighted Delaunay tetrahedra and their triangles, edges, and verti es. If all radii are zero then the
weighted Delaunay triangulation of the spheres is the
same as the Delaunay triangulation of the enters.
The enter p of a sphere p^ 2 S^ may or may not belong
to the weighted Delaunay triangulation. Spe i ally, p
is a vertex in Del S^ i there is a sphere not ne essarily
in S^ that is orthogonal to p^ and has positive weighted
distan e to all other spheres in S^. In this paper we
hoose weights in a way that guarantees the existen e
of su h spheres. It follows that the set of enters is also
the set of verti es.

p^ = (p; P 2 )

q

=

Z 2:

The weighted points p^ and z^ are orthogonal if the
weighted distan e vanishes: p^ ? z^ if kp^ z^k = 0. Any
four spheres in R3 have a ommon orthogonal sphere,
alled the orthosphere. For example, if the four spheres
are points then the orthosphere is the unique ir umsphere of the tetrahedron they de ne. Unless the four
enters lie in a ommon plane, the orthosphere is unique
and has nite radius. The orresponding observation
one dimension lower is that any three ir les in R2 have
a ommon orthogonal ir le, alled the ortho ir le, see
Figure 5. Unless the three enters are ollinear, the ortho ir le has nite radius.

Cross-se tions. Orthogonality is inherited from

spheres to ir les if the sli ing plane passes through at
least one of the two enters. This allows for the possibility that the plane misses the se ond sphere and the
interse tion is a ir le with imaginary radius.
If (p; P 2 ) ? (z; Z 2 ) then any plane through p
interse ts the two spheres in two orthogonal ir les.

Claim 1.

Let (u; U 2 ) and (v; V 2 ) be the ir les of interse tion between the plane and the two spheres. We have

Proof.

4

u

kz vk2 . Then
ku z k2 kz vk2
2
P 2 + Z 2 kz v k

= p, U 2 = P 2 and V 2 = Z 2

ku

v

k2

=
=
=

has it. The upper bound on the radii implies the spheres
are pairwise disjoint. It also implies that the weighted
distan e between two spheres is not very di erent from
the Eu lidean distan e between the two enters:

U 2 + V 2;

If a pair of spheres p^; q^ has Weight Property
[!0 ℄ then kp qk  kp^ q^k.

Claim 2.

whi h shows that (u; U 2 ) and (v; V 2 ) are orthogonal.

We establish 2  kpp qk  kp^ q^k  C2 
for onstants 2 = 1 2!02 and C2 = 1.
By de nition we have kp^ q^k2 = kp qk2 P 2 Q2
and P 2 ; Q2  0 implies kp^ q^k  kp qk. We get the
lower bound from P 2 ; Q2  !0 2 kp qk2 , whi h implies
p
1 2!0 2  kp qk  kp^ q^k.
Proof.

kp

Claim 1 an be extended to dimensions di erent from
3. Consider for example the two-dimensional ase. If
(p; P 2 ) and (z; Z 2) are two orthogonal ir les then any
line passing through p interse ts them in two orthogonal
intervals. Given two intervals there is a unique third
interval orthogonal to both. It follows that all ir les
that are orthogonal to two ir les (p; P 2 ) and (q; Q2 )
interse t the edge from p to q in the same two points.
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This se tion proves a number of relations between distan es, weighted distan es, radii, and areas needed for
the proof of the Sliver Theorem in Se tion 6. We begin
by introdu ing notation that simpli es omputations
and dis ussions.

Claim 3.

X2

, denoted as X  Y , if there are onstants
with  X  Y  C  X . Note that  satis es
(X  Y ) ^ (Y

=)
=)

 X;
X  Z;

Y

jpqrj

has Ratio Property [%0 ℄ then

=

kp

q

k  kq

r

k  kr

k:

p

4X
To verify this formula let be the angle at q and observe
that jpqrj = kp qk  kq rk  sin2 . The angle at the
ir um enter is \pxr = 2 , and hen e kr pk = 2X 
sin , whi h implies the area formula. Ea h of the three
edges has length at least X=%0 as implied by the Ratio
Property [%0 ℄. Hen e

but it is not an equivalen e relation be ause the onstants deteriorate in the repeated appli ation of the
se ond rule: if 0 ; C 0 are the onstant for Y  Z then
 0 ; C  C 0 are the onstants for X  Z . The relation ombines well with arithmeti operations on positive quantities:

8
<
(X  Y ) ^ (U  V ) =)
:

pqr

Proof.

early related

Y
 Z)

If

 jpqrj.

We establish 3  X 2  jpqrj  C3  X 2 with
3
3 = 1=4%0 and C3 =  . The upper bound is lear
be ause pqr is en losed by the ir um ir le with radius
X . For the lower bound we express the area in terms of
edge lengths and radius,

Relation. Two quantities X and Y are said to be linX

k

Area and radius. Let pqr be a triangle and X the
radius of its ir um ir le. X is no smaller than half the
length of the longest edge, and if pqr has Ratio Property
[%0 ℄ then X is also not mu h larger than that. This
implies that X 2 is not mu h di erent from the area of
the triangle, whi h we denoted as jpqrj:

Linear Relations

;C > 0

q


  


X +U
Y +V;
X U
Y V;
X=U
Y =V :

jpqrj 

If 00 ; C 00 are the onstants for U  V then minf ; 00 g,
maxfC; C 00 g are the onstants for the sums,  00 ; C 
00
00
C for the produ ts, and =C ; C= 00 for the ratios. In
this paper we obtain new linear relations from onstant
length hains of old linear relations.

X3

4%0 3  X

;

whi h implies the laimed lower bound.

Radius and radius. Ratio Property [%0 ℄ and Weight

Property [!0 ℄ together imply that for a triangle the radii
of the ir um ir le and the ortho ir le are not very different. Let p^; q^; r^ be three spheres that de ne an orthoir le with radius Z and whose enters de ne a ir umir le with radius X .

Weight property. We suppose that the radii of the

spheres are not large relative to the distan es between
their enters. To make this pre ise we say a pair of
spheres p^ = (p; P 2 ), q^ = (q; Q2 ) has Weight Property
[!0 ℄ for a onstant !0 2 (0; 1=2) if 0  P; Q  !0 kp qk.
A set of spheres has Weight Property [!0 ℄ if every pair

If p^; q^; r^ have Weight Property [!0 ℄ and
has Ratio Property [%0 ℄ then X  Z .

Claim 4.

5

pqr

p We establish 4  X  Z  C4  X with
= 1 4!0 2 and C4 = 1 + 2%0 !0 2 . The minimum
weighted distan e of the ir um enter, x, from the three
weighted points is a lower bound for the radius of the
ortho ir le. To bound that minimum note that 2X is an
upper bound on the length of ea h edge and !0 2 (2X )2
is an upper bound on the weight of ea h point:

Fortunately, Claim 4 does not extend to tetrahedra
where it fails for slivers with four almost o ir ular verti es.

Proof.

4

Z2




minfkx p^k2 ; kx
X 2 4!0 2 X 2 :

k2 k

Parametrizing slivers. Let

pqrs be a tetrahedron,
the volume, and L the length of the shortest edge.
We de ne  = (pqrs) = V =L3 and use it as a measure
of quality. Assuming Ratio Property [%0 ℄ we all pqrs
a sliver if  is less than some threshold 0 > 0 to be
spe i ed later. It is useful to relate this measure with a
distan e-radius ratio. Let D be the Eu lidean distan e
of point p from the plane passing through qrs and let Y
be the radius of the ir um ir le of qrs, see Figure 7.

V

k2 g

q^ ; x

r^

To obtain an upper bound onsider the perpendi ular bise tors k and ` of edges pq and qr, whi h interse t at x, see Figure 6. Let k^ be the line of points
k

p

q

p

k

D
Y
r
2ϕ

q

x

z

s

Figure 7: D=Y an be de ned for ea h ordering of the
four verti es, but all four ratios are linearly related to  .

l

r

l

. If a tetrahedron pqrs has Ratio Property [%0 ℄
then D=Y  .

Claim 5

Figure 6: To avoid a tiny parallelogram we draw the strips

wider and the ir le around q larger than allowed by Weight
Property [!0 ℄.

We establish 5  D=Y    C5  D=Y for 5 =
and C5 = C3 %0 3 =3. The triangle qrs has Ratio
Property [%0 ℄, so Y  L with onstants = 1=%0 and
C = 2. By Claim 3 we have Y 2  jqrsj with onstants
3 ; C3 . The volume of the tetrahedron is jqrsj  D=3.
Therefore

Proof.

3 =24

with equal weighted distan e from p^ and q^, and let `^
be the same line for q^ and r^. The width of the strip
between k and k^ is a maximum only if the weights
of p^ and q^ are as di erent as possible, for example
2
P 2 = 0 and Q2 = !0 2 kp q k . In this ase the width
2
2
is W = !0 kp qk=2  !0 X . The same upper bound
holds for the width of the strip between ` and `^. The
enters x of the ir um ir le and z of the ortho ir le are
diagonally opposite verti es of the parallelogram formed
^ `; `^, see Figure 6. Let the angle at x inside the
by k; k;
parallelogram be 2'. The edge xz uts this angle into
two and we assume that the angle between xz and k inside the parallelogram is   '. The distan e between
the two enters is therefore

kx

z

k

=

W

sin 





!0 2 X

sin '

D
Y

5

X

+ kx

z

k

X

Y3

=

:

Length and Degree Bounds

This se tion re alls a result of Talmor [21℄ whi h is
then used to extend results of Miller et al. [15℄ from
unweighted to weighted Delaunay triangulations.

:

By Ratio Property [%0 ℄, we have kp qk; kq rk 
Hen e X  sin '  X=2%0 and therefore sin ' 
The radius of the ortho ir le is bounded from
above by the radius of the ir um ir le plus the distan e
between the enters:



  jqrsj  D
3  L3

Y2 D

Following the rules for ombining linear relations we get
onstants 5 = 3 =3C3 and C5 = C3 =3 3 .

X=%0 .
1=2%0.

Z

=

Weighted ratio property. Let S be a periodi set
of points in R3 . In other words, S = S0 + Z3 where
S0  [0; 1)3 is nite and Z3 is the three-dimensional
integer grid. For a point x 2 R3 let N (x) be the distan e

to the se ond losest point in S . If x 2 S then x itself
is losest and N (x) is the distan e to the losest point
in S fxg. The following result is Theorem 3.6.2 in
Talmor's thesis [21℄:

+ 2%0 !0 2  X;

whi h is the upper bound laimed at the beginning of
the proof.
6

By Claim 7 the length of pq is kp qk  Z=%1. The
same bounds hold for kp rk whi h implies the laimed
linear relation.

Assume Del S has Ratio Property [%0 ℄. Then
there is a onstant T depending only on %0 su h
that N (z )  T  N (x) for every empty sphere
(z; Z 2) that passes through x.

Claim 6.

We extra ted T = 64  %0 2 M from Talmor's thesis,
where M = maxf2%0= sin  ; 4%0 2 g, = 2=(1 os 4 ),
 = (ar sin 2%10 )=2. We use Claim 6 to derive a property
for weighted Delaunay triangulations reminis ent of the
ratio property for Delaunay triangulations. A periodi
sphere set is de ned by a weight assignment w : S0 ! R.
As usual z^ = (z; Z 2) denotes the orthosphere and L the
length of the shortest edge of a tetrahedron.

Edges forming small angles. If two edges

pq and
share a ommon endpoint we denote the angle at
that endpoint as \qpu. All angles between edges are
measured between 0 and . We show that a small angle implies about equal length, and this is even true if
the two edges arise in two di erent weighted Delaunay
triangulations:
^1
Claim 9. Assume Del S has Ratio Property [%0 ℄, S
^
^
and S2 have Weight Property [!0 ℄, and pq 2 Del S1 ,
^2 . Then there is a onstant 0 > 0 su h
pu 2 Del S
that \qpu < 0 implies kp qk  kp uk.

pu

Assume Del S has Ratio Property [%0 ℄ and
has Weight Property [!0 ℄. Then there exists a
onstant %1 depending only on %0 and !0 su h that
Z=L  %1 for every tetrahedron in Del S^.

Claim 7.

S^

We establish the bound for the onstant %1 =
(1 + !0 ) T . Let z^ and L be orthosphere and shortest
edge length for a tetrahedron pqrs 2 Del S^. Assume L =
kp qk, whi h implies N (p)  L. Be ause all points of
S lie on or outside z^ we have N (z )  Z . Let x be a point
on the interse tion of the two orthogonal spheres p^ and
z^. By Weight Property [!0 ℄ we have kx pk  !0 
N (p)  !0  L. Therefore N (x)  kx q k  kx pk +
kp qk  (1 + !0 )  L. Claim 6 implies

Proof.

Proof.

Z



N (z )



N (x)



T



(1 + !0 )

T

0

We establish the impli ation for the onstant
=

p 2
2
p%1 2 + !0 1=4

% 2
1

ar tan 1
2

!0

+ 1=4

and 9  kp qk  kp uk  C9  kp qk for 9 =
(1 !0)=2 and C9 = 1= 9 . Let z^ = (z; Z 2 ) be the
orthosphere of a tetrahedron that ontains pq as one of
its edges. We ut z^ with the plane that passes through
p; q; u and let y^ = (y; Y 2 ) be the ir les of interse tion,
see Figure 8. Let k be the line passing through p and

 L;

as stated.

Edge-length variation. For a graph G with verti es
and straight edges in R3 we are interested in omparing

the length of edges. Spe i ally, we de ne the
at a vertex p 2 G as

q
y

length

v

variation

 (p; G)

= maxfkp

kk

q = p

u

kg;

2η 0

k

Figure 8: The dotted ir le is orthogonal to the two solid
ones. Edges with small angle  annot be short.
tangent to y^. By Claim 1, y^ is orthogonal to the ir les
at whi h the plane interse ts p^ and q^. All ir les orthogonal to p^ and to q^ meet pq in the same two points, see
the omment after Claim 1. The distan e between these
two points is twi e the radius of the smallest ortho ir le.
By Weight Property [!0 ℄ that radius is

We establish
p 8  2kp qk  kp rk  C8 
1 4!0 =2%1 and C8 = 1= 8 . The
8 =
length of an edge is at most twi e the radius of the irum ir le, X , and by Claim 4 that radius is linearly
related to the radius of the ortho ir le:
kp qk  2X  p1 2Z4! 2 :
0
Proof.

q

a

p

where the maximum is taken over all edges pq; pu in
G. Our rst result shows that triangles in the weighted
Delaunay triangulation inherit a onstant upper bound
on the variation of their edge lengths from the Delaunay
triangulation.
^ has Weight Property [!0 ℄, Del S has
Claim 8. If S
Ratio Property [%0 ℄, and pqr 2 Del S^ then
kp qk  kp rk.

kp

u (θ )

θ

k for

r

1
!0 2  kp q k:
4
Let a be the point on the ir le y^ so that ya interse ts
pq in a right angle, see Figure 8. The interse tion point
V

7



where m = 2=(1 os 40 ). The argument is based on
the two elementary geometry fa ts provided by Claims
8 and 9. Let  be the sphere of dire tions entered at p.
We form a maximal pa king of ir ular aps ea h with
angle 0 =4. This means that if a is the enter and b is a
point on the boundary of a ap then \apb = 0 =4. The
set of aps with the same enters and with radii 0 =2
overs . Sin e the area of ea h ap in the rst set is
(1 os 40 )=2 times the area of the sphere, the number
of aps is at most some onstant m = 2=(1 os 40 ).
The remainder of this proof uses the larger aps, whi h
over .
For ea h edge pq 2 K let the point q0 2  be the radial
proje tion of q. Similarly, for ea h triangle pqr 2 K
onsider the ar on  that is the radial proje tion of qr.
The points and ar s form a graph. Let pq be the longest
and pu the shortest edge with endpoint p. We walk in
the graph from q0 to u0. This path leads from ap to
ap and we just re ord the sequen e of aps visited. If
the path leaves a ap and returns to it later we ignore
the detour and re ord the ap only on e. In the end we
have a sequen e of at most m aps.
When we walk from point to point we tra k the length
of the orresponding edges. As long as we stay within
a single ap the length de reases at most by a fa tor
of (1 !0 )=2, see Claim 9. If we step from one ap
to p
the next the length de reases by at most a fa tor
of 1 4!02 =2%1, see Claim 8. The number of aps is
at most m so kp uk  kp qk=0. The laim follows
be ause  (p; G) = kp qk=kp uk  0 .

is the enter v of the smallest ir le orthogonal to p^
and q^. By Claim 7 we have Y  %1  kp pqk. The
normal distan e of a from pq is A = Y
Y2 V2
whi h assumes its minimum when Y is as large and V
is as small as possible. Therefore
A



k

%1 p

= (%1

q

p

r

k

k

%1 2 p

%1 2

+ !0 2

k2 1 44!0 kp
1=4)  kp qk:
2

q

q

k2

The angle at p between pq and line k is at least the angle
between pq and pa, whi h is
A

\qpa = ar tan p

P2



ar tan

%1

+V
p
2
2
p%1 2+ !0 1=4
2

!0

+ 1=4

be ause P 2  !0 2 kp qk2 and V 2  kp qk2 =4. Note
that the latter expression is twi e the onstant 0 .
For ea h angle 0    20 , let k() be the line
passing through p that forms an angle  with pq, see
Figure 8. The line k() interse ts y^ in two points and we
let u() be the point further from p. Finally, we de ne
f () = kp u()k. We have f (0)  (1 !0 )  kp q k
and f (20 )  0. Sin e f is a on ave fun tion it follows
that f () is at least (1 !0 )=2 times the length of pq
for all   0 . By assumption there is an angle   0
so u() lies on the edge from p to u. The lower bound
of the linear relation follows:
kp uk  f ()  1 2 !0  kp qk:
The upper bound follows by a symmetri argument that
ex hanges q and u.

All Del S^ with Weight Property [!0 ℄ are sub omplexes
of K . Claim 10 thus implies that for all su h weighted
Delaunay triangulations the length variation at every
vertex is bounded from above by the onstant 0 .

Weighted Delaunay edges. Miller et al. prove that

if Del S has Ratio Property [%0 ℄ then there is a onstant
upper bound on the length variation at every vertex [15℄.
We use Claim 7 to prove the same is true for the graph
of all possible weighted Delaunay edges. Let K = K (S )
be the union of all weighted Delaunay triangulations dened by weight assignments w : S ! R whose sphere
sets have Weight Property [!0 ℄. Sin e K ontains all
edges of the unweighted Delaunay triangulation it onne ts every point p to the losest point q 2 S and to
others. Let G be the graph of all edges in K .
Claim 10. If Del S has Ratio Property [%0 ℄ then there
is a onstant 0 > 0 su h that  (p; G)  0 for
every vertex p 2 S .
Proof. We establish the upper bound on length variation for the onstant
 2 m  2% m 1
;
 p1 41 ! 2
0 =
1 !0
0

Constant degree. The bound on the length variation

in Claim 10 implies that ea h vertex belongs to at most
a onstant number of edges in K . A straightforward
volume argument suÆ es to establish this fa t.
If Del S has Ratio Property [%0 ℄ then there
is a onstant Æ0 su h that every vertex p 2 S belongs to at most Æ0 edges in K .

Claim 11.

Proof. We prove the
laim for the onstant Æ0 =
(20 2 +1)3, where 0 is the onstant in Claim 10. Let pq
be the longest and pu the shortest edge with endpoint
p. Assume without loss of generality that kp uk = 1.
Let r be a neighbor of p and s a neighbor of r. We
have kp rk  1 by assumption and kr sk  1=0 by
Claim 10. For ea h neighbor r of p let r be the open
ball with enter r and radius 1=20. The balls are pairwise disjoint and t inside the ball with enter p and

8

radius kp

q

k + 1=20. The volume of
jj

is

1 3
4
)
(kp qk +
3
20


4 20 2 + 1 3
 3
20
2
= (20 + 1)3  j r j:

=

z
H
q
Y

In words, at most Æ0 = (20 2 + 1)3 neighbor balls t
into . This implies that Æ0 is an upper bound on the
number of neighbors of p.

6

r

s

Figure 10: If the weights of q; r; s are xed and the weight
of p varies then the ortho enter of the tetrahedron moves
on the normal line passing through the ortho enter of qrs.

Sliver Theorem

positive if z and p lie on the same side and it is negative
if they lie on di erent sides of the plane. As usual, L is
the length of the shortest edge of pqrs.
Claim 12. If p
^; q^; r^; s^ have Weight Property [!0 ℄ and
pqrs has Ratio Property [%0 ℄ then there is a onstant 12 su h that [ 12 L; 12L℄ ontains all values
of H (P ) for whi h the orthosphere of pqrs is empty.
p 2
Proof. We establish 12 =
%1 + !0 2 1=4. The
square radius of the orthosphere is Z 2 = H (P )2 + Y 2 ,
whi h by Claim 7 is bounded from above by %1 2 L2 . The
radius of the ir um ir le of qrs is X  L=
p2, and by
Claim 4 the radius of the ortho ir le is Y  1 4!0 2 
X . Putting everything together we get
H (P )2  %1 2 L2 (1 4!0 2 )  X 2
2
 (%1 2 1 44!0 )  L2
as laimed.

Se tions 4 and 5 provide the te hni al prerequisites for
the proof of the main result of this paper, whi h is presented in this se tion.

Weight pumping idea. The main idea in the proof

of the Sliver Theorem is to assign a weight P 2 to ea h
point p 2 S so the weighted Delaunay triangulation is
free of slivers. To get Weight Property [!0 ℄ we hoose
the weight of p in the interval W (p) = [0; !02 N 2 (p)℄.
Given a sliver pqrs we use the pigeonhole prin iple to
show there is a weight P 2 in W (p) so pqrs does not
belong to the weighted Delaunay triangulation. While
onsidering the tetrahedra around p we keep the weights
of q; r; s un hanged and ex lude the sliver pqrs from the
triangulation merely by manipulating the weight of p.
To be spe i onsider the weight interval W (p) and
for ea h sliver pqrs mark the subinterval Wqrs of weights
P 2 2 W (p) for whi h pqrs belongs to the weighted Delaunay triangulation obtained by hanging the weight of
p to P 2 , see Figure 9. We prove shortly that the length

Pumping motion. The bound on

is translated into a bound on the weight of p. For this purpose
we look at the motion of the ortho enter. Spe i ally,
we relate P 2 to the displa ement of z along the line of
its motion, whi h we denote as `. As in Figure 7 the distan e of p from the plane passing through qrs is denoted
as D.
P2
Claim 13.
H (P ) = H (0)
2D .
Proof. Let E be the distan e of p from `.
Then
Z 2 + P 2 = (H (P )
D)2 + E 2 , see Figure 11. The
square radius of the orthosphere is Z 2 = H (P )2 + Y 2
and therefore H (P )2 = (H (P ) D)2 + E 2 P 2 Y 2 .
After an eling H (P )2 we have
D2 + E 2 Y 2
P2
H (P ) =
:
2D
2D
The rst term on the right side is H (0) and the se ond
is the displa ement of z if we hange the weight of p
from 0 to P 2 .

W( p )

Figure 9: The subintervals over all weights of p for whi h
the weighted Delaunay triangulation ontains a sliver.
of the subintervals goes to zero as we lower the threshold
for slivers. We also prove that there is only a onstant
number of subintervals to be onsidered. Hen e we an
hoose a positive onstant threshold small enough so
W (p) is not overed by the subintervals. Any weight
P 2 2 W (p) outside all subintervals will do.

Existen e interval. For a tetrahedron pqrs onsider
the ortho enter, z , as a fun tion of the weight P 2 of
p. We de ne H (P ) as the signed distan e of z from
the plane passing through qrs, see Figure 10. H (P ) is

9

H (P )2

By Claim 14, it de nes a subinterval of length jWqrs j 
(8 12 = 5 )  Y 2 . By Claim 10, the edges pq, pr, ps have
length at most 0 ea h. By Claim 7, the radius of the
orthosphere of pqrs is Z  %1  0 . The radius of the
ortho ir le of qrs is at most Z , and by Claim 4, the
radius of the ir um ir le is

Z
P

z
E

p

H

D

Y

Y

Subinterval length. The goal is to show that the

subintervals of W (p) an be made as small as ne essary.
Re all the notation related to the parametrization of
slivers introdu ed in Se tion 4.

jI (p)j

The length of the subinterval de ned by
is jWqrs j   Y 2 .

The onstant is = 8 12 = 5 . By Claim 12
the tetrahedron pqrs belongs to the weighted Delaunay
triangulation only if 12 L  H (P )  12 L. Using
Claim 13 we get an interval for the weight of p:
Proof.

12 L + H (0))



P2



2D  (



12 DL



8

12
5

 Y 2 ;

as laimed.
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prove the main result of this paper, namely that there
are weight assignments whose weighted Delaunay triangulations are free of slivers.
Assume Del S has Ratio Property
[%0 ℄. Then there is a onstant 0 > 0 and a weight
assignment de ning a set of spheres S^ with Weight
Property [!0 ℄ su h that  > 0 for all tetrahedra
pqrs 2 Del S^.

Sliver Theorem.

=

4!02 )  !0 2
:
8 12  %1 2 0 2  (20 2 + 1)9
5

8

12

Algorithm

General strategy. The main step of the algorithm
assigns a real weight P 2 to every point p in the given set
S . This is done by pro essing the points in an arbitrary
sequen e. When pro essing point p 2 S we ompute
subintervals of W (p) and we hoose P 2 2 W (p) outside
all subintervals. The Sliver Theorem guarantees that
for a properly hosen onstant 0 su h a weight exists.
After pro essing all points the weighted Delaunay triangulation ontains no tetrahedron with value of  less
than 0 .
A riti al issue is the apparent ir ularity of the algorithm: the hange of the weight of q may alter some of

We establish the result for the onstant
0

<

This se tion develops two versions of an algorithm that
eliminates slivers by weight assignment. The algorithm
assumes the points are distributed so the Delaunay triangulation has Ratio Property [%0 ℄. The rst version is
sequential, the se ond is parallel, and they both run in
asymptoti ally optimal time.

Finale. We have now all pie es together to state and

Proof.

0

We remark that the above proof is not ir ular although at rst sight it may appear that weight assignments for di erent points an intera t in ompli ated
ways. The next se tion dis usses this issue in some detail.

This interval ontains Wqrs . To bound its length we use
 2Y and D=Y  = 5 from Claim 5. Then
4

 p1%1  4!0 2 :

laim.

12 L + H (0)):

L

jWqrs j 

4!02

 0 Y 2  Æ0 3
5
8 12  %1 2 0 2  (20 2 + 1)9
 0

4!0 2 )
5  (1
 jW (p)j:
We an therefore nd a weight P 2 2 W (p) I (p). Every
tetrahedron pqrs 2 K ompatible with the weight P 2 of
p has   0 . We repeat the argument for every point
p 2 S and obtain a weight assignment that satis es the

Claim 14.

2D  (

Z

The number of subintervals is at most the number of
tetrahedra in K that share p. By Claim 11 there are
at most Æ0 edges sharing p, so there are fewer than Æ0 3
su h tetrahedra. Let I (p) be the part of W (p) overed
by subintervals de ned by slivers. The total overed
length is

Figure 11: The ortho enter z moves down as the ir le
around p grows.

pqrs

 p1

 (1

Let p 2 S and assume without loss of generality that the
distan e to its losest neighbor in K is 1. The length
of its weight interval is therefore jW (p)j = !0 2 . Let
pqrs 2 K be a sliver, that is, a tetrahedron with  < 0 .
10

union is omputed by ontinuously in reasing P 2 from 0
to its maximum, whi h is !0 2 N 2 (p). The set TP hanges
only at dis rete moments:

the subintervals for p if pq is an edge in K . If p pre edes
q in the pro essing order then q may readmit tetrahedra
around p that have been eliminated earlier by hoi e of
P 2 . There are two ru ial observations that break the
ir ularity. The rst is that the quality measure for
slivers is symmetri : (pqrs) = (qprs). The se ond is
that we only in rease the weight of q so ea h newly admitted tetrahedron has q as a vertex. For its own sake,
q hooses its weight to avoid all tetrahedra with  < 0 .
As a onsequen e, any tetrahedron readmitted around
p has value of  at least 0 .
The key step is the onstru tion of subintervals of
W (p). Re all that ea h subinterval orresponds to a
tetrahedron pqrs with measure  < 0 . The Sliver Theorem suggests we use the onstant 0 for whi h it proves
the subintervals do not over W (p). In view of the miserably pessimisti estimate of 0 we follow a di erent
strategy. Consider all tetrahedra with vertex p, and for
ea h pqrs onsider the unbounded re tangle
Rqrs

=

Wqrs

0 = P02 < P12 < : : : < Pk2

= !0 2 N 2 (p):

De ne Ti = TP for P 2 between Pi2 1 and Pi2 . In the
non-degenerate ase the step from Ti 1 to Ti onsists of
a single ip operation [9, 17℄. The sequen e of ips is determined using a priority queue storing Ti . Ea h tetrahedron arries the time or weight when it is destroyed
by the weight in rease, and Pi2 is the earliest su h time
of any tetrahedron in the priority queue. That tetrahedron is removed from the priority queue and from the
weighted Delaunay triangulation, and new tetrahedra
are inserted. By Claim 11 the union of all sets TP has
only onstant ardinality so that pro essing the hanging set osts only onstant time in total. At any moment
P 2 the minimum  value of any tetrahedron in TP is the
height of the skyline above P 2 2 W (p).
To summarize, we now have a sequential algorithm
that takes time O(n log n), where n is the number of
points in S0 . Re all that S = S0 + Z3 is periodi and so
is the Delaunay triangulation. Any one of a number of
published algorithms an be adapted to periodi sets in
a way so it tou hes only points in S0 . The adaptation
of the algorithm in [9℄ or in [11℄ takes time O(n log n)
be ause the size of Del S in a period is O(n) by Claim
11. After onstru ting Del S we assign weights in time
O(n) as explained above. The onstru tion of the orresponding weighted Delaunay triangulation is a side
e e t of the weight assignment step.

 [(pqrs); +1)

in the P 2   plane. The boundary of the union of
re tangles forms the skyline over W (p), see Figure 12.
The best hoi e for P 2 is the weight oordinate of a
highest point on the skyline.

Parallel algorithm. A parallel version of the algo-

W( p )

rithm an be obtained by taking advantage of Claim
11, whi h asserts that verti es in K have onstant
size neighborhoods. Re all that K is the union of all
weighted Delaunay triangulations, where the union is
taken over all weight assignments w : S0 ! R whose
sphere sets have Weight Property [!0 ℄. The degree of a
vertex p 2 K , denoted as Æ(p), is the number of edges
with endpoint p. By Claim 11, Æ(p) is bounded from
above by the onstant Æ0 . Hen e K has a vertex oloring with Æ0 + 1 olors. Two verti es of the same olor
share no tetrahedra in any of the weighted Delaunay
triangulations so the weight assignment algorithm an
be applied simultaneously. In other words, k pro essors
an assign weights to the points of one olor lass in
parallel and a hieve optimal speed-up.
To summarize we now have a parallel algorithm that
takes time O(n log n=k) for k = O(n) pro essors. The
rst step onstru ts the graph of all edges in K using
the randomized algorithm of Frieze, Miller and Teng
[11℄. As in the sequential ase this algorithm needs to
be adapted to periodi point sets, whi h is not diÆ ult.
The graph is then olored with a onstant number of

Figure 12: Ea h re tangle over W (p) overs the values of

the minimum  around p that annot be a hieved if the
weight is hosen in the P 2 -interval of the re tangle.

Sear hing the skyline. The skyline is onstru ted
by onsidering all tetrahedra in weighted Delaunay triangulations generated by varying the weight of p and
keeping all other weights xed. At the time the algorithm works on p 2 S it has already pro essed some of
the points. Let w : S ! R be the urrent weight assignment, and for every P 2 2 W (p) let wP : S ! R be
de ned by
wP (u) =

2
1 < Pk



w(u) if u 2 S
P2

if u = p:

fpg;

Note that w0 = w. Let S^P orrespond to wP . For
every S^P we are only interested in the set TP  Del S^P
of tetrahedra that have p as a vertex. The skyline is
de ned by the union of all TP for P 2 2 W (p). This
11

olors. The nal two steps are the same as for the sequential algorithm ex ept that the oloring is used to
parallelize both the onstru tion of the initial Delaunay
triangulation and the weight assignment.

to reinfor e the boundary. It would be interesting to
formulate onditions on the boundary triangulation under whi h the algorithm is guaranteed not to a e t the
boundary.
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