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ABSTRA CT

W e surv ey the computational geometry relev an t to �nite elemen t mesh

generation. W e esp ecially fo cus on optimal triangulations of geometric do-

mains in t w o- and three-dimensions. An optimal triangulation is a partition

of the domain in to triangles or tetrahedra, that is b est according to some

criterion that measures the size, shap e, or n um b er of triangles. W e discuss

algorithms b oth for the optimization of triangulations on a �xed set of v ertices

and for the placemen t of new v ertices (Steiner p oin ts). W e briey surv ey the

heuristic algorithms used in some practical mesh generators.

1. In tro duction

Computational geometry claims the t w o aims of solving practical problems and

pro ducing b eautiful mathematics. There is a natural tension b et w een these goals:

the most elegan t form ulation of a problem rarely o ccurs in practice. But surprisingly

often the aims complemen t eac h other. This c hapter discusses the in terpla y b et w een

an imp ortan t practical problem|�nite elemen t mesh generation, and a ourishing

theoretical area|optimal triangulation algorithms.

Finite elemen t metho ds ha v e pro v ed indisp ensable for ph ysical sim ulation.

These metho ds discretize the sim ulated domain|for example, the air around a

wing|b y dividing it in to man y small \elemen ts", t ypically triangles or quadrilat-

erals in t w o dimensions and tetrahedra or hexahedra in three. The complex of

elemen ts is the mesh.

A triangulation is a partition of a geometric input, t ypically the region

de�ned b y a p oin t set or a p olytop e, in to simplices that meet only at shared faces.

So in t w o dimensions, a triangulation consists of triangles that in tersect only at
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shared edges and v ertices. An optimal triangulation is one that is b est according

to some criterion that measures the size, shap e, or n um b er of simplices.

An example illustrates the complemen tary relationship of mesh generation

and optimal triangulation. Numerical-analysis folklore had long held that �nite

elemen t meshes should a v oid elemen ts with sharp angles. Remark ably , La wson

found that the Delauna y triangulation, a geometric construction with a long his-

tory , maximizes the minim um angle in a t w o-dimensional mesh [128 ]. A t ab out

the same time, w ork b y other n umerical analysts implicated the attest|not the

sharp est|angle as the critical factor in con v ergence [5, 112 ]. This problem did not

ha v e a solution w aiting for it, and in dev eloping an algorithm to minimize the max-

im um angle [78 ], computational geometers disco v ered a v ery in teresting algorithmic

paradigm (discussed in Section 2.2.2).

1.1. Backgr ound

The di�eren tial equations arising in ph ysical sim ulation require n umerical solution.

Most n umerical metho ds|there are exceptions|assume that the domain of in ter-

est is divided in to a mesh of small, simple elemen ts. There are t w o ma jor t yp es

of meshes: structured and unstructured. This c hapter studies only unstructured

meshes, but here w e briey sk etc h the larger con text.

A structur e d mesh in t w o dimensions is most often simply a square grid

deformed b y some co ordinate transformation. Eac h v ertex of the mesh, except

at the b oundaries, has an isomorphic lo cal neigh b orho o d. In three dimensions, a

structured mesh is usually a deformed cubical grid. An unstructur e d mesh is most

often a triangulation with arbitrarily v arying lo cal neigh b orho o ds.

Structured meshes o�er certain adv an tages o v er unstructured. They are

simpler, and also more con v enien t for use in the simpler �nite di�erence metho ds.

They require less computer memory , as their co ordinates can b e calculated, rather

than explicitly stored. Finally , structured meshes o�er more direct con trol o v er the

sizes and shap es of elemen ts.

The big disadv an tage of a structured mesh is its lac k of exibilit y in �t-

ting a domain with a complicated shap e. A n um b er of tec hniques ha v e b een de-

v elop ed to �nd appropriate co ordinate transformations: conformal mapping, al-

gebraic metho ds, and n umerical metho ds that themselv es solv e di�eren tial equa-

tions [39 , 213 , 214 ]. Ev en armed with these tec hniques, it ma y b e imp ossible to �nd

a transformation that �ts a complicated domain acceptably w ell. F aced with this

problem, some practitioners cut out a region of the grid, without an y transforma-

tion, to giv e a \stair-case appro ximation" to the domain. But then the computed

solution will b e quite inaccurate near the b oundary of the domain, an area that

is often of sp ecial in terest. Other practitioners break up the domain in to simpler

regions, p erhaps o v erlapping, eac h of whic h can b e more nearly matc hed b y a de-
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formed grid. This metho d and its asso ciated n umerical analysis mak e up \domain

decomp osition", a large area of study in its o wn righ t.

Because of the need to �t complicated domains, suc h as aircraft and ma-

c hine parts, the trend in sim ulation has b een to w ards unstructured meshes [8 , 144 ,

212 ], although b oth t yp es of meshes will con tin ue to b e imp ortan t for some time to

come. Indeed, there are metho ds that com bine man y small structured meshes in to

an o v erall unstructured mesh [221 ].

As w e shall see in this c hapter, unstructured meshes can �t arbitrarily

complicated domains. Simply �tting the domain, ho w ev er, is not enough. A �nite

elemen t mesh m ust also use elemen ts of appropriate size and shap e, and these quan-

tities ma y v ary o v er the domain. Multiple requiremen ts lead to man y in teresting

and di�cult triangulation problems; these computational geometry problems de�ne

the sub ject of this c hapter.

1.2. F ormulating the pr oblems

In the form ulation of triangulation problems, w e see the tension b et w een applica-

bilit y and elegance. This tension p erv ades the ma jor c hoices in the form ulation:

the t yp e of input assumed, the t yp e of triangulation desired, and the optimalit y

criteria.

The most theoretically attractiv e inputs are p olygonal regions in t w o dimen-

sions and p olyhedral regions in three, without an y auxiliary information. Curv ed

domains o ccur in practice, but usually the assumption of a at-sided domain is not

to o limiting. The more sev ere restriction is the assumption of no auxiliary infor-

mation. In practical mesh generation, some forekno wledge of the solution to the

�nite elemen t computation usually guides the c hoice of elemen t size, shap e, and

orien tation.

A ma jor binary c hoice arises in determining the t yp e of triangulation. The

v ertices of the triangulation ma y b e exactly the v ertices of the input, or extra

v ertices|called Steiner p oints |ma y b e allo w ed. In practice, mesh generation in-

v ariably allo ws Steiner p oin ts, although the placemen t of Steiner p oin ts is often

separate from the subsequen t triangulation pro cess. Computational geometers ha v e

traditionally disallo w ed Steiner p oin ts, and th us their theorems ha v e relev ance only

for the second stage of practical mesh generation, but recen tly a small n um b er of

geometers (esp ecially ourselv es) ha v e considered problems allo wing Steiner p oin ts.

Steiner p oin ts c hange the c haracter of optimal triangulation problems. Where pre-

viously the goal w as an exact algorithm, it no w m ust b e an appro ximation algorithm

that uses a mo dest n um b er of Steiner p oin ts.

F or practitioners, the ultimate optimalit y criteria are sp eed and accuracy of

the �nite elemen t computation. These in turn imp ose a n um b er of somewhat con-

icting criteria on the mesh: elemen t shap e (suc h as b ounds on angles), reasonable
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complexit y (not to o man y elemen ts), and elemen t orien tation (suc h as aligned with

uid o w). Computational geometers usually w ork on only one or t w o optimiza-

tion criteria at a time, although certain triangulation algorithms suc h as Delauna y

triangulation and quadtree triangulation optimize sev eral criteria sim ultaneously .

A t ypical computational geometry problem disallo wing Steiner p oin ts is one men-

tioned ab o v e: triangulate a p oin t set while minimizing the maxim um angle [78 ]

(Section 2.2.2). A t ypical problem allo wing Steiner p oin ts is: triangulate an n -

v ertex p olygonal domain using no angles larger than 90

�

and only a p olynomial (in

n ) n um b er of Steiner p oin ts [24 , 29 ] (Section 2.3.2).

In the optimal triangulation algorithms w e presen t, w atc h for a recurring

theme: lo cal v ersus global optimization. F or man y problems that disallo w Steiner

p oin ts, lo cal optimizations can lead to global solutions (Sections 2.2.1 and 2.2.2).

F or problems that allo w Steiner p oin ts, a t ypical appro ximation algorithm p erforms

some initial global steps, suc h as de�ning a grid on the input, follo w ed b y some lo cal

optimizations (Sections 2.3.1, 2.3.2, and 2.3.4).

1.3. Or ganization

W e organized this c hapter at the topmost lev el in to sections on t w o- and three-

dimensional problems, with Section 2.5 serving as a bridge. The ma jor sections

are then sub divided b y the t yp e of output desired: triangulation without an y opti-

mization criteria, optimal triangulation without Steiner p oin ts, and �nally optimal

triangulation with Steiner p oin ts. T o k eep ourselv es honest, w e include sections

surv eying the heuristics devised b y practitioners.

1. In tro duction

1.1. Bac kground

1.2. F orm ulating the problems

1.3. Organization

2. Tw o-dimensional T riangulations

2.1. T riangulation without optimization

2.2. Optimal triangulation

Delauna y triangulation, ip, edge insertion, dynamic programming.

2.3. Steiner triangulation

No small or large angles, maxmin heigh t, min w eigh t, conforming DT.

2.4. Heuristically generated meshes

Mesh impro v emen t, quadtrees, p olygon decomp osition, adv ancing fron t.

2.5. Tw o-and-a-half-dimensional problems

In terp olation, surfaces for three-dimensional mo dels.

3. Three-dimensional T riangulations

3.1. T etrahedralization without optimization

3.2. Optimal tetrahedralization
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3.3. Steiner tetrahedralization

Reducing Delauna y , nonobtuse dihedrals, b ounded asp ect ratio.

3.4. Heuristically generated three-dimensional meshes

Mesh impro v emen t, o ctrees, p olyhedron decomp osition, adv ancing fron t.

4. Conclusions

2. Tw o-dimensional T riangulations

In this section, w e consider triangular meshes in t w o dimensions. W e distinguish

four t yp es of input domains, all of whic h can b e view ed as p olygonal regions of

the plane, b ecause their b oundaries consist of straigh t (p erhaps degenerate) line

segmen ts. The task is to partition the domain in to triangles, that meet edge to

edge, and that ma y b e required to satisfy some other optimalit y prop erties. F or

all four t yp es of domains, a single parameter n , the n um b er of v ertices, su�ces to

measure the input complexit y .

� Simple p olygon. The domain is a p olygonal region of the plane, and its

b oundary forms a simple, p olygonal, closed curv e. The triangulation m ust

use the edges of the b oundary as edges in the triangulation. In a Steiner

triangulation problem, extra v ertices ma y b e added to the in terior or on the

p olygon; hence, the edges of the b oundary ma y b e sub divided to form sev eral

collinear edges in the triangulation.

� P olygon with holes. This di�ers from the previous case in that the b ound-

ary ma y form sev eral disjoin t p olygonal Jordan curv es. These curv es surround

holes within the p olygon.

� P oin t set. The input is a set of p oin ts in the plane. Without Steiner p oin ts,

the v ertices of the triangulation are exactly the input p oin ts, and the b oundary

of the triangulation is the con v ex h ull. With Steiner p oin ts, the v ertices of

the triangulation are a sup erset of the input p oin ts, and the b oundary of the

triangulation is a con v ex region that ma y b e larger than the con v ex h ull.

� Planar straigh t line graph (PSLG). The input is a set of v ertices and non-

cr ossing (that is, in tersecting only at endp oin ts) line segmen ts in the plane,

whic h m ust b e used as edges (or for Steiner problems, unions of edges) in the

triangulation. This most general input o ccurs in practice for \m ultiple do-

mains", that is, domains that include b oundaries b et w een di�eren t materials.

One could imagine the segmen ts as holes in a p olygon, and for non-Steiner

triangulation this is a correct view of the problem. F or Steiner triangulations,

ho w ev er, the Steiner p oin ts m ust b e iden tical on b oth sides of a segmen t, whic h

w ould not necessarily happ en if w e treated eac h segmen t as a degenerate hole.
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Figure 1. T riangulations with (b elo w) and without Steiner p oin ts (ab o v e) of a p olygon,

a p olygon with holes, a p oin t set, and a PSLG. Solid lines sho w input; dotted sho w

triangulation.

2.1. T riangulation without Optimization

In this section w e review triangulation without Steiner p oin ts and without optimal-

it y criteria. The most basic question ab out p olygon triangulation asks whether a

triangulation alw a ys exists. A diagonal of a simple p olygon is a line segmen t b e-

t w een t w o v ertices, that lies inside the p olygon and do es not in tersect the p olygon's

b oundary except at its endp oin ts.

Lemma 1. Ev ery p olygon with more than three sides has a diagonal.

Pro of: Let b b e the v ertex with minim um x -co ordinate and ab and bc b e its t w o

inciden t edges. If ac is not cut b y the p olygon, then ac is a diagonal. Otherwise

there m ust b e at least one p olygon v ertex inside triangle abc , as in Figure 2. Let

d b e the v ertex inside abc furthest from the line through a and c . No w segmen t bd

cannot b e cut b y the p olygon, since an y edge in tersecting bd m ust ha v e one endp oin t

further from line ac .

Once w e ha v e found a single diagonal, w e can split the p olygon in t w o,

and recursiv ely triangulate eac h part. The pro of of the lemma implies a linear-time

algorithm for �nding a diagonal, so a triangulation can b e found in time O ( n

2

).

No w the follo wing question arises: ho w quic kly can w e compute a triangu-

lation? This problem attracted more than a decade of in tensiv e researc h. It is not

di�cult to impro v e the running time to O ( n log n ) [93 , 174 ]. F or man y geometric

problems there are matc hing 
( n log n ) lo w er b ounds, but none w as kno wn in this

case. There w ere also man y faster sp ecial case algorithms [45 , 93 , 108 ]. After T arjan

and V an Wyk [211 ] brok e through to O ( n log log n ), Chazelle [43 ] ended the quest

b y announcing a linear-time triangulation algorithm for simple p olygons.
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Figure 2. Finding a single diagonal.

W e no w discuss the other t yp es of input domains. It turns out that an y

p oin t set can b e triangulated in time O ( n log n ), and con v ersely a p oin t set triangu-

lation algorithm can sort real n um b ers, so there is a matc hing lo w er b ound in the

algebraic decision tree mo del of computation (see [174 ]).

Lemma 1 applies to an y p olygon with holes, and hence to eac h face in a

PSLG. (A fac e is a connected comp onen t of the plane min us the PSLG.) Hence ev ery

PSLG can b e triangulated. It is easy to sho w b y induction that ev ery triangulation

of a giv en PSLG has the same linear n um b er of triangles, n � 2 in the case of a

simple p olygon. T riangulating a PSLG can b e accomplished in time O ( n log n ).

Using Chazelle's algorithm, the time for p olygons with holes can b e impro v ed to

O ( n log h ), where h is the n um b er of holes.

In con trast to these p ositiv e results, determining whether a straigh t line

graph (with crossing edges) con tains a triangulation is NP-complete [140 ]. Also

NP-complete is the problem of determining whether a giv en collection of triangles

includes a triangulation of the triangles' v ertex set. (These results tend to rule out

greedy algorithms for optimal triangulation.)

2.2. Optimal T riangulation

W e ha v e seen that quite e�cien t algorithms exist for constructing a triangular

mesh that co v ers a giv en domain. There ma y , ho w ev er, b e exp onen tially man y

triangulations with widely v arying app earance. W e no w turn to the harder task of

�nding a triangulation that optimizes some measure of qualit y .

Since all non-Steiner triangulations of a t w o-dimensional input ha v e the

same n um b er of triangles, reasonable qualit y measures dep end up on the shap e of

triangles. T ypical measures examine the angles, edge lengths, heigh t, and area of

a triangle. The measure of a triangulation is then tak en to b e the sum, maxim um,

or minim um of the measure o v er all triangles.

A n um b er of qualit y measures �nd motiv ation in �nite elemen t metho ds.

The n umerical condition of matrices in a �nite elemen t computation is related to the

minim um angle in the triangulation. The error of a �nite elemen t appro ximation is
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also related to the minim um angle [91 , 209 ], and ev en more closely related to the

maxim um angle [5 , 112 ]. The minim um heigh t of a triangle relates to the qualit y of

a curv ed-surface appro ximation [98 ], and to a k ey step in a new three-dimensional

mesh generation algorithm [157 ]. Sev eral other optimization criteria �nd application

in in terp olation [69 , 178 ].

F or a giv en elemen t shap e, appro ximation error gro ws with elemen t size,

whic h can b e measured simply b y maxim um edge length [209 ] or b y more compli-

cated metrics. F or some applications|suc h as mo deling di�usion in a nonisotropic

medium|size is appropriately measured b y the area of the \min-con tainmen t cir-

cle", after the domain has b een transformed b y an appropriate a�ne map [55 ].

(Sizes of elemen ts are t ypically used to w eigh t �nite elemen t residuals in a-p osteriori

error estimates, in order to �nd regions of the mesh in need of re�nemen t [6, 37 ].)

2.2.1. Delaunay T riangulation and the Flip A lgorithm

A w ell-kno wn construction, called the Delaunay triangulation , sim ultaneously op-

timizes sev eral of the qualit y measures men tioned ab o v e: maxmin angle, minmax

circumcircle, and minmax min-con tainmen t circle.

The Delauna y triangulation (DT) of a p oin t set is the planar dual of the

famous V or onoi diagr am . The V oronoi diagram is a partition of the plane in to

p olygonal cells, one for eac h input p oin t, so that the cell for input p oin t a consists

of the region of the plane closer to a than to an y other input p oin t. So long as

no four p oin ts lie on a common circle, then eac h v ertex of the V oronoi diagram

has degree three, and the DT, whic h has a b ounded face for eac h V oronoi v ertex

and vice v ersa, will indeed b e a triangulation. If four or more p oin ts do lie on a

common circle, then these p oin ts will b e the v ertices of a larger face, that ma y then

b e triangulated to giv e a triangulation con taining the DT.

V oronoi diagrams and Delauna y triangulations ha v e b een generalized in

n umerous directions. One imp ortan t generalization, kno wn as p ower diagr ams and

r e gular triangulations , replaces the distance to an input p oin t b y the squared dis-

tance min us a real-v alued w eigh t. F or more information on Delauna y triangulations

and V oronoi diagrams, see the surv eys b y F ortune [88 ] and Aurenhammer [3 ].

There is a nice relationship b et w een Delauna y triangulation and three-

dimensional con v ex h ulls [34 , 70 ]. Lift eac h p oin t of the input to a p ar ab oloid in

three-space b y mapping the p oin t with co ordinates ( x; y ) to the p oin t ( x; y ; x

2

+ y

2

).

The con v ex h ull of the lifted p oin ts can b e divided in to lower and upp er parts; a

face b elongs to the lo w er con v ex h ull if it is supp orted b y a plane that separates the

p oin t set from (0 ; 0 ; �1 ). It can b e sho wn that the DT of the input p oin ts is the

pro jection of the lo w er con v ex h ull on to the xy -plane, as depicted in Figure 3.

Finally , a direct c haracterization: if a and b are input p oin ts, the DT

con tains the edge f a; b g if and only if there is a circle through a and b that in tersects
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TRIANGULATION
DELAUNAY

LOWER CONVEX HULL

UPPER CONVEX HULL

Z

Figure 3. The lifting transformation maps the DT to the lo w er con v ex h ull.

no other input p oin ts and con tains no input p oin ts in its in terior. Moreo v er, eac h

circumscribing circle ( cir cumcir cle ) of a DT triangle con tains no input p oin ts in its

in terior.

Man y O ( n log n )-time algorithms are kno wn for computing the DT of a

p oin t set, the �rst b eing Shamos and Ho ey's divide-and-conquer algorithm [200 ].

The relation b et w een Delauna y triangulation and con v ex h ulls allo ws the use of an y

O ( n log n )-time three-dimensional con v ex h ull algorithm, suc h as that of Preparata

and Hong [173 ]. F ortune [87 , 88 ] in v en ted an elegan t sw eepline algorithm. Guibas,

Kn uth, and Sharir [101 ] ga v e a simple, randomized incremen tal algorithm. (F or a

simpler analysis of this algorithm see [162 , 199 ].) Maus [149 ] ga v e an algorithm for

random p oin ts with exp ected linear running time; see also [27 , 68 , 152 ] for exp ected

case analyses.

The t ypical domain for mesh generation, ho w ev er, is not a p oin t set, but a

p olygonal region. In some cases the DT of a noncon v ex region's v ertices con tains

a triangulation of the region, but in general DT edges cross the region's b oundary ,

creating an in v alid mesh. One approac h to this problem adds more v ertices to the

b oundary , so that the b oundary edges are co v ered b y the DT of the augmen ted p oin t

set. W e consider this c onforming Delaunay triangulation problem in Section 2.3.5.

The alternativ e approac h generalizes the de�nition of the DT in order to force

certain edges (the b oundary) in to the triangulation. Suc h a triangulation is kno wn

as a c onstr aine d Delaunay triangulation (CDT) [49 , 54 , 56 , 129 , 131 , 198 ].

F or generalit y , w e allo w the domain to b e a planar straigh t line graph. The

CDT of a p olygonal region ma y b e obtained b y treating the p olygon as a PSLG,

and then remo ving all CDT edges exterior to the p olygon. W e �rst de�ne the notion

of visibility . Giv en a PSLG, w e sa y that p oin t a is visible to p oin t b if line segmen t

ab do es not cross an y edge of the graph ( ab ma y in tersect an edge without crossing

it). P oin t a is visible to line segmen t bc if it is visible to some p oin t on bc .
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b
a

Figure 4. The CDT of a planar straigh t line graph.

De�nition 1. The constrained Delauna y triangulation (CDT) con tains the

edge f a; b g b et w een t w o input v ertices, if and only if a is visible to b , and some

circle through a and b con tains no input p oin t c visible to segmen t ab .

F or p oin t sets, this de�nition reduces to the direct c haracterization of the

DT giv en ab o v e. De�nition 1 also implies that the circumcircle of a triangle abc in

the CDT cannot con tain an input p oin t|other than a , b , or c |that is visible from

the in terior of abc . W e no w justify De�nition 1 b y sho wing that|lik e the DT|the

CDT actually giv es a triangulation for inputs in general p osition. W e call the new

edges, de�ned b y the empt y circle condition ab o v e, Delaunay e dges .

Lemma 2. If no four input v ertices lie on a common circle, the CDT of a PSLG

will b e a triangulation.

Pro of: By assumption input edges in tersect only at endp oin ts, and since endp oin ts

of a Delauna y edge m ust b e m utually visible, no Delauna y edge can cross an input

edge. Supp ose t w o Delauna y edges cross. But then all four endp oin ts are visible

from the crossing p oin t, and it is easy to sho w that t w o distinct circles satisfying

the de�nition cannot exist. Therefore the CDT is a PSLG.

W e no w sho w that the CDT con tains no face with more than three sides.

Supp ose that ab and ac are edges in the CDT, but that bc is not. Then the circum-

circle of triangle abc m ust con tain some other input p oin t visible to bc .

Supp ose there is an input p oin t inside triangle abc . Suc h a p oin t is visible

to a unless blo c k ed from view b y an edge with an endp oin t \closer" to a , meaning

closer when pro jected on to a line p erp endicular to bc . Th us the closest input p oin t

d to a (again measuring distance from bc ) m ust b e visible to a . P ass a circle through

a and d , parallel to bc at d . An y input p oin ts con tained in this circle cannot b e

visible to segmen t ad b ecause they are blo c k ed b y ab and ac ; hence ad is a Delauna y

edge.

Supp ose instead that there is an input p oin t on the other side of bc from a ,

visible to bc and lying inside circle abc . Imagine a shrinking circle, that starts

as circle abc , and then shrinks in a w a y that k eeps it tangen t to circle abc at a .
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Figure 5. The CDT (dashed) is not the exact dual of the b ounded V oronoi diagram.

Ultimately , only a single input p oin t d visible to bc will lie in the shrunk en circle,

and so d m ust b e visible to a . There can b e no other input p oin ts in the circle that

are visible to ad , so ad is a Delauna y edge.

By these t w o cases, w e ha v e sho wn that bac cannot b e an un triangulated

corner. This pro v es that ev ery connected comp onen t is a triangulation. W e no w

sho w b y con tradiction that the CDT is connected. Let a and b b e nearest-neigh b or

input p oin ts from t w o di�eren t connected comp onen ts. The diameter circle of ab

cannot con tain an y other input p oin ts, so ab m ust b e a Delauna y edge, giving a

con tradiction.

If the input is not in general p osition, some faces of the CDT ma y ha v e

more than three v ertices, all on a common circle. T o a v oid this situation, the

input can b e sligh tly p erturb ed b efore computing the triangulation; Edelsbrunner

and M • uc k e prop ose sym b olic p erturbations [72 ]. Alternativ ely , the triangulation

ma y b e completed after the computation. Moun t and Saalfeld [159 ] sho w ho w to

quic kly complete a sp ecial-p osition DT or CDT to main tain the lexicographically

maxim um angle prop ert y . Dillencourt and Smith [63 ] pro v e that most completions

can b e realized as the DT of a small p erturbation of the input. Unfortunately it is

p ossible for the angle-maximizing completion to b e one of the exceptions.

Just as the DT is dual to the V oronoi diagram, the CDT is related to the

b ounde d V or onoi diagr am [138 , 198 , 218 ], a division of the plane in to cells, one for

eac h input v ertex, so that the cell for v ertex a consists of the region of the plane

for whic h a is the nearest visible input p oin t. Con trary to sev eral claims in the

literature, the relation is not exact dualit y: the CDT ma y ha v e an edge b et w een a

pair of v ertices with b ounded V oronoi cells that do not meet, but w ould meet if not

cut o� b y an input edge (Figure 5).

The CDT can b e computed directly from De�nition 1 b y directly testing

eac h candidate edge, but suc h an algorithm is v ery ine�cien t. W e no w describ e the

ip algorithm , whic h computes the CDT of a PSLG using a simple lo cal optimization

tec hnique; it is deriv ed from a similar algorithm for the DT [128 ]. The w orst-case

running time of this algorithm, O ( n

2

), is not optimal, but its ease of programming

mak es it quite practical for medium-sized input. Moreo v er, the algorithm is useful

11



for pro ving a n um b er of optimalit y prop erties.

The ip algorithm starts with an y triangulation. F or an edge e , not an input

edge and not on the con v ex h ull, w e denote b y Q

e

the quadrilateral formed b y the

t w o triangles on eac h side of e . W e sa y that Q

e

is r everse d if e is not in the CDT of

the four outside edges of the quadrilateral. Equiv alen tly , Q

e

is rev ersed if the angles

at its uncut corners sum to more than 180

�

, or if e forms a smaller minim um angle

with the outside edges than the other diagonal do es. If Q

e

is rev ersed, trivially the

triangulation cannot b e the CDT, b ecause edge e violates the circle condition. The

con v erse is also true, giving an example of a lo cal optimization leading to global

optimalit y .

Lemma 3. If no quadrilaterals are rev ersed, the triangulation is the CDT.

Pro of: The idea b ehind this pro of can b e traced bac k to Delauna y [58 ]. W e sho w

that the circumcircle of eac h triangle abc con tains no v ertex d . Therefore eac h edge

is a correct Delauna y edge. Supp ose suc h a p oin t d do es exist for some triangle abc .

The pro of of Lemma 2 sho ws that w e ma y c ho ose d visible to a .

F or a circle C with cen ter at co ordinates ( x; y ) and radius r , de�ne the

p ower distanc e of p oin t s = ( x

0

; y

0

) to C , p

C

( s ), to b e ( x

0

� x )

2

+ ( y

0

� y )

2

� r

2

.

Then p

C

( s ) is p ositiv e, negativ e, or zero exactly when s is outside, inside, or on the

b oundary of C .

No w consider the sequence of triangles t

1

, t

2

, : : : , t

k

crossing line segmen t

ad , where t

1

= abc and t

k

includes d as a v ertex. Construct a corresp onding sequence

of circumcircles C

1

, C

2

, : : : , C

k

. By assumption, eac h pair t

i

t

i +1

forms a non-

rev ersed quadrilateral. F rom this, it can b e sho wn that for eac h i , p

C

i

( d ) > p

C

i +1

( d ),

and therefore that p

C

1

( d ) > p

C

k

( d ) = 0. But this con tradicts the assumption that

d lies inside circle C

1

.

The ip algorithm main tains a queue of edges whose quadrilaterals migh t b e

rev ersed. In the initial triangulation, the quadrilateral of an y non-input edge migh t

b e rev ersed, so the queue initially con tains all suc h edges. Then w e rep eatedly

remo v e the �rst edge e from the queue. If Q

e

is not rev ersed, w e simply con tin ue to

the next edge. But if Q

e

is rev ersed, w e remo v e e from the triangulation, replacing

it with the other diagonal of Q

e

. This ip migh t c hange the status of some of the

four outside edges of the quadrilateral, so w e add the c hanged ones to the queue if

not there already . When the queue is empt y , w e stop.

Lemma 4. The ip algorithm terminates after O ( n

2

) ips.

Pro of: W e use the lifting relation b et w een DTs and con v ex h ulls. Under the

mapping that tak es ( x; y ) to ( x; y ; x

2

+ y

2

), the DT of the input v ertices lifts to the

lo w er con v ex h ull, and|due to the input edges|the CDT lifts to a surface ab o v e

the lo w er con v ex h ull. An arbitrary triangulation including the input edges lifts to

12



a surface ab o v e the CDT surface. Eac h ip of a rev ersed quadrilateral corresp onds

to gluing a tetrahedron o v er a reex edge in this surface. That tetrahedron is nev er

remo v ed, so the reex edge nev er returns. After O ( n

2

) ips, all non-CDT edges will

b e eliminated.

Coupled with an O ( n

2

)-time algorithm for constructing an initial triangu-

lation (see Section 2.1), w e obtain an O ( n

2

)-time algorithm for constructing the

CDT. The ip algorithm also giv es a n um b er of useful optimalit y prop erties of the

CDT. The min-c ontainment cir cle of a triangle t is the smallest circle con taining t .

Theorem 1. Of all triangulations of a PSLG, the CDT (1) minimizes the largest

circumcircle; (2) minimizes the largest min-con tainmen t circle [55 , 176 ]; and (3)

maximizes the minim um angle in the triangulation [128 ].

Pro of: Eac h of these prop erties is impro v ed b y ipping a rev ersed quadrilateral.

The optimal triangulation cannot b e impro v ed, so it has no rev ersed quadrilaterals,

and hence b y Lemma 3 m ust b e the CDT.

Result (3) is sometimes called \equiangularit y" and, in fact, a stronger

form holds: the CDT lexicographically maximizes the list of angles, from smallest

to largest [129 , 131 ]. An optimal in terp olation prop ert y of the CDT app ears in

Section 2.5; there the input v ertices include elev ations. (The DT of a p oin t set has

some further prop erties. The DT con tains the minim um spanning tree; the distance

b et w een v ertices in the DT is O (1) times their distance in the plane [48 , 65 , 122 ];

and, from an y viewp oin t, DT triangles are acyclically ordered b y distance [57 , 71 ].)

F or v ery complex domains, an O ( n

2

)-time algorithm for computing the

CDT ma y b e to o slo w. Chew [49 ] and others [198 , 218 ] ha v e impro v ed this b ound

to O ( n log n ).

Theorem 2 (Chew [49 ]). The CDT can b e constructed in time O ( n log n ) .

Pro of Sk etc h: Chew giv es a divide-and-conquer algorithm. Line segmen t end-

p oin ts are sorted b y x -co ordinates, and split b y a v ertical line in to t w o subsets, eac h

with at most d n= 2 e endp oin ts. CDTs are computed recursiv ely for eac h subset and

then merged.

In order to ac hiev e the O ( n log n ) b ound, the w ork at eac h lev el of the

computation tree should b e only O ( n ). Hence the w ork in a single strip, b ounded

b y t w o v ertical lines, m ust b e prop ortional to the n um b er of endp oin ts in the strip,

rather than to the n um b er of line segmen ts cutting the strip. T o ac hiev e this, the

algorithm further divides a strip in to regions b ounded b y segmen ts that cut all the

w a y across it. The algorithm computes the CDT only for those regions con taining

at least one endp oin t.

The ma jor remaining di�cult y is merging t w o adjacen t strips. This problem

can b e reduced to merging adjacen t regions. As in some DT algorithms [200 ], the

13



Figure 6. A lo cal optim um for total edge length ma y b e 
( n ) times the global optim um.

merger is p erformed b y sw eeping a circle along the b oundary b et w een the t w o

regions. The w ork is prop ortional to the n um b er of old edges remo v ed and new

ones added; since the sizes of the old and new triangulations are linear, so is the

time b ound.

The CDT of a simple p olygon, though not of a PSLG, can b e constructed

ev en more quic kly . Aggarw al et al. [1 ] sho w ed that, if the input is a con v ex p olygon,

the DT (whic h is also the CDT) can b e found in linear time. The algorithm is based

on the lifting transformation, and it also solv es the problem for certain other t yp es

of p oin t sets. In particular, it can up date the DT after the remo v al of a v ertex

or edge. Djidjev and Lingas [64 ] devised a linear-time algorithm to compute the

DT of a more general sp ecial case called a \monotone histogram". Finally , Klein

and Lingas [126 ] ga v e a linear-time randomized algorithm for the CDT of a simple

p olygon.

2.2.2. Edge Insertion

The ip algorithm describ ed ab o v e pro vides our �rst example of a lo cal impro v emen t

algorithm. As w e sho w ed, the ip algorithm in fact pro duces a global optim um: the

resulting triangulation maximizes the minim um angle, and optimizes sev eral other

criteria as w ell. The success of the ip algorithm for Delauna y triangulation has led

to the use of edge ipping (with the appropriate de�nitions of rev ersed quadrilateral)

for �nding triangulations that appro ximately optimize other criteria, suc h as v ertex

degree [90], maxim um angle [104 ], total edge length [220 ], or the ratio of the areas of

inscrib ed circle and triangle [16 ]. Edge ipping to impro v e these criteria, ho w ev er,

will not usually compute a global optim um.

The problem is that the algorithm can get stuc k in a lo c al optimum , in

whic h no ip impro v es the triangulation. A lo cal optim um can b e v ery far from

a global optim um; for example, it ma y ha v e total edge length 
( n ) times the true

optimal length; see Figure 6.

One w a y to escap e lo cal optima is to allo w lo cal mo v es that do not impro v e

the triangulation, as in sim ulated annealing [125 , 216 ]. A di�eren t approac h is to

generalize the lo cal impro v emen t pro cedure. This reduces the n um b er of lo cal op-

tima, as a triangulation without an edge to ip ma y still admit the generalized mo v e.
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This section describ es one suc h generalization, called e dge insertion , in tro duced b y

Edelsbrunner, T an, and W aup otitsc h [78 ] for the minmax angle problem.

Consider adding a new edge e to some existing triangulation T of a PSLG.

Edge e crosses other edges in T , causing them to b e remo v ed. A t this p oin t there

will b e t w o simple p olygons without diagonals, one on eac h side of e . Optimal

triangulation problems on simple p olygons tend to b e tractable; for no w w e ma y

assume that these p olygons are triangulated optimally using dynamic programming,

as in Section 2.2.3. Edge insertion is the pro cess of adding a candidate edge,

inciden t to a v ertex of a w orst triangle (and cutting across that triangle); remo ving

the crossed edges; and retriangulating the remaining regions. The added edge is

rejected and the triangulation is returned to its previous state if the triangulation

gets w orse. Belo w w e explain ho w to eliminate a p ossible edge on eac h insertion, so

that the pro cess terminates.

Notice that an edge insertion is more general than an edge ip, as a ip

inserts a diagonal of a con v ex quadrilateral and remo v es the single edge it crosses.

In fact, edge insertion is a signi�can t generalization, as there ma y b e 
( n ) edges

that can b e inserted to break a w orst triangle, but only one ip. Because of the

increased n um b er of p ossibilities, in tuitiv ely edge insertion should reac h b etter lo cal

optima than edge ipping, but tak e longer to do so.

Edelsbrunner et al. [78 ] sho w ed that edge insertion can in fact compute a

global optim um that edge ipping cannot: the triangulation minimizing the max-

im um angle. The correctness of edge insertion for this problem follo ws from an

abstract prop ert y of the maxim um angle measure, that also holds for sev eral other

natural qualit y measures, as sho wn in a subsequen t pap er b y Bern, Edelsbrunner,

Eppstein, Mitc hell, and T an [23]. Let f b e a function measuring the badness of

triangles, and assume that the qualit y of a triangulation T is de�ned to b e the

maxim um (that is, w orst) v alue of f o v er all triangles in T , denoted f ( T ).

De�nition 2. Let a , b , and c b e v ertices in some PSLG G . W e sa y that a is an

anc hor v ertex of triangle abc , if in an y triangulation T of G , with f ( T ) < f ( abc ) ,

there is an edge ad crossing bc . In other w ords, one cannot impro v e a triangulation

con taining triangle abc without cutting abc b y an edge inciden t to the anc hor a .

F or example, let f ( abc ) b e the measure of the largest angle in triangle abc . Then

if the largest angle is

6

bac , a is an anc hor v ertex, b ecause in an y triangulation of

qualit y b etter than f ( abc ), there m ust b e an edge sub dividing

6

bac and crossing bc .

A triangle ma y ha v e more than one anc hor v ertex, and all v ertices in an optimal

triangulation are anc hors.

De�nition 3. Qualit y measure f has the w eak anc hor prop ert y if, for eac h

triangulation T , and eac h triangle abc in T with f ( abc ) = f ( T ) , there is an anc hor

v ertex of abc . Similarly , f has the strong anc hor prop ert y if all triangles of T

(not just w orst triangles) ha v e anc hors.
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Figure 7. The ear triangle cut b y e

�

can b e no w orse than abc .

Lemma 5 (Bern et al. [23 ]). Let f b e a function with the w eak anc hor prop ert y .

Then edge insertion �nds a triangulation minimizing f .

Pro of Sk etc h: Assume T do es not optimize f , abc is a w orst triangle in T , and

abc has anc hor v ertex a . Let T

�

denote a triangulation optimizing f ; then some

edge e of T

�

is inciden t to a cutting bc . W e sho w that inserting e cannot mak e T

w orse, and hence the edge insertion algorithm cannot get stuc k. This follo ws if the

simple p olygons on eac h side of e can b e triangulated with triangles of qualit y no

w orse than f ( abc ). See Figure 7.

Call one of the simple p olygons P . If P has more than three sides, some

edges of T

�

cut across P . It is not hard to see that an edge e

�

of T

�

that is

\maximally far" from e m ust cut o� a corner of P ; that is, the side of e

�

a w a y from

e supp orts a triangle in the union of P and T

�

. W e no w reduce P b y remo ving the

e ar at that corner (the triangle de�ned b y the endp oin ts of the sides of P inciden t

to the corner). If this ear is w orst in a new (nonoptimal) triangulation, its anc hor

cannot b e the corner v ertex, b ecause there is no edge in triangulation T

�

cutting

from this v ertex through the opp osite edge. So its anc hor m ust b e one of the t w o

side v ertices. But there is no edge in T cutting from suc h an anc hor through the

opp osite edge. Hence the ear triangle is either not a w orst triangle or it has qualit y

no w orse than f ( T ). Con tin uing the pro cess of remo ving ears triangulates P .

A successful insertion eliminates the crossed edge of the w orst triangle in T

(that is, the w eak anc hor prop ert y implies that the crossed edge need not b e in an

optimal triangulation); an unsuccessful insertion eliminates the edge inserted. Th us

there are O ( n

2

) insertions. Retriangulating b y rep eatedly remo ving ears at least as

go o d as the w orst triangle, rather than b y dynamic programming, giv es time O ( n )

for eac h insertion. Th us the total time is O ( n

3

). If the strong anc hor prop ert y

holds and insertions are p erformed in a certain order, then all crossed edges|not

just the one in the w orst triangle|can b e eliminated in a successful insertion; then

the running time can b e impro v ed to O ( n

2

log n ) [23 , 78 ].

Theorem 3 (Edelsbrunner et al. [78 ], Bern et al. [23 ]). A triangulation min-

imizing the maxim um angle, or maximizing the minim um heigh t, can b e computed
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in time O ( n

2

log n ) . A triangulation minimizing the maxim um distance of a triangle

from its circumcen ter can b e found in time O ( n

3

) .

The minmax angle triangulation has direct relev ance to mesh generation

due to the error estimate of Babu � sk a and Aziz [5]. The distance from the circum-

cen ter, or \eccen tricit y", is a measure of obtuseness, with larger triangles w eigh ted

more hea vily . In Section 2.5, w e sho w that edge insertion also �nds an in terp olating

surface with minim um slop e. All of these criteria are men tioned in [220 ].

2.2.3. Dynamic Pr o gr amming

W e ha v e seen that a n um b er of optimal triangulation problems admit e�cien t so-

lutions for PSLGs (including p olygons as a sp ecial case). W e next sho w that man y

more suc h problems can b e solv ed in p olynomial time, for simple p olygons only ,

using a dynamic programming approac h usually attributed to Klincsek [127 ].

Let f b e a qualit y measure of triangulations of simple p olygons, that is a

mapping from triangulations to the real n um b ers. Let P b e a simple p olygon. An

arbitrary diagonal f a; b g splits P in to t w o simple p olygons, P

1

and P

2

. Let T

1

and

T

2

b e triangulations of P

1

and P

2

, and let T b e the triangulation of P that is the

union of T

1

, T

2

, and edge f a; b g .

De�nition 4. W e sa y f is decomp osable if it meets the follo wing conditions:

(1) there is a \com bining" function g suc h that f ( T ) = g ( f ( T

1

) ; f ( T

2

) ; a; b ) , for

all c hoices of p olygon P , diagonal f a; b g , and triangulations T

1

and T

2

; (2) g is

computable in time O (1) and monotonic in its �rst t w o argumen ts; and (3) if T is

a single triangle, then f ( T ) is computable in time O (1) .

In other w ords, the measure of the en tire triangulation can b e computed

quic kly from the measures of the t w o pieces, together with the kno wledge of ho w

the pieces are glued together.

Lemma 6. The follo wing are decomp osable measures: the minim um (maxim um)

angle in the triangulation, the minim um (maxim um) circumcircle of a triangle,

the minim um (maxim um) length of an edge in the triangulation, the minim um

(maxim um) area of a triangle, and the sum of edge lengths in the triangulation.

Con�rming this lemma is straigh tforw ard. F or example, if f ( T ) measures

the minim um angle, then g ( f

1

; f

2

; a; b ) is simply min f f

1

; f

2

g . F or the sum of edge

lengths, g ( f

1

; f

2

; a; b ) = f

1

+ f

2

� j ab j . This last criterion is esp ecially imp ortan t, as

minimizing it for p oin t sets (the w ell-kno wn minimum weight triangulation pr oblem )

seems to b e v ery di�cult.
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An example of a nondecomp osable measure is the maxim um degree of a

v ertex, as the maxim um degree in T do es not dep end only on the maxim um de-

grees in T

1

and T

2

, but also on the degrees at a and b . A measure that fails the

monotonicit y requiremen t is the di�erence in areas b et w een the largest and smallest

triangles. (Inciden tally , b oth of these measures can b e optimized b y sligh tly more

complicated dynamic programming.)

Theorem 4 (Klincsek [127 ]). A triangulation of a simple p olygon optimizing

an y decomp osable function can b e computed in time O ( n

3

) .

Pro of: Assume w e are trying to minimize f ( T ). Num b er the v ertices of p olygon

P b y v

1

, v

2

, : : : , v

n

, in order around the p erimeter. If v

i

v

j

is a diagonal of P , w e

denote b y P ( i; j ) the p olygon formed b y p oin ts v

i

, v

i +1

, : : : , v

j

. Let F ( i; j ) b e the

minim um v alue of f on a triangulation of P ( i; j ). If v

i

v

j

is not a diagonal, de�ne

F ( i; j ) = + 1 . W e w ould lik e to compute F (1 ; n ).

Note that in an y triangulation of P ( i; j ), v

i

v

j

m ust b e a side of a triangle,

sa y v

i

v

j

v

k

, with i < k < j . Using the assumption that f is decomp osable, w e can

compute the measure of the optimal triangulation of P ( i; j ) b y trying all c hoices

for k .

F ( i; j ) = min

i<k <j

g ( g ( f ( v

i

v

j

v

k

) ; F ( i; k ) ; v

i

; v

k

) ; F ( k ; j ) ; v

k

; v

j

) :

W e compute these v alues in increasing order of i , and for eac h i in increasing order

of j ; then eac h v alue of F will b e computed b efore it is needed. This computes the

measure of the triangulation; to compute the triangulation itself w e main tain b ack

p ointers for eac h pair ( i; j ) to the k that supplied the minim um.

Eac h computation of the recurrence tak es constan t time p er p ossible v alue

of k , or O ( n ) total. T esting whether a pair ( i; j ) forms a diagonal also tak es O ( n )

time. There are O ( n

2

) suc h computations, for a time b ound of O ( n

3

).

In general this is the b est time b ound kno wn. But the bulk of the w ork

is done for pairs ( i; j ) that form a diagonal|the other pairs can b e quic kly ruled

out. A sharp er time b ound is \input-sensitiv e", dep ending only on the n um b er of

diagonals in the p olygon.

De�nition 5. The visibilit y graph of a p olygon P has v ertex set consisting of

the v ertices of P , and an edge b et w een v ertices a and b if a is visible to b in P .

Let E b e the n um b er of edges in the visibilit y graph. The visibilit y graph

can b e computed in time O ( n

2

) b y tra v ersing the b oundary of the p olygon once p er

v ertex, p erforming a simple stac k algorithm in eac h tra v ersal [79 , 116 , 120 , 130 ]. A

more complicated algorithm reduces the time to O ( n log n + E ) [106 ].

W e can easily impro v e the dynamic programming algorithm from O ( n

3

) to

O ( E n ), but w e can ev en do a little b etter. The time b ound dep ends on the n um b er
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of triangles in the p olygon; b elo w w e sho w that few edges imply few triangles, a

fact previously observ ed b y Chiba and Nishizeki [52 ].

Lemma 7. A graph with E edges has at most O ( E

3 = 2

) triangles.

Pro of: Divide the v ertices in to t w o classes: he avy v ertices with degree at least

p

E , and light v ertices with smaller degree. If b is ligh t w e en umerate the triangles

con taining b b y examining eac h pair of edges ab , bc , and testing if ac is also an edge.

Eac h edge b elongs to O (

p

E ) pairs at its t w o endp oin ts, so this pro duces O ( E

3 = 2

)

triangles o v erall. If b is hea vy w e en umerate triangles con taining b b y examining all

edges ac , and testing if ab and bc are edges. There are O (

p

E ) hea vy v ertices, so

again the total is O ( E

3 = 2

) triangles.

Theorem 5. A triangulation of a simple p olygon optimizing an y decomp osable

function can b e computed in time O ( n

2

+ E

3 = 2

) , where E is the n um b er of edges

in the visibilit y graph.

Pro of: Recall that the dynamic programming algorithm tests diagonals ( i; j ) in

order b y i , and then for eac h i in order b y j . When w e start a new v alue of i , w e

en umerate the triangles con taining v

i

as in Lemma 7, and store for eac h j the list

of k 's that form triangles v

i

v

j

v

k

. When w e compute F ( i; j ), w e minimize only o v er

the k 's stored on this list.

It is curious that the w orst case of this algorithm o ccurs when the p olygon is

con v ex (so that the visibilit y graph con tains all p ossible edges). T ypically , con v exit y

mak es optimization problems easier. Examples include geometric matc hing [147 ]

and greedy triangulation (see b elo w) [134 , 135 ].

In the matc hing problem, one m ust connect the v ertices in pairs b y diago-

nals, minimizing the total edge length. The resulting graph has no crossings, and in

this sense resem bles the minim um w eigh t triangulation. Matc hing can b e solv ed b y

the same dynamic programming tec hniques as ab o v e; ho w ev er, for con v ex p olygons

this can b e impro v ed to O ( n log n ) [147 ]. Another problem, construction of optimal

binary trees, is also related to triangulation of con v ex p olygons [205 ], and again

the O ( n

3

) dynamic program solv es this problem. Y ao [223 ] impro v ed this to O ( n

2

)

using the quadr angle ine quality , a relation that also holds for diagonal lengths in

a con v ex p olygon. In some cases this can b e further impro v ed to O ( n log n ) [110 ].

These results suggest that, at least for minim um w eigh t triangulation of con v ex

p olygons, O ( n

3

) is to o slo w.

Op en Problem 1. Can the minim um w eigh t triangulation of a con v ex p olygon

b e constructed in time o ( n

3

) ?
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2.2.4. Other Optimal T riangulations

A few authors ha v e considered problems of optimizing com binatorial prop erties of

triangulations suc h as their degree [113 ] or connectivit y [61 ]. Most of the remaining

w ork on optimal triangulation has used edge length as a qualit y measure. As men-

tioned ab o v e, edge length can b e used as a simple measure of triangle size, whic h

in turn a�ects �nite elemen t appro ximation error.

Edelsbrunner and T an [75] considered the triangulation minimizing the

maxim um edge length. They sho w ed that this triangulation (lik e the DT) con-

tains the edges of the minim um spanning tree. Therefore it can b e found in time

O ( n

3

), b y �rst computing the minim um spanning tree and then triangulating eac h

remaining p olygon using dynamic programming. They reduced this time to O ( n

2

).

The gr e e dy triangulation [92 , 135 ] can b e found b y adding edges one at a

time, alw a ys c ho osing the shortest edge that is not already crossed. This triangu-

lation lexicographically minimizes the sorted v ector of edge lengths. F or arbitrary

p oin t sets the greedy triangulation can b e computed in time O ( n

2

) b y dynamic

main tenance of a CDT [135 ]. F or con v ex p olygons [135 ] or random p oin t sets [62 ]

the time b ound can b e impro v ed to O ( n ).

Eppstein [80 ] obtained another min-min triangulation result: the farthest-

p oint Delaunay triangulation of a con v ex p olygon minimizes the minim um angle.

This triangulation can again b e constructed in time O ( n ) [1]. The farthest-p oin t

DT dualizes the farthest-p oin t V oronoi diagram, a data structure for �nding the

farthest input p oin t from a query p oin t. The farthest-p oin t DT can b e de�ned for

arbitrary p oin t sets, but in general it is not a v alid triangulation, as it only has

edges connecting v ertices on the con v ex h ull.

P erhaps the most longstanding op en problem in computational geometry

is the complexit y of the minim um w eigh t triangulation (MWT) for arbitrary p oin t

sets [67 ]. (Recall that the MWT asks for the minim um total edge length.) In-

deed, early authors called this the \optimal triangulation" problem. Garey and

Johnson [92 ] included MWT in their list of famous problems neither kno wn to b e

NP-complete nor kno wn to b e solv able in p olynomial time. If the MWT problem is

generalized sligh tly , so that the w eigh t of an edge is an arbitrary function unrelated

to its length, minim um w eigh t triangulation b ecomes NP-complete [140 ]. Therefore,

authors ha v e concen trated on appr oximating the MWT.

An y triangulation ac hiev es total edge length O ( n ) times the minim um [124 ].

The DT, once claimed to b e the MWT, can b e as long as 
( n ) times the opti-

m um [124 , 146 ]. The same is true of the triangulation computed b y edge-ipping

for minim um length. It remains op en ho w w ell edge insertion appro ximates the

MWT, but it do es not pro vide an exact solution. The greedy triangulation can b e

as bad as 
(

p

n ) [133 , 146 ]. F or con v ex p olygons, ho w ev er, the greedy triangulation

is an O (1) appro ximation [134 , 135 ]. The simple ring heuristic , that rep eatedly con-

nects ev ery other v ertex, giv es a triangulation of length O (log n ) times the b oundary
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length of a con v ex p olygon [170 ].

Lingas [137 ] suggested the follo wing approac h to MWT: start b y adding

the edges of the con v ex h ull and the minim um spanning tree, and then compute

the optimal triangulation within eac h p olygonal region. Building on this approac h,

Plaisted and Hong [170 , 165 ] ga v e what is curren tly the b est MWT appro ximation.

Instead of starting with the minim um spanning tree, they partition the con v ex

h ull in to con v ex p olygons. Then the optimal triangulation, greedy triangulation,

or ring heuristic can b e used to triangulate these p olygons, ac hieving an O (log n )

appro ximation. The Plaisted-Hong algorithm has recen tly b een implemen ted with

a running time of O ( n

2

log n ) [207 ].

Op en Problem 2. Is it p ossible to �nd the MWT (or an O (1) appro ximation to

the MWT) of a p oin t set in p olynomial time? Or is this problem NP-complete?

2.3. Steiner T riangulation

In this section w e discuss triangulations using Steiner p oin ts. As sho wn in Figure 1,

a Steiner triangulation of a p oin t set ma y add p oin ts outside the con v ex h ull of

the input. In a Steiner triangulation of a p olygonal region or a PSLG, edges ma y

b e sub divided, but they m ust b e c over e d , that is, eac h original edge m ust b e a

union of triangulation edges. Input v ertices m ust b e co v ered b y triangle v ertices;

the remaining triangle v ertices are the Steiner p oints .

An y t w o-dimensional input can b e triangulated without Steiner p oin ts, so

Steiner triangulation only mak es sense in the con text of some optimalit y criterion.

W e consider the follo wing criteria: maxmin angle, minmax angle, maxmin heigh t,

and minim um total edge length. Finally , w e discuss the conforming Delauna y tri-

angulation problem.

W e m ust exercise a little care in form ulating Steiner v ersions of optimal

triangulation problems. F or b oth theoretical and practical reasons, w e m ust concern

ourselv es with the n um b er of Steiner p oin ts. Without an y b ound on the n um b er of

Steiner p oin ts, there ma y b e no optimal triangulation|for example, the minim um

angle in a triangulation of a p oin t set can b e brough t arbitrarily close to 60

�

. And

in practice, the n um b er of Steiner p oin ts in a mesh directly a�ects the time to solv e

a �nite elemen t computation.

One migh t sp ecify the desired n um b er of Steiner p oin ts, and then �nd the

optimal triangulation with that man y p oin ts. Alternativ ely , one migh t sp ecify the

desired qualit y measure, and then minimize the n um b er of Steiner p oin ts. Either

of these form ulations, ho w ev er, results in seemingly in tractable problems.

F or these reasons, w e turn to appro ximation algorithms. The algorithms w e

describ e ac hiev e qualit y that is within a constan t of the b est p ossible, while using

a mo dest n um b er of Steiner p oin ts. In some cases, the algorithms actually use a

n um b er of Steiner p oin ts that is within a constan t factor of the minim um needed
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for the qualit y ac hiev ed. Allo wing appro ximate optimalit y o�ers the additional

b ene�t that w e can sometimes sim ultaneously guaran tee b ounds on sev eral di�eren t

measures in the same triangulation.

2.3.1. No Smal l A ngles

The �rst problem w e consider is maximizing the minim um angle, solv ed in the non-

Steiner case b y Delauna y triangulation. In the Steiner v ersion of this problem, w e

demand no small angles: ev ery angle m ust b e greater than some �xed b ound.

The smallest angle of a triangle is related to t w o other qualit y measures:

asp ect ratio and heigh t. If the smallest angle in a triangle is � , the asp ect ratio is

b et w een 1 = sin � and 2 = sin � .

De�nition 6. The heigh t of a triangle is the minim um distance from a v ertex to

a side. The asp ect ratio is the ratio of the length of the longest side to the heigh t.

If there is an y lo w er b ound on the angles, the complexit y of a triangulation

of a p olygonal domain ma y b e nonp olynomial; indeed, inputs of constan t complexit y

ma y need an un b ounded n um b er of triangles. Consider a rectangle with short

side length one and long side length A . Then an y b ounded-asp ect-ratio triangle

con tained in the rectangle has area O (1); hence 
( A ) triangles are necessary to

triangulate the rectangle with no small angles.

This lo w er b ound holds in a di�eren t form for p oin t set input. Consider

a b ounded-asp ect-ratio Steiner triangulation of the v ertices of the same rectangle.

There m ust b e an edge inciden t to the upp er left corner of the rectangle that has

length at most one. No w imagine w alking from this corner to the most distan t

corner along edges of the triangulation. Eac h successiv e edge can b e only a constan t

m ultiple longer than the previous edge, and the �rst edge m ust ha v e length O (1).

Therefore there m ust b e 
(log A ) edges in the w alk.

W e no w turn to upp er b ounds, meaning algorithms. Bak er, Grosse, and

Ra�ert y [12] �rst solv ed the problem of computing no-small-angle triangulations

of p olygonal regions and PSLGs. Their algorithm uses only triangles with angles

b et w een 13

�

and 90

�

, thereb y also solving the nonobtuse triangulation problem

describ ed in the next section. They place a uniform square mesh o v er the input,

�ne enough that input v ertices are sev eral squares apart in the mesh. Using a

n um b er of sp ecial cases, they sho w ho w input edges ma y b e incorp orated in to the

mesh, b y retriangulating the squares within a small distance of the edges. They also

pro vide a similar set of sp ecial cases to handle the triangulation near eac h v ertex.

Bern, Eppstein, and Gilb ert [25 ] com bined a similar approac h to mesh

generation with an inno v ativ e optimalit y analysis. Their algorithms use quadtr e es ,

whic h had b een used in heuristics since the early 80's [224 ] and suggested b y Bak er

et al. [12 ] as a natural enhancemen t to their algorithm. Unlik e a uniform mesh, a
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Figure 8. Balanced and un balanced quadtrees.

quadtree can pro duce elemen ts of widely v arying sizes, resulting in greater accuracy

and e�ciency . F or example, in uid o w sim ulations small triangles can b e used in

turbulen t regions for accuracy , and large triangles in smo oth regions for e�ciency .

De�nition 7. A quadtree [86 , 187 , 188 ] is a recursiv e partition of a region of the

plane in to axis-aligned squares. One square, the ro ot , co v ers the en tire region. A

square can b e divided in to four c hild squares, b y splitting it with horizon tal and

v ertical line segmen ts through its cen ter. The collection of squares then forms a

tree, with smaller squares at lo w er lev els of the tree.

Bern et al. also main tain a b alanc e c ondition in their quadtrees: the squares

sharing a p ortion of a side with a minimal (\leaf") square B m ust b e at most t wice

the size (side length) of B . Equiv alen tly , eac h side of a leaf square is sub divided

in to at most t w o parts b y neigh b oring squares. See Figure 8.

F or simplicit y , �rst assume that the input is just a p oin t set. The triangu-

lation algorithm builds a quadtree co v ering the set of input p oin ts. The quadtree

squares are divided in to smaller squares, un til eac h input p oin t is wel l sep ar ate d

from the other p oin ts: it m ust b e in the cen ter of a �v e b y �v e grid of squares, all

the same size, none con taining another input p oin t. Next the algorithm warps the

quadtree to conform to the input. Eac h input p oin t c ho oses its nearest quadtree

v ertex. No v ertex can b e c hosen t wice, b ecause of the separation of input p oin ts. A

c hosen v ertex is remo v ed from the quadtree, and its inciden t edges are reconnected

to the input p oin t.

Finally , the quadtree is triangulated. Because of the balance condition, an

un w arp ed (hence square) region in the quadtree has at most one sub division p oin t

p er side; it is easy to con�rm that suc h a region can b e triangulated in to O (1)

triangles with no angles smaller than arctan ( : 5) � 26 : 5

�

. A w arp ed region is a

quadrilateral, with no sub divisions. Three quadrilateral v ertices are corners of a

square, and the fourth m ust b e fairly near a corner. A case analysis pro v es that

suc h a quadrilateral can b e triangulated with no angles smaller than 20

�

b y adding

a single diagonal. See Figure 9.

Along with this angle b ound, Bern et al. pro v e that the n um b er of Steiner

p oin ts is small, using the follo wing lemma.
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Figure 9. A quadtree triangulation of a p oin t set.

Lemma 8. The n um b er of squares pro duced b y the algorithm ab o v e is O ( n log A ) ,

where A is the maxim um asp ect ratio of a triangle in the DT of the input p oin t set.

Pro of Sk etc h: The only nonlinear b eha vior o ccurs when a quadtree square B is

split in to c hildren, and no input p oin t b ecomes w ell separated b y this split. In this

case w e can �nd a Delauna y triangle t connecting the input p oin ts in B to the rest

of the DT, and c harge the splits of B and its descendan ts to t . Since a balanced

quadtree successiv ely doubles square sizes, the n um b er of splits c harged to a single

triangle is prop ortional to the logarithm of its asp ect ratio.

Theorem 6 (Bern et al. [25 ]). The quadtree algorithm ab o v e uses O ( k ) trian-

gles, where k is the minim um n um b er of triangles in a triangulation of the input

with no angle smaller than 20

�

.

Pro of Sk etc h: Let S b e the set of input p oin ts along with the Steiner p oin ts

used in an optimal triangulation with no angle smaller than 20

�

. The DT of S has

no angle smaller than 20

�

, and hence no asp ect ratio larger than 6. Then b y the

lemma ab o v e, the quadtree triangulation of S uses O ( k ) Steiner p oin ts. Adding

Steiner p oin ts to the input set only increases the complexit y of the quadtree, so the

triangulation of the original p oin t set also has no more than O ( k ) Steiner p oin ts.

This theorem holds no matter what smaller constan t replaces 20

�

, but

the constan t hidden in the big- O notation increases as the angle b ound decreases.

By strengthening the balance condition in the quadtrees, and replacing quadtree

squares b y tiles with pro jections and inden tations (Figure 10), Bern et al. can guar-

an tee that all angles measure b et w een 36

�

and 80

�

. P erhaps b ounds of 51

�

and 72

�

are ac hiev able, but an y further impro v emen t w ould force the triangulation to b e

top ologically equiv alen t to a mesh of equilateral triangles, whic h seems to require a

m uc h larger n um b er of Steiner p oin ts.

24



Figure 10. (a) Tiles for all acute triangulation. (b) Example triangulation.

A similar, more complicated, algorithm giv es a triangulation of a p olygon

with holes with no new angles smaller than arctan (1 = 3) � 18 : 4

�

. (A sharp input

angle cannot b e erased.) The complications arise primarily in the w arping steps.

See Figure 24 in Section 2.4 for an example. Theorem 6 extends to p olygon input,

guaran teeing mesh size within a constan t of optimalit y , only the analog of Lemma 8

necessarily b ecomes sligh tly w eak er, guaran teeing O ( nA ) quadtree squares where A

is no w the maxim um asp ect ratio in the CDT.

Though not included in the original pap er [25 ], this quadtree-based algo-

rithm can b e further extended to PSLGs. F or this extension, an idea due to Mitc hell

and V a v asis [157 ] pro v es useful: duplicate eac h quadtree square that con tains more

than one face of the domain. Melissaratos and Souv aine [151 ] com bine the algo-

rithms of Bak er et al. and Bern et al. to guaran tee no obtuse angles as w ell. Bern,

Eppstein, and T eng [26 ] consider parallel algorithms for quadtree-based meshes.

The algorithms just describ ed are grid-based algorithms. Chew [50 , 51 ]

found a quite di�eren t, circle-based approac h to no-small-angle triangulation of

PSLGs. The follo wing de�nition facilitates description of the algorithm.

De�nition 8. The input feature size of a p oin t set is the minim um distance

b et w een input p oin ts. The input feature size of a PSLG is the minim um distance

b et w een a v ertex and an edge not inciden t to that v ertex. F or a p olygon or a

p olygon with holes, w e only consider distances in terior to the p olygon.

In a v ersion of his algorithm that pro duces uniform meshes, Chew [50 ]

assumes that all b oundary edges ha v e lengths b et w een s and

p

3 s , where s is the

input feature size. This condition can b e enforced b y sub dividing edges. Chew

starts with the constrained Delauna y triangulation of the input, since it maximizes

the minim um angle. Then, while there is a triangle with circumcircle of radius

greater than s , he adds a Steiner p oin t at the cen ter of the circle, and recomputes

the CDT. See Figure 11 for an example.
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Figure 11. A uniform mesh computed b y Chew's algorithm (Chew).

Theorem 7 (Chew [50 ]). The circle-based algorithm computes a Steiner trian-

gulation in whic h all angles are b et w een 30

�

and 120

�

.

Pro of Sk etc h: No p oin t is ev er added closer than s to another p oin t. Hence the

pro cedure terminates, as only a �nite n um b er of p oin ts can �t in to the p olygonal

region. A t the end of this pro cedure, all Delauna y circles ha v e radius at most s ,

and all edge lengths are b et w een s and 2 s . No triangle with edge lengths in this

range can b e more acute than 30

�

or more obtuse than 120

�

, without ha ving a

circumcircle radius larger than s .

Recen tly , Rupp ert [183 ] built up on Chew's approac h to giv e a remark ably

simple PSLG triangulation algorithm with the theoretical guaran tee of Theorem 6.

This algorithm starts|as do es the p olygon algorithm of Bern et al.|b y cutting o�

acute v ertices of the input with isosceles triangles, to b e patc hed in after the rest

of the triangulation is complete. Then the domain is triangulated b y the follo wing

lo op: split an arbitrarily c hosen skinn y triangle (sa y one with an angle less than 20

�

)

b y adding its circumcen ter c , unless c lies within the diameter circle of a b oundary

edge e , in whic h case split e instead b y adding its midp oin t. Halt when all new

angles are acceptable.

2.3.2. No L ar ge A ngles

Man y practitioners ha v e suggested largest angle as an imp ortan t qualit y measure

for b oth mesh generation [17 , 104 ] and surface in terp olation [98, 100 ]. Babu � sk a

and Aziz [5 ] (see also [112 ]) pro vide theoretical justi�cation b y pro ving con v ergence

of the �nite elemen t metho d as triangle sizes diminish, so long as the maxim um

angle is b ounded a w a y from 180

�

; they also giv e an example in whic h con v ergence

fails when angles gro w arbitrarily at. An elemen tary example in whic h large angles

sp oil con v ergence is Sc h w arz's parado x [175 ]. A b ound on the smallest angle implies

a b ound on the largest angle, but as w e ha v e seen, the elimination of small angles
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Figure 12. A mesh computed b y Rupp ert's algorithm (Rupp ert).

requires a triangulation with complexit y dep enden t not only on the n um b er of input

v ertices n , but also on the geometry of the input. In this section, w e allo w small

angles and ac hiev e p olynomial b ounds on the n um b er of triangles in a no-large-angle

triangulation.

If the largest angle in a triangle is 90

�

� � , then the smallest m ust b e at least

�= 2. Th us the strongest b ound on the largest angle, that do es not imply a b ound

on the smallest angle, is 90

�

; in other w ords, the triangulation m ust b e nonobtuse .

Nonobtuse triangulation claims a n um b er of motiv ations. A nonobtuse mesh guar-

an tees some desirable n umerical prop erties related to diagonal dominance [12 , 217 ].

V a v asis [217 ] recen tly pro v ed that for problems with ph ysical c haracteristics that

v ary enormously o v er the domain, a nonobtuse mesh implies faster con v ergence of

a certain n umerical metho d. A second motiv ation in v olv es planar dualit y . Eac h

(closed) triangle in a triangulation con tains its circumcen ter exactly when all an-

gles measure at most 90

�

. The planar dual of suc h a triangulation can b e formed

b y simply adding p erp endicular bisectors of edges (see [28 ] for more on construct-

ing planar duals). Practitioners use dual meshes in the \�nite v olume" metho d in

whic h eac h mesh v ertex has an asso ciated con trol v olume; a p erp endicular planar

dual de�nes esp ecially con v enien t con trol v olumes, simplifying the calculation of

o w or forces across elemen t b oundaries. Third, nonobtuse triangulation has appli-

cation to computational learning theory [186 ]. F ourth, a nonobtuse triangulation

sim ultaneously guaran tees some optimalit y prop erties, as sho wn b y the follo wing

lemma.

Lemma 9. An y triangulation in whic h no triangle is obtuse m ust b e a Delau-

na y triangulation or constrained DT. A nonobtuse triangulation also minimizes the

maxim um angle, and maximizes the minim um heigh t.

Pro of Sk etc h: By Lemma 3, if a triangulation is not the CDT then some t w o
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Figure 13. A p olygon cut for nonobtuse triangulation.

adjacen t triangles form a rev ersed quadrilateral. But no quadrilateral in whic h b oth

triangles are nonobtuse can b e rev ersed. Nonobtuse triangulations are unique, up

to the c hoice of diagonal for p oin ts forming a rectangle. An y other triangulation

w ould ha v e to ha v e an obtuse angle, and so could not minimize the maxim um

angle. The maxmin heigh t triangulation is discussed b elo w. An examination of

cases sho ws that, if the triangle with minim um heigh t is nonobtuse, then in an y

other triangulation there is an equal or smaller heigh t triangle in v olving one of the

same three v ertices.

As noted ab o v e, Bak er et al. [12 ] giv e an algorithm for nonobtuse triangu-

lation of p olygons. Their algorithm also a v oids small angles, and hence m ust ha v e

complexit y that dep ends on geometry , as w ell as on n . There are also heuristic al-

gorithms of this t yp e [13 , 161 ]. Is it p ossible to eliminate dep endence on geometry?

Bern and Eppstein [24 ] devised the �rst p olynomially b ounded algorithm.

The �rst step dices the p olygon in to rectangles, with nonrectangular p ortions left

o v er at the b oundaries. Start b y passing a v ertical line through eac h input v ertex,

stopping the line at the p oly on b oundary . Add a Steiner p oin t at all in tersec-

tions of input edges and v ertical lines. This step divides the p olygons in to slabs |

quadrilaterals with t w o v ertical sides, p ossibly ha ving sub division p oin ts on the

v ertical sides. Next, dra w a horizon tal line segmen t through eac h v ertex (input or

Steiner), extending the line segmen t to the last p ossible v ertical segmen t. In other

w ords, eac h endp oin t of a horizon tal segmen t should lie either on a v ertical segmen t,

or on the v ertex inducing the horizon tal, and eac h horizon tal segmen t should b e as

long as p ossible with this prop ert y . A p olygon divided as ab o v e b y horizon tal and

v ertical lines is sho wn in Figure 13.

A t this p oin t, the p olygon is divided in to O ( n

2

) regions of four t yp es:

(1) rectangles with unsub divided sides; (2) righ t triangles with h yp oten use on the

b oundary of the p olygon and v ertical leg p ossibly sub divided; (3) obtuse triangles

with t w o sides on the b oundary of the p olygon, and one leg v ertical and p ossi-

bly sub divided; (4) slabs with t w o sides on the b oundary of the p olygon, and t w o

p ossibly-sub divided v ertical sides, that cannot b e sim ultaneously crossed b y a hor-

izon tal line. The slabs can b e divided b y a diagonal in to t w o obtuse triangles. The
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Figure 14. Reduction steps for nonobtuse triangulation of an obtuse triangle.

nonobtuse triangulation problem has no w b een reduced to triangulating righ t and

obtuse triangles, that ha v e sub division p oin ts on one v ertical side, while in tro ducing

new sub divisions only on the triangles' longest sides, whic h lie along the p olygon

b oundary .

Lemma 10. A righ t or obtuse triangle with m sub division p oin ts on its t w o shorter

sides can b e triangulated in to O ( m

2

) nonobtuse triangles, without adding an y new

Steiner p oin ts to its shorter sides.

Pro of: The basic strategy is to replace the shorter sides b y sides that form sharp er

angles with the long side. The region b et w een the old and new sides is triangulated

to reduce the n um b er of sub division p oin ts b y one.

W e pro v e the lemma inductiv ely , while also sho wing that the n um b er of

Steiner p oin ts added to the base is at most m + 1. An obtuse triangle without

sub division p oin ts can b e triangulated simply b y dropping a p erp endicular to its

h yp oten use. Obtuse triangles with sub division p oin ts are triangulated in t w o cases

as sho wn in Figure 14. In the �rst case, the ap ex c of the triangle (that is, the

v ertex with the obtuse angle) has b een \merged" with the �rst sub division p oin t b

b y dra wing p erp endiculars to cd and ab . In the second case, if the meeting p oin t

c

0

do es not lie inside acd , w e split acd b y adding a p oin t e to ad , taking care

that triangle bce is nonobtuse. These reduction steps are due to Chew (p ersonal

comm unication); the original pap er included a couple more cases.

Theorem 8 (Bern and Eppstein [24 ]). The grid-based algorithm ab o v e trian-

gulates an n -v ertex p olygon (with holes) with O ( n

2

) nonobtuse triangles.

Recen tly , Bern, Mitc hell, and Rupp ert [29] impro v ed the b ound on nonob-

tuse triangulation to O ( n ) b y in v en ting a more in tricate, circle-based, algorithm.

This algorithm pac ks the domain with O ( n ) non-o v erlapping disks, un til eac h re-

gion not co v ered has at most four sides (line segmen ts or arcs), as sho wn on the

left in Figure 15. The �rst disks to b e added connect holes to the outer b oundary ,

so that eac h unco v ered region is simply connected, and eac h generalized V oronoi

diagram de�ned b y pro ximit y to sides of an unco v ered region has the top ology of
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Figure 15. Steps in the circle-based nonobtuse triangulation algorithm.

a tree. Later disks are cen tered at v ertices of these generalized V oronoi diagrams,

con tacting three sides and breaking unco v ered regions in to three simpler ones.

The disks themselv es do not app ear in the triangulation, but rather act as

guides for the placemen t of Steiner p oin ts and edges. After the disk-pac king stage,

the algorithm adds edges (radii) b et w een cen ters of disks and p oin ts of tangency ,

dividing the domain in to small p olygons as sho wn in the middle in Figure 15.

Finally , the algorithm triangulates the small p olygons using Steiner p oin ts

lo cated only in terior to the p olygons or on the domain b oundary , thereb y ensuring

that triangulated small p olygons �t together, as sho wn in the righ tmost �gure. The

triangulation step dep ends critically on t w o prop erties of tangen t disks: (1) a three-

sided unco v ered region induces a triangular p olygon, whose inscrib ed circle passes

through the p oin ts of tangency , and (2) a four-sided unco v ered region induces a

quadrangular p olygon that similarly admits a circle passing through the four tan-

gencies. Figure 16 sho ws t w o of the patterns used to triangulate small p olygons.

There are also patterns for small p olygons b ounded b y sides of the domain. Certain

misshap en four-sided regions|for example, one in whic h the \inscrib ed" circle cen-

ter falls on the wrong side of a c hord|presen t more di�cult cases. Luc kily these

can b e reduced to the illustrated cases b y pac king in a few more disks, suc h as the

second disk along the b ottom in Figure 15 (middle).

Theorem 9 (Bern et al. [29 ]). The circle-based algorithm just sk etc hed trian-

gulates an n -v ertex p olygon (with holes) with O ( n ) nonobtuse triangles.

W e no w turn to nonobtuse triangulation of more complicated domains.

Nonobtuse triangulations of PSLGs ha v e application to mesh generation for m ultiple

domains, suc h as a domain comp osed of more than one material. Bern and Eppstein
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Four-sidedThree-sided

Figure 16. T riangulating the induced small p olygons.

extend the grid-based algorithm describ ed ab o v e to solv e a sp ecial case of this

problem; they sho w ho w to compute an O ( n

4

)-complexit y nonobtuse re�nemen t of

a giv en triangulation of a simple p olygon. It is curren tly unkno wn ho w to extend

the circle-based algorithm.

An example due to M.S. P aterson (p ersonal comm unication) sho ws that


( n

2

) is a lo w er b ound for this problem. F rom an y v ertex in a nonobtuse triangu-

lation, there m ust b e a do wn w ards edge with slop e at least 45

�

from the horizon tal

(unless the v ertex lies on the b ottom b oundary of the domain). In Figure 17 the

v ertices on top are su�cien tly far apart that their do wn w ards paths remain disjoin t

through all 
( n ) skinn y triangles. Notice that this example w orks for an y constan t

maxim um angle b ound smaller than 180

�

.

Figure 17. An 
( n

2

) example for no-large-angle triangulation.

Apparen tly , neither the grid- nor circle-based algorithms solv es a more dif-

�cult sp ecial case: nonobtuse triangulation of b oth the in terior and exterior (up

to the con v ex h ull) of a p olygon. This problem arises in computational learning

theory [186 ]. Due to Lemma 9, a solution to this problem w ould also solv e the

conforming Delauna y triangulation problem describ ed b elo w. The hard part of the

problem is getting \exterior" and \in terior" Steiner p oin ts to matc h at the p olygon
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Figure 18. The horn of a sub division p oin t is the union of all p ossible \curativ e" paths.

b oundary . There are ho w ev er nonp olynomial algorithms [12 , 151 ], and an 
( n

2

)

lo w er b ound [186 ], similar to P aterson's lo w er b ound example.

Op en Problem 3. Is there an algorithm for p olynomial-complexit y nonobtuse

triangulation of b oth the in terior and exterior of a p olygon? Of a PSLG?

It is also natural to ask ab out no-large-angle requiremen ts less stringen t

than nonobtuse triangulation. Bern, Dobkin, and Eppstein [22 ] ga v e a grid-based

algorithm to triangulate simple p olygons using O ( n log n ) triangles|and p olygons

with holes using O ( n

3 = 2

) triangles|so that all angles measure at most 150

�

; b oth

of these results are sup erceded b y the linear nonobtuse triangulation result outlined

ab o v e. No-large-angle triangulations, ho w ev er, are kno wn for some t yp es of input

for whic h nonobtuse triangulation remains op en.

Recen tly , Mitc hell [155 ] sho w ed ho w to triangulate an y planar straigh t-line

graph using O ( n

2

log n ) triangles with maxim um angle 157 : 5

�

. T an [210 ] impro v ed

the maxim um angle b ound to 132

�

and the complexit y to the optimal O ( n

2

). These

t w o results use a similar global approac h. Starting from an y triangulation of the

PSLG, Mitc hell and T an split o v er-large angles b y dropping p erp endiculars to op-

p osite sides. This pro duces a partition in to w ell-shap ed triangles, but one in whic h

triangles do not meet face to face. T o re�ne the partition in to a triangulation, they

conceptually extend p olygonal paths from eac h sub division p oin t to a b oundary

p oin t or in terior v ertex. Whenev er a path crosses the edge of a triangle, it ma y

con tin ue at an y legal angle a w a y from the edge. The union of all (the in�nite n um-

b er of ) p ossible paths th us sw eeps out a cone-shap ed region of the PSLG, called a

horn . The horn of a sub division p oin t gro ws one triangle at a time, un til it �rst

encloses a v ertex or b oundary p oin t (or, in Mitc hell's v ersion, in tersects itself or

another horn), and a single path can b e c hosen. See Figure 18.

In Mitc hell's v ersion, t w o in tersecting horns pro duce a new Steiner p oin t,

so O (log n ) successiv e phases of horn-gro wing are required to cure all Steiner p oin ts.

In T an's impro v emen t, horns act indep enden tly of eac h other, after a prepro cessing

stage in whic h certain obstacles are set up in the PSLG. The obstacles prev en t
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spiraling, so that eac h of the O ( n ) horns propagates through only O ( n ) triangles.

After gro wing all the horns, T an erases the path edges|lea ving just the Steiner

p oin ts|and sho ws that eac h original triangle can no w b e retriangulated with no

large angles.

2.3.3. Maxmin Height

W e no w consider maximizing the minim um heigh t of a triangle. This problem arises

in Mitc hell and V a v asis's three-dimensional mesh generation algorithm [157 ].

As w e sa w ab o v e, a minim um-heigh t triangulation without Steiner p oin ts

can b e computed using the edge-insertion paradigm [23 ]. It is not immediately

ob vious that Steiner p oin ts can impro v e the heigh t. Consider a regular n -gon,

ho w ev er, with sides of unit length. An y triangulation without Steiner p oin ts m ust

con tain an ear, whic h has heigh t sin( � =n ), but a Steiner p oin t at the cen ter allo ws

all triangles to ha v e nearly unit heigh t. This example is due to Mitc hell (p ersonal

comm unication).

F or p oin t set input, the linear-complexit y nonobtuse triangulation algo-

rithm describ ed ab o v e already solv es the maxmin heigh t problem. Notice that the

minim um distance s b et w een t w o p oin ts, that is, the input feature size de�ned in

Section 2.3.1, giv es an upp er b ound on the minim um heigh t ac hiev able. The nonob-

tuse triangulation algorithm de�nes quadtree squares of side length 
( s ), and eac h

triangle has heigh t prop ortional to the smallest quadtree square it touc hes.

F or p olygons, the input feature size s again giv es an upp er b ound on the

minim um heigh t ac hiev able. The no-small-angle quadtree algorithm pro duces a

triangulation with minim um heigh t 
( s ), but with nonp olynomial complexit y . The

nonobtuse triangulation algorithms describ ed ab o v e do not help, as b oth the grid-

and circle-based algorithms can pro duce triangles with small heigh t.

Theorem 10 (Bern et al. [22 ]). A p olygon with holes can b e triangulated in to

O ( n ) triangles of heigh t 
( s ) .

Pro of Sk etc h: W e giv e a v ery rough sk etc h. The �rst step starts b y cutting o�

acute corners of the p olygon with isosceles triangles; these triangles are triangulated

at the v ery end without adding an y new Steiner p oin ts. Then the remaining p olygon

P is cut with v ertical and horizon tal lines. Imagine the plane divided in to an in�nite

square grid with spacing s= 3. No w erase all of the grid, except p ortions of lines

b ounding squares that either con tain|or are adjacen t to a square that con tains|

an input v ertex. See Figure 19.

The second step carefully w arps some segmen ts of the horizon tal and v er-

tical cutting lines to conform to the b oundary of P . A case analysis sho ws that

all resulting faces can b e triangulated with heigh t 
( s ). A t this p oin t, there are

O ( n ) triangles of heigh t 
( s ) along the b oundary of P , and O ( n

2

) rectangles of
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Figure 19. A p olygon cut for maxmin-heigh t triangulation.

heigh t 
( s ) in terior to P . The third step merges in terior rectangles in to rectilin-

ear p olygons to reduce the complexit y . Eac h rectilinear p olygon Q will ha v e input

feature size 
( s ) and satisfy a certain matc hing condition: a horizon tal or v ertical

line extended from a v ertex of the p olygon across the in terior �rst in tersects Q at

another v ertex.

A sw eep algorithm no w triangulates suc h a rectilinear p olygon with linear

complexit y . First dra w in all in terior v ertical line segmen ts b et w een v ertices of Q .

Then sw eep from left to righ t, adding Steiner p oin ts to v ertical segmen ts. The k ey

idea is to pro ject only ev ery other v ertex from the curren t v ertical line on to the next

v ertical line. Horizon tal edges are added b et w een corresp onding p oin ts. When the

left-to-righ t sw eep has ended, p erform a similar sw eep from righ t to left. After b oth

sw eeps, eac h newly-created face in terior to Q has at most one sub division p oin t

on eac h v ertical side; suc h faces can b e triangulated in to at most four triangles of

heigh t 
( s ). The total n um b er of Steiner p oin ts added in the sw eeps is O ( n ), as it

is the sum of a geometric series.

This result can b e com bined with a grid-based no-large-angle triangulation

algorithm [22 ] to triangulate simple p olygons with O ( n log n ) Steiner p oin ts, with

maxim um angle at most 150

�

and minim um heigh t 
( s ).

2.3.4. Minimum Weight

As in maxmin heigh t triangulation, it is not ob vious that adding Steiner p oin ts can

reduce the total edge length of a triangulation of a p oin t set. But it is not hard to

mak e examples (sa y , n � 1 p oin ts on an arc that b o ws to w ards one distan t p oin t) to

sho w that the minim um w eigh t Steiner triangulation (MWST) can ha v e total edge

length 
( n ) times smaller than the minim um w eigh t triangulation (MWT).

Lingas [137 ] suggested appro ximating the MWT of a p oin t set b y �rst

c ho osing all edges from a minim um spanning tree. This partitions the plane in to

p olygons, that can b e triangulated optimally using dynamic programming. Lin-

gas did not consider using Steiner p oin ts, and his algorithm do es not yield a go o d
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appro ximation to the MWST. Clarkson [53 ] extended Lingas's approac h, and ga v e

the �rst non trivial MWST appro ximation. (It can b e sho wn that an y triangulation

appro ximates the MWST within a factor of O ( n ).) Clarkson sho w ed that an y p oly-

gon has a Steiner triangulation with total edge length O (log n ) times the p olygon's

p erimeter. (The same result can b e seen from the quadtree triangulation describ ed

b elo w.) Com bining this result with Lingas's use of the minim um spanning tree

pro duces a Steiner triangulation of a p oin t set with length O (log n ) times that of

the MWST.

Clarkson's result w as impro v ed b y Eppstein [81 ], who ga v e a constan t-factor

appro ximation to the MWST. Eppstein sho w ed that the quadtree triangulation al-

gorithm of Bern et al. (Section 2.3.1), whic h w as designed for angle b ounds, actually

giv es suc h an appro ximation.

Eppstein �rst pro v es that, if T is an y triangulation of the input p oin t set,

and B is a quadtree-algorithm square with side length ` , then there is an edge in T

with length 
( ` ), that has an endp oin t within distance O ( ` ) of B . Therefore w e can

c harge the length of the triangles asso ciated with B to an edge in T . Eac h edge is

c harged at most prop ortionally to its o wn length, and hence the quadtree triangula-

tion appro ximates the MWT. Then, as in the optimalit y pro of of the no-small-angle

quadtree triangulation, Eppstein notes that adding Steiner p oin ts only increases the

total length of the quadtree triangulation. So the quadtree triangulation of the in-

put p oin ts has length less than the quadtree triangulation of the input along with

an optimal set of Steiner p oin ts, whic h in turn appro ximates the MWST. This ar-

gumen t w orks b oth for the no-small-angle quadtree triangulation (Section 2.3.1),

and for the linear-size nonobtuse quadtree triangulation (Section 2.3.2).

The same tec hniques can b e used to construct an appro ximate MWST of

con v ex p olygons. One simply triangulates the v ertices, cuts o� the region of the

triangulation outside the p olygon, and adds diagonals to retriangulate cut p olygons.

This reduction requires con v exit y; otherwise the length of the p oin t set triangulation

ma y not appro ximate the MWST.

Op en Problem 4. Is there an e�cien t algorithm for appro ximating the MWST

of an arbitrary noncon v ex p olygon?

Using his quadtree c haracterization of the MWST length, Eppstein also

pro v es some further prop erties of the MWST of a p oin t set.

� The MWST has total edge length O (log n ) times that of the minim um span-

ning tree [53 ]. F or an y n , there exist p oin t sets for whic h the MWST has edge

length 
(log n ) times the minim um spanning tree length.

� F or an y n , there exist p oin t sets for whic h the MWT has total length 
( n )

times the MWST length. As noted ab o v e, this is tigh t.
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� F or an y n , there exist con v ex p olygons for whic h the MWT has total length


(log n ) times that of the MWST. Again, this is tigh t, as b oth lengths are

within O (log n ) of the p olygon's p erimeter.

� An y con v ex p olygon has a Steiner triangulation in whic h all Steiner p oin ts lie

on the p olygon b oundary , with total length O (1) times that of the MWST.

The last item suggests the question of whether Steiner p oin ts in the in terior

of a p olygon really help. F or noncon v ex p olygons, they do; otherwise the w eigh t

ma y b e 
( n= log n ) times the MWST length. But for con v ex p olygons this question

remains op en. If w e can assume that all Steiner p oin ts lie on the b oundary , then

it seems lik ely that a dynamic programming algorithm can compute an optimal

MWST.

2.3.5. Conforming Delaunay T riangulations

In this section, the input is a PSLG. W e consider the problem of �nding a set of

Steiner p oin ts inducing a Delauna y triangulation that is a Steiner triangulation of

the input. In other w ords, eac h input edge m ust b e a union of edges in the DT

of the input v ertices and the Steiner p oin ts. W e call this the c onforming Delau-

nay triangulation problem. As noted ab o v e, this problem is related to nonobtuse

triangulation of the in terior and exterior of a p olygon. The 
( n

2

) lo w er b ound

for in terior-exterior nonobtuse triangulation can b e adapted to the conforming DT

problem.

W e �rst consider an approac h to the conforming DT problem that uses a

n um b er of Steiner p oin ts dep enden t up on the geometry of the input as w ell as on

n . The algorithm is a mo di�cation of one due to Saalfeld [185 ], also related to

t w o previous algorithms [32 , 190 ]. Start with a triangulation of the input, and let

� b e the minim um heigh t of an y triangle. On eac h edge, add t w o Steiner p oin ts

at distances �= 3 from the endp oin ts. The diameter circles for the t w o segmen ts of

length �= 3 on eac h edge will b e empt y , and hence these outer segmen ts are no w

edges in the DT. Let � b e the minim um distance b et w een an y pair of p oin ts in the

no w augmen ted PSLG. No in terior segmen t of an y edge is within distance � of an y

other edge. Hence if w e partition these segmen ts in to subsegmen ts of length less

than � , eac h subsegmen t will ha v e an empt y diameter circle, and the result will b e

a Delauna y triangulation that co v ers the input (Figure 20).

Nac kman and Sriniv asan [164 ] describ e an alternativ e for p olygons with

holes. It is not necessary to sub divide input edges so �nely that eac h segmen t

has an empt y diameter circle, as in the previous metho d; in fact an y empt y circle

through the endp oin ts of a segmen t su�ces. Th us Nac kman and Sriniv asan co v er

edges with a set of disks that do not o v erlap other edges, and place Steiner p oin ts

at the in tersections of circles and edges, as in Figure 21. The assumption that the
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Figure 20. Example of Saalfeld's conforming DT algorithm.

input is a p olygon implies the existence of a �nite set of suitable disks, and it is

ev en p ossible to minimize the n um b er of disks [164 ]. But this is no guaran tee that

the algorithm uses a minim um n um b er of Steiner p oin ts|indeed, Nac kman and

Sriniv asan giv e an example of constan t complexit y for whic h their metho d requires

a nonconstan t n um b er of Steiner p oin ts.

Figure 21. Co v ering eac h edge b y circles not touc hing an y other edges.

In a theoretical breakthrough, Edelsbrunner and T an [76 ] ga v e an algorithm

that uses only a p olynomial n um b er of Steiner p oin ts, regardless of the input geom-

etry . Their algorithm places Steiner p oin ts in t w o stages, called the \blo c king" and

\propagation" phases. The blo c king phase computes a set of O ( n ) non-o v erlapping

disks whose union is connected and spans the v ertices of the input PSLG. A Steiner

p oin t is added wherev er a disk crosses an edge or meets another disk, O ( n

2

) Steiner

p oin ts total. The propagation phase treats the segmen ts of input edges that are not

y et co v ered b y empt y circles. This phase tak es an y not-y et-co v ered segmen t ab and

attempts to add its diameter circle. If the diameter circle encloses another v ertex

c visible to ab , the orthogonal pro jection of c is added to ab , forming t w o shorter

segmen ts. See Figure 22.

Theorem 11 (Edelsbrunner and T an [76 ]). The algorithm just sk etc hed giv es

a set of O ( n

3

) p oin ts for whic h (a completion of ) the Delauna y triangulation con-

forms to all input edges.

Pro of Sk etc h: Correctness follo ws from the fact that eac h segmen t of an in-

put edge has a circle with empt y in terior passing through its endp oin ts. F or the

complexit y analysis, notice that the propagation phase do es not add Steiner p oin ts
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Figure 22. Propagation trails cannot spiral to hit the same edge t wice.

inside disks, so a line segmen t connecting t w o consecutiv e v ertices around the b ound-

ary of a disk will app ear in the DT. These segmen ts divide the plane in to simple

p olygons|including the outer face|that propagation \trails" cannot cross. There

are O ( n

2

) trails eac h of length O ( n ).

2.4. Heuristic al ly Gener ate d Meshes

In this section w e describ e t w o-dimensional mesh generation in practice. W e do

not attempt a thorough literature surv ey , rather w e giv e informal descriptions of

a few mesh generation approac hes, c hosen to illustrate some of the main ideas in

the �eld. There are already a n um b er of articles that surv ey and classify the liter-

ature on automatic mesh generation [109 , 189 , 202 , 208 , 212 , 221 ], although w e are

not a w are of a recen t surv ey of t w o-dimensional mesh generation with an extensiv e

bibliograph y . Ov erall, t w o-dimensional mesh generation seems fairly mature, and

a n um b er of di�eren t approac hes giv e go o d results. As w e men tioned in the in tro-

duction, w e restrict our discussion to generation of unstructured triangular meshes;

for structured meshes, suc h as quadrilateral meshes giv en b y conformal mapping

tec hniques, see [39 , 213 , 214 ].

2.4.1. Mesh Impr ovement T e chniques

Before describing heuristic mesh generation metho ds, w e men tion some mesh im-

pr ovement tec hniques, whic h can b e used as p ost-pro cessing steps after an y of the

heuristics.

One v ery useful tec hnique, dating to the 1960s [222 ], is called L aplacian

smo othing b ecause its rep ositioning form ula can b e deriv ed from a �nite di�erence

appro ximation of Laplace's equation [105 ]. In Laplacian smo othing, a v ertex v in

the in terior of the mesh is mo v ed to the cen troid (cen ter of mass) of its neigh b ors.
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Figure 23. Mo ving a v ertex to its neigh b ors' cen ter of mass.

The v ertex should not b e mo v ed if the cen troid lies outside the p olygon formed

b y its neigh b ors. This rep ositioning usually impro v es the size and shap e of the

triangles around v , but it is not guaran teed to do so. A v ariation w eigh ts neigh b or

v ertices b y the areas of their surrounding elemen ts. Laplacian smo othing is applied

successiv ely to eac h in terior no de of the mesh, for sev eral (four or �v e) rounds. See

Figure 23.

A second tec hnique, called mesh r elaxation b y F rey and Field [90 ], ips

edges to regularize degrees. Remo ving high- and lo w-degree v ertices mak es subse-

quen t Laplacian smo othing more e�ectiv e. A quadrilateral diagonal is ipp ed if the

sum of its endp oin ts' degrees exceeds the opp osing diagonal's sum b y more than

t w o.

W e ma y also view the ip algorithm for pro ducing a constrained Delau-

na y triangulation (Section 2.2.1) as a mesh impro v emen t tec hnique. Notice that

Delauna y ipping and mesh relaxation ma y disagree.

Finally , the problem of re�ning a giv en mesh o ccurs quite often in practice,

for example when an initial �nite elemen t computation rev eals a region that requires

greater resolution. Re�nemen t and its rev erse|\dere�nemen t" or coarsening|

assume ev en greater imp ortance when the solution v aries with time, and small

features mo v e across the domain [121 ]. Bank [13 , 14 ] re�nes b y splitting selected

triangles in to four similar copies of themselv es, and then splitting neigh b oring tri-

angles in to t w o triangles to correct sub division p oin ts. This algorithm w orks w ell

enough in practice{and is esp ecially easy to dere�ne|but obliviously splitting a

triangle and its descendan ts a n um b er of times ma y mak e a neigh b oring triangle

unacceptably sharp. Smo othing can �x sharp angles, but the resulting mesh will

not then b e a strict re�nemen t of the original mesh.

Addressing this a w, Riv ara [179 , 180 ] prop osed the follo wing recursiv e

algorithm: bisect a triangle in need of re�nemen t b y adding a diagonal from the

opp osite v ertex to the midp oin t of the longest edge, then re�ne its neigh b or the

same w a y . Bisections ma y propagate for some w a y across the triangulation, but

this algorithm|no w called R ivar a r e�nement |alw a ys terminates, since eac h bi-

section splits a longer edge. Based on a theorem of Rosen b erg and Stenger [182 ],
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Figure 24. A mesh deriv ed from a quadtree (S. Mitc hell).

Riv ara sho w ed that arbitrary rep etition of this algorithm nev er pro duces an an-

gle smaller than half the minim um original angle. In practice Riv ara re�nemen t

t ypically impro v es angles.

2.4.2. Quadtr e es

Long b efore the theoretically go o d mesh generation metho ds describ ed in the last

section [25 ], quadtrees had b een used in heuristic metho ds. Y erry and Shep-

hard [224 ] construct a quadtree represen tation of a p olygonal or curv ed domain

b y recursiv ely splitting squares in tersected b y the b oundary of the domain, un til

squares reac h some minim um size b ound. Splits ma y also result from an upp er

b ound on size (that ma y v ary o v er the domain) or from a balance condition: no

quadtree square is adjacen t to one more than t wice its size. After the quadtree is

constructed, eac h square con taining a p ortion of the b oundary is replaced with a

shap e c hosen from a �xed set of patterns. T riangulating eac h face then yields a

mesh that appro ximates the domain.

A more adv anced v ersion of the algorithm uses w arping and trimming meth-

o ds to pro duce a mesh that do es not c hange the shap e of the input [7]. The theoret-

ical pap er b y Bern et al. [25 ], con tributed w arping rules guaran teed not to pro duce

small angles, as w ell as an analysis of the n um b er of triangles in the mesh. Fig-

ure 24 sho ws an example mesh computed b y Mitc hell [157 ], using a mo di�cation

of the algorithm in [25 ]. This example demonstrates careful selection of quadtree

square sizes around holes and \almost holes".

Quadtrees are the most con v enien t w a y to pro duce gr ade d meshes, that

is, meshes with small elemen ts near complicated parts of the b oundary that grade

up to larger elemen ts elsewhere. Another adv an tage is that the quadtree itself
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Figure 25. Lak e Sup erior (Jo e) (a) input, (b) decomp osition, (c) re�nemen t, (d) mesh.

ma y b e computed en tirely in in teger arithemetic, so that oating-p oin t op erations

are carried out only within small squares con taining simple parts of the domain

b oundary .

Quadtree metho ds, ho w ev er, ha v e b een criticized for o ccasionally pro ducing

p o orly-shap ed b oundary elemen ts, and for in tro ducing arti�cial preferred directions

(namely parallel to the x - or y -axes) [208 ]. The problem of p o orly-shap ed elemen ts

can b e solv ed b y the w arping metho ds of Bern et al. [25 ]. The second problem

ma y b e more inheren t, although non-square quadtree tiles, as used in [25 , 158 ],

or some sort of randomization pro cedure, coupled with Laplacian smo othing, ma y

su�cien tly break up the directionalit y .

2.4.3. Polygon De c omp osition

The p olygon decomp osition approac h also initially divides the domain (most gener-

ally a PSLG) in to simple regions. This approac h, ho w ev er, attempts to �nd in trinsic

dividing lines, rather than dividing lines from a rectilinear grid.

Jo e and Simpson [119 , 114 ] �rst divide the domain in to con v ex p olygons

b y cutting along lines extending from reex v ertices (that is, v ertices at whic h the

in terior angle measures more than 180

�

). The resulting con v ex p olygons are further

sub divided in to con v ex p olygons with b oundary edge lengths that do not v ary to o

m uc h. Cutting lines are c hosen heuristically , attempting to a v oid small angles.

Finally eac h con v ex p olygon is triangulated using triangles of appro ximately equal

size, taking care to matc h Steiner p oin ts at the cutting lines. See Figure 25.
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Figure 26. The steps in meshing a m ultiple domain (Sriniv asan et al.).

In Jo e and Simpson's metho d, t w o input parameters con trol the mesh: a

target n um b er of triangles (t ypically exceeded b y a small amoun t), and a \smo oth-

ing parameter" that con trols the allo w able v ariation in size b et w een t w o neigh b oring

p olygons. These parameters are com bined with something dep enden t on lo c al fe a-

tur e size to yield a \mesh distribution function", that giv es a target triangle size at

eac h p oin t within the domain.

The concept of lo cal feature size recurs in most mesh generation approac hes.

W e ma y de�ne the lo cal feature size at p oin t a to b e the size of the quadtree b o x

that con tains a , as pro duced b y the p olygon v ersion of the algorithm of Bern et

al. [25 ], describ ed in Section 2.3.2. This sets the lo cal feature size at a v ertex v

of the p olygonal b oundary P to b e prop ortional to the minim um distance (within

the domain) to an edge of P not inciden t to v . Lo cal feature size then v aries

fairly smo othly b et w een v ertices. Most of the mesh generators describ ed in this

section de�ne their o wn v ersions of lo cal feature size, but the de�nition just giv en

is su�cien t for understanding. Man y of the mesh generators also allo w the user to

con trol the lo cal feature size in some w a y , p erhaps through input parameters. This

extra con trol is imp ortan t in applications in whic h the solution to the �nite elemen t

computation is exp ected to sho w features smaller than the features of the domain.
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Figure 27. A Delauna y triangulation of p oin ts placed in la y ers (Barth and Jesp ersen).

Sriniv asan et al. [208 ] recen tly dev elop ed an in teresting p olygon decomp o-

sition mesh generator, using the symmetric axis tr ansform . The symmetric axis is

the set of all cen ters of disks con tained in P that con tact P at t w o or more p oin ts;

it consists of straigh t lines and parab olic arcs.

Figure 26 sho ws the op eration of this mesh generator on a m ultiple domain.

The input is sho wn in (a), with di�eren t materials sho wn b y di�eren t shades. The

�rst step computes the V oronoi diagram of the edges and v ertices of the domain;

this con tains eac h face's symmetric axis. P arab olic arcs in eac h symmetric axis are

then replaced b y one or t w o straigh t edges (c hords of the arc), as sho wn in (b).

Eac h v ertex on a symmetric axis is then joined to t w o or more p oin ts on the do-

main b oundary b y the touc hing radii of the disk cen tered at the v ertex, resulting

in a PSLG in whic h eac h face is a triangle or trap ezoid, as sho wn in (c). A \sliv er

pro cessing" step then remo v es or breaks up faces with bad asp ect ratio (see (d)).

Boundary edges and touc hing radii are then used to extract lo cal feature size v alues.

These v alues induce a no de spacing at eac h v ertex in the PSLG, and in terp olation

then giv es a no de spacing function o v er the en tire domain. The no de spacing func-

tion guides an iterativ e pro cess that adds and deletes more Steiner p oin ts. Final

triangulation is accomplished b y the constrained Delauna y triangulation (sho wn in

(e) and in a zo om in (f )).

2.4.4. A dvancing F r ont

The advancing fr ont approac h to mesh generation [136 , 141 ] is esp ecially w ell-suited

to uid dynamics problems. In this approac h, the domain's b oundary P is �rst

sub divided appropriately , and then Steiner p oin ts are placed in successiv e la y ers

around eac h connected comp onen t of P . This yields triangles orien ted with the o w

�eld. Figure 27 sho ws a mesh computed b y Barth and Jesp ersen [19 ]; this mesh is

the Delauna y triangulation of v ertices placed b y the adv ancing fron t metho d.

Lo [143 ] has dev elop ed a mesh generator that places Steiner p oin ts along
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Figure 28. Input and output of a re�nemen t-based generator (Sha w).

prede�ned con tour lines, that need not follo w the domain b oundary . This gener-

alization allo ws the output of an initial �nite elemen t computation to con trol the

generation of the next mesh.

Ma vriplis [150 ] has computed meshes for high Reynolds n um b er o ws us-

ing an idea related to con tour lines. His metho d iden ti�es \stretc hing" lines and

places the �rst Steiner p oin ts along these curv es. Lo cal, structured meshes gener-

ate in terior Steiner p oin ts. The metho d then computes Delauna y triangulations in

lo cally transformed regions in order to generate long, thin|but not o v erly obtuse|

triangles orien ted with the o w. Suc h a triangulation is an esp ecially e�cien t mesh

for laminar o ws. (See [55 , 171 ] for other stretc hed triangulations.)

2.4.5. Mesh R e�nement

A n um b er of researc hers ha v e tak en mesh re�nemen t as the cen tral step in mesh

generation itself [14 , 89 , 179 ]. F or example, the algorithms of Chew [49 ] and Rup-

p ert [183 ], discussed in the last section, re�ne the constrained Delauna y triangula-

tion b y adding cen ters of circumcircles.

An earlier, somewhat related, heuristic metho d is due to F rey [89 ]. In

F rey's metho d, Steiner p oin ts are initially added to the b oundary according to a

\spacing function" that appro ximates lo cal feature size. After this step, for most

practical inputs, a Delauna y triangulation of the input v ertices and the Steiner

p oin ts includes the domain b oundary . (Using the recen t results of [164 , 185 ], this

step can b e made exact; see Section 2.3.5 ab o v e.) Next in terior Steiner p oin ts

are added. Satisfactory results w ere obtained b y the follo wing metho d: (1) �nd a

triangle t con taining its circumcen ter; (2) generate a prosp ectiv e Steiner p oin t a

part w a y b et w een the incen ter and circumcen ter of t ; (3) if a is not to o close to the

v ertices of t (where close is de�ned b y the lo cal feature size), then add a and rebuild

the Delauna y triangulation.

Sha w [201 ] has recen tly dev elop ed a simple, re�nemen t-based mesh gen-

erator. The user inputs a v ery rough, triangular, initial mesh, with the correct

n um b er of b oundary comp onen ts in roughly correct lo cations. The user assigns a
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lo cal feature size to eac h no de of the initial mesh.

T riangles larger than their v ertices' smallest feature size are then split as

in [13 , 14 ] in to four similar copies of themselv es b y adding Steiner p oin ts at the

midp oin ts of sides. A midp oin t is assigned the a v erage feature size of the end-

p oin ts. Neigh b oring faces are split in t w o to correct sub division p oin ts. Splitting

is follo w ed b y a few cycles of Delauna y ipping and w eigh ted Laplacian smo othing,

and the re�nemen t cycle rep eats. (Field [83 ] also in terlea v es Laplacian smo othing

and Delauna y ipping.) As the b oundary triangles re�ne, they are parametrically

\pulled" to the correct geometry (whic h ma y include spline curv es), thereb y com-

puting a v alid b oundary elemen t mesh at the same time as the rest of the mesh.

See Figure 28 for an example of an input mesh and the resulting re�ned mesh; the

three non triangular faces in the input mesh corresp ond to the holes in the domain.

Final asp ect ratios are quite insensitiv e to the qualit y of the input mesh.

2.5. Two-and-a-half-dimensional Pr oblems

A 2.5-dimensional problem asks for a triangulated surface em b edded in three di-

mensions. W e �rst discuss in terp olating surfaces for p oin t set data with elev ations,

and then triangulated surfaces for three-dimensional mo dels.

2.5.1. Interp olation of Bivariate F unctions

The input is a set of p oin ts S in the plane, along with a real-v alued elevation f ( a ) at

eac h p oin t a 2 S . An y t w o-dimensional triangulation T of the input p oin ts induces

a piecewise-linear function f

T

de�ned on the region R b ounded b y the con v ex h ull of

S . F or eac h p oin t d , f

T

( d ) is the w eigh ted a v erage of the elev ations at the v ertices,

a , b , and c , of the triangle abc in T that con tains d . W riting d as c

1

a + c

2

b + c

3

c ,

with c

1

+ c

2

+ c

3

= 1 and c

1

; c

2

; c

3

� 0, w e ha v e f

T

( d ) = c

1

f ( a ) + c

2

f ( b ) + c

3

f ( c ).

W e sa y that f

T

interp olates S .

The question arises: whic h triangulations are go o d for in terp olation? This

question has b een discussed in the literature [16 , 56 , 66 , 128 , 195 ]. Rippa [177 ]

recen tly pro v ed a surprising result. Regardless of the input elev ations, the Delauna y

triangulation giv es an in terp olating surface, or elevate d triangulation , optimal in a

certain least energy sense.

Theorem 12 (Rippa [177 ]). Let f

T

b e a piecewise-linear function in terp olating

S induced b y a triangulation T . The piecewise-linear function f

D T

induced b y the

Delauna y triangulation satis�es

Z Z

R

( r f

D T

)

2

�

Z Z

R

( r f

T

)

2

:

45



W e no w explain the in tegrals ab o v e in terms more familiar to computational

geometers. Let abc b e a triangle of triangulation T . Let the plane passing through

f ( a ), f ( b ), and f ( c ) ha v e the equation z = Ax + B y + C in Cartesian co ordinates.

Then o v er abc , the gradien t squared ( r f

T

)

2

is simply the constan t A

2

+ B

2

, and

the con tribution of abc is its area times this constan t. Rippa's theorem states

that the sum of these con tributions o v er all triangles is minimized b y the Delauna y

triangulation. The pro of of Rippa's theorem is an in tricate calculation sho wing that

the ip pro cedure cannot increase the in tegral. Hence the CDT is also an optimal

in terp olating surface. (De Floriani et al. [56] had previously prop osed the use of

the CDT for this purp ose.)

Rippa and Sc hi� [178 ] sho w that the minimization ab o v e corresp onds to

the energy functional asso ciated with the nonhomogeneous Laplace equation. W e

ma y think of the DT as giving the stretc hed mem brane (a \drumhead") with least

p oten tial energy , among all elev ated-triangulation mem branes. Rippa and Sc hi� also

discuss other energy functionals, and use the ip algorithm as a heuristic for their

minimization. See [16 , 69 ] for heuristic solutions to other in terp olation problems.

Bern et al. [23 ] recen tly considered the problem of �nding the minimum

slop e in terp olating surface for input p oin ts with elev ations (an optimization criterion

men tioned in [220 ]). The slop e of an elev ated triangle is the slop e in the direction of

steep est descen t, and the slop e of an elev ated triangulation is the maxim um slop e

of an y of its elev ated triangles. Bern et al. sho w ed that this problem can b e solv ed

in time O ( n

3

) using the edge-insertion paradigm, discussed in Section 2.2.2. The

follo wing lemma sho ws that the \w eak anc hor prop ert y" holds, th us establishing

the applicabilit y of edge insertion.

Lemma 11. Assume abc is a maxim um-slop e triangle in elev ated triangulation T .

Assume the line of steep est descen t on abc passes through a (either ascending or

descending from a ). Assume elev ated triangulation T

0

has smaller slop e than T .

Then there is an edge of T

0

inciden t to a that crosses bc (in the pro jection on to the

plane).

Pro of: Assume without loss of generalit y that the line of steep est descen t `

descends from a to bc . If the lemma is false, then T

0

m ust con tain an elev ated

triangle ade , with de in tersecting b oth ab and ac in the pro jection on to the plane

con taining the input. (Edge de do es not necessarily cross b oth ab and ac , so e could

b e iden tical to c .) A v ertical plane V

`

through ` m ust cut de ab o v e ` , since T

0

has

smaller slop e than T . So at least one of d and e , sa y d , m ust lie strictly ab o v e the

plane con taining abc . See Figure 29.

No w consider the elev ated triangle adb (whic h is not necessarily a triangle

of T or T

0

). Because d lies ab o v e the plane con taining abc , the slop e of adb m ust b e

greater than the slop e of abc . (Here notice that V

`

in tersects the plane con taining

adb in a line with steep er slop e than ` .) Let `

0

b e the line of steep est descen t on adb .

If `

0

connects d with ab , w e consider the triangles of T that in tersect V

`

0

, a v ertical
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Figure 29. The w eak anc hor prop ert y holds for minmax slop e.

plane through `

0

. These triangles in tersect V

`

0

in a p olygonal path from d do wn to

ab ; at least one edge of this path m ust ha v e slop e at least that of `

0

, a con tradiction

to the assumption that abc is a maxim um-slop e triangle in T . Con tradictions also

follo w in the other t w o cases: when `

0

connects b with ad or a with bd .

This lemma also holds for constrained triangulations, giving an O ( n

3

) algo-

rithm for �nding a least-slop e in terp olating surface for p olygonal inputs with holes

and elev ations. There are a host of op en questions on optimal in terp olation; w e

list three. Man y in terp olation problems, including the second one listed b elo w, also

mak e sense when Steiner p oin ts are allo w ed.

Op en Problem 5. F or p oin t set data with elev ations, can a triangulation max-

imizing the minim um angle on an elev ated triangle b e computed in p olynomial

time?

Op en Problem 6. F or p oin t set data with elev ations, can a triangulation ap-

pro ximately minimizing the total surface area b e computed in p olynomial time?

(An in triguing result [163 ] sho ws that for an y suc h p oin t set there exists a \atten-

ing co e�cien t" � > 0 , suc h that if all z -co ordinates are m ultiplied b y � , Delauna y

triangulation minimizes area.)

Op en Problem 7. F or p oin t set data with elev ations, can a triangulation with

least-sharp sharp est dihedral angle b e computed in p olynomial time? (See [69 ].)

2.5.2. Surfac es for thr e e-dimensional mo dels

Here the input is a \solid mo del" and the output is a triangulated surface. This

step often precedes three-dimensional mesh generation, esp ecially in adv ancing-fron t

mesh generators.

Solid mo dels tak e a n um b er of rather v aried forms, whic h complicates ev en

the de�nition of problems. Constructiv e solid geometry (CSG) de�nes a p olyhedron
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Figure 30. Surface triangulation of a Bo eing 747-200 (Bak er).

as the in tersection and union of primitiv e p olyhedra, suc h as half-spaces. (One ma y

also allo w sphere and cylinder primitiv es, in order to construct curv ed solids.) A

p olyhedron can also b e more explicitly de�ned b y a \b oundary represen tation".

Solids can b e appro ximately de�ned b y p oin t sets, either all in terior to the solid, or

lab eled \in terior" and \exterior". Suc h inputs o ccur in scien ti�c visualization, learn-

ing theory , and computer graphics. Inputs in medical and aerospace applications

often tak e the form of regularly spaced planar cross-sections [11 , 15 , 31 ]. Finally ,

curv ed surfaces in design and graphics ma y b e de�ned b y spline patc hes [18 ], or b y

\implicit surfaces"|lev el sets of functions of three v ariables.

T riangulating the surface of a p olyhedron reduces to triangulating a PSLG;

Lindholm [136 ] uses an adv ancing-fron t generator within eac h face. Solids de�ned

b y p oin t sets, ho w ev er, presen t some fresh problems. One ma y w an t to represen t

suc h an input with an enclosing or in terp olating p olyhedron. The con v ex h ull (the

in tersection of all half-spaces con taining the p oin t set) is an enclosing p olyhedron,

but it do es not usually giv e a go o d represen tation of the \shap e" of the p oin t set.

Roughly sp eaking, an � -shap e generalizes the con v ex h ull b y replacing half-spaces

with balls or complemen ts of balls, with radius 1 =� [70 , 74 ]. This generalization

allo ws more faithful shap e represen tation, but ma y ha v e complexit y 
( n

2

). An-

other approac h to shap e represen tation, ab out whic h little is kno wn, is to �nd an

enclosing or in terp olating p olyhedron (without Steiner p oin ts) that is optimal for

some criterion. The follo wing problem is an example.

Op en Problem 8. F or p oin ts in three dimensions, can an appro ximate min-

surface-area enclosing p olyhedron b e found in p olynomial time?

A n um b er of authors (see [15 , 102 , 196 ] for surv eys) ha v e considered the
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Figure 31. Surface triangulation of the U.S. Space Sh uttle (Bak er).

problem of computing a triangulated surface in terp olating a n um b er of parallel pla-

nar cross-sections. Boissonat [31 ] tak es eac h adjacen t pair of cross-sections and uses

planar conforming Delauna y triangulations to help compute a three-dimensional

tetrahedralization spanning the pair. Bak er [11] uses a related heuristic to compute

a surface triangulation of an aircraft. He places p oin ts in terior to eac h p olygonal

cross-section, roughly one p oin t for eac h of the p olygon's v ertices, and then com-

putes the three-dimensional DT of all input and in terior v ertices. Eac h in terior

tetrahedron has at least t w o Steiner v ertices, so that the union of the tetrahedra

with three or four input v ertices con tains a surface triangulation of the aircraft. See

Figures 30 and 31. F or this algorithm to succeed, input v ertices m ust b e closely

spaced relativ e to the thic kness and separation of aircraft parts.

Barequet and Sharir [15] prop ose a di�eren t heuristic for this same problem.

They tak e t w o adjacen t cross-sections and pro ject them on to the same parallel

plane. Matc hing sections of p olygons are \stitc hed" together with a bac k-and-

forth triangulation. Also stitc hed together are short stretc hes on either side of eac h

in tersection, where a p olygon from one cross-section crosses one from the other. A t

this p oin t, remaining regions in the pro jection are all b ounded b y simple p olygons;

these are �lled in b y triangulations minimizing total lifted area (when cross-sections

are separated again), using dynamic programming as in Section 2.2.3. This last step

ma y use triangles con tained in the cross-sectional planes; indeed this capabilit y is

necessary in order to form a surface that do es not in tersect itself [97 ].

A n um b er of researc hers [51 , 84 , 103 , 191 ] ha v e w ork ed on meshing curv ed

surfaces. Chew [51 ] has extended his t w o-dimensional mesh generator (Section 2.3.1)

to curv ed surfaces b y generalizing planar Delauna y triangulation. He de�nes the

circumcircle of a triangle to b e the in tersection of the curv ed surface with a sphere

that has its cen ter on the surface and passes through the triangle's v ertices. If the

surface is not to o curv ed relativ e to the size of the triangle, there is a unique suc h

sphere. This de�nition has the adv an tage that circumcen ters lie on the surface,

facilitating the extension of the mesh generator. As b efore, the resulting mesh has

all angles greater than 30

�

, but no w triangle sizes are con trolled lo cally b y deviation

49



Figure 32. Surface triangulation of a wing (Chew).

from the curv ed surface. See Figure 32.

Edelsbrunner and Shah [74 ] recen tly ga v e a more formal dev elopmen t of

Delauna y triangulation restricted to a subspace suc h as a curv ed surface. In their

sc heme, the restricted DT is the dual of the diagram obtained b y in tersecting the

V oronoi diagram with the subspace. In general, their metho d pro duces a simplicial

complex rather than a triangulation, meaning that lo w er-dimensional faces (v ertices

and edges) need not b e con tained in triangles. Finally , Blo omen thal [30 ] uses o ctrees

to p olygonize implicit surfaces; these surfaces can then b e triangulated if desired.

Octrees ha v e b een applied to p olygonizing spline surfaces as w ell.

3. Three dimensional triangulations

T riangulation in three dimensions is called tetr ahe dr alization (or sometimes tetr a-

he drization ). A tetrahedralization is a partition of the input domain, p oin t set or

p olyhedron, in to a collection of tetrahedra, that meet only at shared faces (v er-

tices, edges, or triangles). T etrahedralization turns out to b e signi�can tly more

complicated than triangulation.

As in t w o dimensions, n represen ts the n um b er of v ertices of the input

domain, and w e distinguish sev eral di�eren t t yp es of domains.

� Simple p olyhedron. A simple p olyhedron is top ologically equiv alen t to a

sphere; it do es not meet itself in a handle, or touc h itself at a p oin t or an

edge. The b oundary of suc h a p olyhedron forms a connected planar graph.

In triangulations without Steiner p oin ts, eac h tetrahedron's v ertices m ust b e

v ertices of the p olyhedron.

� Nonsimple p olyhedron. A nonsimple p olyhedron ma y b e m ultiply con-

nected, top ologically equiv alen t to a torus or a higher-gen us surface. It ma y

also ha v e ca vities, meaning that its b oundary is not connected.

� P oin t set. As in t w o dimensions, a triangulation of a p oin t set �lls the con v ex

h ull. If Steiner p oin ts are allo w ed, then the b oundary of the triangulation ma y

b e a larger con v ex p olytop e.
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Figure 33. Sc h• onhardt's un tetrahedralizable p olyhedron.

3.1. T etr ahe dr alization without Optimization

In this section, w e concen trate on existence and construction of tetrahedralizations,

without concern for optimalit y . Existence and construction are already in teresting,

since man y t w o-dimensional triangulation prop erties break do wn in three dimen-

sions.

The �rst surprise is that di�eren t triangulations of the v ery same input

ma y con tain di�eren t n um b ers of tetrahedra. F or example, c ho ose n p oin ts v

i

=

( i; i

2

; i

3

) on the moment curve . It is not hard to sho w that their con v ex h ull can

b e triangulated with the

�

n � 2

2

�

tetrahedra of the form v

i

v

i +1

v

j

v

j +1

. (In fact this

is the Delauna y triangulation of these p oin ts.) A generalization of Euler's form ula

sho ws that an y tetrahedralization of an n -v ertex p olyhedron has at most this man y

tetrahedra. If w e c ho ose the tetrahedralization carefully , ho w ev er, w e can ac hiev e

linear, rather than quadratic, complexit y for this same input. In fact, an y strictly

con v ex p olyhedron can b e tetrahedralized with at most 2 n � 7 tetrahedra: c ho ose

a v ertex v , triangulate eac h face of the p olyhedron that is not adjacen t to v , and

then connect v to eac h triangle. This b ound is within a factor of t w o of optimal, as

an y tetrahedralization of a simple p olyhedron has at least n � 3 tetrahedra.

Edelsbrunner, Preparata, and W est [77 ] sho w ho w to construct a linear-

complexit y tetrahedralization of p oin t sets in general p osition. After tetrahedraliz-

ing the con v ex h ull with only linear complexit y as ab o v e, in terior p oin ts are added

one at a time. When a p oin t is added, the tetrahedron con taining it is replaced

b y four smaller tetrahedra. In con trast, linear complexit y is not alw a ys p ossible for

p oin ts in sp ecial p osition [4].

When w e try to extend these results to noncon v ex p olyhedra, w e meet

a second surprise: not all p olyhedra are tetrahedralizable [132 ]. The follo wing

coun terexample is due to Sc h• onhardt [193 ]. Start with a triangular prism, and

t wist one triangle relativ e to the other so that eac h rectangular face of the prism

folds in to t w o triangles with a reex edge b et w een them (Figure 33). An y set of

four v ertices m ust include a pair that face eac h other across suc h a reex edge. So

the p olyhedron con tains no tetrahedron, and tetrahedralization is imp ossible.
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Figure 34. Chazelle's lo w er b ound example.

Sc h• onhardt's p olyhedron can b e tetrahedralized if w e add one Steiner p oin t.

This leads to the question of ho w man y Steiner p oin ts ma y b e required for tetrahe-

dralization. Chazelle [42 ] found a simple p olyhedron in whic h 
( n

2

) Steiner p oin ts

are needed ev en to partition the p olyhedron in to con v ex regions. Clearly , this is

also a lo w er b ound for tetrahedralization.

Chazelle's p olyhedron (Figure 34) can b e built from a cub e b y remo ving

n umerous thin w edges. W edges parallel to the y -axis are remo v ed from the top face

of the cub e, and w edges parallel to the x -axis are remo v ed from the b ottom face.

The reex edges at the tips of the w edges form t w o sets of lines, that almost meet

at the cen ter of the p olyhedron, near the h yp erb olic surface z = xy . View ed from

ab o v e, the lines partition this surface in to 
( n

2

) small squares. The cen ters of the

squares can b e connected b y lines that lie on the doubly-ruled h yp erb olic surface,

but b y sligh tly turning the grid of cen ters w e can �nd a set of 
( n

2

) p oin ts, no pair of

whic h are m utually visible. Lines nearly parallel to the x -axis (resp ectiv ely , y -axis)

are blo c k ed from ab o v e (b elo w) b y w edges. Hence no pair of p oin ts can lie in the

same con v ex region, so there m ust b e 
( n

2

) regions in an y con v ex decomp osition,

and a fortiori 
( n

2

) tetrahedra in an y tetrahedralization. As w e no w sho w, this

b ound is tigh t.

Theorem 13. An y p olyhedron can b e triangulated with O ( n

2

) Steiner p oin ts and

O ( n

2

) tetrahedra.

Pro of: Extend a v ertical \w all" from eac h edge of the p olyhedron b oundary ,

up and do wn from that edge un til it reac hes some other part of the b oundary .

These w alls divide the p olygon in to generalized cylinders. T riangulating the top

and b ottom faces of the cylinders partitions the p olygon in to O ( n

2

) triangular

prisms. Eac h v ertical prism side is crossed at most once b y a p olyhedron edge,

so the prisms are p olyhedra with at most t w elv e v ertices. T riangulate the faces of

these p olyhedra, making sure that tetrahedra from di�eren t prisms will meet face

to face, and then triangulate eac h prism with at most 20 tetrahedra inciden t to a

single in terior Steiner p oin t. (W e need the Steiner p oin t as the edges crossing the

v ertical faces mak e the prisms not strictly con v ex.)
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Figure 35. Extending a v ertical w all from a reex edge.

As w e ha v e seen, con v ex p olyhedra can b e triangulated with only O ( n )

tetrahedra, while Chazelle's p olyhedron requires 
( n

2

). This suggests the p ossibil-

it y that an appropriate measure of noncon v exit y w ould in terp olate these b ounds and

ac hiev e o ( n

2

) tetrahedra for \sligh tly noncon v ex" p olyhedra. One natural measure

is r , the n um b er of reex edges. Chazelle and P alios [46 ] dev elop ed a triangulation

algorithm sensitiv e to this measure.

Let N ( v ) b e the set of neigh b ors of v ertex v , and de�ne the c ap of v to b e

the star-shap ed p olyhedron formed b y remo ving the con v ex h ull of N ( v ) from the

con v ex h ull of N ( v ) [ f v g . See Figure 36. Since the b oundary of the p olyhedron

forms a planar graph, one can alw a ys �nd a v ertex v with a cap with at most �v e

other v ertices. One w ould lik e to remo v e suc h a cap from the p olyhedron, replacing

it with at most three tetrahedra, and con tin ue un til the p olyhedron is triangulated.

This w ould b e analogous to triangulating a p olygon in the plane b y remo ving a single

ear triangle at a time. Since not all p olyhedra are tetrahedralizable, this approac h

do es not w ork|the di�cult y is that the rest of the p olyhedron migh t p enetrate

in to the cap, so that it could not b e remo v ed without causing the p olyhedron to

in tersect itself.

v

Figure 36. The cap of v ertex v .

Lemma 12. Let S b e a set of v ertices of a simple p olyhedron with triangular

faces, suc h that no v ertex of S is adjacen t to another v ertex of S or to a reex

edge. Then at most 2 r caps of v ertices in S are p enetrated b y other p ortions of the

p olyhedron.
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Pro of Sk etc h: Supp ose the cap of v ertex v is p enetrated. The faces touc hing v are

b oundaries of the p olyhedron, so the p enetration m ust o ccur through the remaining

faces of the cap. Moreo v er, since no edge can completely cross the cap without

crossing a face adjacen t to v , there m ust b e a p olyhedron v ertex in terior to the cap.

Pro ject all in terior v ertices on to a line extending from v through the cap,

and let w b e the v ertex with pro jection closest to v . Then w cannot b e in an y

other cap p enetrating the cap of v , and|it is not hard to sho w| w can b e c hosen

as closest b y at most t w o other caps not p enetrating the cap of v . Line segmen t

v w m ust b e en tirely con tained in the p olyhedron; otherwise it w ould cross a face,

one v ertex of whic h w ould b e closer to v . And �nally w m ust b e an endp oin t of

at least three reex edges; otherwise, one of the faces inciden t to w w ould ha v e a

v ertex closer to v . So w e can c harge p enetrated caps one-for-one to endp oin ts of

reex edges.

Theorem 14 (Chazelle and P alios [46 ]). An y simple p olyhedron with n v er-

tices and r reex edges can b e partitioned in to O ( n + r

2

) tetrahedra using O ( n + r

2

)

Steiner p oin ts.

Pro of: Start b y triangulating the faces of the p olyhedron. As in an y planar graph,

w e can �nd 
( n ) nonadjacen t v ertices, all with degree at most six. By Lemma 12,

unless n is O ( r ), one of these v ertices has a lo w-degree cap that is not p enetrated.

Remo v e this cap, lea ving a smaller p olyhedron. The cap itself can b e split in to O (1)

tetrahedra. After w e remo v e all but O ( r ) v ertices, the remaining p olyhedron can

b e triangulated b y the v ertical w all metho d.

The resulting partition is not y et a triangulation, b ecause the v ertical w alls

sub divide the faces of the reduced p olyhedron without matc hing the caps remo v ed

from those faces. If m w all edges o ccur on the faces of the cap of v ertex v , then

v 's cap can b e triangulated with O ( m ) tetrahedra with ap ex v , and this sub divi-

sion do es not propagate in to other caps. The complexit y of the triangulation ma y

gro w if an edge of the reduced p olyhedron is shared b y man y remo v ed caps. This

complication can b e handled b y surrounding eac h suc h edge with a narro w prism-

shap ed p olyhedron b efore doing the v ertical w all construction. No w v ertical w alls

sub divide the faces of the prism, rather than the edge itself; the prism can b e trian-

gulated with a single Steiner p oin t. W e omit the details of handling the tips of the

prisms where they meet at v ertices of the reduced p olyhedron. The �nal pro duct

is a triangulation with O ( n + r

2

) tetrahedra, that with careful implemen tation can

b e constructed in time O (( n + r

2

) log r ) [46].

The algorithm just giv en do es not use the assumption that the p olyhedron

is simple in an y essen tial w a y , only in the analysis of the n um b er of tetrahedra.

Recen tly , Chazelle and Shourab oura [47 ] used the Gauss-Bonnet form ula to sho w

that the gen us of a p olyhedron is b ounded b y the n um b er of reex edges, thereb y

extending the same O ( n + r

2

) b ound to non-simple p olyhedra.
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Dey [59 ] and Hersh b erger and Sno eyink [107 ] analyze another algorithm|

called notch cutting [42 ]|for con v ex partition and tetrahedralization of non-simple

p olyhedra. This algorithm incremen tally bisects reex dihedrals with planes, ex-

tending the plane in all directions a w a y from the reex edge un til it �rst hits the

p olyhedron b oundary . Hersh b erger and Sno eyink pro v e a tigh t w orst-case b ound of

O ( nr + r

7 = 3

) tetrahedra.

These results rev eal that nearly con v ex p olyhedra require few Steiner p oin ts.

The question arises: can w e �nd an e�cien t algorithm that uses the minim um

n um b er of Steiner p oin ts? Rupp ert and Seidel [184 ] giv e a negativ e answ er to this

question. They sho w that testing whether Steiner p oin ts are necessary to triangulate

a giv en p olyhedron is NP-complete (see [92 ]), ev en for star-shap ed p olyhedra (whic h

can trivially b e triangulated with a single Steiner p oin t). They similarly pro v e that,

for an y k , it is NP-hard to test whether k Steiner p oin ts su�ce. The follo wing op en

question asks for an appro ximation algorithm.

Op en Problem 9. Is there an e�cien t algorithm for triangulating an y n -v ertex

p olyhedron in to O ( m ) tetrahedra, where m is the minim um p ossible n um b er?

Certain v ery sp ecial p olyhedra can b e triangulated without Steiner p oin ts.

Go o dman and P ac h [99] pro v e that the region b etwe en t w o con v ex p olyhedra (the

con v ex h ull of the union, min us the p olyhedra) can b e tetrahedralized in to O ( n

2

)

tetrahedra b y lifting the p olyhedra on to a folded plane in four dimensions. (This re-

sult generalizes to arbitrary dimension.) Bern [20 ] impro v es this b ound to O ( n log n )

for the region b et w een t w o nested con v ex p olyhedra. He also sho ws that ev en for

general p olyhedra, only in terior Steiner p oin ts are necessary . This result ma y ha v e

application to m ultiple domains (see also [156 ]); it follo ws from \fattening" eac h

face in to a roughly prism-shap ed solid. T oussain t et al. [215 ] pro v e that the union

of three con v ex p olyhedra can b e tetrahedralized without Steiner p oin ts.

Chazelle and Shourab oura [47 ] impro v e Bern's O ( n log n ) b ound to linear

b y rein tro ducing Steiner p oin ts. They also pro v e that the region b et w een a con v ex

p olyhedron and a terrain (a p olyhedral surface in tersected once b y eac h v ertical

line) can b e triangulated with O ( n log n ) tetrahedra, and|remark ably|this b ound

is tigh t. Their �rst result raises the follo wing question.

Op en Problem 10. Can the region b et w een c con v ex p olyhedra (the con v ex h ull

of the union, min us the p olyhedra) b e triangulated with O ( n + c

2

) tetrahedra?

3.2. Optimal T etr ahe dr alization

In this section, w e consider three-dimensional optimal triangulation without Steiner

p oin ts. Since Steiner p oin ts are required simply to tetrahedralize noncon v ex p oly-

hedra, this section treats only p oin t sets (and as a sp ecial case, con v ex p olyhedra).

Ev en for p oin t sets v ery little is kno wn.

55



Since a single input has tetrahedralizations of di�eren t complexit y , a natural

optimization question is the follo wing. A more general op en question asks for a

minim um-complexit y tetrahedralization of a p oin t set.

Op en Problem 11. Is there a p olynomial-time algorithm for triangulating an

arbitrary con v ex p olyhedron with the minim um n um b er of tetrahedra?

The Delauna y triangulation (DT) in I R

3

con tains eac h tetrahedron with

v ertices from the input p oin t set, whose circumsphere con tains no other input p oin ts

on its surface or in its in terior. Assuming general p osition, no �v e p oin ts lie on a

single sphere, so this de�nes a triangulation. The complexit y of the DT ma y b e as

high as 
( n

2

), as sho wn b y the momen t curv e example (Section 3.1). There do es

not seem to b e a reasonable de�nition of constrained DT in three dimensions.

The lifting transformation de�ned in Section 2.2.1 generalizes to three (and

higher) dimensions. W e map an input p oin t with Cartesian co ordinates ( x; y ; z ) to

the p oin t ( x; y ; z ; x

2

+ y

2

+ z

2

). The image p oin ts all lie on a parab oloid in four

dimensions; the pro jection of the lo w er con v ex h ull bac k on to the xy z -h yp erplane

giv es the DT. Coupled with an algorithm for computing four-dimensional con v ex

h ulls [197 ], this giv es a w orst-case optimal, quadratic-time algorithm to compute

the DT.

There are also direct algorithms. Bo wy er [33 ] and W atson [219 , 82 ] ga v e

incremen tal algorithms that are quite p opular in practice. W atson's algorithm in-

serts p oin ts in sorted order b y one co ordinate, testing all old circumspheres that

in tersect the curren t sw eep plane. Bo wy er includes evidence that his algorithm runs

in time O ( n

4 = 3

) for a random p oin t set. Dwy er [68 ] giv es a linear-exp ected-time

algorithm for random p oin ts in the unit ball.

Jo e [115 ] and Ra jan [176 ] generalize the ip algorithm for DT construction.

In three dimensions, ips in v olv e sets of �v e p oin ts, forming a tetrahedral bip yramid.

Suc h a �gure can b e tetrahedralized in t w o w a ys: either as a pair of tetrahedra

separated b y a face, or as three tetrahedra surrounding an in terior diagonal. Th us

ips trade t w o tetrahedra for three, or vice v ersa. See Figure 37. Starting from

an arbitrary tetrahedralization, ho w ev er, the ip algorithm can get stuc k in a lo cal

optim um and fail to pro duce the DT [115 ].

Jo e [117 ] sho w ed that, if w e start with the DT of some p oin t set, and add

a single p oin t (dividing the tetrahedron con taining it in to four, or if the new p oin t

is outside the con v ex h ull, adding tetrahedra connecting it to the triangles it can

see), then ipping from the resulting triangulation nev er gets stuc k. All tetrahe-

dra in v olv ed in ips are neigh b ors of the new v ertex, so in some sense this ipping

pro cedure b ecomes t w o- rather than three-dimensional. This result giv es another

O ( n

2

)-time algorithm for computing the DT: add p oin ts one b y one (sa y , in sorted

order b y x -co ordinate) and, after eac h addition, ip un til the DT is reac hed. Ra-

jan [176 ] describ ed a similar pro cedure for incremen tally adding p oin ts and ipping
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Figure 37. Tw o w a ys of tetrahedralizing �v e p oin ts.

tetrahedra to �nd the DT. His pro cedure ips tetrahedra in the order corresp ond-

ing to the c hanges in the con v ex h ull of the lifted p oin ts as the new p oin t is mo v ed

v ertically do wn on to the parab oloid. Th us, Ra jan's algorithm generalizes to higher-

dimensional DT construction. Edelsbrunner and Shah [73 ] extended Jo e's algorithm

to higher dimensions and to regular triangulations of w eigh ted p oin ts.

Though the w orst-case time b ound for computing the three-dimensional

DT m ust b e 
( n

2

), an \output-sensitiv e" algorithm runs m uc h more quic kly on

simple input instances. T ec hniques recen tly dev elop ed b y Matou � sek [148 ] for half-

space range queries giv e an algorithm with running time O ( n

4 = 3+ �

+ k log n ), where

k is the complexit y of the DT. See F ortune's surv ey [88] for more details on three-

dimensional DT algorithms, including some imp ortan t implemen tation issues.

Because the DT p ossesses so man y optimalit y prop erties in t w o dimensions,

geometers long susp ected that it should optimize something in three dimensions.

Recen tly , Ra jan [176 ] disco v ered the �rst suc h result. (His result actually holds in

all dimensions.) The min-c ontainment spher e of a simplex t is the smallest sphere

con taining t . If t con tains its circumcen ter, then the min-con tainmen t sphere is

iden tical to the circumsphere. Otherwise, the min-con tainmen t sphere circumscrib es

a lo w er-dimensional face of t . F or example, in t w o dimensions, the min-con tainmen t

sphere is either the circumcircle or the diameter circle of the longest edge. Ra jan

pro v ed the follo wing, whic h generalizes a result of D'Azev edo and Simpson for the

planar case [55 ].

Theorem 15 (Ra jan [176 ]). The Delauna y triangulation is the triangulation that

minimizes the maxim um radius of a min-con tainmen t sphere.

Pro of Sk etc h: Lift the p oin ts to the parab oloid ( x; y ; z ; x

2

+ y

2

+ z

2

). An y sphere

in I R

3

corresp onds to a h yp erplane in four dimensions cutting this parab oloid. Let

T b e an y triangulation, and for an y tetrahedron t in T , de�ne H ( t ) to b e the half-

space ab o v e the h yp erplane corresp onding to the circumsphere of t . If S is the min-

con tainmen t sphere of t , the radius of S corresp onds to the v ertical distance b et w een

the lifted cen ter of S and H ( t ). No w form a p olytop e P ( T ) as the in tersection

of all suc h halfspaces. (This pro jects to a p o w er diagram|see Section 2.2.1|in

the original space.) Then the largest min-con tainmen t sphere corresp onds to the
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Figure 38. The DT (left) con tains a v ery at \sliv er" tetrahedron.

largest distance b et w een this p olytop e and the p ortion of the parab oloid to whic h

the con v ex h ull of the input can b e lifted. The DT is the con v ex h ull of the lifted

p oin ts, so it is lo w er than an y other p ossible p olytop e P ( T ), and hence minimizes

this distance.

Dey (p ersonal comm unication) observ ed that for cospherical p oin ts, all tri-

angulations ha v e the same maxim um min-con tainmen t radius, so an y completion

of the Delauna y triangulation solv es the degenerate case. Figure 38 giv es a coun-

terexample to the plausible conjecture that the DT also minimizes the radius of the

largest circumsphere.

Recen tly , Sc hmitt and Sp ehner [192 ] pro v ed a second optimalit y theorem

that holds in arbitrary dimension. W e describ e the result for I R

3

. De�ne the co-

angle of a triangle in a tetrahedron t to b e half the angle of the cone with ap ex

at t 's circumcen ter and base equal to the triangle's circumcircle. Using a lifting

argumen t as ab o v e, Sc hmitt and Sp ehner pro v e that eac h in terior face in a DT has

a sum of co-angles (one from eac h side) at most 180

�

, while an y other triangulation

has a face that exceeds 180

�

. This result is the three-dimensional analog of the fact

that a rev ersed quadrilateral has unsplit angles summing to more than 180

�

.

3.3. Steiner T etr ahe dr alization

W e ha v e already touc hed on the sub ject of Steiner tetrahedralization in Section 3.1,

b ecause tetrahedralizing a noncon v ex p olyhedron ma y require Steiner p oin ts. W e

no w discuss problems in whic h Steiner p oin ts are used to impro v e the qualit y of the

solution.

3.3.1. R e ducing Delaunay T riangulations

The Delauna y triangulation of a set of n p oin ts in I R

3

ma y ha v e 
( n

2

) tetrahedra,

though a \t ypical" p oin t set has only O ( n ) [68 ]. This raises the question of whether

Steiner p oin ts can b e used to reduce the complexit y of the DT.
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Chazelle et al. [44 ] answ ered this question a�rmativ ely b y sho wing that for

an y p oin t set, there exists a set of O ( n

1 = 2

log

3

n ) p oin ts, suc h that the Delauna y

triangulation of the union of the t w o p oin t sets has O ( n

3 = 2

log

3

n ) tetrahedra. Their

metho d rep eatedly �nds a p oin t that lies inside a large n um b er of Delauna y circum-

spheres; the addition of suc h a p oin t remo v es all the corresp onding tetrahedra and

replaces them b y O ( n ) new tetrahedra.

The success of this metho d follo ws from a com binatorial lemma of indep en-

den t in terest that holds in arbitrary �xed dimension d . If there are m spheres, eac h

passing through a pair of p oin ts, then some p oin t of space (not necessarily one of

the n input p oin ts) is in terior to 
( m

2

= ( n

2

log

2 d

( n

2

=m ))) spheres. Results stronger

b y log factors hold for diameter spheres and rectangular b o xes.

Bern, Eppstein, and Gilb ert [25 ] sho w ed ho w to use more Steiner p oin ts,

and reduce the complexit y of a Delauna y triangulation to O ( n ). Their tec hnique

is completely di�eren t, and it w orks for an y �xed dimension. The algorithm �rst

computes a balanced o ctree (in general, a 2

d

-ary tree) suc h that eac h p oin t is alone

in a cub e surrounded b y empt y cub es the same size. The closest cub e v ertex to

eac h input p oin t is then replaced b y that input p oin t.

T o reduce the size of the tree, the algorithm iden ti�es long c hains of cub es,

sa y more than 2

d

lev els, in whic h eac h cub e has only one nonempt y c hild cub e. Next

it remo v es the middle-sized cub es of these c hains, lea ving small cub es oating inside

large cub es; then the algorithm surrounds eac h small cub e with a constan t n um b er

of la y ers of cub es its o wn size. This guaran tees that ev ery d -sphere that con tains

input p oin ts from b oth inside and outside a small oating cub e, also con tains at least

one v ertex from these la y ers. No w ev ery p oin t is inciden t on O (1) maximal empt y

spheres, so using the v ertices of cub es as Steiner p oin ts giv es a linear-size Delauna y

triangulation. As just explained, the running time of this algorithm dep ends on the

size of the initial tree, but long c hains can b e iden ti�ed without actually computing

them to giv e a time b ound of O ( n log n ).

3.3.2. Nonobtuse T riangulation

There is more than one w a y to generalize nonobtuse triangulation to three di-

mensions. F or a con v ergence b ound on a certain n umerical metho d, V a v asis [217 ]

assumes that no dihedral angle is obtuse. Nonobtuse dihedrals, ho w ev er, do not

imply that the mesh is a Delauna y triangulation. F or this implication w e need a

di�eren t generalization: eac h tetrahedron is self-c enter e d , meaning that it con tains

its circumcen ter [176 ]. Finally , in order to generalize p erp endicular duals, w e need a

stronger condition than self-cen tered that w e shall call ful ly self-c enter e d : triangles

and tetrahedra are all self-cen tered.

In a recen t pap er, Bern, Chew, Eppstein, and Mitc hell [21 ] giv e an algorithm

that solv es all these generalizations for p oin t sets in arbitrary dimension d . They
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sho w ho w to Steiner-triangulate n input p oin ts with O ( n

d d= 2 e

) p ath simplic es . A

path simplex con tains a path of d pairwise orthogonal edges; it is fully self-cen tered

and all its dihedral angles (angles b et w een ( d � 1)-dimensional faces) are nonobtuse.

The algorithm successiv ely pro jects the p oin t set on to t w o-dimensional

planes, and solv es b d= 2 c planar problems using a linear-complexit y all-righ t-triangle

algorithm for p oin t sets [25, 29 ]. Bac k in I R

d

, the pro ducts of righ t triangles form

solids|righ t-triangular prisms in I R

3

|that can b e triangulated with path simplices.

Bern et al. [21 ] also giv e a lo w er b ound result. T o explain this result, w e

require some preliminaries. An y set of k < d v ertices|a ( k � 1)-simplex|in a

d -dimensional simplex de�nes a ( d + 1 � k )-dimensional angle. The angle can b e

measured b y placing a small p erp endicular sphere (that is, lying in a p erp endicular

( d + 1 � k )-at) around the ( k � 1)-simplex, and determining what fraction of the

sphere is subtended b y the ( d + 1 � k )-simplex opp osite the ( k � 1)-simplex. F or

example, there are t w o kinds of angles in three dimensions: solid angles whic h are

measured b y subtended area on a sphere around a v ertex, and dihedral angles whic h

are measured b y subtended arc length on a circle around an edge.

W e can no w de�ne 2( d � 1) di�eren t no-bad-angle problems. F or eac h k ,

w e can forbid either small or large ( d + 1 � k )-angles. T o forbid small angles, w e

require that all angles b e b ounded a w a y from zero; to forbid large angles, w e require

that all angles b e b ounded a w a y from half a sphere. No-small-angle and no-large-

angle problems are eac h linearly ordered b y di�cult y . No small d -angles implies no

bad angles (small or large) of an y kind. No small ( d � 1)-angles implies no small

( d � 2)-angles, and so forth do wn to no small 2-angles (dihedrals). F or large angles,

the dimensions rev erse, with no large dihedrals �rst, then no large 3-angles, on

do wn to no large d -angles. A large solid (that, is d -) angle implies bad angles of all

t yp es. The hardest problem that can b e solv ed with p olynomial complexit y is the

no-large-dihedral problem, and the most stringen t b ound on dihedral angles is 90

�

.

Still op en is the question of whether O ( n

d d= 2 e

) is the b est p ossible b ound for

the no-large-dihedral problem. And, getting bac k to more realistic mesh generation

questions, no algorithms are kno wn for nonobtuse tetrahedralization of p olyhedra.

3.3.3. Bounde d-Asp e ct-R atio Mesh Gener ation

The most commonly used de�nition of the asp e ct r atio of a simplex is the ratio of

the radii of the circumscrib ed sphere to the inscrib ed sphere [82 ]. Bounded asp ect

ratio is equiv alen t to no small d -angles. W e no w giv e descriptiv e names to the six

di�eren t t yp es of three-dimensional simplices, classi�ed according to the t yp es of

bad angles allo w ed. (See [10 , 60 ] for similar classi�cations.)

� Round. A round tetrahedron has no bad angles of an y kind.

� Needle. A needle has one small solid angle, but no small or large dihedrals.
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Figure 39. The six t yp es of tetrahedra.

� W edge. A w edge has small but not large dihedrals and no large angles of an y

kind. An example is a tetrahedron that is the con v ex h ull of t w o far-apart,

short p erp endicular edges.

� Spindle. A spindle has small but not large solid angles, and large but not

small dihedrals.

� Sliv er. A sliv er has small and large dihedrals, but no large solid angle. An

example is a tetrahedron formed b y four nearly coplanar p oin ts, fairly ev enly

spaced around a great circle of the circumsphere. Sliv ers are distinguished

from the other bad tetrahedra b y a lo w ratio of circumsphere radius to shortest

edge length.

� Cap. A cap has a large|nearly at|solid angle. The circumsphere's radius

is hence m uc h larger than the longest edge.

What is kno wn on b ounded-asp ect-ratio triangulation in three dimensions?

Bern et al. [25 ] use o ctrees (or in general 2

d

-ary trees) to triangulate p oin t set input,

using only a constan t times the minim um n um b er of b ounded-asp ect-ratio tetrahe-

dra. Dey , Ba ja j, and Sugihara [60 ] generalize Chew's mesh generation algorithm to

three dimensions. F or p oin t sets or con v ex p olyhedra with p oin t holes, this metho d

a v oids all bad tetrahedra except sliv ers.

Mitc hell and V a v asis [157 ] ha v e recen tly generalized the quadtree p olygon

mesh generation of Bern et al. [25 ] to three dimensions, a v oiding all t yp es of bad

tetrahedra. The generalization is not straigh tforw ard, primarily b ecause v ertices of

p olyhedra ma y ha v e arbitrary degree.

Their algorithm �rst computes a balanced o ctree that safely separates|

that is, b y some constan t n um b er of cub es|faces of the input p olyhedron D . The

o ctree is re�ned in three phases: �rst, v ertices are separated from noninciden t edges

and faces; second, b o xes a w a y from v ertices are split to separate edges from other

edges and facets; and �nally , b o xes a w a y from b oth v ertices and edges are split to
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separate facets from other facets. Cub es are duplicated in Riemann sheets for faces

close together in space, but far apart b y geo desic distance.

Next the b o xes around v ertices are merged in order to appro ximately cen ter

eac h v ertex in its b o x. The in tersection of the b oundary of D and the surface of a b o x

m ust b e triangulated with triangles of heigh t a constan t fraction of the maxim um

p ossible (as in Section 2.3.3). A complicated set of w arping rules conforms the o ctree

to the edges and facets of D . Finally , w arp ed b o xes are triangulated b y adding

Steiner p oin ts near their cen ters, with tetrahedra radiating from these p oin ts.

Let A b e the minim um asp ect ratio of a Steiner triangulation of domain

D . (Here the asp ect ratio of a triangulation is the maxim um asp ect ratio of its

tetrahedra.) The algorithm just sk etc hed giv es a triangulation with asp ect ratio

at most cA (where c is a constan t), that uses at most a constan t factor times the

minim um n um b er of tetrahedra needed to ac hiev e cA . The pro of of this theorem

also requires a new idea b ey ond [25]. Because no analog of the CDT is kno wn in

three dimensions, Mitc hell and V a v asis m ust compare their tetrahedralization to an

optimal tetrahedralization, sho wing that at eac h p oin t in D the tetrahedron c hosen

b y their algorithm is no more than a constan t times smaller than the largest p ossible

tetrahedron at that p oin t.

Theorem 16 (Mitc hell and V a v asis [157 ]). There is an algorithm, based on

o ctrees, that computes an appro ximate optimal-asp ect-ratio tetrahedralization of

an arbitrary p olyhedral domain, using no more than a constan t times the optimal

n um b er of tetrahedra.

The theorem has sp ecial imp ortance b ecause the edge sk eleton of a b ounded-

asp ect-ratio tetrahedralization has a \separator" of complexit y O ( n

2 = 3

) [153 , 154 ].

(A separator is a set of v ertices whose remo v al disconnects the graph in to t w o pieces

of roughly equal size.) Nested dissection then sa v es a factor of O ( n ) in the asymp-

totic time to solv e the linear equations that arise in the �nite elemen t metho d [139 ].

3.4. Heuristic al ly Gener ate d Thr e e-Dimensional Meshes

Most of the tec hniques for generating and impro ving t w o-dimensional meshes can

b e generalized to three dimensions, though not without some di�culties. See [9,

95 , 144 ] for surv eys discussing b oth structured and unstructured meshes primarily

for uid o w problems. Ov erall, three-dimensional unstructured mesh generation

is still in its early stages of dev elopmen t.

3.4.1. Mesh impr ovement

Laplacian smo othing (see Section 2.4.1) generalizes to three dimensions [41 , 225 ],

but the impro v emen t it o�ers ma y not b e as signi�can t as in t w o dimensions.
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There are lo cal tranformations that trade t w o tetrahedra for three, and

three tetrahedra for t w o, as discussed ab o v e (Section 3.2.1). These transformations

represen t the analog of the ip pro cedure in t w o dimensions, and ma y b e used to

impro v e a triangulation according to some criterion, suc h as the Delauna y empt y

circumsphere condition. In three dimensions, ho w ev er, the ip pro cedure ma y get

stuc k in a lo cal optim um that is not a global optim um [115 ]. Jo e [117 ], Ra jan [176 ],

and Edelsbrunner and Shah [73 ] ha v e sho wn that, for the Delauna y criterion, sp ecial

starting triangulations alw a ys lead to a global optim um. Jo e has also used the ip

pro cedure to lo cally maximize the minim um solid angle [118 ]. Starting from the

Delauna y triangulation, he signi�can tly impro v ed asp ect ratios, while also sligh tly

decreasing the n um b er of tetrahedra.

Riv ara re�nemen t generalizes as follo ws: split a tetrahedron b y adding

a triangle with ap ex equal to the midp oin t of the longest edge and base equal

to the opp osite edge. Recursiv ely split all tetrahedra sharing the bisected edge.

This algorithm p erforms quite w ell in practice [181 ], but the generalization of the

minim um angle b ound is curren tly op en.

Op en Problem 12. Do es rep eated application of three-dimensional Riv ara re-

�nemen t k eep the minim um solid angle b ounded a w a y from zero?

3.4.2. Octr e es

Y erry and Shephard generalized their quadtree algorithm to a three-dimensional

algorithm using balanced o ctrees [225 ]. They k ept the n um b er of \patterns" for

b oundary cub es manageable b y assuming that eac h cub e w as cut b y at most three

facets of the input p olyhedron. In the �nal steps, patterns are w arp ed to appro xi-

mate the actual b oundary of the input, and Laplacian smo othing is applied. F urther

progress on their o ctree algorithm is rep orted b y Shephard et al. [203 ]. P erucc hio

et al. [169 , 189 ] ha v e also adv anced the o ctree approac h with a di�eren t w a y of

handling b oundary cub es.

Burat ynski [35 ] uses rectangular o ctrees, that is, noncubical b o xes, and a

hierarc hical set of w arping rules. Bo xes are �rst w arp ed to input corners, then input

edges, and �nally input faces. The rules are somewhat simpli�ed b y the fact that

the o ctree is initially re�ned so that input edges in tersect b o xes of only one size.

(Hence, this metho d do es not come with the theoretical size guaran tee of Mitc hell

and V a v asis's metho d [157 ].) Empirically , Burat ynski's metho d seems to giv e no

tetrahedra with bad asp ect ratio.

Field and Smith [85 ] and others [158 , 166 ] suggest the use of a tetrahedral

o ctree, built b y recursiv ely cutting a \b cc tetrahedron" (b o dy-cen tered cubic) in to

eigh t copies of itself. T etrahedra spa wn few er b oundary patterns than hexahedra.
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3.4.3. Polyhe dr on De c omp osition

Ca v endish, Field, and F rey [41 ] dev elop ed one of the �rst three-dimensional mesh

generators. Their approac h cuts the p olyhedron in to p olygonal cross-sections, adds

randomly c hosen Steiner p oin ts with a v erage spacing determined b y a measure of

lo cal feature size [40 ], and then computes the Delauna y triangulation. (See [27 , 152 ]

for analyses of DTs of random p oin ts.) If Steiner p oin ts are su�cien tly closely

spaced on the b oundaries of the p olygonal cross-sections, the DT will b e conforming.

A �nal impro v emen t step merges tetrahedra or mo v es Steiner p oin ts to remo v e

sliv ers (v ery at tetrahedra). Jo e [118 ] is curren tly w orking on a generalization of

his t w o-dimensional con v ex-decomp osition generator [119 ].

3.4.4. A dvancing F r ont

L• ohner [144 , 145 ], Bak er [8, 9 ], Jameson et al. [111 ], P eraire et al. [168 ], and others

ha v e generated tetrahedral meshes for en tire aircraft. T ypically , something akin to

the adv ancing fron t metho d places Steiner p oin ts in la y ers around the aircraft.

Jameson et al. [111 ] use a n um b er of o v erlapping structured grids to place

Steiner p oin ts, and then pro duce an unstructured tetrahedral grid with the Delau-

na y triangulation.

Bak er's metho d [8 ] starts with a surface triangulation, as describ ed in Sec-

tion 2.5 ab o v e. Steiner p oin ts are then added exterior to the aircraft. Regular

lattices of Steiner p oin ts surround the aircraft, with the densit y of Steiner p oin ts

decreasing a w a y from the surface. A shell of closer-in Steiner p oin ts is created b y

adding a few p oin ts along a normal to eac h surface p oin t. A Delauna y triangulation

is computed incremen tally , but with violations allo w ed where the DT w ould pierce

the surface. A �nal impro v emen t step remo v es sliv ers. Empirically , the only re-

maining tetrahedra of p o or asp ect ratio are needles near junctures of aircraft parts,

suc h as where the wing joins the fuselage.

4. Conclusions

W e ha v e describ ed w ork in computational geometry motiv ated b y �nite elemen t

mesh generation. This material spans a sp ectrum from purely theoretical results (for

example, Chazelle's linear-time triangulation algorithm), through a middle ground

(our o wn w ork on Steiner triangulations), to practical heuristics devised b y n umer-

ical analysts.

W e b eliev e that w orth while researc h is spread throughout this sp ectrum.

W e ha v e attempted to gather together these scattered results, and hop e this com-

pilation pro v es useful to b oth theorists and practitioners.
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