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CS 61B Lab 9
April 2-3, 2013

Coal: to practice proving asynptotic (big-Cnh) results. The class notes from
Lecture 20 may cone in handy; however, we will try to be even nore rigorous
here than in lecture.

Recal |l the definition of big-Ch:

Q(f(n)) is the SET of ALL functions T(n) that satisfy:

There exi st positive constants ¢ and N such that, for all n >= N,
T(n) <= c¢ f(n)

Formal ly prove that n*"2 + n+ 1 is in Qn*2).

Sol ution:
Let T(n) = n*"2 + n + 1. Let f(n) = n"2,

Choose ¢ = 3, and N = 1. Then, we know T(n) is in Q(n*"2) if we can prove

T(n) <=c¢ f(n),
or equivalently, n"2 +n + 1 <=3 n"2, for all n >= 1.

Is this inequality true? Well, for any n >= 1, we know that 1 <= n <= n"2.
Hence, all of the follow ng are true:

1 <= n"2
n <= n"2
n"2 = nt2

Adding the left and right sides of these inequalities together, we have
n"2 + n + 1 <= 3 n*2, which conpletes the proof.

Part |1: (1 point)

Formal ly prove that 2"n + 1 is in Q(4"n - 16).

HI NT:  You may assert without proof that, for all n >=1, 27n >= 1.
(You may al so assert w thout proof that 4”n and 2°n are nonotonically
increasing, if you find it useful.)

Part I1: (1 point)

Formallyprovethat if f(n) isin Qg(n)), and g(n) is in QCh(n)), then
f(n) is in Qh(n)).

NOTE: The values of ¢ and N used to prove that f(n) is in Q(g(n)) are
not necessarily the same as the values used to prove that g(n) is in Q h(n)).
Hence, assune that there are positive ¢’, N, c¢'’, and N’ such that

f(n) <=c¢ g(n) for all n>= N, and
g(n) <=c¢'" h(n) for all n>= N

readme

Formal ly prove that 0.01 n*"2 - 1 is NOT in Q(n).

We need to show that, no matter how | arge we choose c¢c and N, we will never
obtain the desired inequality. W cannot prove this by picking a specific
value of ¢ and N. Instead, we nust study how the two functions behave as
n approaches infinity.

Let T(n) = 0.01 n*"2 - 1, and let f(n) = n. Prove that

n->infinity T(n)

no matter how | arge we choose c to be. You will need to scale both the
nunerator and the denominator by a well-chosen multiplier to get the result.

Use this result to show that there are no values ¢, N such that T(n) <= c f(n)
for all n >= N

Post scri pt

The functions |cos(n)| and |sin(n)| are interesting, because neither is
donmi nated by the other. Can you informally suggest why |cos(n)| is not in
Q(|sin(n)|), and |sin(n)| is not in Q(cos(n)|)?

How woul d you prove that, for all n >=1, 2~n >= 1? (Hint: wuse calculus.)



