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Statistics

An Introduction to Statistical Learning

with Applications in R

An Introduction to Statistical Learning provides an accessible overview of the fi eld 
of statistical learning, an essential toolset for making sense of the vast and complex 
data sets that have emerged in fi elds ranging from biology to fi nance to marketing to 
astrophysics in the past twenty years. Th is book presents some of the most important 
modeling and prediction techniques, along with relevant applications. Topics include 
linear regression, classifi cation, resampling methods, shrinkage approaches, tree-based 
methods, support vector machines, clustering, and more. Color graphics and real-world 
examples are used to illustrate the methods presented. Since the goal of this textbook 
is to facilitate the use of these statistical learning techniques by practitioners in sci-
ence, industry, and other fi elds, each chapter contains a tutorial on implementing the 
analyses and methods presented in R, an extremely popular open source statistical 
soft ware platform.
Two of the authors co-wrote Th e Elements of Statistical Learning (Hastie, Tibshirani 
and Friedman, 2nd edition 2009), a popular reference book for statistics and machine 
learning researchers. An Introduction to Statistical Learning covers many of the same 
topics, but at a level accessible to a much broader audience. Th is book is targeted at 
statisticians and non-statisticians alike who wish to use cutting-edge statistical learn-
ing techniques to analyze their data. Th e text assumes only a previous course in linear 
regression and no knowledge of matrix algebra.
Gareth James is a professor of statistics at University of Southern California. He has 
published an extensive body of methodological work in the domain of statistical learn-
ing with particular emphasis on high-dimensional and functional data. Th e conceptual 
framework for this book grew out of his MBA elective courses in this area.  
Daniela Witten is an assistant professor of biostatistics at University of Washington. Her 
research focuses largely on high-dimensional statistical machine learning. She has 
contributed to the translation of statistical learning techniques to the fi eld of genomics, 
through collaborations and as a member of the Institute of Medicine committee that 
led to the report Evolution of Translational Omics.
Trevor Hastie and Robert Tibshirani are professors of statistics at Stanford University, and 
are co-authors of the successful textbook Elements of Statistical Learning. Hastie and 
Tibshirani developed generalized additive models and wrote a popular book of that 
title. Hastie co-developed much of the statistical modeling soft ware and environment 
in R/S-PLUS and invented principal curves and surfaces. Tibshirani proposed the lasso 
and is co-author of the very successful An Introduction to the Bootstrap.
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During the past decade there has been an explosion in computation and information tech-
nology. With it have come vast amounts of data in a variety of fields such as medicine, biolo-
gy, finance, and marketing. The challenge of understanding these data has led to the devel-
opment of new tools in the field of statistics, and spawned new areas such as data mining,
machine learning, and bioinformatics. Many of these tools have common underpinnings but
are often expressed with different terminology. This book describes the important ideas in
these areas in a common conceptual framework. While the approach is statistical, the
emphasis is on concepts rather than mathematics. Many examples are given, with a liberal
use of color graphics. It should be a valuable resource for statisticians and anyone interested
in data mining in science or industry. The book’s coverage is broad, from supervised learning
(prediction) to unsupervised learning. The many topics include neural networks, support
vector machines, classification trees and boosting—the first comprehensive treatment of this
topic in any book.

This major new edition features many topics not covered in the original, including graphical
models, random forests, ensemble methods, least angle regression & path algorithms for the
lasso, non-negative matrix factorization, and spectral clustering. There is also a chapter on
methods for “wide” data (p bigger than n), including multiple testing and false discovery rates.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman are professors of statistics at
Stanford University. They are prominent researchers in this area: Hastie and Tibshirani
developed generalized additive models and wrote a popular book of that title. Hastie co-
developed much of the statistical modeling software and environment in R/S-PLUS and
invented principal curves and surfaces. Tibshirani proposed the lasso and is co-author of the
very successful An Introduction to the Bootstrap. Friedman is the co-inventor of many data-
mining tools including CART, MARS, projection pursuit and gradient boosting.
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Prerequisites

Math 53 (vector calculus)
Math 54, Math 110, or EE 16A+16B (linear algebra)
CS 70, EECS 126, or Stat 134 (probability)
NOT CS 188 [Might still be listed as a prerequisite, but we’re having it removed.]

Grading: 189

40% 7 Homeworks. Late policy: 5 slip days total
20% Midterm: Tentatively Monday, March 16, in class (6:30–8 pm)
40% Final Exam: Friday, May 15, 3–6 PM (Exam group 19)

Grading: 289A

40% HW
20% Midterm
20% Final
20% Project

Cheating

– Discussion of HW problems is encouraged.
– All homeworks, including programming, must be written individually.
– We will actively check for plagiarism.
– Typical penalty is a large NEGATIVE score, but I reserve right to give an instant F for even one

violation, and will always give an F for two.

[Last time I taught CS 61B, we had to punish roughly 100 people for cheating. It was very painful. Please
don’t put me through that again.]

CORE MATERIAL

– Finding patterns in data; using them to make predictions.
– Models and statistics help us understand patterns.
– Optimization algorithms “learn” the patterns.

[The most important part of this is the data. Data drives everything else.
You cannot learn much if you don’t have enough data.
You cannot learn much if your data sucks.
But it’s amazing what you can do if you have lots of good data.
Machine learning has changed a lot in the last two decades because the internet has made truly vast quantities
of data available. For instance, with a little patience you can download tens of millions of photographs. Then
you can build a 3D model of Paris.
Some techniques that had fallen out of favor, like neural networks, have come back big in recent years
because researchers found that they work so much better when you have vast quantities of data.]
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FIGURE 4.1. The Default data set. Left: The annual incomes and monthly
credit card balances of a number of individuals. The individuals who defaulted on
their credit card payments are shown in orange, and those who did not are shown
in blue. Center: Boxplots of balance as a function of default status. Right:
Boxplots of income as a function of default status.

4.2 Why Not Linear Regression?

We have stated that linear regression is not appropriate in the case of a
qualitative response. Why not?

Suppose that we are trying to predict the medical condition of a patient
in the emergency room on the basis of her symptoms. In this simplified
example, there are three possible diagnoses: stroke, drug overdose, and
epileptic seizure. We could consider encoding these values as a quantita-
tive response variable, Y , as follows:

Y =

�
��

��

1 if stroke;

2 if drug overdose;

3 if epileptic seizure.

Using this coding, least squares could be used to fit a linear regression model
to predict Y on the basis of a set of predictors X1, . . . , Xp. Unfortunately,
this coding implies an ordering on the outcomes, putting drug overdose in
between stroke and epileptic seizure, and insisting that the di�erence
between stroke and drug overdose is the same as the di�erence between
drug overdose and epileptic seizure. In practice there is no particular
reason that this needs to be the case. For instance, one could choose an
equally reasonable coding,

Y =

�
��

��

1 if epileptic seizure;

2 if stroke;

3 if drug overdose.

creditcards.pdf (ISL, Figure 4.1) [The problem of classification. We are given data points,
each belonging to one of two classes. Then we are given additional points whose class is
unknown, and we are asked to predict what class each new point is in. Given the credit card
balance and annual income of a cardholder, predict whether they will default on their debt.]

– Collect training data: reliable debtors & defaulted debtors
– Evaluate new applicants (prediction)

decision boundary

[Draw this figure by hand. classify.pdf ]
[Draw 2 colors of dots, almost but not quite linearly separable.]
[“How do we classify a new point?” Draw a point in a third color.]
[One possibility: look at its nearest neighbor.]
[Another possibility: draw a linear decision boundary; label it.]
[Those are two di↵erent models for the nature of this data.]

[We’ll learn some ways to draw these linear decision boundaries in the next several lectures. But for now,
let’s compare these two methods.]
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16 2. Overview of Supervised Learning

1−Nearest Neighbor Classifier
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and

2.3 Least Squares and Nearest Neighbors 13

Linear Regression of 0/1 Response
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FIGURE 2.1. A classification example in two dimensions. The classes are coded
as a binary variable (BLUE = 0, ORANGE = 1), and then fit by linear regression.
The line is the decision boundary defined by xT �̂ = 0.5. The orange shaded region
denotes that part of input space classified as ORANGE, while the blue region is
classified as BLUE.

The set of points in IR2 classified as ORANGE corresponds to {x : xT �̂ > 0.5},
indicated in Figure 2.1, and the two predicted classes are separated by the
decision boundary {x : xT �̂ = 0.5}, which is linear in this case. We see
that for these data there are several misclassifications on both sides of the
decision boundary. Perhaps our linear model is too rigid— or are such errors
unavoidable? Remember that these are errors on the training data itself,
and we have not said where the constructed data came from. Consider the
two possible scenarios:

Scenario 1: The training data in each class were generated from bivariate
Gaussian distributions with uncorrelated components and di�erent
means.

Scenario 2: The training data in each class came from a mixture of 10 low-
variance Gaussian distributions, with individual means themselves
distributed as Gaussian.

A mixture of Gaussians is best described in terms of the generative
model. One first generates a discrete variable that determines which of

classnear.pdf, classlinear.pdf (ESL, Figures 2.3 & 2.1) [Here are two examples of classi-
fiers for the same data. At left we have a nearest neighbor classifier, which classifies a
point by finding the nearest point in the input data, and assigning it the same class. At
right we have a linear classifier, which guesses that everything above the line is brown, and
everything below the line is blue. The decision boundaries are in black.]

16 2. Overview of Supervised Learning

1−Nearest Neighbor Classifier
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FIGURE 2.3. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1), and
then predicted by 1-nearest-neighbor classification.

2.3.3 From Least Squares to Nearest Neighbors

The linear decision boundary from least squares is very smooth, and ap-
parently stable to fit. It does appear to rely heavily on the assumption
that a linear decision boundary is appropriate. In language we will develop
shortly, it has low variance and potentially high bias.

On the other hand, the k-nearest-neighbor procedures do not appear to
rely on any stringent assumptions about the underlying data, and can adapt
to any situation. However, any particular subregion of the decision bound-
ary depends on a handful of input points and their particular positions,
and is thus wiggly and unstable—high variance and low bias.

Each method has its own situations for which it works best; in particular
linear regression is more appropriate for Scenario 1 above, while nearest
neighbors are more suitable for Scenario 2. The time has come to expose
the oracle! The data in fact were simulated from a model somewhere be-
tween the two, but closer to Scenario 2. First we generated 10 means mk

from a bivariate Gaussian distribution N((1, 0)T , I) and labeled this class
BLUE. Similarly, 10 more were drawn from N((0, 1)T , I) and labeled class
ORANGE. Then for each class we generated 100 observations as follows: for
each observation, we picked an mk at random with probability 1/10, and

2.3 Least Squares and Nearest Neighbors 15

15-Nearest Neighbor Classifier
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FIGURE 2.2. The same classification example in two dimensions as in Fig-
ure 2.1. The classes are coded as a binary variable (BLUE = 0, ORANGE = 1) and
then fit by 15-nearest-neighbor averaging as in (2.8). The predicted class is hence
chosen by majority vote amongst the 15-nearest neighbors.

In Figure 2.2 we see that far fewer training observations are misclassified
than in Figure 2.1. This should not give us too much comfort, though, since
in Figure 2.3 none of the training data are misclassified. A little thought
suggests that for k-nearest-neighbor fits, the error on the training data
should be approximately an increasing function of k, and will always be 0
for k = 1. An independent test set would give us a more satisfactory means
for comparing the di�erent methods.

It appears that k-nearest-neighbor fits have a single parameter, the num-
ber of neighbors k, compared to the p parameters in least-squares fits. Al-
though this is the case, we will see that the e�ective number of parameters
of k-nearest neighbors is N/k and is generally bigger than p, and decreases
with increasing k. To get an idea of why, note that if the neighborhoods
were nonoverlapping, there would be N/k neighborhoods and we would fit
one parameter (a mean) in each neighborhood.

It is also clear that we cannot use sum-of-squared errors on the training
set as a criterion for picking k, since we would always pick k = 1! It would
seem that k-nearest-neighbor methods would be more appropriate for the
mixture Scenario 2 described above, while for Gaussian data the decision
boundaries of k-nearest neighbors would be unnecessarily noisy.

classnear.pdf, classnear15.pdf (ESL, Figures 2.3 & 2.2) [At right we have a
15-nearest neighbor classifier. Instead of looking at the nearest neighbor of a new
point, it looks at the 15 nearest neighbors and lets them vote for the correct class. The
1-nearest neighbor classifier at left has a big advantage: it classifies all the training data
correctly, whereas the 15-nearest neighbor classifier at right figure does not. But the right
figure has an advantage too. Somebody please tell me what.]

[The left figure is an example of what’s called overfitting. In the left figure, observe how intricate the
decision boundary is that separates the positive examples from the negative examples. It’s a bit too intricate
to reflect reality. In the right figure, the decision boundary is smoother. Intuitively, that smoothness is
probably more likely to correspond to reality.]

Classifying Digits

Classifica9on(Pipeline(

•  Collect(Training(Images(
–  Posi9ve:((
– Nega9ve:((

•  Training(Time(
–  Compute(feature(vectors(for(posi9ve(and(nega9ve(
example(images(

–  Train(a(classifier(
•  Test(Time(
–  Compute(feature(vector(on(new(test(image:((
–  Evaluate(classifier((

sevensones.pdf [In this simplified digit recognition problem, we are given handwritten 7’s
and 1’s, and we are asked to learn to distinguish the 7’s from the 1’s.]
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Express these images as vectors

3 3 3 3
0 0 2 3
0 0 1 3
3 3 3 3

!

2
6666666666666666666666666666666666666666666666666666666666666666666666666666664

3
3
3
3
0
0
2
3
0
0
1
3
3
3
3
3

3
7777777777777777777777777777777777777777777777777777777777777777777777777777775

Images are points in 16-dimensional space. Linear decision boundary is a hyperplane.

Validation

– Train a classifier: it learns to distinguish 7 from not 7
– Test the classifier on NEW images

2 kinds of error:
– Training set error: fraction of training images not classified correctly

[This is zero with the 1-nearest neighbor classifier, but nonzero with the 15-nearest neighbor and
linear classifiers we’ve just seen.]

– Test set error: fraction of misclassified NEW images, not seen during training.

[When I underline a word or phrase, that usually means it’s a definition. If you want to do well in this course,
my advice to you is to memorize the definitions I cover in class.]

outliers: points whose labels are atypical (e.g. solvent borrower who defaulted anyway).
overfitting: when the test error deteriorates because the classifier becomes too sensitive to outliers or other
spurious patterns.

[In machine learning, the goal is to create a classifier that generalizes to new examples we haven’t seen yet.
Overfitting is counterproductive to that goal. So we’re always seeking a compromise: we want decision
boundaries that make fine distinctions without being downright superstitious.]
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Most ML algorithms have a few hyperparameters that control over/underfitting, e.g. k in k-nearest neighbors.

error 
rate

k: # of nearest neighbors

0.
10

0.
15

0.
20

0.
25

0.
30

151 101  69  45  31  21  11   7   5   3   1

Train
Test
Bayes

Linear

overfit!

best (7)

underfit

test error

training error

overfitlabeled.pdf (modified from ESL, Figure 2.4)

We select them by validation:
– Hold back a subset of the labeled data, called the validation set.
– Train the classifier multiple times with di↵erent hyperparameter settings.
– Choose the settings that work best on validation set.

Now we have 3 sets:
training set used to learn model weights
validation set used to tune hyperparameters, choose among di↵erent models
test set used as FINAL evaluation of model. Keep in a vault. Run ONCE, at the very end.
[It’s very bad when researchers in medicine or pharmaceuticals peek into the test set prematurely!]

Kaggle.com:
– Runs ML competitions, including our HWs
– We use 2 data sets:

“public” set labels available during competition
“private” set revealed only after due date

[If your public results are a lot better than your private results, we will know that you overfitted.]

Techniques [taught in this class, NOT a complete list]

Supervised learning:
– Classification: is this email spam?
– Regression: how likely does this patient have cancer?

Unsupervised learning:
– Clustering: which DNA sequences are similar to each other?
– Dimensionality reduction: what are common features of faces? common di↵erences?


