1 Appendix

Lemma 3.2. Let g;; be a bounded function of nit11 (s)n;,, 1 (s) and dy (i). Then, (1/T?)var [23:1 S it
0 asT — oo.

Proof. Our graph evolution model is Markovian; assuming each “state” to represent the past p + 1 graphs,
the next graph (and hence the next state) is a function only of the current state. The state space is also
finite, since the number of nodes n in each graph is finite. Thus, the state space may be partitioned as
S = TR|JC;, where TR is a set of transient states and each C; is an irreducible closed communication
class [2]. We may assume without loss of generality that there is only one closed communication class C; the
analysis for multiple classes applies the bounds proved below to each class. From the definition of transience,
for any e, there exists a constant 77 such that Pr(Sy, € TR) < ¢, where S; represents the state of the Markov
chain at time ¢. Thus, Sp, € C' whp, and the Markov chain thereafter remains in C' since it is closed.

Let C have (finite) period d; the period is finite from the finiteness of the Markov chain, and is typically
very small (e.g., d = 1if 0 < g(.) < 1 everywhere). Let M’ be a Markov chain where each transition
corresponds to d transitions of the original chain. Now, M’ is irreducible and aperiodic (since C was
irreducible and had period d). Thus, it is geometrically ergodic [1], which implies in turn that M’ is
strongly mixing with exponential drop-off [3]: a(k) ~ e=#¥ for some 8 > 0. Thus, distant states are almost
independent, and we use this to bound the covariances of the ¢;;, as follows.

We have:
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Taking absolute values,

A< E Z lcov(git, 3 (Stira))l]

(1—¢) E e~ (e) for some constant ¢, since all g;; are bounded

< constant — O(e)

Thus, (1/T?%)var {Zle Sy Qit:| < o(1) + (2/T%) X2, ; X s, 1Al = O(1/T), which tends to zero as
T — oo. O

Lemma 3.4. AsT — oo, for some R > 0,

Eh(s,Q)] = g(s,Q)R

o~

E[f(s,Q)] = R

Proof. Let € denote the minimum distance between two datacubes that are not identical; since the set
of all possible datacubes is finite, € > 0. E[h(s,Q)] is an average of terms E[Ky(d; (i),Q)n;;,, (s)], over
i€{l,....,n}and t € {p,...,T—1}. Now, E[Ky(d; (i), Q)n;,,; (s)] = E [bP O E [nf | (s)|d; (4)]], and
the inner expectation is E ;141 (s) - g(s, d; (¢))]. Writing the expectation in terms of a sum over all possible
datacubes, and noting that everything is bounded, gives the following.

B [pP O Dy () - g(s,dy (i)
= Enit11 (s) |d¢ (1) = Q] - g(s, Q) P(dy (i) = Q) + O(b°)
Recalling that E[h(s, Q)] was an average of the above terms, we have:

9(5,Q) > Emity1 (s) |di (1) = Q] - P(dy (i) = Q)

~ tyi
Eh(s,Q)] = : + O(b° 1

[h(s,Q)] 2T =) (0%) (1)

We will now show that the above average converges to g(s, Q)R for some R > 0. The second term in

the RHS in eq (1) converges to zero, since b — 0 as T — oo. For the first term, consider the expression

> Enitr1 (s) |de (i) = Q]-P(dy (i) = Q)/(n(T—p)). In the numerator, E[nit11 (s) [de (i) = Q]-P(dy (i) = Q) =

t,%

ZnP(th (s) =mn,dt (i) = Q). Both d; (4) and ;41 (s) are fully determined given the current state S; of

the Markov chain. Using Is(X) to denote an indicator of X in state S, we have P(n;141 (s) = 0,d: (1) = Q) =

> Is(Mitg1 (s) =m,de (i) = Q)P(Sy = S). As aresult of this, the first term in the R.H.S of eq (1) becomes an
S
average of the form g(s, Q)L 5 S €(S)P(S, = 8), where £(5) = L SnTs(usn (s) = n,dy (i) = Q). Since
t S i,M
> P(5:=5)

we have a finite state-space and ¢(S) is bounded, we can rewrite the above expression as ) §(S)*+—F——

S
Now, recall that the query datacube at T is a function of the state Sp, which belongs to a closed

irreducible set C' with probability 1. Due to stationarity (or cyclic stationarity with a finite cycle length)
ZP(St:S)

the sum (= ) converges to some constant R(S) (constant because it is a function of the finite state
space). For the special case of S = S, we have the following: (a) Sy € C, so R(St) > 0, and (b) St

contains at least one pair of nodes with the feature vector s (since we are attempting link prediction for such
Z P(St:S)
a pair), so there exists some 7 > 0 for which Is,(n, Q) = 1. Together, these imply that » £(S)-*—F——
5

converges to some 12 > 0.
As for E[f(s,Q)], note that this concerns an average of terms E[Kp(d; (i), Q)nit+1 (8)], which just don’t
have the g(s, Q) coefficient present in the analogous terms of E[h(s,Q)]. Hence using an identical argument,
we see that E[f(s, Q)] converges to R. O
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