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This paper derives exponential concentration inequalities and
polynomial moment inequalities for the spectral norm of a random
matrix. The analysis requires a matrix extension of the scalar concen-
tration theory developed by Sourav Chatterjee using Stein’s method
of exchangeable pairs. When applied to a sum of independent random
matrices, this approach yields matrix generalizations of the classical
inequalities due to Hoeffding, Bernstein, Khintchine, and Rosenthal.
The same technique delivers bounds for sums of dependent random
matrices and more general matrix-valued functions of dependent ran-

dom variables.

This paper is based on two independent manuscripts from mid-2011 that both applied the method
of exchangeable pairs to establish matriz concentration inequalities. One manuscript is by Mackey
and Jordan; the other is by Chen, Farrell, and Tropp. The authors have combined this research into

a single unified presentation, with equal contributions from both groups.

1. Introduction. Matrix concentration inequalities control the fluctuations of a random ma-
trix about its mean. At present, these results provide an effective method for studying sums of
independent random matrices and matrix martingales [35, 48, 49, 32]. They have been used to
streamline the analysis of structured random matrices in a range of applications, including statisti-
cal estimation [24], randomized linear algebra [14, 10], stability of least-squares approximation [12],
combinatorial and robust optimization [46, 9], matrix completion [16, 42, 34, 30], and random graph

theory [35]. These works comprise only a small sample of the papers that rely on matrix concen-

AMS 2000 subject classifications: Primary 60B20, 60E15; secondary 60G09, 60F10
Keywords and phrases: Concentration inequalities, moment inequalities, Stein’s method, exchangeable pairs, ran-

dom matrix, non-commutative

1
imsart-aop ver. 2011/12/01 file: stein-v23.tex date: October 4, 2013


http://www.imstat.org/aop/
http://arxiv.org/abs/math.PR/12016002

2 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

tration inequalities. Nevertheless, it remains common to encounter new classes of random matrices
that we cannot treat with the available techniques.

The purpose of this paper is to lay the foundations of a new approach for analyzing structured
random matrices. Our work is based on Chatterjee’s technique for developing scalar concentration
inequalities [6, 7] via Stein’s method of exchangeable pairs [47]. We extend this argument to the ma-
trix setting, where we use it to establish exponential concentration bounds (Theorems 4.1 and 5.1)
and polynomial moment inequalities (Theorem 7.1) for the spectral norm of a random matrix.

To illustrate the power of this idea, we show that our general results imply several important
concentration bounds for a sum of independent, random, Hermitian matrices [29, 21, 49]. In partic-
ular, we obtain a matrix Hoeffding inequality with optimal constants (Corollary 4.2) and a version
of the matrix Bernstein inequality (Corollary 5.2). Our techniques also yield concise proofs of the
matrix Khintchine inequality (Corollary 7.3) and the matrix Rosenthal inequality (Corollary 7.4).

The method of exchangeable pairs also applies to matrices constructed from dependent random
variables. We offer a hint of the prospects by establishing concentration results for several other
classes of random matrices. In Section 9, we consider sums of dependent matrices that satisfy a
conditional zero-mean property. In Section 10, we treat a broad class of combinatorial matrix statis-

tics. Finally, in Section 11, we analyze general matrix-valued functions that have a self-reproducing

property.

1.1. Notation and Preliminaries. The symbol ||| is reserved for the spectral norm, which re-
turns the largest singular value of a general complex matrix.
We write M? for the algebra of all d x d complex matrices. The trace and normalized trace of a

square matrix are defined as
. d ST d
tr B := ijl bjj and frB = ijl b;; for B € MY

We define the linear space H? of Hermitian d x d matrices. All matrices in this paper are Her-
mitian unless explicitly stated otherwise. The symbols Ayax(A) and Apin(A) refer to the algebraic
maximum and minimum eigenvalues of a matrix A € H?. For each interval I C R, we define the

set of Hermitian matrices whose eigenvalues fall in that interval:
HYI) == {A € HY: Amin(A), Anax(A)] C T}
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 3

The set Hjl_ consists of all positive-semidefinite (psd) d x d matrices. Curly inequalities refer to the
semidefinite partial order on Hermitian matrices. For example, we write A < B to signify that the
matrix B — A is psd.

We require operator convexity properties of the matrix square so often that we state them now.

for all A, B € H".

A+B\? A2y B2
(1.1) (+><L

2 2

More generally, we have the operator Jensen inequality
(1.2) (EX)? g EX?

valid for any random Hermitian matrix, provided that E||X||* < oc. To verify this result, simply
expand the inequality E(X —E X)? = 0. The operator Jensen inequality also holds for conditional

expectation, again provided that E || X ||* < oo.

2. Exchangeable Pairs of Random Matrices. Our approach to studying random matrices
is based on the method of exchangeable pairs, which originates in the work of Charles Stein [47] on
normal approximation for a sum of dependent random variables. In this section, we explain how

some central ideas from this theory extend to matrices.
2.1. Matriz Stein Pairs. First, we define an exchangeable pair.

DEFINITION 2.1 (Exchangeable Pair). Let Z and Z’ be random variables taking values in a
Polish space Z. We say that (Z,Z') is an exchangeable pair if it has the same distribution as

(Z',Z). In particular, Z and Z’ must share the same distribution.

We can obtain a lot of information about the fluctuations of a random matrix X if we can
construct a good exchangeable pair (X, X’). With this motivation in mind, let us introduce a

special class of exchangeable pairs.

DEFINITION 2.2 (Matrix Stein Pair). Let (Z,Z’) be an exchangeable pair of random variables
taking values in a Polish space Z, and let ¥ : Z — H? be a measurable function. Define the random

Hermitian matrices

X =%(Z) and X' :=9(Z).
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We say that (X, X’) is a matriz Stein pair if there is a constant « € (0, 1] for which
(2.1) E[X — X'|Z] = aX almost surely.

The constant « is called the scale factor of the pair. When discussing a matrix Stein pair (X, X'),

we always assume that E || X ||? < oo.

A matrix Stein pair (X, X’) has several useful properties. First, (X, X’) always forms an ex-

changeable pair. Second, it must be the case that E X = 0. Indeed,

1 1
EX = —E[E[X—X’]Z]] =—-EX-X']=0
Q@ Q@
because of the identity (2.1), the tower property of conditional expectation, and the exchangeability
of (X, X"). In Section 2.4, we construct a matrix Stein pair for a sum of centered, independent

random matrices. More sophisticated examples appear in Sections 9, 10, and 11.

REMARK 2.3 (Approximate Matrix Stein Pairs). In the scalar setting, it is common to consider
exchangeable pairs that satisfy an approximate Stein condition. For matrices, this condition reads
E[X — X'|Z] = aX + R, where R is an error term. The methods in this paper extend easily to

this case.

2.2. The Method of Exchangeable Pairs. A well-chosen matrix Stein pair (X, X’) provides a
surprisingly powerful tool for studying the random matrix X. The technique depends on a funda-

mental technical lemma.

LEMMA 2.4 (Method of Exchangeable Pairs). Suppose that (X, X') € H? xH? is a matriz Stein

pair with scale factor a. Let F : H* — H? be a measurable function that satisfies the reqularity

condition

(2.2) E|(X-X) F(X)| < oo.

Then

(2.3) E[X - - F(X)] = % E[(X - X')(F(X)- F(X"))].
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 5

In short, the randomness in the Stein pair furnishes an alternative expression for the expected
product of X and the function F'. The identity (2.3) is valuable because it allows us to estimate
this integral using the smoothness properties of the function F and the discrepancy between X

and X'.

PROOF. Suppose (X, X’) is a matrix Stein pair constructed from an auxiliary exchangeable pair

(Z,Z"). The defining property (2.1) implies
o -E[X -F(X)] =E[E[X - X'| 7] F(X)] =E[(X — X') F(X)].

We have used the regularity condition (2.2) to invoke the pull-through property of conditional

expectation. Since (X, X’) is an exchangeable pair,
E[(X - X') F(X)] = E[(X' - X) F(X')] = -E[(X — X') F(X)].
The identity (2.3) follows when we average the two preceding displays. O

2.3. The Conditional Variance. To each matrix Stein pair (X, X'), we may associate a random
matrix called the conditional variance of X. The ultimate purpose of this paper is to argue that

the spectral norm of X is unlikely to be large when the conditional variance is small.

DEFINITION 2.5 (Conditional Variance). Suppose that (X, X’) is a matrix Stein pair, con-
structed from an auxiliary exchangeable pair (Z, Z’). The conditional variance is the random ma-
trix

(2.4) Ax = Ax(Z) = % E[(X - X')*| 7],

where « is the scale factor of the pair. We may take any version of the conditional expectation in

this definition.

The conditional variance A x should be regarded as a stochastic estimate for the variance of the

random matrix X. Indeed,
(2.5) E[Ax] =E X~

This identity follows from Lemma 2.4 with the choice F/(X) = X.
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6 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

2.4. FExample: A Sum of Independent Random Matrices. To make the definitions in this section
more vivid, we describe a simple but important example of a matrix Stein pair. Consider an
independent sequence Z := (Y1,...,Y,) of random Hermitian matrices that satisfy EY; = 0

and E||Y}]|? < oo for each k. Introduce the random series
X =Y1+---+Y,.

Let us explain how to build a good matrix Stein pair (X, X’). We need the exchangeable coun-
terpart X’ to have the same distribution as X, but it should also be close to X so that we can
control the conditional variance. To achieve these goals, we construct X’ by picking a summand
from X at random and replacing it with a fresh copy.

Formally, let Y}/ be an independent copy of Y}, for each index k, and draw a random index K

uniformly from {1,...,n} and independently from everything else. Define the random sequence
Z'=(Y1,...,. Yk 1, Y, Ygi1,...,Yy,).
One can check that (Z,Z’) forms an exchangeable pair. The random matrix
X' =Y+ +Yx 1+ Y+ Yo+ +Y,
is thus an exchangeable counterpart for X. To verify that (X, X’) is a Stein pair, calculate that

E[X — X'|Z] = E[Yk — Y}, | Z]

1 n , 1 n 1
_ﬁzkzlE[Yk_Y“Z]_szﬂYk—ﬁX'

The third identity holds because Y, is a centered random matrix that is independent from Z.

Therefore, (X, X') is a matrix Stein pair with scale factor o = n~!.

Next, we compute the conditional variance.

szg-E[(X—X’)2\Z]
S1IN B[ -1
= 3 [V YEY)) - (BY)Yi +E(Y)
(2.6) _ % S (WHER).
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 7

For the third relation, expand the square and invoke the pull-through property of conditional
expectation. We may drop the conditioning because Y} is independent from Z. In the last line, we
apply the property that Y}’ has the same distribution as Y.

The expression (2.6) shows that we can control the size of the conditional expectation uniformly
if we can control the size of the individual summands. This example also teaches us that we may

use the symmetries of the distribution of the random matrix to construct a matrix Stein pair.

3. Exponential Moments and Eigenvalues of a Random Matrix. Our main goal in
this paper is to study the behavior of the extreme eigenvalues of a random Hermitian matrix. In
Section 3.2, we describe an approach to this problem that parallels the classical Laplace transform
method for scalar random variables. The adaptation to the matrix setting leads us to consider
the trace of the moment generating function (mgf) of a random matrix. After presenting this
background, we explain how the method of exchangeable pairs can be used to control the growth of
the trace mgf. This result, which appears in Section 3.5, is the key to our exponential concentration

bounds for random matrices.

3.1. Standard Matrix Functions. Before entering the discussion, recall that a standard matrix
function is obtained by applying a real function to the eigenvalues of a Hermitian matrix. The

book [17] provides an excellent treatment of this concept.

DEFINITION 3.1 (Standard Matrix Function). Let f:I — R be a function on an interval I of
the real line. Suppose that A € H%(I) has the eigenvalue decomposition A = Q-diag(\1, ..., \q) - Q*

where @ is a unitary matrix. Then the matrix extension f(A) := Q - diag(f(\1),...,f(A\q)) - Q*.

The spectral mapping theorem states that, if A is an eigenvalue of A, then f()\) is an eigenvalue of
f(A). This fact follows from Definition 3.1.

When we apply a familiar scalar function to a Hermitian matrix, we are always referring to a
standard matrix function. For instance, |A| is the matrix absolute value, exp(A) is the matrix
exponential, and log(A) is the matrix logarithm. The latter is defined only for positive-definite

matrices.

3.2. The Matriz Laplace Transform Method. Let us introduce a matrix variant of the classical

moment generating function. We learned this definition from Ahlswede-Winter [1, App.].
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8 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

DEFINITION 3.2 (Trace Mgf). Let X be a random Hermitian matrix. The (normalized) trace

moment generating function of X is defined as
m(8) :==mx(#) := Efre®®  for 6 € R.
We admit the possibility that the expectation may not exist for all 6.

Ahlswede and Winter [1, App.| had the insight that the classical Laplace transform method
could be extended to the matrix setting by replacing the classical mgf with the trace mgf. This
adaptation allows us to obtain concentration inequalities for the extreme eigenvalues of a random
Hermitian matrix using methods from matrix analysis. The following proposition distills results

from the papers [1, 36, 49, 8].

PROPOSITION 3.3 (Matrix Laplace Transform Method). Let X € H? be a random matriz with

trace mgf m(0) := Etre?X. For each t € R,

(3.1) P{Amax(X) >t} <d- éng exp{—0t + logm(0)}.
>
(3.2) P{Anin(X) <t} <d- éng exp{—0t +logm(0)}.
<
Furthermore,
(3.3) E Amax(X) < inf = [log d + log m(0)].
>0 0
(3.4) E Apin (X) > sup 1 [log d + logm(0)].
<0 0

The estimates (3.3) and (3.4) for the expectations are usually sharp up to the logarithm of the
dimension. In many situations, the tail bounds (3.1) and (3.2) are reasonable for moderate ¢, but
they tend to overestimate the probability of a large deviation. Note that, in general, we cannot
dispense with the dimensional factor d. See [49, Sec. 4] for a detailed discussion of these issues.
Additional inequalities for the interior eigenvalues can be established using the minimax Laplace

transform method [15].

PRrROOF. To establish (3.1), fix > 0. Owing to Markov’s inequality,

]P{)\max(X) 2 t} = ]P) {eAmax(GX) 2 eet} < e_et . EeAmax(GX)

=e 0. E \pax (eGX) <e . EtrefX.
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 9

The third relation depends on the spectral mapping theorem and the monotonicity of the exponen-
tial. The last inequality holds because the trace of a positive-definite matrix exceeds its maximum
eigenvalue. Identify the normalized trace mgf, and take the infimum over 6 to complete the argu-
ment.

The proof of (3.2) parallels the proof of (3.1). For § < 0,
P {Amin(X) <t} =P{0Anin(X) > 0t} = P{Anax(0X) > 0t} .

We used the property that —Apin(A) = Amax(—A) for each Hermitian matrix A. The rest of the
argument is the same as in the preceding paragraph.

For the expectation bound (3.3), fix > 0. Jensen’s inequality yields
E Amax(X) = 07 E Apax (0X) < 07V log B ermax(0X) < 9= og B tr X

The justification is the same as above. Identify the normalized trace mgf, and take the infimum

over 6 > 0. Similar considerations yield (3.4). O

3.3. Studying the Trace Mgf with Fxchangeable Pairs. The technical difficulty in the matrix
Laplace transform method arises because we need to estimate the trace mgf. Previous authors
have applied deep results from matrix analysis to accomplish this bound: the Golden—Thompson
inequality is central to [1, 35, 36], while Lieb’s theorem [26, Thm. 6] animates [48, 49, 20].

In this paper, we develop a fundamentally different technique for studying the trace mgf. The
main idea is to control the growth of the trace mgf by bounding its derivative. To see why we have
adopted this strategy, consider a random Hermitian matrix X, and observe that the derivative of
its trace mgf can be written as

m'(6) = Efr [Xe'X]
under appropriate regularity conditions. This expression has just the form that we need to invoke

the method of exchangeable pairs, Lemma 2.4, with F(X) = eX. We obtain
1 _ /
(3.5) m'(0) = - Etr [(X - X') (X — XN,

This formula strongly suggests that we should apply a mean value theorem to control the derivative;
we establish the result that we need in Section 3.4 below. Ultimately, this argument leads to a

differential inequality for m’(), which we can integrate to obtain an estimate for m(f).
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10 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

The technique of bounding the derivative of an mgf lies at the heart of the log-Sobolev method
for studying concentration phenomena [25, Ch. 5|. Recently, Chatterjee [6, 7] demonstrated that
the method of exchangeable pairs provides another way to control the derivative of an mgf. Our
arguments closely follow the pattern set by Chatterjee; the novelty inheres in the extension of these

ideas to the matrix setting and the striking applications that this extension permits.

3.4. The Mean Value Trace Inequality. To bound the expression (3.5) for the derivative of the
trace mgf, we need a matrix generalization of the mean value theorem for a function with a convex

derivative. We state the result in full generality because it plays a role later.

LEMMA 3.4 (Mean Value Trace Inequality). Let I be an interval of the real line. Suppose that
g : I — R is a weakly increasing function and that h : I — R is a function whose derivative h' is

conver. For all matrices A, B € HY(I), it holds that

tr[(g(A) —g(B)) - (h(A) = h(B))] <

—+

[(9(A) —g(B)) - (A B) - (K(A) + 1 (B))].
When I is concave, the inequality is reversed. The same results hold for the standard trace.

To prove Lemma 3.4, we require a trace inequality [38, Prop. 3| that follows from the definition

of a matrix function and the spectral theorem for Hermitian matrices.

PROPOSITION 3.5 (Generalized Klein Inequality). Let uy,...,u, and vi,...,v, be real-valued

functions on an interval I of the real line. Suppose

(3.6) Zk ug(a)vg(b) >0  for all a,b e I.

Then

tr {Zk up(A) Uk(B)} >0 forall A,B € HY(I).

With the generalized Klein inequality, we can establish Lemma 3.4 by developing the appropriate

scalar inequality.

PRrROOF OF LEMMA 3.4. Fix a,b € I. Since g is weakly increasing, (g(a)—g(b))-(a—0b) > 0. The
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fundamental theorem of calculus and the convexity of A’ yield the estimate
(9(a) —g(b)) - (h(a) — (D))
1
= (gla) = 90) - (a =) [ W(ra+(1=r)p)dr
0

<

—~

1
g(a) —g(0)) - (a —b) /0 (7 W (a) + (1 —7) W (b)]dr

(3.7) =5 [(g(a) — g(b)) - (a = b) - (W(a) + H'(b))] .

| =

The inequality is reversed when A’ is concave.

The bound (3.7) can be written in the form (3.6) by expanding the products and collecting terms
depending on a into functions uy(a) and terms depending on b into functions vy (b). Proposition 3.5
then delivers a trace inequality, which can be massaged into the desired form using the cyclicity of
the trace and the fact that standard functions of the same matrix commute. We omit the algebraic

details. O

REMARK 3.6. We must warn the reader that the proof of Lemma 3.4 succeeds because the trace
contains a product of three terms involving two matrices. The obstacle to proving more general

results is that we cannot reorganize expressions like tr(ABAB) and tr(ABC) at will.

3.5. Bounding the Derivative of the Trace Mgf. The central result in this section applies the
method of exchangeable pairs and the mean value trace inequality to bound the derivative of the
trace mgf in terms of the conditional variance. This is the most important step in our theory on

the exponential concentration of random matrices.

LEMMA 3.7 (The Derivative of the Trace Mgf). Suppose that (X, X’) € H? x H? is a matriz
Stein pair, and assume that X is almost surely bounded in norm. Define the trace mgf m(0) =

Etre?X. Then
(3.8) m'(0) < 0-Etr [Ax e’ ] when § > 0;
(3.9) m'(0) > 0-Etr [Ax e’ ] when 6 <0.

The conditional variance Ax is defined in (2.4).

PROOF. We begin with the expression for the derivative of the trace mgf:

(3.10) m/(0) = Etr [% eex] =Etr [XeGX].
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12 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

We can move the derivative inside the expectation because of the dominated convergence theorem
and the boundedness of X.
Apply the method of exchangeable pairs, Lemma 2.4, with the function F(X) = eX to reach

an alternative representation of the derivative (3.10):
1 - /
(3.11) m/(0) = %Etr (X - X') (eGX — /X )]-

We have used the boundedness of X to verify the regularity condition (2.2).
The expression (3.11) is perfectly suited for an application of the mean value trace inequality,

Os

Lemma 3.4. First, assume that # > 0, and consider the function h : s — €. The derivative

h' : s 0e% is convex, so Lemma 3.4 implies that

The second line follows from the fact that (X, X’) is an exchangeable pair. In the last line, we have
used the boundedness of X and X’ to invoke the pull-through property of conditional expectation.
Identify the conditional variance A x, defined in (2.4), to complete the argument.

The result for § < 0 follows from an analogous argument. In this case, we simply observe that

Os

the derivative of the function h : s — €” is now concave, so the mean value trace inequality,

Lemma 3.4, produces a lower bound. The remaining steps are identical. O

REMARK 3.8 (Regularity Conditions). To simplify the presentation, we have instated a bound-
edness assumption in Lemma 3.7. All the examples we discuss satisfy this requirement. When X

is unbounded, Lemma 3.7 still holds provided that X meets an integrability condition.

4. Exponential Concentration for Bounded Random Matrices. We are now prepared
to establish exponential concentration inequalities. Our first major result demonstrates that an
almost-sure bound for the conditional variance yields exponential tail bounds for the extreme
eigenvalues of a random Hermitian matrix. We can also obtain estimates for the expectation of the

extreme eigenvalues.
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 13

THEOREM 4.1 (Concentration for Bounded Random Matrices). Consider a matriz Stein pair
(X,X") € H? x H?. Suppose there exist nonnegative constants c,v for which the conditional vari-

ance (2.4) of the pair satisfies
(4.1) Ax < cX +vI almost surely.

Then, for allt >0,

P (Auin(X) < 1} < d-exp {;—tQ}

t t
]P){)‘max(X) > t} < d~exp{—— —|—%]Og <1_|__>}
C C

c
v
—¢2
<d- — .
- eXp{%—i—%t}

Furthermore,

E Apin(X) > —/2vlogd
EAnax(X) < v/2vlogd+ clogd.

This result may be viewed as a matrix analogue of Chatterjee’s concentration inequality for scalar
random variables [6, Thm. 1.5(ii)]. The proof of Theorem 4.1 appears below in Section 4.2. Before
we present the argument, let us explain how the result provides a short proof of a Hoeffding-type

inequality for matrices.

4.1. Application: Matriz Hoeffding Inequality. Theorem 4.1 yields an extension of Hoeffding’s

inequality [19] that holds for an independent sum of bounded random matrices.

COROLLARY 4.2 (Matrix Hoeffding). Consider a finite sequence (Yy)>1 of independent random

matrices in H* and a finite sequence (Ag)k>1 of deterministic matrices in HY. Assume that
EY, =0 and Y?< AL almost surely for each index k.
Then, for allt >0,
—t2 /202 2.1 2 2
]P’{)\max (ZkYk)zt}gd.e 29° for g ._5“Zk(Ak+EYk)“.

Furthermore,

Ednex (Y, ¥i) < 0/2logd.
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14 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

PROOF. Let X =), Y}. Since X is a sum of centered, independent random matrices, we can

use the matrix Stein pair constructed in Section 2.4. According to (2.6), the conditional variance

satisfies
1 2 2 2
AX:§ZIQ(Y;€ +EY?) < 0’1
because Y}f < Ai. Invoke Theorem 4.1 with ¢ = 0 and v = ¢ to complete the bound. O

In the scalar setting d = 1, Corollary 4.2 reproduces an inequality of Chatterjee [6, Sec. 1.5], which
itself is an improvement over the classical scalar Hoeffding bound. In turn, Corollary 4.2 improves
upon the matrix Hoeffding inequality of [49, Thm. 1.3] in two ways. First, we have increased the
constant in the exponent to its optimal value 1/2. Second, we have decreased the size of the variance
measure because 02 < HZ p A7 H Finally, let us remark that a similar result holds under the weaker
assumption that >, Y;* < A? almost surely.

Corollary 4.2 admits a plethora of applications. For example, in theoretical computer science,
Widgerson and Xiao employ a suboptimal matrix Hoeffding inequality [50, Thm. 2.6] to derive
efficient, derandomized algorithms for homomorphism testing and semidefinite covering problems.

Under the improvements of Corollary 4.2, their results improve accordingly.

4.2. Proof of Theorem 4.1: Exponential Concentration. Suppose that (X, X’) is a matrix Stein
pair constructed from an auxiliary exchangeable pair (Z, Z’). Our aim is to bound the normalized

trace mgf
(4.2) m(f) :==Etre’X for § € R.

The basic strategy is to develop a differential inequality, which we integrate to control m(#) itself.
Once these estimates are in place, the matrix Laplace transform method, Proposition 3.3, furnishes
probability inequalities for the extreme eigenvalues of X.

The following result summarizes our bounds for the trace mgf m(#).

LEMMA 4.3 (Trace Mgf Estimates for Bounded Random Matrices). Let (X, X’) be a matriz

Stein pair, and suppose there exist nonnegative constants c,v for which

(4.3) Ax g cX +vI  almost surely.
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 15

Then the normalized trace mgf m() := Etre?X satisfies the bounds

2
(4.4) logm(#) < % when 6 < 0.
v 1
. < — [
(4.5) logm(0) < 2 [log (1 — 09> c@}
2
(4.6) < 2(#:9) when 0 < 6 < 1/c.

We establish Lemma 4.3 in Section 4.2.1 et seq. In Section 4.2.4, we finish the proof of Theorem 4.1

by combining these bounds with the matrix Laplace transform method.

4.2.1. Boundedness of the Random Matriz. First, we confirm that the random matrix X is
almost surely bounded under the hypothesis (4.3) on the conditional variance Ax. Recall the

definition (2.4) of the conditional variance, and compute that

1 N2 1 / 9 1 2 o
Ax 7 E[(X X" ’Z] 2a(E[X X ’Z]) 2a( X) 2X

The semidefinite bound is the operator Jensen inequality (1.2), applied conditionally. The third
relation follows from the definition (2.1) of a matrix Stein pair. Owing to the assumption (4.3), we
reach the quadratic inequality %ozX 2 < ¢X +v1. The scale factor « is positive, so we may conclude

that the eigenvalues of X are almost surely restricted to a bounded interval.

4.2.2. Differential Inequalities for the Trace Mgf. Since the matrix X is almost surely bounded,
the derivative of the trace mgf has the form
(4.7) m'(0) = Etr [ Xe'*] for 6 € R.
To control the derivative, we combine Lemma 3.7 with the assumed inequality (4.3) for the condi-
tional variance. For 6 > 0, we obtain
m'(0) < 0-Efr [Ax e¥]

<0-Efr[(cX +vI)e’X]

=cf -Etr [Xe"X] + 00 - Etre?X

=ch-m'(0) + vl - m(0).
In the last line, we have identified the trace mgf (4.2) and its derivative (4.7). The second relation

holds because the matrix e?X is positive definite. Indeed, when P is psd, A < B implies that

tr(AP) < tr(BP).
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16 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

For # < 0, the same argument yields a lower bound
m/(0) > c6 - m'(0) + v0 - m(0).

Rearrange these inequalities to isolate the log-derivative m/(6)/m(6) of the trace mgf. We reach

d vl
. — < <
(4.8) delogm(@) T o0 for 0 <6 < 1/c, and
d vl
. — > <0.
(4.9) delogm(@) T for 6 <0

4.2.3. Solving the Differential Inequalities. Observe that
(4.10) logm(0) = logtre® =logtrI =log1 = 0.

Therefore, we may integrate the differential inequalities (4.8) and (4.9), starting at zero, to obtain
bounds on log m(#) elsewhere.
First, assume that 0 < 0 < 1/c. In view of (4.10), the fundamental theorem of calculus and the

differential inequality (4.8) imply that

0 0
logm(6) = / di logm(s)ds < / l Y gs = —%(09 + log(1 — ¢h)).
0o ds 0

— CS C

We can develop a weaker inequality by making a further approximation within the integral:

0 0 2

VS VS v
< < = —
logm(9) _/0 1—cs ds < /0 1—ch ds 2(1 —ch)

These inequalities are the trace mgf estimates (4.5) and (4.6) appearing in Lemma 4.3.

Next, assume that 0 < 0. In this case, the differential inequality (4.9) yields

0 0 2
—logm(0 /—logm ds>/ 1% dsz/ vsds——ﬂ.
0 0

— S 2

This calculation delivers the trace mgf bound (4.4). The proof of Lemma 4.3 is complete.

4.2.4. The Matriz Laplace Transform Argument. With Lemma 4.3 at hand, we quickly finish
the proof of Theorem 4.1. First, let us establish probability inequalities for the maximum eigenvalue.

The Laplace transform bound (3.1) and the trace mgf estimate (4.5) together yield

> < i . - _
P{\max(X) >t} < 0<}9Iif1/cd exp{ ot (09 + log(1 69))}

t
§d-exp{——+ log<1+%>}.
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 17

The second relation follows when we choose 6 = t/(v + ct). Similarly, the trace mgf bound (4.6)
delivers

v6?
P{dpnax(X) >t} < f d- —0t
Pmax(X) 2t} < dnf exp{ * (1—09)}
2

:d'exp{—%(l— V1+ 2t /v) }

t2
<doexplo—1"
- exp{ 2v+20t}’

because the infimum occurs at § = (1 — 1/4/1+ 2c¢t/v)/c. The final inequality depends on the

numerical fact
2

(1—\/1—|—2:E)221j_ for all x > 0.
x

To control the expectation of the maximum eigenvalue, we combine the Laplace transform bound (3.3)

and the trace mgf bound (4.6) to see that

1 vh?
Elpax(X) < inf - |1 —| =+/20vl log d.
Amax (X)) 0<19121/C 7 ogd+2(1_69) v 2vlogd+ clogd

The second relation can be verified using a computer algebra system.
Next, we turn to results for the minimum eigenvalue. Combine the matrix Laplace transform

bound (3.2) with the trace mgf bound (4.4) to reach

2
P{Amin(X) < -t} <d- mf exp{Ht—k%}:d.e—tz/?v'

The infimum is attained at § = —t/v. To compute the expectation of the minimum eigenvalue, we

apply the Laplace transform bound (3.4) and the trace mgf bound (4.4), whence

2
E Amin(X) > sup 7 [logd + %} = —/2vlogd.
6<0

The supremum is attained at § = —y/2v~!log d.

5. Refined Exponential Concentration for Random Matrices. Although Theorem 4.1
is a strong result, the hypothesis Ax < ¢X 4+ v I on the conditional variance is too stringent for
many situations of interest. Our second major result shows that we can use the typical behavior of
the conditional variance to obtain tail bounds for the maximum eigenvalue of a random Hermitian

matrix.
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18 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

THEOREM 5.1 (Refined Concentration for Random Matrices).  Suppose that (X, X') € H? x HY

18 a matrixz Stein pair, and assume that X is almost surely bounded in norm. Define the function
1 _

(5.1) r(y) = v logEtre¥2X  for each ¢ > 0,

where Ax is the conditional variance (2.4). Then, for all t > 0 and all p > 0,

—42
(5.2) P {Amax(X) >t} < d-exp {m} .

Furthermore, for all ¢ > 0,

logd
(5.3) E Amax(X) < V/2r(¥)logd + Nk

This theorem is essentially a matrix version of a result from Chatterjee’s thesis [7, Thm. 3.13].

The proof of Theorem 5.1 is similar in spirit to the proof of Theorem 4.1, so we postpone the
demonstration until Appendix A.

Let us offer some remarks to clarify the meaning of this result. Recall that A x is a stochastic
approximation for the variance of the random matrix X. We can interpret the function r(¢) as a
measure of the typical magnitude of the conditional variance. Indeed, the matrix Laplace transform

result, Proposition 3.3, ensures that

E:Arnax(ZXJK) < inf [T(dQ +

log d
>0 '

(8

The import of this inequality is that we can often identify a value of ¥ to make r(¢) ~ E Apax(Ax).
Ideally, we also want to choose (1)) > 1~1/2 so that the term r(¢)) drives the tail bound (5.2)
when the parameter ¢ is small. In the next subsection, we show that these heuristics yield a matrix

Bernstein inequality.

5.1. Application: The Matrix Bernstein Inequality. As an illustration of Theorem 5.1, we estab-
lish a tail bound for a sum of centered, independent random matrices that are subject to a uniform

norm bound.

COROLLARY 5.2 (Matrix Bernstein). Consider an independent sequence (Yj)r>1 of random

matrices in H? that satisfy

EY, =0 and |Yi|| <R for each index k.
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MATRIX CONCENTRATION VIA EXCHANGEABLE PAIRS 19

Then, for allt >0,
—t2

]P’{)\max (Zk Yk) > t} < d-exp{m} for o2 = HZkEY,fH :

Furthermore,

E A (Zk Yg) < ov/3logd + Rlogd.

Corollary 5.2 is directly comparable with other matrix Bernstein inequalities in the literature.
The constants are slightly worse than [49, Thm. 1.4] and slightly better than [35, Thm. 1.2]. The
hypotheses in the current result are somewhat stricter than those in the prior works. Neverthe-
less, the proof provides a template for studying more complicated random matrices that involve

dependent random variables.

PRrROOF. Consider the matrix Stein pair (X, X’) described in Section 2.4. The calculation (2.6)

shows that the conditional variance of X satisfies

1

The function r(¢)) measures the typical size of Ax. To control r(¢), we center the conditional

variance and reduce the expression as follows.

(1) = %bgzﬁztrewx < %bgzﬁztrexp{qpmx ~-EAx)+v|EAx] I}
= ilogEtr [ed’”z cexp{Y(Ax —EAx)}]

1 _
(5.4) =0+ ” log E tr e¥(Ax—EAX),

The inequality depends on the monotonicity of the trace exponential [38, Sec. 2]. Afterward, we
have applied the identity |[E Ax|| = ||E X?|| = 0%, which follows from (2.5) and the independence
of the sequence (Yj)r>1.

Introduce the centered random matrix

1
(5.5) W = AX_EAXZng (Y2 -EY?).

Observe that W consists of a sum of centered, independent random matrices, so we can study it

using the matrix Stein pair discussed in Section 2.4. Adapt the conditional variance calculation (2.6)
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20 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

to obtain
11
Aw =513 [ -EV) +E(YZ -EYY)’]
1
<3, [2Yk +2(EYR)’ +IEY}€4—(EY,€2)2}
1
<1, (W +EY).

To reach the second line, we apply the operator convexity (1.1) of the matrix square to the first
parenthesis, and we compute the second expectation explicitly. The third line follows from the

operator Jensen inequality (1.2). To continue, make the estimate Yk4 < R? Y}f in both terms. Thus,

}%2 n }%2 }%2 2
Aw < szzl (Y2+EY?) < — W+ 5L
The trace mgf bound, Lemma 4.3, delivers
2 22
(5.6) log mw () = log Efre?W < %.

To complete the proof, combine the bounds (5.4) and (5.6) to reach

R?0%1
<4 "
") =t TR
In particular, it holds that r(R~2) < 1.502. The result now follows from Theorem 5.1. O

6. Polynomial Moments and the Spectral Norm of a Random Matrix. We can also
study the spectral norm of a random matrix by bounding its polynomial moments. To present these

results, we must introduce the family of Schatten norms.
DEFINITION 6.1 (Schatten Norm). For each p > 1, the Schatten p-norm is defined as
IBJ|, = (tr|B[")"" for B € M.

In this setting, |B| := (B*B)'/2. Bhatia’s book [2, Ch. IV] contains a detailed discussion of these

norms and their properties.

The following proposition is a matrix analog of the Chebyshev bound from classical probability.
As in the scalar case [27, Exer. 1], this bound is at least as tight as the analogous matrix Laplace

transform bound (3.1).
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PROPOSITION 6.2 (Matrix Chebyshev Method). Let X be a random matriz. For all t > 0,

(6.1) P{||X| >t} <inf t7P. EHXHg.
p>1
Furthermore,
: p\1/p
(6.2) E|1X] < inf (EJXIE)""

PRrOOF. To prove (6.1), we use Markov’s inequality. For p > 1,
P{XI =t} <t™7 - EX||P =t E|[X["|<t™" Etr|X[",

since the trace of a positive matrix dominates the maximum eigenvalue. To verify (6.2), select p > 1.

Jensen’s inequality implies that
E||IX[ < (B[ X|")"" = B 1XF ) < Etr|X[")7.
Identify the Schatten p-norm and take infima to complete the bounds. O

7. Polynomial Moment Inequalities for Random Matrices. Our last major result demon-
strates that the polynomial moments of a random Hermitian matrix are controlled by the moments
of the conditional variance. By combining this result with the matrix Chebyshev method, Propo-
sition 6.2, we can obtain probability inequalities for the spectral norm of a random Hermitian

matrix.

THEOREM 7.1 (Matrix BDG Inequality). Let p = 1 or p > 1.5. Suppose that (X,X') is a

matriz Stein pair where E HXH%Z < 00. Then

(EIIX)2)® < \/2p—1-(E|ax|?)"®.

The conditional variance Ax is defined in (2.4).

REMARK 7.2 (Missing Values). Theorem 7.1 also holds when 1 < p < 1.5. In this range, our
bound for the constant is v/4p — 2. The proof requires a variant of the mean value trace inequality

for a convex function h.

Theorem 7.1 extends a scalar result of Chatterjee [6, Thm. 1.5(iii)] to the matrix setting. Chatter-

jee’s bound can be viewed as an exchangeable pairs version of the Burkholder-Davis—Gundy (BDG)

imsart-aop ver. 2011/12/01 file: stein-v23.tex date: October 4, 2013



22 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

inequality from classical martingale theory [4]. Other matrix extensions of the BDG inequality ap-
pear in the work of Pisier—Xu [40] and the work of Junge-Xu [21, 22]. The proof of Theorem 7.1,

which applies equally to infinite dimensional operators X, appears below in Section 7.3.

7.1. Application: Matriz Khintchine Inequality. First, we demonstrate that the matrix BDG
inequality contains an improvement of the noncommutative Khintchine inequality [28, 29] in the
matrix setting. This result has been a dominant tool in several application areas over the last few

years, largely because of the articles [44, 45].

COROLLARY 7.3 (Matrix Khintchine). Suppose that p =1 orp > 1.5. Consider a finite sequence

(Yi)k>1 of independent, random, Hermitian matrices and a deterministic sequence (Ay)i>1 for

which
(7.1) EY, =0 and Y? < A} almost surely for each index k.
Then
2p 1/(2p) 9 9 1/2
<E“ZkYk“2p> <\p—05- H(Zk (42 +EY2)) .

In particular, when (e)k>1 is an independent sequence of Rademacher random variables,
2p\ 1/(2p) )
(7.2) <EHZk EkAkH2p> <\2p—1- H(Zk Ak)

ProOF. Consider the random matrix X = )", ¥j. We use the matrix Stein pair constructed in

1/2

2p

Section 2.4. According to (2.6), the conditional variance A x satisfies

_ 1 2 2y 1 2 2
Ax = §Zk(Yk +EY) < 5 Zk(Ak +EYY).
An application of Theorem 7.1 completes the argument. O

For all positive integers p, the optimal constant Cg), in (7.2) satisfies
Cop = (2p = )l = (2p)!/ (2 p)

as shown by Buchholz [3, Thm. 5]. Since (2p — 1)P/(2p — 1)!! < e?~1/2 for each positive integer
p, the constant in (7.2) lies within a factor /e of optimal. Previous methods for establishing the
matrix Khintchine inequality are rather involved, so it is remarkable that the simple argument
based on exchangeable pairs leads to a result that is so accurate. The same argument even yields

a result under the weaker assumption that >, Y;? < A? almost surely.
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7.2. Application: Matriz Rosenthal Inequality. As a second example, we can develop a more so-
phisticated set of moment inequalities that are roughly the polynomial equivalent of the exponential

moment bound underlying the matrix Bernstein inequality.

COROLLARY 7.4 (Matrix Rosenthal Inequality). Suppose that p = 1 or p > 1.5. Consider a

finite sequence (Py)i>1 of independent, random psd matrices that satisfy E ||Pk||§§ < co. Then

o2 (el ml) ™ <
IS, 2r) v (2, imig) "

Now, consider a finite sequence (Yy)r>1 of centered, independent, random Hermitian matrices, and

assume that E ||Yk\|3£ < 0. Then

(7.4) (IEHZ YkH >1/(4p
¢4p—_1H S E) | - (2 EImiE)”

Turn to Appendix B for the proof of Corollary 7.4. This result extends a moment inequality

4p

due to Nagaev and Pinelis [33], which refines the constants in Rosenthal’s inequality [43, Lem. 1].
See the historical discussion [39, Sec. 5] for details. An interesting application of Corollary 7.4
is to establish improved sample complexity bounds for masked sample covariance estimation [8]
when the dimension of a covariance matrix exceeds the number of samples. As we were finishing
this paper, we learned that Junge and Zheng have recently established a noncommutative moment

inequality [23, Thm. 0.4] that is quite similar to Corollary 7.4.

7.3. Proof of the Matrix BDG Inequality. In many respects, the proof of the matrix BDG
inequality is similar to the proof of the exponential concentration result, Theorem 4.1. Both are
based on moment comparison arguments that ultimately depend on the method of exchangeable
pairs and the mean value trace inequality.

Suppose that (X, X’) is a matrix Stein pair with scale factor «. First, observe that the result
for p = 1 already follows from (2.5). Therefore, we may assume that p > 1.5. Introduce notation

for the quantity of interest:

2 2
E:=E|X|Z =Etr|X|?.
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24 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

Rewrite the expression for E by peeling off a copy of | X|. This move yields
E=Etr[|X] |X[* "] =Etr [X -sgn(X) - | X[*"].
Apply the method of exchangeable pairs, Lemma 2.4, with F(X) = sgn (X) - | X|*~" to reach

b= %Etf [(X = X') - (sgn (X) - | X[~ —sgn (X)) - [ X[77)].

To verify the regularity condition (2.2) in Lemma 2.4, compute that

E|[(X — X7) - sgn (X) - | X7
<E(IXIIXIP=") +E (X 1x)177)
S Q(E ||XH2p )1/(2p)(E HX||2;D )(217—1)/210

=2E || X|* < .

We have used the fact that sgn (X)) is a unitary matrix, the exchangeability of (X, X”’), Holder’s
inequality for expectation, and the fact that the Schatten 2p-norm dominates the spectral norm.
We intend to apply the mean value trace inequality to obtain an estimate for the quantity F.

2p—2

Consider the function h : s — sgn (s) - |s|*’ "', Its derivative h/(s) = (2p — 1) - |5 is convex

because p > 1.5. Lemma 3.4 delivers the bound

E< 2p4; 1 Etr [(X _ X/)2 . (‘X’2p—2 + |X/‘2;D—2 )]

2p— 1
= L —Eu[(X - X)?|X[*’]

=2 —1)-Etr [Ax - | X[*7?].

The second line follows from the exchangeability of X and X'. In the last line, we identify the
conditional variance A x, defined in (2.4). As before, the moment bound E || X ng < 00 is strong
enough to justify using the pull-through property in this step.

To continue, we must find a copy of E within the latter expression. We can accomplish this goal

using one of the basic results from the theory of Schatten norms [2, Cor. IV.2.6].

PROPOSITION 7.5 (Hélder Inequality for Trace). Let p and q be Hélder conjugate indices, i.e.,

positive numbers with the relationship ¢ = p/(p — 1). Then
tr(BC) < |B|, |C||, for all B,C € M".
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To complete the argument, apply the Holder inequality for the trace followed by the Holder

inequality for the expectation. Thus,

E<(@2p-1)-E |:||AX||p ' H|X|2P_2HP/(19—1)]

=(p—1)-E[|Ax], - 1X]3]

<(@2p-1)- (E”AXHZ)I/P, (E“X“gg)(z’—l)/ﬁ

= @p—1)- (E|Ax|p)!” - Bo-/r,
Solve this algebraic inequality for the positive number E to conclude that
E<(p-17 E|ax]?.
Extract the (2p)th root to establish the matrix BDG inequality.

8. Extension to General Complex Matrices. Although, at first sight, it may seem that
our theory is limited to random Hermitian matrices, results for general random matrices follow as

a formal corollary [42, 49]. The approach is based on a device from operator theory [37].

DEFINITION 8.1 (Hermitian Dilation). Let B be a matrix in C%*92 and set d = d; + da. The

Hermitian dilation of B is the matrix

0 B g
2(B) = € H”.
B* 0

The dilation has two valuable properties. First, it preserves spectral information:
(8.1) Amax(2(B)) = [|2(B)]| = | B||-

Second, the square of the dilation satisfies

) BB* 0
(8.2) 2(B)* =
0 B*B
We can study a random matrix—mnot necessarily Hermitian—by applying our matrix concentra-

tion inequalities to the Hermitian dilation of the random matrix. As an illustration, let us prove a

Bernstein inequality for general random matrices.

imsart-aop ver. 2011/12/01 file: stein-v23.tex date: October 4, 2013



26 MACKEY, JORDAN, CHEN, FARRELL, AND TROPP

COROLLARY 8.2 (Bernstein Inequality for General Matrices).  Consider a finite sequence (Zy)i>1

of independent random matrices in CH*% that satisfy
EZ,=0 and |Zg]]| <R almost surely for each index k.
Define d :== dy + dg, and introduce the variance measure

0% := max {HZkE(ZkZZ;) ‘ZkE(Z;;Zk)H} .

)

Then, for allt >0,

o P A 2 ) <o (g |

Furthermore,
(8.4) IEHZk zkH < o+/3logd + Rlogd.

ProOF. Consider the random series ), Z(Z},). The summands are independent, random Her-

mitian matrices that satisfy
E2(Z,) =0 and ||2(Z)] <R.

The second identity depends on the spectral property (8.1). Therefore, the matrix Bernstein inequal-
ity, Corollary 5.2, applies. To state the outcome, we first note that Amax(>_) 2(Z1)) = 1>k Zkl,

again because of the spectral property (8.1). Next, use the formula (8.2) to compute that

[semzzn o N
DO 0 SEZzY || 2'

This observation completes the proof. O

Corollary 8.2 has important implications for the problem of estimating a matrix from noisy
measurements. Indeed, the bound (8.4) leads to a sample complexity analysis for matrix comple-
tion [13]. Moreover, a variety of authors have used tail bounds of the form (8.3) to control the error

of convex optimization methods for matrix estimation [16, 42, 34, 30].

9. A Sum of Conditionally Independent, Zero-Mean Matrices. A chief advantage of the
method of exchangeable pairs is its ability to handle random matrices constructed from dependent
random variables. In this section, we briefly describe a way to relax the independence requirement
when studying a sum of random matrices. In Sections 10 and 11, we develop more elaborate

examples.
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9.1. Formulation. Let us consider a finite sequence (Y7,...,Y,) of random Hermitian matrices
that are conditionally independent given an auxiliary random element Z. Suppose moreover that
(9.1) E[Y:|Z] =0 almost surely for each index k.
We are interested in the sum of these conditionally independent, zero-mean random matrices:
(9.2) X =Y+ +Y,.

This type of series includes many examples that arise in practice.

EXAMPLE 9.1 (Rademacher Series with Random Matrix Coefficients). Consider a finite se-
quence (Wy),>1 of random Hermitian matrices. Suppose the sequence (gx)x>1 consists of indepen-
dent Rademacher random variables that are independent from the random matrices. Consider the

random series
Zk Ek Wk.
The summands may be strongly dependent on each other, but the independence of the Rademacher

variables ensures that the summands are conditionally independent and of zero mean (9.1) given

Z = (Wg)i>1.

9.2. A Matriz Stein Pair. Let us describe how to build a matrix Stein pair (X, X’) for the
sum (9.2) of conditionally independent, zero-mean random matrices. The approach is similar to the
case of an independent sum, which appears in Section 2.4. For each k, we draw a random matrix
Y} so that Y} and Y}, are conditionally i.i.d. given (Y});;. Then, independently, we draw an index

K uniformly at random from {1,...,n}. As in Section 2.4, the random matrix
X' =Y+ -+ Y 1+ Y+ Y+ +Y,

is an exchangeable counterpart to X. The conditional independence and conditional zero-mean (9.1)

assumptions imply that, almost surely,
B[V} | (Y)) k] = E[Yk | (¥)) 6] = B E[Yk | Z] | (Y;);4] = O.
Hence,
E[X — X'[(Y));j21] = E[Yk — Y | (¥]);21]

Ly~ — 1
= Y (BN ()ul) = ) V=X
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Therefore, (X, X') is a matrix Stein pair with scale factor o = n=L.

We can determine the conditional variance after a short argument that parallels the computation

(2.6) in the independent setting:

Ax =5 -E[(Yi = Yi)* | (Y))21]

9.3 = (VR (V)]

o3

The expression (9.3) shows that, even in the presence of some dependence, we can control the size
of the conditional expectation uniformly if we control the size of the individual summands.

Using the Stein pair (X, X’) and the expression (9.3), we may develop a variety of concentration
inequalities for conditionally independent, zero-mean sums that are analogous to our results for

independent sums. We omit detailed examples.

10. Combinatorial Sums of Matrices. The method of exchangeable pairs can also be ap-
plied to many types of highly symmetric distributions. In this section, we study a class of combi-

natorial matriz statistics, which generalize the scalar statistics studied by Hoeffding [18].

10.1. Formulation. Consider a deterministic array (Ajk)? w—1 of Hermitian matrices, and let 7

be a uniformly random permutation on {1,...,n}. Define the random matrix
n 1 n
(10.1) Y = i Ajrj) whose mean REY = - Zj,k:l Ajp.

The combinatorial sum Y is a natural candidate for an exchangeable pair analysis. Before we
describe how to construct a matrix Stein pair, let us mention a few problems that lead to a random

matrix of the form Y.

ExXAMPLE 10.1 (Sampling without Replacement). Consider a finite collection % := {By,..., B,}
of deterministic Hermitian matrices. Suppose that we want to study a sum of s matrices sampled

randomly from 2 without replacement. We can express this type of series in the form

W = ° B

j=1 m(j)>

where 7 is a random permutation on {1,...,n}. The matrix W is therefore an example of a

combinatorial sum.
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ExaMpPLE 10.2 (A Randomized “Inner Product”). Consider two fixed sequences of complex

matrices

By,...,B,eCh"** and C,,...,C, c C*%,

We may form a permuted matrix “inner product” by arranging one sequence in random order,
multiplying the elements of the two sequences together, and summing the terms. That is, we are

interested in the random matrix
n
Z:=) o1 BiCri):

This random matrix Z(Z) is a combinatorial sum of Hermitian matrices.

10.2. A Matriz Stein Pair. To study the combinatorial sum (10.1) of matrices using the method

of exchangeable pairs, we first introduce the zero-mean random matrix
X =Y -EY.

To construct a matrix Stein pair (X, X'), we draw a pair (J, K) of indices independently of 7 and
uniformly at random from {1,...,n}?. Define a second random permutation 7’ := 7 o (J, K) by
composing 7 with the transposition of the random indices J and K. The pair (7, 7’) is exchangeable,
SO

n

X, = =1 A]W’(j) —-EY

is an exchangeable counterpart to X.

To verify that (X, X’) is a matrix Stein pair, we calculate that
EX — X'|7] = E [A () + Akn(x) = Asn(i) = An(n) | 7]

1 n
= 3Dy [Aiet) + Aklt) — Ajrr) — k()]

2 2
=Z(Y-EY)=:X.
n n

The first identity holds because the sums X and X' differ for only four choices of indices. Thus,
(X, X') is a Stein pair with scale factor o = 2/n.

Turning to the conditional variance, we find that

Ax(m) = TE[(X - X')?|x]
1 n 2
(10.2) = ZMZl [Ajr() + Akn(r) = Ajn() — Akn(p)]
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The structure of the conditional variance differs from previous examples, but we recognize that

A x is controlled when the matrices A;; are bounded.

10.3. Ezxponential Concentration for a Combinatorial Sum. We can apply our matrix concen-
tration results to study the behavior of a combinatorial sum of matrices. As an example, let us
present a Bernstein-type inequality. The argument is similar to the proof of Corollary 5.2, so we

leave the details to Appendix C.

COROLLARY 10.3 (Bernstein Inequality for a Combinatorial Matrix Sum). Consider an array

(Ajk)?kzl of deterministic matrices in H? that satisfy
an . Ajr =0 and ||Ajl| <R for each pair (j,k) of indices.
]7 -

Define the random matric X := Z;‘L:I Ajr(j), where m is a uniformly random permutation on
{1,...,n}. Then, for allt >0,

—t2 1 n
STINS < Py G Gy e |
{ (X)zt} < exp{1202—|—4\/§Rt} Joro n Zj,k:l gk

Furthermore,

E Amax(X) < 04/121log d + 2v/2 Rlog d.

11. Self-Reproducing Matrix Functions. The method of exchangeable pairs can also be
used to analyze nonlinear matrix-valued functions of random variables. In this section, we explain

how to analyze matrix functions that satisfy a self-reproducing property.

11.1. Ezample: Matrixz Second-Order Rademacher Chaos. We begin with an example that shows
how the self-reproducing property might arise. Consider a quadratic form that takes on random

matrix values:

(11.1) H(e) := Zk Zj<k gjek Ajk.

In this expression, € is a finite vector of independent Rademacher random variables. The array
(Aji)jk>1 consists of deterministic Hermitian matrices, and we assume that A, = Ay;.
Observe that the summands in H(e) are dependent, and they do not satisfy the conditional

zero-mean property (9.1) in general. Nevertheless, H(g) does satisfy a fruitful self-reproducing
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property:

> (H(E) —EH(e) | () =D >, eilen — Eler) Aj
= Zk Z#k ejerAjr =2H(¢g).

We have applied the pull-through property of conditional expectation, the assumption that the
Rademacher variables are independent, and the fact that Aj, = Ay;. As we will see, this type of
self-reproducing condition can be used to construct a matrix Stein pair.

A random matrix of the form (11.1) is called a second-order Rademacher chaos. This class of ran-
dom matrices arises in a variety of situations, including randomized linear algebra [11], compressed
sensing [41, Sec. 9], and chance-constrained optimization [9]. Indeed, concentration inequalities for

the matrix-valued Rademacher chaos have many potential applications.

11.2. Formulation and Matriz Stein Pair. In this section, we describe a more general version
of the self-reproducing property. Suppose that z := (Zy,...,Z,) is a random vector taking values

in a Polish space Z. First, we construct an exchangeable counterpart
(11.2) Z/ = (Zl,...,ZK_l,Z}(,ZK_H,...,Zn)

where Zj, and Zj, are conditionally i.i.d. given (Z;);x; and K is an independent coordinate drawn
uniformly at random from {1,...,n}.
Next, let H : Z — H? be a bounded measurable function. Assume that H (z) satisfies an abstract

self-reproducing property: for a parameter s > 0,
ZZ:1 (H(z) —E[H(2)|(Zj)j+]) =s- (H(z) —EH(z)) almost surely.
Under this assumption, we can easily check that the random matrices
X:=H(2)-EH(z) and X' :=H(2)-EH(z)

form a matrix Stein pair. Indeed,

E[X — X'| 2] = E[H(z) — H(2)| 2] = %(H(z) ~EH(2)) = %X.

We see that (X, X’) is a matrix Stein pair with scaling factor o = s/n.
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Finally, we compute the conditional variance:

Ax(z) = —E[(H(z) - H(z))?| ]

2s
(11.3) = 2% ZzlE (H(z) — H(Zy,....Z},....Z,))%| 2].

We discover that the conditional variance is small when H has controlled coordinate differences. In
this case, the method of exchangeable pairs provides good concentration inequalities for the random

matrix X.

11.3. Matriz Bounded Differences Inequality. As an example, we can develop a bounded differ-

ences inequality for random matrices by appealing to Theorem 4.1.

COROLLARY 11.1 (Matrix Bounded Differences). Let z := (Z1,...,Z,) be a random vector
taking values in a Polish space Z, and, for each index k, let Z) and Zj, be conditionally i.i.d. given

(Zj)j#k- Suppose that H : Z — HY is a function that satisfies the self-reproducing property
Zzzl (H(z) —E[H(2)|(Z;)jzk])) =s- (H(z) —EH(z)) almost surely
for a parameter s > 0 as well as the bounded differences condition
(11.4) E[(H(z) - H(Z,...,Z,... ,Zn))2 | z] < A2 for each index k
almost surely, where Ay, is a deterministic matriz in H®. Then, for all t >0,
P {Amax(H(z) ~EH(2)) >t} <d-e**/F for L:= HZZZI AiH .

Furthermore,
E Mo (H (2) — E H(2)) < | 2282
s

In the scalar setting, Corollary 11.1 reduces to a version of McDiarmid’s bounded difference in-
equality [31]. The result also complements the matrix bounded difference inequality of [49, Cor. 7.5],

which requires independent input variables but makes no self-reproducing assumption.

PROOF. Since H(z) is self-reproducing, we may construct a matrix Stein pair (X, X') with scale

factor o = s/n as in Section 11. According to (11.3), the conditional variance of the pair satisfies

1 n / ,
:%ZkZIE[(H(z)_H(Zl,,Zk,,Zn)) |z]
1 n 9 L

< — Al < — L
2s k=1 2s

Ax
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We have used the bounded differences condition (11.4) and the definition of the bound L. To
complete the proof, we apply the concentration result, Theorem 4.1, with the parameters ¢ = 0 and

v=1L/2s. O

APPENDIX A: PROOF OF THEOREM 5.1

The proof of the refined exponential concentration bound, Theorem 5.1, parallels the argument
in Theorem 4.1, but it differs at an important point. In the earlier result, we used an almost sure
bound on the conditional variance to control the derivative of the trace mgf. This time, we use
entropy inequalities to introduce finer information about the behavior of the conditional variance.
The proof is essentially a matrix version of Chatterjee’s argument [7, Thm. 3.13].

Our main object is to bound the trace mgf of X in terms of the trace mgf of the conditional

variance. The next result summarizes our bounds.

LEMMA A.1 (Refined Trace Mgf Estimates). Let (X, X') be a matriz Stein pair, and assume
that X is almost surely bounded in norm. Then the normalized trace mgf m(0) := Etre®X satisfies

the bounds

1 1 _
logm(0) < 3 log <m> log I tr e?Ax
(A1) < ﬂbgﬂitﬁredﬂx for >0 and 0 <0 < /1
' a 2(1 - 6%/4) - '
We establish Lemma A.1 in Section A.1 et seq. Afterward, in Section A.5, we invoke the matrix

Laplace transform bound to complete the proof of Theorem 5.1.

A.1. The Derivative of the Trace Mgf. The first steps of the argument are the same as in
the proof of Theorem 4.1. Since X is almost surely bounded, we need not worry about regularity

conditions. The derivative of the trace mgf satisfies
(A.2) m'(0) =Etr [ Xe'X] for 6 € R.
Lemma 3.7 provides a bound for the derivative in terms of the conditional variance:

(A.3) m'(0) < 0-Etr [Ax e?X] for 6 > 0.
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In the proof of Lemma 4.3, we applied an almost sure bound for the conditional variance to control
the derivative of the mgf. This time, we incorporate information about the typical size of Ax by

developing a bound in terms of the function r(%).

A.2. Entropy for Random Matrices and Duality. Let us introduce an entropy function

for random matrices.

DEFINITION A.2 (Entropy for Random Matrices). Let W be a random matrix in Hjl_ subject

to the normalization Etr W = 1. The (negative) matriz entropy is defined as
(A.4) ent(W) := E tr(W log W).
We enforce the convention that 0log0 = 0.

The matrix entropy is relevant to our discussion because its Fenchel-Legendre conjugate is the
cumulant generating function. The Young inequality for matrix entropy offers one way to formulate

this duality relationship.

PROPOSITION A.3 (Young Inequality for Matrix Entropy). Suppose that V' is a random matrix
in H? that is almost surely bounded in norm, and suppose that W is a random matriz in Hi subject

to the normalization Etr W = 1. Then
Etr(VW) < logEfre¥ + ent(W).
Proposition A.3 follows from a variant of the argument in [5, Thm. 2.13].

A.3. A Refined Differential Inequality for the Trace Mgf. We intend to apply the Young
inequality for matrix entropy to decouple the product of random matrices in (A.3). First, we must

rescale the exponential in (A.3) so its expected trace equals one:

b ex 1 gx
(A.5) W) = gz e =

For each ¢ > 0, we can rewrite (A.3) as

m'(0) <
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The Young inequality for matrix entropy, Proposition A.3, implies that

(A.6) m'(0) < 20

log B tre¥2X + ent(W(6))] .

The first term in the bracket is precisely ¢ r(1)). Let us examine the second term more closely.
To control the matrix entropy of W (#), we need to bound its logarithm. Referring back to the

definition (A.5), we see that
(A.7) log W (0) = 0X — (logEtre’*) I< 60X — (logtre’® ) . I=0X.

The second relation depends on Jensen’s inequality and the fact that the trace exponential is
convex [38, Sec. 2]. The third relation relies on the property that E X = 0. Since the matrix W (9)
is positive, we can substitute the semidefinite bound (A.7) into the definition (A.4) of the matrix
entropy:

ent(W (0)) = Efx [W(0) - log W (6)]

<0-E&[W(0) X] = % Efr [XefX].

We have reintroduced the definition (A.5) of W (0) in the last relation. Identify the derivative (A.2)

of the trace mgf to reach

(A.8) ent(W(0)) < %/é?)

To establish a differential inequality, substitute the definition (5.1) of r(¢)) and the bound (A.8)

into the estimate (A.6) to discover that

Om(0) Om'(0) 62
m'(0) < r + =r 0-m(0)+— -m'(6).
Q wr(w) + 2 = )6 mio) + - ni6)
Rearrange this formula to isolate the log-derivative m/(6)/m(6) of the trace mgf. We conclude that
d r(¢) 6
: — <7 < ,
(A.9) dHIOgm(e)_l—Hz/w for0_9<ﬂ

A.4. Solving the Differential Inequality. To integrate (A.9), recall that logm(0) = 0, and

invoke the fundamental theorem of calculus to reach
0 0
d r(y)s Yr(y) 1
1 0) = — 1 ds < —=—ds= 1 .
ogm(f) /Odsogm(s) s_/o Ty s 5 log =20
We can develop a weaker inequality by making a further approximation within the integral:
0 0 2
r(¥)s / r(¥)s r(y)6
log m(6 </7ds< ——ds=——"">—.
am@) = ) T2 S T T s - )
These calculations are valid when 0 < 6 < 1/}, so the claim (A.1) follows.
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A.5. The Matrix Laplace Transform Argument. With the trace mgf bound (A.1) at
hand, we can complete the proof of Theorem 5.1. Proposition 3.3, the matrix Laplace transform

method, yields the estimate

92
P{pax(X) >t} <d- inf —6t +
{ (X) 2t} 0<gif p{ 1—92/”@}
92
<d- inf —6t +
=0 oty eXp{ 1—9/f>}
r(Y)y

:d-exp{ (1—\/1+2t/ )f))Q}

t2
e {_2r<w> + 2,5/\/@} |
since the infimum occurs at 6 = /4 — /4b/+/1 + 2t/(r(1)\/1). This delivers the tail bound (5.2).

To establish the inequality (5.3) for the expectation of the maximum eigenvalue, we can apply

Proposition 3.3 and the trace mgf bound (A.1) a second time. Indeed,

1 e ]
E Amax(X) < 0<16ng 7 [logd—l— 20— 67/%)
1 r(1))6? } B log d
< o<lerif\/_ 7 [logd—i— =0/ 2r(¢)log d + Vo

This completes the proof of Theorem 5.1.

APPENDIX B: PROOF OF THEOREM 7.4

The proof of the matrix Rosenthal inequality takes place in two steps. First, we verify that the
bound (7.3) holds for psd random matrices. Then, we use this result to provide a short proof of the
bound (7.4) for Hermitian random matrices. Before we start, let us remind the reader that the L,

norm of a scalar random variable Z is given by (E|Z|")'/? for each p > 1.

B.1. A Sum of Random Psd Matrices. We begin with the moment bound (7.3) for an

independent sum of random psd matrices. Introduce the quantity of interest

<EHZ H >1/<2p)'

We may invoke the triangle inequality for the Lg, norm to obtain
2p\ 1/(2P)
. m-Enf, ) [, ER|
< EE: " k) * jz:k ¥ 2p

= (E1x1%)" +
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We can apply the matrix BDG inequality to control this expectation, which yields an algebraic

inequality between E? and E. We solve this inequality to bound EZ.
The series X consists of centered, independent random matrices, so we can use the Stein pair

described in Section 2.4. According to (2.6), the conditional variance A x takes the form

Ax =23 [(P.—EP)? +E(P,— EP)’]
2 k

1
<50, [2PE+2EP)’ +EP] — (EP)’]

<>, (PR+EPR}).

The first inequality follows from the operator convexity (1.1) of the square function; the second

expectation is computed exactly. The last bound uses the operator Jensen inequality (1.2). Now,

the matrix BDG inequality yields
1/(2p)
B2 < Vop—1- (Elax]p) " +u
»\ 1/(2p)
S\/Qp—1-<IEHZk(Pk2+EP,€2)H ) +p
P
L|IP 1/(2p)
<ap—2. <EHZkPka> + e

The third line follows from the triangle inequality for the L, norm and Jensen’s inequality.
Next, we search for a copy of E? inside this expectation. To accomplish this goal, we want to

draw a factor P} off of each term in the sum. The following result of Pisier and Xu [40, Lem. 2.6]

has the form we desire.

PROPOSITION B.1 (A Matrix Schwarz-Type Inequality). Consider a finite sequence (Ay)k>1 of

deterministic psd matrices. For each p > 1,

IS a2 = (i)™ 52, A,

Apply the matrix Schwarz-type inequality, Proposition B.1, to reach
1/2 P
2 2p
2 <yt [o(3, 1m) " |3, A,
1/(4p) 2\ /()
— . 2p
<vir—z (L i) (B[, A) e

1/(2p)
|
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The second bound is the Cauchy—Schwarz inequality for expectation. The resulting estimate takes

the form E? < ¢FE + pu. Solutions of this quadratic inequality must satisfy £ < ¢ + V. We reach

pevip-2 (X Erdg) "+ | ma))

Square this expression to complete the proof of (7.3).

B.2. A Sum of Centered, Random Hermitian Matrices. We are now prepared to estab-
lish the bound (7.4) for a sum of centered, independent, random Hermitian matrices. Define the
random matrix X := ), Y;. We may use the matrix Stein pair described in Section 2.4. According

0 (2.6), the conditional variance A x takes the form

1
Ax = §Zk (YZ+EYD).

The matrix BDG inequality, Theorem 7.1, yields

1/(4p) 1/(4p)
(EIxIE) " < VA —1- (El|Ax])

= < H YiﬂrEYk)

o\ 1/(49)
)
2\ 1/(40)
<Vip—1- <E sz Y,3H2p>

The third line follows from the triangle inequality for the Lo, norm and Jensen’s inequality. To

bound the remaining expectation, we simply note that the sum consists of independent, random psd

matrices. We complete the proof by invoking the matrix Rosenthal inequality (7.3) and simplifying.

APPENDIX C: PROOF OF THEOREM 10.3

Consider the matrix Stein pair (X, X’) constructed in Section 10.2. The expression (10.2) and
the operator convexity (1.1) of the matrix square allow us to bound the conditional variance as

follows.

1 n 2
Ax(m) = E ij ) [Ajw( 5 T Akrk) — Ajr(k) — Alm(j)]

n Z] k=1 AJW(J T Akw(k) + Ayw(k) + Akw(j)]

n
2
—2 A? n§ oy A=W 4

j=1 Jm(5)
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where
1 n 2
=2 (Z]_ AjT((] ) —2¥ and X := E Zj,k:l A]k‘

Substitute the bound for A x (7) into the definition (5.1) of (1) to see that

(C.1) r(y) = ilogEtrewAX(“)

1 _
ElogEtre VIWHE) < Y52 4 = ” logEtr S

39

The inequalities follow from the monotonicity of the trace exponential [38, Sec. 2| and the fact that

02 = ||2||. Therefore, it suffices to bound the trace mgf of W.

Our approach is to construct a matrix Stein pair for W and to argue that the associated condi-

tional variance Awy (7) satisfies a semidefinite bound. We may then exploit the trace mgf bounds

from Lemma 4.3. Observe that W and X take the same form: both have mean zero and share the

structure of a combinatorial sum. Therefore, we can study the behavior of W using the matrix

Stein pair from Section 10.2. Adapting (10.2), we see that the conditional variance of W satisfies

_ 1 " 2 2 2 2
Aw(m) = —ij AT+ Al — Alre) — Ak

4 4
<5 Z] vt [Ain) + Abrty T Ay + Ain()]

AR A2 A A2 A2
ST ch:l[ in() T Akn() t Afnr) + Akn(i))-

In the first line, the centering terms in W cancel each other out. Then we apply the operator

convexity (1.1) of the matrix square and the bound A?k < RzAgk. Finally, identify W and X to

reach
(C.2) Aw (1) < 4R* (W +4X) < 4R* - W + 16R*0” - 1.

The matrix inequality (C.2) gives us access to established trace mgf bounds. Indeed,

log Etre¥W < %
as a consequence of Lemma 4.3 with parameters ¢ = 4R? and v = 16R?0?.

At last, we substitute the latter bound into (C.1) to discover that
8R%c%)

2
r(¢) <do” + Ty

In particular, setting ¢ = (8R?)~!, we find that r(¢)) < 60%. Apply Theorem 5.1 to wrap up.
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