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the problem of factorizing a given nonnegative data matrix X
into two matrix factors, i.e., X ≈ AB, while requiring A and
B to be nonnegative. Originally proposed for finding parts-ofwhole decompositions of images, NMF has been shown to be
useful in a variety of applied settings [16, 20, 12, 2]. Algorithmic extensions of NMF have been developed to accommodate a variety of objective functions [3, 7] and a variety of data
analysis problems. Based on the connection to NMF, we develop simple, provably-convergent algorithms for solving the
consensus clustering and semi-supervised clustering problems.
We conduct experiments on real world datasets to demonstrate
the effectiveness of the new algorithms.

Abstract
Consensus clustering and semi-supervised clustering are
important extensions of the standard clustering paradigm.
Consensus clustering (also known as aggregation of clustering) can improve clustering robustness, deal with distributed
and heterogeneous data sources and make use of multiple clustering criteria. Semi-supervised clustering can integrate various forms of background knowledge into clustering. In this
paper, we show how consensus and semi-supervised clustering
can be formulated within the framework of nonnegative matrix factorization (NMF). We show that this framework yields
NMF-based algorithms that are: (1) extremely simple to implement; (2) provably correct and provably convergent. We
conduct a wide range of comparative experiments that demonstrate the effectiveness of this NMF-based approach.

2 NMF-Based Formulation of Consensus Clustering
Formally let X = {x1 , x2 , · · · , xn } be a set of n data points.
Suppose we are given a set of T clusterings (or partitions) P =
{P1 , P2 , · · · , PT } of the data points in X. Each partition Pt ,t =
1, · · · , T , consists of a set of clusters Ct = {C1t ,C2t , · · · ,Ckt }
where k is the number of clusters for partition Pt and X =
k
t
`=1 C` . Note that the number of clusters k could be different for different clusterings.
There are several equivalent definitions of objective functions for aggregation of clustering. Following [11], we define the distance between two partitions P1 , P2 as d(P1 , P2 ) =
∑ni, j=1 di j (P1 , P2 ), where the element-wise distance is defined
as

1 Introduction
Consensus clustering and semi-supervised clustering have
emerged as important elaborations of the classical clustering
problem. Consensus clustering, also called aggregation of
clustering, refers to the situation in which a number of different clusterings have been obtained for a particular dataset
and it is desired to find a single clustering which is a good
fit in some sense to the existing clusterings. Many additional problems can be reduced to the problem of consensus clustering; these include ensemble clustering, clustering
of heterogeneous data sources, clustering with multiple criteria, distributed clustering, three-way clustering, and knowledge reuse [13, 11, 18, 10]. Semi-supervised clustering refers
to the situation in which constraints are imposed on pairs of
data points; in particular, there may be “must-link constraints”
(two data points must be clustered into the same cluster) and
“cannot-link constraints” (two data points can not be clustered
into the same cluster) [19].
In this paper, we show that the consensus clustering
and semi-supervised clustering problems can be usefully approached from the point of view of nonnegative matrix factorization. Nonnegative matrix factorization (NMF) refers to
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di j (P , P ) =
1

0
1

2

(i, j) ∈ Ck (P1 ) and (i, j) 6∈ Ck (P2 )
(i, j) ∈ Ck (P2 ) and (i, j) 6∈ Ck (P1 )
otherwise

(1)

where (i, j) ∈ Ck (P1 ) means that i and j belong to the same
cluster in partition P1 and (i, j) 6∈ Ck (P1 ) means that i and j
belong to different clusters in partition P1 .
A simpler approach is to define the connectivity matrix as

1 (i, j) ∈ Ck (Pt )
Mi j (Pt ) =
(2)
0
otherwise
We can easily see that

di j (P1 , P2 ) = |Mi j (P1 ) − Mi j (P2 )|
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= [Mi j (P1 ) − Mi j (P2 )]2
1

There are on the order of n3 of these inequality constraints.
Solving the optimization problem satisfying these order n3
constraints could be quite difficult.

because |Mi j (P1 ) − Mi j (P2 )| = 0 or 1.
We look for a consensus partition (consensus clustering) P∗
which is the closest to all the given partitions:
min
J=
∗
P

1 T
1 T n
d(Pt , P∗ ) = ∑ ∑ [Mi j (Pt ) − Mi j (P∗ )]2 .
∑
T t=1
T t=1 i, j=1

2.2

Fortunately, these constraints can be imposed in a different
way which is easy to enforce. The clustering solution can be
specified by clustering indicators H = {0, 1}n×k , with the constraint that in each row of H there can be only one “1” and the
other entries must be zeros.
Now it is easy to show that

Let Ui j = Mi j
denote the solution to this optimization
problem. U is a connectivity matrix. Let the consensus (averT
ei j = 1 ∑t=1
Mi j (Pt ). Deage) association between i and j be M
T
fine the average squared difference from the consensus associe ∆M 2 = 1 ∑t ∑i j [Mi j (Pt ) − M
ei j ]2 . Clearly, the smaller
ation M:
T
2
∆M , the closer to each other the partitions are. This quantity
is a constant. We have
1
J =
∑(Mi j (Pt ) − Mei j + Mei j −Ui j )2
T∑
t ij
(P∗ )

Therefore consensus clustering takes the form of the following
optimization problem:

e − HH T ||2
min ||M

n

∑ (Mei j −Ui j )2 = ||Me −U||2.

H

i, j=1

D = diag(H T H) = diag(n1 , · · · , nk ).
We have H T H = D. Now, we can write the optimization problem as
e − HH T ||2
min
||M
(13)

Dealing with Constraints

Let U denote a solution of the consensus clustering problem. Being a connectivity matrix, U is characterized by a set
of constraints. Consider any three nodes i, j, k. Suppose i, j belong to the same cluster: Ui j = 1. If j and k belong to the same
cluster (U jk = 1), then i and k must belong to the same cluster
(Uik = 1). On the other hand, if j and k belong to a different
cluster (U jk = 0), then i and k must belong to a different cluster
(Uik = 0). These two conditions can be expressed as
Ui j = 1, Uik = 1, U jk = 1

(3)

Ui j = 1, Uik = 0, U jk = 0

(4)

H T H=D,H≥0

where H is relaxed into a continuous domain.
The optimization in Eq. (13) is easier to solve than the optimization of Eq. (12). However, in Eq. (13) we need to prespecify D (the cluster sizes). But until the problem is solved
we do not know D. Therefore we need to eliminate D. For this
purpose, we define

(5)

Ui j = 0, Uik = 0, U jk = 1
Ui j = 0, Uik = 0, U jk = 0

(6)
(7)

e H
eT , H
eT H
e = H(H T H)−1 H = I.
HH T = HD

Therefore, the consensus clustering becomes the optimization
min

e T H=I,
e
e
H
H,D≥0

(8)
(9)

−Ui j +U jk +Uik ≤ 1.

(10)

e − HD
e H
e T ||2 , s.t. D diagonal.
||M

(14)

e T and D are obtained as solutions of the problem.
Now both H
We do not need to pre-specify the cluster sizes.
We have shown that the consensus clustering problem is
equivalent to a symmetric nonnegative matrix factorization
problem. In Section 3, we describe an algorithm to solve the
optimization problem in Eq. (14).

These five feasibility conditions can be combined into three
inequality constraints:
Ui j +U jk −Uik ≤ 1,
Ui j −U jk +Uik ≤ 1,

e = H(H T H)−1/2 ,
H

Thus

Now suppose that i and j belong to different clusters: Ui j = 0.
We have three possibilities:
Ui j = 0, Uik = 1, U jk = 0

(12)

where H is restricted to an indicator matrix.
Now, let us consider the relaxation of the above integer optimization. The constraint that in each row of H there is only one
nonzero element can be expressed as (H T H)k` = 0 for k 6= `.
Also (H T H)kk = |Ck | = nk . Let

where the matrix norm is the Frobenius norm. Therefore consensus clustering is equivalent to clustering the consensus association.
There are several formulations of consensus; for a survey
see [13]. Our presentation here focuses on a simple approach.
Our contribution is to show that NMF can effectively deal with
the complex constraints on Ui j that arise in this problem.

2.1

(11)

First, we note (HH T )i j is equal to the inner product between
row i of H and row j of H. Second, we consider two cases. (a)
When i and j belong to the same cluster, then row i must be
identical to row j; in this case (HH T )i j = 1. (b) When i and
j belong to different clusters, the inner product between row i
and row j is zero.
With U = HH T , the consensus clustering problem becomes

i, j

U

or Ui j = (HH T )i j .

U = HH T ,

ei j −Ui j )2 .
= ∆M 2 + ∑(M
min

NMF Formulation

2

2.3

3 Algorithm for Consensus Clustering

Beyond Consensus Clustering

In this section we show that there are many other problems that lead to an optimization problem of the form given
by Eq. (14). We consider the simplified case
min

e T H=I,
e
e
H
H≥0

e −H
eH
e T ||2
||M

The consensus clustering problem of Eq. (14) can be solved
by reducing it to the symmetric NMF problem:
min kW − QSQT k2 , s.t. QT Q = I.

(15)

Q≥0,S≥0

In Eq. (14) D is constrained to be a nonnegative diagonal matrix. More generally, we can relax D to be a generic symmetric
nonnegative matrix.
The optimization problem in Eq. (19) can be solved using
the following multiplicative update procedure:
s
(W QS) jk
Q jk ← Q jk
,
(20)
(QQT W QS) jk
s
(QT W Q)k`
Sk` ← Sk`
.
(21)
(QT QSQT Q)k`

2.3.1 Kernel K-means Clustering

ei j indicates, for each
The average consensus similarity matrix M
pair of points, the proportion of times they are clustered toei j measures some kind of
gether. From this point of view, M
association between i and j, and is a “similarity” between i
and j.
Given a matrix W of pairwise similarities, it is known [4]
that symmetric NMF
min

QT Q=I,Q≥0

||W − QQT ||2 .

(16)

Note that S is not restricted to being a diagonal matrix.
However, if at some point during the multiplicative update procedure S becomes diagonal, it will remain that way. This feature is utilized in the algorithm. The algorithm is derived from
the update algorithm for the following bi-orthogonal threefactor NMF problem, which is established to be correct and
convergent in [8].

is equivalent to kernel K-means clustering with W as the kernel: Wi j = φ(xi )T φ(x j ), where x → φ(x) defines the kernel
mapping.
2.3.2 Normalized Cut Spectral Clustering
Furthermore, the following symmetric NMF problem
min

QT Q=I,Q≥0

where

e − QQT ||2 ,
||W

4 Semi-supervised Clustering

(17)

A key problem in semi-supervised learning is that of enforcing must-link and cannot-link constraints in the framework
of K-means clustering. In many approaches the constraints are
added as penalty terms in the clustering objective function, and
they are iteratively enforced. In this paper, we show that the
NMF perspective allows these two constraints to be enforced in
a very simple and natural way within a centroid-less K-means
clustering algorithm [22].

e = D−1/2W D−1/2 , D = diag(d1 , · · · , dn ), di = ∑ wi j
W
j

is equivalent to Normalized Cut spectral clustering. Thus
Eq. (15) and Eq. (14) can be interpreted as clustering problems.

4.1

2.3.3 Semidefinite Programming
e − QQT ||2 = ||W
e ||2 + QT Q) − 2Tr(QT W
e Q)
||W
e Q).
Tr(QT W

max

H T H=I, H≥0

T

Q

(22)

For example, the nonzero entries of h1 gives the data points
belonging to the first cluster. For K-means and kernel K-means
the clustering objective function becomes

(18)

e Q) = max Tr(W
e QQ ) = max Tr(W
e Z)
max Tr(Q W
Q

K-means

nk

Xing and Jordan [21] propose to solve this problem through
semidefinite programming. They write
T

Constrained

z }| {
1/2
hk = (0, · · · , 0, 1, · · · , 1, 0, · · · , 0)T /nk

the first two terms are constants. Thus Eq. (17) becomes
max

Centroid-less
Clustering

We again represent solutions to clustering problems using a
cluster membership indicator matrix: H = (h1 , · · · , hK ), where

Note that in the quadratic form

QT Q=I,Q≥0

(19)

Jk = Tr(H T W H),

(23)

where W = (wi j ); wi j = xTi x j for K-means and wi j =
φ(xi )T φ(x j ) for kernel K-means .
In semi-supervised clustering, one performs clustering under two types of constraints [19]: (1) Must-link constraints encoded by a matrix

Z

where Z = QQT is positive semidefinite. This is a convex
semidefinite programming problem and a global solution can
be computed. However, once Z is obtained, there is still a challenging problem of recovering Q from Z. Clearly, this can be
formulated as minQ ||Z −QQT ||2 which is the same as Eq. (15).

A = {(i1 , j1 ), · · · , (ia , ja )}, a = |A|,
3

containing pairs of data points, where xi1 , x j1 are considered
similar and must be clustered into the same cluster, and (2)
Cannot-link constraints encoded by a matrix

4.2.1 Algorithm Description
Algorithm 2. Given an existing solution or an initial guess, we
iteratively improve the solution by updating the variables with
the following rule,
s
+
(W H)ik
Hik ← Hik
.
(28)
(W − H)ik + (HH T H)ik

B = {(i1 , j1 ), · · · , (ib , jb )}, b = |B|,
where each pair of points are considered dissimilar and are not
to be clustered into the same cluster.
It turns out that both must-link and cannot-link constraints
can be nicely implemented in the framework of Eq. (23). A
must-link pair (i1 , j1 ) implies that the overlap hi1 k h j1 k > 0 for
some k. Violation of this contraint implies that ∑Kk=1 hi1 k h j1 k =
(HH T )i1 j1 = 0. Therefore, we enforce the must-link constraints using the following optimization
max
H

4.2.2 Proof of Correctness and Convergence
We first consider the generic rectangular matrix X = X + − X − ,
where X + ≥ 0 and X − ≥ 0. We seek the factorization
min ||(X + − X −) − FGT ||2 .

(HH T )i j = ∑ Ai j (HH T )i j = TrH T AH.

∑

F,G≥0

ij

(i j)∈A

The update rules are

Similarly, a cannot-link constraint for the pair (i2 , j2 ) implies
that hi2 k h j2 k = 0 for k = 1, · · · , K. Thus ∑Kk=1 hi2 k h j2 k =
(HH T )i2 j2 = 0.
Violation of this contraint implies
(HH T )i2 j2 > 0. Therefore we enforce the the cannot-link constraints using the optimization
min
H

∑

ij

max

Tr[H T W H + αH T AH − βH T BH],

(24)

where the parameter α weights the must-link constraints in A
and β weights the cannot-link constraints in B.

4.2

Theorem 1 If the solution using update rule in Eq. (30) converges, the solution satisfies the KKT optimality condition.
Theorem 2 The update rule Eq. (30) converges.

W − = βB ≥ 0

A detailed proof can be found in Section 3.1 of the technical
report [6].

we write the semi-supervised clustering problem as follows:
max

Tr[H T (W + −W − )H],

(25)

4.3

Instead of solving this particular formulation, we transform to
standard NMF. Note that we have the equality:
= ||W + −W − ||2 + ||H T H||2 − ||(W + −W − ) − HH T ||2 ,

α  w̄; β  w̄;

Because the first term is a constant, and the second term is also
a constant due to H T H = I. Therefore, the optimization of
Eq. (25) becomes
min

||(W + −W − ) − HH T ||2 .

H≥0

(32)

where w̄ = ∑i j wi j /n2 is the average pairwise similarity. In this
case, to a first order of approximation, we can omit the first
term in Eq. (24) and optimize the two constraint terms:

(26)

max Tr[αH T AH − βH T BH].

This is equivalent to Eq. (25). Finally, we solve a relaxed version of Eq. (26):
min ||(W + −W − ) − HH T ||2 ,

Transitive Closure

In the remainder of this section, we discuss some theoretical aspects of our NMF-based approach for semi-supervised
clustering.
Consider the case in which we enforce the constraints, i.e,

2Tr[H T (W + −W − )H]

H T H=I,H≥0

(31)

The correctness of this algorithm can be stated as

Letting

H T H=I,H≥0

(30)

F,G≥0

NMF-Based Algorithm
W + = W + αA ≥ 0,

+

When X becomes symmetric, i.e., X = X T = W , F = G = H,
and both updating rules Eq. (30) and Eq. 31) become Eq. (28).
We prove the correctness and convergence of updating rule
Eq. (30). Note that the proof of Eq. (31) is identical, by considering
min ||X T − GF T ||2 .

Putting these conditions together, we can cast the semisupervised clustering problem as the following optimization
problem
H T H=I,H≥0

s

((X )T F)ik
.
− T
((X ) F)ik + [GF T F]ik
s
(X + G)ik
Fik ← Fik
.
−
(X G)ik + [FGT G]ik

Gik ← Gik

(HH T )i j = ∑ Bi j (HH T )i j = TrH T BH.

(i j)∈B

(29)

H

This is further simplified into two independent optimization
problems

(27)

max Tr[H T AH] and

where the orthogonality constraint is ignored.

H≥0

4

min Tr[H T BH],
H≥0

(33)

Must-link relations satisfy transitivity.
Suppose A =
{(i, j), ( j, k)}, Then xi and xk should be linked. It is easy to
see that this transitivity property is embedded in the solution
of maxH Tr[H T AH]. For example, the indicator for a specific
cluster hl would have nonzero entries at positions i, j, k, showing i, k are linked. Thus the solution of maxH Tr[H T AH] are
the transitive closures or connected components in A.
Cannot-link relations should be consistent with must-link
relations, In a cannot-link relation B = {(i, k)}, xi , xk can not
be in the same transitive closure of A. With this requirement,
the second problem in Eq. (33) is solved by simplify enforcing
the constraints on B: Tr[H T BH] = 0.
Let W̄ be the graph in which the C transitive closure of cone
nected components in A are contracted into C nodes. Let H
be cluster indicators on the nodes of contracted graph W̄ . Incorporating the solution to the first problem of Eq. (33), the
solution to the whole problem is reduced to
max

e T H=I,
e H
e T BH=0,
e
e
H
H≥0

5 Experiments
5.1

e T W̄ H].
e
Tr[H

CSTR
Digits389
Glass
Ionosphere
Iris
Protein
Log
LetterIJL
Reuters
Soybean
WebACE
WebKB4
Wine
Zoo

K-means
0.45
0.59
0.38
0.70
0.83
0.53
0.61
0.49
0.45
0.72
0.41
0.60
0.68
0.61

KC
0.37
0.63
0.45
0.71
0.72
0.59
0.77
0.48
0.44
0.82
0.35
0.56
0.68
0.59

CSPA
0.50
0.78
0.43
0.68
0.86
0.59
0.47
0.48
0.43
0.70
0.40
0.61
0.69
0.56

HPGA
0.62
0.38
0.40
0.52
0.69
0.60
0.43
0.53
0.44
0.81
0.42
0.62
0.52
0.58

NMFC
0.56
0.73
0.49
0.71
0.89
0.63
0.71
0.52
0.43
0.89
0.48
0.64
0.70
0.62

Table 1. Results on consensus clustering, as assessed by clustering accuracy. The results are
obtained by averaging over five trials. KC represents the results of applying K-means to a consensus similarity matrix, and NMFC represents
the NMF-based consensus clustering.

(34)

Experiments on Consensus Clustering

The goal of this set of experiments is to evaluate the extent
to which NMF-based consensus clustering can improve the robustness of traditional clustering algorithms. We compare our
NMF-based consensus clustering with the results of running
K-means on the original dataset, and the results of running Kmeans on the consensus similarity matrix. We also compare
our NMF-based consensus clustering with the cluster-based
similarity partitioning algorithm (CSPA), and the HyperGraph
Partitioning Algorithm (HGPA) described in [17].
Dataset Description: We conduct experiments using a variety
of datasets. The number of classes ranged from 2 to 20, the
number of samples ranged from 47 to 4199, and the number
of dimensions ranged from 4 to 1000. Further details are as
follows: (i) Nine datasets (Digits389, Glass, Ionosphere, Iris,
LetterIJL, Protein, Soybean, Wine, and Zoo) are from UCI data
repository [9]. Digits389 is a randomly sampled subset of three
classes: {3,8,9} from digits dataset. LetterIJL is a randomly
sampled subset of three {I,J,L} from Letters dataset. (ii) Five
datasets (CSTR, Log, Reuters, WebACE, WebKB4) are standard text datasets that are often used as benchmarks for document clustering. The documents are represented as the term
vectors using the vector space model. These document datasets
are pre-processed (removing the stop words and unnecessary
tags and headers) using the rainbow package [15].
Analysis of Results: All the above datasets come with labels.
Viewing these labels as indicative of a reasonable clustering,
we use the accuracy as a performance measure [14, 5]. From
Table 1, we observe that NMF-based consensus clustering
improves K-means clustering on all datasets expect Reuters.
Moreover, NMF-based consensus clustering achieves the best
clustering performance on 9 out of 14 datasets and its performance on the remaining datasets is close to the best results. In

summary, the experiments clearly demonstrate the effectiveness of NMF-based consensus clustering for improving clustering performance and robustness.

5.2

Experiments on Semi-supervised Clustering

In this section, we report the results of experiments conducted to investigate the effectiveness of NMF-based semisupervised clustering. In our experiments, we set α, the weight
for must-link constraints, to be 2, and β, the weight of cannotlink constraints, to be 1. This choice of weights implies that
the cannot-link constraints are not as vigorously enforced as
the must-link constraints.
We use the accuracy measure to evaluate the performance
of semi-supervised clustering. Note that this measure is different from the F-measure used in previous studies (e.g., [1]).
Since our goal is to discover the one-to-one relationship between generated clusters and underlying classes, and to measure the extent to which each cluster contains data points from
the corresponding class, we feel accuracy is an appropriate performance measure. Figure 1 plots the clustering accuracy as
a function of the number of constraints on two datasets, e.g.,
iris and digits. We observe that the enhancement obtained by
the semi-supervised clustering is generally greater as the number of constraints increases. Similar behaviors can also be observed in other datasets. Due to space limits, we only include
the curves for the above three datasets.
We also perform experiments on the following six datasets
and compare the results of our NMF-based algorithm with
those obtained by MPCKmeans algorithm. MPCKmeans clustering incorporates both seeding and metric learning in a uni5
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Figure 1. Results on semi-supervised clustering
using our NMF based algorithm. Accuracy as a
function of numbers of constraints.

fied framework and performs distance-metric training with
each clustering iteration using the constraints [1]. Table 2
presents the results of this comparison. We observe that NMFbased semi-supervised clustering improves clustering performance. Also, though the differences are small, NMF-based
semi-supervised clustering outperforms MPCKmeans on 4 out
of 6 datasets.

Digits389
Glass
Iris
Protein
LetterIJL
Soybean

K-means
0.5855
0.3832
0.8263
0.5259
0.4890
0.7830

MPCKmeans
0.7400
0.4752
0.9400
0.5517
0.5178
0.8298

NMFS
0.7346
0.4673
0.9600
0.5603
0.5286
0.8936

Table 2. Results on semi-supervised clustering,
as assessed by clustering accuracy. 200 constraints are generated for each dataset. The
results are obtained by averaging over five trials. NMFS represents the NMF-based semisupervised clustering algorithm.

6 Conclusions
We have shown that consensus clustering and semisupervised clustering can be formulated within the framework
of nonnegative matrix factorization. This yields simple iterative updating algorithms for solving these problems. We
demonstrated the effectiveness of the NMF-based approach in
a variety of comparative experiments. Our work has expanded
the scope of NMF applications in the clustering domain and
has highlighted the wide applicability of this class of learning
algorithms.
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