Local Privacy and Minimax Bounds:
Sharp Rates for Probability Estimation

John C. Duchi Michael I. Jordan'2 Martin J. Wainwright 1,2
! Department of Electrical Engineering and Computer SciencéDepartment of Statistics
University of California, Berkeley
{j duchi , j ordan, wai nwri g}@ecs. berkel ey. edu

Abstract

We provide a detailed study of the estimation of probabitiigtributions—
discrete and continuous—in a stringent setting in which aakept private even
from the statistician. We give sharp minimax rates of cogeace for estimation
in these locally private settings, exhibiting fundamentatle-offs between pri-
vacy and convergence rate, as well as providing tools tavatfmvement along
the privacy-statistical efficiency continuum. One of the@sequences of our re-
sults is that Warner’s classical work on randomized respdaman optimal way to
perform survey sampling while maintaining privacy of thependents.

1 Introduction

The original motivation for providing privacy in statistitproblems, first discussed by Warn28],
was that “for reasons of modesty, fear of being thought leidobr merely a reluctance to confide
secrets to strangers,” respondents to surveys might ptefbe able to answer certain questions
non-truthfully, or at least without the interviewer knowitheir true response. With this motivation,
Warner considered the problem of estimating the fractidnhe population belonging to certain
strata, which can be viewed as probability estimation withimultinomial model. In this paper, we
revisit Warner’s probability estimation problem, doingwithin a theoretical framework that allows
us to characterize optimal estimation under constraintproracy. We also apply our theoretical
tools to a further probability estimation problem—that ohparametric density estimation.

In the large body of research on privacy and statisticakaree [e.g.23, 14, 10, 15], a major focus
has been on the problem of reducing disclosure risk: theghitiby that a member of a dataset
can be identified given released statistics of the dataded.liferature has stopped short, however,
of providing a formal treatment of disclosure risk that wabylermit decision-theoretic tools to be
used in characterizing trade-offs between the utility dfie¢ing privacy and the utility associated
with an inferential goal. Recently, a formal treatment odalidbsure risk known as “differential
privacy” has been proposed and studied in the cryptogragatabase and theoretical computer
science literatureslfl, 1]. Differential privacy has strong semantic privacy gudeas that make it a
good candidate for declaring a statistical procedure a dallection mechanism private, and it has
been the focus of a growing body of recent wot8[16, 24, 21, 6, 18, 8, 5, 9].

In this paper, we bring together the formal treatment of ldisare risk provided by differential pri-
vacy with the tools of minimax decision theory to provide adhetical treatment of probability
estimation under privacy constraints. Just as in classitaimax theory, we are able to provide
lower bounds on the convergence rates of any estimator, lircase under a restriction to esti-
mators that guarantee privacy. We complement these resitfianatching upper bounds that are
achievable using computationally efficient algorithms. thves bring classical notions of privacy,
as introduced by Warne8], into contact with differential privacy and statisticatasion theory,
obtaining quantitative trade-offs between privacy antistieal efficiency.



1.1 Setting and contributions

Let us develop some basic formalism before describing oun megults. We study procedures that
receive private views’y, ..., Z, € Z of an original set of observationX,, ..., X,, € X, where
X is the (known) sample space. In our settitig, is drawn conditional onX; via the channel
distributionQ;(Z; | X; = x); typically we omit the dependence &f; oni. We focus in this paper
on the non-interactive setting (in information-theordéoms, on memoryless channels), whéxe

is chosen prior to seeing data; see Duchi et@lfdgr more discussion.

We assume each of these private vigtyss a-differentially private for the original datX;. To give
a precise definition for this type of privacy, known as “logaivacy,” leto(Z) be theo-field on Z
over which the channé) is defined. Ther) providesa-local differential privacyif

QS| X;
sup {M | S €o(2), andx, 2’ € X} < exp(a). 1)
This formulation of local privacy was first proposed by Evfawski et al. L3]. The likelihood ratio
bound () is attractive for many reasons. It means that any indiMigwaviding data guarantees
his or her own privacy—no further processing or mistakes bgliection agency can compromise
one’s data—and the individual has plausible deniabilitylbaking a valuer, since any outcome

is nearly as likely to have come from some other initial valieThe likelihood ratio also controls
the error rate in tests for the presence of points the data 24].

In the current paper, we study minimax convergence rateswhedata provided satisfies the local
privacy guaranteel]. Our two main results quantify the penalty that must be pelieén local
privacy at a levek is provided in multinomial estimation and density estimatproblems. At a
high level, our first result implies that for estimation otledimensional multinomial probability
mass function, the effective sample sizeaaly statistical estimation procedure decreases frota
na?/d whenevera is a sufficiently small constant. A consequence of our resalthat Warner’s
randomized response procedu3][enjoys optimal sample complexity; it is interesting to ot
that even with the recent focus on privacy and statistida@rence, the optimal privacy-preserving
strategy for problems such as survey collection has beewkifior almost 50 years.

Our second main result, on density estimation, exhibitsgerésting departure from standard min-
imax estimation results. If the density being estimatedhaentinuous derivatives, then classical
results on density estimation [e.86, 25, 22] show that the minimax integrated squared error scales
(in the sample size) asn—2%/(20+1) In the locally private case, we show that there is a diffeeen

in the polynomialrate of convergence: we obtain a scaling @fn)~2%/(26+2) We give efficiently
implementable algorithms that attain sharp upper boundsmpanions to our lower bounds, which
in some cases exhibit the necessity of non-trivial sampinategies to guarantee privacy.

Notation: Given distributionsP and @ defined on a spacé&’, each absolutely continuous with
respect to a measuye(with densitiegp andgq), the KL-divergence betweeh and@ is

dp
Dy (P|Q) : /dPlong /plog dp.

Letting o(X') denote an appropriatefield on X, the total variation distance betwe&hand@ is
1
1P =Qlpy = sup IP(S)fQ(S)Izi/ p(x) — q(x)| dp(z).
Seo(X) X
Let X be distributed according t& andY | X be distributed according tQ(- | X), and let
M = [Q(- | z)dP(x) denote the marginal df . The mutual information betweek andY” is
I06Y) = B (D (QC | OIMO)] = [ Du(@C | X = 0)M() dP().

A random variablé’” hasLaplace(«) distribution if its densitypy (y) =
an < by, to denoten,, = O(b,,) anda,, < b, to denotes,, = O(b,,) andb,,
setC c RY, we letIl~ denote the orthogonal projection operator ofito

S exp (—aly|). We write

O(ay,). For a convex



2 Background and Problem Formulation

In this section, we provide the necessary background on thamax framework used throughout
the paper, more details of which can be found in standardcesue.g.,17, 25, 26, 22]. We also
reference our workqd] paper on statistical inference under differential privaonstraints; we restate
two theorems from the paped][to keep our presentation self-contained.

2.1 Minimax framework

Let P denote a class of distributions on the sample spécand letd : P — © denote a function
defined onP. The range® depends on the underlying statistical model; for exammedénsity
estimation,© may consist of the set of probability densities defined@n]. We letp denote the
semi-metric on the spa¢gthat we use to measure the error of an estimatoffand® : R, — R
be a non-decreasing function widh(0) = 0 (for example ®(t) = ¢2).

Recalling thatZ is the domain of the private variablgs, let§ : Z” — © denote an arbitrary
estimator ford. Let Q,, denote the set of conditional (or channel) distributionargnteeingy-local
privacy (). Looking uniformly over all channel® € Q,,, we define the central object of interest
for this paper, thex-private minimax rateor the family0(P),

M, (0(P),Pop,a):= inf supEpg [(1) (p(A(Zl, N/ 9(P)))} . 2
0,Q€Q, PcP
associated with estimatirgbased or{ 71, ..., Z,,). We remark here (see also the discussior®]h [

that the private minimax risk?j is different from previous work on optimality in differeat privacy
(e.g. B, 16, 8]): prior work focuses on accurate estimation adamplequantity6(z1.,,) based on
the sampler; .,,, while we provide lower bounds on error of tpepulationestimatord(P). Lower
bounds on population estimation imply those on sample asitim, so our lower bounds are stronger
than most of those in prior work.

A standard route for lower bounding the minimax rig} {s by reducing the estimation problem to
the testing problem of identifying a poifite © from a collection of well-separated pointag, 25].
Given an index sev, the indexed family of distribution$P,,v € V} C P is a2d-packing of©

if p(0(P,),0(P,)) > 24 forall v # v/ in V. The setup is that of a standard hypothesis testing
problem: nature choosés € V uniformly at random, then data,, ..., X,,) are drawn i.i.d. from
P!, conditioning onV = v. The problem is to identify the memberof the packing sev.

In this work we have the additional complication that all sitatistician observes are the private sam-
plesZi,...,Z,. Tothatend, if we leQ"(- | z1.,,) denote the conditional distribution & , . . ., Z,,

given thatX; = z1,...,X,, = z,,, we define the marginal chann&l’ via the expression
M7 (A) = /Q”(A (21, 2 )dPy (21, ) TOr A€ o(27), @)

Letting+y : Z™ — V denote an arbitrary testing procedure, we have the follgwirnimax bound,
whose two parts are known as Le Cam'’s two-point mett2&l22] and Fano’s inequalityZ5, 7, 22].

Lemma 1 (Minimax risk bound) For the previously described estimation and testing protsle

M, (B(P). @0 p.Q) > () i B(W(Z1,.... Zu) # V), @)
where the infimum is taken over all testing procedures. Fonary test specified by = {v, '},
%f]l”(w(Zl,,Zn) #V) = §_§||MV _MI/'”TV’ (53)

and more generally,

I(Zy,...,Z,; V) +1og2
log [V|

inf P((Z,..., Z2) # V) 2 1= (5b)



2.2 Information bounds

The main step in proving minimax lower bounds is to contrel tlivergences involved in the lower
bounds ba) and 6b). We review two results from our worl@] that obtain such bounds as a function
of the amount of privacy provided. The second of the resultgiges a variational upper bound on

the mutual informatio (Z, ..., Z,; V), in that we optimize jointly over subsét C X'. To state
the proposition, we require a bit of notation: for each {1,...,n}, let P, ; be the distribution of
X; conditional on the random packing elemént= v, and letM]’ be the marginal distributiorj
induced by passing(; through@. Define the mixture distributio; = \71| > vy Puin We can
then state a proposition summarizing the results we redpgre Duchi et al. P]:
Proposition 1 (Information bounds) For anyv, v’ € ¥V anda > 0,
Dy (M| M) < 4(e* = 1)> Y|Py = Purillgy - (6)
1=1
Additionally forV' chosen uniformly at random froi, we have the variational bound
a _ ,—a)2 M -
1(Z o 20 V) <SS Gy S (R,u(9) - P(S))%. @)
V|  sea(x)

By combining Propositiord with Lemmal, it is possible to derive sharp lower bounds on arbitrary
estimation procedures underlocal privacy. In the remainder of the paper, we demonsttais
combination for probability estimation problems; we pawiproofs of all results in9].

3 Multinomial Estimation under Local Privacy

In this section we return to the classical problem of avaidamswer bias in surveys, the original
motivation for studying local privacy?2{3].

3.1 Minimax rates of convergence for multinomial estimatio

LetAg:={0€R? | §>0, 2?21 6; = 1} denote the probability simplex iR. The multinomial
estimation problem is defined as follows. Given a veétar A,, samplesX are drawn i.i.d. from

a multinomial with parameter$, where Py(X = j) = 6, for j € {1,...,d}, and the goal is to
estimate). In one of the earliest evaluations of privacy, Warrig] [studied the Bernoulli variant of
this problem and proposadndomized responséor a given survey question, respondents provide
a truthful answer with probability > 1/2 and lie with probabilityl — p.

In our setting, we assume the statistician sedscally private (1) random variables’; for the cor-
responding samplek; from the multinomial. In this case, we have the followinguiéswvhich char-
acterizes the minimax rate of estimation of a multinomiabath mean-squared err@||6 — 6/|3]

and absolute err(E[||§f 0||1]; the latter may be more relevant for probability estimajwablems.

Theorem 1. There exist universal constanis< ¢, < ¢, < 5 such that for alle € [0, 1], the
minimax rate for multinomial estimation satisfies the baind

. 1 d 2 i d
CZIHIH{LW,W} < M, (Ad;”‘HQaOé) < Cumln{l,naQ}a (8)
and
c min{l d} < My, (Ag, ||l ) < ¢ min{l d} 9
24 7@ = n ds 19 = Cu ) o .

Theoreml shows that providing local privacy can sometimes be quiteirdental to the quality
of statistical estimators. Indeed, let us compare thist@the classical rate in which there is no
privacy. Then estimating via proportions (i.e., maximum likelihood), we have

B[17-012] =3 B [ - 007 = 130,00 < 1 (1-3) <3

By inequality @), for suitably large sample sizes the effect of providing differential privacy at a
level o causes a reduction in the effective sample size of na?/d.



3.2 Optimal mechanisms: attainability for multinomial estimation

An interesting consequence of the lower boundBig the following fact that we now demonstrate:
Warner’s classical randomized response mechan&sh (jvith minor modification) achieves the
optimal convergence rate. There are also other relativielple estimation strategies that achieve
convergence raté/na?; the perturbation approach Dwork et al] propose, wherd.aplace(a)
noise is added to each coordinate of a multinomial samplenéssuch strategy. Nonetheless, the
ease of use and explainability of randomized response,ledwpith our optimality results, pro-
vide support for randomized response as a preferred metrogrif/ate estimation of population
probabilities.

We now prove that randomized response attains the optir@bfaonvergence. There is a bijection
between multinomial samples € {1,...,d} and thed standard basis vectots, ...,e; € RY,

so we abuse notation and represent samplas either when designing estimation strategies. In
randomized response, we construct the private ve€ter {0, 1}¢ from a multinomial observation

x € {ey,...,eq} by samplingd coordinates independently via the procedure
2], = xj with probabﬂW% (10)
! 1—z; with probabﬂﬁym

We claim that this channel() is a-differentially private: indeed, note that for anyz’ € A, and
any vectorz € {0, 1}¢ we have

QZ=z|z) _ a /

67 =21 =@ (5 (=2l = == 2'lL) € [exp(~a), expla)],

where we used the triangle inequality to assert tfjat— z||, — ||z — 2'||, | <[]z — 2’|, < 2. We
can compute the expected value and variance of the randoables; indeed, by definitionX0)

e/? Lt (1 - ) e*/2 —1 R S
T — ) = x
1+ea/2 1+e(x/2 e(x/2+1 1+e(x/2

Since theZ are Bernoulli, we obtain the variance bouB{d Z — E[Z]||3] < d/4+ 1 < d. Recalling
the definition of the projectioﬁ[Ad onto the simplex, we arrive at the natural estimator

S Z ( —1/(1+ “/2)) ZZZ% and 0 :=Tla, (Gpm) (11)

E[Z | z] =

The projection oi9pm onto the probability simplex can be done in time linear in dimensiond
of the problem 8], so the estimatorl(l) is efficiently computable. Since projections only deceeas

distance, vectors in the simplex are at most distayfi2@part, andgy [0 part] =0, we find

E |18 - 0113] < min{2,E |[Bars — 0113 } < min {2’ % (ZZZE) } S min {1’ niQ} '

A similar argument shows that randomized response is mixiopamal for thel, -loss as well.

4 Density Estimation under Local Privacy

In this section, we turn to studying a nonparametric siatisproblem in which the effects of local
differential privacy turn out to be somewhat more severe.sWaw that for the problem of density
estimation, instead of just multiplicative loss in the effee sample size as in the previous section,
imposing local differential privacy leads to a differentwergence rate.

In more detail, we consider estimation of probability déesif : R — R, [ f(z)dz = 1 and

f > 0, defined on the real line, focusing on a standard family obitess of varying smoothness [e.g.
22]. Throughout this section, we I¢t € N denote a fixed positive integer. Roughly, we consider
densities that have boundgth derivative, and we study density estimation using theasepl ?-
norm Hf||2 := [ f?(x)dz as our metric; in formal terms, we impose these constramtsrims of
Sobolev classes (.2, 12)). Let the countable collection of functiods; } 32 ; be an orthonormal
basis forL?([0, 1]). Then any functiorf e L?([0,1]) can be expanded as a sOnT, 0, interms

of the basis coefficien®; := [ f(z)g;(x)dz, where{f;}52, € (*(N). TheSobolev spac&(C]
is obtained by enforcing a partlcular decay rate on the cmeffts@



Definition 1 (Elliptical Sobolev space)For a given orthonormal bas{s; } of L2([0, 1]), smooth-
ness parametet > 1/2 and radiug”, the function class3[C] is given by

F3[C) := {f € L*([0,1]) | f =) 0;0; such that) _ j2%p? < 02}.
j=1 j=1

If we choose the trigonometric basis as our orthonormalsh@isen membership in the clagg[C]
corresponds to certain smoothness constraints on theatiees of f. More precisely, forj € N,
consider the orthonormal basis fb# ([0, 1]) of trigonometric functions:

wo(t) =1, @oi(t) = \/icos(Zth), wo41(t) = \/§sin(27rjt). (12)

Now consider a3-times almost everywhere differentiable functigrior which | f(%)(z)| < C for
almost every: € [0, 1] satisfyingf*)(0) = f*)(1) for £ < 8 — 1. Uniformly for suchf, there is
a universal constantsuch that thaf € F3[cC] [22, Lemma A.3]. Thus, Definitiod (essentially)
captures densities that have Lipschitz-continug#is- 1)th derivative. In the sequel, we writEs
when the bound” in F3[C] is O(1). It is well known [26, 25, 22] that the minimax risk for non-
private estimation of densities in the class scales as

28
M, (F, 113, 00) = =75 (13)

Our main result is to demonstrate that the classical t8gi¢ no longer attainablevhen we require
a-local differential privacy. In Section$.2 and4.3, we show how to achieve the (new) optimal rate
using histogram and orthogonal series estimators.

4.1 Lower bounds on density estimation

We begin by giving our main lower bound on the minimax rateifreation of densities when are
kept differentially private, providing the proof in the Iger paper 9].

Theorem 2. Consider the class of densiti¢5; defined using the trigonometric bagi®?). For some
a € [0, 1], supposeZ; are a-locally private(1) for the samplesX; € [0, 1]. There exists a constant
cg > 0, dependent only ofi, such that

m,, (]:g, ||H§,oz) > g (nozZ)_m ) (14)

In comparison with the classical minimax rafS), the lower bound4) involves a different poly-
nomial exponent: privacy reduces the exponent f&#(23 + 1) to 26/(25 + 2). For example,
for Lipschitz densities we have = 1, and the rate degrades fram2/3 to n=1/2,

Interestingly, no estimator based on Laplace (or expoaBrgerturbation of the samples; them-
selves can attain the rate of convergent#.(In their study of the deconvolution problem, Carroll
and Hall §] show that if samplesX; are perturbed by additive noid&’, where the characteris-
tic function ¢y, of the additive noise has tails behaving|as, ()| = O(|t|~*) for somea > 0,
then no estimator can deconvolve the samples 1 and attain a rate of convergence better than
n—28/(26+2a+1) " gince the Laplace distribution’s characteristic funetims tails decaying as?,

no estimator based on perturbing the samples directly damat rate of convergence better than
n—28/(26+5) If the lower bound {4) is attainable, we must then study privacy mechanisms tieat a
not simply based on direct perturbation of the sampl&s}?_,.

4.2 Achievability by histogram estimators

We now turn to the mean-squared errors achieved by spec#atipal schemes, beginning with the
special case of Lipschitz density functios-£ 1), for which it suffices to consider a private version
of a classical histogram estimate. For a fixed positive itég= N, let {X; }?:1 denote the partition

of X = [0, 1] into the intervals
X;=[—-1)/k,j/k) forj=1,2,....k—1, and X}, = [(k —1)/k,1].



Any histogram estimate of the density based on ttiekis can be specified by a vectbe kA,
where we recall\;, C Ri is the probability simplex. Any such vector defines a dens#tymate via

the sumf, := Z?Zl t;1x,, wherel denotes the characteristic (indicator) function of thefset

Let us now describe a mechanism that guaranteéscal differential privacy. Given a data set
{X1,...,X,} of samples from the distributiofi, consider the vectors

Z; = ek(XZ-)—i—Wl—, fori = 1,2,...,n, (15)

wheree, (X;) € Ay is ak-vector with thejth entry equal to one iX; € X}, and zeroes in all
other entries, andlV; is a random vector with i.i.dLaplace(«/2) entries. The variable§Z;}? ,
so-defined arex-locally differentially private for{ X;}" ;.

Using these private variables, we then form the densityﬁmﬁf:: f3= Z?:l §j1xj based on

0= Hk(ii2> (16)
=1

wherell;, denotes the Euclidean projection operator onto thetggt. By construction, we have
>0 andfo1 f(x)dx =1, sof is a valid density estimate.

Proposition 2. Consider the estimaté¢ based onk = (na?)!/4 bins in the histogram. For any
1-Lipschitz density : [0,1] — R, we have

Ey [Hf_ f”;] < 5(a2n)7% + \/an73/4' @)

For any fixeda > 0, the first term in the boundl{) dominates, and thé((a2n)~2) rate matches
the minimax lower bound1{) in the case3 = 1: the privatized histogram estimator is minimax-
optimal for Lipschitz densities. This result provides tha/gte analog of the classical result that
histogram estimators are minimax-optimal (in the nongavsetting) for Lipschitz densities.

4.3 Achievability by orthogonal projection estimators

For higher degrees of smoothnegs 1), histogram estimators no longer achieve optimal rates in
the classical setting2D]. Accordingly, we turn to estimators based on orthogonékseand show
that even under local privacy, they achieve the lower boddjifor all orders of smoothness > 1.

Recall the elliptical Sobolev space (Definitid, in which a functionf is represented ag =

> 510505, wheret; = [ f(x)p;(x)dx. This representation underlies the classical method of or-
thonormal series estimation: given a data §&f;, X», ..., X, }, drawn i.i.d. according to a density

f € L?([0,1]), we first compute the empirical basis coefficients

n k
~ 1 A ~
b;=— z; ¢;(X;) andthensetf = Z;@j%‘a (18)
1= J]=
where the valué € N is chosen either a priori based on known properties of thimmagbn problem
or adaptively, for example, using cross-validatid2,[22].

In the setting of local privacy, we consider a mechanism thatead of releasing the vector of coef-
ficients(gal(XZ-), ce <pk(X1-)) for each data point, employs a random vedor= (Z; 1, ..., Z; 1)
with the property thaE[Z; ; | X;] = ¢,(X;) for eachj = 1,2,..., k. We assume the basis func-
tions are uniformly bounded,; i.e., there exists a constant= sup, sup, |¢;(x)| < oco. For a fixed
numberB strictly larger thanB, (to be specified momentarily), consider the following sckem

Sampling strategy Given a vector- € [— By, Bo]*, construct € {— By, By }* with coordinates;
T

sampled independently frofn- By, By} with probabilities% — 38 and% + 2%0 Sample
T from aBernoulli(e® /(e + 1)) distribution. Then choosg € {— B, B}* via

Uniformon {z € {-B,B}*: (2,7) >0} ifT =1
Uniformon {z € {-B, B}} : (z,7) <0} if T =0.

(19)



By inspection,Z is a-differentially private for any initial vector in the box- By, By]*, and more-
over, the sampled @) are efficiently computable (for example by rejection sanmg)l Starting from
the vectorr € R*, 7; = ¢,(X;), in the above sampling strategy we have

B e 1 B e*—-1
_ . — =z =, 2
BoVk (ea+1 ea+1)%(x) e 17 @ (9
for a constanty, that may depend oh but is O(1) and bounded away from 0. Consequently, to
attain the unbiasedness conditiBfiZ;); | X;] = ¢, (X;), it suffices to takeB = O(ByVk/a).

The full sampling and inferential scheme are as follows:g{¥en a data pointX;, construct the
vectorrT = [<pj(Xi)]§:1; (i) sample Z; according to strategyl@) using and the boundB =

BoVk(e® +1)/ci(e® — 1). (The constant; is as in the expressior2Q).) Using the estimator

n k
Fm 2325 Zise (21)
i=1 j=1

we obtain the following proposition.

Proposition 3. Let{y;} be aBy-bounded orthonormal basis fdr* ([0, 1]). There exists a constant
¢ (depending only o’ and B,) such that the estimatd®1) with k = (na?)'/(2+2) satisfies

E[[Z]; | X = 2] = e

~ — 28
sup By [If = JlI3] < e (na?) 7.
feFsC]

Proposition®2 and3 make clear that the minimax lower bouri¥ is sharp, as claimed.

Before concluding our exposition, we make a few remarks deigbotential density estimators. Our
orthogonal-series estimatd®1) (and sampling schem@&(@)), while similar in spirit to that proposed
by Wasserman and Zho@4, Sec. 6], is different in that it is locally private and remgs a differ-
ent noise strategy to obtain bathlocal privacy and optimal convergence rate. LE|[considers
private M -estimators based on first performing a histogram denstisnage, then using this to con-
struct a second estimator; his estimator is not locallygigy and the resulting/-estimators have
sub-optimal convergence rates. Finally, we remark thasitferestimators that are based on orthogo-

nal series and Laplace perturbation are sub-optimal: thayachieve (at best) rates(@taQ)‘%,
which is polynomially worse than the sharp result providgdPiboposition3. It appears that appro-
priately chosen noise mechanisms are crucial for obtaiopignal results.

5 Discussion

We have linked minimax analysis from statistical decisio@dry with differential privacy, bringing
some of their respective foundational principles into ela®ntact. In this paper particularly, we
showed how to apply our divergence bounds to obtain sharpdmon the convergence rate for cer-
tain nonparametric problems in addition to standard fiditeensional settings. By providing sharp
convergence rates for many standard statistical inferprm@edures under local differential privacy,
we have developed and explored some tools that may be usetteotnderstand privacy-preserving
statistical inference and estimation procedures. We hdemtified a fundamental continuum along
which privacy may be traded for utility in the form of accueadtatistical estimates, providing a
way to adjust statistical procedures to meet the privacytitityuneeds of the statistician and the
population being sampled. Formally identifying this traaféin other statistical problems should
allow us to better understand the costs and benefits of rivee believe we have laid some of the
groundwork to do so.
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