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Abstract

We study stochastic optimization problems when dla¢ais sparse, which is in
a sense dual to current perspectives on high-dimensioatiststal learning and
optimization. We highlight both the difficulties—in terms mfcreased sample
complexity that sparse data necessitates—and the potéstieffits, in terms of
allowing parallelism and asynchrony in the design of aldnis. Concretely, we
derive matching upper and lower bounds on the minimax ratepdimization
and learning with sparse data, and we exhibit algorithmseaaiy these rates.
We also show how leveraging sparsity leads to (still mininoptimal) parallel
and asynchronous algorithms, providing experimental eswi@ complementing
our theoretical results on several medium to large-scalenirg tasks.

1 Introduction and problem setting

In this paper, we investigate stochastic optimization f@ots in which thedatais sparse. Formally,
let {F(-;£),£ € E} be a collection of real-valued convex functions, each of sehdomains con-
tains the convex set C R¢. For a probability distribution” on =, we consider the following
optimization problem:

minimize f(z) :=E[F(z;¢)] = / F(xz;£)dP(&). 1)

zeX =

By data sparsity, we mean the sampled data sparse: assuming that sampfeke in R?, and
defining the supportupp(z) of a vectora: to the set of indices of its non-zero components, we
assume

supp VF (z;§) C supp&. )
The sparsity condition (2) means th&fx; £) does not “depend” on the values ©f for indices;
such that; = 0! This type of data sparsity is prevalent in statistical ojeation problems and
machine learning applications; in spite of its prevalerstedy of such problems has been limited.

As a motivating example, consider a text classification fmob data¢ € R represents words
appearing in a document, and we wish to minimize a logisgs I6(x; &) = log(1 + exp({&, z)))

on the data (we encode the label implicitly with the sigofSuch generalized linear models satisfy
the sparsity condition (2), and while instances are of végi imension, in any given instance, very
few entries of are non-zero [8]. From a modelling perspective, it thus rsalense to allow dense
predictorz: any non-zero entry of is potentially relevant and important. In a sense, this &l tu
the standard approaches to high-dimensional problemsysunly assumes that the ddtanay be

'Formally, if 7 denotes the coordinate projection zeroing all indiges its argument wheré; = 0, then
F(re(x);€) = F(x;€) for all z,&. This follows from the first-order conditions for convexi%ﬂ [6, Chapter
V1.2].



dense, but there are only a few relevant features, and thaisaxpnious modet is desirous [2]. So
while such sparse data problems are prevalent—natural égysgprocessing, information retrieval,
and other large data settings all have significant data itparthey do not appear to have attracted
as much study as their high-dimensional “duals” of densa datl sparse predictors.

In this paper, we investigate algorithms and their inhelienitations for solving problem (1) under
natural conditions on the data generating distributiorceRéwork in the optimization and machine
learning communities has shown that data sparsity can leedged to develop parallel (and even
asynchronous [12]) optimization algorithms [13] 14], thistwork does not consider the statistical
effects of data sparsity. In another line of research, Dethail. [4] and McMahan and Streeter [9]
develop “adaptive” stochastic gradient algorithms to addrproblems in sparse data regimes (2).
These algorithms exhibit excellent practical performaand have theoretical guarantees on their
convergence, but it is not clear if they are optimal—in thatfgorithm can attain better statistical
performance—or whether they can leverage parallel comgutinin the papers [12, 14].

In this paper, we take a two-pronged approach. First, weshyate the fundamental limits of
optimization and learning algorithms in sparse data reginie doing so, we derive lower bounds
on the optimization error ainy algorithm for problems of the form {1) with sparsity conditi(2).
These results have two main implications. They show thabmesscenarios, learning with sparse
data is quite difficult, as essentially each coordinate [d] can be relevant and must be optimized
for. In spite of this seemingly negative result, we are atde & show that the BAGRAD algorithms

of [4, 9] are optimal, and we show examples in which their defsmce on the dimensiahcan be
made exponentially better than standard gradient methods.

As the second facet of our two-pronged approach, we studyspawsity may be leveraged in parallel
computing frameworks to give substantially faster aldoris that still achieve optimal sample com-
plexity in terms of the number of samplésused. We develop two new algorithms, asynchronous
dual averaging (AYNCDA) and asynchronous BAGRAD (ASYNCADAGRAD), which allow asyn-
chronous parallel solution of the problem (1) for generalvex f and.X’. Combining insights of
Niu et al.’s HocwILD! [12] with a new analysis, we prove our algorithms achiewedr speedup in
the number of processors while maintaining optimal staasguarantees. We also give experiments
on text-classification and web-advertising tasks to itatst the benefits of the new algorithms.

2 Minimax rates for sparse optimization

We begin our study of sparse optimization problems by eistaibp their fundamental statistical and
optimization-theoretic properties. To do this, we derivaibds on the minimax convergence rate
of any algorithm for such problems. Formally, etdenote any estimator for a minimizer of the
objective [(1). We define the optimality gag for the estimatof based onV samplest!, ..., ¢V
from the distributionP as
en(@,F. X, P) = (%) - inf f(2) = Ep[F(@¢)] - inf Ep [F(:8)].

This quantity is a random variable, singeis a random variable (it is a function @f, ..., ¢N).
To define the minimax error, we thus take expectations of trantity ¢ -, though we require a bit
more than simpljE[ex]. We let? denote a collection of probability distributions, and wesioler
a collection of loss functiong’ specified by a collectiotF of convex losseg” : X x £ — R. We
can then define the minimax error for the family of losgéand distributionsP as

en(X,P,F) :=inf sup sup Eplen(Z(E¥N), F, X, P)], 3)

T peP FeF

where the infimum is taken over all possible estimato(an estimator is an optimization scheme,
or a measurable mapping: 2V — X).

2.1 Minimax lower bounds

Let us now give a more precise characterization of the (a§tset of sparse optimization problems
we consider to provide the lower bound. For the next propmsitve letP consist of distributions
supported orE = {-1,0,1}¢, and we letp; := P(¢; # 0) be the marginal probability of ap-
pearance of featurg € {1,...,d}. For our class of functions, we s&tto consist of functiong”



satisfying the sparsity condition (2) and with the addiéiboonstraint that foy € 9, F(z;¢), we
have that theth coordinatgg,| < M; for a constanfl/; < co. We obtain

Proposition 1. Let the conditions of the preceding paragraph hold. Edbe a constant such that
X D [-R,R]%. Then

1 Zd N/
* : J
GN(X,P,f)ZgR M]mln{p]7w}

=1

We provide the proof of Proposition 1 in the supplement A.thimfull version of the paper, provid-
ing a few remarks here. We begin by giving a corollary to Psifion[1 that follows when the data
& obeys a type of power law: lgt, € [0, 1], and assume thadt(¢; # 0) = poj~*. We have

Corollary 2. Leta > 0. Let the conditions of Proposition 1 hold wiff; = M for all j, and
assume the power law conditidf({; # 0) = poj ~“ on coordinate appearance probabilities. Then

(1) Ifd > (poN)'*,

en(X, P, F) >

MR 2 Po
2—al\ N 11—«

5 ~ ((poN)% - 1) + 20 (dl_a - (poN)l‘*a)] :

(2) Ifd < (poN)"/,

. MR po( 1 ., « 1
X, P, F) > 2t [P Fia S
NvXPF) 2 =5 N(l—a/2 ’ 1—a/2)

Expanding Corollary 2 slightly, for simplicity assume thember of samples is large enough that
d < (poN)'/*. Then we find that the lower bound on optimization error is fes

MR,/%Odk% whena < 2, MR,/%Ologd whena — 2, and MR, /% whena > 2. (4)

These results beg the question of tightness: are they impte? As we see presently, they are not.

2.2 Algorithms for attaining the minimax rate

To show that the lower bounds of Proposition 1 and its subsstgspecializations are sharp, we
review a few stochastic gradient algorithms. We begin wiiticisastic gradient descent (SGD): SGD
repeatedly samples~ P, computeg) € 0. F(x;€), then performs the update«— Iy (x — ng),
wheren is a stepsize parameter afg: denotes Euclidean projection ontd Standard analyses of
stochastic gradient descent [10] show that aflfesamplest?, the SGD estimata®(V) satisfies

RoaM (351 p))*
E[f(Z(N))] — inf <01 =
J@EN)] = it J(@) < 00) ===,
where R, denotes the,-radius of ¥. Dual averaging, due to Nesterov [11] (sometimes called
“follow the regularized leader” [5]) is a more recent algbm. In dual averaging, one again samples
g € 0. F(z;§), but instead of updating the parameter vectoone updates a dual vecterby
z « z + g, then computes

(®)

© < argmin {(z,x) + 717¢(x)} 7

rzeX

where () is a strongly convex function defined ovat (often one takes)(z) = % \|x||§). As
we discuss presently, the dual averaging algorithm is sdmaewore natural in asynchronous and

parallel computing environments, and it enjoys the same ofgonvergence guarantees (5) as SGD.

The ADAGRAD algorithm [4, 9] is an extension of the preceding stochagtimlient methods. It
maintains a diagonal matri&, where upon receiving a new samgle ADAGRAD performs the
following: it computesyy € 9, F(z; ), then updates

Sj « S;+ g7 forj € [d].

3



The dual averaging variant of BaGRAD updates the usual dual vector— z + g; the update ta
is based orf and a stepsizg and computes

1
T — argmin{(zw'} + o <x’,$’§x’>}.
n

z'eX

After N sampleg, the averaged parametef/N) returned by ADAGRAD satisfies

. . R M &
E[f(Z(N))] — inf f(z) < O(I)W Z N (6)

zeX

where R, denotes the,-radius of X’ (cf. [4, Section 1.3 and Theorem 5]). By inspection, the
ADAGRAD rate (6) matches the lower bound in Proposition 1 and is tiptisnal. It is interesting

to note, though, that in the power law setting of Corollaryetall the error ordef (4)), a calculation
shows that the multiplier for the SGD guarantek (5) becomgs/d max{d(*~*)/2 1}, while ADA-
GRAD attains rate at worsR., max{d'~*/2 logd}. Fora > 1, the ADAGRAD rate is no worse,
and fora > 2, is more than/d/ log d better—an exponential improvement in the dimension.

3 Parallel and asynchronous optimization with sparsity

As we note in the introduction, recent works [12, 14] havegasged that sparsity can yield benefits
in our ability toparallelizestochastic gradient-type algorithms. Given the optingaftADAGRAD-
type algorithms, it is natural to focus on their parallefiaa in the hope that we can leverage their
ability to “adapt” to sparsity in the data. To provide thetiet for our further algorithms, we
first revisit.’s FoGgwiLD! [12]. HoGwiLD! is an asynchronous (parallelized) stochastic
gradient algorithm for optimization over product-spacendins, meaning that’ in problem [(1)
decomposes a¥ = &) x --- x Xy, whereX; C R. Fix a stepsize) > 0. A pool of independently
running processors then performs the following updatea@swpnously to a centralized vector

1. Sampl& ~ P
2. Readr and computg € 0, F(z;§)
3. Foreaclhy s.t.g; # 0, updater; « Ilx,(x; —ng;).

Herelly, denotes projection onto thiéh coordinate of the domait’. The key of FOGwILD! is that

in step 2, the parameteris allowed to be inconsistent—it may have received partiatigmt updates
from many processors—and for appropriate problems, thigngistency is negligible. Indeed, Niu
et al. [12] show linear speedup in optimization time as theber of processors grow; they show
this empirically in many scenarios, providing a proof unttex somewhat restrictive assumptions
that there is at most one non-zero entry in any gradjeantd thatf has Lipschitz gradients.

3.1 Asynchronous dual averaging

A weakness of ldcwILD! is that it appears only applicable to problems for which doenain X’
is a product space, and its analysis assuléis = 1 for all gradientsy. In effort to alleviate these
difficulties, we now develop and present our asynchronowad averaging algorithm, AyNCDA.
AsYNCDA maintains and upates a centralized dual vectimstead of a parametet, and a pool of
processors perform asynchronous updates Wwhere each processor independently iterates:

1. Readz and computer := argmin, {(z,x) + %w(:p)} /I Implicitly increment “time”
countert and letx(t) = x

2. Sampl€ ~ P and letg € 0, F(xz;€) Il Letg(t) = g.

3. Forj € [d] such thay; # 0, updatez; < z; + g,.

Because the actual computation of the vector ASYNCDA is performed locally on each processor

in sted 1 of the algorithm, the algorithm can déescutedvith any proximal function) and domain
X. The only communication point between any of the processdhe addition operation in step 3.



Since addition is commutative and associative, forcingsyinchrony to this point of the algorithm
is a natural strategy for avoiding synchronization proldem

In our analysis of AYNCDA, and in our subsequent analysis of the adaptive methoelsequire a
measurement of time elapsed. With that in mind, we lg¢note a time index that exists (roughly)
behind-the-scenes. We lett) denote the vector € X computed in theth step 1 of the AYNCDA
algorithm, that is, whichever is thi¢h = actually computed by any of the processors. This quantity

exists and is recoverable from the algorithm, and it is gmegp track the running sur‘ﬁ:i:1 x(7).
Additionally, we state two assumptions encapsulating thelitions underlying our analysis.
Assumption A. There is an upper bounth on the delay of any processor. In addition, for each
Jj € [d] there is a constant; € [0, 1] such thatP(¢; # 0) < p;.

We also require certain continuity (Lipschitzian) propestof the loss functions; these amount to a
second moment constraint on the instantanédtisind a rough measure of gradient sparsity.
Assumption B. There exist constantgl and (M. ) _, such that the following bounds hold for all
x € X: E[||0,F (x;€)||5] < M? and for eachj € [d] we haveE[|d,, F(x;€)[] < p; M.

With these definitions, we have the following theorem, whielptures the convergence behavior of
AsYNCDA under the assumption that is a Cartesian product, meaning tlat= X} x --- x Xy,

whereX; C R, and that)(z) = £ ||m||§. Note the algorithm itself can still be efficiently paraizld
for more general convex’, even if the theorem does not apply.

Theorem 3. Let Assumptions|A and B and the conditions in the precediragpaph hold. Then

T
B| Y Fa(tie) - Fltse)| < 5 el + Jrwe + TS R
t=1

J=1

We now provide a few remarks to explain and simplify the reduhder the more stringent condition
that |0, F(z;£)| < Mj, Assumption A impliesE([||0, F(z; a3 < ijl p;M?. Thus, for the
remainder of this section we také? = E;l:l ijjQ, which upper bounds the Lipschitz continuity
constant of the objective functioh We then obtain the following corollary.

Corollary 4. Definez(T) = + Zthl z(t), and set) = ||z*||, /MV/T. Then

_ oy < Mty 2l 5 oy
E[f@(T) = fa)] £ === +my0 fZ

Corollary(4 is nearly immediate: singé is independent of (), we haveE[F(x(t); &) | z(t)] =
f(z(t)); applying Jensen’s inequality #t(z(7")) and performing an algebraic manipulation give the
result. If the data is suitably sparse, meaning that 1/m, the bound in Corollary 4 simplifies to

d 2 *
R 3M|lz*]l, 3/ 2i=12 M =
E[f(z(T)) — f(z*)] < = = — , 7

J@ET) = @) < 5= =2 =5 7 )
which is the convergence rate of stochastic gradient déssem in centralized settings (5). The
convergence guarantee (7) shows that dftgimesteps, the error scales B&/T; however, if we
havek processors, updates occur roughliimes as quickly, as they are asynchronous, and in time
scaling agV/k, we can evaluat&/ gradient samples: a linear speedup.

3.2 Asynchronous AdaGrad

We now turn to extending BAGRAD to asynchronous settings, developingYNCADAGRAD
(asynchronous AAGRAD). As in the ASYNCDA algorithm, ASYNCADAGRAD maintains a shared
dual vectorz (the sum of gradients) and the shared masfjwhich is the diagonal sum of squares
of gradient entries (recall Section 2.2). The mat$ixs initialized asdiag(5?), whered; > 0 is an
initial value. Each processor asynchronously performgdahewing iterations:



1. ReadS andz and selG = S3. Computer := argmin,_{(z, z) + ﬁ (x,Gz)} Il Implicitly
increment “time” countert and letz(t) = z, S(t) = S

2. Sampl€ ~ P and letg € 0F (x;¢)

3. Forj € [d] such thaly; # 0, updateS; — S; + g7 andz; < z; + g;.

As in the description of AYNCDA, we note that:(¢) is the vector: € X computed in theth “step”
of the algorithm (stepl1), and similarly associgtevith x(¢).

To analyze AYNCADAGRAD, we make a somewhat stronger assumption on the sparsitgnpiexp
of the lossed” than Assumptioh B.

Assumption C. There exist constants\/;)4_, such thatE[(d,, F(x;£))? | £; # 0] < M for all
redX.

Indeed, taking\> = >~ p; M7 shows that Assumption|C implies Assumption B with specific
constants. We then have the following convergence result.

Theorem 5. In addition to the conditions of Theorem 3, let Assumptiorod hAssume that for all
j we havey? > M?m and X’ C [~ R, Roo]?. Then

éE [F(z(t);&") — F(z*;:€)]
< imin {;RZOJE (52 + égj(t)Q) <égj(t)2>é

It is possible to relax the condition on the initial constdiggonal term; we defer this to the full
version of the paper.

N

It is natural to ask in which situations the bound providedrbgorem 5 is optimal. We note that, as
in the case with Theoreh 3, we may obtain a convergence mafef¢7)) — f(x*) using convexity,

wherez(T) = % Zthl x(t). By Jensen’s inequality, we have for afighat

(24 igj(t)Q) ﬂ < (#+ ina[gj(tﬂ)% < \J+ Tp 22,

For interpretation, let us now make a few assumptions on tbhbgbilitiesp;. If we assume that
p; < ¢/m for a universal (numerical) constantthen Theoremn|5 guarantees that

d
~ 1 . log(T)/T + p;
E ) — f(z*)] < O(1) | =R? M. VA2 T
@) - ] < O LR 4] 3 m{ DRt @
which is the convergence rate ofDAGRAD except for a small factor ofain{+/logT /T, p,} in
addition to the usual/p,/T rate. In particular, optimizing by choosing= R.., and assuming
i 2 % log T', we have convergence guarantee

E

j=1

d .
B/GD) - fa*)] < 00 R Y- Mymin {2 .

which is minimax optimal by Propositidn 1.

In fact, however, the bounds of Theorem 5 are somewhat strorigey provide bounds using the
expectatiorof the squared gradientg(t) rather than the maximal valué;, though the bounds are
perhaps clearer in the form (8). We note also that our armbysplies to more adversarial settings
than stochastic optimization (e.g., to online convex ofation [5]). Specifically, an adversary may
choose an arbitrary sequence of functions subject to triorardata sparsity constraint (2), and our
results provide an expected regret bound, which is striattignger than the stochastic convergence
guarantees provided (and guarantees high-probabilityargence in stochastic settings [3]). More-
over, our comments in Sectibn 2 about the relative optimafitADAGRAD versus standard gradient
methods apply. When the data is sparse, we indeed should yrsghasnous algorithms, but using
adaptive methods yields even more improvement than simphlient-based methods.
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Figure 1. Experiments with URL data. Left: speedup relative to one processordiBtidraining
dataset loss versus number of processors. Right: test set eorersus number of processors. A-
ADAGRAD abbreviates AYNCADAGRAD.

4 Experiments

In this section, we give experimental validation of our tfegiwal results on AYNCADAGRAD and
AsSYNCDA, giving results on two datasets selected for their highahsional sparsit§.

4.1 Malicious URL detection

For our first set of experiments, we consider the speedumalike by applying AYNCADAGRAD

and AsYNCDA, investigating the performance of each algorithm on aicr@als URL prediction
task [7]. The dataset in this case consists of an anonymiziéettion of URLSs labeled as malicious
(e.g., spam, phishing, etc.) or benign over a span of 120.dage data in this case consists of
2.4 -10° examples with dimensioi = 3.2 - 10% (sparse) features. We perform several experiments,
randomly dividing the dataset intio2 - 10° training and test samples for each experiment.

In Figure[1 we compare the performance o YWCADAGRAD and AsYNCDA after doing after
single pass through the training dataset. (For each afgoritve choose the stepsigdor optimal
training set performance.) We perform the experiments anglesmachine running Ubuntu Linux
with six cores (with two-way hyperthreading) aB2iGb of RAM. From the left-most plot in Fig./ 1,
we see that up to six processors, boteYAIcCDA and ASYNCADAGRAD enjoy the expected linear
speedup, and from 6 to 12, they continue to enjoy a speedtiistiveear in the number of processors
though at a lesser slope (this is the effect of hyperthregdiRor more than 12 processors, there is
no further benefit to parallelism on this machine.

The two right plots in Figuré]1 plot performance of the diffiet methods (with standard errors)
versus the number of worker threads used. Both are esderil#] increasing the amount of par-
allelism does nothing to the average training loss or thieeiesr rate for either method. It is clear,
however, that for this dataset, the adaptiveYAICADAGRAD algorithm provides substantial per-
formance benefits over 2&¥NCDA.

4.2 Click-through-rate prediction experiments

We also experiment on a proprietary datasets consistingarich ad impressions. Each example
corresponds to showing a search-engine user a particutaaden response to a query string. From
this, we construct a very sparse feature vector based oretheft the ad displayed and the query
string (no user-specific data is used). The target labelfithkiuser clicked the ad, and -1 otherwise.
We fit logistic regression models using botlsWNCDA and ASYNCADAGRAD. We run extensive
experiments on a moderate-sized dataset (abouexamples, split between training and testing),
which allows thorough investigation of the impact of thepsieer), the number of training passeés,
and/s-regularization on accuracy. For these experiments we 82etireads on 16 core machines
for each run, as AYNCADAGRAD and ASYNCDA achieve similar speedups from parallelization.

2In our experiments, AYNCDA and HoGwiLD! had effectively identical performance.

®Here “number of passes” more precisely means the expected naifiiires each example in the dataset
is trained on. That is, each worker thread randomly selects a trainimymadrom the dataset for each update,
and we continued making updates until (dataset sizé)umber of passes) updates have been processed.
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Figure 2: Relative accuracy for various stepsize choices on an click-througtpradiction dataset.
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Figure 3. (A) Relative test-set log-loss for 2¥NCDA and ASYNCADAGRAD, choosing the best
stepsize (within a factor of abowt4 x) individually for each number of passes. (B) Effective speedup
for ASYNCADAGRAD. (C) The best stepsizg¢ expressed as a scaling factor on the stepsize used for
one pass. (D) Five runs with different random seeds for eachittigofwith ¢ penalty80).

On this dataset, AYNCADAGRAD typically achieves an effectivadditional speedup over
AsYNCDA of 4x or more. That is, to reach a given level of accuracgYACDA generally needs
four times as many effective passes over the dataset. Weungeascuracy with log-loss (the lo-
gistic loss) averaged over five runs using different randesds (which control the order in which
the algorithms sample examples during training). We repative values in Figurés 2 ahd 3, that
is, the ratio of the mean loss for the given datapoint to theeki (best) mean loss obtained. Our
results are not particularly sensitive to the choice oftredalog-loss as the metric of interest; we
also considered AUC (the area under the ROC curve) and adx$simnilar results.

Figure 2 shows relative log-loss as a function of the numbaaming passes for various stepsizes.
Without regularization, AYNCADAGRAD is prone to overfitting: it achieves significantly higher
accuracy on the training data 2(left), but unless the stepisi tuned carefully to the number of
passes, it will overfit 2(middle). Fortunately, the additiof /> regularization largely solves this
problem. Indeed, Figufe 2(right) shows that while adding-apenalty of 80 has very little impact
on HoGwiLD!, it effectively prevents the overfitting of &YNCADAGRAD/*

Fixing ¢, regularization multiplier t&0, we varied the stepsizgeover a multiplicative grid with res-
olution v/2 for each number of passes and for each algorithm. Figure@tsihe results obtained by
selecting the best stepsize in terms of test set log-lossacin number of passes. Figute 3(A) shows
relative log-loss of the best stepsize for each algorith(B) 3hows the relative time &vyNCDA
requires with respect to &¥NCADAGRAD to achieve a given loss. Specifically, Fig. 3(B) shows the
ratio of the number of passes the algorithms require to aehéefixed loss, which gives a broader
estimate of the speedup obtained by usirgyACADAGRAD; speedups range frofi6x to 12x.

“For both algorithms, this is accomplished by adding the temumug to the function. We can achieve
slightly better results for AYNCADAGRAD by varying thels penalty with the number of passes.



Figurel 3(C) shows the optimal stepsizes as a function of ¢s¢ $etting for one pass. The optimal
stepsize decreases moderately f@yAICADAGRAD, but are somewhat noisy foraGwiLD!.

It is interesting to note that &YNCADAGRAD's accuracy is largely independent of the ordering of
the training data, while HcwILD! shows significant variability. This can be seen both in ttrere
bars on Figure 3(A), and explicitly in Figureé 3(D), where wetmne line for each of the five random
seeds used. Thus, while on the one haraik/ILD! requires somewhat less tuning of the stepsize
and/, parameter, tuning AYNCADAGRAD is much easier because of its predictable response.
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A Proof of Proposition|1 and related results
In this section we provide the proofs of Proposition 1 andgitssequent corollaries.

A.1 Proof of Proposition/1

Our proof proceeds in a few steps: we first define our familyoglfunctions, after which we per-
form an essentially standard reduction of the estimatiptitfuzation) problem to testing. Following
this step, we carefully lower bound the probabilities obein our multiple hypothesis testing prob-
lem (in a manner similar to Assouad’s lemma) to obtain thérddsstatement of the proposition.
We prove the result for identicall for all j; it is clear that the result extends to sepacitgdefined
per coordinate.

Defining the loss functions We begin by describing the family of loss functions we usertivg
the result. Giverg € {—1,0,1}4, let

MZ &1l — RE;l-

By inspectionF’ satisfies the conditions of the proposition. Letting= P(&; # 0), pj+ =P =
1), andp; = P(§; = 1), we thus find that

-

=M)> (pylz; — R|+pjlz; + R),

J=1

so the objectivef behaves like a weighted 1-norm type of quantity and its mizémis a multi-
dimensional median.

From estimation to testing Now we proceed through a reduction of estimation to testif.
§; > 0forj € {1,...,d} (we optimize these choices later). Dét= {—1,1}¢, and for a fixed
v €V let P, be the distribution specified by

5.0,
Py(fj?éo):pj, v( —1‘533&0) 1+2ija Pv(gj:_1|§j7é0):

With this choice of distribution, we claim that for any estitorz,

1-— 5j1)j
72 .

9)

sup Eplen (Z, F, X, P)] > mapr len (T, F, X, P,)] > MRmaprjé P, (sign(z;(£"Y) # v;),
PeP

(10)
where the last probability distribution is the produe} over the samples™". Indeed, define

xz = argmin ]EPN [F(xa g)] =
reX

the last inequality following by inspection of the loss. \Wlen have
en(Z, F, X, P,)

—MZ {1—'_5] |Z; — Ruvj ! 26 + Ruvj,| L+o ]’ ; — Ruj| — 1_25j |z} ; + R

By inspecting the cases for the possible valuesgi(z;), we have

1+(5j —~

1+(5
|z — RUJ’|_ % |; + Ro; |+ !

o 1-46;, . C
Ty~ Rvj‘—Tj }a:v’j + Ruj| > R6;1 {sign(z;) # v,}.

Taking expectations of this quantity gives the result (10).
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Bounding the test error Now we transform our testing problem to a randomized tegtiodplem,
averaging ovep € V, which allows us to give a lower bound by controlling the epoobability of
d distinct simple hypothesis tests. From inequality (10) \areehthat

d

Igleagzp](s Py ( s1gn(xg( ) # UJ ij ]| | Z P, (sign( xj )) £ ’Ug) (11)
veV
4 €
Z 9 V| < > Pusign(@ (€M) #£ )+ Y Pulsign(@;(4NY)) # vj)>.
=t vivg=1 vivj=—1

Recall that for any distributionB, (), the variational representations of total variation disgimply
that

HP—QIITV—1 sup /f(dp-d@)_1_inf{/fdp+/ng, fzo,gzo,f+gz1}.
FllFl o

Now, let P, ; be the distribution (9), except that we fix = 1 (and letP, _; similarly havev; = —1
fixed). With this notation, we have

Py j(sign(Z;) # vj)+Po,—;(sign(7;) # v;) = Ep, ; [1{sign(z;) # 1}]+Ep, _, [1 {sign(z;) # —1}].
Sincel {sign(z;) # 1} + 1 {sign(z;) # —1} > 1, we find that

Py j(sign(@;(€5)) # ;) + Po—; (sign(@; (€°)) # v5) 2 1= [|BY = PVl 1y
where we recall thaP", denotes thex-fold product of P, ;. Thus, our lower bound (11) becomes

the following (essennaily a variant of Assouad’s lemma):

d

maprjd P, (sign(z;(¢4N)) # v;) Z j2\V| Z (1 - H If\yffjHTv) . (12

Simple hypothe5|s tests For the majority of the remainder of the proof, we derive bdsion

|PY; — PY_;lrv to apply inequalityl (12). Using Pinsker's inequality, wevba

1 N
— Dy (PN |P; _]) < ?Dkl( 0,31 Po,—3) -

HPv,j )—JHTV =9 =

Noting thatP, is a product distribution over the coordinates of the samgl@ecall the construc-
tion (9)), we have the equality
1+9;
Dj {5 log + J] .

1+5j 1406, 1-4
—9;

1-9;
. i J J
D (P 5] Po,—;) = p; log 1_(5]. * 2 log 1+9; ]

Now we use the fact thdtlog 112 < 2log(3)s? for § < 1/2, so

|2 — JHTV < Np;d7 log(3) ford; €[0,1/2]. (13)

Combining inequalities (10), (12) and (13), we find

1
— supE F.X,P
AR S plen(Z, )]

Y

I v;; [ Np, 10g(3)}

1
2

d
2.7
% Zi: [ Np; log(3)} (14)

Inequality [(14) holds for alb; € [0,1/2], so we may maximize over such. By setting

1 1
0; =ming -, ————— &,
’ {2 2\/ij10g(3)}
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we have

1 1 1
511 =6, , >
pjd; {1 0/ Npj 10g(3)] p; min { 7 4\/10? M}

In particular, our simplified Assouad analog@(14) implies

E F.X, P)>— —_—
pap B ev(@ B P m {p g Nlog3}’

which is the desired statement of the proposition. O

Jj=1

B Proof of Theorem 3

Our proof proceeds in a series of lemmas, which we presemtlgh®o connect the result to more
standard analyses of dual averaging, and because the lemenpsesent form the basis of our
subsequent analysis forsANCADAGRAD, we prove our results in somewhat more generality than
that presented in the main text. In full generality, we allpyy }; be a sequence of functions, each
strongly convex with respect to the norﬂn||wt. Then dual averaging [11, 4] can be viewed as
repeatedly computing

(t) := argmin {(2(t), @) + ¢e(2)}, (15)
where the proximal functiom; may or may not vary with time. For the theoretical developtnen
we define the conjugate t6 and associated dual norm

9i(2) = sup {(z,2) — ul@)} and lzl; = sup {¢z,2) |l <1}
We have the following standard lemma (see, e.g. the book par#Urruty and Lemagchal [6,
Chapter X]), which is essential to the analysis of the duaraging method (15). The result says
that sincey is strongly convex with respect to the noifr| 4, Its dual is smoothly differentiable
and, more strongly,

Lemma 6. The functiory; is 1-strongly smooth with respect fo||,., meaning that
IVei(z) = Vi (2, < Iz = 2]
and moreovelNVy; (—z(t)) = x(t).

by

We also recall the standard fact [e.qg. 6] that if a functiomas Lipschitz continuous derivative with
respect to a normi- ||, thenh(y) < h(z) + (Vh(x),y — z) + (1/2) ||z — y|* for all ,y € dom h.

With Lemmd 6 in place, we can provide a general result on timwergence of asynchronous dual
averaging-type algorithms. In this lemma, we use the tintexing established in Section 3.1.
In particular, we have that(¢) is computed using the proximal functiof, that is, as in the up-
date [(15). This result shows that the performance effACDA, and other algorithms like it, is
essentially identical to that of the correct dual averagiigprithm, plus a correction penalty that
relates the performance of the correct algorithm to whatisally executed.

Lemma 7. Define the “corrected” point sequence

t—1
30) = i - Zg )) = anganin { 3 ot a) + (o)}
x =1
For any sequence of samplé's

i[m(t);st)—nx*;etﬂsi[w:(—tfg ) - via( - Zg )]+§iug<t>ni;

t=1 t=1 T=1

+ > {g(),z(t) = Z(t) + dr(a”)

t=1
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We remark that in the non-asynchronous case, onelhas v;_; (either in adaptive settings such
as ADAGRAD [4] or in standard dual averaging) an(t) = Z(t), so Lemma 7 reduces to the bound

(1/2) X1yl + ¢r(2*), which is standard [11].

Deferring the proof of Lemmal7 to Sectibn B.1, we note thathi@ tontext of Theorem 3, it has
immediate implications. Sincg;(z) = % ||:c||§ in this case, Lemmnla 7 immediately implies

> [Pt = Fa:¢h)] < o a3+ gz O3+ Y (90),2() = () (16)

t=1

sincey; = vy, andy*(0) < 0, and for anyw
2 1 2 2 2
lolly, = p [olly and [vlfy. = nllv]f;-

Now we return to the proof of Theorem 3. Each of the terms preseTheorem B is present in
Eqg. (16) except for the last, since

E[|lg(t)]l3] < M.

For the final term in the bound in the theorem, we note that lspmption thatt' is a product
domain,

d

(g(t), z( Z ()] (1) = 5(1)] < angj

[ o050

For the final inequality we have used that by the definitiorhefit update (recall Lemmia 6),

ww(ém) e ‘<n

|2 (t) —2;(t)] =

izj

Conditioned on ther-field 7;,_; of {¢7}.Z!, we haveE|[|g;(t)| | Fi—1] < p;M; by assumption

(since¢! is independent of ™ for 7 < t). Moreover, we hav&[| S g; (1) — z;(t)[] < mp; M,
because the delay in each processor is assumed to be ataostE[|g;(7)|] < p;M;. Thus we
find

E[(g(t), x(t) <nZE [lg; ()] | Fei]

Zgg ) = z(t H<WZP§M2

This completes the proof. O

B.1 Proof of Lemma7

The proof is similar to other analyses of dual averaging. (@33 4]), but we track the changing time
indices. For shorthand throughout this proof, we define thming sumg(1:¢) := 22:1 g(7).
First, we note by convexity and the definitiongft) € OF (z; ¢') that

D O [F(a(t):€h) — F(a*6)] < {g(t), a(t) — 27). 17)

t=1

By definition of; and the conjugate’., we find that

S lglt). 20 —a%) = 3 (a Z ")+ dr(a) - r(a”)

t=1

T
< Pr(a*) +P7(—g(1:T) + > (g( (18)

t=1
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Now, by applying Lemma 6 and the definition of 1-strongly-siig we have that
* * * 1
i (=g(1:t)) < W (=g(L:t = 1)) + (=g(2), Vb (—g(L:t = 1)) + 5 lg(6)1[5; -

By construction ofr andz, we haver(t) = Vi (—z(t)) andz(t) = Vi (—g(1:t — 1)). Thus,
rearranging the preceding display, we have

0 < (~g(t), #(0)) — w7 (~g(1:6))) + 5 (—g(1:t — 1) + = ||g(t)Hi; :

and adding(g(¢), z(t)) to both sides of the above expression gives

(g(t), z(t)) < (g(t),x(t) — z(t)) — ¥; (=g(1:1)) + i (—g(1:t — 1)) + % lg®)ll5: - (19)

Thus we obtain the inequalities

T
< (@) + 0p(—g(:7) + 37 [(gl0) 2(6) — F0)) — 07 (~a(1:0)) + 97 (~g(1:t — 1) + 5 gD, |

e +Z[ ~ () 07 (0t — 1) ~ vy (g1t - 1) + 1 902, |-

where for step(i) we have applied inequality (18), stéfp) follows from the bound (19), and the
last equality follows by re-indexing terms in the sum. Conihg the above sum with the first-order
convexity inequality/ (17) proves the lemma. O]

C Proof of Theorem/5

Before proving the theorem proper, we recall a now standardria that is essential to proving rates
of convergence for adaptive algorithms.

Lemma 8 (Auer and Gentile [1], Duchi et al. [4] Lemma 4, McMahan andeSter [9]) For any
non-negative sequende, };, where we defing/+/0 = 0, we have

1
T 3

We also require one additional piece of notation: for a pasiemi-definite matrixd, we let||-|| ,
be the (semi)norm defined WHZ := (v, Av), where(, -) is the standard inner product.

The proof of this theorem follows from the general bound ofrinea 7 applied with a particular
choice of the proximal functiong,. To apply the lemma, we require a few definitions that apply
throughout the proof. We recall the definitions«f) and.S(t) to be the valuesead in the com-
putation of step ]l to construct the vecte(t) in the definition of AYNCADAGRAD. In addition,

we define the two temporal inequalities;; and <., to capture the order in which the updates are
applied in the AYNCADAGRAD algorithm. We say that <, t if the grad|ent terny;(7)? has
been incorporated into the matrix coordingtgat the mstanS is read in steg (1) of the &YN-
CADAGRAD algorithm to computex(¢), and similarly, we say <., t if the gradient termy; ()

has been incorporated in the dual vector coordinate

Before actually applying the general bound of Lemima 7, we tiwét by convexity,

DO [F(():€h) = F(a6h)] <> {g(t),a(t) — 7).
t=1

t=1
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Considering a particular coordinafewe have

T
Y E[gi(0)(w;(t) = 25)] < Roo Y Ellg; (0] < RocTM;p; (20)
t=1
where we have used the compactness assumptioki.offthe remainder of our proof bounds the

regret-like termZtT:1 (g(t),z(t) — 2*) in a per-coordinate way, and thus for each coordinate we
always have the bound (20), giving thein{-,p;} terms in the theorem statement. It remains to
show the bound that applies whenis large.

We now re-state the general bound of Lemirha 7 with some minalifinations in notation. AynN-
CADAGRAD is dual averaging with the choiag,(x) := % (x, G(t)z) for the proximal function.

With this choice, the norm and dual norifi|,,, and||-| o defined for vectors € R< are

2 2
lolly, = 77||v||(; and [[olly; = nllvllge -1

Rewriting Lemma 7, we thus have

T T t—1 T
> [Fa(0:) - Flrsed] < 3 [vi (- o)) - v - Zg )]+ 5 Sl
T
3 (ot —f<t>>+%||x*||ém (21)

for any sequencg’; as in Lemma 7 we define the “corrected” sequendes = V7 (—g(1:t — 1))

whereg(1:t) = Zj;ll (7). Note that the corrected sequences still use the proxinmations:;
from theactualrun of the algorithm.

We focus on bounding each of the terms in the sums (21) in toegjnning with the summed
conjugate differences.

Lemma 9. Define the matrixG(7’;.) to be diagonal withjth diagonal entry(§? + Zt 195 ()? )z.
For any sequencg’

2

;{w:(—gg(ﬂ)—wh( Zg ﬂ ;’;tr(Gm)).

We defer the proof of Lemnia 9 to Section C.1, noting that tl@piollows by carefully considering
the conditions under whicty; > v, which may only occur when updates $o(and hence?)
are out of order, a rearrangement of the sum to put the updatésn the correct order, and an
application of the AMAGRAD Lemmad 8.

To complete the proof of the theorem, we must bound the twonseeingradient quantities in ex-
pression[(21). For shorthand, let us define

T

=> Mg G0y and To=> (gt), (t) — (t)) (22)

t=1 t=1

We provide the proof under the assumption that> mM2 for all . At the end of the proof, we
show how to weaken this assumption while retaining the maiclusions of the theorem.

Recalling the temporal ordering notatiery,, we see that

;; \/‘52+Zr<s + 95(T )

Now, by our assumption that processors arenostm steps out of date ant¥ > mA/2, we have
9, (1)’ - gW?

VO H Lt 9P /S g0

)
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and thus the standardbhGRAD result Lemma 8 implies

d T S(1)? d T , 3
T Sgg#i;(ﬂ? §;2(;gj(t) ) : (23)

Thus we turn tdZ; as defined in expressian (22). We focus on a per-coordinaséoveof 75, stating
the following lemma:

Lemma 10. Under the conditions of Theorem 5,

1

%ZE[gj(t)(xj(t) —z;(t))] < 2p;mE [(Zgj(t)Q) | < 2pymM;/p;T.

The proof of the lemma is technical, so we defer it to Sedtidi C
Applying the result of Lemmja 10, we obtain the following bdum 7:

B[] < 2 pymE [(égj@)?ﬂ .

j=1
Combining Lemma 9 with our bounds (23) @n and the preceding bound @A, the basic inequal-
ity (21) implies
T
B[S (Fatie) - Fa'se)|
t=1

1

2

(1 + 2pjm) .

d T
1 *
< 5B [l er) + R or(G(T)] 40 ) E l( le)
j=1 t=
Noting that
d T %
* 2
o ) < B e(G(T) < RE Y (824 Y 0,(07)
j=1 t=1
completes the proof of Theorem 5 under the assumptiorsthat mMj2 forall j. O

C.1 Proof of Lemma 9

Since the domaint = X; x ... x X, is assumed Cartesian and the matriSeand G = S
are diagonal, we focus on the individual coordinate terms;of With that in mind, consider the
difference

-1 t—1
Sup { = gi(r)z; - ;nijj(t)xj} — sup { =Y gi(r)x; - %ijj(t - l)x]}. (24)
=1 =1

T;EX; T;EX;

To understand the difference of the terms|(24), we recaltéhgporal ordering<s. defined in the
beginning of the proof of Theorem 5 (we say-s, tifand only if 7 4. t). Thougﬁ throughout the
algorithm, the matrixS (and the matrixG) is always increasing—only positive updates are applied
to S—when indexed by update time, we may havgt — 1) < G,(t). The term[(24), however,
may be positive only whet¥; (t) < G;(t — 1), and this is possible only if
{TEN|T-<Sjt—1}2{T€N|T-<Sj t}.
Finally, we note that for any matrice$, B and vectorz, that if we define
x(A) := argmax {(z,z) — (x, Az)}
zeX

then
sup {(z,z) — (z, Az)} — sup {(z,z) — (z, Bx)}
< (z,2(4)) — (z(A), Az(A)) — (z,2(4)) + (z(A), Bz(4)) < sup {{z,(B - A)z)}.
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By considering expressioﬂ24) we have
d

w:(—ggm)—wzl( Zg )_QUZsup (2350 - 1)~ €50}

j=1 zjEX;

Z|G Gi(t—1)|1{{r <s, t =1} D {7 <s, t}}.
(25)

_277

It thus remains to bound the sum, over#albf the terms[(25). To that end, we note by concavity of
/- that for anya, b > 0, we haveva + b — \/a < b/2y/a. Thus we find that

|G;(t) — Gt —1)| 1 {{r =5, t =1} D {7 =g, t}}

S| S aer) (e X ae) it 12 04 )

‘r<5~.t ‘r<sjt71
ZT<S t—1,7xs, ¢ 95(T )?
ENGE Sk

We note the following: the sequence of update gets= {7 € N: 7 <5, t — 1,7 =g, t} satisfies

Ul A, C [T], and since the incremental updatesstoccur only once, we hava; N A, = § for

allt # t'. Thatis, ifr € A, for somet, thent ¢ A for anyt’ # ¢. Using the assumption that
updates may be off by at most time steps, we thus see that there must exist some permutatio
{us }E_, of [T] such that

ET: ZTEAZ g] )2 ) (26)
t= 1\/52+ZT-<S tgﬂ( ) t=1 \/52+Zr<t mg](u'r)

MH

For our last step, we use our assumption thrat> mMj2 and the standard BAGRAD result
(Lemmd 8) to obtain

i ZT%S t—1,7xs; tg] Z Z
9]
P \/62+ZT<Sth( ) t=1 m =t

Recalling inequality (25), we have

i[w:(—:z_llgm)—w:l(—gw _fj i

which gives the statement of the lemma. O

C.2 Proof of Lemma 10

Let us provide a bit of notation before proving the lemma. \Eéiree the batch of “outstanding”
updates for coordinatgat timet asB;(t) := {7 : t —1 > 7 =, t}, and we define the quantity that
we wish to bound in expectation in Lemma 10 as

= 1Y 00 - 5(0),

Turning to the proof of the lemma proper, we first note th@) does not include any gradient terms
g(7) foranyr > t by the definition of the AYNCADAGRAD algorithm. Thus

Zgj —z(t Z 9;(7).

TEB;(t)
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For brief notational convenience defirg = 7(62 + D rss 19 (7)2)2. Applying the definition of
the ASYNCADAGRAD updates and Young’s inequality, we see that

9(t) - (2 (t) — 7;(t)) < rielg;(£)] g5 (1:t = 1) — 2;(2)]

> 50| < grdssOPL{E 0} + {20} (3

TEB; (1) TEB;(t

= rrlg; (t)]

2
50) -
)
As a consequence, we find that

T T 2 t
d( B; 0 1 0
E[T] < Z card({T € B;(t) : & # Ha;i(t) n {5 # }ZTEB () gj(1)? @
\/62+ZT-<S‘7tgj( ) \/§2+ZT<Sjtgj( )
Looking at the first term in the bound (27), we note thBatt) consists of time indices =, 7<
t — 1, which consequently have not been incorporated into aniovecised in the computation of
g;(t). Thus, if we letF; ; denote ther-field containingt; and¢? for 7 <., ¢, we havey; (1) € F

foranyr <, t, g;(t) € Fi ;, and we also have th4f is mdependent (17-} j for T € B;(t). Thus,
iterating expectat|ons we find

p | rdUdr € Bi() - & # 0})g; (1) | _ p | Eleard({7 € B;(1) : ] # 01)g;(t)* | F,5]
\/52 +Z‘r<sjt gj(T)2 \/(52 +Zr<sjt gj(7)2
< p;mE 9;(t)°
- \/52+ZT-<sjtgj(T)2 ’

sinceE[card({T € B;(t) : £ # 0})] < p;ym becausdB;(t)| < m by assumption. A similar
iteration of expectation—sincg is independent of any; (1) for 7 € B;(t)—yields

{ {&5#0} Y g7 Q]Sij{ > gj(T)Q]-

reB;(t) rEB; (L)

t=1

We replace the relevant terms in the expectation (27) wighptieceding bounds to obtain

g;(t)? ey 9i(T)°
77 <p;m j .
P Z [\/52+Zr<s +95(7)? ] I Z [\/5 +Zr<s +95(7)?

For the second term, note eagh(r) can occur in at most: of the sets5;(t), and the maximum

delay is also at mosh.. Thus, following the same argument as|(26), there must expstrmutation

{u,} of the indiceq T such that
T

Z ZTEB (f)gJ
t=1 \/52+ZT<S tg]( )2

mg;(ut)®

\/62 + ZT 1 95(ur)?

mgyw@m(zgj >
Z’T lg7(u7’)2

where we have used the fact thi&t> mM? and Lemma B. With this, we immediately find that
) I g;(t)? Z t 9;(7)?
PE[T7] < pym Y E | ——=Zde | +p; ZIE Sretem | < dp;mE
1

\ N

I A

>
>

r !
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By inspection, this completes the proof of the lemma. O
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