
Two Problems

Inaccuracy:
Error turns x(t) from a
circle into the spiral of
your choice.

Instability: off to
Neptune!

Figure 4: Above: the real integral curves form concentric circles, but Euler’s method always spirals
outward, because each step on the current circle’s tangent leads to a circle of larger radius. Shrinking
the stepsize doesn’t cure the problem, but only reduces the rate at which the error accumulates.
Below: too large a stepsize can make Euler’s method diverge.

Moreover, Euler’s method can be unstable. Consider a 1D function f = −kx , which should
make the point p decay exponentially to zero. For sufficiently small step sizes we get reasonable
behavior, but when h > 1/k, we have |!x | > |x |, so the solution oscillates about zero. Beyond
h = 2/k, the oscillation diverges, and the system blows up. See figure 4.

Finally, Euler’s method isn’t even efficient. Most numerical solution methods spend nearly all
their time performing derivative evaluations, so the computational cost per step is determined by
the number of evaluations per step. Though Euler’s method only requires one evaluation per step,
the real efficiency of a method depends on the size of the steps it lets you take—while preserving
accuracy and stability—as well as on the cost per step. More sophisticated methods, even some re-
quiring as many as four or five evaluations per step, can greatly outperform Euler’s method because
their higher cost per step is more than offset by the larger stepsizes they allow.

To understand how we go about improving on Euler’s method, we need to look more closely at
the error that the method produces. The key to understanding what’s going on is the Taylor series:
Assuming x(t) is smooth, we can express its value at the end of the step as an infinite sum involving
the the value and derivatives at the beginning:

x(t0 + h) = x(t0) + hẋ(t0) + h2

2!
ẍ(t0) + h3

3!
x˙̇ ˙(t0) + . . . + hn

n!
∂nx
∂tn

+ . . .

As you can see, we get the Euler update formula by truncating the series, discarding all but the
first two terms on the right hand side. This means that Euler’s method would be correct only if
all derivatives beyond the first were zero, i.e. if x(t) were linear. The error term, the difference
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