
Euler's Method

x(t + Δt) = x(t) + Δt f(x,t)

• Simplest numerical 
solution method

• Discrete time steps
• Bigger steps, bigger 

errors.

Figure 3: Euler’s method: instead of the true integral curve, the approximate solution follows a
polygonal path, obtained by evaluating the derivative at the beginning of each leg. Here we show
how the accuracy of the solution degrades as the size of the time step increases.

In contrast, we will be concerned exclusively with numerical solutions, in which we take dis-
crete time steps starting with the initial value x(t0). To take a step, we use the derivative function
f to calculate an approximate change in x, !x, over a time interval !t , then increment x by !x to
obtain the new value. In calculating a numerical solution, the derivative function f is regarded as
a black box: we provide numerical values for x and t , receiving in return a numerical value for ẋ.
Numerical methods operate by performing one or more of these derivative evaluations at each time
step.

2.1 Euler’s Method
The simplest numerical method is called Euler’s method. Let our initial value for x be denoted by
x0 = x(t0) and our estimate of x at a later time t0 + h by x(t0 + h), where h is a stepsize parameter.
Euler’s method simply computes x(t0 + h) by taking a step in the derivative direction,

x(t0 + h) = x0 + hẋ(t0).

You can use the mental picture of a 2D vector field to visualize Euler’s method. Instead of the
real integral curve, p follows a polygonal path, each leg of which is determined by evaluating the
vector f at the beginning, and scaling by h. See figure 3.

Though simple, Euler’s method is not accurate. Consider the case of a 2D function f whose
integral curves are concentric circles. A point p governed by f is supposed to orbit forever on
whichever circle it started on. Instead, with each Euler step, p will move on a straight line to a circle
of larger radius, so that its path will follow an outward spiral. Shrinking the stepsize will slow the
rate of this outward drift, but never eliminate it.
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