EE 290 Theory of Multi-armed Bandits and Reinforcement Learning Lecture 18 - 3/18/2020

Lecture 18: Rmax Exploration

Lecturer: Jiantao Jiao Scribe: Samyak Parajuli, Dimitris Papadimitriou

In this lecture, we finish up the discussion between fixed horizon and infinite horizon and then present the
Rmax algorithm.

1 Fixed Horizon and Infinite Horizon

Let the value iteration outputs be denoted with V™ (s) = E[Zflzl vt 1ry|s; = s, 7], where 7 is a fixed time-
invariant policy. Furthermore, let 7* denote the optimal policy for the discounted infinite horizon problem.
Then, the following relation holds

v <A (s), (1)

where the left hand side is a particular finite horizon policy and the right hand side is the optimal value for
all possible policies. Furthermore,

vell(s) < V*(s) (2)

also holds with the right hand side denoting the optimal value for the discounted infinite horizon problem.
Due to the truncation effect V™ - (s) > V*(s) =y R"‘l{" where the subtracted quantity denotes the expected
reward from time step H + 1 to infinity taking mto consideration the discount factor . Using (2) we obtain

R
* _ yrH < H - 'max
V(s) = V() < T 3)
where V*(s) is the optimal value and V*(s) is the output of value iteration after H steps.

Lemma 1. |[V*(s) — V™ (8)]|c0 < %, with f € RS*4 and 7¢(s) = argmax, ¢ 4 f(s,a).

Proof For any s € S,

V*(s) =V (s) = Q" (s,m"(s)) = Q"(s,mp(s)) + Q" (s,m(s)) — Q™ (s,7(5))
SQ(s,77(s)) = f(5,7(5)) + f(5,74(5)) = Q7 (5,74 (5)) + VEsrmp(s,mp(s)) [V(sT) = V()]
<2 = Qs IV =V |0
O
Claim: Output the non-stationary policy in value iteration 7# = 7T(3H,7T5H71, . ,7'('51 and arbitrary
policies for the future then ||[V* — V7| < ’yH%’;".

2 Rmax Exploration Algorithm

We will assume that the reward function R(s,a) is completely known, and the initial state distribution is
known, but the transition model is unknown. The sampling model is an infinite horizon discounted MDP.
We start with an initial policy and perform a rollout s1,a,...s¢,a; for a finite amount of time. We collect
the data, update our policy, obtain another rollout, get a new policy and so on and so forth. We will output

a policy such that Vas(7) > Vi — €Vinax, where V() is the value for a particular MDP and Vipax = %ﬁyx



2.1 Algorithm

The Rmax algorithm takes as input a threshold parameter m.We denote with n(s,a) the visitation count
for (s,a). We denote with n(s,a,s’) the visitation count for (s,a,s’). The known set K is defined as
K £ {(s,a)|n(s,a) = m}. Intuitively, if we have a state action pair that we’ve visited many times, we should
have a good idea of the transition from that pair.

Step 1) Build an MDP M, with transitions

n(s,a,s’) .
Dy(s']s,a) = { wGay  H(s.a) €k,

I(s=s) ow.

and a reward function

Ry (s,a) =

- R(s,a) if(s,a) € K,
Rupax  O.w. '

Step 2) Rollout policy ’/T;\Z and collect new trajectory si, a1, o, as, .. ..
k

Step 3) For each time step h: if the count of the (state, action, next state) tuple is less than m then we
increment by 1, otherwise we continue. Before digging into the details of Rmax, we first define some notation.

Definition 2. Suppose MDPs My, Ms are only different in dynamics and denote the transition functions
as Py, P,. Then the dist(My, Ms) = nSlaXAHPl(s,a)) — Py(s,a))||y where Py(s,a) € R®, i =1,2 and the {;
ses5,ac

norm represents the summation of absolute values.

Definition 3. The induced MDP My, is defined as

P(s']s,a) if(s,a) € K
I1(s,s) o.w.

Py(s'|s,a) = {

and
Ry(s,a) = {R(S»a) if (s,a) € K

Rimax o.w.

When m is large enough, M, should be close to M.

Lemma 4. For fized (s,a), let p be the empirical distribution of m iid samples from p(s,a). Then
w.p. >1-19,

1 1
L < /1 loo (L
12 = p(s,a))lly < 4/ - (s +log(5)),
where s is the support size of the distribution p(s,a).

Proof Note that for any vector v € R®, ||v||; = sup uTv. uTp is the average of i.i.d random variables

ue{—1,1}¢
with bounded range, so we can use Hoeffding’s inequality and union bound over all u to get:

max max ul(
s,a ue{—-1,1}s

) ) 1 1
p—p(s,a)) = max||p — p(s,a) |1 < E(S + 10%(5))

Lemma 5. If My, My only differ in transitions, then HV]\*41 — VJC[2||<X> < dist(M;, M2)2z/inf’);)



Proof Let 71 and 73 be the Bellman update operators of M; and My respectively.

IVir, = T2V, lloo = IT1Var, = T2V, lloo

= Vs,fé%iA‘ES’NPl(S,a) [V]\th (3/)} - IES’~P2(8,a) [VJ\*41 (8/)“

= P - P . — 2-1
787£%§A< 1(8,0,) Q(Saa)7VM1 Vmax/ \S\Xl)

< — * .
< 737£2§A||P1(87a) Py(s, a)[1[IVag, — Vinax/2 - Ljsixilloo
< dist(M7y, M3)Vinax/2.
Therefore,
< dist(My, M2) « Vinax/2 + | T2Vay, — T2Vag, lloo
< dist(My, M2) - Vinax/2 + 7||VJ\*41 — V]\*42||oo~

Lemma 6. If My, My only differ in transitions then Vw: S — A:

|‘/]\41 (7‘(’) - VM2(7T)‘ S diSt(Ml,Mg)i’y

Proof

[Var, () = Vi, ()| = |Ra(s, ) + (Pi(s,m), Vi, ) — Ra(s, ) — (Pa(s, m), Vi, )|
< 7|<P1(5ﬂ7r)a VZ\Z1> - <P2(S,’/T), V1\7;Il> + <P2(577T)7V]\721> - <P2(537T)7VJ\722>|
<AKP1(s,m) = Pals, ), Vi)l +IIVir, — Vil

Rmax
=|(P - P |4 —_ | VI =V o
WP (5,m) = Pl 1), Vi, = 55 D +2l1 Vi, = Vi
0 RHIX ﬂ‘ w
< AIPi(s, m) = Po(s, m) 1[I Viy, — -9 _6”7) lloo +YIVaL, — Vit lloo

< ,ydist(Ml, Ms) Riax
2(1—-9)
= dis 1, 2 .
2(1—7)
The above holds for all s € S and hence we can take the infinity norm on the left hand side to obtain
the final result. We also subtract the quantity 2?1“31;) 1 to center the range of V , exploiting the fact that

P, and P, are valid probability distributions. Finally, we use the results from Lemma 5, and we neglect a
term for clarity to obtain the last expression. O

+IVaz — Vil

Intuitively, what theses lemmas say is that having two MDPs which differ only in transitions, which are
close to each other, then the evaluations of the policy cannot be very different since reward functions are the
same.

Lemma 7. Suppose My, My agree on K C S x A in terms of rewards and dynamics. Then

[Var, (1) = Vg, ()| < Vinax Par, (under  trajectory goes out of K).



Proof Let Rps(7) denote the sum of discounted rewards in a trajectory 7, according to the reward function
of M. We write vy, = > _ P, [7|7|Rar, (1) and vi, = > P, [7|7]Rar, (7). We consider the trajectories
7 for which escapek (7) equals 1, where escaper (7) is 1 if the arbitrary 7 visits some (s,a) ¢ K and 0
otherwise. We define prey (7) as the “prefix” of T where every state action pair is in the known set except
the last one. We also define sufy (7) which is the remainder of the episode. Let R(prey (7)) be the sum
of discounted rewards within the prefix (or suffix), and Py, [preg (7)|7] be the marginal probability of the
prefix assigned by M; under policy 7. We can now upper bound Vi, (7) — Vi, (7) (the other direction is
similar) as follows:

Var, () = Y. Pulrial(Bas (prege(r) + Bor, (sufx (7)) + > Pany[rlm]Rag, (7)

T: escaper (T)=1 T: escaper (7)=0

< Y. Palrlnl(Rag (preg (7)) + Vina) + Y Pag[rln]Ras (1)

T: escapek (T)=1 T: escapek (7)=0

< Y Pulprex(nal(Rpreg(r) + Viax) + Y Pan[7[m]Ran (7).

preg (1) 7: escapek (7)=0

The last inequality comes from the fact that for any 7 that shares the same prefix, we can combine
their probabilities because R(preg (7)) + Vinax does not depend on the suffix which gives us the marginal
probability of the prefix. We lower bound V; by relaxing R(sufx (7)) to 0 and we get

Vi, () = Y Pagy[preg ()| Ra, (prege (7)) + > Palrlr]Ras (7).

preg (7) T: escaper (7)=0

We observe that when escapeg (1) = 0, Py, [7|7] = P, [7|7] and Ry, (7) = R, (7) because since the
trajectory does not go out of K, M; and M, will assign the same probability to 7. Therefore, when we
subtract the above two inequalities we get

Var, () = Vag, (1) < Pagy [prege (7)) Vinax

preg (7)

We then get the result by noticing that the sum of probabilities is equal to Py, (under 7 escapek (7)).
O
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