
EECS 225A Statistical Signal Processing Lecture 8 - 2/13/2020

Lecture 8: Wold Decomposition and the Kolmogorov–Szego Formula
Lecturer: Jiantao Jiao Scribe: Shivin Devgon

We talk about the prediction problem in the previous lecture, and used spectral factorization to derive
the optimal predictor as well as the optimal one-step prediction error.

How general are these results? When does spectral factorization exist for general WSS processes? Can
we obtain a formula for the one-step prediction error without computing the spectral factorization?

We answer these questions in this lecture through the lens of Wold decomposition and the Kolmogorov–
Szego formula. We first define formally a white noise process.

Definition 1 (White noise). We say WSS process Zn is a white noise process with variance σ2, denoted as

Zn ∼WN(0, σ2),

if and only if

E[Zn] = 0

E[ZnZ
∗
m] = σ2δmn.

We define the following Hilbert spaces with inner product 〈X,Y 〉 , E[XY ∗].

Definition 2 (Some Hilbert Spaces). [1, Section 2.2.4] Let {Xn : n ∈ Z} be a WSS process. We define

H(X) , sp{Xn : n ∈ Z}
Hn(X) , sp{Xs : s ≤ n} for any n ∈ Z

H−∞(X) ,
⋂
n∈Z

Hn(X),

where sp denotes the closure of the span of the random variable in this set.
If H−∞(X) = H(X), we call {Xn : n ∈ Z} a deterministic process. The process is called nondeterministic

if H−∞(X) ⊂ H(X) and H−∞(X) 6= H(X), and purely nondeterministic if H−∞(X) = {0}.

We have Hn(X) ↓ H−∞(X) as t→ −∞ and Hn(X) ↑ H(X) as n→∞.
For any random variable Y ∈ L2(Ω,F ,P), we use PtY to denote the projection of Y on Ht(X).
It follows from standard arguments that the prediction error

δ(τ) , E[|Xn − Pn−τXn|2] (1)

is independent from n, and increases with τ , with δ(τ) = 0 for τ ≤ 0.
The following theorem gives an alternative description of a process being deterministic or purely nonde-

terministic.

Theorem 3. [1, Section 2.2.5] The following statements are true for WSS process X.

1. If {Xn : n ∈ Z} is deterministic, then δ(τ) = 0 for all τ ∈ Z.

2. If δ(τ) = 0 for some τ > 0, then X is deterministic

3. The process X is purely nondeterministic if and only if δ(τ)→ E[|X0|2] as τ →∞.

For simplify we denote δ(1) by σ2, which means the one-step prediction error.
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1 Wold’s decomposition

Now we are ready to state the the Wold decomposition theorem.

Theorem 4. [2, Chapter 5.7][1, Chapter 2.2.6] If σ2 > 0, then the WSS process {Xn : n ∈ Z} can be
represented uniquely as

Xn =

∞∑
j=0

cjZn−j + Vn (2)

with the following properties:

1. c0 = 1,
∑∞
j=0 |cj |2 <∞

2. Zn ∼WN(0, σ2) This is known as the innovation sequence because each Zn is uncorrelated with previous
Zn.

3. Zn ∈ Hn, ∀n ∈ Z. This means that Zn can be constructed from {Xt : t ≤ n}.

4. E[ZnV
∗
m] = 0, ∀n,m ∈ Z.

5. Vn ∈ H−∞, ∀n ∈ Z

6. Vn is deterministic.

Without discussing the proof of Wold’s decomposition, we present the constructions of Φj , Zj , Vj below.

Zn = Xn − Pn−1Xn (3)

cj =
E[XnZ

∗
n−j ]

σ2
for j ≥ 1 (4)

Vn = Xn −
∞∑
j=0

cjZn−j (5)

We can think of
∑∞
j=0 cjZn−j as passing white noise process Zn through a canonical modeling causal

filter c. In other words, the Wold decomposition gives the canonical spectral factorization of the purely
nondeterministic part of the process

Un ,
∞∑
j=0

cjZn−j . (6)

We can relate δ(τ) to the coefficients cj computed above:

δ(τ) = σ2
τ−1∑
j=0

|cj |2, (7)

Indeed, it follows from the Wold decomposition that

Pn−τXn =

∞∑
j=τ

cjZn−j + Vn (8)

Pn−τUn =

∞∑
j=τ

cjZn−j . (9)
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It also implies that

Xn − Pn−τXn = Un − Pn−τUn,

showing the optimal prediction errors of Xn and Un are the same.
We define the z-transform of the filter {cj}∞j=0 as

C(z) =

∞∑
j=0

cjz
−j .

Denoting z-spectrum of WSS process U as SU (z), then the Wold decomposition gives

SU (z) = C(z)σ2C∗(z−∗).

However, we would like to emphasize [3, Section 6.4, Remark 5] that under the weak assumptions of Wold
decomposition, we can only guarantee that C(z) and C−1(z) are analytic in |z| > 1. If C(z) is rational, then
we can strengthen the conclusion to state that C(z) is analytic in |z| ≥ 1, but even for rational C(z) we
cannot guarantee that C−1(z) is analytic in |z| ≥ 1 since C(z) may have isolated unit-circle zeros.

2 How large is σ2?

The interested readers must have observed that we have assumed σ2 > 0 in the Wold decomposition. How
would we know whether a WSS has σ2 > 0 or not? Can we obtain this information in an elegant way from
its power spectral measure?

Recall that in lecture 4, we have showed that for any zero-mean WSS process Xn, there exists a unique
right-continuous stochastic process F (ω), ω ∈ (−π, π] with zero-mean square-integrable orthogonal incre-
ments such that

X(n) =

∫ π

−π
ejωndF (ω), (10)

and we define its power spectral measure MX(ω) as

MX(ω) , 2πE|F (ω)− F (−π)|2.

When MX(ω) is differentiable, we have

M ′X(ω) = SX(ω),

where SX(ω) is the power spectral density of X. It is clear that generally one needs the power spectral
measure instead of the power spectral density to characterize the WSS process. Indeed, for X(n) = W (n) +
A,SX(ω) = SW (ω) + 2πE[|A|2]δ(ω), which is a generalized function, but the power spectral measure is a
function with a discontinuous point at zero. Note that MX is well defined even when the process is not zero
mean: one can just add a delta mass 2π|µX |2δ(ω) to it.

We introduce the concept of Lebesgue decomposition in the special case.

Definition 5 (Lebesgue decomposition). For any finite measure µ on an interval I, there exists two finite
measures µ0 and µ1 such that

1. µ = µ0 + µ1

2. µ0 � λ, that is, µ0 is absolutely continuous with respect to the Lebesgue measure on interval I

3. µ1 ⊥ λ, that is, µ1 and the Lebesgue measure are mutually singular.
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These two measures are uniquely determined by µ.

By absolutely continuity we means that for any set A, if λ(A) = 0, then µ0(A) = 0. By mutually singular
we mean that there exist two disjoint sets A,B such that A is the complement set of B, and µ1 is zero on
all measurable subsets of A while λ is zero on all measurable subsets of B.

The next theorem characterizes when σ2 > 0.

Theorem 6. [1, Chapter 2.5] Suppose the Lebesgue decomposition of MX(ω) is A(ω) + B(ω), where A is
the absolutely continuous part, and B is the singular part. Then, X is nondeterministic (i.e., σ2 > 0) if and
only if the Paley–Wiener condition (11) holds:∫ π

−π
ln(A′(ω))dω > −∞. (11)

Since we have assumed X has finite power, it is equivalent to∫ π

−π
| ln(A′(ω))|dω <∞, (12)

where A′ denotes the derivative of A.
Moreover, if the Paley–Wiener condition holds, then A(ω) is the power spectral measure of the purely

nondeterministic part of X, and B(ω) is the power spectral measure of the deterministic part of X.

We call a WSS process regular if in the corresponding Lebesgue decomposition of the power spectral
measure has B = 0, and the Paley–Wiener condition holds. Clearly, if the WSS process is bandlimited,
which means A′(ω) = 0 for a set of positive Lebesgue measure, then the Paley–Wiener condition fails, which
implies that any bandlimited process is deterministic.

Can we compute σ2 as a function of the power spectral measure? Clearly, the deterministic part can be
perfectly predicted so it should not contribute to σ2. It turns out that one can directly compute σ2 based
on the Lebesgue decomposition of the power spectral measure as below.

Theorem 7 (Kolmogorov–Szego formula). [1, Chapter 2.5.7] The one-step optimal linear prediction error
σ2 of any WSS process X is given by

σ2 = exp

(
1

2π

∫ π

−π
ln(A′(ω))dω

)
, (13)

where A′ is the derivative of A(ω), and A(ω) is the absolutely continuous part of the Lebesgue decomposition
of MX(ω).

As a sanity check, it follows from Jensen’s inequality that

σ2 ≤ 1

2π

∫ π

−π
A′(ω)dω

=
1

2π
(A(π)−A(−π))

≤ 1

2π
(MX(π)−MX(−π))

= E[|X0|2],

where the equality is achieved if and only if there is no deterministic part and the the WSS process X is
white noise. In this case, no gain in prediction is possible compared to using the trivial estimator of zero.

As another sanity check, last lecture shows that if we can do the spectral factorization

SX(ω) = S+
X(ω)S−X(ω),
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and

S+
X(ω) = p0 +

∞∑
k=1

pke
−jωk

then

σ2 = p20.

The Kolmogorov–Szego formula seems to suggest that

p20 = exp

(
1

2π

∫ π

−π
ln(A′(ω))dω

)
.

Is this true? Can we use A′ to obtain the spectrum factorization of X? The answer turns out to be yes
as the next section shows.

3 Kolmogorov Cepstral Method [3, Problem 6.12]

Suppose X is a WSS purely nondeterministic process. Let SX(z) denote the z-spectrum of X and assume
that ln(SX(z)) is analytic in an annulus that includes the unit circle, so that it can be expanded in a Laurent
series

ln(SX(z)) =

∞∑
k=−∞

γkz
−k.

We show that the canonical spectral factorization of SX(z) = L(z)reL
∗(z−∗) is given by

L(z) = exp

 ∞∑
j=1

γjz
−j


re = exp(γ0).

Indeed, for this L we have

L∗(z−∗) = exp

 ∞∑
j=1

γ∗j z
j


= exp

 −1∑
j=−∞

γ∗−jz
−j


= exp

 −1∑
j=−∞

γjz
−j

 ,

where in the last step we used the property that γj = γ∗−j , which can be shown when we specialize z = ejω

and use the property that SX(ejω) is real-valued.
As a sanity check, using the IDTFT formula, we know

γ0 =
1

2π

∫ π

−π
ln(SX(ejω))dω,

which is consistent with the Kolmogorov–Szego formula.
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4 Construct the optimal predictor Pn−1Xn

Suppose the WSS process has a deterministic part, which makes it impossible to do spectral factorization
for the whole spectrum. How can we construct the optimal predictor of Xn using its history Hn−τ?

In general, we only have efficient methods to compute the optimal predictor for either purely nondeter-
ministic processes or purely deterministic processes. There does not exist a general formula for predicting a
general WSS process.

4.1 Predict a WSS process with line spectrum

Suppose we have a WSS process X with PSD

SX(ω) =
∑
i

αiδ(ω − ωi).

Construct predictor with causal transfer function

H(ω) = 1−
∏
i

(1− ejωie−jω),

we have the PSD of the prediction error Xn − (h ∗X)n given by

SX(ω)|1−H(ω)|2 = |
∏
i

(1− e−jωejωi)|2
∑
i

αiδ(ω − ωi) = 0.

4.2 Difficulty for constructing Pn−1Xn for general WSS process

Suppose Xn = Wn+A, where A ∈ R is a random variable independent of Wn process, and Wn is a real-valued
white noise process with variance one. Denote the the optimal predictor of Xn using {Xn−1, Xn−1, . . . , Xn−k}
as X̂n,k. The projection Pn−1Xn is given by

lim
k→∞

X̂n,k.

We now compute X̂n,k. Denote Xn as X, Xn−i as Yi, 1 ≤ i ≤ k. Then, X̂n,k is the optimal linear
estimator of X using Y1, Y2, . . . , Yk. We denote the vector [Y1, Y2, . . . , Yk]> as Y .

We have

RXY = E[XY >]

= [E[XY1],E[XY2], . . . ,E[XYk]].

For each 1 ≤ i ≤ k,

E[XYi] = E[XnXn−i]

= E[(Wn +A)(Wn−i +A)]

= E[A2].

Hence,

RXY = E[A2]1>,

where 1 ∈ Rk is the column vector with each entry equal 1.
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We also compute RY as

RY = E[Y Y >]

= E[(Y −A1 +A1)(Y −A1 +A1)>]

= E[(Y −A1)(Y −A1)>] + E[A2]11>

= I + E[A2]11>.

Now we need the Sherman–Morrison formula, which states that

(A+ uv>)−1 = A−1 − A−1uv>A−1

1 + v>A−1u
,

where A is an invertible matrix, and 1 + v>A−1u 6= 0.
It then follows from the Sherman–Morrison formula that

R−1Y = I − 1

1 + kE[A2]
E[A2]11>.

Hence, the optimal linear predictor of X given Y is

E[A2]1>(I − 1

1 + kE[A2]
E[A2]11>)Y = E[A2]1>Y − (E[A2])2n

1 + kE[A2]
1>Y

= E[A2]1>Y

(
1− E[A2]k

1 + kE[A2]

)
= E[A2]1>Y

1

1 + kE[A2]

=
E[A2]

1 + kE[A2]
1>Y,

which shows that

X̂n,k =
E[A2]

1 + kE[A2]

k∑
j=1

Xn−j . (14)

4.3 Relations between the optimal predictors for X and its purely nondeter-
ministic and deterministic parts

How can we relate the optimal predictors of X, its purely nondeterministic part, and its purely deterministic
part?

There are a few insightful observations. Note that we may not be able to represent the optimal predictor
of Xn given its causal history as

X̂n =

∞∑
j=1

hjXn−j , (15)

but we are always able to write it as the limit [4, Theorem 2]

X̂n = lim
k→∞

X̂n,k (16)

= lim
k→∞

k∑
j=1

h
(k)
j Xn−j , (17)
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where X̂n,k is the optimal linear predictor of Xn given {Xn−1, Xn−2, . . . , Xn−k}. Here the convergence is in
the mean squared sense. We also have

E|Xn − X̂n|2 = lim
k→∞

E|Xn − X̂n,k|2 (18)

= σ2. (19)

Now we decompose Xn = Un + Vn. Then, for any k ≥ 1,

E|Xn − X̂n,k|2 = E|Un − (h(k) ∗ U)n + Vn − (h(k) ∗ V )n|2 (20)

= E|Un − (h(k) ∗ U)n|2 + E|Vn − (h(k) ∗ V )n|2 (21)

≥ σ2 + 0, (22)

In the last step we used the orthogonality of Un and Vn. Then we take the limit k →∞. Since limk→∞ E|Xn−
X̂n,k|2 = σ2, it implies that

lim
k→∞

E|Un − (h(k) ∗ U)n|2 = σ2 (23)

lim
k→∞

E|Vn − (h(k) ∗ V )n|2 = 0. (24)

Indeed, the filter in (14) applied to the white noise process Xn converges to 0 as k →∞.
We just showed that the optimal predictor for X can be used for optimal linear prediction for its purely

nondeterministic and purely deterministic parts. However, the example above shows that the optimal pre-
dictor for the purely nondeterministic part of X, which is constant zero, is clearly a bad predictor for the
process X. When is it in fact good?

Now assume that the optimal linear predictor of Xn indeed can be written as

X̂n =

∞∑
j=1

hjXn−j . (25)

Then we have

σ2 = E|Xn − X̂n|2 (26)

= E|Un − (h ∗ U)n + Vn − (h ∗ V )n|2 (27)

= E|Un − (h ∗ U)n|2 + E|Vn − (h ∗ V )n|2 (28)

≥ σ2 + 0. (29)

It implies that equality must hold for all the steps, showing that the filter h is in fact the optimal predictor
simultaneously for Xn, Un, Vn.

It implies that h is also an optimal linear predictor for both the purely nondeterministic part and purely
deterministic part. In general many filters could predict the purely deterministic part perfectly, but under
some conditions the optimal predictor for the purely nondeterministic part is unique. Indeed, if both h and
g are optimal predictor for Un, then we have

E|(h ∗ U)n − (g ∗ U)n|2 = 0, (30)

which is equivalent to

SU (ω)|H(ω)−G(ω)|2 = 0 (31)

for all ω ∈ (−π, π]. If SU (ω) is non-zero everywhere, then it implies H(ω) = G(ω) everywhere, showing that
h and g are the same filter.
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