CS174 Spr 99 L ecture 10 Summary John Canny

M or e about I nclusion/Exclusion

Recall that theinclusion/exclusionformulagives probability of an outcome having acertain number
of properties F;. The formulagives the probability for a digunction of the propertiesin terms of
conjunctionswhich are usually easier to compute. The formulais:

PriEyUBU- UE, =Y Pr[E]— Y  Pr(EnE)]+ Y PrlEnENE]—--
=1

1<i<j<n 1<i<j<k<n

Example 1
Lets consider the integersfrom 1 to 10,000. The properties are defined as follows:

F, = property that an integer isdivisible by 4
F, = property that an integer isdivisibleby 5
F5 = property that an integer isdivisible by 6

The probabilitiesof individua divisability are easily computed:

Pr [ F4] = probability the number isdivisibleby 4 =1/4
Pr [ F,] = probability the number isdivisbleby 5=1/5
Pr [ F3] = probability the number isdivisbleby 6 =1/6

The probabilitiesfor double divisibility are equivalent to divisability by the lcm of the two factors:

Pr [F; N E,] = probability the number isdivisibleby 4 and 5 =1/20
Pr [F; N E3] = probability the number isdivisibleby 5and 6 = 1/30
Pr [F; N E3] = probability the number isdivisibleby 4and 6 =1/12

Finally, the probability of divisibility by al 3 factorsis:
Pr[Fy N Ey N E3] = probability the number isdivisibleby 4, 5and 6 = 1/60
Substituting in the inclusion/exclusion formula:
Pr(ByUE,UEs] = YU Pr[B] — 3 cicijcs PrE: N Ej] + Pr By 0 By N Es)
Pr[E,UB,UEs] = (1/44+1/5+1/6)—(1/20 4+1/30 +1/12) +1/60
= ((15412+410)— (3+2+5)+1)/60
= 28/60 = 7/15



Example 2

Another important application of inclusion/exclusion isto permutationswith constraints. Consider
thefollowing dinner guest problem: On thefirst night, n guests are seated around acircular tablein
some order. Number them clockwise from 1 to ». On the second night, the same guests need to be
seated at the same table, but such that no guest has the same neighbor on his or her right side (hence
aso ontheleft side). That is, the new permutation has no consecutive elements:(: + 1). Sincethe
arrangement is circular, we include the first and last elements as a pair. That is, the permutation
should not be ((¢ + 1), ...,7). Alsothepair n1 isforbidden asn and 1 were neighbors on thefirst
night.

To handle this problem, we define properties £; where F; istrueif i(« 4+ 1) occursin the new
permutation. Sincewe haveacircular arrangement, £, isthe property that 1 occurs. Thefirst step
isto compute Pr[£;]. Now a permutation with property £; can be thought of as a permutation of
L2,...,((e 4+ 1)),...,n, wherewetreat (:(: + 1)) asasingleitem. That is, we permuten — 1
objects. Thereare (n — 1)! waysto do this, so we have:

PrE]=(n—-Dlnl=1/n

Now consider Pr[F; N E;]. Therearetwo casesdependingonwhetheri+1 = jori+1 < j. Inthe
firstcasej = 1+ 1, weare permuting thefollowing objects: 1,2, ..., (¢(1+1)(¢+2)),...,n where
i(t+1)(:+2) isasingleitem. Therearen —2 objectsin thiscase, so the number of permutationsis
(n—2)!. Inthesecond case j > i + 1 wearepermutingtheobjects: 1,2,...,(:(i+1)),...,(J(J +
1)),...,n,wherei(: + 1) and j(j + 1) aresingle objects. But there are still n — 2 of objectstotal,
S0 the number of permutationsis still (n — 2)!. Soin either case:

PrE;NE)]=(n-2)!/n=1/(n(n—1))

In the general case where we consider & properties, no matter how the properties are ordered and
what size “ meta-objects’ are created by combining integers, the total number of objectsis reduced
by the number of properties, which is k. So there will still be n — % objects to be permuted. The
number of permutationsis (» — k)!, and so:

Pr(E, U ---UFE,]=(n—k)/n!
In this case, we are interested in the probability that none of the £;’s occur. That probability is
1—Pr[E,N---NE,]:
PrnoB;] = 1 — 30, PrB]+ -+ (=" o cocipan Pr[E NN B
= 1= (1 (=2 el () R
= Yico () (n = B)l/nl(=1)*

n nl(n—k)!
- k=0 W(_l)k

= EZ:O %(_1)]g
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Example 3

Another standard use of inclusion/exclusion is for problems about strings. Suppose we choose a
word w with £ letters from an aphabet with » symbols at random. What is the probability that w

has 2 consecutive letters the same?

For strings with & letters from an alphabet of size n, the number of possible stringsis»n*. We
define the property E; to betrueiff w; = w;,, wherew; isthe:*" character of theword. Thisisnot
acircular situation, so thereareonly k£ — 1 possible F;’s.

The number of words that have w; = w;,; isjust n*~!, because we can choose the lettersin
order, and every letter has n choices, except for w;; which has only one possible value. So

Pr[E] =n"""/n*=1/n

For the conjunction of £; and £;, there aretwo cases like before. If  + 1 = 7, then we have only
one choicefor w;; and w; ., and both of these must equal w;. The total number of choicesfor all
lettersisn*~2. Inthesecond case: + 1 < j, there are till two letters that have only one choice,
namely w,,, andw; . Sothetotal number of choices for theword isstill »*~%. So no matter what

case we have:
Pr[E;NE;] =n""%/n" =1/n?

Inthe genera case, when there are m properties, each one constrainsthe value of one of the letters,
and there will be n*~™ choices. So

Pr[E;, N---NE; ]=n"""/n*=1/n"
Going back to the inclusion/exclusion formula:

PriByU-UE] = S5 PrBE] = = +(=1)" X cocin PrBy NN E,] -
= ()= = (D (S e
= 1=, (G (=1/n)m
= 1—(1—1/n)k?

General Incluson/Exclusion Formula

The general inclusion/exclusion formulagives the probability that an outcome has exactly k of the
properties k1, ..., E,. Thatis, let T}, bethe property that an outcome has exactly % properties, and

define S, as:
Sw= Y PrlE,n--nE)]

then the general inclusion/exclusion formulais:

k41 k42 B
PI’[Tk]:Sk—< 1 >Sk+1—|—< 9 >Sk+2"'—|—(—1)n k(nik>5n
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Pr oof

To do the proof we consider all the possible outcomes of the experiment. Let o be an outcome,
and let p(o) be the (finite) probability that o occurs. Then aprobability like Pr [E; N Es] isthesum
of probabilitiesfor al outcomesthat have properties £, and £,. The probability Pr [7}] should be
the sum of probabilitiesfor all outcomes that have exactly & properties. To provethat it is, wewill
consider an outcome o and do a case analysis based on the number of propertiesm that o has.

Case 1, 0 haslessthan £ properties. Inthiscase, o will not be counted in Pr [T}], becauseit will
not be counted in any of the sums Sy, Si11, .. .. All of these sums count only outcomes with & or
more properties.

Case 2, o has exactly k properties. In that case, o will be counted in S, but none of the other
sums Syy1, Skaa, ..., 9,. Since Sy, appearsin T}, with coefficient 1, the outcome o is counted ex-
actly oncein Pr [T}].

Case 3, 0 has some number £+ m of propertieswithm > 0. Then o will be counted in the sums
Sty Ska1s- -+ Sprm- Noticethat o will appear multiple timesin most of these sums. For example,
o will be counted (*™) timesin ;.. To seethis, label the propertiesthat o has 5, . ..., £, . The
outcome o will contributeto every Pr[F;, N --- N F;, ] in S, such that {iy, ..., } isasubset of
{jts- -+ Jetm - The number of k-subsets of a(k + m)-setis (*1™).

More generally, the outcome o will contributeto other Sy, ineach Pr[£;, N---N E;, | where
{i1,...,irsp} isasubset of {ji,..., rem}. The number of such subsetsis (’j:;f) So the total
contribution of o to Pr [T}] is:

7 = G+ G )+
for Sy for Siy1 for Siia

Or expressed as a sum, the series becomes:

m

> ()

p

This sum looks complicated, but a sum like thiswhich involves two binomial coefficientsis often
the result of arepeated binomial expansion (or atrinomial expansion, which we havent discussed).
That isthe case here, which we show with the next lemma:

Lemma
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Pr oof

First break the expansion of (1 + (z — 1))*+™ into parts of degree at least k and less than k. We
can ignore the latter terms for getting the coefficient of z*. That is:

(1+ (z — 1))k :%T:” (k—l;m>(:z;—1)2 ::(k—;m>(x_1)q_|_zm: (ii?)<x_l)k+p

=0 q= p=0

And we immediately ignore the first sum over ¢ because the coefficient of z* in (x — 1)? must
be zero for ¢ < k. Now the coefficient of =* in (z — 1)5** is (*1*)(—1)*. And so the coefficient of

2 in(1+ (z — 1) is i
2 () (e

p=0

which is what we wanted to show.
Corollary

Since (1 + (z — 1))k™ = zF+m it follows that the coefficient of z* iseither 1if ;. = 0 or O if

m > 0. That isthe value of:
= k+m k—l—p)
_1p
(G0

p=0

iseither 1if m = 0 or Oif m > 0. Thusan outcomewith exactly & properties(and thereforem = 0)
contributes 1 to Pr [7}], whileit contributeszero to Pr [7}] if it has more than k& properties (m > 0).



